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Abstract
We treat Kollar's injectivity theorem from the analytic (diifferential geomet-
ric) viewpoint. More precisely, we give a curvature conditiwhich implies Kollar
type cohomology injectivity theorems. Our main theoremasnfulated for a com-
pact Kéhler manifold, but the proof uses the space of harenfarims on a Zariski
open set with a suitable complete Kahler metric. We neecheeitovering tricks,
desingularizations, nor Leray’s spectral sequence.
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1. Introduction

In [28], Janos Kollar proved the following theorem. We cdllKollar’'s original
injectivity theoremin this paper.

Theorem 1.1 (cf. [28, Theorem 2.2]). Let X be a smooth projective variety de-
fined over an algebraically closed field of characteristicozend let L be a semi-ample
line bundle on X. Let s be a nonzero holomorphic section®f for some k> 0. Then

x st HI(X, Ky ® L®™) — HI(X, Kx ® LE™)

is injective for every g> 0 and every m> 1, where Ky is the canonical line bundle
of X. Note thatx s is the homomorphism induced by the tensor product with s.

The following theorem is the main result of this paper. It isanalytic formulation
of Kollar type cohomology injectivity theorem.

Theorem 1.2 (Main theorem). Let X be an n-dimensional compact Kéhler mani-
fold. Let(E,hg) (resp.(L,h.)) be a holomorphic vectofresp. ling bundle on X with
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834 O. FuJino

a smooth hermitian metric ¢h (resp. h). Let F be a holomorphic line bundle on X
with a singular hermitian metric h. Assume the following conditions.

(i) There exists a subvariety Z of X such that is smooth on X Z.

(i) v—1O(F) > —y in the sense of currentsvherey is a smooth(1, 1)-form on X.
(i) vV=1(O(E) + Ide ® O(F)) =nak 0 0N X\ Z.

(iv) vV—1(O(E) + Idg ® O(F) — ¢ ldg ® O(L)) >nak 0 on X\ Z for some positive
constante.

Here >nak 0 means the Nakano semi-positivity. Let s be a nonzero hofamwosection
of L. Then the multiplication homomorphism

xs: HIX, Kx ® E® F ® J(he)) > HIX, Kx @ E® F ® J(he) ® L)

is injective for every o> 0, where J(hg) is the multiplier ideal sheaf associated to
the singular hermitian metric f of F.

The formulation of Theorem 1.2 was inspired by Ohsawa’sctinjéy theorem (see
[35]). Although the assumptions in Theorem 1.2 may lookfiaidl for algebraic geom-
eters, our main theorem is useful and have potentiality &ofous generalizations. As
a direct consequence of Theorem 1.2, we have the followimglleoy.

Corollary 1.3. Let X be an n-dimensional compact Kahler manifold. (ithg)
(resp.(L,h)) be a holomorphic vectofresp. ling bundle on X with a smooth hermit-
ian metric = (resp. h). Let F be a holomorphic line bundle on X. Assume the
following conditions.

(@) There exists an effective Cartier divisor D on X such t#9at(D) ~ F®* for some
positive integer k.

(b) v=1O(E) >nax O.

(€) V=1(O(E)—¢Ide ® O(L)) >nak O for some positive constant

Let s be a nonzero holomorphic section of L. Then the muéptin homomorphism

xs: HIX, Ky ®E®RF®J) - HIX,Kx RER F® T ® L)

is injective for every ¢= 0, where 7 = J((1/k)D) is the multiplier ideal sheaf asso-
ciated to(1/k)D (cf. Definition 2.8)

One of the advantages of our formulation is that we are retbdsom sophisti-
cated algebraic geometric methods such as desingulansatcovering tricks, Leray’s
spectral sequence, and so on both in the proof and in varigpiscations (see, for ex-
ample, the proof of Proposition 4.1). The main ingredienbof proof of Theorem 1.2
is Nakano'’s identity (see Proposition 2.16).

We note that there are many contributors (Kollar, EsnauéthWeg, Kawamata,
Ambro, ...) to this kind of cohomology injectivity theoremiVe just mention that the
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first result was obtained by Tankeev [38, Proposition 1]n#ipired Kollar to obtain his
famous injectivity theorem (see [28] or Theorem 1.1). Af28], many generalizations
of Theorem 1.1 were obtained (see the books [7] and [29])l&Kalid not refer to [6]
in [29]. However, we think that [6] is the first paper where Kok injectivity theorem
is proved (and generalized) by differential geometric argots.

Let us recall Enoki's theorem [6, Theorem 0.2], which is ayvepecial case of
Theorem 1.2, for the reader’s convenience. To recover @oyol.4 from Theorem 1.2,
it is sufficient to putE = Ox, F = L®™, andL = L®X. The reader who reads Japanese
can find [9] useful. It is a survey on Enoki’s injectivity theon.

Corollary 1.4 (Enoki). Let X be an n-dimensional compact Kéahler manifold and
let L be a semi-positive holomorphic line bundle on X. Suppd®, k > 0, admits a
nonzero global holomorphic section s. Then

x st HI(X, Kx ® L®™) — HI(X, Kx ® L¥™)
is injective for every m= 0 and every > 0.

We recall Enoki’'s idea of the proof in [6] because we will ube tsame idea to
prove Theorem 1.2.

