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Synopsis

                                     '    Energy bands for the 3de electrons of Ti3+ in the high temperature

                                   '
strueture of TiC13 are•ealculated by the tight-binding approximation.

                           3+                              is assumed and transfer'between theCubic syrurnetry around each Ti

                                                '                                                                 '3p atomic orbitals of cl- and 3de atomic orbitals of Ti3-iT ' is considered.

                                      t ttTkoo singlet bands and two doublet bands with no dispersion have been

obtained. The dispersionless character is discussed by constructing
                                             '                                                'Wannier functions. 3de energy bands in the distorted structures
                                                              3+         3+           lattice are also ca!eulated. A distortion of the Tiof the Ti

                                                          'brings in a dispersion and an overlap of the bands through ,the intra-

band mixing. For three types of distorted structure denoted as

antidimerizatiop, dimerization, and sheared structures, the electronic

energy is found to be lowered. The relative stability at zero ef

temperature of these distorted struetures is studied by comparing the

total energy of the electron-lattice eoupled system, and it is found

that the antidimerization structure is the most stable. Self-

consistency conditions to determine the chemieal potential and the

displacement of Ti ions at finite temperatures are derived in the

mean field approximation. Temperature variation of the displacement
   '
and the transition temperature of the second order are caleulated.

!Ehe paramagnetie susceptibility is calculated on the basis of the

obtained energy bands in both the undistorted and distorted struetures.
                                                  tt
Possibility of superlattice structure and effects of the interband

                        'mixing are diseussed. '

i'
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gl. Introduction

 , The ct and y modiiieations of TiC13 show a phase transition at

217 K as indicated by remarkable changes in the, magnetic suscepti-

baity,1) iattice eonstants,i) eiectrieai cohduetiVity,2) and

eiectronic absorption sp6ctrum.3) !n their high temperature phase

the Ti         ions form honeyeomb lattices which intervene into the

close-paeked strueture of the Cl'  ions, hexagonal elose-inpacked in

the ct modification and cubic elose-packed in the y modification.

                                             1)The magnetic susceptibility observed by Ogawa                                               shows different

temperature dependenee above and below 217 K: in the high temper-

ature range the susceptibiZity increases linearly with decreasing

temperature and .shows around 260 K a broad maximum, whereas below

217 K it decreases steeply and then shows a weak temperature depend-

ence. Furthermore, the observed susceptibility is almost isotropic

from 77 K to 370 K. No magnetic ordering was found by neutron
                                                           4)diffraction experiment on the ct--TiC13 powder sample at 4 K.

                                                                 4)However, a recent experiment of far-infrared transmission at 80 K
                                                  '
indieates a lowering of erystal symmetry. These experimental

results indicate that the phase transition ls related to lattice

distortion but not to magnetic ordering. In this paper we study

theoretieally what the nature of the phase transition really is.

                     '                                      '    As shown in g2 the two-dimensional energy bands for the 3de

               3+                  in the high temperature phase have a specialelectrons of Ti

character. Two singlet bands and two doublet bands, ail with no

                                            t.                                   3+dispersion, are obtained. As a Ti ion has one 3d electron and
the unit ceu oÅí each iayer eontains two Ti3+ ions, thb iowest singiet
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band is fully oceupied at O K by 3d electrons of up and down spins.

A distortion of the Ti3+ lattice will, ' however, cause dispersion
            '
of each band as well as a splitting of each excited doubiet band,

                           'and Åíor large enough distortion an overlap of the bands may occur.

When overlap oceurs between the lowest band and the first excited

band, eleetrons will be redistributed over the overlapped bands

                                ttand the total eleetronic energy wiZl be lowered. This decrease

of energy may overcompensate the increase of the elastie iattice

energy due to the distortion and may give a spontaneous distortion.

Thermal excitation may then cause a phase transition to the undis-

torted lattice at a eertain temperature.

                                                  3+    In g2 energy bands for the 3de electrons of Ti                                                     in the high

teTnperature structure of TiC13 are calculated by the tight--binding

approximation. The dispersionless eharacter is discussed by

constructing Wannier functions. In S3 we calculate the energy bands

                                3+in distorted:struc.tu.res of the Ti                                   lattice. Three types of dis-

torted structure are considered which are cal!ed the antidimerization

structure, the dimerization structure, and the sheared structure.

Zn g4 the total energies (electronic energy + lattice energy) of

the three distorted' structures are caleulated and by comparing them
               '
the most stable distort.ed structure at O K is determined. The self-
                '                                                              'consistent equations to determine both displaeement of Ti ions and
                                                            '
chemical potential at finite temperatures are derived and solved.

rn g5 the paramagnetic susceptibility is ealcuiated for both the

distorted and undistorted structures. In g6 discussions are giveR.
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                                          '                   'g2. Electronic Band Structure in Undistorted Lattiee.

                                                   '2.I Formulation .
                                                      '    The crystal structures of the ct and y modifieations of TiCl                                              .3
                                             'are such that the Ti ions form honeyeomb lattices which intervene

into the coiose-packed structure of the Cl ions, hexagonal elose--
                                                                  '        'paeked in the ct modification and eubic close-packed in the y modifi-

cation.($ee Fig. 2-1) We take a unit sandwieh strueture out oE the
                                              '                                                               3+crystal of TÅ}C13, whieh consists of one honeycomb iattice of Ti

and two close-•packed Cl layers that enelose it from both sides.

Each Ti3+ is surrounded by six cl"' in octahedral configuration as

shown in Fig. 2--2. The unit cell, defined by lattiee vectors a

and b, contains two Ti3+ (! and u) and six cl- (1,2,...,6).

                                                       3+We consider only the low energy trÅ}plet state de for Ti                                                          in the

eubic crystalline field and denote the three wave functions as g,

n, C which are respectively of the yz, zx, xy types, the coordinate
                                                 'axes being the local cubic prineipal axes shown in Fig. 2.2. We

construct tight-binding Bloeh functions
          '
                                     '
       gp(r,k) = N-i/2 E exp(ik'R.v)C(r-R.v), etc•, (2•i)

                       m
                                                      '
where R is the position vector of the vth atom (p=Z,ll) in the
       mp
mth unit cell and N the number of unit eells. Simtlarly we
                                                               'construet Bloch funetions from the 3p orbitals of the six Cl- in
                                                          'the unit celi, px(r--Rmp), py(r-Rmv), pz(r'-Rmp), V=1,2,...,6, as ..

                                                                '       pp.(r,k) = N-i/2 ii exp(ik'R.y)px(r-Rmp), etc.. (2•2)
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                                      '
    Transfer integral and overlap integral for any pair out of

these 24 Bioch functions will be assumed to arise only through

nonorthogonal atomic orbitals, such as c of Ti3t(:) and px of cl'(5),

c of Ti3+(ir) anc! p of ci-' (s), and either g oÅí Ti3+(!) Qr' n of
                   y.
Ti3+ (u) and p. ef cl" (5). (see Fig. 2-3) AZI these nonorthogonal

atomie orbita!s give the same transfer integral y and the same

overlap integral S. We have only these two parameters y and S in

our calculation. Transfer and overlap between a p orbital of one

Cl and another p orbital of an adjaeent Cl will be neglected.

The de orbitals and the 3s or 4s orbital of a neighboring Cl- are
                                                                  '
                                                                   (ft)orthogonal, provided the eubie configuration of the atoms is exact,.

so that we neglect s orbitals. Also, we do not consider 4p orbitals
                                                   'of Cl-  for the reason of their high energy. A deviation from cubic
                                                                   '
symmetry of the atomic arrangements will bring in small nonorthogo-

nality for otherwise orthogonal atomic orbitals, but we shall not

consider such a situation in the present study. Even with strict

cubic symetry of the atomic configuration, the layer structure of

the crystal of TiC13 will give rise to a potential of noncubie

syrnmetry which wiU produce a transfer integral between orthogonal

atomic orbitals, if small, and also a splitting of the de ievel.

(*) With the use of the lattice constants of TiC13 observed at'

room temperature the angle between two oetahedral bonds, for

example Ti(1)-Cl(5)-•Ti(U), is estiJnated to be about 880 in both

                                                         'or- and y--modifications.
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All these wiltbe negleeted.. our treatment is in essence to tak6

an antibonding- moleeular orbital for a Ti-3de and the surrounding

Cl-3p's to construct the 3d band (bonding moleeular orbital if we

consider the CZ-3p band).

    Using 24 Bloch functions expressed by Eq. (2.1) and Eq. (2.2)

                                                       'we eonstruet energy matrix H(k) and overlap matrix S(k). The banq

                                            'energy E is then obtained from the equation

                                  '          detlK(E,k)l E detlH(k) - Es(k)l = O.                                                          (2.3)
                                                              '

If we write
  '

          K(E,k)= Kdd Kdp (2•4)
                   '
                               '               '                     KK •                      pd PP,

         is a diagonal matrix of dimension 6 with equal diagonalthen K      dd

elements ed-E, where ed is the energy of the de level in the

crystal. K is also diagonal with equal diagonal elements e --E.
                                                           p           pp
We write edp=ed-ep and set ep=O'. Taking a matrix

                   A(E,k)= r -K-dd;Kdp <2.5)

                             -K5plKpd z ,

                                           '

K(E,k)A(E,k) =
         i-i<K -K K-'
 dd dp pp pd

     o

      o

         !!<K --K K-
 pp pd dd dp ,)

(2.6)
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so that we have.

          detlKdedffl i detlKdd-KdpKiplKpdl = o• ' (2•7)

                    '                                                          '                                              t
                                                          '
                              '
The method used here is known as folding down of the secular equa--

tion. The effegtive u}atrix Kde dff  is calculated to be

    Kdd =(edp-E)I+x(E) 4.0 O O ei e3 . (2.8)
                                                        '                                               '                               o 4 O el O• e2
                                        '
                               O O 4 e3 e2 O

                               O e*1 eg 4 O O

                               ei O eS O 4 o

                               e*3 eE O O o 4,

where

                                     '
           x(E) = (y - Es)2!E, ei = exp(ik"ti), (2.9)

                                                   '
                                       3+Tl, T2, T3 being veetors that join a Ti to its three nearest
neighbor Ti3+'s (see Fig. 2-1). All ei's in the matrix Eq. (2.8)

will be repiaced by 1 if we transform the matrix by a diagonal

!uatrix of e!ements eS, e*3, erk1, e2, e3, el, since ele2e3=1.

