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Computer implementation of tomographic image recenstruction may be accomplished several ways.

This paper represents two new computing methods which basically resemble to the Fourier Convolu-
tion (FC) method (i.e. Filtered Back Projection method). These new methods are Walsh-Hadamard
and Haar orthogonal transforms.

There are two major calculation processes in the FC-method: one is filtering (Fourier filtering or
cyclic convolution filtering) process and the other is back projection. Both processes require a large num-
ber of arithmetic operations, so that large reconstruction times are required.

In this paper it is proved that the filtering process can also be accomplished equivalently by Walsh-
Hadamard and Haar transforms with very short calculating times. We derived the relationship of filter
matrix in the Fourier domain and that of Walsh-Fladamard and Haar domains, Filtered projections

can be calculated with those filter matrices and fast transform algorithm which is equivalent to FFT (F-
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ast Fourier Transform).” The calculation times of these new methods are more than 6 to 14 times faster

than Fourier ﬁlteiriﬁg and 3 to 12 times faster than convolution filtering. These times are closley related

to the combination of filter matrices and transformations.

By the computer simulation for several image sizes, ranging from 64 % 64 to 1024 1024, Hadamard

filtering was the fastest of all.

New filter function, which was obtained from computer simulations and inspection of computing

times, was shown. Ramachandran et al. , Shepp and Logan, Cho, Chesler and Tanaka et al. have shawn

the modified filter functions. (weighting functions). For comparison, several phantom irnages (64 % 64)

were reconstructed using Ramachandran’s filter (F-1) Chesler’s filter (F-2) and ours (F-3). Ringing

of image rconstructed using F-3 was larger than F-2 and smaller than F-1.

L ¥ =y

Xk EFFERE R G2 H LW e RpE
(Computed Tomography : CT) |, SEAER S

BEF¥0opBTRkERBLE bich, SECERL
225 %. CT T AfEOWiHO X HRIEE D
2RTHME, SHEOHET — & oY
FCTEART 5.
- CT R XBMBEHEAR CREFEROT7 AL =
D AARBERBE I, & B
B, < bV 2 RE, EUGELEE (Algebraic Re-
construction Technique : ART), 77—y =Zifag:
Filtered Back Projection ¥ (FBP ¥: 2 Wit 32)
IO FBP JRIckIT 57 4 A & LS S22op] ¢
2 VR — > g v (cyclic convolution) JRIET4F
A vRN— g vk (BRERESE) tETh
Z,l)"ﬂ)'

T, B CT w U038 WX ondbd
B, 1 ORPIEDEE & i EEAR T L =Y
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BB DOE S X UFEEOMER 2 £ )l &0
B BER T3 OIHE COFE N EZEM R
TTEDIVAAN—Y 3 VIETHBEEPATLS
12)78)
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THMERIB D= vEL =y o vEEE (7412
WER) &, MBHEOF - & OYUBY OHEEEM
BH%. ThbRLgl QUEFRED 2ot
HEREDHEL L, &40 EETIER S
b, WHHNE YD ORI REL T 5.

A% ko 2 >OFHE@ED 5 5 FBP #:
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¥R 5 HENRH L. WEOLH, 20
EOHEDS B 1YL= VAL — > 2 VIEZH
WAHERRLE S AVWBRTWARTHS. &
o FECERTEERR W &, $XTO
HEMNEEETTRL L, FhavElL—-Y
g VEER 7= ) =BT L5 74 V2 QED
ORI HEEY Fhiwv o & &, FFT (Fast
Fourier Transform)!929 % M\ BEic4: U5H v
F AR OWTOHER (2°) AEW i i
R NP bnﬂ L Lindis, $F 6135
ﬁ@ﬁ%;oTTmﬁﬁﬁr4»y&9 TRIRA~ZE
BT sl A LEREOMENE Ui &
e &b, BERZEREc BT S 74 A2 BN
BEFITHDEELTWE. ORI THRS
BEXBEEy sz ek, FFT, 2 viHEL—v
e VIR X0 b KIRRETEREOEMREY GTh,
TEREROFHE BT FFT ORRieBRE
F X ORRE 2 A 23RO I T e
Izavta.—2TCThH o roFEridngs.

fﬁﬁi&ﬁ@? Az (HEBIBD wowvwTik
BAREOEHCEHEYET 510, Hix OW%
MH BV, R AR O B R @

LEABTHy bTHEZANZERAVERTWS,
TRBOTALARIRIZEAETNTEERO= v
A= g Ve 7405 GHERED OB TR
BRI TWw3

AL iE D 72 %, Ramachandran® s X O

AAREZRHRESMERE 83786 B11H

N/ AR,

frequency frequenc,r
F-3 (c)
.z/-\ NN,
~fa —Jz—fm 0 %—rm T
frequency
(2) F-1: Ramachandran (b) F-2: Chesler
(c) F-3: Ours
Fig. 1. Frequency domain plot of three flter
functions.

