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Abstract
We study finite time quenching for the radial solutions of ateyn of heat equa-
tions coupled at the boundary condition. This system eidhimultaneous and non-
simultaneous quenching. In particular, three kinds of #iameous quenching profiles
are obtained for different nonlinear exponent regions gogr@priate initial data.

1. Introduction

In this paper we study quenching phenomena for heat eqsation
(1.1 U =Au, vn=Av, xe, te(0,T),
with coupled boundary conditions

au a
(1.2) —| =-vP 20 - —u™9, xe€dR, te(0,T),
on|,q on|,q

and positive initial data
u(x, 0) = uo(x), v(x, 0)=wo(x), X €,

where p,q > 0 andQ c RN (N > 2) is a bounded smooth domain. Throughout this
paper we assume that

Uo(X), vo(X) € C3(R), Aug(X), Ave(X) <0, x € Q.

In the radial symmetric case witl2 = B; = {x | |X| < 1}, let r = |x] and
Uo(X) = Uo(r), vo(X) = vo(r). Then the radial solutionsi(r, t) and v(r, t) satisfy the
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1104 Z. HANG AND Y. LI

following equations,

Ut = Uy +¥Ur, Ut = Uy + N_lur, (r,t) e (0, 1)x (0, T),
(1.3) u (0,t) =0, us(1,t) = —v P(1,1), t e (0,T),

v (0,1) =0, v (1,t) = —u™9(1,1), te(0,T),

u(r, 0) = uo(r), v(r, 0) = vo(r), r [0, 1].

Similarly, we have
Uo(r), vo(r) = 0, u(r,0),un(r,0)<0, O0=<r =<1.
For the convenience, we assume that
Ug(r) <0, wy(r)<0, 0<r =<1

The study of quenching (in general the solution is definedaup £ T but some
term in the problem ceases to make sense) began with the vidtkwarada [11] ap-
peared in 1975. In that paper he studied the semi-linear égaation as a singular
reaction at levelu = 1. He proved that not only the reaction term, but also the time
derivative blows up whereven reaches this value, see also [1]. Quenching problems
have been studied by many authors, see [2, 4, 5, 9, 10] ancetbeences therein.

In [7], Ferreira, Quiros and Rossi studied the one-dimeraéicase of (1.1) and
found that, due to the absorption generated by the boundamdition atx = 0, the
solutions decrease to zero at this point. If they vanish iitefiime t = Ty, the bound-
ary conditionuy(0,t) = —v~P(0,t) and vy (0,t) = —u~9(0,t) for 0<t < T blows up and
the solution, being classical up to= T, no longer exists (as a classical solution) for
greater times, thus the maximal existence time of a cladssaation isT = To. They
characterized in terms of the parameters involved when smoodtaneous quenching
may appear. They obtained that @if g > 1 quenching is always simultaneous, while
if p<1orqg < 1 non-simultaneous quenching indeed occurs. Moreover, éhcio-
ing is non-simultaneous they found the quenching rate, kwkiarprisingly depends on
the parameter in the flux associated to the other compondsb, ghe only quenching
point is the origin.

In [8], Hu and Yin considered the profile near the blowup tinoe the solutions
of the following problem:

9
—UZAU forx e, t >0,
ot
ou
(1.4) o= uP for x €99, t > 0,

u(x, 0) = ug(x) for x €

whereQ is a bounded domain iR" with boundaryd <2, n is the exterior normal vector
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on 42, p > 1 andug(x) > 0. Under the assumptions of, they obtained the blowup
rate u(x, t) ~ C(T —t)"Y(P-1I wherex € 9Q and C > 0.
In [6], Fila and Levine studied the quenching problem for Hoalar case

Ut = Uyy, (x,t) € (0, 1)x (0, T),
(1.5) {ux(o,t) =0, ux(1,t) = —-u9(1,t), te(0,T),
u(x, 0) = ug(x) > 0, x € [0, 1],

and obtained thati(1,t) ~ (T —t)¥/2@+D] where f ~ g means that,;f < g < cf
holds fort close toT and some positive constantg, c;. We will use this notation
throughout this paper.

