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A Model for Radiation Injury (5)
— On the Target Theory —

F. Sato and H. Eto
Div. Radiation Hazards, National Institute of Radiological Sciences, Chiba, Japan
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I. INTRODUCTION
Recently the target theory appears so often in the analysis of survival curves in cellular levels. In
such cases careful caution must be taken for the applicability of the target theory. Also the target theory

gives a group of survival curves but any experimental survival curves may be explained in many ways in-
cluding the target theory. Within the target theory, it will be shown in this paper that some complicated
systems have the same appearance as that of simple homogenezous systems. A few generalizations of the
target theory have already been done by Pollard et alv., Zirkle et a]?. and Quastler®,

Pollard et al. have proposed the following equation,

P=eS (I—el) B
where S: cross section of the target
J: primary ion pairs/unit path length
t: thickness of the target

B: flux, number of particlefunit area.
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In the above equation, the conventional target volume will be expressed as follows,

V=8 (l—e-It) 2
The Poisson distribution is used twice in equation (1), namely, the first in e~Jt and the second in e—VB.
This formula is 2 more generalized one than the usual single hit theroy in the sense that the latter is deduc-
ed from the former as the case Jt<Zsmall.

In the same way, giving a fine structure in the target volume, single hit formula can be written as
follows,

Pe=e— (Vi4+Vat-roee +Vn) D (3)
where Vi: target volume for the i-th effect. Zirkle-Tobias Diffusion Model gives two target volumes, one
for the direct effect and the other for the indirect effect which is calculated from the diffusion theory of ions.

Another generalization of the target theory has been done by Quastler. Consider the organization
having n, components where functioning of at least one component suffices for survival. The group of these

n; components is also one component of the second-order system as shown in Fig. 1. In all these systemns,

Ty third order systém

J Mx  second order system
x ELEERE WRE =y

MK n.  first order system

Fig. 1 Hierarchy of the system

the multi-target model is assumed to be applicable.
For given dose of radiation, the probability, Pi, of the component in the i-th order to survive will be
written as follows,
Py=1—(1—P)™
Py=1—(1—P,)™

Pim1—(1—P;_p) " )
In equations (4), assuming
Pi<small for any i,
P; has the following form approximately,
- I__e—-ni_lni_:a---J'.'11P1 (5)
In this paper some other applications of the multi-target model will be discussed, and also the effect

of non-uniformity of dose distribution on the survival curve will be given.

. RESULTS
1) Heterogeneous system of cells having several hitness numbers and mean lethal doses
Consider a cell population where several different types of cells co-exist in regard to hitness number

ny and to mean lethal dose Dg;.  Let P; the fraction of the i-th type of cells, then the survival is given by

the following equation,
S=3Pi(1— (1—e—D/Doiy niy (6)
i
The slope of the survival curve will be given as follows,
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In S) ‘_§PiniDl (1— e~ D/Doty ni1, —D/Do;

d ( = oi 7
dD P, (1— (1—e—D/Doiy niy (7)
1
If ;> 1 for any i,
d (In S) ‘
(—tl'I)'_—)D=O =il (8)
If nj=1, n>1 for ixj,
d (In S) P; |
(—dl)_ —)D=0:"_ o ©)
Asymptotic form for D> large is as follows,
S&3 P oy e~ D/t (10)
i

Then in this heterogeneous system of cells the slope at D=0 is equal to zero as far as there is no component
of single hit. If the mean lethal dose is the same for any component, the extrapolation number is the
weighted mean of each extrapolation number.

2) Homogeneous system of cells having several modes of death.
Consider a cell population where cell death may occur by several modes of death. Let the i-th mode
has hitness number n; and mean lethal dose Doi, then the survival will be given as follows,
S=T(l—(1—e~D/Doiy niy (11)
i
The slope of the survival curve is

d(nS) Z(— 1;; )(lme"_DfDoi)nj.-—'l «—D/Dai
- =3

(1— (1—e—D/Doij niy (12)
If n;>>1 for any i,

(=B D)po =0 (13)

If ni=l,., ni>1 for 1:\:],

(B )pmo=—Ds (14)

Asymptotic form for D> large is as follows,

T S 15
S=n,n, --«nme_D( Do T Do, T+ Do’/ (25)

where m is the number of modes of death. Then in this system the slope at D=0 is equal to zero as far as

L |
\\

Survival ( 10g)
Survival { log)

N\

Dose Dose

Ay

Heterogeneous system Homogeneous system

Fig. 2 The survival curves of the two systems
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there is no mode of single hit. The extrapolation number is T n; and the target volume is the sum of each
target volume. In Fig. 2 two types of survival curves corr:asponding to the above two populations are
shown in general form.

3) Survival curve for colony count.