A further transformation by a unitary matrix
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                  '                                                '                                                 '                               '
  T=-L l -11 1.1 1 1 1,                                       tu = exp(2Ti/3)
     r6
                    22          Z to al 1 co ee
                22          1.'. co ee 1 al co

          1 1 1                                -1                       -1                           -1
          1 ca to2 -1 -tu ..tu2

          1 ' co2 w -1 -co2 -co

                effwill diagonalize Kdd                    as follows;

K,Od(E) -

                    '
   +6x(E) --E dP edp+3x(E)-E

                    edp+3x(E) --E

                              edp+2x (E) -E

                                        edp+5x(E)-E

                                                  e

                                           '

                            '                                              '  '

Setting the resulting diagonal elements equai to zero:

          edp + nx(E) -E = O, n=2,3,3,s,s,6

we obtain energy eigenvalues as •

(2.10)

dp+5X(E)-E .

      (2.11)

     (2.12)
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   E(")=2(!.-i.s2)[edp-2nys+vCtll?-;ZIIiZ7:-EIE5gi+4ny(y edps)i. '(2.i3)

                                        '
                    '                                                               '
Frem Eq. (2.12) we also obtain another six solutions whieh are given

by the expression similai to E(n) with negative sign in front of

the sguare root. These energy eigenvalues correspond to six 3p
band energies. since we may assume (y/Åídp)2<<1 and s2<<1, we have

                                r2 2
       E(n) =edp +nr, r= edp + EdpS - 2yS• (2.14)
                                      '

y is expeeted to be negative so that r>O. Hence the singlet state

for n=2 has the lowest energy, and two doublets for n==3 and n=5 and

another singlet for n=6 have higher energies.

    Eigenfunctions are obtained as follows. Corresponding to the

transformation with A(E,k) of Eq. (2.5), one has d-p hybridized

Bloch functions in the fonn

                    di + i. pjA(E,k)ji,

where di stands for one of the six d Bloch Åíunctions of Eg. (2.1),

p. for one of the 18 p Bloch functions of Eq. (2.2), and A(E,k)..
                                                              J-]
are the matrix elements of -K5plKpd in Eq. (2.5). One has following

explieit expressions of the d-p hybridized Bloch functions:
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    gi = N"1/2[gz - X.i(-e23p2y + eS3P3y d e12P4. + e*12Psz).];

    '                                                           '    ni = N-i12In.i - x.t(ei3pi. - e23p2x + eE3Pi. - e*i3P6z)]'

                     '                                                            '                                        tt                           '                                                       '                                '
    ci = N-i12[4r - A't(ei3piy '- enp4x + e*i2Psx - e*i3P6y)]'

                                                 '     '    gir = N-i/2[gr' A"li(es3piy + e*i2p3. - e23p4y -,ei2p6.)], (2'i5)

    nir •= N-l/2[nll- X.-ll(eE3plx'-' e*13p2z - e23P4. + e13Psz)]'

       '

    ci[ = N-1/2[cE- A.ll(erk13p2y + e*12p3. + e13Psy - e12P6x)]'

                                                      '                         '
                                   '                  '
               'where e..=exp[ik.(T.-T.)/3], X=--2(y-Es)/E, and N= 1+X2--4Xs.
       IJ                   13
With the use of Eq. (2.•12) one obtains the relation between X and

Y as

                                                      '
        Y=-il} ?.iS4)x2 edp fy -i (X - 2S)edp• (2.16)

                                                             '            '
Furthermore, using Eq. (2.16), one obt.ains for r of Eq. (2.14) a

siinpie expression (to order x2):

                        r=t A2edp.' '' (2.i7)
                                       '
                               '                                    '                                                        '
                                '
The final Bloch functions can be written as follows:
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 '     '       '
    '
  th i- = . t6 [ (e: gl ' eg:,".ei i. il ,-g l. ::iEg ,l ,e 3nk .+. e.i4I) ]. ..

                                     '  th2.4 " 'h [(eEg'i' +coegni+co2e*i4i) + (e2gt+tue3nft+co2eict)]

 .th2b+ = s-mi Lar expr:sths:o?i:]Ihd:uba:det9i lnterehanged .. .. .

iii-.Åéii2,:-." I.S)lllliii.,l•:.iihl,i ill.ff.il•:,il•: 1 i" ihe..Midlie [-11i,,

                           '                             '                                    tt                       '     '

    considering a Ti3+ site and the surrounding six cl- sites, we

will see that the coefficients e.. in the functions Eq. (2.15) .
                                zJ
just cancel the phases of the respective p Bloch functions at the

Cl-'  sites relative to the phase of the d Bloch function at the

eentral Ti3+ site, since (Ti-Tj)/3 are the vectors joining the

six cl-' sites to the eentral Ti3+ site. Hence, the Bloch functions

Eq. (2.15) can be constructed from d-p hybridized moleeular orbitals

or LCAO's of the form . • . ..,
                                                    tt                                 '                                      '
                                             '                                          '                                    '                                                          '                                '                                                  '' '. g! = gl .- }(-p2y+p3y-p4z+ps.), etc•, .. • (2.lg)

where >. depends slightly on n as seen by Eq. (2.16). However,.
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n dependence of A can be safely neglected. Zn faet, the Wannier
                                               '                                  '
functions constructed from each band are linear combinations of

the molecu!ar orbitals Eq. (2.19) and have forms sinilar to Eq.
                                              '(2.18):

                                       '
        (g',' + n! + 1') \ (g'g' + nl.' + 4tr' ),

        (gi' + coni' + co2cf) ; (gir' + tunir' + tu2gir' ), (2.2o)'

                                                            '                                           '                                                 '                         '                                 '        (gi' + co2n'i. + tucl') ; (glr' + co2ntr' + coctr, ).

                  '

Here Ci', ni', 4!, -gll'[, -ni'Å}, •-ci'Å}, for example for the first func-

                                                          ' 'tion, are assoeiated with the six corners of each hexagon of the

honeycomb lattice in the way shown in Fig. 2-4 with letters written
 '

outside each hexagon. Neighboring Wannier functions are orthogonal

for the reason that there is no p orbital shared by two Wannier

functions. Since we have assumed no transier between orthogonal
                                                          'atomic orbitals, there is also no transfer between Wannier functions.

The zero width of all the bands results in this way.
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2.2 Numerical calculation . . . .. .
p.,.lllÅ}llit.i..lgeyt::.P2:illlii".er,2de:g; IA.al]1.3il'.i,:h:.illal.e.i"Il:. ciL '

site, and we obtained ..1.129 Ryd. . (by the Evjen method) and.'O. 790

4yd. (by the Ewalq.FiethQg), respectively. Experimental values. .
of the ionization energy of the free Ti3+ and the electron affinity

fig..th.e  free  cl  atom are  1  958  Ryd a"d  O 237 RYd'r.ie i. PfC.til91Y; ..1

                                                              '                      tt                                                           '                   '                                        '                  '                                                             tt              tt t ttt   ed = 1.129 - 1.958 = -O.829, . ep = -O.790 - O.237 = --1.027,

                               '                                                             '                                                      '                            tt                                                          '                                            '                                   '    tt t                       '                                               '                                                       '   edp = ed -.ep = O.198 Ryd. .. • • . .. .
                          tt                                     '                     '                                                   '                                                      '              tt                    '                                                             '                       tt                           '                                         '                                     '            '                                                          '                               '   '                                                        '                '
This is a rough estimate for several reasons. , lf we take a
                                                                'i:i:"t:tii:.gall;5igf.,i6oks,ild' Gzr,gee. ::",l[2Ilz".i:2iig.2.[ T`3"

polarizations of the Cl-  ions in the crystal of TiC13" The
                                     '                                                  '                                            '                            tt
ionizati gn energy and the eleetron affinity may takg slightly ..

different values in the crystai.'  Also, the eharge distribution ..

resulting from partlal covalent bondtng and antibonding between 1'

                ' '                                                    'Ti and Cl, i.e., the charge distribution to result from our band

:IS:igiYO."id b9 S.iZi?tiy dilfgrent from that of the pyrely ionlf

                       ',,- g: 2a;:.[:lg".igt,e:,i,:sil:,:::.Si:[:r,l.:?c;i::? foi.:`i16a"g..

                                                                'observed distanee, 2.45 a, we obtained S=O.l4, which may be an .
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overestimated value because of the nature of the Slater functions.