Pablo, Quiros and Rossi [13] firstly distinguished non-dtemeous quenching from
simultaneous one. They considered a heat system coupldédnga absorptions:

Ut = Uxx — 0P, v = vgx — U9, (x,t) € (0, 1)x (0, T),
(1.6) {ux(O,t) = 1vx(0,1) = Ux(1,t) = vy(1,t) =0, te(0,T),
u(x, 0) = ug(x), v(x, 0) = vo(X), x € [0, 1],

where mifep,1j U(X, t) = u(0, t), minkep 1 v(X, t) = v(0,t) under certain assumptions
on the initial dataug, vo > 0. For the coupled equations (1.6), the following quenching
rates were proved in [13]:
(a) If quenching is non-simultaneous and, for instancé the quenching component,
thenv(0,t) ~ (T —t) for t close toT.
(b) If quenching is simultaneous, then fbrclose toT:

1. u(0,t) ~ (T —t)(P-D/(Pa-D) 4(0,t) ~ (T —t)@ /a1 if p.g>1orp,q<1;

2. u(0,t), v(0,t) ~ (T =t)¥2, if p=q =1;

3. u(0,t) ~ [log(T —t)|7¥@D 4(0,t) ~ (T —t)|log(T —t)|%C@D if q > p = 1.

For the system

Ut = Uxx, Ut = Uxx, (x,t) € (0, 1)x (0, T),
Ux(0,t) = 0, ux(1,t) = —vP(1,t), te(0,T),
vc(0,1) = 0, vy(1,t) = —u%1,t), te(0,T),
u(x, 0) = ug(x), v(x, 0) = vo(X), x € [0, 1],

(1.7)

the finite time quenching results from the coupled singulamlinear boundary flux by
Zheng and Song [14], other than the situation in the model &) (with coupled nonlinear
absorption terms. The quenching in (1.7) may be either $amabus or non-simultaneous.
This is determined by particular ranges of nonlinear exptsmand initial data. They
showed thafx = 1} is the only quenching point and there are three kinds of sanebus
guenching rates in time can be briefly described in the faligvzonclusions:

1. u(@t) ~ (T —t)*2 v, t)~ (T —t)f2 for p,q>1orp,q<1;

2. u(d,t) ~(T =) v(@,t)~(T=t)Y*for p=q=1;

3. u(L,t) ~ |log(T —t)]7Y@D, y(1,t) ~ (T —t)[log(T —1)|9@D for 1=p <q,
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wherea = (p—1)/(pq—1), = (d - 1)/(pa—1).

And v(1,t) ~ (T —t)¥(P*+D for non-simultaneous quenching withquenching only.

The quenching in (1.3) may be either simultaneous or nomdsameous. This is de-
termined by particular ranges of nonlinear exponents aitidlidlata, denoted as follows:
(H1) () a= p>1: vy P(r) < Cai)ug *(r) with Cy() = (p—1)/(q — 1),

(i) q>p=1: —loguvg(r) < Cy(ii) ucl,’q(r) with Cq(ii) > 1/(q — 1),

(i) p=q = 1: ciuo(r) < vo(r) < coug(r) with cq, ¢, > 0,

(H2) 0< p<q <1 v P(r) < Coug %r) with 0 < C, < (p—1)/(q - 1),

(H3) 0< p<1<gq: vy °(r) < Caus %(r) with C3 >0,

(H4) ug 2@ (ugr) + (N = 2)/r)up(r)) = covg P25 () + (N = 1)/r)vp(r)
with /P/ /4 < Co < (p+ 1)/(+/Ca(d + 1)),

for r € [0, 1], whereC, is one of the constants in the assumptions (H1)—(H3).

