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Introduction

In recent years, several papersD®1DID10102D-8032-30haye been published on the application of the

digital computers to automatic calculation of dose distributions in radiotherapy. Most of these methods
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were based on the traditional isodose chart summing methods in which the isodose curves, obtained by
actual measurements, were digitised by hand for different field sizes and stored on cards or tape. This
hand-digitised method needs a great deal of preparatory work and limits calculations to those field
sizes for which digitised values exist.

Recently, Sterling et al.?® have derived a mathematical expression for the dose distributions of
telecobalt with any field. From this formula, it is possible to compute conveniently depth dose at any
point in any field. A disadvantage of this equation is that it is valid only for 8Co sources used at 80 cm
SSD. Since the source-skin distance varies throughout the rotation in moving field therapy, it is desirahle
to develop the formula which is applicable to any SSD.

In the present paper, a new mathematical expression for the dose distributions of 8°Co y-rays and 4.3
MYV X-rays, which is adaptable to any SSD and any rectangular field, is described. The method develop-

ed here is essentially a mathematical expression of the tissue-air ratio and decrement value.'®

Mathematical Expression
The dose at any point can be obtained by the product of three factors; (1) a central axis depth dose,
(2) a decrement value, which is the ratio of the dose at a point away from the central axis to the dose
on the central axis at the same depth in the standard isodose curves, and (3) correction factors for an
oblique incidence field, wedged field, and inhomogeneity. In this report, the factors (1) and (2), and for

the oblique field of (3) are considered.

1. Cobalt 60 Gamma Rays

1. Percentage depth dose on the central axis

Pfalzner®® has pointed out that the tissue-air ratio for %Co y-rays may be expressed as a power
function of the field area, in the form

TAR (d, Aa) = K (d) Ad™D it st sessua i st s e asanet e (1)

where d is the depth below the skin surface,

Aq is the field area at the depth d,

K and m are constants for a given depth (and a given radiation quality), and

TAR is the tissue-air ratio for a depth d and field area A4 at that depth.

From this equation, he has derived that the central axis percentage depth dose may be expressed as

_ K(d) f'_|_do 2=2m{d) mi{d)y-m{do) .
Pe (d, f, Aco)=100 s _Tid_} Aso e een e eneenens(2)

where f is the source-skin distance, SSD,

d, is the depth of the peak absorbed dose, and

P. is the central axis depth dose in percentage of dose at the depth do.

According to this equation, the central axis percentage depth doses at any SSD may be calculated
by a computer provided that the parameters K and m are expressed as a mathematical formula.

The values of K and m were obtained with the aid of the digital computer, using the new values of
the tissue-air ratios calculated by Gupta et al.!® The calculations were based on least-squares solutions
of the logarithmic form of relation (1) above, utilising as data the tissue-zir ratio values for six field areas,
je, 4 x 4,6 x 6,8 x 8,10 x 10,15 x 15, and 20 x 20 cm.

It was found that the parameters K and m could be approximated by the method of least-squares,

—_ 2 -
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in the range of 0.5 < d < 30 cm by

K(d)=1.00778--0.063527 d + 0.0014216 d* — 0.00001 dB.........cceerrvrvrrervenrrrearueeraeesrannns(3)

m(d)=0.01113 + 0.0070903 d — 0.0000593 d? ........ccoeerrrrruirienierrrersieesnesnseesnensseeseenes(4)

The results calculated by these formulae are shown in Table 1 in coraparison with the original data
obtained from the tissue-air ratios by Gupta et al. The tissue-air ratios and percentage depth doses
calculated from equations (I) and (2), respectively, using equations (3) and (4), were compared with
the tissue-air ratios published by Gupta et al., and the central axis percentage depth doses presented in
Supplement No. 10 of the British Journal of Radiology. The results indicate that the errors are less
than 3%, as shown in Figs. 1 and 2.

Fig. 1. Comparison of calculated and experimen- Fig. 2.  Comparison of calculated and experi-
tal values of tissue-air ratio for *°Co « -rays. mental values of percentage depth dose for “Co
Solid line is the data taken from Gupta et al. y-rays. Solid line is the data taken from Brit.
Broken line is calculated from equation (1) us- J. Radiol. Suppl. 10. Broken line is calculated
ing equations (3) and (4). from equation (2) using equations (3) and (4).
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Equations (1) and (2) can be applied to any rectangular field provided that the field area A is expressed
as an equivalent area, although the fields of equal areas but different shapes give rise to different percentage
depth doses on the central axis.