Chesler’® 74 Az L, 5 EEAC B
HEYHAE LTRD7A A2 0 3EEEY E
ﬁt._h6®v4»ﬁ®ﬁﬁﬁﬁﬁwF@1
KRS, Z o7 =) =T 74 A FE
LA U B % Walsh-Hadamard, Haar @ 45E3Z
T d Hkd, FERZZEROMO 7 A &
FETFIO BIRE 2. ks, 7V =2
BT 574V PBENRER T VAL =Yg Y
(cyclic convolution) T 5Ei>w5 £z, Walsh-
Hadamard, Haar {2351 % 7 4 2 & JLFE & SEZ20E]
TavHEAL—v g v (logical convolution) TFE
s,

1. Walsh-Hadamard ZFfa® -1

BT 5 {ET — #2517 F LX T
L, 7— V=, Walsh © KEHZfTF % F, W &k
T5. 2T F,W RIEEBTFIE L, FI7I0
BJRixRX (3) thx 5.

F(m, n) = fexp( 1-2—— men)l (@)
m, n=0, 1, 2,- «LJ =1
FIIEETVITHS.

Walsh 7Zi% —jic order @ B A\ iz LD
3B LEIRB. Thbixgx, Walh

order (sequency order), Hadamard order (natural
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F. Sequency
:equenc‘fll /wal(O,‘I:l
o SF ’
sal (1,i) sin(27k)
.
0 == = 1
' i (2nt)
cal{l,t) cos
1 r+— 1
E T e=——=
sal(2,t) /sin[mt)
1} £ = = =]
2 ot R —— 2 — 2
I
cal(z,t) cos (40t)
e =/ e
2 i) Cr—
" sal (3, i) in(6it)
3 0 3
==
cal (3,t) os(6t)
=4 T~ fc ]
= L__.._a B~
sal{4,t) sin(80t)
=9 9 = 7
5 b S e R S R 4 B i .
1.

o 1/4 1/2 /4 1 t

Fig. 2. Walsh functions and Fourier harmonics,
N=8.

order), Paley order (dyadic order) XFEI¥H T
Hw | PTFoREBTWOR D ks EHzh
£ X0 ¢, LIF Walsh order & dBIG b T
W<, Fiz, ZZ Tk Walsh b Hadamard 47
SRR Y Erfic. 8iko Walsh BI%r (GSEEIN
%) ofl% Fig. 2icizd. Fig. 2¢ sequency i3
frequency [ZSIn3 5 D THY, HAEEPO
BREXED2THB. Eiz, wal (0,t) XEFK
4, sal (i, t) 1% sine BA%L, cal (i,t) 1% cosine
BIBuC T 5. ¥k, Fig. 20MEMBIEHTH
% 8k ® Walsh 3s X ¢ Hadamard 47%1% Fig. 3
.

7= ) =208 T D 74 1 2475 % Gr, Walsh
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Fl 11111121
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(a) Walsh ordering

1069—(51)

RYRR (4), G)TtEbes.
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T=Um e AR b T AOHAOESE (BRI
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L R MBR B % (sequency scalar filter) 23,
74 Nz LFA--DORFERIIE L hin.
FA—DERE/ LD, R (7)) HBELIhBT
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350 (N7 b v e 74 A 2) I BEENRE .
“hit Fig. 2R Lckic, 7—) =2 Walsh

7=y .
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1

T
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1
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1
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1-1-1-1-11 IJ
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(b) Hadamard ordering

Fig. 3. Discrete Walsh-Hadamard functions, N=8,
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Fig. 4. Continuous and discrete Haar functions, N=8.
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Walsh 7 A v 2 f7FI 2L B D i % & 21751
TH2Th, WETH7—V =+ 74 12T
AH T e TAVZTINC Iebip s & & DA,
A (7), (8) b, 7V =ZRT74 12k
b % hux Walsh 22 € Effifs (RETTVIH 5
bh, BLRETHS.

Walsh-Hadamard ZFuc 6L T4 FFT L[H
¥z Cooley-Tukey o EliZE 74 =) XA
FWHT (Fast Walsh-Hadamard Transform) 233
B C roE, v I ABNCH LR
1% Nlog:N OIMRE T Isicd, HRMOFEHR %
HAus FFT g lbRTh Y EETHS. LK
FWHT (Hadamard order) o J5#% ¥ . FBEGHRE
BHARET hATw, FWHT (Walsh order) X
hImsEERS.

