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Abstract 
We study the baryon and tetraquark currents systematically in the flavor, color and 
Lorentz spaces. The tetraquark currents are also studied in both the diquark-antidiquark 
(qq)(qq) construction and meson-meson (qq)(qq) construction, which are proved to be 
equivalent. By using these currents, we perform the QCD sum rule analyses, and study 
light scalar mesons (0"(600), ,.,;(800), ao(980) and 10(980)) with quantum numbers J Pc = 
0++, Y(2175) with J Pc = 1--, 1fl(1400), 1fl(1600) and 1fl(2000) with JGJPc = 1-1-+. 
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Preface 

The theory of the strong interactions, Quantum Chromodynamics (QCD), originated 
from the systematics of hadron spectroscopy. The spectroscopy contains meson and 
baryon states, many of which are well classified by the quark model with quark contents . 
qij and qqq. Besides the quark model, QCD allows much richer hadron spectrum such 
as multiquark states, hadron molecules, hybrid states, and glueballs etc. However the 
spectrum of QCD seem to saturate at qij and qqq. Therefore, we call these spectrum 
beyond qij and qqq exotic hadrons ( exotica) . 

Exotica have been studied more than thirties years. R. L. Jaffe wrote two famous 
papers about scalar tetraquark states in 1976 [93,94], whose structure is still not clear 
yet. In 2003, the pentaquark 8+ was observed in several experiments, but then several 
experiments denied its existence. After five years of intense study, the status of 8+ is 
still controversial [137]. There are many other exotic candidates, such as 7[1(1400) [10], 
DsJ(2317) [18], X(3872) [45], and Y(4260) [19], etc. Their properties are difficult to be 
explained by the conventional picture of qij and qqq. 

In order to study these exotica, lots of methods have been used. Although we have 
known a lot about QCD, but still there are many important and essential dynamical 
aspects that we need to clarify. As a doctor student in RCNP, Osaka University, I spent 
my latest three years on the study of QCD. I hope I contributed, although the time is 
not long, and my contribution is rather restricted. Now I am trying to graduate and 
changing my career in the research, and I am required to write this doctor thesis. 

The method we used in this thesis is the QCD sum rule, which has proven to be 
a powerful and successful non-perturbative method for the past decades [155,160]. An 
introduce of QCD sum rule is written in Chapter 1, which contains the SVZ sum rule, 
and the finite energy sum rule. 

This thesis is separated into two parts. In the first part, we classify the interpolating 
fields (currents) for hadrons in QCD, which are used in the QCD sum rule analysis in the 
second part. QCD currents can contain quark fields, antiquark fields and gluon fields. 
The quark and antiquark fields are Dirac spinors, and so currents can also be spinors, 
such as baryon current 
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2 CHAPTER o. PREFACE 

Currents can also be scalars other than matrices, such as the meson current 

The notations and conventions we used are written in Chapter 1, where we construct 
meson currents (qq), diquark currents (qq) and antidiquark currents (qq). In Chapters 2 
and 3, we construct baryon currents and tetraquark currents, respectively. Chapter 4 is 
the discussion of color structure of multiquark currents. 

After classifying current in the first part, we can start to perform the QCD sum rule 
analysis, which is the second part of this thesis. We have three important criteria: 

1. Convergence of Operator Product Expansion (OPE), 

2. Positivity of spectral density, 

3. Sufficient amount of pole contribution. 

We take udss currents as an example and show our QCD sum rule analysis in Chapter 5. 
This procedure will be used in the following chapters: in Chapter 6, we study light scalar 
mesons; in Chapter 7, we study Y(2175) as a tetraquark states; in Chapter 8, we study 
1fl(1400), 1fl(1600) and 1fl(2015). In Chapter 9, the QCD sum rule is used to study the 
bottom baryons which contain heavy quarks. 

Above I just gave a short introduction to my thesis. In my three years' research, I 
learned much and had a great deal of fun. I hope the readers would enjoy my thesis. 









6 CHAPTER 1. INTRODUCTION 

1.2 Two-point Correlation Function 

In both the Lattice QCD and the QCD sum rule we need to study the two-point corre­
lation function: 

II(x) = (nIT4>(x)4>(O)ln) , (1.4) 

where In) denotes the ground state, and T is the time-ordering operator. Correlation 
functions contain information about the distribution of points or events, or things across 
some spacetime. It is used in in astronomy, financial analysis, quantum field theory and 
statistical mechanics, etc. In the quantum field theory the two-point correlation function 
can be interpreted as the amplitude for the particle propagation or particle excitation. 

In lattice QCD spacetime is represented not as continuous but as a crystalline lattice, 
vertices connected by lines. Therefore, we use following correlation function: 

II(L) = (nIT4>(L)4>(O) In) , (1.5) 

whereL is not discrete rather than continuous, and we work in the region L -7 Large. 
While in the QCD sum rule we use the dispersion relation: 

2 (q2)N 100 ImII(s) N-l 2 n 
II (q ) = - ds N ( 2· ) + L (q ) an, 

7f 0 S S - q - 'lE n=O 
(1.6) 

which is derived from the integration shown in Fig. 1.1. Here we need to work in the 
region _Q2 -7 00. In this region, we can use a method called operator product expansion 
to calculate the two-point correlation function. 

1.3 OPE 

The method of operator product expansion is useful not only in QCD, but also in the more 
general quantum field theory. Its basic idea is to replace a product of several operators 
with a single effective vertex, which was first studied by Kenneth G. Wilson [176]. 

First we assume that there are two operators Ol(X) and O2 (0), with a small distance 
x. As an example, we choose 

(1.7) 

whose product is just the weak interaction vertex. By studying this product, we can 
study the renormalization of the weak interaction in QCD. 

In order to study this product, we define the following Green's function: 

(1.8) 
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Figure 1.1: Contour of integration involved in the QCD sum rule. 

where 'TJi(Yi) are the fields located much farther away, and so irrelevant with the calculation 
of the product of 0 1 and O2 . We assume x ----+ 0, and so the effect of this product can be 
described as the effect of a local operator placed at O. It is natural to assume that there 
is a standard basis of operators, and so the local operator coming from the product is 
just a linear combination of these basic operators: 

(1.9) 
n 

where 0 12 (x) are the coefficients depending on the small distance x. The Green function 
G(x; Yl,· .. ,Ym) can be then expanded: 

(1.10) 
n 

To calculate the product of 01(X) and O2 (0), we need to calculate the QeD corrections 
to the strength of the non-Ieptonic weak interaction vertex. We just show the final result 
here: 

[010 2l1M (1.11) 

,Jl + a11 ,Jol + a12,Ji , 
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2. diquark current, which contains two quark fields. 

We will just study the local fields which do not contain derivatives, while those containing 
derivatives couple to excited states, which are beyond our studies. The properties of the 
currents corresponding to these objects can be easily obtained, and so we will just show 
the results. In the following chapters, we will use these simple objects to construct 
currents for the baryon and tetraquark which are more complicated. 

1.5 Meson 

In this section, we study interpolating fields which contain one quark and one antiquark. 
They couple to meson states, such as Jr, p, etc. Due to the confinement nature of QeD, 
there is only one choice for its color structure: 

The flavor can be either octet (ilA>.IJ.BqB) or singlet (iJAqA). In the following, we will just 
keep iJAqB, then the flavor octet and singlet can be constructed by adding >'IJ.B and 6AB, 
respectively. The Lorentz structure can be differentiated by using 'Y-matrices, and we 
can construct five different interpolating fields: 

1. Scalar: 

S = ifA(x)qB(x) . (1.30) 

It has quantum numbers JP = 0+. 

2. Vector: 

(1.31) 

It has spin J = 1 and parity P = (-l)Jl, where (-l)Jl = 1 for f-l = 0, and (-l)Jl = -1 
for f-l = 1,2,3. For simplicity, we write it as JP = 1-. 

3. Tensor: 

(1.32) 

It has quantum numbers JP = 1 ±, and can be separated into two parts: TOi and 
Iij. TOi has quantum numbers JP = 1- and Iij has quantum numbers JP = 1+. 

4. Axial-Vector: 

AJl = ifA(XhJl'Y5qB(X) . (1.33) 

It has quantum numbers JP = 1+. 
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Table 1.1: Diquark Properties of Single Currents. 