1.5. Enoki’s proof. From now on, we assume thlat=m = 1 for simplicity. It is
well known that the cohomology groug9(X, Kx ® L®') is represented by the space of
harmonic formsH™3(L®") = {u: smoothL® -valued @, g)-form on X such thatdu =
0, D{%u = 0}, where D[, is the formal adjoint ofd. We takeu € H™9(L). Then,
d(su) = 0 becauss is holomorphic. We can check thay";,(su) = 0 by using Nakano's
identity and the semi-positivity of . Thus,s inducesxs: H™9(L) — H™9(L®?). There-
fore, the required injectivity is obvious.

Enoki’'s theorem contains Kollar's original injectivity ébrem (cf. Theorem 1.1) by
the following well-known lemma.

Lemma 1.6. Let L be a semi-ample line bundle on a smooth projective rokhif
X. Then L is semi-positive.

Proof. There exists a morphisth = @ em: X — PN induced by the complete
linear system|L®M| for somem > 0 becausel is semi-ample. Leth be a smooth
hermitian metric onOpn~ (1) with positive definite curvature. Therf (h)Y™ is a smooth
hermitian metric onL whose curvature is semi-positive. []

REMARK 1.7. LetX be a complex analytic space and &tbe a coherent sheaf
on X. In order to proveHP(X, &) = 0, it is sufficient to construct a homomorphism
¢: & — F of coherent sheaves oX such that the induced magP(X,&) — HP(X, F)
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is injectiveand thatH P(X,F) = 0. This simple observation plays crucial roles for vari-
ous vanishing theorems on toric varieties (see, for exanjp@ and [11]). Anyway,
injectivity theorems sometimes are very useful in provirsgious vanishing theorems.
See the proof of Corollary 4.7 below.

We quickly review Kollar's proof of his injectivity theorenm [29], which is much
simpler than Kollar's original proof in [28], for the read®iconvenience.

1.8. Kollar's proof. Let X be a smooth projective-fold and letL be a (not
necessarily semi-ample) line bundle &h Let s be a non-zero holomorphic section of
L®2, Assume thaD = (s = 0) is asmoothdivisor on X for simplicity. We can take a
double coverr: Z — X ramifying alongD. By the Hodge decomposition, we obtain
a surjectionHY(Z, Cz) — HY(X, Oz) for everyq. By taking the anti-invariant part of
the covering involution, we obtain thad9(X, G) — HY(X, L) is surjective for every
g, wheren,Cz = Cx & G is the eigen-sheaf decomposition. It is not difficult to see
that there exists a factorizatioR9(X, G) — H9(X, L™t ® Ox(~D)) — HY9(X, L™)
for everyq. Therefore, x s: HI(X, Kx ® L) —> HI(X, Kx ® L ® Ox(D)) is injective
by the Serre duality. In generalD is not necessarilysmooth So, we have to use
sophisticated algebraic geometric methods such as déaimaiions, relative vanishing
theorems, Leray’s spectral sequences, and so on, even Wh&smooth and. is free.

REMARK 1.9. As we saw in Subsection 1.8, thanks to the Serre du#tigyin-
jectivity of HI(X, Kx ® L) - HY(X,Kx ® L ® Ox(D)) is equivalent to the surjectivity
of H"9(X, L' ® Ox(~D)) — H"9(X, L™1). However, injectivity seems to be much
better and more natural for some applications and genatimlis. See Section 4.

Roughly speaking, Kollar's geometric proof in [29] (and Bsh-Viehweg's proof
in [7]) depends on the Hodge decomposition, or the degedparatf the Hodge to
de Rham type spectral sequence. So, it works only wBeis a unitary flat vector
bundle (see [29, 9.17 Remark]). On the other hand, our dogbydof (and the proofs
in [6], [35], and [37]) relies on the harmonic representata the cohomology groups.
We do not know the true relationship between the geometoofpand the analytic one.

1.10. More advanced topics. In [8], we prove a relative version of Theorem 1.2.
In that case,X is not necessarily compact. Whefi is not compact, docally square
integrable differential formu on X is not necessarilglobally square integrable. So, we
use the Ohsawa—Takegoshi twisted version of Nakano'sitgentcontrol the asymptotic
behavior of theL?-norm of u around the boundary oK. Thus, we need much more
analytic methods for the relative setting.

In [19, Chapter 2], [12], and [18, Sections 5 and 6], we dgvetloe geometric
approach (see Subsection 1.8) to obtain a very importargrgbration of Kollar’s in-
jectivity theorem. In those papers, we consider mixed Hosactures on compact
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support cohomology groups. Roughly speaking, the decoitipos

HI(X\ Z,C) ~ @ HI(X, Q%(og T) ® Ox(-T))
p+g=n

where X is a smooth projective variety antl is a simple normal crossing divisor on
X produces a generalization of Kollar type cohomology inyétst theorem. The reader
can find a thorough treatment of our geometric approach in Cttapter 2]. We have
already obtained many applications for the log minimal mqaegram in [17], [19],
[13], [14], [15], [22], [16], [18], and [20].

By our experience, we know that Kollar type injectivity thems play crucial roles
for the study of base point free theorems and the abundangeatore for log canon-
ical pairs (cf. [23], [21], and so on).

