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Convexity properties of generalized moment maps

By Yasufumi Nitta

Abstract. In this paper, we consider generalized moment maps for Hamil-
tonian actions on H-twisted generalized complex manifolds introduced by Lin and
Tolman [15]. The main purpose of this paper is to show convexity and connected-
ness properties for generalized moment maps. We study Hamiltonian torus actions
on compact H-twisted generalized complex manifolds and prove that all components
of the generalized moment map are Bott-Morse functions. Based on this, we shall
show that the generalized moment maps have a convex image and connected fibers.
Furthermore, by applying the arguments of Lerman, Meinrenken, Tolman, and Wood-
ward [13] we extend our results to the case of Hamiltonian actions of general compact
Lie groups on H-twisted generalized complex orbifolds.

1. Introduction

The notion of H-twisted generalized complex structures was introduced by Hitchin
[9] inspired by physical motivations. It provides us with a unifying framework for both
complex and symplectic geometry and with a useful geometric language for understanding
some recent development in string theory. The associated notion of H-twisted generalized
Kahler structures was introduced by Gualtieri [8], showing that this notion is essentially
equivalent to that of bihermitian structures. This equivalence was first observed by
physicists in their study [5] of a super-symmetric nonlinear sigma model.

For Hamiltonian group actions on manifolds, moment maps are a very useful tool
in geometry. In generalized complex geometry, Lin and Tolman studied the notions of
Hamiltonian actions and generalized moment maps for actions of compact Lie groups
on H-twisted generalized complex manifolds [15], and established a reduction theorem.
In the present paper we study the convexity properties of generalized moment maps for
Hamiltonian actions. Both convexity and connectedness for moment maps in symplectic
geometry were studied by Atiyah [1] and Guillemin-Sternberg [7] in the case of torus
actions on compact symplectic manifolds. We here consider Hamiltonian torus actions
on compact connected H-twisted generalized complex manifolds and prove such convexity
and connectedness for generalized moment maps (cf. Sections 2 and 3).

THEOREM A. Let an m-dimensional torus T™ act on a compact connected H -
twisted generalized complex manifold (M, J) in a Hamiltonian way with a generalized
moment map j: M — t* and a moment one form o € Q(M;t*). Then

1. the levels of p are connected,
2. the image of u is convex, and
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2 Yasufumi Nitta

3. the fized points of the action form a finite union of connected generalized complex
submanifolds Cy, -+ ,Cn:

Fix(T™) = | ] €.

i=1

On each component the generalized moment map p attains a constant: u(C;) =
{a;}, and the image of u is the convex hull of the images a1,--- ,an of the fized
points, that is,

N N
p(M) = {Z)\iai | ZAi =1L\ 2> 0}-
i—1 i—1

For the proof of the theorem, we need to show that all components of the generalized
moment map are Bott-Morse functions, that is, the function p* : M — R is a Bott-Morse
function for all £ € t (cf. Proposition 3.9). This is crucial in the proof, and is obtained by
the maximum principle for pseudoholomorphic functions on almost complex manifolds.

In the latter part of this paper, we shall extend our results to the case of gen-
eral compact Lie group actions on H-twisted generalized complex orbifolds under the
assumption of weak nondegeneracy (cf. Definition 4.1) for generalized moment maps,
where weak nondegeneracy is always the case for compact orbifolds. Recall that the
non-abelian convexity theorem in symplectic geometry was proved by Kirwan [11] and
Lerman-Meinrenken-Tolman-Woodward [13]. A subset A of a vector space V is polyhe-
dral if it is an intersection of finitely many closed half-spaces, and is locally polyhedral if
for each point p € A there exist a neighborhood U of p in V' and a polyhedral set P in
V such that UN A = U N P. Then we obtain:

THEOREM B. Let (M,J) be a connected H-twisted generalized complex orbifold
with a Hamiltonian action of a compact connected Lie group G, a proper generalized
moment map p : M — g*, and a moment one form a € QY (M;g*). Suppose that the
generalized moment map p has weak nondegeneracy.

1. Let t be a closed Weyl chamber for the Lie group considered as a subset of g*.
The moment set A = (M) Nt is a convex locally polyhedral set. In particular,
if M is compact then A is a convex polytope.

2. The levels of p are connected.

Let us explain the real meaning of the convexity property for generalized moment
maps. In general, an H-twisted generalized complex structure is of an intermediate type,
i.e., it is neither a complex structure nor a symplectic structure. Then the manifold is
locally fibered over a complex base space such that symplectic structures appear in the
fiber directions. The generalized moment map is thought of as a “relative version” of the
ordinary moment map. Now our theorems on generalized moment maps show not only
the convexity of the image of each fiber but also the convexity of the global image of the
generalized moment maps (cf. Section 4.4).
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This paper is organized as follows. In section 2 we briefly review the theory of
generalized complex structures and generalized Kéhler structures. Furthermore we in-
troduce generalized complex submanifolds of H-twisted generalized complex manifolds
in the sense of Ben-Bassat and Boyarchenko [2]. In section 3 we consider the notion of
generalized moment maps [15] for Hamiltonian actions on H-twisted generalized complex
manifolds and prove that all components of the generalized moment map are Bott-Morse
functions. After that we shall give a proof of Theorem A. Finally in the last section, we
give a proof of Theorem B. Our proof follows that of the non-abelian convexity and con-
nectedness properties in symplectic geometry by Lerman-Meinrenken-Tolman-Woodward
in [13]. To complete our proof, we need an additional constraint “weak nondegeneracy”
for generalized moment maps and a generalized complex geometry analogue of the cross-
section theorem in [13] (cf. Theorem 4.9).

2. Generalized complex structures

We recall the basic theory of generalized complex structures; see [8] for the details.
Throughout this paper, we assume that all manifolds and orbifolds are connected.

2.1. Generalized complex structures

Given a closed differential 3-form H on an n-dimensional manifold M, we define the
H-twisted Courant bracket of sections of the direct sum T'M & T*M of the tangent and
cotangent bundles by

XY 4 Bl = [X,¥] 4 Lxf — £ya— Ld(BX) —a(Y)) +ivixH,

where £ x denotes the Lie derivative along a vector field X. The vector bundle T"M T M
is also endowed with a natural inner product of signature (n,n):

(X +a,Y+3)= %(ﬁ(X) + a(Y)).

DEFINITION 2.1. Let M be a manifold and H be a closed 3-form on M. A general-
ized almost complex structure on M is a complex structure 7 on the bundle TM & T*M
which preserves the natural inner product. If sections of the v/—1-eigenspace L of J is
closed under the H-twisted Courant bracket, then J is called an H-twisted generalized
complex structure of M. If H = 0, we call it simply a generalized complex structure.

An H-twisted generalized complex structure J can be fully described in terms of
its v/—1-eigenbundle L, which is a maximal isotropic subbundle of (TM & T*M) @ C
satisfying L N L = {0} and to be closed under the H-twisted Courant bracket. For the
natural projection 7 : (TM &T*M)®C — TM ® C, the codimension of 7(L) in TM & C
is called the type of J and written by type(J).

EXAMPLE 2.2 (COMPLEX STRUCTURES (TYPE n)). Let J be a complex structure
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on an n-dimensional complex manifold M. Consider the endomorphism

J 0
jJ—<OJ*>7

where the matrix is written with respect to the direct sum TM @& T*M. Then J; is
a generalized complex structure of type m on M; the \/—1-eigenspace of J; is L; =
TioM @© T M, where Ty oM is the y/—1-eigenspace of J.

EXAMPLE 2.3 (SYMPLECTIC STRUCTURES (TYPE 0)). Let M be a symplectic
manifold with a symplectic structure w, viewed as a skew-symmetric isomorphism w :
TM — T*M via the interior product X — ixw. Consider the endomorphism

Then J, is a generalized complex structure on M of type 0; the v/—1-eigenspace of 7,
is given by

L, ={X —V—Tlixw| X € TM @ C}.

EXAMPLE 2.4 (B-FIELD SHIFT). Let (M, J) be an H-twisted generalized complex
manifold and B € Q?(M) be a closed 2-form on M. Then the endomorphism

o= (51)7 (1)

is also an H-twisted generalized complex structure. It is called the B-field shift of 7.
The type of Jp coincides with that of 7. Indeed, the v/—1 eigenspace Lp of Jg can be
written as

Lp={X+a+ixB| X +acL},

where L is the /—1 eigenspace of J.