(qq) 83 V3 T6 A6 Ps 86 V6 T3 A3 P6 
Flavor (f) 3 3 3 3 3 6 6 6 6 6 
Color (c) 3 3 6 6 3 6 6 3 6 3 
Spin (8) 0 0 (0, 1) 1 1 0 0 (0, 1) 1 1 

Orbit angular momentum (L) 0 1 (1, 0) 0 1 0 1 (1, 0) 0 1 
Total Spin (J = 8 + L) 0 1 1 1 0 0 1 1 1 0 



Chapter 2 

Baryon Fields 

In this chapter, we perform a complete classification of baryon fields written as local 
products (without derivatives) of three quarks according to the chiral symmetry group 
SU(3)L 0 SU(3)R. The case of flavor SU(2) has been studied in the reference [136]. 
These baryon fields have been studied long time ago, and are used as interpolators for 
the study of two-point correlation functions in the QCD sum rule approach and in the 
lattice QCD [38,48,51,65,65,88,103,120,122,180]. Although the chiral structure of an 
interpolator does not directly reflect that of the physical state when chiral symmetry is 
spontaneously broken, the minimal configuration of three quarks provides at least a guide 
to the simplest expectations for baryons. 

We first establish a classification under the ordinary (vector) flavor SU(3) symme­
try, and then investigate the properties under the full chiral symmetry group SU(3)L ® 
SU(3)R. Here, we want to study chiral symmetry together with the flavor symmetry, the 
reason is that there are situations when it makes sense to consider algebraic aspects of 
chiral symmetry, i.e. the chiral multiplets of hadrons, as pointed out by Weinberg [173], 
and studied in many other references [79,103,118,119]. We can also use the chiral rep­
resentation as a theoretical probe for the internal structure of hadrons. For instance, for 
a qq spin-one meson, the possible chiral representations are (8,1) and (3,3) and their 
left-right conjugates for flavor octet mesons. As a matter of fact, for the multiquark 
hadrons, the allowed chiral representations can be more complicated/higher dimensional 
with increasing number of quarks and antiquarks. Hence the study of chiral representa­
tions may provide some hints to the structure of hadrons, extending possibly beyond the 
minimal constituent picture [27,28,55,77,101,102]. 

We first establish a classification under the ordinary (vector) flavor SU(3) symmetry, 
and then investigate the properties under the full chiral symmetry group. The method 
is based essentially on the tensor method for the SU(3) group representations, while the 
Fierz method for the Pauli principle associated with the structure in the color, flavor and 
Lorentz (spin) spaces is utilized when establishing the independent fields. It turns out 
that for local three-quark fields, the Pauli principle puts a constraint on the structure of 
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16 CHAPTER 2. BARYON FIELDS 

the Lorentz and chiral representations. This leads essentially to the same permutation 
symmetry structures as in the case of flavor SU(2) symmetry, with the one important 
difference being the existence of flavor singlets in the present case: 

2.1 Flavor Symmetries of Three-Quark Baryon 
Fields 

Local fields for baryons consisting of three quarks can be generally written as 

(2.1) 

where a, b, c denote the color and A, B, C the flavor indices, C = i"(2'YO is the charge­
conjugation operator, qA(X) = (u(x), d(x), s(x)) is the flavor triplet quark field at 
location x, and the superscript T represents the transpose of the Dirac indices only (the 
flavor and color SU(3) indices are not transposed). The antisymmetric tensor in color 
space Eabc, ensures the baryons' being color singlets. For local fields, the space-time 
coordinate x does nothing with our studies, and we shall omit it. The matrices r 1,2 are 
Dirac matrices which describe the Lorentz structure. With a suitable choice of r 1,2 and 
taking a combination of indices of A, Band C, the baryon operators are defined so that 
they form an irreducible representation of the Lorentz and flavor groups, as we shall show 
in this section. 

We employ the tensor formalism for flavor SU(3) a la Okubo [78,129,145,146,158] 
for the quark field q, although the explicit expressions in terms of up, down and strange 
quarks are usually employed in lattice QCD and QCD sum rule studies. We shall see 
that the tensor formulation simplifies the classification of baryons into flavor multiplets 
and leads to a straightforward, but lengthy derivation of the Fierz identities and the 
chiral transformations of baryon operators. This is in contrast to the Nf = 2 case where 
we explicitly included isospin/flavour into the r 1,2 matrices and thus produced isospin 
invariant/covariant objects [136]. 

2.1.1 Flavor SU(3)J decomposition for baryons 

For the sake of notational completeness, we start with some definitions. The quarks of 
flavor SU(3) form either the contra-variant (3) or the covariant (3) fundamental repre­
sentations. They are distinguished by either upper or lower index as 

(2.2) 

(u*, d*, s*). 
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But in this case, we can show that there is only one non-vanishing field llJ.Lv: 

where 

(2.36) 

2.2 Chiral Transformations 

In this section, we establish the chiral transformation properties of the baryon fields which 
we have obtained in the previous section. Technically, this leads to somewhat complicated 
algebraic results. However, the final result will be understood by making the left- and 
right-handed decomposition, which we shall perform in the next section. 

Let us start with the chiral transformation properties of quarks which are given by 
the following equations: 

U(l)y 
).0 

q -7 exp(i
2

ao)q = q + 5q, 

SU(3)y X -
q -7 exp ( i"2 . a) q = q + 5a q , (2.37) 

).0 
q -7 exp(i'Y52bo)q = q + 55q, 

where ).0 = .J2l3 1, X are the eight Gell-Mann matrices and 1 is a 3 x 3 unit matrix. 
Here aO is an infinitesimal parameter for the U(l)v transformation, athe octet of SU(3)v 
group parameters, bO an infinitesimal parameter for the U(1)A transformation, and b the 
octet of the chiral transformations. 

The U(l)v chiral transformation is trivial which picks up a phase factor proportional 
to the baryon number. The U(l)A chiral transformation is slightly less trivial, and the 
baryon fields are transformed as 
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3.1. UDSS CURRENTS OF JP = 0+ 

27f (6f ®6f ) 

ddSS udSS uuss 

usii'ii 

ssuu ssiid ssdd 

51 

Figure 3.1: 8U(3) weight diagram for 27, where the locations of three tetraquark com­
ponents of 8 = 2 and I = 1 are shown. 

where subscripts 1 and 8 denote color singlet and octet representations, respectively. 
Unlike the diquark construction, all the ten currents in Eq. (3.9) remain finite. However, 
it is possible to show only five of them (in fact any five of them) are independent. The 
quark-antiquark pairs in different currents have different properties: 

81 : (JP = 0+,8/, Ie), 

Vi: (JP = 1-,8/,le ), 

T1 : (JP = 1+&1-,8" Ie), 

AI: (JP = 1+,8/, Ie), 

PI : (JP = 0-,8/, Ie), 

8s : (JP = 0+,8" 8e ), 

Vs: (JP = 1-,8,,8e ), 

Ts: (JP = 1+&I-,8,,8e ), 

As: (JP = 1+,8/,8e ), 

Ps: (JP = 0-,8/,8e ). 

In order to establish the five independent currents, first we change their color struc­
tures 

1 1 
(SaUb)(Sbda) = 3(SaUa)(Sbdb) + "2 (SaUb)(Sedd)AabAed , 

16 1 
(saud)(Sedb)AabAed = g(Saua)(Sbdb) - "3 (SaUb)(Sedd)AabAed . (3.10) 

Then we use the Fierz transformation [131] 

1 1 
3(SaUa)(Sbdb) + "2(Saub)(Sedd)AabAed 

(SaUb) (Sbda) (3.11) 
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1 1 
-4{(SaUa)(Sbdb) + (SarJlUa) (SbrJldb) + "2 (saaJlvua) (SbaJlVdb) 

-(SarJlr5Ua)(SbrJlr5db) + (Sar5Ua)(Sbr5db)}. 

We obtain 10 equations in all 

1 1 
-Sl + -Ss 
3 2 

16 1 
-Sl - -Ss 
9 3 
1 1 
-Vl +-118 
3 2 

16 1 
-Vl - -118 
9 3 
1 1 
3"Tl + "2Ts 

16 1 
gTl - 3"Ts 
1 1 
-Al + -As 
3 2 

16 1 
-Al - -As 
9 3 
1 1 
-H + -Ps 3 2 

16 1 
-H - -Ps 
9 3 

1 1 
- 4 {Sl + Vi + "2 Tl - Al + Pl } , 

1 1 
-4{Ss + 118 + "2Ts - As + Ps}, 

1 
-4{4Sl - 2Vl - 2Al - 4Pd, 

1 
-4{ 4Ss - 2118 - 2As - 4Pg}, 

1 
-4{12Sl - 2Tl + 12Pl } , 

1 
-4{12Ss - 2Ts + 12Ps} , 

1 
-4{ -4Sl - 2Vl - 2Al + 4Pl } , 

1 
-4{ -4Ss - 2Vs - 2As + 4Ps} , 

1 1 
-4{Sl - Vl + "2Tl + Al + Pl }, 

1 1 
--{Ss - Vs + -Ts + As + Ps} 4 2 . 