In this paper, we extend the problem (1.1)—(1.4) in [7] tohieigdimensional space
and study the asymptotic profile of quenching for radial 8ohs. In comparison with
the one dimensional case, some additional terms need tokba tare of while a ver-
ity of auxiliary functions are constructed by the maximunmpiple. We consider radial
solutions in a ball and we will propose a criterion to identfimultaneous and non-
simultaneous quenching for (1.3) under some assumptiors, tteen establish asymp-
totic estimates of quenching with different conditionsaety the asymptotic profile
near the quenching point. We will show that = 1} is the only quenching point and
that the three kinds of simultaneous quenching profiles @alibriefly described in the
following conclusions:
1ou(r, T) ~@=r)P P yr, T) ~ (L =r)@/PID if pg>1orpq<1l,;

2. u(r, T),vr, T)~@A-r)2if p=q=1;
3. u{r, T) ~ Jlog(1—r)|7YE@=D y(r, T) ~ (1 —=r)|log(L—r)|¥C@D if g > p=1,
for r close to 1.

If quenching is non-simultaneous and, for instancés the quenching component,
thenv(r, T) ~ (1 —r) for r close to 1.

For simultaneous and non-simultaneous quenching casesguénching rates of
radial solutions are very similar to those in the one dimamaii case (see [14]), which
will be described in Remarks 3.1 and 4.2 below.

REMARK 1.1. It's interesting that an open problem is left on whetiher quench-
ing profile and rate are unique without the assumption on tiitéali data so that the
solution is monotonically decreasing bothtirandr. Also, the quenching behavior of
non-radial solutions in higher dimensional space is spigm. They will be the subjects
of future research.

The paper is organized as follows. We begin with a theoremrate flime quench-
ing and quenching sets in Section 2 together with two basiurias as preliminaries of
the paper, and then, in Section 3, we propose the criteriadetatify the simultaneous
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and non-simultaneous quenching. As the main results of #perp the three kinds of
simultaneous quenching behaviors will be proved in Secdion
Throughout this papeiC and c denote different positive constants.

2. Finite time quenching and preliminaries

Let (u, v) be a solution of (1.3) with G< ug < M, 0 < vg < K on [0, 1]. Then
O<u=<M,0<v=K forallt in the existence interval ande [0, 1].
At first, we consider the following quenching theorem.

Theorem 2.1. Assume pq > 0. Then every solutiofu, v) of (1.3) quenches in
finite time with the only quenching point=£ 1.

Proof.  Sinceug, vy < 0, we know thatu,,v; < 0 by the maximum principle. Thus,

rre‘r[1(;’rh u(r, t) = u(l,t), rre‘r[10|’r1] o(r,t) = v(1,t), te[0,T).

For F(t) = folr’\“lu(r, t)dr and G(t) = 01rN—1v(r, t)dr, we have
1 1
F'(t) :/ rN=Iu(r, t) dr :/ rNtuy 4+ (N = 2)rN=2y,) dr
0 0
=u(L,t) = —v P, t) < —KP,
1 1
G'(t) =/ rN"Ly(r, t) dr =/ (rN oy + (N =2DrN-2y)dr
0 0
= (1,t) =—-u91,t) < -M9,
and so
_ M _ _ K _
F(t) < F(0O)—tK™P < N_tK P, Gt)<G0)—tM™9 < N—IM q,

On the other hand,

Ft) = /erlu(r, t)dr > U(l,t)/erldr = “(tt),
0 0
G(t) = /Oerlv(r,t)dr > (1, t)[oerl dr — v(lN, H

Then we have
u(,t) <M —=NtK P, »(@,t) <K -NtM 9,

which means that there exists > 0 such that lirp,t- min{u(1,t), v(1,t)} = 0.
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To show thatr = 1 is the unique quenching point, it suffices to prove that the
qguenching cannot occur at any inner poigte (1/2, 1). Define

2
he, t)=ur(r,t)+%(r —%) |

wheree > 0. Sinceu(r, T/2) < 0 for r € (0, 1], there existseg > 0 such that
ur(r, T/2) < —gg < 0 forr € [1/4, 1]. If we takee < 32K Pgy/9, thenh(r, T/2) < 0,
r € [1/4, 1]. We have

N—-1 N-1
ht_hrr_ r hr+ r2 h

e e(N=1) 1\ &(N-1) 1)\?
= ——r == )+ ——=|r -~
KP rKp 4 2r2K P 4

I P ek YRR AR B V8 1\?
S KP r 4 2r2 4

_ £ > N-1
= 2r2Kp((N—i—l)r 16)