2. Haar ﬁiﬁn)ﬂﬁ)

1 & AR LT, Haar ZEfEo 74 4 2977
Gua &, (9) THLIE.

Gua=0Q% « Gr « Q (9

el Q=F.Ha T# b, Haar 1771 TiX
Ha™'xHa C % %. 8¥%® Haar (% o i
LHY R Fig. 4T

Haar ZE0EIC DWWk 20 Wi 7 4 =
) A FHT (Fast Haar Transform) 71 %'9,
121x2 (N—=1) Eo LB IFMFL T His An-

drews D74V ZAATHD, $5 12X IHIT
log, N @@ ¥y b FUEER %282 & 3% Cooley-
Tukey D 7420 AAT H 5. HFEREEE
LA & Andrews O 7 A =Z ) XABREFEFITHDH,
s (E 584 FFT, FWHT, FHT 2110
N FP =T« Ty FRIDHETRECHS
EWSFIERDSD.

PA b 3 fl DR ZE R O FHFLEEE O LEgE D 12

0k A
- (o : measured) /
A
//
- 7 OFFT P o
o 10 E /
I S A
> Y 4 -~
;E _/ /ﬁfmﬂ(ﬂl/
sl /<i ~
= 0 E FHHT (H
2 E rd
3 ;"/ e /'/
- ra o
/ " Fur
//
1 :/
64 128 256 512 1024
N (Sample Foint)
Fig. 5. Relationship between computing times

and the number of sampled data for three orth-
ogonal transforms. (Computed at Hokkaido Un-
iversity Computing Center.)
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Ba8n LS HEv AW, 2L, £2eMT
D7 AN 2f7FL Fig. 1 @ 7 — ) =220 Kk
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Fig. 6. Example of Walsh-Hadamard and Haar filter matrices, N*=32%32. Blank and
dot denote zero element,}and —denote sign of element.
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Table 1. Ratio of non-zero elements to total
elements for three filter matrices.

(?"h"‘g"“al Filter F-1| Filter F-2|Filter F-3
omain

?{;ﬁs;aﬂd 0.166 | 0.166 | 0.084

Haar 0.935 0.731 0.356

DRELERE A o tcdEv. LaL, ThidE
BREOE LD THE Lis hidiebiew. &
hoofFFIOIFEROEI A% Table TR,
C OEEITFIO 1 X —ETHS.
1. EHERERE o iz
BARGRE s, £FHFCH LT ENE
BELERL, 74 2T RECHERL, £
hERMEET 5. FERSEO BN 7 1 4 2
(FER—1TF 0 FH-YLEHR) © i 10T D
D, WP OTFTEBRRITRTCOHFEE SIET
5. PR JEME Fig. 7Twerd GHA
GIbIEE ARG = v & — FACOM 230-

100 /s
[ Y
r Haar (F-1) 7 i
50 ‘H‘"""“-.. i’o
L Haar (F- 2}-.._,‘7_‘_, /
i Haar (F-3) ¢
i Fourier
-‘-‘-‘-‘_H"""-'-/ /s
(F-1~-F-3) P /
— 10 _—Cnnvolution =
P e
E F(F-1~F-3) P
g 5
=
o
‘:
T
3z
L= .
-
[~ v
= .
= 1 oy i \Na:sh (F-1 & F-2)
Ky \
X d /)( Walsh (F-3)
5 7 ""‘ 31//
) o Hadamard (F-1 & F-2)
¥ .9’;‘:‘ \'\H A (6}
+ L *Hadamar =
/4
$/ [ 30-projections ] N
l L 1 1 —l
) 128 256 512 1024

Image Size (NxN)

Fig. 7. Comparison of total filtering times for
several image sizes and three orthogonal transf-
orms. Filter F-1, F-2 and F-3 are shown in
Fig. 1.