(3.12) 

Solving these linear equations, we find that there are five independent currents. In other 
words, the rank of the 10 x 10 coefficient matrix is five. Any five currents among (3.9) 
are independent and can be expressed by the other five currents. For instance, we have 
the relations as 

7 1 1 1 1 
--Sl - -Vl - -Tl + -Al - -Pl 6 2 4 2 2' 

1 
-2Sl + 3"Vl + Al + 2Pl , 

Ts 
1 

-6Sl + 3Tl - 6Pl , (3.13) 

As 
1 

2Sl + Vl + 3" Al - 2Pl , 

Ps 
1 1 1 1 7 

--Sl + -Vl - -Tl - -Al - -Pl. 
2 2 4 2 6 

Note that the color octet combinations can be expressed only in terms of color singlet 
combinations. This point will be discussed in more detail in Chapter 4. 
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27f, 8f and If; while they can also have the flavor structure 3f03f, then the tetraquark 
currents have the flavor representations 8 f and If· The flavor structures 3 f 0 6 f and 
6 f 0 3 f are not allowed as discussed in the previous section. 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 6 f and 6 f, respectively. We can 
construct five diquark-antidiquark currents: 

where the subscript is the color representation of the diquark (antidiquark) inside. These 
five currents are independent. We can also construct ten currents by using quark­
antiquark pairs: 

SI (XaAa)Cf'bBb) + (XaBa)(Y'bAb) , 

Ss (XaAabAb)(YcAcdBd) + (XaAabBb) (YcAcdAd) , 
VI (XaI'ILAa)(Y'b1'1L Bb) + (XaI'ILBa)(Ybl'lL Ab) , 

Vs (XaI'ILAabAb)(YcI'ILAcdBd) + (XaI'ILAabBb) (YcI'ILAcdAd) , 
Tl (XaO"lLlIAa)(Y'bO"lLlI Bb) + (XaO"lLlIBa) (Y'b0"1L1I Ab), 

Ts (XaO" 1L1IAabAb) (YcO"lLlI AcdBd) + (XaO" 1L1IAabBb) (YcO"lLlI AcdAd) , 

Al (XaI'IL1'5 Aa)(Y'b1'1L1'5Bb) + (XaI'IL1'5 Ba)(Y'b1'1L1'5 Ab) , 

As (XaI'IL1'5AabAb)(YcI'IL1'5AcdBd) + (XaI'IL1'5AabBb)(YcI'IL1'5AcdAd) , 

H (XaI'5 Aa)(Yb/'5 Bb) + (XaI'5 Ba)(Y'b1'5Ab) , 

Ps (XaI'5AabAb)(YcI'5AcdBd) + (XaI'5 Aab Bb) (YcI'5 AcdAd) . 

Among these ten currents, five are independent, and we can verify following relations: 

Ss 
7 1 1 1 1 

--SI - -VI - -Tl + -AI --H 
6 2 4 2 2' 

Vs 
1 

-2S1 + 3" VI + Al + 2H , 

Ts 
1 

-6S1 + 3" Tl - 6H , 

As 
1 

2S1 + VI + 3" Al - 2P1 , 
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1 1 1 1 7 
Ps = - 2" 81 + 2" VI - 4 Tl - 2" A 1 - "6 PI . 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: :3 f and 3 f, respectively. We can 
construct five diquark-antidiquark currents: 

which are independent. We can also construct ten currents by using quark-antiquark 
paIrs: 

81 

8s 

lit 
118 
Tl 

Ts 

Al 

As 

Pr 
Ps 

-

(XaAa)(YbBb) - (XaBa)(YbAb) , 

(XaAabAb)(Yc)'cdBd) - (XaAabBb) (YcAcdAd) , 

(Xa'YIlAa) (Yb'Y1l Bb) - (Xa'YIlBa)(Yb'Y1l Ab) , 

(Xa'YIlAabAb) (Yc'Y1l AcdBd) - (Xa'YIlAabBb) (Yc'Yll AcdAd) , 
(XaO"llvAa) (YbO"IlV Bb) - (XaO"llvBa) (YbO"IlV Ab), 

(XaO" IlvAabAb) (YcO"IlV AcdBd) - (XaO" IlvAabBb) (YcO"IlV AcdAd) , 

(Xa'YIl'Y5 Aa)(Yb'YIl 'Y5 Bb) - (Xa'YIl'Y5 Ba) (Yb/'Il'Y5 Ab) , 

(Xa'YIl'Y5AabAb)(Yc'YIl'Y5AcdBd) - (Xa'YIl'Y5AabBb)(Yc'YIl'Y5AcdAd) , 

(Xa'Y5 Aa)(Yb'Y5 Bb) - (Xa'Y5 Ba)(Yb'Y5Ab) , 

(Xa'Y5 AabAb) (Yc'Y5 AcdBd) - (Xa'Y5 AabBb) (Yc'Y5 AcdAd) . 
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Among these ten currents, five are independent, and we can verify following relations: 

8s 
1 1 1 1 1 

--81 + -Vi + -T1 - -A1 - -P1 
6 2 4 2 2' 

5 
281 - "3 V1 - A1 - 2P1 , 

Ts 
5 

681 - "3T1 + 6P1, 

As 
5 

-281 - V1 - "3A1 + 2P1 , 

1 1 1 1 1 
- 81 - - V1 + -T1 + - A1 - - Pt . 
2 2 4 2 6 

Ps 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

3.3 Tetraquark fields with JP = 0-

In this section, we study scalar currents of JP = 0-. The diquark and antidiquark can 
have flavor structures 6 f 0 6 f' :3 f 0 3 f' :3 f 0 6 f and 6 f 0 3 f· We will just study the first 
three of them, since the last one have the similar structure as :3 f 0 6 f· 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 6f and 6f , respectively. We can 
construct three diquark-antidiquark currents: 

'f/1 

'f/2 

'f/3 
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which are independent. We can also construct six currents by using quark-antiquark 
pairs: 

TJ4 (Xa Aa)(Yb'Y5 Bb) + (Xa'Y5 Aa)(YbBb) 

+(XaBa)(Yb'Y5Ab) + (Xa'Y5 Ba)(YbAb) , 

TJ5 (Xa'YILAa)(Yb'YIL'Y5 Bb) + (Xa'YIL'Y5 Aa)(Yb'Y1L Bb) 
+(Xa'YILBa)(Yb'YIL'Y5Ab) + (Xa'YIL'Y5 Ba)(Yb'Y1L Ab) , 

TJ6 (XaIJ ILvAa)(YbIJILV 'Y5 Bb) + (XaIJ ILvBa) (YbIJ ILV ,'Y5Ab) 

TJ7 AabAcd{(XaAb) (Yc'Y5 Bd) + (Xa'Y5 Ab)(YcBd) 
+(XaBb)("Yc'Y5Ad) + (Xa'Y5 Bb) (YcAd)} , 

TJs AabAcd{(Xa'YILAb)(Yc'YIL'Y5Bd) + (Xa'YIL'Y5 Ab)("Yc'YILBd) 

+ (Xa'YILBb) ("Yc'Y 1L'Y5 Ad) + (Xa'YIL'Y5Bb) (Ye'Y 1L Ad)}, 
TJ9 = AabAcd{(XaIJlLvAb) (YeIJILV'Y5 Bd) + (XaIJlLvBb) (YeIJ ILV'Y5 Ad)} . 