<0

for (r,t) € (1/4, 1)x (T /2, T). And

9

1 1
= = = < = —p P <
h(4,t) ur(4,t) <0, h(1,t) v P(L,t) + 30KP = 0

for t € (T/2,T). By the maximum principleh < 0 in (1/4, 1) x (T /2, T), which

re 2Kp 4 - ' ' 4, 27 '

Integrating with respect to, we obtain
el-r)[(9 3 1 1)\2
> J— — — = — =
u(r, t) > u(d,t) + oKP (16+4(r 4)+(r 4))

> u(1,t) + % (rt)e (% 1) x (g T).

Hence, for anyrg € (1/2, 1),

3e(1—rp)

imi >
I|tn_1)%r]f u(ro, t) > 30K P

> 0.

Similarly, we have also limipf,t- v(ro, t) > 0.
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We have shown that quenching cannot occur in the interiorOpfLY. The proof
is complete. L]

Next, we introduce two basic lemmas as preliminaries.

Lemma 2.1. Let (u, v) be a solution to(1.3) with assumptiongH1)—(H3).
@i Ifg=p=>0,q,p#1, then there exists a positive constant C such that

(2.1) vIP(r, t) < cut(r, t), (r,t) €[0, 1] x [0, T),

where C can be one of the constants in the assump(idag-(i)—(H3).
(i) If g > p =1, then there exists a positive constant=CC,(ii) such that

(2.2) —logu(r,t) < Cu™%*1(r,t), (., t)]0,1]x]0, T).
(i) fg=p=1,then u~v fort closeto T.
Proof. (i) Forg> p> 0 with p,q # 1, setd(r,t) = v~P—Cu'9(r,t). We know

N —

1
Dy — O — @ — (pv~tor + qutun) @ + (1 — putv Ty @

=C(p—qp u %y <0
in (0, 1)x (0, T), and moreover
P (L t)=((p-D-Ca-u(L th "1, t)<0, te(0,T)

for each of (H1)—(H3)g, p # 1. The facts®,(0,t) =0 fort € (0, T) and &(r, 0) =
vé_p(r) — Cué_q(r) <0 forr € [0, 1] are obviously true under the assumptions of the
lemma. By the maximum principlep(r,t) <0, i.e.,v}P(r,t) < Cul~9(r,t) for (r,t) €
[0, 1] x [0, T).

(i) For the case off > p =1, let ¥(r, t) = —(logv + Cu9*1)(r, t). By taking
C large enough, we get

N —
Wy — Wy —

1
W — (v + qutu) ¥
=(CQA-qu 4 qutvtuy <0
for (0,1)x (0, T), and

¥, (0,t) =0, ¥ (1,t)=(C(1—q)+u %L t)v"(1,t)<0, te(0,T),
W(r, 0) = —(log vo(r) + Cuy**'(r)) <0, r €0, 1.
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It follows by the maximum principle that
w(r,t) = —(logv + Cu 9, t) <0, (,t)e[0,1]x]0, T).
(i) Forg=p=1,letw=v—cu Thenwi — wy — (N —Lw,/r =0 in
(0,1)x (0, T). wr(0,t) =0 andwy(1,t) + w(1,t)/(vu) = 0. Therefore, we can show

by the maximum principle thatt ~ v.
The lemma is proved. ]

Lemma 2.2. If (H4) and one of(H1)—(H3) hold, then
(2.3) u@FD2(1 tyu(r, t) > cou P2, t)u(r, t)
for (r,t) € [0, 1] x (O, T) and the positive constantdn (H4).
Proof. Set
J(r, t) = u 9201 t)ue(r, t) — couPHY2(L, t)ue(r, 1).