A detailed discussion for the survival curve and the recovery in divided exposures has been done by
Elkind et al®. If a survival curve is given in colony count instead of individual cell numbers, the
survival curves in divided exposures must be modified in extrapolation number. Let P the probability
of survival in each cell, then the probability with which the colony of size N survives as the colony
of size r (r£N) is given as follows,

P (N—>r1) = NC,P" (1 —P)N-r
Let N, the mean colony size before the irradiation, N the mean colony size after the irradiation, C the
total number of colonies, Cy the fraction of colonies of size N and C’y the number of colonies of size N.
Then the whole number of colonies changing from size N to size r is given as follows,

C'NP (Nor) = C'ynC P (1—P)N-r
The number of survivals having colony size r after irradiation is

3 C'NNC P (1 —P)N-r
Nzr

Also the whole number of survival colonies is as follows,
Cs = CZCn(1—(1—P)N)
N

Then the mean colony size after the irradiation is as follows,

Zrl CCuNCP* (1—P)N-r
Nt N (16)

This value is not in general the same as Njgiven below.
Ni=3Cror (17)
r

An example of this calculation is given below. Consider the homogeneous colony population of

J:]I.O

oa After TT Betore
i irradiation irradiation
-
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=
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@
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© 0|
[
0 i "
0 2 4 6 10

Size
Fig. 3. The distribution of colony size
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size 10. If the population is irradiated with a dose corresponding to P=0.2, the distribution of colony
size in survival is shown in Fig. 3.
In this example survival of colony is 899, and the mean colony size after the irradiatin is 2. Then the

survival curves in divided exposures in the region of the full recovery in the sense of Elkind et al.’s analysis
are given in Fig. 4.

Survival { log)

Ed
Survival ( log) /
’,i'm
>
=]
(=)
o
w
[1]

Fig. 4 The recurrence of survival curves

Namely in the recurrence of the survival curves given by divided exposures the extrapolation number
continues to decrease owing to the decrease of colony size. In the Appendix appears the proof that the

ratio of survival of divided exposures to that of single exposure of the same dlose is maximum in the exponen-
tial region and is equal to the extrapolation number?,

Survival (log)

Dose

Fig. 5 Survival curves for two groups .
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4) The effect of non-uniformity of dose distribution on the survival curve

In case one has a concave survival curve, one may suppose that there would be two components
(See Fig. 5)
Consider a simple case where accidentally dose distribution is not uniform in the population. For simpli-
city sake, we assume that there are two groups of dose, D, and D,. In single hit theory each survival is

given as follows,
N, =N,je —PDi

N, = Nyye —PD:
In practice both are observed in the same time and the observed survival is
NN, 1 ~bDy)
Nijp+Ngg — Nyjg+Nyy /
Using a=D,/D,,

N;+N, Nio —bD, Nap —abD,
_ e _ . S 18
Nijp+Ngg Ny 4Ny ¢ + Nyp+Nyy ¢ (18)

In appearance the survival curve is the same as that of two components having target volumes b and ab.

(NIO e~PD: +Nge

In general, the survival of the population receiving non-uniform irradiation is given as follows,

1 <N._o—bDj
= — .‘—JN' e L
Z- io i 0 (19)
i

III. DISCUSSIONS
In the heterogeneous system if the lethal dose Doi is the same for any component, the survival curve
in asymptotic form becomes the same as that of homogeneous population having extrapolation number

% Pin;. In the homogeneous system having multiple modes of death, the survival curve in asymptotic
i

form gives the same one as that of single mode of death. Accordingly the observed extrapolation numbers
or observed target volumes may have the possibility that these parameters have fine structure. In the
analysis of colony count, the sensitivity independence is assumed twice, namely once in the independence
in each hit and the second, the independence of sensitivity from colony size. Particularly the latter
assumption is desired to be examied experimentally. The dose distribution in the population
is also an important factor for the shape of the survival curves. In addition to the above discussions,
there is an experimental difficulty of the discrimination between multi-target model and multi-hit
model. The individual fluctuation of the cells in radiosensitivity is left for further studies.

SUMMARY
The multi-target model is applied in some complicated systems of cells and the survival curves are
calculated. In the heterogeneous system, the survival curves have in general no exponential region and
no extrapolation nuraber. The survival curves from the cells having multiple modes of death are the same
as those of single mode of death. The survival curves on colony count never regenerate with divided ex-
posure in the full recovery of the cells due to the decrease of the mean colony size. Non-uniformity of the

dose distribution gives rise to a concave survival curve even in single hit model.
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APPENDIX
A proof that the ratio of survival of divided exposures to that of single exposlure of the same dose is
maximum in the exponential region and is equal to the extrapolation number is given below.
1) In the exponential region
The survival probabilities of doses D, D,, and Dy are, respectively, P,, P,, and P; when each dose
is given by single exposure (See Fig. 6).

P, 1

Survival (log)

Y \

Fig. 6 Exponential region

And D, +D;=D;. The following equations hold.
In n--In P, D,

‘Inn—In P, T D,
Inn—-InP, D,
Inn—In P, = D,

Adding the above both equations,
2 In n—In PP, D,+D,

hn—InP, = D, —!
n? n
gy, [lnp = 1
P,P o

where Py x P, is the survival probability of divided exposures in the full recovery.
2) In the threshold region
Using the same notations as above (See Fig. 7),
In 'tE_I_,I_ ‘---.,_D1
Ina—In P, ~ D,
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Fig. 7 Threshold region

Ina—In Pz D2
na—In P, ~ D,
where a is the intercept at D=0 of the line drawn from the point (D, P,) parallel to the extrapolation of

the exponential region. Adding the above both equations,

Ina—1In P, > 1

a2
P1P2
a > 1
...f.)s_.
PP, 21
.--P-a———<\a.<\n ( )
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