Among these six currents, three are independent, and we can verify following relations: 

TJs 

TJ9 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 3f and 3f , respectively. We can 
construct three diquark-antidiquark currents: 
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which are independent. We can also construct six currents by using quark-antiquark 
pairs: 

'r/4 (Xa Aa)(Yb/'5 Bb) + (Xa'Y5Aa) (YbBb) 

-(XaBa)(Yb'Y5Ab) - (Xa'Y5 Ba)(YbAb) , 

'r/5 (Xa'YIt Aa)(Yb'YIt'Y5Bb) + (Xa'YIt'Y5 Aa)(Yb'Y1t Bb) 
-(Xa'YItBa)(Yb'YIt'Y5Ab) - (Xa'YIt'Y5 Ba)(Yb'Y1t Ab) , 

'r/6 (XaO"ltll Aa)(YbO"It1l'Y5Bb) - (XaO"ltllBa) (YbO"It1l'Y5 Ab) , 

'r/7 AabAcd{(XaAb)(Yc'Y5Bd) + (Xa'Y5 Ab) (YcBd) 
-(XaBb)(Yc'Y5Ad) - (Xa'Y5 Bb) (YcAd)} , 

'r/s AabAcd{(Xa'YItAb)(Yc'YIt'Y5Bd) + (Xa'YIt'Y5Ab) (Yc'Y1t Bd) 
-(Xa'YItBb)(Ycf'Itf'5Ad) - (Xa'YIt'Y5Bb) (Yc'Ylt Ad)} , 

'r/g = AabAcd{(XaO" jlllAb) (YcO"ltll f'5 Bd) - (XaO" 1t1lBb) (YcO"ltll 'Y5 Ad)} . 

Among these six currents, three are independent, and we can verify following relations: 

'r/s 

'r/g 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

1 
3'r/4 + 2'r/6, 

111 
- 4'r/4 - 4'r/5 + S'r/6 , 

111 
- 4'r/4 + 4'r/5 + S'r/6 . 

In this subsection, we study the tetraquark currents where the diquark and anti-diquark 
components have a mixed flavor structure: 3f and 6f, respectively. We can construct 
two diquark-antidiquark currents: 
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which are independent. We can also construct four currents by using quark-antiquark 
pairs: 

'f}3 (XaAa)(Ybr5 Bb) - (Xar5Aa)(YbBb) 
-(XaBa)(Ybr5Ab) + (Xar5 Ba) (YbAb) , 

'f}4 (Xarl_Aa)(YbrJLr5Bb) - (XarJLr5 Aa)(Ybr JL Bb) 
-(XarJLBa)(YbrJLr5Ab) + (XarJLr5Ba)(YbrJL Ab) , 

'f}5 AabAcd{(XaAb)("Ycr5Bd) - (Xar5Ab)(YcBd) 
-(XaBb)("Ycr5Ad) + (Xar5 Bb) (YcAd)} , 

'f}6 = AabAcd{(XarJLAb)(YcrJLr5Bd) - (XarJLr5Ab) ("YcrJL Bd) 
-(XarJLBb)("YcrJLr5Ad) + (XarJLr5Bb) ("YcrJL Ad)}. 

Among these four currents, two are independent, and we can verify following relations: 

'f}5 

'f}6 

2 
-3'f}3 - 'f}4, 

2 
-4'f}3 - 3'f}4. 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

1 
'f}1 'f}3 - '2'f}4, 

1 
'f}2 'f}3 + '2'f}4. 

3.4 Tetraquark fields with JP = 1+ 

In this section, we study scalar currents of JP = 1+. The diquark and antidiquark can 
have flavor structures 6f ® 6f , 3f ® 3f, 3f ® 6f and 6f 03f· We will just study the first 
three of them, since the last one have the similar structure as 3 f ® 6 f. 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 6f and 6f, respectively. We can 
construct four diquark-antidiquark currents: 
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In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 3j and 3j, respectively. We can 
construct four diquark-antidiquark currents: 

T - -T - -T 
TJlll Aa O'{ Bb (Xa 17llvr5 CYb + Xb 17 Ilvr5CYa ) , 

T - -T - -T 
TJ21l Aa Cl7llvr5Bb(XarvCYb + XnvCYa ), 

T - -T - -T 
TJ31l Aa CBb (Xarllr5 CYb - Xbrllr5CYa ) , 

T - -T - -T 
TJ41l Aa Crllr5Bb(XaCYb - XbCYa ) , 

which are independent. We can also construct ten currents by using quark-antiquark 
palrs: 

TJ51l (XaAa)(Ybrllr5Bb) + (Xarllr5Aa)(YbBb) 
-(XaBa)(Ynllr5Ab) - (Xarllr5Ba)(YbAb) , 

TJ61l (XarIlAa)(Ybr5Bb) + (Xar5Aa)(YbrIlBb) 
-(XarIlBa)(Ybr5Ab) - (Xar5Ba)(YbrIlAb) , 

TJ71l (XarV r5Aa)(YbI7 IlvBb) + (Xa17 IlvAa) (Ybrv r5 Bb) 

-(XarVr5Ba)(Ybl7llvAb) - (Xa 17llv Ba)(Ybfr5Ab) ' 
TJ81l (XarV Aa)(YbI7 Ilvr5 Bb) + (Xa17 Ilvr5Aa)(Ybf Bb) 

-(XarV Ba)(Ybl7llvr5Ab) - (Xa17llvr5Ba) (Ybrv Ab), 

TJ91l "\ab"\cd{(XaAb)(Ycrllr5Bd) + (Xarllr5Ab) (YcBd) 

-(XaBb)(Ycrllr5Ad) - (Xarllr5Bb) (YcAd)} , 

TJlOll ..\ab..\cd{(XarIlAb)(Ycr5Bd) + (Xar5Ab)(YcrIlBd) 

-(XarIlBb)(Ycr5Ad) - (Xar5 Bb) (YcrIlAd)} , 
TJllll "\ab"\cd{(XarVr5Ab) (Ycl7llv Bd) + (Xa 17llv Ab)(Ycrvr5Bd) 

-(Xafr5Bb)(Ycl7llvAd) - (Xal7llvBb)(Ycrvr5Ad)} , 

TJ1211 = ..\ab..\cd{(XarV Ab)(Ycl7llvr5Bd) + (Xal7llvr5Ab)(Ycrv Bd) 

-(Xaf Bb)(YcI7 Ilvr5Ad) - (Xa 17llvr5Bb) (Ycf Ad)}. 

Among these eight currents, four are independent, and we can verify following relations: 

1 , 
'3TJ51l + zTJ81l , 

1 . 
'3TJ61l + ZTJ71l , 

3
' 5 

- zTJ61l - '3 TJ71l , 

. 5 
-3ZTJ51l - '3TJ81l . 
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The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

3i 3i 1 1 
'TJlp, -4'TJ5p, + 4'TJ6p, - 4'TJ7p, + 4'TJ8p" 

3i 3i 1 1 
'TJ2p, -4'TJ5p, - 4'TJ6p, + 4'TJ7p, + 4'TJ8p" 

1 1 i i 
'TJ3p, -4'TJ5p, - 4'TJ6p, + 4'TJ7p, + 4'TJ8p" 

1 1 i i 
'TJ4p, - 4'TJ5p, + 4'TJ6p, - 4'TJ7p, + 4'TJ8p, . 

In this subsection, we study the tetraquark currents where the diquark and anti-diquark 
components have a mixed flavor structure: 3f and 6f, respectively. We can construct 
four diquark-antidiquark currents: 

which are independent. We can also construct eight currents by using quark-antiquark 
paIrs: 

'TJ5p, (XaAa)(Yb/,p,/,5 Bb) - (Xa/'p,/'5 Aa)(YbBb) 

-(XaBa)(Yb/,p,/'5Ab) + (Xa/,p,/'5 Ba) (YbAb) , 

'TJ6p, (Xa/,p, Aa)(Yb/'5 Bb) - (Xa/'5 Aa)(Yb/,p,Bb) 

-(Xa/,p,Ba)(Yb/'5Ab) + (Xa/'5 Ba)(Yb/,p,Ab) , 
'TJ7p, (Xa/'v /'5 Aa)(Yb 0" p,vBb) - (XaO" p,vAa)(Yb/,v /'5Bb) 

-(Xa/'v /'5 Ba)(YbO" p,vAb) + (XaO" p,vBa)(Yb/'v /'5Ab) , 

'TJ8p, (Xaf Aa)(YbO" p,v/'5 Bb) - (XaO" p,v/'5Aa)(Yb/,v Bb) 

-(Xa/,vBa)(YbO"p,v/'5Ab) + (XaO"p,v/'5 Ba) (Yb/,v Ab), 

'TJ9p, AabAcd{(XaAb)("Yc/'p,/'5Bd) - (Xa/'p,/'5 Ab)(YcBd) 

-(XaBb) ("Yc/'p,/'5 Ad) (Xa/'p,/'5 Bb) ("YcAd) } , 
'TJI0p, AabAcd{(Xa/'p,Ab)("Yc/'5Bd) - (Xa/'5 Ab)("Yc/,p,Bd) 