Sinceu, v > 0, U, v <0, we have on the parabolic boundary that

3(r, 0) = ug<q+1>/2(1)(ug(r) LN 1ua(r))

v
N-1
r

_ %vg(“”/z(l)(vé(f) + ug(r)) >0, re]o,1],

‘JI’ (01 t) = ui(q+1)/2(11 t)(ul' (01 t))t - COvi(ijl)/z(li t)(vl' (01 t))t = 01 te (Ov T),
J(1,t) 4+ coquPH2(1, t)u=O+D/2(1, 1) 3(, t)
= (p— cZq)u=@+D/2y=P=(1 1) 3(1, t)u(1,t) =0, te (0, T)

sincep < c3p. Moreover, by Lemma 2.1 (i), we have with < (p+1)/(+/C4(q+1)) that

3

N-1 1
=y — n CO(q; JU@-D72(1, 1=+ D2(, tyuy(1,1)3(r, 1)

+ u™i(d, Du(r, 1) (1, 1)

a+l
2
= 2P+ DL ) — cofd + DU DAL, D)L (L, O, 1)
>0
for (r,t) € (0, 1)x (0, T). By the maximum principle (see, e.g., Lemma 2.1 of [3]),

J(r, t) > 0, or equivalently,u=@+Y/2(1, t)u(r, t) > cou™PH/2(1, t)u(r, t) for (r,t) €
[0, 1] x (O, T). This completes the proof. O
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3. Simultaneous and non-simultaneous quenching

In this section, we will prove a criterion to identify the siftaneous and non-
simultaneous quenching, which is given as the followingtke.

Theorem 3.1. Let (u, v) be a solution of(1.3) with quenching time T.
(i) If p,g=> 1, then simultaneous quenching will occur for any positivaiahidata
satisfying(H1) and (H4). If 0 < p < 1 < g with (H3) and (H4) hold, then the quench-
ing is non-simultaneous.
(i) If 0< p,q <1, then for any positive ¢(r) there existsvp(r) such that(H2) and
(H4) hold, and the quenching is non-simultaneous.
(i) In the case of non-simultaneous quenchifigr instance if v is the quenching
componentthenv(r, T) ~ (1 —r) for r close tol.

We needs three lemmas to prove the three parts of the theoespectively.

Lemma 3.1. Assume that the quenching is non-simultaneous &rdinstance v
is the quenching component with quenching time T. ThenT) ~ (1 —r) for 0 <
1-r«1.

Proof. Notice that lim.t-v(1,t) = 0 and O0< ¢ < u(1,t) < M for 0 <
1-r <1 Set
(1) = v (r, t) + o(r)u ™,
whereg, ¢, 9" >0, p(0) =0, p(1) = 1, ¢'(1) = 0, p(r) < —ud(r)vy(r). It is easy to
see thatJ(r, 0) <0, J(0,t) = J(1,t) =0, and

N-—-1 N—-1
I-de -3+ —

N-—1 . o s N-1
= —eu T = ¢"u T+ 209wy — a(q + Dpu Puf - ——¢/u

J

-1

N—-1 N
= <puqz(r—2u2 —q(q + l)urz) —¢"u "+ 29¢'u Yty — 'u
<0

for (r,t) € (0,1)x(0,T). By the maximum principleJ(r,t) <0 for (r,t) € [0,1] %[0, T).
By ¢'(r) > 0, we know that there exists©1—r; < 1 such thatp(r) > ¢ > 0 for any
r efr;,1]. By O<c<u(l,t) <M, we have—v, > cu ¥ > C. Integrating the above
inequality fromr to 1, we obtain

v(r,t)>C(1—r)

forr e(ry,1], 0<T -t < 1.
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On the other hand, sei(r, t) = v (r, t) + CU?, where 0< 8 <1 andC is large
enough. Then

N-1 N-1 N—-1 g
\J[_\]rr_ r \]r+ r2 U >O

— B—2,,2
J=-CB(B—1u"“u-+C 2 >

for (r,t) € (0,1)x(0,T). And J(O,t) = Cuf(O,r) >0, J(1,t) = —u=9(L,t)+Cuf(1,t) >0
whereC is large enough and @ ¢ < u(1,t) < M. By the maximum principleJ(r,t) >
0, that is

—y <CU <C.