Next we describe the notions of H-twisted generalized complex structures from the
view point of differential forms. For the details, see [8]. Let (M, J) be a 2n-dimensional
H-twisted generalized complex manifold with its \/—1-eigenspace L. Recall that the
exterior algebra A*T™*M carries a natural spin representation for the metric bundle T'M &
T*M:; the Clifford action of X + « € TM & T*M on p € A*T*M is given by

(X+a)-p=ixe+aie.

The annihilator K of L by the spin representation forms a complex line subbundle of the
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complex spinors A*T*M ® C. We call K the canonical line bundle of 7:

K={peNT"MC|(X+a) - ¢p=0 (VX +acl)}

Then the /—1-eigenspace L can also be viewed as an annihilator of K.
Conversely, for a complex spinor ¢ € A*T*M ® C, consider L, the annihilator of ¢:

L,={X+ac(TMaT"M)®C | (X +a«a) ¢=0}

Then the subspace L, C (TM®T*M)®C is always isotropic. If L, is maximal isotropic,
@ is called a complex pure spinor. A necessary and sufficient condition that ¢ is pure
can be described as follows. We call a complex differential k-form €2 to be decomposable
if it has the algebraic form = @' A --- A 0% at each point, where #',--- 0% are linearly
independent complex 1-forms. Then the spinor ¢ is pure if and only if it can be written
locally as

= eBHV=1w 5 Q,

where B and w are real 2-forms and 2 is a complex decomposable k-form. The condition
L,N L, = {0} is equivalent to an additional constraint on ¢:

WXPTR A QAQ £ 0.

A complex pure spinor ¢ which satisfies the condition above is said to be nondegenerate.
If a complex differential form ¢ € 2°®C is a nondegenerate complex pure spinor at every
point on M, then we have (TM & T*M) ® C = L, ® Ly, and L, defines a generalized
almost complex structure on M. For each point, the integer k& defined above coincides
with the type of the generalized almost complex structure. The canonical line bundle is
generated by the complex pure spinor ¢.

Finally as shown in [8], the involutivity of L, under the Courant bracket is equivalent
to the condition that there exist a section X + « of (TM & T*M) ® C such that

dp+HANp=(X+a) .

2.2. Generalized Kahler structures
We briefly review the notion of H-twisted generalized Kéahler structures.

DEFINITION 2.5. Let M be a manifold and H a closed 3-form on M. An H-twisted
generalized Kahler structure on M is a pair of commuting H-twisted generalized complex
structures (J1,J2) so that G = — 717 is a positive definite metric, that is, G2 = id, G
preserves the natural inner product and G(X + o, X + «) := (G(X + «), X + a) > 0 for
all non-zero X +a € TM & T*M.

EXAMPLE 2.6. Let (M, g, J) be a Kéhler manifold and w = gJ be the Kéhler form.
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As seen in the examples above, J and w induce generalized complex structures J; and
J., respectively. Moreover, we see that J; commutes with 7, and

-1
G——T,7, = (09 )
g 0

is a positive definite metric on TM @ T*M. Hence (J;,J.) is a generalized Kéhler
structure on M.

EXAMPLE 2.7. Let (J1,J2) be an H-twisted generalized Kéhler structure, and B
be a closed 2-form on M. Then ((J1)p5, (J2)p) is also an H-twisted generalized K&hler
structure. It is called the B-field shift of (J1, J2).

In [8], a characterization of H-twisted generalized Kahler structures was given in
terms of Hermitian geometry, which is represented below.

THEOREM 2.8 (M. GUALTIERI, [8]). For each H-twisted generalized Kahler struc-
ture (J1,J2), there exists a uniquely determined 2-form b, a Riemannian metric g and
two orthogonal complex structures Jy such that

g, L (10 JytJo —(wi'FwI)\ (10
P27\ ) \wp Foo —(Jr ) b1’

where w4 = gJ+ with the condition
dw_ = —diwy = H + db. (1)

Conversely, any quadruple (g,b,J1) satisfying the condition (1) defines an H-twisted
generalized Kahler structure.

Not every H-twisted generalized complex manifold admits an H-twisted generalized
Kahler structure. However, the following lemma claims that every H-twisted generalized
complex manifold always admits a “generalized almost K&hler structure”. This is a
generalized complex geometry analogue of the fact that a symplectic manifold admits an
almost complex structure which is compatible with the symplectic structure.

LEMMA 2.9. Let (M, J) be an H-twisted generalized complex manifold. Then there
exists a generalized almost complex structure J' which is compatible with J, that is, J'
is a generalized almost complex structure which commutes with J, and G = —JJ' is a
positive definite metric.

Proof. Choose a Riemannian metric g on M and put

5 Ogil
(1)



Conwvexity properties of generalized moment maps 7

Then G is a positive definite metric on TM & T*M. Define a symplectic structure W on
TM & T*M by

WX +a,Y+08)=(TX+a),Y+05).

Since G and W are nondegenerate, there exists an endomorphism A on T'M &T* M which
satisfies

WX +a,Y +0) =G(AX +a),Y +0)

forall X +a,Y+8 € TM®T*M. The endomorphism A is skew-symmetric with respect
to the positive definite metric ,C'; because W = Q~A is an alternating 2-form on TM &T* M.
Let A* be the adjoint operator of A with respect to G. Since A is invertible, 4AA4* = — A2
is symmetric and positive, that is, (AA*)* = AA* and

GAA" (X +a), X +a) >0

for all non-zero X +«a € TM & T*M. Hence we can define v AA* the square root of
AA*. Here vV AA* is also symmetric and positive definite.
Let 7’ be an endomorphism on TM @ T*M defined by

Since A commutes with v AA*, J' commutes with both A and v/ AA*. Hence we obtain
(J")? = —id. By the definition of A, we have A7 = —JA"! and hence J commutes
with v AA*. In particular, we see that J’' commutes with J. Moreover, since J' is
orthogonal with respect to G, we can check easily that J’ is orthogonal with respect to
the natural inner product on TM @ T*M. Hence [J' is a generalized almost complex

structure on M which commutes with 7. Finally G := — 77" is a positive definite metric
on TM & T*M since G = GV AA*. This completes the proof. O

If 7’ is a generalized almost complex structure which is compatible with an H-
twisted generalized complex structure [, then we can apply the argument of Gualtieri in
[8] and construct a 2-form b, a Riemannian metric g and two orthogonal almost complex
structures Ji which satisfy the equation

1 (10) [ Jp+ I —(wit—wDh) 10
J=3 (bl) <wi—w_ —(};+Ji) ) (—bl)' @)

In general, J; and J_ may not be integrable.

2.3. Generalized complex submanifolds
Here we introduce the notion of generalized complex submanifolds in the sense of
Ben-Bassat and Boyarchenko in [2]. Let ¢ : S — M be a submanifold of an H-twisted
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generalized complex manifold (M, J). For each p € S, define a subspace (Lg), C
(T,S®T;S)®C by

(Ls)py ={X +i"ac (T, T,8)®C | X +ac Ly},

where L is the v/—1-eigenspace of J. Clearly (Lg), is an isotropic subspace of (T,,S &
T;S) ® C. Furthermore it is easy to see that dimc(Ls), = dim .S and hence (Ls), is a
maximal isotropic subspace. However, the distribution Lg := Upes(Lg), may not be a
subbundle of (T'S®T*S)®C in general. We refer the reader to [4] for a detailed discussion
in the case of submanifolds of Dirac manifolds. In particular, Courant’s arguments
can be easily adapted to give a necessary condition under which Lg is a subbundle of
(TSe®T*S)®C (cf. [4], Theorem 3.1.1), and to prove that if Lg is a subbundle and L
is integrable, then so is Lg (cf. [4], Corollary 3.1.4).

DEFINITION 2.10 (BEN-BASSAT, BOYARCHENKO, [2]). We say that S is a gener-
alized complex submanifold of M if Lg is a subbundle of (T'S @ T*S) ® C and satisfies
that Lg N ES = {0}

If i : S — M is a generalized complex submanifold of an H-twisted generalized
complex manifold (M, J), then Lg gives an i* H-twisted generalized complex structure
on S.

EXAMPLE 2.11. Let S be a complex submanifold of a complex manifold (M, J).
Note that S has a natural complex structure induced by J. Then we have

Lg = TL()S (&) TO’ls,

which is of course a subbundle of (T'S @ T*S) ® C and satisfies Ls N Lg = {0}. Hence
S is a generalized complex submanifold of (M, 7). The induced generalized complex
structure of S is the natural generalized complex structure which is induced by the
complex structure of S.