A should exceed 2S as y should be negative, and we assume values

of X around 3S. For S=O.1 and X=3S the energy separation r given

by Eq. (2.17) is estimated to be O.0605 eV--704 K. In Fig. 2•-6

for various values of S.and X we show the band energies calculated

                                'with the use of' Eg. (2.Z3).
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    '
Figure  Captions .. .. .. . .. . ..
::I i[IIo]•hi:•lii/i,ai,:jliC:iri,:l,Y (a' a"d y fb) modific.,....

Fig. 2-3. Zndirect d-d hybridization through a 3p orbital.

                                                            'Fig. 2-4. The Wannier function for the lowest singlet band.

Fig. 2-5. Plot of the overlap integral S vs. the Ti--Cl distance p.

Fig. 2-6. S and A dependenee of the de band energies.
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g3. Electronic Band.Structure in Distorted-Lattice

3.1 Formulation

                        tt    As mentioned before, in the high temperature phase of the TiC13

             3+crystal the Ti                ions forrn honeycomb lattiees which intervene into

the close-packed structure of the cl- ions. Each Ti3+ is surrounded

                                           'by six Cl'  ions in octahedral configuration as shown in Fig. 2--2.

The unit een contains two Ti3+ ions (r and ]z) and six cl- ions

(1,2,...,6). In the previous section we ealculated the de bands

in the high temperature structure and obtained dispersionless

singlet and doublet bands. We now caleulate the band energies in

a distorted lattiee. • Here we consider three types of distortion

        3+           lattice, denoted as antidimerization, dimerization,oi the Ti
           'and shear, whicll are shorm in Fig. 3-1.

    In the previous calcuiation of the energy bands in the high

temperature structure two parameters y and S were used, the transfer

and overlap integrals, respectively, between nonorthogonai atomic

orbitals of a Ti3+ and its nearest neighboring cl"" . In a distorted

structure we must consider changes in S and y and additional

overlap and transfer integrals between those atomic orbitals which

have become nonorthogonal due to distortion. We ealculate these .
quantities to first order in Ti3+ displacement 6r. For the change

of S and the new overlap integrals we have

                                                          '                           '        '
 '
          '       IÅëpÅëdedT - IÅëp(<PdE)o= lÅëp(gradÅëde)od'[e61F, (3.i)

                             '                                 '
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-.

                                    '                                                      '

 where suffix O means the value at the position in the undistorted

 lattiee. For the integral in the right-hand side of Eq. (3.l)

 we have three different integrals, S', S6, and .Se. For example,

 for Ti3+ at site ! and cl- at site s (see Fig. 2-2), these are

                    '                                                           '
        s' E fps.(agyay) odT = fps.(agl/ay) odT, -- •-.

                                                   '        S6 =' tpsy(34r!ax)odT = fpsy(egz!az)oder, '(3.2)

        Si sE -lps.(Snl/az)edT = -Ips.(bnl/ax)odT, •

                                                                 '
                                                   '
 where gl(czyz) etc. are the de atomie wave functions at site 1 and

 Psx(ctx) etc. the p atomic wave funetions at site 5, x, y, and z

 representing loca! eubie axes shown in Fig. 2-2. The arrangements

 of the wave functions are illustrated in Fig. 3-2. Thus, for small

 displacement 6r, S changes to S+Sfi6r and two additional overlap

 integrals, S&6r and S-6r, are introduced. Similarly, the transfer

 integral y changes to y+y'6r and two additional transfer integrals,

 y66r and yft6r, are considered.

     As in g2, we calculate the band energy in the tight--binding

 approximation. Using 24 Bloeh functions we construct energy

 matrix H(k) and overlap matrix S(k). The band energy E is obtained

 from the equation

               detiK(E,k)l E detlH(k) -- ES(k)l = O. (3.3)



24

We can write

                                            '
           K(E,k)= Kdd Kdp . (3'4)
                                              tt                                         '                                   '                      Kpd Kpp '

where

           Kdd = (ed-E) r6, and Kpp = (ep -- E)rls.

                             '              tt
r and I           are unÅ}t matrices of dimettsion 6 and dimension 18,        i8 6

respectively, and ed and e p the energies of the 3de and 3p levels

                                       'in the crystal. We write edp=ed•-e p and set e p=O. Kpd is the
sum of K(O) of the undistorted lattice and AK which is Zinear
                                             pd        pd
in the displacement. The rnatrix element of kSg)+Kpd is shown in

                                    eff                                       (E,k) defined by Eq. (2.7)Appendix l. The effeetive matrix K                                    dd
          '                                         'now changes to first order in 6r by

                      (o)                           -1             eff                              AK                                   +(h•ee)le (3e5)           AK                 = -[K                          K                           Pp pd             dd                      dP

                                       '             '
                                    '
solving detlK2Ef(E,k)l=o with the use of the same transformations

        '
as those used in g2, we obtain band energies E(k) as functions of

the displacement. The energy eigenvaluds are obtained in the

                  '                              'followin. g form:



2S

the first singlet:

                              (o)                          Y-E                                 s     El-(k) -EE9) + 1-- .. .-.,
       . (edp)2+ 8y (y-Sedp) '.
                                  '
the first doublet:

                  '                              (o)                          y-E                                 s     E2.(k) -ES2) +. 2 2+ • [M$ai tMfitbl],
                      (edp) +12Y(Y-Sedp)

                                       • (3.6)
the second doublet:

                              (o)                          Y--E                                 s     E2.- (k) - EE9) + 2 2' [M-aa ; IMeb l],

        - (edp) +2oy(y-Sedp) -
the second singlet:

     Ei.(,) .. ,s2) . 'Y2' EE?)S ..,

                      (Edp) +24'y('y-Sedp)

                                                 '
                    ab           aawhere M+, M+ ,, and M+ are linear in the displacement 6r and are

functions of wavevector k as shown in Appendix 2; Each band has

a dispersion. The band energies in the undistorted lattice are

delnoted by the superscript (O) and are given by Eq. (2.13).
                               'In Eq. (3.6) we neglected the quadratic term in 6r and eonsidered

only the intraband mixing due to the lattice distortion.
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3.2 Numerieal resuits
                                                                '
    The additional parameters involved are estimated as follows:

S', S6 and Si are ealculated using the Slater fynctions for 3de,

orbitals of Ti3+ and for 3p's of cl'. We obtain S':S6:SI"1:2.91

:O.30 for the observed Ti-Cl distance po=2.45 A in the undistorted

lattice. we set, as an example s'=o.o6ss (a.u' .)-1. The ratios

                                                  '
of y6 and y" to y' are assumed to be similar to those of S8 and Se

to S'. Further, a relation y'/y = orS'/S is assumed, or being an

ajustabie parameter that varies between 1!2 and 2. As discussed in

g2, y is related to the eovalency parameter X through Eq. (2.16),

and'edp was estimated to be O.198 Ryd.. Hence in our calculations

S, X and or remain disposable parameters. '

    In Fig. 3-3 we show the ealculated dispersion curves for the

lowest singiet band and the lower doublet band in the antidimeriza-

tion, dimerization, and shear structures. The values of 6rlT used

in these ealculations correspond to the respeetive equilibrium

displacement at O K, which will be determined self--consistently as

shown later. We have calculated the density of states of the first

singlet band and the first doublet band as functions of 6r, for the

antidimerization, the dimerization, and the shear, respectively.

For small displacement a gap exists between the singlet band and

the doublet band. If the magnitude of the displacement exeeeds

some critical value 6r , the lower branch of the doublet band
                      c
overlaps with the lowest singlet band. Such behavior is shown

in Fig. 3-4. The obtained values of 6rc/T are O.84, O.75, and

O.67% for the antidimerization, the dimerization, and the shear
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respectiveZy. For 6r>6r the Fermi level in the distorted structure
                        c
lowers as shown in Fig. 3-5 and the electronie energy decreases

proportional to 6r-6rc. On the other hand there is an.inqrease of
                                            J                                      '                                                'the lattice energy due to interatomic forces which is proportional

to (6r)2. An equilibrium displacement at O K is determined from

                                                      'the balance of these two-energies. '- •
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     tt
Figure Captions .                                      '                                                             '                                        '                           tt                                               '        '
Fig. 3-1. Three kinds of lattice distortion. lwo Ti ions in the

. ' unit celi shown by the dotted line move against each other.
                                              '
Fig. 3-2. Additional overlap integrals. When the Ti ion is displaeed

   . '. pi:stt?;.v:i;aeiC:l7n ShOWn. bY the.arrow, each integrai tak.eg a

F-g•  3-3• ,y,r g-{Ilze.l.!lg",i;i"::,fg,r.g:g,d[.?ag:.1:,x:2.fnt-:lm.k'l:ed

       '
     • e.#g gi"2e,.,gi,gh,e.:i'::i,:i2me:I gs.."e eqyiilbiiym vaiug.

Fig. 3--4. [[he density of states of low lying three bands for 6r/T =

     . O.75el.. The lower two bands are separated by a small gap

    ' for the antidimerization (a), are just touched for the

       '         dimerization (b), and overlap each other for the shear (c).