-(Xa/,p,Bb)("Yc/'5Ad) + (Xa/'5 Bb) (Yc/,p,Ad)} , 
'TJllp, AabAcd{(Xa/,v/'5Ab)("Yc0"p,vBd) - (XaO"p,vAb)("Yc/,v/'5Bd) 
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-(XarVr5Bb)(Yc(JJ.lvAd) + (Xa(JJ.lvBb) ("Ycrvr5 Ad)} , 

rJ12J.l ..\ab..\cd{(XarV Ab)("Yc(JJ.lvr5Bd) - (Xa(JJ.lvr5 Ab)("YcrvBd) 

-(XarV Bb)("Yc(JJ.lvr5Ad) + (Xa(JJ.lvr5Bb) ("Ycrv Ad)}. 
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Among these eight currents, four are independent, and we can verify following relations: 

2 . 
-3rJ5J.l - rJ6J.l- ZrJ7J.l' 

2 . 
-rJ5J.l - 3rJ6J.l + ZrJ8J.l , 

. 2 
3ZrJ5J.l - 3rJ7J.l - rJ8J.l , 

. 2 
- 3ZrJ6J.l - rJ7/-L - 3rJ8J.l . 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

IIi i 
rJIJ.l "4rJ5J.l + "4rJ6J.l - "4rJ7J.l + "4rJ8J.l , 

3i 3i 1 1 
rJ2J.l 4rJ5J.l - 4rJ6J.l + "4rJ7J.l + "4rJ8J.l' 

IIi i 
rJ3J.l "4rJ5J.l - "4rJ6J.l + "4rJ7J.l + "4rJ8J.l , 

3i 3i 1 1 
rJ4J.l 4rJ5J.l + 4rJ6J.l - "4rJ7J.l + "4rJ8J.l . 

3.5 Tetraquark fields with JP = 1-

In this section, we study scalar currents of JP = 1-. The diquark and antidiquark can 
have flavor structures 6f ® 6f, 3f 0 3f, 3f 0 6f and 6f ® 3f· We will just study the first 
three of them, since the last one have the similar structure as 3 f ® 6 f. 

In this subsection, we study the tetraquark currents where both the diquark and anti­
diquark components have a symmetric flavor structure: 6 f and 6 f' respectively. We can 
construct four diquark-antidiquark currents: 
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The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

3i 3i 1 1 
'fJlj.L 4'fJ5j.L - 4'fJ6j.L + "4'fJ7j.L - "4'fJ8j.L, 

3i 3i 1 1 
'fJ2j.L -4'fJSj.L - 4'fJ6j.L + "4'fJ7j.L + "4'fJ8j.L, 

IIi i 
'fJ3j.L - "4'fJ5j.L - "4'fJ6j.L + "4'fJ7j.L + "4'fJ8j.L , 

IIi i 
'fJ4j.L "4'fJSj.L - "4'fJ6j.L + "4'fJ7j.L - "4'fJ8j.L . 

In this subsection, we study the tetraquark currents where the diquark and anti-diquark 
components have a mixed flavor structure: 3f and 6" respectively. We can construct 
four diquark-antidiquark currents: 

which are independent. We can also construct eight currents by using quark-antiquark 
paIrs: 

'fJ5j.L (XaAa)(Yb'Yj.LBb) - (Xa'Yj.LAa)(YbBb) 

-(XaBa)(Yb'Yj.LAb) + (Xa'Yj.LBa)(YbAb) , 

'fJ6j.L (Xa'Yj.L'Y5 Aa)(Yb'Y5 Bb) - (Xa'YS Aa)(Yb'Yj.L'Y5 Bb) 

-(Xa'Yj.L'Y5 Ba)(Yb'Y5Ab) + (Xa'YsBa) (Yb'Yj.L'Y5 Ab) , 
'fJ7j.L (Xa'Yv Aa)(YbO" j.LvBb) - (XaO"j.LvAa)(Yb'Yv Bb) 

-(Xa'Yv Ba)(YbO"j.LvAb) + (XaO"j.LvBa)(Yb'Yv Ab), 

'fJ8j.L (Xa'Yv'Y5Aa)(YbO"j.Lv'YS Bb) - (XaO"j.Lv'Y5 Aa)(Yb'Yv'Y5 Bb) 

-(Xa'Yv'Y5Ba) (YbO"j.Lv'Y5 Ab) + (XaO"j.Lv'Y5 Ba)(Yb'Yv'YsAb) ' 
'fJ9j.L AabAcd{(XaAb)("Yc'Yj.LBd) - (Xa'Yj.LAb)(YcBd) 

-(XaBb) (Yc'Yj.LAd) + (Xa'Yj.LBb) (YcAd)} , 

'fJI0j.L AabAcd{(Xa'Yj.L'Y5Ab)("Yc'Y5Bd) - (Xa'Y5 Ab)(Yc'Yj.L'Y5 Bd) 

-(Xa'Yj.L'Y5 Bb)("Yc'Y5Ad) + (Xa'Y5 Bb) (Yc'Yj.L'Y5 Ad)} , 
'fJ11j.L AabAcd{(Xa'Yv Ab)(YcO"j.LvBd) - (XaO"j.LvAb)("Yc'YvBd) 
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-(XaiVBb) (YcO"/1vAd) + (XaO"/1vBb) (Yciv Ad)}, 

'fJ12/1 AabAcd{ (Xai
V
i5A b) (YcO" /1vi5 B d) - (XaO" /1vi5 A b) (Yci

v
i5B d) 

-(XaiVi5B b) (YcO"/1vi5 A d) + (XaO"/1vi5B b) (Yci
v
i5A d)} . 

Among these eight currents, four are independent, and we can verify following relations: 

2 
'fJ9/1 - 3'fJ5/1 + 'fJ6/1 - i'fJ7/1 , 

2 . 
'fJI0/1 'fJ5/1 - 3'fJ6/1 - 'l'fJ8/1 , 

. 2 
'fJll/1 3'l'fJ5/1 - 3'fJ7/1 - 'fJ8/1 , 

. 2 
'fJ12/1 3'l'fJ6/1 - 'fJ7/1 - 3'fJ8/1 . 

The diquark construction and mesonic construction are equivalent, and they can be re­
lated to each other: 

IIi i 
'fJl/1 -4'fJ5/1 + 4'fJ6/1 + 4'fJ7/1 - 4'fJ8/1' 

3i 3i 1 1 
'fJ2/1 Lf'fJ5/1 + Lf'fJ6/1 + 4'fJ7/1 + 4'fJ8/1 , 

IIi i 
'fJ3/1 4'fJ5/1 + 4'fJ6/1 + 4'fJ7/1 + 4'fJ8/1 , 

3i 3i 1 1 
'fJ4/1 -Lf'fJ5/1 + Lf'fJ6/1 + 4'fJ7/1 - 4'fJ8/1. 

3.6 Relations between (qq)(qq) and (qq)(qq) Structures 

3.6.1 General Idea 

In the previous sections, we find that there are always some relations between (qq) (qq) 
and (qq) ( qq) currents. In this section, we will do some detailed study on these relations. 
The quark field used here is denoted as qA(x) again. 

First, we consider the color and flavor structures. The interchange of both color and 
flavor does not need to be antisymmetric, due to the extra orbital and spin degrees of 
freedom. Therefore we can not use the Pauli principle such as q1qr = -qrq1 within the 
color and flavor spaces. Altogether there are four types of diquark (qq) and four types of 
quark-antiquark (qq). They are shown in Table 3.1, where the sum over repeated indices 
(a, b, ... for color indices, A, B,· .. for flavor indices) is taken. 

To construct a tetraquark by using (qq)(qq), the color structure is either 
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Chapter 4 

Color Structure 

In the previous chapter, we find that for all the currents constructed by using quark­
antiquark pairs, only half of them are independent. Therefore, all the tetraquark currents 
which contain two color octet quark-antiquark pairs can be written as combinations of 
the currents which just contain two color singlet quark-antiquark pairs. In this chapter, 
we will study this, and we will find that every tetraquark current can be written as a 
combination of the currents which just contain two color singlet quark-antiquark pairs. 
This can also be proved in the case of pentaquark that every pentaquark current can 
be written as a combination of the currents which just contain one color singlet quark­
antiquark pair and one color singlet three-quark baryon field. 