The equivalent area A., which will have a smaller area than that of the rectangular field but the same
percentage depth doses, is defined as

BumToBY isconssvss mcmcnssss s amasmassi shaianne ns oo s asamemsens eyt s 4 SEALE GS? S SRS e (5)
where A’ is the actual area of the rectangular field, and

F: is the area reduction factor.

Analysis of the central axis percentage clepth doses for the rectangular field calculated by Clarkson’s

method® has shown that the area reduction factor may be expressed as (Fig. 3)

4F 4ab
Fem [ EE (R )T oo e oo (6)

where E is the elongation ratio, a/b, and

a and b are the major and minor axes of a rectangular field, respectively.
Substituting (6) into (5), we obtain

2ab \2

Ae:(“a-i—b )

This expression is equivalent to that of Sterling, in which the percentage depth doses for a rectangular
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Fig. 3. Variation of area reduction factor with elongation ratio
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field are expressed as a function of (area/perimeter) of the field.
While d, in equation (2) is defined as the depth of the peak absorbed dose, equation (2) may be valid
for the depth dose in percentage of dose at any depth. Consequently, equation (2) becomes

K(d) [f+x, |2-2m@ m@-mlxad
P. (d, f, Aeyx) =100 K((XD))- o =N Biyzy | =iaeshesenamonon s sOMK R AL (8a)

or, substituting equation (7) for Ae,x,, we find

K f 2—2m(d) Zahb 2m(d)--2m(xp)
P (d, f, Ae,m)=mo?{%-{ e [[2ab | maman e (8b)

[Ta+Db /=
where x, is the depth of the reference point,

A x, 18 the equivalent area at the reference point,

a and b are the major and minor axes, respectively, of a rectangular field at the reference point,

P. is the central axis depth dose at the depth d in percentage of dose at the reference point x;, and

d and { are the same as defined above,

This equation is useful for calculating the depth dose for fixed field therapy by means of a constant
source-tumor distance, which is called the STD method and has been done with a rotation unit in our
hospital since March 1957, and also is adaptable to rotation therapy by a slight modification. These
further applications will be described later.

2. Percentage depth doses at points away from the central axis

The advantages of transverse data or decrement values for describing the dose distribution have been
discussed by Orchard!® and Orr et al.,,'® and a similar approach was used by Evans.” Onai et al.!?
have also reported that the method of Evans, in which the square field isodose crossplots have been used,
may be applied with some modifications to the construction of isodose charts for any rectangular field
without serious loss of accuracy from minimum experimental data. The isodose crossplot method is
the most convenient for obtaining the standard isodose charts in manual work, but for the computer
programme the method based on the decrement value may be more suitable.

Sterling et al. have shown that the relationship between the decrement value, k, and the ratio //L,
where L is half the field width at the surface and [ is the distance of the intercept on the surface of the
line joining the considered point Q to the source from the central axis (Fig. 4), may be approximated
with good accuracy by a cumulative normal probability function and that the value of the function is

—_ 4 —
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independent of the field size and its variation with depth is small.

The experimental investigations were carried out on the Toshiba RI-107 rotating unit with a 1.5-
cm diameter source, collimated distance of 39 cm, and at both 60 and 50 cm SSD.

From the analysis of these data, it was found that the values of k were independent of the field size,
as shown in Fig. 5, and depend on the depth in the umbra, as shown in Fig. 6. These relations were

only slightly dependent on SSD and the shape of the rectangular field.