We summarize the contents of this paper. In Section 2, we fiatiom and collect
basic results. Section 3 is the proof of the main theorem:ofidra 1.2. We will rep-
resent the cohomology groups by the spaces of harmonic forma Zariski open set
with a suitable complete Kéhler metric. We will us&-estimates forg-equations on
complete Kéhler manifolds (see Lemma 3.2). It is a key pofibwr proof. In Sec-
tion 4, we treat Kollar type injectivity theorem, Esnaultelwveg type injectivity the-
orem, and Kawamata—Viehweg—Nadel type vanishing theorgerapplications of The-
orem 1.2. We recommend the reader to compare them with usyetbraic geometric
ones. We note that we discuss them in a more general relatiiegin [8].

2. Preliminaries

In this section, we collect basic definitions and results Igelraic and analytic
geometries. For details, see, for example, [4].

2.1. Singular hermitian metric. Let L be a holomorphic line bundle on a com-
plex manifold X.

DEFINITION 2.2 (Singular hermitian metric). Aingular hermitian metricon L
is a metric which is given in every trivializatiof: L|q ~ Q2 x C by

151 = 16()1e™, x e, § € Ly,

whereg € Li () is an arbitrary function, called theeightof the metric with respect
to the trivialization6. Here, L} () is the space of the locally integrable functions
on .

The following singular hermitian metrics play importanta® in the study of higher
dimensional algebraic varieties.
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ExAmPLE 2.3. LetD = ) «;D; be a divisor with coefficients;; € N. Then
Ox(D) is equipped with a natural singular hermitian metric adofes. Let f be a
local section ofOx(D), viewed as a meromorphic function such that div¢- D > 0.
We define|| f||2 = |f|2 € [0, oo]. If g; is a generator of the ideal ddj on an open
set Q@ C X, then the weight corresponding to this metricgs= Zi aj log|gj|. It is
obvious that this metric is a smooth hermitian metric ¥\, D and its curvature is
zero onX \ D. Let L be a holomorphic line bundle oX. Assume that.®¢ ~ M ®
Ox(D) for some holomorphic line bundl® and an effective divisoD on X. As
above,Ox(D) is equipped with a natural singular hermitian metnig. Let hy be any
smooth hermitian metric oM. ThenL has a singular hermitian metrig := hﬁ,,/kth/k.
Note thath, is smooth outsideD and ®y (L) = (1/k)®,, (M) on X\ D.

2.4. Multiplier ideal sheaf. The notion of multiplier ideal sheaves introduced by
Nadel [32] is very important in recent developments of cawphnd algebraic geom-
etries (cf. [31, Part three]).

DEFINITION 2.5 ((Quasi-)plurisubharmonic function and multipliee& sheaf).
A function u: 2 — [—o0,00) defined on an open s€t C C" is calledplurisubharmonic
(psh, for short) if
1. u is upper semi-continuous, and
2. for every complex linedl € C", u|qnL is subharmonic o2 N L, that is, for every
ae€ Q and¢ € C" satisfying|¢] < d(a, 22°), the functionu satisfies the mean inequality

1 2 »
u(@) < Z/o u(a+ €’) do.

Let X be ann-dimensional complex manifold. A functiop: X — [—o0, 00) is said

to be plurisubharmonic(psh, for short) if there exists an open covér= | J;., Ui
such thaty|y, is plurisubharmonic orJ; (C C") for everyi. A smooth strictly pluri-
subharmonic functiony on X is a smooth function orX such thatv/—13dy is a
positive definite smooth (1, 1)-form. Auasi-plurisubharmoniqquasi-psh, for short)
function is a functiong which is locally equal to the sum of a psh function and of a
smooth function. Ifp is a quasi-psh function on a complex manifofd the multiplier
ideal sheaf 7 (p) C Ox is defined by

[(U, J(p)) = (T € Ox(U): | f|?e ¥ e L (U))

for every open set) C X. Then it is known that7(¢) is a coherent ideal sheaf of
Ox. See, for example, [4, (5.7) Proposition].

REMARK 2.6. By the assumption (i) in Theorem 1.2, we may assume ttiet
weight of the singular hermitian metrkg= is a quasi-psh function on every trivialization.
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So, we can define multiplier ideal sheaves locally and chkek they are independent
of trivializations. Thus, we can define the multiplier idesdleaf globally and denote it
by 7 (hg), which is an abuse of notation. It is a coherent ideal sheako

EXAMPLE 2.7. LetX ={zeC ||zl <r} forsome O<r < 1 and letL be a trivial
line bundle onX. We consider a singular hermitian mettic = exp(y/— log|z|?) of L.
Thenh, is smooth outside the origin ® X. The weight ofh_ is ¢ = —(1/2)+/— log|z|?
andg is a psh function orX. The Lelong number op at O is

limint 2@ _
20" Toglz]

Thus, we have7(h.) ~ Ox by Skoda. Note thap is smooth outside 0, which is an
analytic subvariety ofX. However,¢ does not have analytic singularities around 0.

DEFINITION 2.8. LetX be a complex manifold and ldD = )" «;D; be an ef-
fective Q-divisor on X. Let g; be a generator of the ideal @f; on an open seR C X.
We put 7(D) := J(¢), wheregp = Zj «j log|gj|. Since J(¢) is independent of the
choice of the generatorg;'s, J(D) is a well-defined coherent ideal sheaf anh We
call 7(D) the multiplier ideal sheaf associated to the effect@alivisor D. We say
that the divisorD is integrableat a pointx € X if the function[]|g;|~2*i is integrable
on a neighborhood ok, equivalently, 7(D)yx, = Ox.x,- Let D’ be another effective
Q-divisor on X. Then,J(D) = J(D +¢D’)for0<e K1, ¢ €Q.