4.1 Tetraquark Fields 

Every tetraquark current can be written as a combination of two quark spinors, two 
antiquark spinors, a Lorentz matrix L (Lorentz space), a color matrix C (color space), a 
flavor matrix F (flavor space) and some derivatives of.t 

(4.1) 

where the sum over repeated indices (p, 1/, ... for Dirac spinor indices, a, b, ... for flavor 
indices, and i, j, ... for color indices) is taken. The quark spinor q may contain derivatives 
and so there is an extra Lorentz index p. 

We want to prove that every tetraquark current can be expressed by two color singlet 
quark-antiquark pairs (ifqi)(qjqj). To do this, we need to perform some transformations 
in color and Lorentz spaces. 

First we simplify the Lorentz indices to make transformations easier. If two derivatives 
contract with each other, we write them within the quark spinors 

(4.2) 

77 
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If "IJ.L does not contract with any other one, which means that its Lorentz index remains 
in the end, we write it with one quark spinor: 

This can always be done since we can change the position of "I-matrices: 

2gJ.Laiinpq2 - iinp'Ya(rrJ.Lq2) 

::::} cliinpQ2 + c2iinp'YaQ; . 

This may produce some extra metric matrixes gJ.LV, which we keep to the end. 

(4.3) 

(4.4) 

If 'YJ.L contracts with a derivative f)J.L which is in the same quark-antiquark pair, we 
can use the same procedure. If 'YJ.L contracts with another 'YJ.L which is in the same quark­
antiquark pair, we can contract them directly 

(4.5) 

If 'YJ.L contracts with a derivative f)J.L which is in the other quark-antiquark pair, we 
need to use the Fierz transformation to put them together 

(iii" '1 'YJ.L)(' . '2 Q2)(ii3' . '3) (f)J.L Q4 ) ( 4.6) 

::::} I)iil"'l 'YJ.L)r(f)J.LQ4 )(ii3· . '3)r(- . '2 Q2) . 
I' 

This may produce some extra r matrices. After contracting all these rmatrices, we arrive 
at following expression 

_ pabcdC .. (=::ir roJ)(-krJ.Lv,,' l) rJ - 1Jkl Qa J.Lv···'-1b Qc Qd' (4.7) 

where the matrix r w" can be written as a combination of 1, 'YJ.L' 'Y5 and (J' J.LV' The previous 
coefficient LJ.Lvpa is written inside with either r J.LV'" or rJ.Lv .... By using the Eq. (4.4) again, 
every tetraquark current can be written as' a combination of five currents 

(4.8) 

where the quark spinors may contain some r matrixes and derivatives. The currents 
rJA and rJP can be written in the form of rJ v and rJs respectively. However, we will find 
that they are necessary to compose a complete and independent basis. For tetraquark of 
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Chapter 5 

QCD Sum Rule Study of udss 

From this chapter, we will study several tetraquark candidates as well as some bottom 
baryons by using the method of QCD sum rule. As the first example, we shall study the 
tetraquark udss with the quantum numbers JPc = 0++ in this chapter. 

Historically, tetraquark mesons were investigated long ago as an attempt to explain 
relatively light masses and excess of states in scalar channels [37,93-95, 174]. Just as in 
the exotic baryons, it is interesting to consider genuine exotic states in the meson sector 
whose minimal component is qqfjfj. Tetraquark states of udss component have been 
studied as candidates of such exotic states. Since they may be obtained by replacing one 
of ud diquarks in e+ by an s antiquark, similarities between e+ and udss have been 
discussed, though precise analogy is a dynamical question [108,123,186]. 

In the former studies, the tetraquark udss of JP = 1+ was investigated in detail, where 
it was shown that the state has a relatively low mass and a narrow width decaying into 
K* K in the flux tube model [105]. The narrow decay width is associated with the fact 
that K K channel is forbidden due to the conservation of parity and angular momentum, 
which partly motivated the study of the 1+ channel. 

In principle, it is also possible to study other channels of the udss tetraquarks [33, 
52,105]. From a naive point of view of mass, it is natural to investigate 0+ scalar states. 
In contrast to fjq mesons, the tetraquark does not need orbital excitation to form the 
quantum number 0+, but all quarks may occupy the lowest state. In this case, it is 
shown that the tetraquark should have isospin one I = 1. This is the object that we 
would like to study in this chapter. 

In this chapter, we perform QCD sum rule analyses for the scalar (JP = 0+) and 
isovector (I = 1) exotic tetraquark udss. The independent currents of 1= 1 and JP = 0+ 
have been constructed in Section 3.1. We then consider two-point correlation functions 
first by using a single current of various types. It turns out that many of them do not 
achieve a good sum rule. Therefore, we attempt linear combinations of two independent 
currents. This method was first proposed in Ref. [172]. We then find that there are several 
cases with good Borel stability, indicating the mass of the tetraquark around 1.5 Ge V. 
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31ms(g2GG) (8S) 13m; (g2GG) 
+ 6912n4 - 9216n6 . 

As shown in Fig. 5.3, we find that two spectral densities for VB and Ts show good behavior: 
PTS is positive definite, while Pvs takes negative values in the small region S ::; 0.2Gey2. 

The currents 1/i, Vs, Pt and Ps are constructed by mesonic fields (either color singlet 
or color octet) which correspond to 381 and 180 in the non-relativistic language, where 
two quark-antiquark pairs can be in the ground state s-orbit. Their spectral densities 
then show similar behavior to 86 and A3 in the previous subsection. In contrast, 81 , 

8s, Al and As correspond to linear combinations of 3 Po and 3 Pt, respectively; T1 and Ts 
currents are the combinations of 381 and 1 Pl. 

From the above argument, we might expect that six currents, 1/i, VB, PI, Ps, T1 and 
Ts would work. However, if we test another condition that the quantity 

fJce-M2/M1 = l s0 

e-s
/ M1 p(s)ds, (5.14) 

should be positive around So rv several Ge y2, we found that those by the currents VI, PI, 
Ps and T1 take negative values and therefore, they must be abandoned. Now there remain 
only two better currents VB and Ts in the mesonic construction. This is the reason that 
we have shown their spectral densities in (5.12) and (5.13). Using the numerical values 
of various condensates (5.10), we find the spectral densities 

Pvs = 9.41 X 10-9 
S4 - 4.32 X 10-9 

S3 + 4.54 X lO-s 
S2 

+3.52 X 10-7 s - 4.85 X lO-s , 

PTS 5.64 X 1O-ss4 
- 2.73 X 1O-ss3 + 6.14 X 1O-ss2 

-4.32 X 10-9 s + 4.89 X lO-s . 

(5.15) 

Once again the convergence of the series does not seem very good, though the coefficient 
of the constant term of Pvs (-4.85 x lO-S

) is smaller by about factor ten than that of 
the first order term of Sl (3.52 x 10-7). 

In Fig. 5.4, we show the masses of the tetraquark currents VB and Ts as functions of 
the Borel mass for several threshold values So (Borel curves). As in the case of T3 current, 
the Borel stability seems good but the result depends on the threshold value So. However, 
once again, if we take the threshold value at So rv 3 Gey2, the mass of the tetraquark 
turns out to be reasonable, though the precise values are slightly smaller: the mass of 
Ts rv 1.5 GeY and the mass of VB rv 1.4 GeY. 

5.3 Analysis of Mixed Currents 

In order to improve the sum rule, we attempt to make linear combinations of independent 
currents for both diquark and mesonic currents. Since linear combinations of five currents 
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contain ten mixing angles, the full consideration with these ten parameters is rather 
cumbersome. Instead, we make a linear combination of two currents J1 and J2 (any two 
from the independent currents), 'T] = cosBJ1 + sinBJ2 , where B is a mixing angle. Then 
the correlation functions are written as 

(5.16) 

The mixing is chosen with the following requirements: 

1. The OPE has a good convergence as going to terms of higher dimensional operators. 

2. The spectral density becomes positive quantity for all (or almost all) 8 values. 

3. Pole contribution is sufficiently large. 

We have tried various combinations of two currents to realize good sum rules. While 
doing so, we have realized that the diquark currents are more independent than the 
mesonic currents. This means that the cross terms of (5.16) have only a minor contribu­
tion for diquark currents, while they have a large contribution for mesonic currents. 

According to the requirement (1), we would like to make a linear combination such 
that the highest dimensional (eight) term is suppressed. For diquark currents, we find it 
convenient to take two combinations: 

cos BA3 + sin BV6 , 

cos BP6 + sinBS6 . 