ExXAMPLE 2.12. Let i: S — M be a symplectic submanifold of a symplectic man-
ifold (M,w). Then for the generalized complex structure 7, induced by the symplectic
structure w, we have

Ls = {X —V—Tlix(i*w) | X e TS ® C},

which coincides with the v/—1-eigenspace of the generalized complex structure J;«, in-
duced by the symplectic structure i*w. In particular S is a generalized complex subman-
ifold of (M, 7.,).

ExAMPLE 2.13. Let S be a Lagrangian submanifold of a symplectic manifold
(M,w). Then we can see easily that Lg = 7'S ® C and hence Lg is a maximal isotropic
subbundle of (T'S @ T*S) ® C. However, since it is clear that Lg N Lg = T'S ® C # {0},
the submanifold S is not a generalized complex submanifold.
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In general, it may not be easy to determine if a given submanifold is a generalized
complex submanifold. Here we give a simple sufficient condition.

PROPOSITION 2.14.  Let (M, J) be an H-twisted generalized complex manifold, and
J' be a generalized almost complex structure of M which is compatible with J. We denote
(g,b, Jx) the corresponding quadruple. If i : S — M is an almost complex submanifold
of M with respect to both Jy and J_, then S is a generalized complex submanifold of
(M,T).

Proof. Let TfOM C TM ® C be the v/ —1-eigenspace of Jr. Then we can check easily
that L is given by

L={X+0b+9)(X)]| X € TffOM}EB{Y-&- b=g)Y)|Y €Ty M}.
Hence for a given almost complex submanifold S, the subspace Lg can be written as
Ls ={X +i*(b+9)(X) | X e T} Sta{Y +i*(b—g)(Y) | Y € TS},

where TfOS is the \/—1-eigenspace of the restriction of J1 to S. In particular, Lg is a
subbundle of (T'S&T*S)®C. In addition if (X +i*(b+g)(X))+(Y+i*(b—g)(Y)) € LsNLs
for X € TfOS and Y € T (S, then we see that (X + (b+ ¢)(X)) + (Y +(b—g)(Y)) €
LN L ={0}. Thus we obtain X =Y = 0, and hence Lg N Lg = {0}. This proves the
proposition. O

REMARK 2.15. If M is an orbifold and H is a closed 3-form on M, we can define
the notions of H-twisted generalized complex structures of M in usual way. The detailed
description is as follows. A definition of orbifolds can be seen in [18] for example. Let
M be an orbifold and (V;, G4, 7;)icr be a local uniformizing system of M. A generalized
almost complex structure J of M is a family of endomorphisms {J; : TV, & T*V; —
TV; ® T*V;}ier such that J; is a generalized almost complex structure on V; for each
i € I and they are equivariant under the local group actions and compatible with respect
to the injections. If each J; is integrable with respect to H-twisted Courant brackets,
then J is called to be integrable and we call it a H-twisted generalized complex structure
of an orbifold M.

In the case that (M, J) is an H-twisted generalized complex orbifold, we can describe
the same notions in section 2, and the assertions in section 2 still hold in the language
of orbifolds.

3. Hamiltonian actions and generalized moment maps

3.1. Hamiltonian actions on H-twisted generalized complex manifolds
In this section we recall the definition of Hamiltonian actions on H-twisted general-
ized complex manifolds given by Lin and Tolman in [15].

DEFINITION 3.1 (Y. LIN AND S. TOLMAN, [15]). Let a compact Lie group G with
its Lie algebra g act on an H-twisted generalized complex manifold (M, J) preserving
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J, where H € Q3(M) is a G-invariant closed 3-form. The action of G is said to be
Hamiltonian if there exists a G-equivariant smooth function p : M — g*, called the
generalized moment map, and a g*-valued one form a € Q!(M;g*), called the moment
one form, such that

1. &y — V/—1(dut + /—1af) lies in L for all £ € g, where &) denotes the induced
vector field on M, and
2. g, H = dab for all € € g.

Since L is an isotropic subbundle, we have
(6n — V=1(dpt +V=1a%), &y — V=1(dpt +vV=1a%)) =0

and hence t¢,,a® = t¢,,dus = 0 for each £ € g.

ExaMPLE 3.2. Let a compact Lie group G act on a symplectic manifold (M, w)
preserving the symplectic structure w, and pu : M — g* be an usual moment map, that
is, p1 is G-equivariant and i¢,,w = du® for all £ € g. Then G also preserves 7,,, p1 is also
a generalized moment map, and « = 0 is a moment one form for this action. Hence the
G-action on (M, J,,) is Hamiltonian.

EXAMPLE 3.3. Let (M,J) be a complex manifold and G act on (M,J;) in a
Hamiltonian way. Then G also preserves the original complex structure J. Since Lj =
TioM @& T M and &y € w(Ly), we have &y = 0 for all € € g. Thus if G is connected,
the G-action on M must be trivial.

EXAMPLE 3.4. Let G act on an H-twisted generalized complex manifold (M, 7)
with a generalized moment map p : M — g* and a moment one form a € QY(M;g*).
If B € Q*(M)% is closed, then G acts on M preserving the B-field shift of J with
generalized moment map p and moment one form o/, where (/) = o + i¢,, B for all

§€g.

By the definition, we can treat the notion of generalized moment maps as a gener-
alization of the notion of moment maps in symplectic geometry. Generalized moment
maps are studied by Lin and Tolman in [15]. In their paper, they showed that a reduc-
tion theorem for Hamiltonian actions of compact Lie groups on H-twisted generalized
complex manifold holds. We shall use this fact later. Note that since i¢,, H = da® and
Lens af =0 for each ¢ € g, we can see H + « as an equivariantly closed form.

LEMMA 3.5 (Y. LiN, S. TOLMAN, [15]). Let a compact Lie group G act freely on
a manifold M. Let H be an invariant closed 3-form and a be an equivariant mapping
from g to QY (M). Fiz a connection 0 € Q(M;g). Then if H + « is equivariantly closed,
there exists a natural form T € Q2(M)% such that tey I = af for all ¢ € g. In particular,
H+a+del € Q3(M) C Qa(M), where Qg (M) is the set of equivariant differential
forms of M and dg denotes the equivariant exterior differential, is closed and basic and
s0 descends to a closed form H € Q3(M/G) such that the cohomology class [H] is the
image of [H + «| under the Kirwan map.
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THEOREM 3.6 (Y. LN, S. TOLMAN, [15]). Let a compact Lie group G act on an
H -twisted generalized complex manifold (M, T) in a Hamiltonian way with a generalized
moment map j : M — g* and a moment one form o € QY (M;g*). Let O, be a
coadjoint orbit through a € g* so that G acts freely on u='(0,). Given a connection
on = 1(0,), the twisted generalized complex quotient My = p ~1(0,)/G inherits an H-
twisted genemlzzed complex structure J, where H is defined as in Lemma 3.5. Up to
B-field shift, J is independent of the choice of connection. Finally, for each p € O,

type(J)pp) = type(T)y-

In the case that (M, J) is an H-twisted generalized complex orbifold, we can define
the notion of Hamiltonian actions of a compact Lie group on (M, J) in usual way. In
this case, the reduction theorem still holds in the language of orbifolds. The detailed
statement is as follows. Let a compact Lie group G act on an H-twisted generalized
complex orbifold (M, J) in a Hamiltonian way with a generalized moment map u : M —
g* and a moment one form a € Q'(M;g*). For a coadjoint orbit O, through a € g*,
suppose that the G-action on p~1(0,) is locally free. Given a connection on u=1(0,),
the twisted generalized complex quotient M, = p ~1(0,)/G is an orbifold and inherits
an H-twisted generahzed complex structure 7, where H is defined as in Lemma 3.5. Up
to B-field shift, J is independent of the choice of connection and the type is preserved.

Before we begin a proof of Theorem A, we shall prove a remarkable fact of generalized
moment maps. At first we prove the following lemmata.

LEMMA 3.7. Let a compact Lie group G act on an H-twisted generalized com-
plex manifold (M, T) preserving J. Then there exists a G-invariant generalized almost
complex structure which is compatible with 7.

