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A MODEL FOR RADIATION INJURY (7)
—— Paired-dose Method —

F. Sato, S. Tsuchihashi, W. Nakamura and H. Eto
Div. Radiation Hazards, National Institute of Radiological Sciences, Chiba, Japan
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I. Introduction

To estimate the whole body injury induced by radiation, LD;y(30)s-9 and mean survival times10?-15)

have been used so far. The residual injury induced by a conditioning dose has been determined by the

so-called paired-dose method as follows. Large groups of animals were exposed to an initial sublethal

dose of radiation and at various time intervals thereafter they were divided into subgroups and given

graded doses of radiation in order to determine the LD;,(30). The extent to which the LD;, was lower
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than the value for the control group then gave a measure of the amount of the damage remaining from
the first exposure. Most of datal’-® by the paired-dose method have shown a simple recovery in the post-
irradiation period. On the other hand the deaths associated with the LD,;(30) are believed due primari-
ly to hematopoietic damage?. The bone marrow death occurs around two weeks after exposure though
the paired-dose method shows a recovery in the period. A problem in the paired-dose method exists in the
fact that the time of exposure to the test dose is not identical with the time at death. Therefore there will
be a great ambiguity how the difference of LD,(30)s adequately expresses the residual injury at the time
of delivery of test dose. In this paper we will discuss the theoretical fundations of the paired-dose

method and some interpretations on the difference of LLDy;s will be given by an exponential model.

II. Theoretical fundations of the paired-dose method

The population of animals we treat has a fluctuation in radiosensitivity. The animal which dies
at the median survival time will be chosen as a representative animal and we will consider the whole
body injury of the above representative animal. LDg,(a) is defined as the dose which gives median
survival time of . Conventional value for ¢ is 30 days in mammals. The following three assumptions
were used in this paper.

1. In fractionated exposure the whole body injury of each exposure is additive one another at any
time.

2. ‘When the whole body injury of an animal accumulates to the lethal threshold, the animal will
die.

3. The whole body injury is described in a form of separation of variables with dose and time.

A whole body injury induced by conditioning dose D, and test dose D has a following relation with
that of control induced by single dose D* when the representative animal dies at t,+ o after the condi-

tioning dose.

I.(Dy, ty;+a)+1I, (DY a) =I, (D5 a)= I (1)
where

D, :  Conditioning dose

Di : LD;y(a) of irradiated group

De : LDjy(at) of control group

ty : Time when test dose D! is given

I.(D, t) : Whole body injury of representative animal at time t when dose D is given at time zero

o : Median survival time

Iy : Lethal threshold.

A theoretical example of whole body injuries induced by the paired-dose method was given in Fig.
1. The broken line indicates an injury induced by conditioning dose and the dotted line indicates an
injury by test dose in Fig. 1. The solid line which is the sum of broken and dotted lines indicates total
injury. The broken-dotted line indicates an injury of single exposure. The conventional definition of
residual injury is as follows,

I.(D% t,)= De<—Di (2)
In general the above equation cannot be induced from the equation (1). We will try to find the condi-

tion on I,(D, t) with which one can induce the equation (2) from the equation (1). From the third
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assumption mentioned above, the equation (1) is rewritten as follows,

F(Dg)f (t;+ ) =F(D)f (at) —F(D)f («x) (3)
If the functions F(D) and f(t) satisfy the following equations, one can reasonably obtain the equation

(2) from the equation (1).

F(D)=D (4)
fty+a)=f(t,)f(a) (5)

From the equation (5), it follows that,
(6)

f(t)=‘a2l=e(i log a) t
a, A: positive constants
The conclusion is that the difference of LD;y(ct)s between control and preirradiated group indicates

the residual injury at the time of delivery of test dose if the whole body injury is expressed by I,(D, t)=

Fig. 2. Whole body injury of exponential
Fig. 1. Whole body injury by paired doses amplification
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Detatog a3t In Fig. 2 the whole body injuries were illustrated. On the other hand, if I,(D, t) 3z Deti leg a> ¢

the difference of LDg,(x)s could not be considered as the residual injury. The conditions of (4) and

(5) are sufficient conditions and not necessary conditions, However it is unlikely that any other

simple functions of F(D) and f(t) may satisfy the equation (2).

III. Exponential model for recovery and amplification

As shown in the preceding section the paired-dose method gives the residual injury when the whole

body injury is expressed by simple amplification of exponential type. We will discuss the informations

given by the paired-dose method when the above conditions are not satisfied with the whole body injury.
For the sake of simplicity it is assumed that the whole body injury is expressed by I (D, t)=De*2t,
4A>0. Following three cases were considered.
A. Recovery followed by amplification
I.(D, t)=De-t for 0£tLt, (7)
I.(D, t)=De"2to, e¥t-to for ty£t (8)
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B. Amplification followed by recovery
I.(D, t)=Det
I,(D, t)=Deato, e-¥t=to
C. Recovery followed by amplification and recovery

for 0£tLt, (9)
for 1y £t

Io(D, t)=De- for 0LtLt, (11)
I.(D, 1)=De 2to, e¥(t-to for tyLtLty+t', (12)
I.(D, t)=De %o, elt’s, g=i'(t=to=t'e) for ty+t/yLt (13)

A. Recovery followed by amplification
Based on the equations (7)and (&) the whole body injuries were shown in Figs 3 and 4. The time t;

when the test dose D! is given is either t; £t, or t,>t,, but the difference D°—D! becomes the sarne func-