(5.17) 

(5.18) 

By choosing cot B rv V2, we find that the term of dimension eight of (5.17) is suppressed, 
while for cot B rv 1, the term of dimension eight of (5.18) is suppressed. The spectral den­
sity of (5.18), however, takes negative values. Therefore, this current should be rejected 
for the sum rule analysis. In this way we are lead to the current 'T] of (5.17). From now 
on, we will denote 'T] ---+ 'T]1· 

For themesonic case, it turns out that the cross term contributions are large. Ac­
cordingly,we attempt a complex angle to improve the sum rule analysis. By choosing 
t1 = 0.91, t2 = -0.41, we construct a current: 

The numerical spectral densities are: 

P1 = 4.5 X 10-8
8

4 
- 2.2 X 10-8

8
3 + 2.4 X 10-7

8
2 

-2.0 X 10-88 + 5.2 X 10-9 , 

P2 2.1 X 10-8
8

4 
- 1.0 X 10-883 + 4.2 X 10-88

2 

-2.2 X 10-8
8 + 8.3 X 10-9 , 

(5.19) 

(5.20) 
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.6.(1232) and N(939). 
In this chapter, first we construct the tetraquark currents using diquark and antidi­

quark fields having the antisymmetric flavor 3r 0 3r , which is in accordance with the 
expected light scalar nonet. Furthermore, we construct another set of tetraquark cur­
rents by using diquark and antidiquark fields having the symmetric flavor 6r 0 6r. We 
do not, however, consider other possibilities such as 6r 0 3r, since they can not produce 
tetraquark currents having the scalar quantum numbers (color singlet and JP = 0+). 
Then as we have done previously [38], we show that there are five independent currents 
for both constructions. We will then search linear combinations of the currents that op­
timize the QeD sum rule and reproduce the results compatible with the expected light 
scalar mesons. While performing a QeD sum rule analysis, we also find that the results 
of the two constructions have some similarities. In fact, if we work in the SU(3}j limit, 
we obtain identical results for the operator product expansion (OPE). 

Since the scalar mesons, especially (j, decays strongly to two pseudoscalar mesons, 
their effects should be significant for quantitative discussions. The contamination from 
such two-meson decay should be removed when performing the QeD sum rule analysis, 
which is however a difficult theoretical problem so far. Nevertheless we consider a phe­
nomenological method by adding another parameter corresponding to a decay width for 
the QeD sum rule analysis. 

6.1 Tetraquark Currents 

In order to make a scalar tetraquark current, the diquark and antidiquark fields should 
have the same color, spin and orbital symmetries. Therefore, they must have the same 
flavor symmetry, which is either antisymmetric (3r 0 3r) or symmetric (6r 0 6r). The 
possible flavor quantum numbers of the tetraquark states are then 

lr EB 8r , 

l r EB 8rEB27r , (6.1) 

where the corresponding weight diagrams are shown in Fig. 6.1. The scalar nonet 1 + 8 
is therefore included in both representations, independently. For 3r x 3r = lr + 8r , /'i, and 
ao are the members of 8r while (j and fo can be either in lr or in isospin I = a component 
of 8r . Or, they can also mix and in particular the ideal mixing is achieved by 

(6.2) 

where only isospin symmetry is respected and the currents are classified by the number 
of strange quarks. We can find another set of linear combinations for the symmetric case. 
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Concerning linear combinations, we have tested more general cases by using all five 
currents. However, we could not find significant improvements over the present results of 
using the two currents. 

In Table 1.1, we show the diquark properties of ten single currents. The parity can 
be obtained by using P = (_)L, which L is the orbital momentum. The structures of 
tetraquark currents are complicated. The flavor symmetry is not subject to constraints 
due to the color, spin and orbital symmetries. If the diquark and antidiquark have the 
antisymmetric flavor, they can have both the antisymmetric color 3e 0 3e (S3, Vt and 
P3) and the symmetric color 6e ® 6e (T; and A6"); they can have both the antisymmetric 
spin Os 0 Os (S3 and V3) and the symmetric spin 1s 0 1s (A6" and P3); they can have 
both positive parity (S3 and A6") and negative parity (Vt and P3). 

The situation is the same for the color, spin and orbital symmetries. If the diquark and 
antidiquark have the antisymmetric color 3e 0 3e , they can have both the antisymmetric 
flavor (S3, Vt and P3) and the symmetric flavor (Tf and A3"); they can have both the 
antisymmetric spin Os 0 Os (S3 and 1130") and the symmetric spin 1s 0 1s (A3" and P3); 
they can have both positive parity (S3 and A3") and negative parity (Vt and P3). 

We can also construct (ijq)(ijq) currents, and they are equivalent to the (qq)(ijij) cur­
rents. 

6.2 Analysis of Single Currents 

In this section, we show the QCD sum rule analysis of /'l, using single currents S(3, V3K
, 

Tt, A6 and Pt· The results for (J, ao and fo are quite similar. We have performed the 
OPE calculation up to dimension eight by using Mathematica with FeynCalc [66]. The 
results are 

84 ms 2 83 (g2GG) ms (ijq) ms (88) 2 
614407r6 - 30727r6 + (61447r6 - 1927r4 + 3847r4 )8 

( 
m; (g2GG) ms (gij(JGq) (ijq) 2 (ijq) (88) ) 

+ - 20487r6 - 1287r4 + 247r2 + 247r2 8 
(6.9) 

m;(ijq)2 m s(g2GG) (ijq) m s(g2GG) (88) 
127r2 - 7687r4 + 15367r4 

(ijq) (gij(JGq) (88) (gij(JGq) (ijq) (g8(JG8) 
+ 247r2 + 487r2 + 487r2 ' 

84 m s283 (g2GG) ms(ijq) ms(88) 2 

153607r6 - 7687r6 + (30727r6 + 967r4 + 967r4 )8 
+( _ m;(g2GG) + ms(gij(JGq) _ (ijq)2 _ (ijq) (88))8 

10247r6 1287r4 127r2 127r2 (6.10) 

m;(ijq)2 ms(g2GG) (ijq) m s(g2GG) (88) 
+ 67r2 - 3847r4 + 7687r4 
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mass spitting is large enough to be observed in experiments, the tetraquark spectrum 
would become much more complicated; If the mass splitting is too small to be observed 
in experiments, a broad decay width would be observed. Such a tetraquark structure will 
open an alternative path toward the understanding of exotic multiquark dynamics which 
one does not experience in the conventional hadrons. 
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"fp -+ 1f+1f+1f-(n) [144]. If 1f1(1600) was an hybrid state, it was expected to be produced 
with a strength near or much larger than 10% of the a2(1320) meson from the theoretical 
models [12,49,91,163]. However 1f1(1600) was not observed with the expected strength. In 
fact its production rate is less than 2% of the a2(1320) meson. If the 1f1(1600) signal from 
the hadron-production experiments is not an artifact, the negative result of the photo­
production experiment suggests (1) either theoretical production rates are overestimated 
significantly or (2) 1f1 (1600) is a meson with a different inner structure instead of a hybrid 
state. 

In fact, the tetraquarkstates can also carry the exotic quantum numbers ]G(JPC) = 

1- (1-+) . It is important to note that the gluon inside the hybrid meson can easily split 
into a pair of qq. Therefore tetraquarks can always have the same quantum numbers 
as the hybrid mesons, including the exotic ones. Discovery of hadron candidates with 
JPc = 1-+ does not ensure that it is an exotic hybrid meson. One has to exclude 
the other possibilities including tetraquarks based on its mass, decay width and decay 
patterns etc. This argument holds for all these claimed candidates of the hybrid meson. 

Tetraquark states in general have a richer internal structure than ordinary qq states. 
For instance, a pair of quarks can be in channels which can not be allowed in the ordinary 
hadrons. The richness of the structure introduces complication in theoretical studies. 
Therefore, one usually assumed one or a few particular configurations which are motivated 
by some intuitions. 

To study these states, we follow the same method used in previous sections which 
is based on complete classification of independent currents. By making suitable linear 
combinations of the independent currents we can perform advanced analysis as compared 
with the analysis of using only one type of current which limits the potential of the OPE, 
and sometimes leads to unphysical results. 

In this chapter, we first classify the flavor structure of four-quark system with quan­
tum numbers J Pc = 1-+. We find that there are five iso-vector states. Then we con­
struct tetraquark interpolating currents by using both diquark-antidiquark construction 
(( qq) (qq)) and quark-antiquark pairs (( qq) (qq)). We verify that they are just different 
bases and can be related to each other. Therefore they lead to the same results. By using 
diquark-antidiquark currents, we perform the QCD sum rule analysis, and calculate their 
masses. Our results suggest that 1f1(1400) may not be explained by just using tetraquark 
structure, and 1f1 (1600) and 1f1 (2015) could be explained by the tetraquark mesons with 
quark contents (qq)(qq) and (qs)(qs) respectively. The diquark and antidiquark inside 
have a mixed flavor $tructure (3 ® 6) EB (6 ® 3). 