Proof. Choose a G-invariant Riemannian metric g on M and put

0 —1
g - < g ) .
g 0
Then G is a G-invariant positive definite metric on TM @ T*M. Let A be an endomor-

phism on TM @ T*M defined by A =G 17. Since G and J are G-invariant, A is also
G-invariant. Now if we define

J' = (VAA) A,
then J’ is a generalized almost complex structure on M which is compatible with 7.
Furthermore since A is G-invariant, J’ is also G-invariant. This completes the proof. [

LEMMA 3.8.  Let an m-dimensional torus T™ act on an H-twisted generalized com-
plex manifold (M, J) in a Hamiltonian way with a generalized moment map p and a
moment one form «. Then for an arbitrary subtorus G C T™ the fixed point set of
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G-action
Fix(G)={peM |0-p=p (Vo€ G)}

is a generalized complex submanifold of (M,J).

Proof. Choose a G-invariant generalized almost complex structure J’ which is compatible
with J. Then there exists a Riemannian metric g, a 2-form b, and two orthogonal almost
complex structures J1 which satisfies the equation (2). Since J and J' are G-invariant,
g and Ji are also G-invariant. For each p € Fix(G) and 6 € G, the differential of the
action of 8 at p

(0.)p : T,M — T,M

preserves the almost complex structures Ji. In addition, since G-action preserves the
metric g, the exponential mapping exp, : T,M — M with respect to the metric g is
equivariant, that is,

exp, ((0x)pX) = 0 - exp, X

for any 0 € G and X € T, M. This concludes that the fixed point of the action of 6 near
p corresponds to the fixed point of (6.), on T, M by the exponential mapping, that is,

T,Fix(G) = (1) ker(1 — (6.),).
0eG

Since J4 commutes with the endomorphism (6.),, the eigenspace with eigenvalue 1 of
(04)p is invariant under Ji, and hence an almost complex subspace. In particular we
see that Fix(G) is a generalized complex submanifold of (M, J) by applying Proposition
2.14. ]

Now we consider a Hamiltonian 7""-action on a compact H-twisted generalized
complex manifold (M, J) with a generalized moment map p: M — g and a moment one
form a € Q'(M;g*), and examine the functions u¢ : M — R for all £ € g. The following
proposition shows that these are Bott-Morse functions with even indices and coindices.
This is crucial to prove the connectedness of fibers of the generalized moment map. In
our proof, the maximum principle for pseudoholomorphic functions on almost complex
manifolds plays a central role. The maximum principle for pseudoholomorphic functions
on almost complex manifolds is provided by the work of Boothby-Kobayashi-Wang in
[3].

PROPOSITION 3.9. Let an m-dimensional torus T™ act on a compact H-twisted
generalized complex manifold (M, J) in a Hamiltonian way with a generalized moment
map p : M — t* and a moment one form o € Q(M;t*). Then ué is a Bott-Morse
function with even index and coindex for all € € t.
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Proof. For each ¢ € t, we denote T¢ the subtorus of 7™ generated by £. First we shall
prove that the critical set

Crit(uf) = {p € M | (dus), = 0}

coincides with the fixed point set of T¢-action Fix(7¢). Choose a T™-invariant general-
ized almost complex structure J' which is compatible with 7. Then J can be written
in the form of the equation (2) for the corresponding quadruple (g, b, J1). Note that the
metric g and orthogonal almost complex structures Ji are all 7™ -invariant.

Since &y — v—1(dps + v/—1a%) € L by the definition of Hamiltonian actions,
(duf), = 0 implies p € Fix(T¢). In particular we obtain Crit(u®) C Fix(T¢). On
the other hand, since Fix(T%) = {p € M | (£ur), = 0}, we see that af + /—1du* € L
on Fix(T*¢). Hence there exists a complex vector field X on M which satisfies that
ot + /—=1dp* = g(X) and X € Tg, M 0T, M on Fix(T¢) because the v/—I-eigenspace
L can be written by

L={X+0b+9X) | XeTfM}a{y +(b—g)(Y)|Y €T M}

Since the almost complex structures Ji are orthogonal with respect to the metric g,
we see that a® + /—1du¢ is a holomorphic 1-form on Fix(7¢). Moreover, since af is
a closed 1-form on Fix(T¢), we can view the function u¢ locally as an imaginary part
of a pseudoholomorphic function on an almost complex manifold (Fix(7T%),J.). By
applying the maximum principle and compactness of Fix(T™), we see that p is constant
on each connected component of Fix(7T%). Moreover the gradient of ué with respect to
the metric g is tangent to Fix(T¢) because g and pu¢ are T-invariant. This shows that
Fix(T¢) C Crit(u), and hence we obtain Crit(u) = Fix(T*¢). In particular, Crit(u¢) is
a generalized complex submanifold of M.

To prove that the function ¢ is a Bott-Morse function, we shall calculate the Hessian
V2ué of ué on Crit(uf). Since &yr — v/ —1(du + v/—1ab) € L for each £ € g, we have

T (Enr = V=1(dp* + V=1a%)) = V=1(6m — V=1(dp* + vV=1a%)). 3)
In addition, by using the equation (2) for the H-twisted generalized complex structure

J, for the natural projection 7 : (TM @ T*M) ® C — TM ® C we obtain the following
equation;

(T (= V=1(dp + v~1a%)))
= % (T4 + T2)(En) = (Wit = wih)(=b(ém) — V=1(dp* +v=1a%))) . (4)

By combining the equations (3) and (4), we see that the induced vector field £3; can be
written as

ar = 3 (wrt (@) — w2 (@), o)
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Let V be the Riemannian connection with respect to the metric g. Then by an easy
calculation we have the following equality for fl\i/[ = wit(dpf) = —Jrg (dub);

9(V2 (V). Z) = (Vv J2)6xp 2) + 9(Jx (Vv Exy), 2). (6)
Since the vector field &5, vanishes on Crit(uf), the equation (6) shows that
(V) (V) = (Vv i) (7

for each p € Crit(u®) and Y, € T,M. Let (L¢), be an endomorphism on 7, M defined by
(Le)p(Y) := [Em,Y]p = =Vy,Eum. Then by the equation (5) and (7), we see that (L¢),
can be written as

(Le)y = —5 (T = T ) (V). (®)

Now we shall prove T,Crit(u®) = ker(V2ut),. Since each connected component
Crit(u*) is a submanifold of M, it is clear that T,Crit(u®) C ker(V2u¢),. Therefore we
may only show that ker(V2u¢), C T,Crit(u¢). At first we have ker(V2ut), C ker(Lg¢),
by the equation (8). If we identify (L¢), with a vector field on T,,M, the one parameter
family of diffeomorphisms {(exp t&.)p }+er on T, M coincides with {expt(L¢)p }rer. Hence
ker(L¢), coincides with the fixed point set of {(expt{,)p}ter. Therefore we have

ker(V2ut), C T,Crit(u®),

and this shows that 7},Crit(u¢) = ker(V2uf),. In particular, we see that ué is a Bott-
Morse function.

Finally, we shall show that the function p¢ has even index and coindex. By equation
(7), we see that

9(V2po)p(J£Y), Z) = g(VP1f)p Z, J2Y) = g(J£(V 2€), J+Y) = g(V 23, Y)
for each p € Crit(u¢) and Y, Z € T,M. Since &y = (€7, — &) and &y is a Killing
vector field, we obtain
9(V2p)p(J+ = J-)(Y), 2) = 9(V2(&dy — &3, Y) = 29(Vzéar, Y)
= —29(Vy&um, Z2) = —9(Vy (31 — E3), Z)

=g((Jy = J)(V2us),(Y), 2).

Hence we see that (V2uf), commutes with J, — J_ for all p € Crit(u¢). Now we define a
differential 2-form by ¢g(J; —J_). Then since g is positive definite and J; —J_ commutes
with (V2uf),, J4 — J_ preserves each eigenspace of (V2u¢), and hence g(Jy — J_) is
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nondegenerate on each non-zero eigenspace of (V24%),. Thus each non-zero eigenspace of
(V2us )p is even dimensional, in particular the index and coindex of the critical manifold
are even. 0

REMARK 3.10. The compactness assumption here is essential. If M is noncompact,
then a generalized moment map can not be seen a Bott-Morse function in general. Indeed,
if we consider a trivial torus action on a complex manifold (M, J), then the imaginary
part of an arbitrary holomorphic function is a generalized moment map for this action.
(See also Remark 4.12.)

3.2. A proof of Theorem A
In this section we shall prove Theorem A. This proof involves induction over m =
dimT™. Consider the statements:

Ay, @ “the level sets of p are connected, for any T™-action”, and

By, ¢ “the image of p is convex, for any T™-action”.

At first we see that A; holds by Proposition 3.9 and the fact that level sets of a Bott-
Morse function on a connected compact manifold are connected if the critical manifolds
have index and coindex # 1 (see [17] for example). The claim B; holds clearly because
in R connectedness is equivalent to convexity.