REMARK 2.9. In Definition 2.8,D is integrable atxy if and only if the pair
(X, D) is Kawamata log termina(klt, for short) in a neighborhood ofy (cf. [30, Def-
inition 2.34]).

ExampPLE 2.10. Leth, be the singular hermitian metric defined in Example 2.3.
Then the weight of the singular hermitian methi¢ is a quasi-psh function on every
trivialization. Therefore, the multiplier ideal shedf(h,) is well-defined and7(h.) =
J((1/K)D).

2.11. Hermitian and Kahler geometries. We collect the basic notion and re-
sults of hermitian and Kahler geometries (see also [4]).

DEFINITION 2.12 (Chern connection and its curvature form). LDétbe a com-
plex hermitian manifold and letH, h) be a holomorphic hermitian vector bundle on
X. Then there exists th€hern connection D= D n), which can be split in a unique
way as a sum of a (1, 0) and of a (0, 1)-connecti@n= D, + D). By the
definition of the Chern connectio)” = D ) = d. We obtain thecurvature form
O(E) = O@En =0 = D(ZE’h). The subscripts might be suppressed if there is no dan-
ger of confusion.
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Let U be a small open set oK and let €) be a local holomorphic frame of
Ely. Then the hermitian metrib is given by the hermitian matrixd = (h,,), h,, =
h(e., e.), onU. We haveh(u,v) ='uHv on U for smooth sections, v of E|y. This
implies thath(u, v) = -, , uih;, @, for u= 3} eu; andv =} ejv;. Then we obtain

that v—1 On(E) = v—13(H "9H) and'(v—1'On(E)H) = v/—1'On(E)H on U.

DEFINITION 2.13 (Inner product). LeK be ann-dimensional complex manifold
with the hermitian metrigg. We denote byw the fundamental fornof g. Let (E,h) be
a hermitian vector bundle oiX, andu, v are E-valued (o, q)-forms with measurable
coefficients, we set

||u||2=/x|u|2de, (u, v) =/X<u, 0) dV,,

where |u| is the pointwise norm induced by and h on AP9 T ® E, anddV,, =
(1/n)w". More explicitly, (u, v) dV, = 'u A H ¥ v, where % is the Hodge star oper-
ator relative tow and H is the (local) matrix representation &f When we need to
emphasize the metrics, we writg|gh, and so on.

Let Li'(X, E) (= L (X, (E, h)) be the space of square integratfievalued
(p,q)-forms onX. The inner product was defined in Definition 2.13. When we eanph
size the metrics, we Write(‘)z';]'(X, E)g.n, Whereg (resp.h) is the hermitian metric oX
(resp. E). As usual one can vievD’ and D” as closed and densely defined operators
on the Hilbert spacd-;(pz:)q(x, E). The formal adjointsD’*, D”* also have closed exten-
sions in the sense of distributions, which do not necegsadincide with the Hilbert
space adjoints in the sense of Von Neumann, since the lattes may have strictly
smaller domains. It is well known, however, that the domaioscide if the hermitian
metric of X is complete. See Lemma 2.17 below.

DEFINITION 2.14 (Nakano positivity and semi-positivity). LeE(h) be a holo-
morphic vector bundle on a complex manifokXl with a smooth hermitian metrit.
Let E be a HomE, E)-valued (1,1)-form such tha{t2h) = 'Eh. Then & is said to be
Nakano positivgresp.Nakano semi-positiyef the hermitian form onTx ® E associ-
ated to'Zh is positive definite (resp. semi-definite). We wriie>nak 0 (resp.>nax 0).
We note thatE; >nak E2 (resp. B1 >nak E2) means thatt; — 2, >nak O (resp.>pnak 0).
A holomorphic vector bundleH, h) is said to beNakano positivegresp.Nakano semi-
positive if v—1O(E) >nak O (resp.>nak 0). We usually omit “Nakano” wherk is a
line bundle.

DEFINITION 2.15 (Graded Lie bracket). Le&>(X, AP Ty ® E) be the space
of the smoothE-valued (p, g)-forms on X. If A, B are the endomorphisms of pure
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degree of the graded moduM*® = C>*(X, A** T ® E), their graded Lie brackeis
defined by

[A, B] = AB — (—1)%egAdedBg A

Let us recall Nakano's identity, which is one of the main gajents of the proof
of our main theorem: Theorem 1.2.

Proposition 2.16 (Nakano's identity). We further assume that g is Kahler. Let
A/ — D/D/* _I_ D/* D/

and
A// — D// D//* + D//* D//

be the complex Laplace operators acting on E-valued fornmenT
A" = A +[vV=16(E), Al,
where A is the adjoint ofw A -.
The following lemma is now classical. See, for example, [@mime 4.3].

Lemma 2.17 (Density lemma). If g is complete then Q)O’q(X, E) is dense in
Dom D”* N Domd with respect to the graph norm

ut> flull + [[Bull + ID"ul,

where Q?’q(x, E) is the space of the E-valued smodih q)-forms on X with compact
supports anddom D”* (resp.Domd) is the domain of D* (resp. d).

Combining Proposition 2.16 with Lemma 2.17, we obtain thiéo¥ang formula.

Proposition 2.18. Let u be a square integrable E-valuéd, g)-form on X with
dim X =n and let g be a complete Kéhler metric on X. Letbe the fundamental
form of g. Assume that/—1 O(E) >nak —Clde ® o for some constant ¢c. Then we
obtain that

ID"™u[? + |au]* = [ID"u||”> + {(+'=1O(E) A u, u)
for every ue Dom D”* N Doma.