Fig. 3-5. The dE band structure for the antidimerized (a), the

' dimerized (b), and the sheared (c) lattices in their equi-

         librium states at O K. The whole strueture is aimost •

                                                 '                                                          '         symmetrie about its eenter. '
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g4. Phase Transition -                     '                                                          '                         '                             '                                                     3+    Under the assumption of a smalZ distortion of the Ti                                                        lattice,

the energy ehange of the k--state of the ith band ean be written as

                                                        '                  (o)           Eik"Ei +6rgik• .' - (4.o

The Helmholz free energy is given by

    F = c6r2/2 + pN.1 - kBTiikln[1 + exp{(v-Eik)/kBT}], (4•2)

                                                       '
              '
where Nel is the total number of electrons and y is the chemical

potential, and e is elasticity constant. From aF/a6r = O and

aFlev = O, we obtain

           6r=t- 'll;' 2gikf(Eik)s (4•3)
                   i,k
and
                                       '          Nel"Ef(Eik), (4•4)                isk

                                                             '
where f(Eik) is the Fermi distribution function. Eqs. (4.3) and

(4'.4) are the self--consisteney equations to determine both 6r and

p as funetions of temperature. By taking the limit of 6r = O in

Eq. (4.3) we obtain the equation determining the transition point T :
                                                                c
                     '                                             '
                                                            '
     kBT. =t i. f(EE•O),T.)[i - f(E5•O),T.)] IIgik2, (4.s)

     f(E5. 0),T.) = 1/[exp{(E5.0) - l.k(O))lkBT.} + l], '



                              44

                                                      '
       (o)          denotes the ehemieal potential in the undistortedwhere p

lattice. In the derivation of this equation we used the relation

                                                             '                            '                                             i                                                        '               2gtk=O, '• .• ,. (4.6)
               k-                                                      '                                                   '      '
                                                    '                                                            'whieh is satisfied for eaeh band i.
                                                           '
    At the zero of temperature the total energy in the distorted

!attice measured from that in the undistorted lattice is given by

                                                    '                                                 '
                                                           '          Etot = E [Eikf(Eik) - E5•ll)f(E5•Il))] + c6r2/2, . (4.7)

                i,k
                                                          '
                                         '                                                                '                                        '                                                       '
where the first and the second terms are the electronic and lattice

energies, respectively. Within the approximation of taking intra--

band elements and linear terms in 6r, the center of each band in

the distorted lattices unchanges, since Eq. (4.6) holds good.

As mentioned in g3, for 6r smaller than 6r there is no ehange of
                                        c
the electronic energy due to the distortion and the total energy

increases as a funetion of 6r, which is given by c6r2/2. For 6r

larger than 6r there is a decrease of the electronic energy which
             c
can be written approximately as b(6r - 6rc), where b and 6rc.are

determined by S' and y' and the additional overlap and transfer

                                               'integrals together with S and y. Therfore, if e is smaller than
b126r6, the total energy as a function of 6r shows a behavior

described by the curve (a) in Fig. 4-1. Namely one maximun and

one minimum exist and the latter corresponds to an equilibrium



45

displacement at O K. When e equals to b126rc the total energy
           'becomes'as the curve (b) in Fig. 4-1.'  Zn the eace of c>b/26re
                                             '                                                 '  'the total energy has the lowest value at 6r==O and therefore the

undistorted structure is most stable. . With the aid of the group

              'theoretieal consideratio .n given in Appendix 4 we find that the

three types of lattice distortion considered here correspond to

a phonon mode at the zone-center. So that e is related to the
                                         '                                                             'phonon frequency. rn fact, as discussed in detai! in Appendix 3,
                                                              '
we obtain the relation
     '
                  '     tt
   '                   '                                      '                               '                                                                 '                              '              e= 2Nl!{boo2, '' '' ' (4e8)
                                               '                                                                  '              '                      '                                                                '                                                               '                                             '                              '                  '
                                      '             'where M is the mass of Ti ion, coo the phonon frequency and N the

number of unit ce!ls. Using Eq. (4.8), we actually ca!culated
             'the total energy as a function of 6r/T (T is the distance between

n.n. Ti3+ions), assuming the following values of the parameters:

S = O.07, O.08, O.09, and O.10, X =. 3S, ct = 2, and coo si 130cm-l.

The results are shown in Fig. 4-2. Comparing the minimum energies

of the antidimerization, the dimerization, and the shear, we
              'concluded that' the antidimerization is most stable at the zero

                                                              ' '                          'temperature. ' ''
                '
    At finite temperatures we must solve the self-consistency

                     'equations (4.3) and (4.4) to determine 6r and the chemical potential

p. . Assuming the same parameters as those used
                                                                '              '                           'in the above calculation we obtained two solutions for 6r, except
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6r = O, in the low temperature range O<T<TE(see Fig. 4--3). The

$maller one corresponds to a maximum free energy and the larger

one to a minimum free energy. For TE<T<Tc we obtain only one
                              '
self--censistent solution for 6r which gives a minimum free energy.

For T>Tc there exists no self-consistent solution except 6r n O.

The temperature Te corresponds to the second order transitien point.

rf we plot the free energy as a function of 6r, it wiil vary with

temperature as shown in Fig. 4-4. We verified such teTnperature

variation of the free energy by calculating the temperature dependence

of the second derivative of the free energy at 6r = O. The

calculated equilibrium displaeements thatgive theminimum free

energy are' plotted in Fig. 4-5 as functions of temperature.

rf we plot 6r normalized by its value at O K as a funetion of

normalized temperature T/Tc, we obtain the almost similar curves for

                                                                  'the cases of S= O.07, O.08, O.09, and O.ZO. Both the anti-

dimerization and the dimerization have the same transition point,

because the expression of gik for the former differs only in its

sign from thht for the latter and Te depends on (gik)2.. The ,

                                                                    'transition temperature for these two types of distortion is higher

than that for the shear. 6rc/T, 6r(T=O)/T, and Tc are Zisted in
                                                                 '
Table 4--1. For fixed values of the tight-binding paraTneters we

have a critical phonon frequency coc that gSves the upper 1imit of

the instability gondition, whieh is given approximately by c=b!26re.

co is alsolisted in Tab!e 4-1. •
 c
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Table 4-1
    X= 3S, ct = 2, S' = O.

Antidimerization

065(a.u.) -1 ' coo =' 13ocm-l.

s 6rIT 6r(T=O)/T T Tt• ol
e c e c

O.07 O.7.17. 3.43Z 235 K- 85K 146 •-

O.08 O.84 4.28 355 105 152

O.09 O.95 5.10 507 138 157

O.IO 1.07 6.04 715 175 166

Dimerization

s 6r/T 6r([E=O)!T T T' to
c c c e

o .07 O;65el. 2•597e 235 K 85K 139 --

o .08 O.75 3.16 355 105 143

o .09 O.84 3.84 507 138 145

o .10 O.94 4.68 715 175 150

Shear

s 6rITe 6r([r=O)!T Tc T'
e

di
e/

.07

.08

.09

.10

O.597.

0.67

O.76

O.84

2.63%

3.24

3.93

4.76

218

322

465

657

K 87K

115

145

182

136

139

143

146
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Figure Captions . . , ..                                                             '                                       'Fig. 4--1. Plot of the total energy as a function of 6r. The broken

   ' lines and the dotted curve show the energy gain in the
                                        '         electroR system and the lattice energy, respectively. .

FZg 4-2' kll.lln:stglakig[lgr.iildCli:nti2.c::? 6r/T caieuiated for the three

Fig. 4-3. Self-eonsistent solutions at finite temperatures. ' -
                                       '                                           tt                            tt                  ttFig. 4-4. Piot of the free energy as a function of 6r and T.
                            'Fig. 4-5. Temperature variation of the equilibrium displaeement

         determined self-consistently.
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g5. Magnetie Susceptibility . .... .. . ... . . .. . ...

 ' .!n this section we study temperature variatign of the paramag-
                                              'netie'  susceptibilit7 due to the phase transition based 6n our model.

Il:.i: 11il ll.:l.il.i:,lohoi,l;ilpiri :g,:eil;, sl:c, ilti.bziity .flr. :lr:,

                                                      '                '       '                                                              '                                                           'where f(E) is the Fermi distribution function and D(E) denotes the

density of states per spin. As obtained in S2, in the undistorted
                                             '                            '                             '  '      ttPahr2S:xj:2i:e:r:sSiX diSPerSiOnless bands and the density of states

           '                                             '    ' . D(E) = N[6(E) + 26(E-r) + 26(E-3r) + 6(E-4r)], ' . ' (5.2)

                                                        '                  '                                    '                                                                '                               'where r represents the energy separation between the lowest singiet

band and the lower dopbiet band.' By inserting Eq.(5.2) into .

Eq..
.(5.1), x(T) is given by the following expression: .... / .

                                                        '                                                           '..         '                 '                       t ttll'T.l,i•i.?l/+li.i/il/i/ii/].,li"".ii.i.Ilfii..i.:.:.;`i"2ex;[i;:i's•..•-//•'.,////.:I.:;.

1:1 Veq::ti.:: CheMieal POtential determined self-eonsistently by /•



                                            '                                              '                                  '                                 5.6 ' 1•1 1. , ' .i '1.•' ''

                                                           '                                                     tt                                                         '                                                              tt                                      tttt tt t                                 . . .t .. ..1. . 1.. ... ... .1. .. .. ... . .... .... .. .. . 1. ...

              t t ttt t tt t t tt tttt ttt tt tt tt tt t t tttt t t t

                                                             '  . ilx 't ilixe. Ilp(t'Bi.' +'ltxex;l3rB) +.. lrkxSxpi(. .4\B.) .f"'.i' '..' 11 . .' ('s"s) ' 1

l; l:f,giliO,ri::.:h::2 E2:.l.:ia::?".::ig.s::;::;:2.i:i;.x ;; g:ke:i:ted

il'i:'igl'i:x'i/ii/i'I'liisi.:i•liigi":•:'d:iiiili::i::::'E:,:i:iiirtog-szfer;E2.:y,••'•

                                                          '    The susc'eptibilities ealculated above and below ltc are shown in

Fig. 5-1 by the full eurves. Here we take the antidimerization as '
                                                        '
the distortion below Tc and the four curves (1). (2), (3), and.(4) ,

                'eorrespond to the cases of S==O.07, O.08, O.09, and O.1, respectively.