Now we prove A,,—1 = B,,. Choose a matrix A € Z™ @ Z™ ! of maximal rank.
If we identify A with a linear mapping A : R™~1 — R™ and T™ with R™/Z™, then A
induces an action of 7! on M by

0:p— (A0) - p,

for § € T™~! and p € M. The T™ !-action is a Hamiltonian action with a generalized
moment map pa(p) := A'u(p) and a moment one form 04,54 = o€, where A? denotes the
transpose of A.

Given any a € (M) and py € ;" (a), we have the fiber of y4 by

pat(a) = {p € M | u(p) — u(po) € ker A}

By the assumption A,,_1, uzl(a) is connected. Therefore, for each pg,p; € uzl(a), if
we connect py to p; by a continuous path p; in u;l(a) we obtain a path u(p;) — pu(pg) in
ker At. Since A! is surjective, ker A* is 1-dimensional. Hence u(p;) must go through any
convex combination of p(pg) and u(p1), which shows that any point on the line segment
from p(pg) to p(p1) must be in p(M).

Any po,p1 € M with u(pg) # p(p1) can be approximated arbitrarily closely by
points pf, and p} with u(p}) — p(p}) € ker A? for some matrix A € Z™ ®Z™ ! of maximal
rank. By the argument above, we see that the line segment from p(pj) to p(p)) must be
in u(M). By taking limits pj — pg, and pj — p1 we can conclude that p(M) is convex.
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Next we prove A,,—1 = A,,. By identifying t with R™, we can express the gen-

eralized moment map by p = (u1,-+-, um). We call the generalized moment map p
to be effective if the 1-forms duq,- - ,dp, are linearly independent. Note that p € M
is a regular point of p if and only if (du1)p, -, (dum)p are linearly independent. If

the generalized moment map p is not effective, the action reduces to a Hamiltonian
action of an (m — 1)-dimensional subtorus. Indeed, If p is not effective, there exists
c=(c1, -+ ,cm) € R™\ {0} such that Y ;" ¢;du; = 0. Hence if we denote the canonical
basis of t 2 R™ by &1, -+ ,&,, then we have
m
ZQ((&‘)M + Oti) = ZQ((&)M —V/=1(du; + \/jlai)) €L,

=1 i=1

where o = (a1, , ). Since Y iv, ¢; (&) + ;) is real and LN L = {0}, we obtain
Soitiei(&)m = >im cia; = 0. Now consider a vector £ = > | ¢;&; € t. By the same
argument in the earlier part of the proof of Proposition 3.9, we see that Crit(u¢) =
Fix(T¢) and hence the function u¢ is constant along M because £y, = 0. For the
simplicity, we may assume &1,---,&,_1,& are linearly independent. Then the 7™~ !-
action generated by &1,---,&,—1 is a Hamiltonian action with a generalized moment
map p' = (g1, -+, 4m—1) and a moment one form o' = (ay, -+ ,amym—_1). Hence in this
case the connectedness of fibers of i follows from that of the reduced generalized moment
map /. Hence we may assume that y is effective. Then for each ¢ € t\ {0}, u¢ is not
a constant function, and the critical manifold Crit(u®) is an even dimensional proper
submanifold. Now consider the union of critical manifolds

C= Unet\{o}Crit(,un).

We claim that the union C' is indeed a countable union of even dimensional proper sub-
manifolds. To see this, recall that the critical points of u" are the fixed points of the
action of the subtorus 77 C T™ and form an even dimensional proper submanifold. Since
the fixed point set decreases as the torus increases it suffices to consider 1-dimensional
subtorus or, equivalently, integer vectors 7. This shows the assertion about C. In par-
ticular, M \ C is a dense subset of M. In addition, since the condition p € M \ C is
equivalent to the condition that (dp1)1,- - , (dim ), are linearly independent, we obtain
M \ C is open dense subset of M.

LEMMA 3.11.  The set of regular values of p in pu(M) is a dense subset of u(M).

Proof. For each a = u(p) € p(M), there exists a sequence {p;}2, C M\ C which satisfies
that lim; ... p; = p. Since p; is a regular point of p, (M) contains a neighborhood of
w(p;) by implicit function theorem. Moreover there exists a regular value a; € t* which
is sufficiently close to pu(p;) and p~1(a;) # ¢ by Sard’s theorem. Hence the sequence

{a;}$2, approximates a. O
By a similar argument, we see that the set of a = (a1, -,a;,) € t* that
(a1, ,am—1) is a regular value of (u1, -+, tm—1) in (M) is also a dense subset

of u(M). Hence, by continuity, to prove that u~'(a) is connected for every a =
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(a1, ,am) € t*, it suffics to prove that u='(a) is connected whenever (ay,- - ,am_1)
is a regular value for the reduced generalized moment map (i1, -, ftm—1). By the
induction hypothesis, the submanifold

Q=N (@)
is connected for a regular value (a1, ,am-1) of (11, , tm—1). To complete the proof,
we need the following lemma.

LEMMA 3.12.  If (a1, -+ ,am—1) is a regular value for (g1, - , m—1), the function
tm : Q@ — R is a Bott-Morse function of even index and coindex.

Proof. By the hypothesis, @ is a 2n — (m — 1) dimensional connected submanifold
of M. For each p € Q, the subspace W of the cotangent space T;M generated by
(du1)p, -+, (dim—1)p is (m — 1) dimensional because p is regular. Therefore the tangent
space T,Q of ) coincides with the annihilator of W;

T,Q = {X € T,M | a(X) =0 (Yo € W)}.

Hence we see that p € @ is a critical point of u,, : @ — R if and only if there exists real
numbers ¢y, -+, ¢p_1 such that

m—1

3" caldp)y + (dyim)y = 0.

i=1
This means that p is a critical point of the function u¢ : M — R, where { =
(c1,-+ ,em—_1,1) € t. By Proposition 3.9, u¢ is a Bott-Morse function with even in-
dex and coindex. Furthermore, by Lemma 3.8 and the fact Crit(u) = Fix(T¢), the

critical set Crit(u¢) is a finite union of generalized complex submanifolds. Now we shall
prove the critical manifold Crit(u®) intersects @ transversally at p, that is,

T,M = T,Crit(u°) + T, Q.
For a subspace S C T,M, we denote by S° C Ty M the annihilator of S;
SP={aeT;M|a(X)=0 (VX €9}
Then since (7,Q)° = W, we obtain
(T, Crit () + TpQ)° = (T,Crit(£))° N (1pQ)° = (T,Cait(yi$))° N W

Hence the critical manifold Crit(u¢) intersects @ transversally at p if and only
if (T,Crit(u®))° N W = {0}. Thus we may only show that the differentials
(du1)p, -+, (ditm—1)p remain linearly independent when restricted to the subspace
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T,Crit(u¢). Consider the vector fields &, -+ , &, on M defined by
dui:w-i-(é_;r)a i=1,---,m-—1

Since w, = gJy, the vector field & can be written as & = —J, g7 (du;). The T™-
invariance of the function p; implies

(0.)p9~ (dpi)p = g~ (07 ") dpi)p = 97 (d((071) s))p = 9™ (dpi)p

for each # € T¢. In particular, we see that the vector field g~'(dy;) is tangent to
Crit(u¢) because T,Crit(u®) = T,Fix(T*®) = Nyepe ker(1 — (6.),). Moreover, since the
critical manifold Crit(u¢) is an almost complex submanifold of (M, .J, ), the vector filed
& = —Jyg7 (du;) is also tangent to Crit(ué). On the other hand, (¢),, -+, (& 1),
are linearly independent on T, M because p is regular. Hence they are also linearly
independent on T,Crit(uf). Since the 2-form wy is still nondegenerate when it is
restricted to Crit(u®), the 1-forms (du1)p, -+, (dim—1)p are linearly independent on
T7Crit(pf) and hence Crit(u¢) intersects @ transversally as claimed. In particular, the
critical set Crit(pm|g) of pm @ @ — R is a finite union of submanifolds of @ because
Crit(pm|g) = Crit(u®) N Q.
For each X € T, M which is orthogonal to TpCrit(u5 ), we have

(dpi)p(X) = gp(g™ " (dps), X) =0

for i =1,--- ,m — 1. This implies that the orthogonal complement (7},Crit(u*))* of the
subspace T, Crit(u*) is contained in 7,Q. Hence the Hessian of u¢ at p is nondegenerate
on T,Q N (T,Crit(u))+ = (T,Crit(u*))* with even index and coindex. In other words,
Crit(u¢) N Q is the critical manifold of 1|q of even index and coindex. The same holds
for fum|q since it only differs from p¢ by the constant Z:’:ll c;a;. Thus we have proved
that the function p,, : @ — R is a Bott-Morse function with even index and coindex. [J

By applying Lemma 3.12, if (a1, -+ ,am—1) is a regular value for (u1, -, ttm—1),
then the level set u. (am) N Q = p~1(a) is connected. This shows that A,,_1 = Ap,.