The final remark in this section will play crucial roles in tipeoof of the main
theorem: Theorem 1.2. The proof is an easy calculation {gfLEmme 3.3]).
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REMARK 2.19. Letg be another hermitian metric oX such thatg’ > g and
' be the fundamental form af’. Let u be anE-valued 6, q)-form with measurable
coefficients. Then, we haviel|? , V., < |ul3, dV., where|ulgn (resp.|ulgn) is the
pointwise norm induced by’ andh (resp.g andh). If u is an E-valued 6, 0)-form,
then [uff , V., = [u[§,, dV,. In particular, |u||® is independent oy whenu is an
(n, 0)-form.

3. Proof of the main theorem

In this section, we prove the main theorem: Theorem 1.2. Tka is very simple.
We represent the cohomology groups by the space of harmonitsfon X\ Z (not on
X1). The manifold X \ Z is not compact. However, it is a complete Kéhler manifold
and all hermitian metrics are smooth oh\ Z. So, there are no difficulties oK \ Z.
Note that we do not need the difficult regularization techridor quasi-psh functions
on Kahler manifolds (cf. [1, Théoreme 9.1]).

Proof of Theorem 1.2. SincK is compact, there exists a complete Kahler metric
g onY := X\ Z such thatg’ > g on Y. We sketch the construction @f because
we need some special propertiesgifin the following proof. The next lemma is well
known. See, for example, [2, Lemma 5].

Lemma 3.1. There exists a quasi-psh functign on X such thaty = —co on Z
with logarithmic poles along Z andr is smooth outside Z.

Without loss of generality, we can assume thiat —e on X. We putp = 1/log(—v).
Theng is a quasi-psh function oX and¢ < 1. Thus, we can take a positive constant
such thaty’/=199¢ +aw > 0 onY. Letg be the Kahler metric oY whose fundamental
formisw = w + (vV—193¢ + aw). We will show that

o' = d(log(log(~¥))) A d(log(log(~)))

if we choosex > 0. We have

5 — _—51/f/(—1ﬂ)
(log(=y))?’
and
93 = 22 0V/CV) A ZBV/(Y) A0V (V)
(log(=v))* (log(=v))?
_ T/ A0y (y)  —90y/(Y) | 0w A 0/ ()
(log(=v))® (log(=v))? (log(=v))?

_ 0/ (=Y) A —0y/(=v) n 99y /(=) A (=0v)/(=¥)
(log(=v)) (log(=v))? (log(=v))? '
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On the other hand,

a(og(0g-¥)) = oor .
Therefore,
3(log(log(-y)) A Aloglog-y)) =~ (Alo((;(ﬁ WJCIY,
This implies

o' = d(log(log(~1))) A d(log(log(~)))

if « > 0. Therefore,g’ is a completeK&hler metric onY by Hopf-Rinow because
log(log(—y)) tends to+oo on Z. More precisely,

*
/2

is a smooth exhaustive function ofisuch that/dn|y < 1. We fix these Kahler metrics
throughout this proof. In general,

log(log(—v))

ni=

Ly (Y, E® F) = L(Y, E® F)gneh, = Imd @ H"Y(E ® F) @ Im D,

where

HM(E® F):={ueLy(Y, EQF)|du=Dgyeu=0}

is the space of th& ® F-valued harmonicr{(, q)-forms. We note thati € H"Y(E ® F)
is smooth by the regularization theorem for the elliptic raper At = D9 +

5D’E’*®F. The claim below is more or less known to experts (cf. [36,t®ac2], [37,
Proposition 4.6] and [34, Theorem 4.13]). We write it for tteader’'s convenience.

Claim 1. We have the following equalities and an isomorphism of caogy
groups for every ¢ O.

DI

— 2 i 1%
=Imod, Im DE®F = Im DggE,

and
L (Y, E® F)nKerd

HI(X, Kx ® E® F ® J(hg)) ~ _
Im o

If the claim is true, therH9(X, Kx ® E ® F ® J(hg)) ~ H™%E ® F) because
L (Y, E® F)nKerd =Imd & H"(E ® F).
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Proof of Claim 1. First, letX = J;., Ui be a finite Stein cover oK such that
eachU; is small. We can assume that there is a small Stein opef¥;sef X such
thatU; € V; for everyi (see the proof of Lemma 3.2). We denote this coverlby
{Ui}ic). By Cartan and Leray, we obtain

HI(X, Kx ® E® F ® J(hg)) = HIU, Kx ® E® F ® J(hg)),

where the right hand side is ti@ech cohomology group calculated by Let {p;}ic
be a partition of unity associated 6. We putU,..;, = Ui, N---NU;,. ThenUj;, .,
is Stein. Letu = {uj;,.i,} such thatuig,..i, € T'(Uj,,.i,,» Kx ® E ® F ® J(hg)) and
Su =0, wheres is the coboundary operator @fech complexes. We puft = {uIO iqs)

with ul = > piUiigi,,- Thensu® = u and 8(dut) = 0. Thus, we can construct

lo=lg—1
u? such thatsu? = du® as above by usingp;}. By repeating this process, we obtain
dud € Lz)(Y, E® F)NKerd by Remark 2.19 becausé is compact. By the standard
diagram chasing, we have a homomorphism