             '                           'For comparison, we also ealeulate the suseeptibilities below Tc with

the use of Eq.(5.3) which is useful oniy above Tc, and show the '

results by the dotted curves in Fig. 5-Z.• The measured oRe is • .'.

shown by the broken curve.. As observed by Ogawa, the lattice constant
                                                         '                                                     tt      '             tta varies with ternperature and espeeially near Tc it increases abruptly

with increasing temperature. . Such effect ean be taken into aceount . /.

by usin s the different values of the overlap integra! S Åíor g.aeh ' •,/.

                                                                 ttregion below and above Te. . Therefore if we consider that the suscep-

tibilities below and above Tc are given by the cu r.ye (4) and the .•••, .

I :;g.ill;.r,e.S;2figlX21YS,W:,ga:.g:P.,i:.i.,",::.:lttat-veiy the observ.d ..////



                                 .s.z '.'///. .•'•' '' ... il/ '••

                                    '                                   '                                  t t t tt t ttt
Figure C' aptions ' .'  ''  '' 1' 1 ' '' ' 1 'i''

    t t tt tt t tt tt ttt t tt ttt t/t tttt
Fig•  ?-.z•,::mi:ilt;i:.g:r]'#.t3o:,gf.gl:.l:r,::aigg 'I.sigiel:l'b:':ltl• .i

..
 ....distorted structure above Tc and for the antidimerized

.' .•

... i:[:i•[gr:.i2•IZW.l.:A t.:)g.:::i:pgll.itiny igr.xgk":,dii,tzrfgd

' •'
 .'i  . ::stuti:.CUrVeS. . The broken curve shows the exper-mental.../.•
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S6. Dlseussion '
                                 '                 t.              '                      'a) possÅ}buity of superlattice stru6ture ,,
    Now we are concerned with such a lattice distortion that changes
                  .the lattice periodicity, but preserves inversion symetry. '

Refferring to Appendix 4, we find' that the eorresponding phonon

        'modes that satisfy the above requirements are those at zone-

boundary M points only, and have wavevector Q=+L[ark /2, Å}b* /2, and

                                      tt   * rkÅ}(a -+b )l2. Again, eonfining ourselves to the displacement of

Ti ions parallel to their sheet, we obtain two kinds of the inde7
                                                '
pendent M point mode. Both of them belong to Ag. irreducible

representation of this point. The !attice periodicity modulated
                                                              'by these modes becomes two times larger than the basic periodicity

in the direetion of either or both of the basis vectors. In order

to examine whether the lattice distortions eorresponding to M point
           '
modes occur or not, we calculated the transition point for these

types of distortion on the basis of Eq. (4.5). !Åí we assume the

same phonon frequency as that for r point Eg mode discussed in gg3

and4, the transition point was not found at finite temperatures.

rn general the phonon frequency for A mode at M point may differ
                                   g
frem that for E mode at the zone-center.. Therefore we examined              g. .
the maximum phonon frequeney for M point Ag modes, which deiines

the upper limit of the instability eriterion, and found that it

was much lower than that for r point E mode. . Then, at the present
                                    g
                              '
stage, we may conclude that the electron-iattice coupled system is

most stabiZized by the lattice distortion oÅí the antidimerization

type, if the phase transition occurs. .
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                         ' '
b) Effect of interband mixing ,

    In this paper we have studied the effeet of the intraband".

mixing'  only, namely the band overlapping resulting from the splitting

ef the doublet bands and the broadening of eaeh band. However,, '

when two bands happen to cross at a certain point in the Brillouin

zone, the interband coupling will bring in an energy gap between

the two bands arounct the cross point. In order to determine the

energy gap, however, we must soZve the seqular equation exaÅëtly.

Although we have not yet carried out the exact caleulation, from

the dispersion eurves obtained in g3, we ean imagine that the band

crossing arises along lines in the k--space, and along them energies

remarkably change. Then if we count the number of Bloch states

that fail into a limited energy range, we will see that the crossing

points are'  only their minority, if included, and among their

:najority the interband mixing does not exist. Furthettnore, since

this interband effeet causes a repuZsion between the energy of the

lowest singlet band and that of the excited doublet band, the total

energy in the'  distorted lattice becbmes lower than that calculated

in this paper. .Namely, the interband effeet also contributes to

the stabilization of the distorted lattiee. Th s we can expect'

that the resuZts obtained in this paper is not affected in

essenee
 by the interband effect. .'  . . .

                                                     '                                               '                                       '
c) Effeet of electron correlation .
                                                                '
    In this paper we have neglected effects of the eiectron correlation.



62

We may only expect , that Fhe eo.rrelation effects entiance the para- ,.

                     t t tt tt#g"iglc,:::gei.:i2,iii:,l.2:g:,[:e,:Ill.il' tg:g :::.::r ;::ig., .becl:s:.... .. .

                      tt t ttt tt tl.;.d.ili;,C"..i.t.a.nd,igr',t:.e.r.'I:b..i.eM.,ig.e:.#fpi,".egl.e.:li:s::,o,f,.gh.e.:,!e,ggron
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                               Al -' '                                   '

                                               '

                         '                          ttt
                                                      'Appendix 1. Matrix Element of KS2) + AKpd

    We show the matrix eiements of Kp(dO) + AKpd in Table A!.

                                          ttHere the  d-s z:I;: f:mg:t,v;:!o;,?f.:t:,'i .iO" (P==i•"' 'S Wr-ttel.IS.,,

\2:i:.:"l.Y:g.a2g.g: ::!:[l.,.Ih:.d.igfectt2".g:sines of di, witTh

                                       '                                   'for antidimerization

                                                       '     - 6;z-6r(llvli2r, -1!f2, o) ---6:E, ' (Al.2)

                                             '
for dimerization

            6I!=6r(-1/Xl, l!,E, O) --6Iz, ' (Al•3)

            61rl = 6r(-ll,!gT, -11,!6T, 2/vfiT) --6ill. (Al.4)

We write

           Ao =Y- ESi. (Al.5)
                        '               '                                           '
            A=y, -- Es,, -
                                             '
                                     '                                                    '            u- y6-ES6, (Al.6)
            II == -•y.fi. -- ES.1'T• •

     '
Tha phase factors are defined as follows: . '  '  .'
                                              '                                               tt

            e. == exp(ik'T.), e.. = explik'(T.-T.)13],                                                           (Al.7)
                                zJ                                              z3             11                                     (i,j - 1, 2, 3)

                                                            '
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where T.
       z
-ons.

funct'ion

                              ' is a vector thag joinS ith nearest neighbor pair of Ti
                                         '            '
ei.and eij come from the phase factor of the de Bioch

 and that of Åíhe 3p Bloch function, reSPeetively.
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Appendix

    We write

   zxKeff
     dd

   (k)Y 1-

    (k)Y 2a+

    (k)Y 2b+

Y2a.(k)

W2b-(k)

   (k)Y 1+

where

from

      each

displacement

     the

Also the

   f1(k)

   gl(k)

   h.(k)

                       A4

                      eff2. Matrix . Element of .4Kdd ' '
 ' the matrix'elements of AKdedff                                as fol!ows:

                         .t'

                      '                                   '(E,k:6r) =.(y- ES)/E ' '
                        tt                                         '         '                                              '                                      '                                          '                                               '                               'Yl--(k) Y2a+(k) Y2b+(k) Y2at.(k) Y2b-(k) Yl+(k)
                            '                                                      '                                                    '
                                        MM  M" Mr+ M-+ M-- .-- -F
           M$9'' M\b '. -M\e M$b.- Mf.k.
                              .               '              '                    Mbb Mba Mbb Mb
                     + +- +- +F
                                    '                                    . ab                                                   va                               aa                              M M.M                               - - --
                                  '                                                   ,b'                                         bb                                        MM                                         --
                                                 M+ .

                                                 (A2.1)

                     '                                                '
   element is a function of wavevector k, energy E, and

     6r. The energy dependence of the element arises

 first order derivatives of the transfer energy of the fovat

                            '
      A(E) = y' - ES', •
                                              '
 '      U(E)-•y& -- ES,l,, (A2.2)
      II(E) - y,} - ES,;.

                                                        '
 wavevector dependent funetions are introduced as follows:

 = (113).cos 3xl, ' f2Å}(k) = (1/3)(cos 3x2 Å} cos 3x3),

 = (1!3)cos x23, g2Å}(k) = (113)(cos x31 Å} eos x12),

 = (1/3)(cos 3Å~2 Å} co cos 3x3),



                             A5

                            '                           .t                                              '                                                               .                               '                '    fi(k) ----(l/3)sin 3xi, . fSÅ}(k) =-(1/3)(sin 3x2 Å} sin 3x3),
       '                         '                             '                                 '                                                     '                                            '         '                                                           '    gi(k> -----(l!3)sin x23, gSÅ}(k) =-(1/3)(sin x3.i S sin x12),'

                 -t. tt
                                            '                                                '   hl(k) =-(113)(sin 3x2Å}al sin 3x3),. (A2.3)
                              L'        .. ...t . .where al = exip(2'rTEi/3), .xi = k'Ti, xij i k'(Ti - Tj) (i,j = 1,2,3),

                                                      'and Ti is 'a.veetor that joiris ith nearest neighborpair of !ri ions.