Fig. 3. Whole body injury of recovery and Fig. 4. Whole body injury of recovery and
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Median survival time ¢ cannot be in 0< a<(t, since the control animal may not die in

At t;+ o the following equation holds from the equation (1).

tion on time t.
the recovery range.
Dye~to. e¥(ti*a=to) 1 Die=2to, el (ty+a=t;~to)
=Dee-2t, eltitat~td=T; i (14)
Then the difference of LD;,(a)s between control and irradiated animals is expressed as follows,
De—Di=D,e’ts v . P (15)

Fig. 6. Whole body ‘injury of amplification
and recovery

Fig. 5. Whole body injury of amplification
and recovery
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In this case the difference of LDy,(t)s increases exponentially with time t; and no information is given on
A
B. Amplification followed by recovery

In case of amplification followed by recovery, there are three types of possibility for choice of t, and ¢.
Only meaningful case is ty<a+1t,<ty+t,. The time t, is either t, £t, or t,>>t, as shown in Figs. 5 and
6. In both cases the difference D*—D! becomes the same function on time t,. At t; 4, the following

equation holds from the equation (1).

Dyetto, e~ *at0)  Digla=Deeia =1, (16)
Then the difference of LDg,(cx)s is expressed as follows,
Dc_]DlzDoe(}.*i’)(lo—aJ’ e~i'ty [17)

Accordingly the difference of LDy,(cr)s decreases exponentially with time t, and with recovery constant
A’. In particular,

De—Di=D, (18)

if (A+2) (tg—a)=2, (19)
Though the equation (18) shows no recovery in the sense of the conventional paired-dose method, the
actual recovery with i’ exists.
C. Recovery followed by araplification and recovery

Based on the equations (11), (12) and (13), the whole body injuries were showen in Figs. 7, 8 and 9.

Fig. 7. Whole body injury of reco- Fig. 8. Whole body injury of reco- Fig. 9. Whole body injury of reco-
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Whenever the test dose D' is given, the difference D°— D! becomes the same function on time t, At t,
+a, the following equation holds from the equation (1).

Dye#o, eXte’, g=i'(tyta=to=to) 4 Dig=dto, eX(t;*a=t;=te)

=Dse=2to, e¥ttita~t—to =] (20)
Then the difference of LD, (ct)s is expressed as follows,

De—Di=Dge¥tottal=a), e=2"la"to-t'0), ="t (21)
Accordingly the difference of LDg,(at)s decreases exponentially with t; and recovery constant i’'. The
first recovery constant 1 does not appear in the equation (21). No recovery in appearance will also he
seen if the following equation holds.

Mtg+ty' —a) =" (a—ty—t,/)=A"t, (22)

In all the cases of A, B and C the difference of LD, (a)s was expressed as follows,
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De—Di==aDjebtts a, b: constants (23)
where b is determined by the fact that I, (D, t;+ ) is either in the stage of recovery or in the stage of
amplification. In general the dependence of De—D? on t, is not determined by the state of the whole

body injury when the. test dose D! is given.

IV. Discussions _

The conventional paired-dose method gives a reasonable residual inju-ry when the whole body in-
Jury is expressed by simple increasing function of exponential type. Most of data on mammal have
shown exponential or linear recovery from conditioning dose by paired-dose method!’ -9, As was shown
in the preceding section, if the injury recovers exponentially, the paired-dose method does not give a reaso-
nable residual injury at the time of the test exposure. Expeﬁrhenta‘l evidences that the difference of LDy,
(30)s between control and irradiated groups decreases exponentially with t;, may be interpreted with the
equation (17) or (21). Namely, the injury induced by the conditioning dose is recovering around 30 days
instead of recovery at t;, The new interpretation may also be supported with the impulse lethality func-
tion by Sacher!® and the bimodal daily death distributions!®-19),

In addition, if the whole body injury has an irreparable part, it is easy to show that the residual in-
Jury at the time of delivery of test dose cannot be estimated by the paired-dese method. An easy way to
avoid the difficulty associated with the paired-dose method is to use so small ¢ that the time of exposure
to the test dose may almost coincide with the time of death. In such case one may be restricted in a mode
of instantaneous death. As far as one accepts the assumptions in the section II, it is desirable that the
data by the paired-dose method so far published shall be reconsidered and that the observation period
«, as well as the time of delivery of test dose, shall be made variable in future experiments by the paired-
dose method. With such experiments, it will be possible to obtain much more reasonable interpretations
for the informations given by the paired-dose method.

A model given by the authors for the whole body injury has been previously published?® and. the
model have shown how to calculate the mean whole body injury in survivors from age specific motrality.
The mean whole body injury in survivors is slightly different from the whole body injury of the represent-
ative animal mentioned in this text. The point of age specific mortality of fifty per cent is more critical
than that of accumulated mortality of fifty per cent in the model.  If we define ASM,,(ct) as the dose
which gives the age specific mortality of fifty per cent at time «, the analogous discussions as above can be
made with ASM; () instead of LDgy(cx).

Summary

A residual injury induced by the conditioning dose is usually estimated by the so-called paired-dose
method. Theoretical fundation of the paired-dose method and the informations given by the method are
discussed. The paired-dose method gives the residual injury at the time of delivery of test exposure when
the whole body injury increases exponentially. If the whole body injury has recovery and amplification
of both exponential type, the difference of LDy,(c)s between control and conditioned groups gives an

information on the whole body injury at the time ¢ instead of the time of delivery of test dose.
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