Integrating this inequality fromm to 1, we getfor O< T -t < 1, 0<1-r « 1,
v(r,t) <C(1—r).

Lett — T and the proof is complete. [l

Lemma 3.2. The quenching ir{1.3) is simultaneous under the assumptiqihkl)
and (H4), and is non-simultaneous ifH3) and (H4) are satisfied.

Lemma 3.3. Assume thatH2) and (H4) hold. Then for any initial data ¢ there
exists an open sdin the C? topology of initial data vo such thatv quenches while u
keeps strictly positive.

The proofs of Lemmas 3.2 and 3.3 are similar to the ones of Lasn&?2 and 3.3
in [14]. Here we omit them.
Theorem 3.1 follows from Lemmas 3.1-3.3 directly.

REMARK 3.1. We note that, in the case of non-simultaneous case, uld etso
get the quenching rate. For instancepifis the quenching component, thell,t) ~
(T —t)Y/(®P+1). The conclusion is similar to the one dimensional case tfaat heen
proved in [14].

4. Simultaneous quenching profiles

Now we deal with the more interesting simultaneous quengipirofiles. Consider
the case off > p > 1 at first.

Theorem 4.1. Let (H4) with either (H1) or (H2) hold, (u, v) be the solution of
(1.3) with quenching time T. Then

u(r, T) ~ (1 —r)A=P/A=Pad -y Ty~ (1 —r)A/A-Pd g 11 <« 1.
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We will prove the upper and lower bounds for the quenchindilpofor u and v
by a chain of lemmas.

Lemma 4.1. Let (H1) and (H4) hold, (u,v) be the solution of(1.3) with quench-
ing time T. Then there exists a positive constant C such that

u(r, t) > C(1 —r)d-a/@-pa)
for0<T—-t«1 0<1l-r<«L

Proof. Set
J(r,t) = v (r, t) + o(r)u™,

where ¢, ¢/, ¢ > 0, ¢(0) =0, (1) =1, ¢'(1) > 0, ¢(r) < —v(')’(r)u()(r). By the
Lemma 3.1 and Lemma 2.1 (i), we have

_vr Z Cufq Z Cqu(lfp)/(l*Q),

or equivalently
AP/, > ¢

Integrating the above equality fromto 1, we can get
v(r,t) > c(1—r)dVEPd g1 -r <1 0<T—-t<1. O

Lemma 4.2. Let (H1) and (H4) hold, (u,v) be the solution of(1.3) with quench-
ing time T. Then there exists a positive constant C such that

u(r, t) < C(1—r)d-p/a-pa
for0<T—-t<«10<1-r<«1l

Proof. Set
J@r,t) = (1 —r)%u(r,t) + CuP,

where O<a <1,0< B8 <land (I-a)/(1—8) =(1- p)/(1— pg). We have

N—-1_ N-1
h=dr - ——d+— J—20(l—r)"g

= —a(e —1)(L-r)*"%u — CA(B — Lf~2u? + C Nr

N-—-1
—u’ +a . (1—r)* 1ty

+ 20%(1 —r)*2u; — 2CapuP1 (1 — 1)y,
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N-1
r

—2CepuP Y1 —r)u, +C

(@ —-r)*"tu —CB(B — Luf2u?
N-1
(2

=a(l-r)"2y, ((a +1)+ Nr—_l(l —r)—2CBuf 1 - r)l"‘)

=ale+1)(1-r)%u +a

uﬂ

N—-1
— CoB(B — 1P 22 + Cr—zu"’
>0
forr € (0,1), 0< T -t <1 andC large enough. It easy to see tha(0,t) =
Cu?(0,t) > 0, J(1,t) = CuP(1,t) > 0. By the maximum principle J(r, t) > O for
0<1-r«1,0<T-tk1 Thatis
(1 —r)uc(r,t) + Cu* >0,

equivalently
—uPu <Cc(l-r).