   With the u'se of Eq.(A2.2) and Eg.(A2.3) one obtains the expiicit

                                             '                                            '                           'expression of the element: .
   intraband elements for antidimexization

                                         '
   MÅ}(E,k;6r) = Å}vi26r[u(E){2fl(k) - f2+(k) '" 2gl(k) + g2+(k)}

                   - II(E){2gl(k) - g2+(k)}],

                     '                      '   M?a(E,k;6r) = Mb.b(E,k;6r)

                           '                                        '
              = Å}v!:;6r[u(E){2ft(k) -- f2+(k) + gl(k) - g2+(k)l2}

                   -- fi(E){2gl(k) --- g2+(k)}],

                                                '   MÅ}ab (E ,k; 6r)= Å}f2 6r [a(E) (to2{ 2gl (k) + gl (k) + g2+ (k) } ' h+ (k) )

                   + n(E)cD2{gz(k) + g2+(k)} - A(E)(k)2], '                                                        (A2.4)

                                        '   interband elements for antidimerization '
                                                '                                                             '           '                               '                                '                            '   Me+(E,k;6r)=--iM6r[cr(E){(1-ed) gi(k)l2 + ed2gE-(k)12

                                        '                         . 2.2.fi(k) + h;(k)} '''

                    tt                                - -1,                               '                   + II (E) {(l--co) gJ (k) + ciS2gi.-git) }] , .

                                               '                              '                                        '                           '                               , -7'                                    tt ttt ttt ttt t   Mb-+(E,k;6r)=-iE6r[ c.e. of the above ]... , ' . (A2.55

                   ttHere we considered the elements among the first singlet band and
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the first doublet band. . -
   intraband elements for shear

        '                                  '   ' MÅ}(E,k;6r) - ;,f{i6r[a(E){g2.-(k) - f2.-(k)} + n,(E)gl-(k)],

                                   '    M.aa(E,k;6r) = M?b(E,k;6r) -

                             '
              - Å}viGl6r[o(E){f2-(k) -- g2-.(k)/2} + fi(E)g2-(k)],

                                   '    MÅ}ab(E,k;6r)= Å}f66r[e(E)((1-(D)/3{-f2-gk)-g2+(k)} - h-<k))

                    - II(E)(Z-al)/3{gl(k) + g2+(k)} + A(E) (1-tu)13] ..

                                                       -                                             '                        . (A2.6)                                                  '
                                         tt                                                    I
The expression for dimerization is obtained by changiag the sign .

of that for antidimerization. For antidimerization and dimerization
                                                              '
we have the following relation among the interband elements:

         M:fz-Mb-+, /:bL=Me+,

          aa bb ab ba         M+...=M+-, M+"=M+-. (A2.7)
         M$L, -(Ml;.)"- -Ml - --(MU)".

                                       '                                                 '
    Tf we take only the intraband elements and consider the energy

shift in the ds band to first order in 6r, we can replace E in
                                                                '
the intraband element with each energy eigenvalue in the undistorted

                                               '
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                     '                                      '                                     tt
Appendix 3. Eleetron-Phonon rn.teraction and Phase Transition .
                                                              '         '             tttt•., ,I: gl.il..a.P:2;:.i.X.:e,:,i:ig.SS,,:e 'Pha : g.r.a::.:glo:.o.n,;.::.:asig

.C
. Oup!lng gf the e!gFtron system discli'ssed in g2 of the text to

                                       'single phonQn mode speeified by wavevector q and branch X.. Then

the  relevant Hamiltonian is given by . ..
..
 . / ,. /... . ''  .

                                                   '                                       .                                                           '                                                                 '                                            '              '                                                                 '                      '. H -- "dl,,(bl:,b4x + !22S '-tli,E5•05cl•k6ik ' '''' '' .1' ('

.ib

                                                   '            '!" iijll[. Dij (k,qX)C:•k+qcjkb6x + (h•e•)], . ./

                                                           '
     '                      '                                                     '                                                       '              '                 '                                               '                                                           'where c;.k(cik) denotes th'e creation(annihilation) 6perator of the

electrori having wavevector k and energy E5.0) and b:x(bqx) the

BQson operator of the phonon with frequency alqx.'  The coupling

constant Dij(k,qX) strongly depends on Bloeh states. So that
     '                                             'its dependence on e!ectronic states should be correctly taken into
                                                                 '                                                           '
consideration. The lattice distortion corresponding to the phonon

                                                             ttrnode defines the new Boson operator • ' ''
                                                            '                                                 '   '                                                         '                                    '                                        tt t tt                                            '                         tt                                 tt  t t t t ttt ttt tt tt       tt tt                       t ttt tt tt                             ..                                '  . . . 'Bqx ".bqx r b, . .' . . /. '.' / '1 .'. /, .1 '.1 .(A3:2)

with
 . , . 'b " Li. ij{ D:'j (k ., qA)` dl. k.+qCj k>" 1 (tlalqi'). ' ..' .. (A3'3)

                                         '                           '                       tt-                                                             '               '             '                                   '                                                         '                                                      '                           '                                     '      t t tt t t tt ttt tttttt tt t tt tt tt ttt ttlt tt ttt ttt tt t tt
where <'.'..> means the thermal average over the whole system..'

                                . .....g:l.,[231kl e:.:i:ii.g.:la:.::2.":gm:i.c:xgd. :age, fo" this phonon mode



                               A8

                                          '                                            '        . '6r(qx) - (2h/gq{)1/2 b. ., ' • (A,3.4) '

                                             '               '                  .
2itlvaentOll]C d-SPiaCeMent Of the ijth.atom.in the lth umt cen zs .

                                                              '
      . 611(p,i) = (NiyfT,)-i/2 g(qx,i.i)' 6r(qx) exp(lqlki), (A3.s)

where 2;(qx,v) is the poiari2ation vector for the vth atom -of mass '

Mb, Ri the position vector of the ith unit cel!, and N the number

of unit cells. Using Eqs.(A3.2), (A3.3), and (A3.4), we obtain

the transformed Hamiltonian

                             '          H=H +H'               o'
     Ho = Ecoqx (BEABqx + 1/2) + ulqA 6r (qX) 21 2. + iikE 5' O) C:' kC ik

        + iijil[6r(qX)(toqx/2h)1/2 Dij (k,qA)C;.k+qCjk +' (h.c.)],

                                                           (A3.6)                                                       1

                         tt     H' = iijll[Dij (k'qX)(Cik+qCjk - `Cik+qCjk')Bqx +'(h'c')]' '

                                                           (A3.7)

                          tt                                                       '
    !n the mean field approximation H' vanishes and band energies

in a distorted lattice are obtained by diagonalizing the last two

terms in Ho. So the energy eigenvalue is written to first order
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in 6r(qX) as follows: .'

          '       /

         ttt                                                       '                                                              '                                             '                       '         t t ttt         i. ,1 Eik r Efi.9' : gr(gx) .gk(g? .) 7. .'' '' '.f .. .'1. /. ',fA3 1. s)

         ttttt ttt t tt t                      '                   '                                                            -           ..                                            ./                                       'where i specifies a siubband and k'is taken in the Brillouin zone

                                                                ttil.i,::,:i'l[:g!.ird.i9tFife• .. gl.k(qA) is..a funcffon.o,f ?,j(ig,.,x),/

                    '                                   t tt ttttt                                           '                                  tt     !n the mean field approximation, the free energy is calculated

       ttwith the use of the unperturbed Hamiltonian Ho and expressied as
                                                    '

                       tt          F = toqx2 6r(qA)2/2 + tiN.1

                          '                                                     '            - kBT 2 ln[1 + exp{(y - Eik)/(kBT)}],., . . (A3.9)
                  i,k

                                      '
where y is the chemical potential, and Nel the number of eleetrons,,

                    '                                            'and Eik is given by Eq. (A3.8). Here the contributions of the

                                                   'lattice viblation are omitted other than the increase of the '  '
                                                  '                                       '  '              'elastie energy expressed in the first term in Eq. (A3.9). ' So that

                                              tt                                                           'the elasticity constant c introdueed in Eq. (4.2) of the text

                                                          'is related to the phonon .frequency tuqA. .With thg aid- gf the

                     . t.                                 ttt t t                                             'group theoretical consideration given i? Ap?endix.4, "rg.find that

                                                  tttthe three types of lattice distortion discussed in g3 correspond
                                   ... .. .                                            '                       tttt                                                        tt                t t tt                                                'to an optical phonon mode at the zone-center, whieh belongs to
                                                    ttdoubly degenerate Eg representation.1''.Thus, using Eq.(A3.5) Fnd .

