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Determination of the Point Position from two Orthogonal X-ray Photographs
Using Least Squares Method and Geometrical Solutions

Katsuyoshi Tabushi", Susumu Itoh?, Mizuyoshi Sakura!, Yuzuru Kutsutani-Nakamura?,
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Six sets of solutions for caclulating the position of an interest point were obtained geometrically
using four measured image coordinates on two X-ray photographs orthogonally projected. When the
image coordinates had no error, all the solutions gave the same position without error. When an error
occured, the calculated positions differed from each other due to the propagation of the error. Some
solutions could not be used for this determination owing to a large propagation of error. Under
conditions similar to those of clinical practice, the ratio of maximum error of position calculated by the
six geometrical solutions to minimum error was about 426. The least squares method that we proposed
gave results with less error. When one of the image coordinates could not be measured for some reason,
the least sqares method became automatically equivalent to one of the six geometrical solutions.
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Fig. 1 Two projections with orthogonal orientation and right-handed coordinate

systems.

Point P is shown by spatal coordinate (x, v, z). (x,, y,, z,) and (X3, ys, 2,) are
image coordinate systems related to images I and Il, respectively.

CNTHIERICKELBRECHKRINSBENEL
H, ZAN LA DRORERT XA —%
BRATAD, Ak vy —Hp ATV ECERR
ETiTiRd b TELPRILS,

ARETIE, 22002 EEFRBND, B
Ef2 s LBEIhBE08 < Sk 68
O EEECBRIICIE L WFHEALRT, ok
iy, BREOZIANFERLL > TKRELRR
D, BEOEEIKETECEALCLLRVHD
bh5, PEBLELC2HO XBEENLELR
B 4o0MARHIEERY S LT, ThbD 68D
HER I D BEEOEEND WB/NERE TE
BrRkdorhkrmET 5,

2. BE LIRS & B4 DR

EM X BEX L Fig. 1ol Lch
NEMEEXRHE Il cREI LS, EREER
X, Y, DREFRYAVE, FTEBEEOKEAR
HEBELT, XEIAEFLLEFMN, YEhle
PHEA, ZEREEASEAICE VTV ET
5, BEELTOEERE 7 AL ET (X,
Y, Z), 74021l ETXK,, Y, Z)ET5,
BPoO7ANA] ETOEE (X, v, OIXEP

ERE 246 7 A25H

(95)

DOZERAEE(x, v, 2)IC L hkoi{ELEhb,

—_xf :
xl__ I?f__z- Ql)
=g @

I Ls 741002 ETOEPD
Eiggg (()) Yz; ZZ) #i

__yf N "
V2= R, —x 3
__zf, :
Zy— Fg —x (4)

fe2l, i LIES L& 7 4 AV ETOERE,
F.& R —ath Lo AL E£ESAETOE
HAERYT, SPOEEKE, v, 2271 ra b
TOEEX, Vi, Yo Z20bFHETS, X, v, 2D
HEX ¥Rk bicdoXofusgw s LT

@ @G, O @ @W

G @, @ G @
&, Ebic (D RXE @ Rv, Q) Ax (O K
THRLEHODBEH AhT

1 @ {3/ W}

{O/ @} 3 W
D6END A,



848 B/NE R X B LB PR

Table 1 Six sets of geometrical solutions

Combinations of
geometrical equations

Geometrical solutions for each coordinate based on combinations

XFhH=ZF)

YKFJ;"Z,F;) Z:(szl_}(;}?.)