Integrating the above equality fromto 1, we get
ur, t) < C(A —r)do/@-A = c(1 — r)&-P/(=pPa)
for0<T-t1«10<1-r<<1. ]

Lemma 4.3. Let (H1) and (H4) hold, (u,v) be the solution of(1.3) with quench-
ing time T. Then there exists a positive constant C such that

u(r, t) < C(1—r)d-9/-pa
for0<T-t«1 0<1l-r<«1lL

Proof. Set
J(r,t) = (A —r)v(r, t) + Cv?,

where O<y <1,0<i<1and (1-1)/(1—y)=(1-q)/(1— pqg). Similarly to the
proof of Lemma 4.2, we can get

o(r, t) < C(L— )&M) — ¢(1 — r)d-9/A-p9

for0<T-t«1, 0<1-r 1. O
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Lemma 4.4. Let (H1) and (H4) hold, (u,v) be the solution of(1.3) with quench-
ing time T. Then there exists a positive constant ¢ such that

u(r, t) > c(1 —r)&=P/d-pa)
for0<T-1<1,0<1l-r<1L

Proof. Set
J(r, t) = u(r, t) + o(r)v=P,
whereg, ¢/, ¢" >0, p(0) =0, p(1) =1, ¢'(1) = 0, (r) < —vf(r)uy(r). It is easy to
see thatJ(r, 0) <0, J(0,t) = J(1,t) =0, and
N-1 N—-1

e
N-—1 N -1
= =5 wv TP —¢"v" + 2pg v P — p(p + Dpu PP - —— g
N -1 N -1
= vaz(—rz v’ — p(p + 1)vr2) —¢"v P+ 2pp'v Pty — ¢'vP
<0

for (r,t) € (0,1)x(0,T). By the maximum principleJ(r,t) <0 for (r,t) € [0,1] %[O, T).
By ¢'(r) > 0, we know that there exists©1—r; < 1 such thaip(r) > ¢ > 0 for any
r € (r1, 1. Then we have

—ur(r, t) = @(r)v P > ¢(1 —r) PA-9/U=pa)

equivalently where we use the conclusion of Lemma 4.3. hatarg the above equality
fromr to 1, we can obtain(r,t) > c(1—r)3-P/@-P9 forr € (r,1], 0< T—t < 1. [

REMARK 4.1. We obtain the quenching profiles for (H1) €1p < q) by letting
t — T and combining Lemmas 4.1-4.4. The subcase of (H2x(p < q < 1) can
be treated by a similar way. The main difference between W dubcases is that,
by Theorem 3.1, the quenching should be assumed simultarfeoithe second case,
while the quenching in the first case is always simultaneous.

Theorem 4.1 is proved by Lemmas 4.1-4.4 and Remark 4.1.
Finally, we consider the simultaneous quenching profilgstlie other cases.

Theorem 4.2. Let (u, v) be the solution of(1.3) with quenching time T. For
0<1-r«1,
(1) If p=qg =1, the simultaneous quenching profile is

ur, T) ~ @ =0)¥2 @, T) ~ (1 —r)Y2
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(2) If p=1<q, the simultaneous quenching profile is
u(r, T) ~ Jlog(L—r)|~¥@D " u(r, T) ~ (1 —r)|log(1—r)|¥/@D,
Proof. (1) Forp=q =1, by using Lemma 4.1 witlqg = 1 and noticingu ~ v,
we can obtainu(r, t) > C(1—r)Y?, andu(r, t) < C(1—r)Y? from Lemma 4.3 where
r=5/8,y =1/4. Thus,u(r,t) ~v(r,t) ~(L-r)"2for0<T—-t <1, 0<1—r <« 1.

(2) Now we consider the case gf> p = 1. We know from the Lemma 2.1 (ii)
that — log v(r, t) < cu™9*(r, t), that is

v(x, t) = e O 1) e [0, 1] x [0, T).
To get the upper bound of the(r, t), set
J(r,t) = v (r, t) — Clog(1—r)v¥a(r, t).
It easy to see thad(0,t) = 0 andC is large to makeJ(1,t) > 0. We have
N-—-1 N-—-1

3= e ———% + 53

r2
Cr/1
Va1, 4 a(a - ) log(1—r)vY9=2y?