E"ge)g
le,C.tiil%tlllidd.ibSPt.i.?lieiii".t..Oi.tCl..iO"S' We ha"e fof.." Ti io? ll;(q=o,

                                                             '
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                 -. :1 '- '                                    '                         2' '                c= 2NMeso. . (A3.10)
                                                              '                                 '        '                                              .t                                            '        '                    '                                             '
where coe represents'  the frequency of the Egmodeat r point, and

M the mass of Ti ion, and N is the number of unit cells.
                                                              '                                    '
. Next we ca!culate the intraband elements in the tight-binding .

approximation. Using the folding down pethod of the seqular eqation

we obtain the effective matrix for the 3de Bioeh states in the '

distorted structure. Zt is of infinite dimension except Lfor the

ease of a cormensurate dtstortion, and is written in the form

                   '
         eff '        Kdd (E,k;qX) ---

                                        '                  ttt              "' {Y(k-q)}                                    {Y(k)}                                                   {Y(k+q)} "'
        .        e                             tt        .
              '     {Y(k--q)} K9d(E) AKdd(k-q,k;E) ' O

     {Y(k)} AKdd(k,k-q;E) ' K2d(E) AKdd(k,k+q;E)

                       '     {iY(k+q)} . O AKdd(k+q,k;E) K2d(E)

                                         '
                                             '                                            '
                                                  '                            '
with AKdd(k,k+q;E) = {(y-ES)/E}6r(qX) M8d(k,k+q,X;E) etc., (A3.11)

                                                      '                                   '
         '                                                     'where 6r(qA) repres6nts the normal coordinate for the lattice

viblational mode, and {Y(k)} means the six 3d Bloeh functions in

the undistorted phase given by Eq. (2.17) of the text, and KO dd(E)

'



                               All

is also given by Eq. (2..U). The intraband elements of
                              '                                  'M8d(k,k+g,X;E) are written as follows:' -
                           '         '                                                '       '                                  '                                 '         '                        '                                             '                     t.                                        tt                                              '                                           '                                                                 '                   .                                       '                                 '' ' M5d(k,k+q,X;E)z • • ' (A3.12)
                                       '         '

            Yi+(k+q) Y2.+(ktq) Y2b+(k+q) Yiti(k+q) W2..-(k+q) Y2bt(k+q)

                      .. -.. t .   Y14(k) M+ . . , ,. ..                                                        '          '                                                             '                                           '
                                               '                                  ab -                        aa   Y2a+(k) ' M+ M+ '
                                                    '
                        '                                     '                      (M2b)* .Rb .'   Y2b+(k)
                           '

                     '
                                        - aa ab
                              '

   Y2b- (k) (Meb)* Mb.b
                                        '                                       '

                                    'where each element is a function of k, q, and E, and' a!so depends

on the.additional tight•-binding parameters S', y' etc. and the

polarization vector ill(qx,y) of the pth Ti ion (bL:z,g.?.. Aft'er

some laborious ealculation, we obtain the explicit expression of
                                                         '                                          'the intraband element as given in Table A3. .. ' .
                                                '
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            '                              '
                                        '
 A3.. Generalized expression of intraband e!ement

                            tt                                         '                                             '                                 '                                                     '                                           '
Å}4(E)[(EIxl,16) .fx{-(q.-e-Åë, qb+e-Åë) -- (Åë-e,.e) - 2(q.+e+Åë, qb-e)}

    +(eiy!f2) fy{-(q.-e-Åë, qb+O-Åë) + (Åë-e,e)} ' '

                                                       '
    +(enx/vi6) fx{-(g.-9+Åë, qb+e+(P) t 2(-Åë-e,e) + (q.+e-Åë, qb-e)}

    +(ervIE) fy{(q.--e+Åë, qb+e+Åë) -' (q.+e--Åë, qb-e)}]

                                                '
+A(E)[(eixlvi6) fx{3(q.b+Åë, 'qab) '- (qa+Åë, qb) +(qa'-Åë'9b-Åë)

                                    . +2(O,Åë)}

   '
    +(e]]y/,!i;) fV{-(q.b+Åë, -q.b) + (q.+Åë, qb) -' (qa-Åë, qb-Åë)

                             + (q.+qb-Åë} q.+qb--Åë)}]

                    '
Å}u(E)[(elx/v16) fx{-(k.+qb+e-Åë, kb+q.-e-Åë) + (k.b-e+Åë, -k.b+e)

         -3(k.b+k.+q., -k.b+kb+qb+(b) + 2(-k.+q.+e+(P, -k.+qb-e)}

                      '
    +(e!y/E) fy{(k.+qb+e-Åë, kb+q.-e-Åë) - (k.b--e+Åë, -k.b+e)

         -(kab+ka+qa' -kab+kb+qb+Åë) + (-ka-kb-Åë' -ka-kb'Åë)}

    +(ei]x/yiT6) fx{-(-kb+e+Åë, -k.-e+Åë) + (k.b+q.-e. -k.b+(}b+e-Åë)

         -3(kab-kb+qab'-Åë, -kab-ka-qab) + 2(ka+qa+e, kb+qb-e-Åë)}

    +(ervIE) fsi{-<-N+e+Åë, -k.-e+(P) + (k.b+q.-'e, -k.b+qb+e-Åë)

         + (kab-kb+qab-Åë' -kab-ka-gab) - (ka+kb+qa+qb+Åë'

                                      ka+kb+qa+qb+Åë)}]



                             Al3

                     '                                               '                           -                                           '                         '    Å}II(E)[(elxl'l5)' fx{-(k.b+q., 'k5b+qS+Åë) + (-lfi,-Åë, -ka"-Åë)

        tt                                                 '     . . .' . -2(k.tq.7ift,+qb+`P)} .
                   '                                            '                                               '
        t(eiy(E) fy{-(kab+qa' -kab+q.b+Åë) + (-%-Åë' -ka"Åë)}

         +(ezx!'!5) fx{-(kab+qa'Åë' -kab+gb) - 2(-kb-Åë' -ka)

             ' '. + (ka+qa+di, kb+qb+(P)} -
                                  -                                             '
         +(e]iy/E) fY{(kab+qa"Åë, -kab+qb) - (ka+qa+`b, kb+qb+(b)}]

                                                '                                                 '    +ll(E)[(E]]xl,!6) f3<{(k.+q.-e+(P, kb+qb+e) - (k.+qb-e+Åë, kb+q.+e)

                      '
         + (k.b+e-Åë, -k.b-e'Åë) + (k.b+q.+e-Åë, -k.b+qb-e-Åë)

         '
         + 2(-kb+q.-e, -k.+qb+e+Åë) - 2(--kb-e, -k.+e+(b)}

                            '
         +(ervIE) fY{-(k.+q.-e+(P, %+qb+e) + (k.+qb-e+(P, k.+q.+e)

         - (k.b+e-Åë, --k.b-e-Åë) + (k.b+q.I e-Åë, -k.b+qb-e-Åë)}1

                                               '

where kab = ka - kb, qab = qa- qb, and

                                     '
           fx(k., kb) " (1/6)[exp(ik.) "- exp(ilff,)],

         . fy(k., %) = (1/6)[exp(ikq,) .t eXP(ikb)]•

The addition or the subtraetion of the f6rrn
                                             .t                                              '
                                                  '                                   '                                                        '                        '                                      '    fct(al,bl) Å} fct(a2,b2) Å} "" Å} fct(ai,bi) ' (ct = x,y)
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                     '          '

is written as follows: •
                              -                                                                    .                                  '                  '                        '                                    '                                                  '           f.{(al,bl) Å} (a2,b2) Å}-"" Å} (ai,.bi)}T- ' '•

                                           '                               '                   '                                 '                                                        'Hereawaveveetor is wtritten as • •                                        '
                                       '                                 l t.                     **-• .            k= (k. a + kb b )1 (2T), .
                                                                 '
              '                              '                                                       '                                           '
and a polarization vector of the lath Ti ion (IS=Z,1!) as

                                        '                   ... t
            g(qA,v) = evx X + etiy Y,

                                           '
ll:gwnre II..al]:.,il IEe, li.:il,IIe::ilii i" the >f and y directions, respecti..i,

 • We set

          e=Åë=e for M+ and M-,
                              '                                           aa                                                   aa          e=2T/3, Åë=O for M+. and 'M-,
                                              '
                                           bb                                                   bb          e=-2T13, Åë=O for M+ and M..,
                                 '
                                                   ab                                           ab          e= O, Åë= 2T/3 for M+ and M",
                       '
                                           ba ba          e= O, Åë=-2T/3 for M+ and M-,

and take the upper or the lower in the double sign according to the

sign in the suffix of M. ' '
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               '        '                    ttt    'Appendix 4. Lattice Vibrational Mode
                      r                                                             '   '
    We show in Fig. A4-1 the two-dimensional Brillouin zoRe for the
                                                 '                   '                                           'undistor.ted lattice of TiCld. The unit cell of the sandwich .
                                            '                    t.                          '                                             's.trueture eo.ntains' two.Ti31F ions apd six ci- ions.' so ttiere are

                   tttwentyfour
..

g. .grmal modes og the .lqttice viPraFion. ... .Zn Table A4

                                      tttt /t twe list the irreducible representation of the nomnal- mode at the

      t t tttt                                                         '                                                               '                                    '                   'symetry point in the Bri!louin zone to.gether with its point group.

From ' the grcup theoretical consideration we also obtain a basis -' '
                                                                '                   '                                                   '                                       'set of symmetrical coordinates that reduces a dynamical m.atrix to

                       '               'submatriees according to the irreducible representation. The
                                           '                                                  'symmetrical coordinate is eonstructed frorn the displacements either

of Ti ions or of Cl ions The vibicationa! patterns expected from '
       '                       ttt
the symmetrica! coordinate are summarized as follows:

                                          '    rpoint modes • - . -
          '                                 '       Alg modes; expansive or compressive vibrattons of Cl ions
                   '                                         '                                       ttt                  parallel and perpendicular to their sheets. '

                             t ttt                  (These two modes are normal modes,) ' •
                                                 tt                                             '           '                                     ttt       A2g inodes; vibration of Ti ions perpendicular to their

                    tt                         '
       . :hhe.2tt.',r9"d Shear MOde gf Ci's pafali.ei to t?gir

                                   tt t       Eg mo.desi two kinds of independent vibratlon of Ti ions

        ' ' idisey.g.sed in gg3 and 4, and six kinds of Cl . .