HARESEREHESHE B378 #1185

75 CfFh27). Fig. 7@128x 1285 ko w4 =
% Table IR A L L LT7 4 A 2 MEDOFH
BEaThw, ﬁ%&m%bt%%f$5

Fig. Tin 74 v & F-l, , F-3 &4 Hada-
mmdﬁﬁmiékﬂm%<,f®¢f%F$w
LM, e, Haar Z8fac X 5 B Fig. 5
O FEB— IR D B ORI A TIEHE < 7x
DT WHDIE, 74 NEFFIO EFEED HA
Walsh-Hadamard 7 A 4 2 12 H~Thsie b 4 <,
F DI 7 A A 2 [T DIFE B D B2 T
BIcdTHAH. TH—YER 720 0 HWRHTE v
VIAFENE THE, FFT (X 2N log, N (#f
FEO Elo FIiHS LB o LT FWHT ¢
% 2N log; N (X0 [Eo s, FHT k2
(N—1) (50 B A T Fie o™
19, FHT 2Mkd HEETH5. LrLliahib 4
N RFFFE O FH TR 7 — ) =2 T (EFR
¥) EOFRECHEDOIKL, fio 2201k KN?
(K3 Table 1 ofiThn) (B BIOFHA
PDETHD. 2 vEL—Y g VEETIE N EoOFH
HOLET H B0, FHEREY FWHT, FHT
OFR . 2Oz Lo EEA XN KEC
7t B1c 2T FFT & f_T Walsh-Fladamard,
Haar Z8ifc L 2 B SRR s (2 vR—
avELEL). oo kinFig. Tabd B
L THBH. LinLieddb EHLOR{HET H5
1,024 X 1,024 % ¢ 7o 513, Walsh-Hadamard
X BAERLEETHY, L bEHmIK
VT LR FE X 5 LRITHET X B ABEIEF
Thb.

2. BEAREWIC I ZBERGOE

HEF— 2 ¥EZERTH &R, 7-) =T
T sine, cosine BYSGR, Walsh-Hadamard %
Fig. 2, 3, Haar ¥ Fig. 4 oBEGRTREELL
Tz EThHBENE, K (A —ED
BEARET — 20 XY ITPERRLES. 1K
T TE 2 e, —RACiE b LT 5
CRHLTIR7 — Y = X BHELERRL,
MO BT JE Bk e P L Tk Walsh-
Hadamard % 2\ 1k Haar BIEGRD Jidt JT{UlEE
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(¢) Hadamard
Fig. 8. Reconstructed images by Fourier, [Hadamard and Haar transforms with same filter (F-3),
N#==64 % 64. Projection number Ny=30.

PRLIeD. AL EMN2WIEOT—x (gl
E) TR LT ExB. coz ek, fA—74
A2 e U CHEZERIC X Y EARETEMNHT
BEMBH Lic. JEFC b IRELT % R
% phantom image } L-C{fi\+, 3fiDEATLH
(7 — Y =, Hadamard, Haar) % H\ T H&K
LicksR% Fig. SRy

Fig. 8 o Jiili{§\3 -z O LM HiAS 1 +cos (aR)
R: R TEbLIhLEETHY, 7V =
BIEGRI X AU E b B <, floiEzeBIsuc
LXBELDITHEL B EEx2 A5, Fig. 8T
11 3oL X 2 FARBOMICIZER 4L
Eobhigw., coz &k, & (7)), (9) OB
FRICED 74 A 275 RDIFERTHD, <2
FALTANZDERTHL. WHEOV AL XxhE
LB RIERLE LR T BEELLRD
B3, 64X 64LLNT TILFEM EHERIETH A H .
3. 7AARCEBBEAREDE

(b) Fourier

7
LT N
LAY
gyt ::‘c:’a::p:‘:’
epteittitelel
IR0 L0

(d) Haar

FBP fhfe a v A —-v g viETIL 7140200
25 T A% o B W LT ok ER Yy B
3. 7AAZ X5 ARG O ERE S
fedb, Fig. 1R LE-3MD 714 02 % A
phantom image DFER % 177027 fR% Fig.
9. Fig. 9 oI 30K (6°AF »
7) THYH, HHEWEO (il Hadamard Z5H
R, Fig. 906, 74 42 Fl 3R iR
DY vEVIRES KEL, DT F-2, F-30JE
IR g2 TwB0N0h5. S Lo
B Y A5 5 O EH 3001 & 40 s
WiEBHTHY, SOV FTEHEERRITC e
X h¥AT 5. F-3 AT, SHEER30, 60,
90, 180& LI D HARKEY Fig. 10ic54.
Fig. 10Cix B35 o, Hifg~ ) A2
(64x64) WwHET HMO/MIETT LT,
RO EA 61 Fig. 7R LU BRic F-3
X BB EETAD, WE F-1 & F-2
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(c) Filter I'-2 (Chesler) (d) Filter F-3
Fig. 9. Reconstructed images by three different filters (F-1, F-2 and F-3) with Hadamard transi-
orm, N*=64x64. Projection number Ny=30.

(c) 90 projections (d) 180 projections
Fig. 10. Reconstructed images with 30, 60, 90 and 180 projections, N*=64 x 64. Hadamard trans-
form and filter F-3,
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OFORIEEERECH Y, ToERCm 23
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