Fig. 4. Diagram showing symbols used in dosage Fig. 5. Variation of decrement value k with
calculations ({/L—1) for %Co
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The relations between k and //L may be expressed as follows. When T < O (i.e., inside the geo-
metrical field), wheie T=I/L—1,

— e — S _]. . S (
T oa BTV Te ey 73 vy v Lo e P SR (92)
and when T = O (i.e., outside the geometrical field)
1
w2 i O N (9b)

From equations (8) and (9), the percentage depth dose Pg at any point in the normal single field can be
obtained by

Po (d,f, T, Ae x,) = k(d,T) o Pc(d, £, A xg) cevvvrerrivnnneninnnnnn. S NS S NN PN NP NS S (10)
Calculated values from equations (9a) and (9b) are shown in Figs. 5 and 6 in comparison with ex-
perimental data. At the some values of //L, the errors are greater than 10%,, whereas the errors of dis-
placement, which is expressed as the distance between the actual isodose point and calculated isodose

point, are mostly within 1 mm. These errors may be neglected in clinical practice.

— 5 —
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3. Correction for oblique field

Onai et al.'™ have reviewed three methods for deriving an isodose chart for oblique incidence from
the normal incidence chart and recommended that the isodose curve shift method may be the simplest one

in manual planning, but for the computer programme, the correction method using the tissue-air ratio
may be more convenient.

In the case of oblique incidence, as shown in Fig. 7, the percentage depth dose at the point Q or Q’

Fig. 6. Variation of decrement value k with Fig. 7. Diagram showing notation in dosage
({/L—1) for **Co calculation for oblique field
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can be obtained by multiplying equation (10) by the tissue-air ratio correction factor T, where T; is given
by®3D

m(d+h)
~ K(dth) A, [f4d | mc@m-2m@
T— o — T, | cereerennnn(11)
K(d) Aex

Then, equation (10) becomes

K(Cl:l;h f +x 2=-2m(d%h) m(dzh)-m(xa) |
Po=100 k (d, T)—K—)— [f—+-d°_ Avcoxy  eereeeerreeeeiee i e e e s sabaae e (12)

(%)
where the sign of h is appropriately chosen.
According to equation (12), the percentage depth doses at any point in a homogeneous body can be
obtained whether the field is normal incidence or not.
IT. 4.3 MV X-Rays
In principle, equation (12) can also be applied to the calculation of doses for 4.3 MV X-rays. To
obtain the mathematical expressions for K, m, and k for 4.3 MV X-rays, experimental investigations were

_6 —_—
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carried out on a linear accelerator manufactured by Mullard Research Laboratories.

expressed as follows.

659

The results may be

The parameters K and m in the power law for tissue-air ratio may be approximated, in the range of

1.0<d<30 cm, by

m(d)=0.00081+0.0083966 d—0.00023696 d2+-0.0000035224 d?
K(d)=1.07001--0.068230 d+0.0018682 d2—0.000020490 d® ........eueiiuuneeeenerererenreerenresssnnss

For the decrement value, when T<<O

Fig. 8. Comparison of calculated and measured
values of tissue-air ratio for 4.3 MV X-rays.
Solid line is the measured value. Broken line
is calculated from equation (1) using equations
(13) and (14).
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Fig. 9. Comparison of calculated and measured
values of percentage depth dose for 4.3 MV X-
rays. Solid line is the measured value. Broken
line is calculated from equation (2) using equa-
tions (13) and (14).
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k=1 —0.5e18-690T e ———— (15)
and when T>O0,
k= 1 (
= 3} (32.551—0.547d 4 0.454ei %=0.58) T on o s e e )] 6 )

Comparisons between the measured and calculated values from these equations are shown in Figs.
8,9,10, and 11. The accuracy is the same order as for “Co v-rays.

Equation (7) for the equivalent area may also be adaptable to 4.3 MV X-rays.

Applications
1. Single field
Figs. 12 and 13 show an example of a single field for ©Co v-rays and 4.3 MV X-rays, respectively,

Fig. 12. Comparison of isodose distributions as plotted by com-
puter and by measurements for *Co, with SSD 60cm and
an 8 X 8cm field at STD 75cm. The printed degits are
computed dose values and lines are measured isodose curves.
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=

Dose 10 20 30 40 50 60 70 80 | 90 100
Symbol 1 2 3 4 5 6 ‘ 7 8 | 9 A
Dose 120 140 160 180 200 220 i 240 260 | 280 | 300
Symb ol 2 4 5 8 B 2 | 4 6 1 8 c

as plotted by the computer and compared with actual measurement. The printed digits are computed
dose values and lines are the measured isodose curves. The point of 15 em depth on the central axis is used
as the reference point and printed by the symbol +, which is taken as 100 percent.