              '              . . ions' mode, the four bfing parallel to their sheets

        . '•... (see Fig. A4-2) and the tw6 perPendicular to them.

    Here we considered the even parity modes onlY. .



                               Al6 ' ••' ' "                                                             '
                                                  tt
                                          '                                    tt                                                               '                                                           '                                  '                                    .t.                                                    '                                                         '                                                                  '                                              '                                                               '                                                             '                                                                  '                                          t tt          ttt                                                                 '                                                              '   '                    '                                                          '                                  '                                    '                                                  '                                                            '
    M poiRt modes .• .. .. •. -. . • .. .. . .... ,
     . The periodicity bf these vibrational modes is two times '

                                                                '                                                       '
    :a.rgE::g:a:::ie 2bal•ii•iivZ.2,iii.gl.:IZY, i.i,i:I,:if;:iill.i'f,:iih.:i.

   '            . .• sheet shown in Fig. A4-3, and five kinds of complex

                vibration of Cl ioRs. '... . . ..., .

       B modes; similar to A modes but the direction of ionie        gg       ' displacement rotated by 900 around the c'-axis.'

                    '                                                                 '                                                '                                           '                 '                                     tt              '                      '                                              '                                                             '
    When two Ti ions in the unit cell move against eaeh other, the
                                                                    '                                                                  '
lattice distortion of this type is deseribed by the normal eoordinate

for the phonon modes considered here, because inversion symmetry

is preserved only at r and M points. For this reason and by

reference to the eonjecture found by Ogawa and Emeis et al. we

examined only the even parity phonon modes in this Appendix.
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Tab1e A4. Irreducible representation of phonon mode

syTImetry
point

.polnt

grOUP
irreduciblerepresentatio
ofnormalphononmod.e

r

.D3d

2A+2A+4E2gglg

+Ali+3A2u+4Eu

K c3v 5Al+-3A2+8E'

M c2h 6Ag+6Bg+5Au+7Bu

Z C2 11A+13B

T,TV cs 11A+13B
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                                         '                                        '                                                       '                                                  '                                                       .1. .
                                     tt tt
                                         '                                                       '                                                         '                                                 '                                                      '                                               '                                          '                                                  '                                     '                                                '                                         '      '                                                 '
Figure eaptions
                       '
                                    '                                                   '        t t t tt tt                                   '
Fig. A4-!. Two-dimensional Brillouin zone for the sandwich structure.
      '                                                     'Fig. A4-2. [lhe symet,rieal coordinates of Cl igns #or r point Eg

                                                        t.          mode. Another two eoordinates are obtained by rotating
               '          the coordinates shown ih'the figure about the two--fold '

                                         '          Yaxis. .. . ./. .'. •. '                                     .1 ..                           '                                    '                'Fig. A4-3. The displacement of Ti ions coyresponding to M point Ag

          mode having wavevector a*/2 (a) and (a* + bse)/2 (b)..
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            '
                    '
Appendix 5. Lattice Digtortion Corresponding to M Point Mode

    Here we consider the three de bands having lower energies in

lill:,ll.;"dl[ittOrft.e: ilhpa.S:..:"ll.g2g`I..il)II12Z#di;:i:hm.enig;. The effect-ve

                                 L           K3Sf(E,k,Q)- - ' (As.i)
                                                      '
  . iYl-.(k) iYl-(k+q) iY2.+(k) ig2B+L(k) ig2.+(k+Q) IV2b+(krK?) '

      '

           e -E 6rM X            dp -' -• iYl-(k) +2Ao2/E AolE '
                                            '
              '                                                    '
               rk           6rM e-E 'xgi-(k+Q) .Ao7E +2illg2/E

                              '
                           e --E 6rMaa 6.M'ab
ig2.+(k) +3Xg2/E O .A.))'E xAotE

                         '
                                                   '  '                                                  '                                  e --E 6rMba 6rMbb
                                   dp                                             ++"Y2b+(k) O +3Ao2/E xAo/E XAo/E
                                              '

                         6rMaa* 6rMbaft e --E
iy2.+(k+Q  . . .AolE .Ao:F +gXo2/E O

        '                                             '                         6rMab* 6rMbb de ' '' - e '-E ' '

                     ' xAol)E xAo:E ..•. 'O '. +gXo21E ,Y2b+(k+Q)
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                                                             '

                                                      '                                                     '

                    ..

with Ao (E) == y- ES,. . . ' - .
                                                                    Fwhere M-,.M$a etc. of the nondiagonal elements depend on k, Q(F •

Å}a"/2, Å}bile12, Å}(a* + b*)/2) and E, and they are derived from '

i.ab.ifi .Ap.3ii: 2 g:::-:.2gsf"d 6r stf"ds for the norrnai coordmate

. in  g2 .ii ih:.ilx,:,::,?IIe-oitained i?e foiio-ng reiationl.,..,,

                                                '        '= -- {1 - gm+1)S2}(E - Ed.)(E. - Ep.)/E, (m=1,2;2)

                                            '
                                                    '
                                          'where '        Edm = 2{i-l.+i)s2}[edp - 2(m+i)ys

                      +i/(/EEF'5-7;iFIS;E6-EEIII5ied) 4(m!)yAo(edp)],

        E = similar to the above with -- in front of the
         pm
              square root.
           '

So Edl and Ed2 are energy eigenvalues in the undistorted phase for

the first singlet and first doublet, respeetively.                                                     If we take

O"'Y the  i"t l::7"ls,iii:r:g,1"d.":e Eq (A5 2) the sequiar equatz..

                                                       '                                            'is reducbd to the following two equations:- '
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                                  • se .-                 det ,.:%,llS,,6rYi:'lil'iE' .k o', (As.3.)

                      '                  -. t tt
                                                    '                                                        '
                                       '         Ed-2 "E ' e '6ry2.(E>MSa(E) 6ry2(E)Mi:b(E) .
                                              '                                                      '                              t. de't 6r,,(ti) sta(,l* 6.,,?$.llti?,).6rY:i:.)lllili(E). 6ry2f:.)MRb.(E) = .,,

     6ry2 (E)M+4b (E)" 6ry2(E)Mb+b (E) sc O . Ed2 'E

                                                            (A5.3b)

where
      y.(E) " Ao(E)![(1 -' (m+1)S2)(E ' Ep.)], Cm=1,2)•

                                                      '                                  '
        '                tt t If we consider the energy eorrection only to first order in 6r,

 we can, as is easily verified, replace the variable E in the non-

 diagonal elements (in Eq.(A5.3)) with the energy Edl Or Ed2 in

 the undistorted phase according to the band relevant to the equation.
                                                   '
 In this approximation, the eigenvalue problera given by the seeular

 equation (A5.3) is reduced to the usual one of the diagonalization

 of Hamiltonian. And then the nondiagonal elements ean be regarded
              '
 as the intraband mixing elements that arise through the electren-

                                                 ' phonon interaction. Namely, we obtain the effective Hamiltonian
                                       '                                    . .. for the six Bloch states as follows: ' '
  '                                                       '                                    '                    '         '                             '                '                                    '                                 '       eff      Hdd= '
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Wl.-(k)

\1- (k+c})

    (k)Y 2a+

Y2b+(k)

Y2a+(k+Q)

Y2b+(k+Q)

Yl. (k)

  Edl

6rMi*
   1

'

     'Yl-(k+Q) Y

6rM
   1

E  dl

2a+
(k) Y

  E  d2

  o

6rM*
   a

6rMk
   ab.

2b+(k) Y2.+(k+Q)

  o

 Ed2

6rl![6ka

6rM{i

6rM
   a

6r)Cba

  Ed2

   o

Y2b+(k+Q)

6rMab

6rMb

  o+

 Ed2
'

(A5.4)

where

Ml

Ma

'![t'

Mab

IY[ba

                        2M+(k,Q;Edl)Ao(Edl)![(edp)

                     '
M2a (k,Q;Ed2) Ao (Ed2) /[ (edp)

  '
M?b (k,Q;Ed2) Ao (Ed2) /[ (Edp)

Mi:b (k,Q;Ed2) Ao (Ed2) 1[ (edp)

M?a (k,Q;Ed2) Ao (Ed2) 1[(edp)

2

2

2

2

           !/2+ 8YAo(Edp)] '

             1/2 + l2YAo(edp)1

         '
             1/2 + 12YAo(edp)]

             ll2 + 12YAo(edp)]

 + 12yAo(edp)]112

'

'

'

'

and

mode

6r stands for the normal

                ' specified by wavevector

               ,The six eigenvalues of H

 eoordinate for the

Q•

eff    are obtained asdd

lattice vibrational
       '

follows:
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   and

where

and

So that,

sign), we

g3 of the

E dl

.E
 d2

E d2

Å} 6rlMil,

Å} 6r/E[Gl +

Å} '  6r/ E[ Gl +

(G

(G

 Gl '-" lMa12 " liY[bl2

 G2 = IMal2 - liY[bl2

 G3 " 21MaM:b + IY[ba

from the coefficient

 obtain the explicit

 text.

22 + G32)112

22 L- G32)1/2

 + IMabl2 +

 + IMabl2 +

M:l•

]1/2,

]1!2,

l"`[bal2,

lMb.12,

of 6r in Eq.

expression of

(A5.5)

(A5.5) (including the

gik(QX) tnFroduced in
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