Finally, we shall prove the third claim, that is, the image of the generalized moment
map p is the convex hull of the images of the fixed points of the action. By Lemma 3.8,
the fixed point set Fix(T™) of the action decomposes into finitely many even dimensional

connected submanifolds C1,---,Cx of M. The generalized moment map p is constant
on each of these sets because C; C Crit(ué) for i = 1,--- , N and any & € t. Hence there
exists a1,--- ,any € t* such that

u(C’i)z{ai}, i=1,~~-,N.

By what we have proved so far the convex hull of the points aq,--- ,ay is contained in
w(M). Conversely, let a € t* be a point which is not in the convex hull of aq,--- ,an.
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Then there exists a vector £ € t with rationally independent components such that
ai(£)<a(£)v lzl,aN

Since the components of ¢ are rationally independent, we have Crit(ué) = Fix(T™).
Hence the function ué : M — R attains its maximum on one of the sets Cy,--- ,Cy.
This implies

sup p4(p) < a(§),
peM

and hence a ¢ p(M). This shows that p(M) is the convex hull of the points ay, - ,an
and Theorem A is proved.

REMARK 3.13. By applying the same arguments of our proof and Theorem 5.1
n [14], Theorem A still holds in the case that M is a compact connected H-twisted
generalized complex orbifold. In this case, all connected components Cy,--- ,Cy of the
critical set are connected generalized complex suborbifolds.

4. Non-abelian convexity and connectedness properties

The purpose of this section is to give a proof of Theorem B. Our proof is a simple
generalization of the argument of Lerman, Meinrenken, Tolman and Woodward in [13]
to generalized complex geometry.

4.1. Weak nondegeneracy of generalized moment maps
In this subsection, we introduce an additional property “weak nondegeneracy” for
generalized moment maps, which always holds for compact cases.

DEFINITION 4.1. We say that a generalized moment map p : M — g* has weak
nondegeneracy if the following equality holds for all £ € g;

Crit(u®) = Fix(T%).

EXAMPLE 4.2. Let a compact Lie group G act on a symplectic manifold (M,w) in
a Hamiltonian way with a moment map p : M — g*. Then the G-action on (M, J,) is
Hamiltonian with a generalized moment map p and a moment one form o = 0. In this
case, the generalized moment map p has weak nondegeneracy. Indeed, since dus = i¢,,w
for each & € g, it follows that &y, = 0 if and only if dué = 0.

ExXaMPLE 4.3. Consider the trivial action of a compact torus 7™ on a complex
manifold (M, J). Then by identifying the Lie algebra t with R™, each holomorphic map
h=(h1, -+ ,hm): M — C™ defines a generalized moment map = Im h and a moment
one form a = d(Re h) = (d(Re h1),--- ,d(Re hyy,)) for the T™-action, where Re h (resp.
Im h) denotes the real part (resp. the imaginary part) of h. In this case, pu has weak
nondegeneracy if and only if h is locally constant, because £y, reduces to 0 for all £ € t.
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By the former part of the proof of Proposition 3.9, we see that a generalized moment
map for compact manifolds always has weak nondegeneracy. Moreover, the latter part of
the proof of Proposition 3.9 tells us that, for noncompact manifolds, a generalized moment
map having weak nondegeneracy is nondegenerate in the sense of abstract moment maps
in Ginzburg-Guillemin-Karshon [6].

REMARK 4.4. Let a compact Lie group G act on an H-twisted generalized complex
orbifold (M, J) in a Hamiltonian way with a generalized moment map u : M — g* and
a moment one form o« € Q'(M;g*). If u has weak nondegeneracy, as in the case of
symplectic orbifolds, the image of the differential of the generalized moment map at a
point p € M is the annihilator of the corresponding isotropy Lie algebra g,. In particular,
we see that the following conditions are equivalent:

1. p € M is a regular point of p.

2. gp = {0}.
3. The G-action at p is locally free.

We prove the assertion here. Let TpM denote the uniformized tangent space of M at p.
For each £ € g, weak nondegeneracy condition of the generalized moment map implies
that (du®), = 0 if and only if (£5r), = 0. Since

(1)p(X) () = (dpn®),(X) (9)

for each X € T, M, we have (11.),(X)(€) = 0 for all £ € g,. This shows that the image
of (f14)p is contained in the annihilator (g,)". On the other hand, the equation (9)
implies that X € ker(u.), if and only if (du®),(X) = 0 for all £ € g. Hence we obtain
the equation ker(p.), = (D)9, where (Dp),, is the subspace of T;M generated by the
differentials (du®), for all £ € g and (Dp)y € T, M is its annihilator. In addition, since
dim(Dpu), = dimg — dim g, by weak nondegeneracy condition, we have dimker(p.), =
dim M — (dim g — dim g,,). Hence we have

dim(ﬂ*)p(TpM) = dim g — dim g, = dim(g,)°

and 50 (p.),(TpM) = (g,)°. This shows the assertion. In particular, the generalized
moment map has constant rank on the principal stratum My, an open dense subset of
M defined to be the intersection of the set of the points of principal orbit type with the
set of smooth points of M. (See [6] for the definition of the principal orbit type.)

4.2. Generalized complex cuts

In view of symplectic geometry, we introduce the notion of generalized complex cut-
ting. Let (M,J) be an H-twisted generalized complex orbifold which admits a Hamil-
tonian circle action with a generalized moment map p : M — R and a moment one form
a € QY(M). We assume that the generalized moment map p has weak nondegeneracy.
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For a regular value € € R of the generalized moment map, consider the disjoint union
Mie o) = 7 (6, +00)) U M,

obtained from the orbifold with boundary p~!([e, +00)) by collapsing the boundary under
the circle action. Then the disjoint union M|, , ) admits a natural structure of a twisted
generalized complex orbifold. To see this, consider the product M x C of the orbifold
with a complex plane. It has a natural product H-twisted generalized complex structure:

(70
jMXC_<ij>a

where J,, is the natural generalized complex structure on C induced by the standard
symplectic structure w = (v/—1/2)dz A dz. The function v : M x C — R given by
v(p,z) = u(p) — (1/2)]2|? is a generalized moment map for the diagonal action of the
circle, and the pull back of the moment one form « by the natural projection from M x C
to M is a moment one form. Since p has weak nondegeneracy, so does v. The point
€ € R is a regular value of v if and only if it is a regular value of u. Moreover, the map

{peM|pup) >ct—v'(e), p— (p,vVulp) —¢)

induces a homeomorphism from M. ;) to the reduced space v~ '(g)/S'. By weak
nondegeneracy of the generalized moment map v, we see that the reduced space admits
a natural H-twisted generalized complex structure. In particular, M| ;) also admits
a twisted generalized complex structure which is induced by the H-twisted generalized
complex structure on the orbifold v~1(g)/S?.

DEFINITION 4.5.  We call the twisted generalized complex orbifold M|, ;) the
generalized complex cut of M with respect to the ray [, +00).

The construction can be generalized to general torus actions as follows. Consider a
Hamiltonian action of an m-dimensional torus 7™ on an H-twisted generalized complex
orbifold (M, J) with a generalized moment map p : M — t* and a moment one form
a € QY(M;t*). We assume that the generalized moment map u has weak nondegeneracy.
Let | C t denote the integral lattice. Choose N vectors v; € I, j = 1,---,N. The

endomorphism
(T 0
jMx(CN = (0 jw)

is an H-twisted generalized complex structure on an orbifold M x C¥, where 7, is
the natural generalized complex structure on CV induced by the standard symplectic
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structure w = (v/—1/2) Ef\il dz'*Adz'. The map v : M x CV — R¥ with j-th component

i(p.2) = (o), vy) — 5l

is a generalized moment map for the action of 7% on M x CV induced by the Lie
algebra homomorphism RY — t, ej — v;, where {e1, - ,en} is the standard basis of
RYN. The RN -valued 1-form 8 with j-th component 3;(p, z) = (a(p),v;) is a moment one
form. Because of weak nondegeneracy of y, the generalized moment map v also has weak
nondegeneracy. For each b = (by,--- ,by) € RV, we define a convex rational polyhedral
set

P={zet" | (z,v;) >bj, j=1,--- ,N}

The generalized complex cut of M with respect to a rational polyhedral set P is the
reduction of M x CV at b. We denote it by Mp. If b is a regular value of v, then Mp
is a twisted generalized complex orbifold by Remark 4.4. Note that regular values are
generic by Sard’s theorem. Furthermore if P is a compact polytope, then the fact that P
is generic implies that P is simple, that is, the number of codimension one faces meeting
at a given vertex is the same as the dimension of P.