For the visualization of the dose distribution, a system of symbolic print-out is used by which a dose
in the range of some percentage, indicated at the right shoulder in Figs. 12 and 13, that is 0.02 (29%,), of a
given percentage depth dose is printed in the same symbol and the dose is then printed as a symbol with
the symbol table given at the bottom of Fig. 12. For instance, the point of symbol A expresses the dose
of 100+2 and syrabol B the dose of 2004, etc.

In Fig. 14 is shown an example of an oblique incidence with an 8 x 8 cm field and surface obliquity
of 30 degrees.
2. Multiple field

Fig. 15 shows an exaraple of a multiple field, which is the resultant distribution obtained by com

— 8 —
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Fig. 13. Comparison of isodose distributions as Fig. 14. Computer print out of the isodose dis-
plotted by computer and by measurements for tributions of an oblique incidence for ®*Clo, with
4.3 MV X-rays, with SSD 85 cm and a 10x an 8 x 8cm field at STD 75 cm and surface
10 em field at STD 100 cm obliquity of 30 degrees
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bining four ®Co fields of area 6 x 15 cm at STD 75 cm arranged as two opposing pairs at 90 degrees to
an oval phantom. Corrections for oblique incidence were made using equation (12).
3. Moving field

In rotation therapy, by dividing the patient’s contour into a large number of segments as shown in
Fig. 16 and considering the rotation as series of fixed radial fields over these segments, an approximation
of the dose delivered at any point can be made.®1 In general, since the body contour is not circular

but roughly elliptical, as the patient rotates, the source to skin distance f}, surface to axis distance Xi,

Table 1. Comparision of the values of m and K for ®Co Tobtained from the
new values of tissue-air ratio by Gupta et al. and calculated from
equations (3) and (4)

Depth from Gupta’s data from equations (3) & (4)
cm - % K - K
0.5 0.01454 | 0.97122 | 0.01466 | 0.97638
2 0.02630 0.83882 0.02507 | 0.88634
4 0.03851 0.73557 0.03854 | 0.77578
5 0.05081 0.63434 0.05154 | 0.67564
8 0.06407 0.58581 0.06405 | 0.58543
10 0.07599 0.50035 0.07610 | 0.50467
12 0.08775 0.42551 0.08767 | 0.43289
14 0.09897 0.36321 0.09877 | 0.36960
16 0.10956 | 0.37087 0.10939 | 0.31432
18 0.11853 | 0.26758 0.11954 | 0.26657
20 0.12897 | 0.22890 0.12921 | 0.22588
2 0.13854 | 0.19522 | 0.13841 0.19176
24 0.14759 | 0.16715 | 0.14713 | 0.16373
26 0.15545 | 0.14427 | 0.15538 | 0.14131
28 0.16542 | 0.12294 | 0.16316 | 0.12403 |
30 0.16852 | 0.10780 | 0.17046 | 0.11140 |
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tissue depth di, and position of point within the field T will change from one position to the next. However,
the source-axis distance, SAD (F=f; + x;), is constant. Consequently, it is convenient to express the
dose at any point as a ratio of the air dose at the axis of rotation.

If the dose in air at the axis of rotation is denoted by Dx a, the depth dose D, at the axis of rotation is

approximately given by

n
-
Dy / De,a :SE%TARi = ZJK{xi)_Aem(xl) SRR = by
= i
where x; is the surface-axis distance for each position of the beam i, where i=1,2,3, ..................... 1,

A. is the field area at the axis of rotation.
The depth dose for other point P (in Fig. 16) can be obtained as follows.
The central axis depth dose at depth d; for each field is given by

N 2-2m(di)
~ ) m( a 5 ) fl +Xi
Dy = Dc,a'K(dl)'Ae S e wle e e s e elia))
fi+dyg
Fig. 15. Computer print-out of the isodose distri- Fig. 16. Diagram showing notation in dosage
butions for four 6 x 15 *Co fields at STD calculation for moving field
75 cm arranged as two opposing pairs at right tes
angles n /’ N
g BN /ff// »