(2)(Y E® F)n Kera

a: HiU, Kx ® E® F ® J(hg)) —
Im 9

On the other hand, we take € Li/(Y, E ® F) NKerd. We putw® = {w;,}, where
wi, = wly,\z. We will useCj to represent some positive constants independent. of

By Lemma 3.2 below, we have! = {w! .} such thatdow! = w on eachU;, \ Z with

il = 3 [ B, < Co [ 1w, = Callul’
iz Uz i 1g/,hehe X\2 g’.hehe
Since 9(8w') = 0, we can obtainv? such thatdw? = sw? on eachU;;, \ Z with

2)2. 12
[[w=[|* : Iw. |7nene < Collw|l?.
g,

{i,jicl

By repeating this procedure, we obtairf such thatdwd = sw9=t with |Jw9|? <
Cqllw 2. In particular, [[sw?]|> < Collw[?>. We putB(w) := sw =: {vj,.i;}. Then
5vi0...iq = 0 and ||vi0...iq||2 < 00. Thus, Vig-iq € F(UiO"'qu Kx ® E® F ® J(hg)) and
3(B(w)) = 0. Note that arE ® F-valued holomorphicr{(, 0)-form onU \ Z, whereU is
an open subset aX, with a finite L? norm can be extended to @& ® F-valued holo-
morphic @, 0)-form onU (see also Remark 2.19). Therefore, we have a homomorphism

3. Ly (Y, E® F)nKerd

_ — HIU, Kx ® E® F ® J(he))
Imd

by the standard diagram chasing. It is not difficult to sed thaand B induce the
desired isomorphism by the above arguments.
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Next, we note thatm 8 = Ima if and only if Im DZ;,r = Im D¢, (cf. [25, The-

orem 1.1.1]). Thus, it is sufficient to prove thiat 8 = Ima. Let w € Im 3. Then there
exists a sequencév} C Ima such that|w — dvg||> — 0 if k — co. By the above
construction, || (w — dvk)||> — 0 whenk — oc. This implies thatf(w — dvy) — 0
uniformly on every compact subset of. Therefore, the image aob in HQ(u, Kx ®
E®F ®J(hg)) is zero becaus#i(U, Kx ® E ® F ® J(hg)) is a finite dimensional,
separated, Fréchet space (cf. [24, Chapter VIII, Sectiodl®, Theorem]). Thusw €
Im 8 by the above isomorphism. For the details of the topologyoand HA(X, F),
where F is a coherent sheaf on a complex manifild see [26, 855 Coherent Analytic
Sheaves as Fréchet Sheaves]. O

There are various formulations fdr?-estimates ford-equations, which originated
from Hormander’s paper [25]. The following one is suitabde dur purpose. We used
it in the proof of Claim 1.

Lemma 3.2 (L%estimates ford-equations on complete Kahler manifolds)et
U €V be small Stein open sets of X. Ifeul(3/(U \ Z, E ® F)g,nch, With du =0,

then there exist® € L?Z'?’l(u \ Z, E ® F)ghene Such thatdv = u. Moreover there

exists a positive constant C independent of u such that

2 2
/ |v|g,’hEhF < C/ |u|g,'hEhF.
u\Zz u\z

Proof. We can assume that = v/—189W¥ on V because/ is a small Stein open
set. Then E® F, hehge %) is Nakano positive and

ClhEhF < hEhFe_‘l’ < CzhEhF

for some positive constants; and C, on U \ Z. Note thatW is a bounded function
on X by the construction of. It is obvious thatv'=160 EgF heheev) =nak Ide ® @’ 0N
U \ Z by the assumption (iii) in Theorem 1.2. Let be anE ® F-valued f, q)-form
on U \ Z with measurable coefficients. We write

||w||2=/ lwl? h dV,, and ||w||3=/ lw|?, . v dVy.
u\Z g ,hehe 4 u\Z g’ .hehre "’

Then ||w| is finite if and only if ||w]|o is finite. By the well-knownL? estimates for
d-equations (cf. [1, Théoréme 4.1, Remarque 4.2] or [4, (5Hgorem]), we obtain an
E ® F-valued f,q—1)-form v on U \ Z such thatdv = u and ||v||3 < Colu||3, where
Co is a positive constant independent wf We note thatg’ is not a complete Kahler
metric onU \ Z but U \ Z is a complete Kahler manifold (cf. [1, Théoréme 0.2]).
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Therefore, we obtain
Cillv]|® = [[v]§ = Collull§ = CoCallul®.
So, it is sufficient to putC = CyC,/C;. O

Therefore, we obtain

Ly (Y, E® F)=Imd & H"YE ® F) ® Im Dige.
Thus, HY(X, Kx ® E® F ® J(hg)) ~ H™(E ® F).

Let U € V be small Stein open sets of. Then there exists a smooth strictly
psh function® on V such that [, h e ®) is semi-positive onV. In this situation,
C, <e® <C, onU for some positive constans; and C,. By applying the same
argument as in Lemma 3.2 tE@® F ® L, hehgh e ¥~®), we obtain

Ly (VEQF®L) =Imd@H"(E® F®L)®Im Digeg,
and
HIX, Kx®E® F® J(hg) ® L) > H"(E® F ® L)
similarly.
Claim 2. The multiplication homomorphism
xs: H"EQ®F) > H"E®F QL)
is well-defined for every g O.