A topological description of the cut space is given by the following result. This is
a generalization of Proposition 2.4 in [13] to generalized complex geometry and we can
apply their proof of the theorem by replacing moment maps with generalized moment
maps.

PROPOSITION 4.6.  Let an m-dimensional torus T™ act on an H-twisted generalized
complez orbifold (M, J) effectively and in a Hamiltonian way with a generalized moment
map p: M — t* and a moment one form o € QY (M;t*). Suppose that the generalized
moment map i has weak nondegeneracy. Consider a generic rational polyhedral set
P C t* and the set of all open faces Fp. Then the topological space Mp defined by

MP: U Mfl(F)/TF7
FeFp

where Tp CT™ 1is the subtorus of T™ perpendicular to F', coincides with the generalized
complex cut of M with respect to P. In particular, Mp is an H-twisted generalized
complex orbifold with a natural Hamiltonian action of the torus T™. Moreover, the map
up Mp — t* induced by the restriction Plu-1(py 8 a generalized moment map, and the
descending of the restriction a,—1(py of the moment one form is a moment one form for
this action. Consequently,

1. the cut space Mp is connected if and only if u=*(P) is connected;
2. the fibers of pp are connected if and only if fibers of pl,—1(p) are connected;
3. Mp is compact if and only if p='(P) is compact.

Using the technique of generalized complex cuts, we can extend Theorem A to



Convexity properties of generalized moment maps 23

the case that M is a noncompact orbifold and the generalized moment map has weak
nondegeneracy. The proof is the same with the proof of Theorem 4.3 in [13], except one
must use the generalized complex cuts.

THEOREM 4.7. Let an m-dimensional torus T™ act on a connected H -twisted
generalized complex orbifold (M,J) in a Hamiltonian way with a generalized moment
map p: M — t* and a moment one form a € QY (M;t*). If u is proper as a map into a
convex open set U C t* and has weak nondegeneracy, then

1. the image of p is conver,

2. each fiber of p is connected, and

3. if for every compact set K C t*, the list of isotropy algebras for the T™-action
on p~1(K) is finite, then the image u(M) is the intersection of U with a rational
locally polyhedral set.

4.3. The cross-section theorem
Here we recall the notion of slices for group actions and prove a generalized complex
geometry analogue of the cross-section theorem in symplectic geometry.

DEFINITION 4.8. Suppose that a group G acts on an orbifold M. Given p € M
with isotropy group Gj, a suborbifold U C M containing p is called a slice at p if U is
Gp-invariant, G - U is a neighborhood of p, and the map

Gxa,U—G-U, [a,u] = a-u

is an isomorphism.

Consider the coadjoint action of a connected compact Lie group G on g*. For each
x € g*, there is a unique largest open subset U, C g C g* which is a slice at . We call
U, the natural slice at x for the coadjoint action. A detailed construction can be seen in
[13].

THEOREM 4.9 (CROSS-SECTION).  Let a compact connected Lie group G act on an
H-twisted generalized complex orbifold (M,J) in a Hamiltonian way with a generalized
moment map p: M — g* and a moment one form o € QY (M;g*). Consider the natural
slice U at x € g* for the coadjoint action. Then the cross-section R = p=t(U) is a
G -invariant generalized complex suborbifold of M, where G, is the isotropy group of
x. Furthermore the G-action on R is Hamiltonian with a generalized moment map
R = il and a moment one form «|gr, the restriction of a to R.

We shall give a proof of Theorem 4.9 below. First note that since the slice U is
Gy-invariant and the generalized moment map g is equivariant, the cross-section R =
pY(U) is also G-invariant. By definition of the slice, coadjoint orbits intersect U
transversally. Since the generalized moment map is equivariant, it is transversal to U
as well. Hence the cross-section is a suborbifold of M. We need to show that the
cross-section R is a generalized complex suborbifold of M. We shall show that (Lg), C
(T, R&T*R) ® C defines an i* H-twisted generalized complex structure of R, where T, R
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is the uniformized tangent space of R at » € R. Then we can see easily that R is a
generalized complex suborbifold. Consider a local representative ¢ of L. If the pull back
(i*¢), is a nondegenerate complex pure spinor, then it is a local representative of Lp
and hence Ly defines an i* H-twisted generalized complex structure. Hence we may only
show that the pull back (i*y), is a nondegenerate complex pure spinor of R below.

Since @, is a nondegenerate complex pure spinor, there exists a decomposable com-
plex k-form Q € A*T*M ® C and a complex 2-form B + /—1w € A?T*M ® C such
that

or = exp(B + v —1w) A Q.
The 2-form w is nondegenerate on the 2(n — k)-dimensional subspace
S, ={X ecT,M|ix(QAQ)=0}.

Moreover, we claim that it satisfies that for each & € g, i(¢,,),w = (du¢), on S,. Indeed,
since i, ©r — v —1(dps ++v/—1af) A, = 0 by the definition of generalized moment maps,
we have t¢,, 2 = 0 and hence

ten (B +V=1w) AQ = /~1(dp* +vV~1a*) A Q.

If we write @ = ' A --- A 6% by some 1-forms 6',--- 6% € T*M ® C, the vectors
6, 0% 01,... 0% are linearly independent because the complex pure spinor ¢, =
exp(B + v/ —1w) A Q is nondegenerate. This implies that ¢x = 0 and

ten (B +V=1w)(X) A Q = V=1(dp* +V~1a%)(X) A Q

for each X € S,. Hence we obtain i(¢,,), w(X) = (du),(X) for each £ € g and X € S,.
This shows the claim. .
Consider the complex form on A*T*R ® C defined by

(i*p), = exp(i* B + vV —1i*w) Ai*Q.

To prove that (i*p), is a nondegenerate complex pure spinor, we need to show the
following statements:

1. i*QA*Q # 0, in particular i*Q # 0. .
2. i*w is nondegenerate on the subspace S,.(R) = {X € T, R | ix(i*Q A i*Q) = 0}.

We first show the claim 1. For the Lie algebra g of G, g, denotes the Lie algebra
of the stabilizer of € g*. Then there exists a G -invariant subspace m such that
g = g, ®Dm. For y = pu(r), the uniformized tangent space TyU is just the annihilator
of m. Consider the subspace mp;(r) = {(€am)r | € € m}. Note that mys(r) C S, and
dimmy; (r) = dimm. Now we show the following lemmata.
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LEMMA 4.10.  The subspace mps (1) is a symplectic vector space with respect to the
2-form w and is perpendicular to S, N T, R.

Proof. First observe that for £ € mand X € S, N TTR,
w((Ear)r, X) = () (X))(€) = 0

since (1) (X) € T,U = m°. Hence my(r) is perpendicular to S, NT;.R with respect to
the 2-form w.
Now we show that the subspace my;(r) is a symplectic vector space. Since for

§nem,

w((Ear)rs (ar)r) = ((pe)r (n2)) () = (ad™ () pa(r))(€) = —y([€, 7)),

mys(7) is symplectic if and only if ad™(m)y is a symplectic subspace of the tangent space
T, (G - y) of the coadjoint orbit G - y. Since G, -y C U and since m = (T,,U)°, for each
£ emand n € g, we have

y([&m) = ad™(n)(y)€ =0,

that is, 7,(G, - y) and ad™(m)y are symplectically perpendicular in 7),(G - y). Hence it
remains to show that the orbit G, - y is a symplectic submanifold of the coadjoint orbit
G -y because Ty (G - y) = Ty(G, - y) @ ad™(m)y. Since the natural projection pr : g* — g7
is G -equivariant, we have pr(G, - y) = G, - pr(y). By the definition of the symplectic
forms on a coadjoint orbit the restriction of the symplectic form of G-y to G - y is just
the pull-back by pr of the symplectic form of the G, coadjoint orbit G, - pr(y). Hence
G -y is a symplectic submanifold of G - y, and this proves the lemma. O

LEMMA 4.11.  The uniformized tangent space T, M can be decomposed into the
following direct sum:

T,M =T, R ® mp(r).