D, @, X=Xz Y=t -X.Z =X

), @), @ X=X Ym:l%%;‘?)— z0=70

/@), @ @ xo=ulh R =

W, @, 3 X@=xX® yo=y®o Z0=Fy-—hh -

D, @, (@) xo=AE e R AN

@, @, @ XO=F,- 0 yw=ye z0=70
IhbhbBicx, y, z2KD56HOEY X, =2cm,

Table 1 iZRmL7z, ZhbO@ED 55, HA 2 A
LW GHEDIDI, X, y, 2z DERAZFRER
AEEL 5TV, X0, yO, Z02EA HY0H
HIZ, x@, yO, yO, 203 Vickery H?, B 5,
EAKIDXBRIZ, X, yO, yO, 0N EE, 5D
DBMEFITCE OIS, xO, x®, 20, 2034
SRTVRVODH B\ ESERE Sh T
LEbh 5,

F.i%, BA, AL 5L

f Zy' f X
S U L Xy
S VAR VIR L VAL VA

TRESD, L, DBEBBVIEA—Y v )
DHARE M, M, THE¥Ih, FOSOEE (b
D0iEA -V VIS OFLEE) KA sl kT
xy, yr, 0), 740411 T O, y», z») T
HBHELTWD,
3. BREDGEE

WEMICEENE T i VBE1cid, Table 1
IR LT 6 offixe < A UEMBEE (x, v, 2)
BHIhT, Lovl, WEEMESHDEEN R
S8, BOohAEERFhFhERD, BXD
HEBOZIH A EXRALTHANS, F
EREOBEARHICII S A+ £4 FREOME R
BELT, x, x®, x®, xXODBMEYIET 5.
ZAN A ETOFRAID BEIX

V1=Yy,=—0.3cm,
z;=0cm
ELTERENTEE L O 484 FRNTFE ol
WBEREELTWS, EAERB 740 ALT
OFEHI D 3821
0%, =48y, =dy,=dz,=K
EFDH, E-AhLEOR A EESETOERE
FOBEZER
F,=F,=60cm
0F, =6F,=AK
L, 74V aFARMDBED AR LTS, A
WERE 744 ADER DLW TIk
f,=£f,=9%0cm
¢f, =d6f,=BK
EEE LIz,
ZATHELI L XEEOREDHFEIN®ED
Rz L b
{6}(“’} 2
0.44K? (1+0.001A2+0.0005B?)
{&(ts)} 2
36.6K? (1 +0.00001A%+0.000006B2)
{ox®} 2=
0.44K? (1 +40.001A240.0005B)
{dtxte)} 22
80000K2 (1 +0.00003A2+0.00001B2)
Lieh, e OfITRT, F,, f, 08X 115

HAERSE #50% #7178



HR B 64

HEDEEL Y AT HE D FEL Tig
DTEBRTHE, BEDRDIAE O, KD
N Tp oxVR SXODA26fE LB, kE XDk
L rd

Sx® > gxP¥ > §x® = gx
ThH5b,

y BB oWTh Fy, Fy, 1, LOBEOFEIL
BRI hE L, ERTHE, R AT LEEY
oD% (oy?) 2& (oy™) 2D0.44K2, FDOKIX
(6y®)2m0.42K?, Bd/NE 0k (oy®)2m0.41
K2eieh, xEEOBE LR, FoFtER
PHAGWTLIBIERCEEC I -1,

4, BNBEFREICL 2 ERBERR

X1, Y1, Voo ZzDOBEEME Xim, Yime Yoms Zom 124X
MEN-BEETH, X, v, 2D 6HOBICF A
BEIRTWE, ZoTIR420L2ToOHIEHEY
RAvt, BEOHEY/NEL TEERNEFET
X, ¥, z®RDB,

0x,=x, (X, ¥, z)—Xm

vi=y: X, ¥, 2)—Vim

v.=y: (X, ¥, 2)—Vem

02,=2, (X, ¥, 2)—Zm
EL, 74 A EDEEGRARY OBELY ThE
AW, W,, W, W, LT

o*=W, (x,) *+W; (dy,)) 2

+W, (é\yz) +W, (622) z
FRACT B X, y, z RRD 300X EWRT S,

xfi i 3 yfz )
Wi [FI‘Z x'm] Fi-z i [Fz*x !
. vf LW, [ zf2 —y ] zf2 =0 (5)
(F2-x)? "UFex 2 (Fax)?
vir o) _fi
We [FI‘Z y]m] Fi-z
. yfe _f2 _
| ng[Frx yon) =0 (6)
xfi xf1 vir
Wi [Fl—z ’“"'] (Fi-2)? [Frz 5“"']
_yfi zfa fa
Frgt ¢ [Fz-x 2 e R S
SERL 24E T A25H