Proof. By Proposition 2.18, we obtain
IDEGRUII? + [[8ull? = [Dul® + (v-1O(E ® F) A u, u)

for u € DomD{;, - NDomad, whereA is the adjoint ofw’ A -. We note that the Kahler
metricg’ onY is complete. Ifu € H™9(E®F), thenD*u = 0 and(+/—1(®(E) +1de ®
O(F)) Au, u) = 0 by the assumption (ii). By (iv), we havdv/—1(ldg ®
A(L))Au,u) <0. Whenu e HMI(E®F), a(su) = 0 by the Leibnitz rule andD"*(su) =
sD*u = 0 becauses is an L-valued holomorphic (0, 0)-form. Sinc|es|ﬁL is a smooth
function on X, there exists a positive numbér such that|s|ﬁL < C everywhere onX.
Therefore,

2 2
/Y|Su|g,’thEhF de/ <C /;|U|g/’hEhF de/ < OQ.
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So,suis square integrable. We can also see et DomD¢y, ., by using Lemma 2.17
and Proposition 2.18 sinqe|ﬁL < C everywhere onX. Thus, we obtain

IDEgreL (VI = (V-1O(E ® F ® L) A(su), su)
by Proposition 2.18. We note that

V=1(O(E) + Ide ® O(F) + Ide ® O(L))
ZNak (1 + €) lde ® O©(L)

> Nak —c Ide ® '
onY = X\ Z for some constant’. On the other hand,
(V=10(E ® F ® L) A(sU), su) = |s]*(v—1(Idg ® O(L)) A u, u) <0,

where|s| is the pointwise norm of with respect toh, . Therefore,Dgf o, (SU) = 0.
This implies thatsue H™(E ® F ® L). We finish the proof of the claim. O

By the above claims, the theorem is obvious because
xs:H"E®F) > H"E®Q F®L)
is injective for everyq. []

We close this section with the proof of Corollary 1.3.

Proof of Corollary 1.3. We puhg := hgk as in Example 2.3, wherbp is the
natural singular hermitian metric afix(D). Thenhg is smooth onX\ D, v/—160(F) >
0 in the sense of currents, an@(hg) = J((1/k)D). Therefore, we can apply The-
orem 1.2. []

4. Applications: injectivity and vanishing theorems

In this section, we treat only a few applications of Theore. MWe recommend
the reader to see the results in [37] and the arguments in(Bapter V, 83] for other
formulations and generalizations. See also [8] for variapplications and generaliza-
tions in a more general relative setting. For applicationghe log minimal model pro-
gram, which can not be covered by the results in this paper,[Bg], [18], [19], and
so on.

The following formulation is due to Kollar (cf. [29, 10.13 &brem]). He stated
this result for the case wherk is a trivial line bundle and X, A) is Kit, that is,
J(A) ~ Ox.



848 O. FuJino

Proposition 4.1 (Kollar type injectivity theorem). Let f: X — Y be a proper sur-
jective morphism from a compact Kahler manifold X to a norp@ljective variety Y.
Let L be a holomorphic line bundle on X and let D be an effedtivésor on X such
that f(D) # Y. Assume that = f*M + A, where M is a nef and bi@-divisor on
Y andA is an effectiveQ-divisor on X. Let(E, hg) be a Nakano semi-positive holo-
morphic vector bundle on X. Then

HIX,Kx ® E® L ® J(A)) = HI(X, Kx ® E® L ® Ox(D) ® J(A))

is injective for every ¢ 0, where 7(A) is the multiplier ideal sheaf associated to the
effectiveQ-divisor A.

Proof. By takingP e Pic°(X) suitably, we havel ® P ~o f*M + A. We can
assume that ~g f*M + A by replacingL (resp. E) with L ® P (resp.E ® P71).
By Kodaira’s lemma (see [30, Proposition 2.61]), we canhertassume thaM is
ample (cf. Definition 2.8). Leh := ®mm: Y — PN be the embedding induced by the
complete linear systefmM]| for a large integem. Then Oy(mM) >~ h*Opn(1). We
can take an effective divisoA on PN such thatOpn(A) ~ Opn(l) for some positive
integerl and D’ = f*h*A — D is an effective divisor onX. We addD’ to D and
can assume thdd = f*h*A. Under these extra assumptions, we can easily construct
hermitian metrics satisfying the assumptions in Theoregh ($ee Example 2.3). We
finish the proof of the proposition. ]

REMARK 4.2 (Numerical equivalence). In the above proposition, vetenthat
L = f*M + A meanscy(L) = ci(f*M + A) in H?(X,R), wherec; is the first Chern
class ofQ-divisors or line bundles.

REMARK 4.3. Proposition 4.1 is a generalization of [29, 10.13 Thedr which
is stated for a compact Kéhler manifold. However, the praof29, 10.13 Theorem]
given in [29] works only forprojective manifoldsin [29, 10.17.3 Claim], we need an
ample divisor onX to prove local vanishing theorems.

The following proposition is a reformulation of [7, 5.12. ©@bary b)] from the
analytic viewpoint. It is essentially the same as Propwosi#.1. In [7], E is trivial
and J >~ Ox.

Proposition 4.4 (Esnault-Viehweg type injectivity theorem)Let X be a smooth
projective variety and let D be an effective divisor on X. [(Et hg) be a Nakano
semi-positive holomorphic vector bundle and let L be a holghic line bundle on
X. Assume that ®K(—D) is nef and abundantthat is, «(L®*(—D)) = v(L®*(—D)),
for some positive integer k. Let B be an effective divisor osuxh that

HO(X, (L¥(-D))® ® Ox(~B)) # 0
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for some I> 0. Then
HIX, Kx ®EQL®J) = HIX,Kx R E® L ® J ® Ox(B))

is injective for every gwhere 7 := J((1/k)D) is the multiplier ideal sheaf associated
to the effectiveQ-divisor (1/k)D.