__C

- (1-r)2 ql-r)
_C(IN-1) 44 C(IN-1)
r(t—r) r2

log(1—r)v?

2C pYa-1y, 1/q-2,.2
— | 1— /q
= q(1—r) og(l—r)v Vf
C o 1 N N-1
+ 1—r)log(l-
1—r (1—r r2 (1=r)log( r))

>0

for C large enough and(t) € (r;,1)x(0,T), where O< 1—r; <« 1. By the maximum
principle, J(r, t) > 0 for (r,t) € (r1, 1] x [0, T). Then we have

—v Y9y, < —Clog(1—r).
Integrating the inequality fromn to 1, we get
vIYa(r, t) < —C(1 —r) log(1—r),
or equivalently

u(r, t) < C(1—r)¥@ Djlog(1—r)|¥E@ D < C(1—-r)|log(l —r)|%/@D
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for0<T-t«1 0<1-r<«1
By —logu(r, t) < cu 9*1(r, t), we haveul-9(r,t) > —logu(r, t). Using the above
upper bound ofv(r, t), we obtain

ul=9(r, t) > —log v(r, t) > —C log((1— r)[log(1 — r)|%@-D)

Cq

=—Clog(l-r)— a1

log(log(1—r)|)
> —Clog(L—r)
for (r,t) € (0, 1)x (0, T). Then
u(r, t) < Cllog(1—r)|~v/@-b

for0<T—-t«1 0<1-r«1.
To get the lower bound of the(r, t), we setJ(r,t) = v (r, t) + ru~9. Obviously,
J(0,t) = J(1,t) = 0. We have

N-—-1 N-—-1
J = — r g+ r2 J= zquiqilur - rQ(q + 1)u7q72ur2 =0

for (r,t) € (0,1)x(0,T). By the maximum principle,J(r,t) <0 for (r,t) € [0,1]x[0,T).
Then we have

—ve(r, t) > ru % > Cllog(1—r)|@D,

Integrating the inequality fromn to 1 where O< 1—r < 1,
1
o(r, t) > c/ llog(1—s)|¥@Dds,
r
Setting log(1-s) = —w, we get

o0
o(r, t) > C/ wd@De=v gy,
—log(1-r)

It is known that the incomplete Gamma functidi{a, z) = fz°° w e dw satisfies
I'(a, 2) ~ 22%e7? for z— oo. For the incomplete Gamma functidi(a, — log(1—r))
with a— 1 =q/(qg — 1), we obtain

v(r,t) > C(1—r)|log(1— r)|t1/(q71)

ford 0<T—-t<«1 0<1l-r<«1.
As for the lower bound of the(r, t), we set

Jr,t) =u (r,t) +rv L.
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It is easy to see thal(0,t) = J(1,t) = 0. And

N-1 N-1

I —Jr — p J + 2 J=2v_2vr—2rv‘3v2§0

r

for (r,t) € (0,1)x(0,T). By the maximum principleJ(r,t) <0 for (r,t) € [0,1] %[0, T).
Then we have

—u =rvt>Cc@-r)Ylogl- I’)|’Q/(q*1)
for0<T—-t<«1 0<1-r <1 Integrating the above inequality fromto 1, we
can get

u(r, t) > Cllog(1—r)|~¥@-D

for0<T—-t<«1 0<1-r «1. Lett — T and the proof is complete. [l

REMARK 4.2. For the simultaneous quenching case, we note{that 1} is the
only quenching point. Moreover, by virtue of Lemma 2.1, weoatould get three
kinds of simultaneous quenching rates described brieflyhasfdllowing conclusions,
which are very similar to those in the one dimensional case (44]),

u@, t) ~ (T —t)¥2, v@,t)~(T—-t)?? for p,gq>1 or p,q<1
u(L, t) ~ (T =t)"4, o(@,t)y~(T -t)¥* for p=q=1
u(l,t) ~ [log(T — )Y@, y(1,t) ~ (T —t)|log(T —t)|¥@D for 1=p<aq,

wherea = (p—1)/(pq—1), 8 = (4 —1)/(pg—1).
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