(97)

849

Z OIERRTE O FILHEA B 5 P O HEE (x,
y, z) %, FHMER (X, Vo, 2,) & L CEEKE
PTEZGRDOND, WIEIFEE» L7 b
iEEo TWT %Jﬁlﬂiﬁﬂiﬁb ‘;,5‘;, xm, x“"’, y(al, y(s)’
zW, Z9NBIRATHONEE L,

5. ETE{EIC & BAEOLEE

RFIFEMBRER (D— @ wESwic 6o
Bk 2t HEERDEBFRECESCBEFRR
G)— (M bW, =W,=W,=W,& LTHRE
HiE» #e3 5, <1 F,=F,=65cm, f,=
f.=%cm %%, x, y, z~OHESHET S
DI UCEREYE 2 5,

R PoZERER (x, v, 2= (2,
XL TEER ETOEEREhEh
(%, y1)= (2.857, 2.857)

(y2, 2z2)= (2.857, 2.857)
Linsd, AR DEFORZEL L Clmm Z4EL,
SBRITFCA K RE2.957cm, B/ NS A L. 757
cm & L7z, Table 20 B ¥ g Lo EES
5z, BEAEX VO *HIRELTED,
510 DEHFEOWTEOHEL R LI, x &
z EHHIIBR D DO T, 2 KBEY S 2 1ok
R EK L7z, Table 2D k26 2 BB ERIE
T, ERLUTORBEMENLBCONTOR
EOWELYRL, JBEIT < EE, 4BH Ly E
B BETERI zEEOKERTHS,

X DHHBImm OBEER 4o, IAEHHE
MicE2CHE»LE D x BEEORZ13§90.7
mm &7 Y, RAPAEFEED x 2 xV, x® xEpz
NEZ B LcfERR LTS, yEEDHERD
TR OBREDHELHEHVZFT Tz
DI LT, z BEX 290 2590, Tmm O B
ZETTW5,

V1D HRHRImm DEEZR DL, v, &y, BN EH
HILEFEET2EE2bhB0T, yOFEMIY
0.35mm O¥ELEH 25, “hExHWRT 203K
NEEEC L By OERTCH D, y,0BEED X
&z BEA~ORENY, x99 L Tiick
<, M2cm OREX 75T, RIEKZ LD x®
& ZNH LT TH0. Tmm DB B, R
FEOx &z, x0, x®, 20, I hE hBE

= 3=
e b

2, 2)



850 N BREIC L HAERER

Table 2 Spatial coordinates of point calculated by various equations in simulation

I I 1 v Vv

Image coordinates with errors (*)

x
Least squares
metho y

2,957 2.757  2.857 2.857 2.857
2.857 2.857 2.957*  2.757*  2.957*
2.857 2.857 2.857 2.857 2.757*
2.857 2.857 2.857 2.857 2.857
2.070 1.930 1.999 2.001 1.998
1.999 2.001 2.035 1.965 2.000

z 1.998 2.002 2.001 1.999  2.002
Spatial coordinates X0 =x2 2.070 1.930 2.000 2.000 2.000
calculated from x@=x« 2.070 1.932 1.934 2.070 1.869
iggf;ina - x® 2.070 1.930 1.998 2.002 1.995
' x® 2.000 2.000 —0.135 4.139  —2.420
yi 2.000 2.000  2.070 1.930  2.070
Geomeliical y@ 1.998 2.002  2.000  2.000 1.930
solutions NG 1.998 2.002 2.002 1.998 1.934
yE =yt 2.000 2.000  2.058 1.932  2.065
2=z 1.998 2.002  2.000  2.000  2.000
2@ 1.998 2.002  2.002 1.998  2.004
2 2.068 1.932  4.067 —0.212  6.138
2=z 2.000 2.000  2.068 1.932  2.140
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