Proof. If X € T,R N wmy(r), then X is perpendicular to my(r) with respect to w by
Lemma 4.10. Since w is nondegenerate on my;(r), we have X = 0 and hence T,R N
mps(r) = {0}. Furthermore, since dim R = dim M — dimm, we see that dimT,M =
dim 7. R + dimm,, (r), and obtain the decomposition T.M =T,R®myy (r). O

The decomposition induces the decomposition of S,;
Sy = (Sy NT,R) @ mp(r),

because mys(r) is contained in S,. Hence we have the dimension

dim S, NT.R = dim T, R — 2k.
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This shows that we can choose a basis of T,.M ® C;
€1, €, UL, ", U2k, V1, ", V2(n—k)—a>

where a = dim S, N T,.R, {e1, -+ ,eq,} is a basis of S, NT.R, {e1, - ,eq, U, - ,ug} is
a basis of TR and {vy,--- s Va(n—k)—a) 1S a basis of mys(r). Since e;,v; € S, we have
i, (ANQ) =iy, (QAAQ) = 0. Hence we see that QAQ(uy, -+ ,uz) # 0 because QAL # 0
on T, M. This shows that i*Q A i*Q # 0, and hence we have proved the claim 1.

Now we prove the claim 2. We can check easily that S, N TR C Sr(R). Since
P*QANi*Q # 0, we have

dim(S, N T, R) = dim S,.(R) = dim R — 2k.

Hence we obtain the equation S, N1, R = S-(R). Now take a vector X € S,.(R) which is
perpendicular to S, (R) with respect to w, that is, w(X,Y) = 0 for any Y € S,.(R). Then
since w(X, (€rr)r) = 0 for any € € m, we see that w(X,Y) =0 for any Y € S,.. Since w is
nondegenerate on S, we have X = 0 and hence w is also nondegenerate on S,.(R). This
proves the claim 2.

By the claims 1 and 2, we see that (i*¢), is a nondegenerate complex pure spinor
and that R is a generalized complex suborbifold of M. Finally, it is clear that the
G -action on R preserves the induced ¢* H-twisted generalized complex structure and is
Hamiltonian with a generalized moment map pur = u|r and the moment one form i*a.
This completes the proof of Theorem 4.9.

4.4. A proof of Theorem B

By Remark 4.4 and Theorem 4.9, we can extend Theorem 3.1 in Lerman-Meinrenken-
Tolman-Woodward [13] to generalized complex geometry, and we see that there is a
unique open face o of the Weyl chamber t} such that

L. pu(M) Nois dense in p(M) Nt

2. the preimage Y = p~(0) is a connected T-invariant generalized complex sub-
orbifold of M, and the restriction uy = p|y and the pull back of a to Y are a
generalized moment map and a moment one form for the action of the maximal

torus T', and
3. the set G -Y is dense in M.

(See the proof of Theorem 3.1 in [13].) Since p is proper, the restriction py : Y — t*
is proper as a map into the open convex set 0. By Theorem 4.7, the image u(Y) is
convex and is the intersection of o with a locally polyhedral set P, that is, u(Y) = ocNP.
Therefore we have p(M)Nt; = p(Y'). Since the closure of a convex set is also convex, the
moment set p(M) Nt} is convex. Moreover, since p(M)Nt, =0 NP =a6NP, u(M)Nt}
is a locally polyhedral set. Thus we have proved the first assertion. Now we shall show
that the fiber p~1(x) is connected for all z € g*. We may assume x € t} . Since the
fiber of u|y is connected, the fiber of the restriction u|g.y is also connected. Observe
that since p=1(G - z)/G = p~'(x)/G, and the groups G and G, are connected, the
connectedness of u~!(z) is equivalent to that of u=!(G - z). To prove the connectedness
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of p=Y(G - x), it is suffices to show that for any convex open neighborhood B of z in
t%, the closure of the open set p~'(G - (B Nt})) is connected. By the condition 3 of
the open face o, the intersection (G- (BNtL))NG-Y =G - p~'(BNo) is dense in
p~H(G - (BNty)) and hence also dense in its closure. Since BN o N pu(M) is convex and
= Y(y) is connected for each y € o, the set G - u~*(B N o) is connected and therefore its
closure is also connected. This completes the proof of Theorem B.

REMARK 4.12. In noncompact cases, the assumption of weak nondegeneracy is
essential for the convexity property. For instance, consider the trivial action of 3-
dimensional compact torus G = T2 on a complex manifold M = C with the standard
complex structure J and a holomorphic map h : M — C? defined by

h(z) = (V—=1z,2,2%).

Then by identifying the Lie algebra t with R?, we see that the action is a Hamiltonian
action on a generalized complex manifold (M, J;) with a generalized moment map

w=1Im h = (z,y,2zy)

and a moment one form
a =d(Re h) = (—dy, dz, 2zdx — 2ydy),

where z = x + v/—1y. Since the natural identification id : M — R? is proper, the
generalized moment map g : M — R3 is also proper. In addition, x does not have weak
nondegeneracy because for ¢ = (1,0,0) € t, we have du® = dr and hence Crit(uf) = ¢.
(Note that Fix(T¢) = M for all £ € t since the G-action is trivial.) In this case, the
convexity property of the generalized moment map does not hold. Indeed, the image
of the generalized moment map g is just the graph of the function of two variables

f(z,y) = 2zy.

4.5. Concluding remarks

A concept of generalized complex structures arises naturally when we consider a
deformation of symplectic structures. Then we can consider a Hamiltonian action on a
generalized complex manifold as a family of Hamiltonian actions of symplectic manifolds.
We shall give a simple example below.

Let CP? be a 2-dimensional complex projective space with the homogeneous coordi-
nates [zg : 21 : 23], and wp g, the Fubini-Study metric on CP?. For each w = (w1, ws) €
C* x C* we define a projective transformation T, € PGL(3,C) by

Tw([z0 : 21t 22]) = [20 ¢ |wilz1 : |wa|2a].

Then we have a deformation of the Fubini-Study metric 7*wr s.. Consider the T?-action
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on CP? defined by
(01,92) . [ZQ A 22] = [ZO : 9121 : 022’2]

for all (61,02) € T?. Since the transformation T, commutes with the T2-action, the
action on a symplectic manifold ((CIP’Z7 T*wr.g.) is Hamiltonian with a moment map

1

*Wﬂwﬂ Nz, Jwa] - [22?).

pw([20 1 21 22]) =

By symplectic convexity theorem, we see that the image A,, of the moment map p,, is the
convex hull of {(0,0), (—|w1]/2,0), (0, —|wz|/2)}, which is of course a compact polytope.

Here we have obtained a family of Hamiltonian actions on symplectic manifolds. By
considering a generalized complex structure, we can treat them at once. Consider the
product M = (C*)% x CP? of an algebraic torus with a projective space. Since the 2-form
Trwrs. is a symplectic form of CP? for each w € (C*)?%, we can define a complex pure
spinor ¢ on M by

¢ =dwiy Ndwy NexpvV—1T wrg..

Furthermore, since the complex pure spinor ¢ is nondegenerate, it defines a generalized
complex structure J, on M.

Now consider a T?-action on a generalized complex manifold (M, J,) defined by
lifting the T2-action on CP? to M;

(91,92) . (U), [ZO A ZQD = (U}, [ZO : 0121 : 9222]),

for each (61,6>) € T?. The T?-action on (M, J,) is Hamiltonian with a generalized
moment map

w(w, [20 : 21 22]) = pw([20 : 21 ¢ 22])

and a moment one form « = 0. The image A of the generalized moment map p is a
convex polyhedral set,

A={(z.y) R |2 <0, y<0}.

When we restrict the T2-action to the fiber M,, = {w} x CP? = CP?, the action on M,,
is equivalent to the Hamiltonian 72-action on CP? and the generalized moment map
restricted to M,, coincides with the moment map . This shows that we can think
of the Hamiltonian T?-action on a generalized complex manifold (M, J,) as a family of
Hamiltonian T2-actions on symplectic manifolds (CP? T wrs.). Then the image A of
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the generalized moment map p coincides with the union of A,;

A= UwE(C*)zAuw

Here we see that not only each A,, is convex, but the union A is also convex. Note that

A is not compact although A,, is a compact polytope for each w € (C*)2.
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