Proof. Letw: Z — X be a projective birational morphism from a smooth pro-
jective variety Z with the following properties: (i) There exists a proper jeative
morphism between smooth projective varieties Z — Y with connected fibers, and
(ii) there is a nef and big)-divisor M on Y such thatr*(L®K(—D)) ~¢ f*M. For the
proof, see [27, Proposition 2.1]. On the other haR¥y.(Kz,x ® J((1/k)7*D)) = 0
fori >0 andn.(Kz ® J((1/K)7*D)) ~ Kx ® 7((1/k)D) by [31, Theorem 9.2.33, and
Example 9.6.4]. We note thatr{ E, 7 *hg) is Nakano semi-positive od. So, we can
assume thaX = Z without loss of generality. It is not difficult to see th&(B) # Y
by the assumption thati°(X, (L®K(—=D))® ® Ox(—B)) # 0 for somel > 0. Thus, this
proposition follows from Proposition 4.1. L]

The referee pointed out that Proposition 4.4 is sharper [faiheorem 3.1].

REMARK 4.5. In this remark, we use the notation in [5, Theorem 3.Ht K.be
a positive integer such th&t> 1. We take general membeBy, ..., D, of HO(X, A®aq)
and put

A
D = 7(Di++ D).

ThenL —D is nef and abundant and— D —¢B is Q-effective for some G< ¢ < 1. By
the construction, we havg (D) = J(X, a*) (cf. [31, Proposition 9.2.28]). Therefore,
by Proposition 4.4 forE = Ox, we obtain that

H' (X, Ox(Kx + L) ® J(X, a*)) = H' (X, Ox(Kx + L + B) ® J(X, a*))
is injective for everyi.

REMARK 4.6 (Vanishing theorem and torsion-freeness). Propasitid.1 gives
some generalizations of Kollar's vanishing and torsieeftheorems. We do not pur-
sue them here because we discuss them in a more generalergatiing in [8]. We
just mention that [29, 10.15 Corollary] holds fétx ® E ® J(A), where we use the
same notation as in Proposition 4.1. We note [31, Example9Pwhen we restrict
the multiplier ideal sheaf7(A) to a general hypersurface. Related topics are in [7,
6.12 Corollary, and 6.17 Corollary] and [5, Section 3].

By combining Proposition 4.1 with Serre’s vanishing theorave obtain the next
corollary. It may be better to be called Nadel type vanishimgorem.
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Corollary 4.7 (Kawamata—-Viehweg type vanishing theoremlet X be a smooth
projective variety and let L be a holomorphic line bundle on Xssume that L=
M + A, where M is a nef and bigQ-divisor on X andA is an effectiveQ-divisor
on X. Let(E, hg) be a Nakano semi-positive holomorphic vector bundle on XenTh
HIX,Kx @ EQ L ® J(A)) =0 for q > 1. Moreovery if A is integrable outside finitely
many pointsthen HI(X, Kx ® E®Q L) =0 for g > 1.

Proof. We use Proposition 4.1 under the assumptionthat X and f = idyx. We
take an effective ample divisdd on X and apply Proposition 4.1. Then we obtain that

HIX, Kx ® E® L ® J(4)) » HY(X, Kx ® E® L ® J(A) ® Ox(mD))

is injective form > 0 andq > 0. By Serre’s vanishing theorem, we hawé(X, Kx ®
E®L®J(A) =0 forg>1 WhenA is integrable outside finitely many points,
Ox/J(A) is a skyscraper sheaf. Therefordd(X, Kx ® E ® L ® Ox/J(A)) = 0
for g > 1. By combining it with the above mentioned vanishing reswi obtain the
desired result. O

The final result is a slight generalization of Demailly’s farlation of Kawamata—
Viehweg type vanishing theorem.

Corollary 4.8 (cf. [3, Main Theorem]). Let L be a holomorphic line bundle on
an n-dimensional projective manifold X. Assume that sonsitipe power [*% can be
written L& ~ M ® Ox(D), where M is a nef line bundle and D is an effective divisor
such that(1/k)D is integrable on X\ B. Letv = v(M) be the numerical dimension
of the nef line bundle M. LetE, hg) be a Nakano semi-positive holomorphic vector
bundle on X. Then HX,Kx ® E® L) = 0 for g > n—min{maxv, (L)}, codimB}.

Sketch of the proof. By the standard slicing arguments, we regluce it to the
case where mimaxv, (L)}, codimB} = dim X. We note that codinB = oo if and
only if B = @. By Kodaira’s lemma (cf. [30, Lemma 2.60, Proposition 2)6i§e can
further reduce it to the case whévi is ample. We note that iA is a general smooth
very ample Cartier divisor orX then

0> Kx®E®L>Kx®E®L®Ox(A) > KAQE[a®L|a—0

is exact and7((1/k)D)|a = J((1/k)D]a). In particular, (¥k)D|a is integrable onA\
B|a. For the details of these reduction arguments, see the ficstsacond steps in the
proof of the main theorem in [3]. Therefore, this corollagliédws from the previous
corollary: Corollary 4.7. ]
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