T e e | A G T T T R

If the field is normal to the surface, the dose D', ; at the point P may be expressed as

m(di)[fi+xi}2_2m(di)

ceee.(19)

L)
Dp,i = Ddi.k(Ti,di) = Do,a-k(T4,d5)-K(a1)-Ae )
fi+dy
Since the field is oblique incidence for the point P, by multiplying equation (19) by the tissue-air ratio
correction factor (equation (11)) the actual dose Dy, ; at the point P for each field can be obtained, as
f itXi

ves..(20)

2-2m(dj)
Ji‘i-l-di}

r
Dp,i = D;f:,:‘i'Tr = Dc,a'k(Ti,ﬂi)-K{d;_)-Aem(di)-=

where d’; is the thickness of tissue between the point P and the surface measured along a line parallel
to the central axis of the beam.

Since f; + d; is equal to f’; + di’, equation (20) becomes

— 10 —
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2-2m(d})

£i+xi . (21)

]
Dp,i = Dc,a-k(ﬂ!i,ai)-x(a_.{)-g_em(dl).L_ ~
i+di

The total dose delivered at the point P can be obtained by summing the dose for each field .as
Dy=XDy

The summated doses may be expressed as a percentage of the total dose to the rotation center. That s,

. ! -
Dp Zk(Ti’di)‘K(diJ'Aem('dl).{f§_+di
P, = 100—=— =
P De m(xi)
ZK(xi)-Ae )

where F is f; + x;, which is the source-axis distance.

J2~2m(d;)

roea(22)

Fig. 17 shows a computer print-out of dose distribution for a 120 degree-arc of a 6 x 15 cm field
at the axis, which is obtained by the superimposition of 13 fields with entry angle at 10-degree intervals
using equation (22). On the basis of the result by Haynes and Froese,!® the body cross-section was
expressed as

= R A D T COE 2 o NSt v s St NS SN Y VOSNG0S R s S (23)
where a = (A 4 B)/2, b = (A — B)/2, and A and B are the semi-major and semi-minor axes of the
body, respectively. In Fig. 17, 15 and 10 cm were used. as A and B, respectively. Then the body cross-
section was also printed out by the computer.

Since the dose distribution for rotation therapy is approximated by a series of fixed fields as describ-
ed above, it is clear that the greater the number of fixed fields used in calculation, the more accurately
is the dose distribution for moving field represented.

Considerations of the number of fields which needs to be summed in order to approximate to the true
integrated dose have been carried out by Gregory,” Craig,¥ and Onai et al.!'” In general, no serious
error is introduced by the use of summations at 15-degree intervals even in the low dose level, but errors
may be significant in the particular cases such as a tangential rotation. The choice of the number of fields
used in calculation, therefore, should be determined by the type of rotation, the size of field, and shape
of body cross-section, etc.

Fig. 17. Computer print-out of the isodose distributions for
a 120-degree arc of 6 x 15cm *°Co field at the rotation axis
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Fig. 19. Computer print-out of the isodose distri-
butions for the tangential rotation calculated
by the summation at 6-deg. intervals

Fig. 18. Computer print-out of the isodose distri-
butions for the tangential rotation calculated
by the summation at 15-deg. intervals
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Fig. 18 shows a computer print-out for the tangential votation calculated by the summation at 15-
deg. intervals. Fig. 19 shows the result by the summation at 6-deg. intervals. It can be seen that errors

are significant both in the regions of low and high dose level.
The present programme is written in FORTRAN 1V for a GE 635 digital computer. The length

of time involved in calculation is eight seconds per field and may be taken for multiple or moving fields
as long as time multiplying time per field by the number of fields used in calculation. ~ A relatively small

machine, such as the TOSBAC 3400, may take as long as 70 seconds per field.

Summary
A mathematical expression is presented for approximating the dose distributions in rectangular beams
of 9Co y-rays and 4.3 MV X-rays in a water equivalent medium. This equation, supported by ex-
perimental results, may be used for any field, any SSD, and any oblique field, and can be used to print out
the combined multifield isodose curves directly with small error. Examples of the computer print-out
of a single field, oblique field, two opposing pairs, 120-deg. arc, and tangential rotation were shown.
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