This chapter is organized as follows. In Sec. 8.1, we construct the tetraquark currents. 
The tetraquark currents constructed by using both diquark (qq) and antidiquark (qq) are 
shown in Sec 8.1.1. The tetraquark currents constructed by using quark-antiquark (qq) 
pairs are shown in Sec 8.1.2. In Sec. 8.2, we perform a QCD sum rule analysis by using 
these currents, and calculate their OPEs. In Sec. 8.3, the numerical result is obtained for 
their masses. In Sec. 8.4, we use finite energy sum rule to calculate their masses again. 
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We discuss the decay patterns of these 1-+ tetraquark states in Sec. 8.5. In Sec. 8.6, we 
follow the same approach to study the isoscalar vector tetraquark states. Sec. 8.7 is a 
summary. 

8.1 Tetraquark Currents 

In order to construct proper tetraquark currents, let us start with the consideration of the 
charge-conjugation symmetry. The charge-conjugation transformation changes diquarks 
into antidiquarks, while it maintains their flavor structures. If a tetraquark state has a 
definite charge-conjugation parity, either positive or negative, the internal diquark (qq) 
and antidiquark (ijij) must have the same flavor symmetry, which is either symmetric 
flavor structure 6r ® 6r (S) or antisymmetric flavor structure 3r ® 3r (A), and can not 
have mixed flavor symmetry neither 3r ® 6r nor 6r ® 3r (M). However, combinations of 
3r ® 6r and 6r ® 3r can have a definite charge-conjugation parity. Therefore, in order 
to study the tetraquark state of IG JPc = 1-1-+, we need to consider the following 
structures of currents 

qqijij(S) , qsijs(S) 
qsijs(A) 

qqijij(M) ,qsijs(M) 

6r ® 6r (S), 

3r ® 3r (A), 

rv (3r ® 6r) EB (6r ® 3r) (M) , 

where q represents an up or down quark, and s represents a strange quark. The flavor 
structures are shown in Fig. 8.1 in terms of SU(3) weight diagrams. The quark contents 
indicated at vertices follow the ideal mixing scheme for inner vertices where the mixing 
is allowed. In the SU(3) limit, the quark contents are suitable combinations of the ones 
shown in this figures. However, the strange quark has a significantly larger mass than 
up and down quarks (current quark mass), and so, the ideal mixing is expected to work 
well for hadrons except for pseudoscalar mesons. The flavor structure in the ideal mixing 
is also simpler than that in the SU(3) limit. Therefore, we will use the ideal mixing in 
our QeD sum rule studies. 

In the following subsections, we first construct currents by using diquark (qq) and 
antidiquark (ijij) currents as well as quark-antiquark (ijq) pairs, and then we show the 
currents with explicit quark contents. The tensor currents T/J1,V (T/J1,V = -T/VJ1,) can also have 
IG JPc = 1-1-+. By using tensor currents, we obtain the similar results, which will be 
shown in our future work. 

8.1.1 (qq)(qq) Currents 

We attempt to construct the tetraquark currents using diquark (qq) and antidiquark (ijij) 
currents. For each state having the symmetric flavor structure 6r ® 6r (S), there are two 
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(qq)®«(jij)= 6 f ® 6f (S) 

ssuu ssud ssdd 

(qq)®(qq)= 3f ® 3 f (A) 8 f 

udUs" udCs 

usss dsss 

ds(uu-dd) us(uu-dd) 

dsss 

ssus 

X 

udiid 

If 
X 

ssss 

usdd ds(uu+dd) us(uu+dd; dsuu 

Figure 8.1: Weight diagrams for 6r ® 6r(S) (top panel), 3r ® 3r(A) (middle panel), and 
3r®6r(M) (bottom panel). The weight diagram for 6r®3r(M) is the charge-conjugation 
transformation of the bottom one. 
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(8.4) 

(8.5) 

(8.6) 

(8.7) 

(8.8) 
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is an information 7rl(2015) ----7 T/7r, which corresponds to 0"1(2000) ----7 T/T} (Because both 
7rl(1600) and 7rl(2015) have been observed in the final states 7rT}' other than 7rT}, we choose 
T}T}' to be the final states of 0"1(2000) other than KK and T}T}). Assuming once again that 
this is the unique decay mode, we expect that the decay width is approximately 130 MeV. 
If the decay occurs 50% through bl 7r (bIT}) and 50% through T}'7r (T}'T}) , we expect that 
r al rv 150 MeV. 

In summary, we have performed the QeD sum rule analysis of the exotic tetraquark 
states with JG JPc = 0+1-+. We test all possible flavor structures in the diquark­
antidiquark (qq)(ijij) construction, 6 ® 6, 3 Q9 3 and (3 ® 6) EEl (6 ® 3). We find that 
the former two cases can not result in a meaningful sum rule since the spectral func­
tions become negative. On the other hand, the mixed currents of the flavor structure 
(3 ® 6) EEl (6 ® 3) allows a positive and convergent OPE with which we can perform a 
QeD sum rule analysis. There is only one choice with the quark content qsijs, which 
have four independent currents. We have then performed both the SVZ sum rule and the 
finite energy sum rule. The resulting mass is around 2.0 Ge V. The possible decay modes 
are 8-wave b1(1235)T} and b1(1235)T}', and P-wave KK, T}T}, T}T}' and T}'T}', etc. The decay 
width is around 150 MeV through a rough estimation. 

8.7 Conclusion 

In this chapter we have performed the QeD sum rule analysis of the exotic tetraquark 
states with JG JPc = 1-1-+. The tetraquark currents have rich internal structure. There 
are several independent currents for a given set of quantum numbers. We have classified 
the complete set of independent currents and constructed the currents in the form of 
either (qq)(ijij) or (ijq) (ijq). As expected, they are shown to be equivalent by having the 
complete set of independent currents. Physically, this seems to make it difficult to draw 
interpretation of the internal structure such as diquark (qq) dominated or meson (ijij) 
dominated ones. Using the complete set of the currents, one can perform an optimal 
analysis of the QeD sum rule. 

Somewhat complicated feature arises from the flavor structure. We have tested all 
possibilities for the isovector J = 1 states. In the 8U(3) limit, there are three cases of, 
in the diquark (qq)(ijij) construction, 6 ® 6, :3 ® 3 and (3 ® 6) EEl (603). We find that 
the former two cases can not result in meaningful sum rule since the spectral functions 
become negative. On the other hand, the mixed case (3 ® 6) EEl (6 ® 3) allows positive 
OPE with which we can perform the QeD sum rule analysis. Actual currents have been 
constructed in the limit of the ideal mixing where the currents are classified by the number 
of the strange quarks. Hence the quark contents are either qqijij or qsijs. 

We have then performed the SVZ and finite energy sum rules. The resulting masses 
are around 1.6 GeV for qqijij, and around 2.0 GeV for qsijs. The four independent 
currents lead to the same mass and couple to a single state as shown above. Hence 
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one of our main conclusions is that the higher energy states 7fl(1600) and 7fl(2015) are 
well compatible with the tetraquark picture in the present QCD sum rule analysis. On 
the other hand, any combination of the independent currents does not seem to couple 
sufficiently to the lower mass state 7fl(1400), which was, however, described as a hybrid 
state by K. C. Yang in Ref. [178J. He obtained a low mass around 1.26 GeV by using the 
renormalization-improved QCD sum rules. The 7fl(1400) state seems somewhat special, 
as the experiments show the similarity between 7fl(1600) and 7fl(20l5) as well as the 
difference between 7fl (1400) and the above two states, which we have discussed in the 
introduction. 

We have also studied their decay patterns and found that these states can be searched 
for in the decay mode of the axial-vector and pseudoscalar meson pair such as b1 (1235)7f, 
which is sometimes considered as the characteristic decay mode of the hybrid mesons. 
The P-wave modes 7fTJ,7fTJ' are also quite important. 

It is also interesting to study the partners of 7flS. Especially, we can study the one 
with quark contents udss, which is at the top of the flavor representation 1-0 (see Fig. 8.1). 
It has a mass around 2.0 GeV, and the decay modes are K+(su)KO(sd) (P-wave) and 
KKK (P-wave) etc. BESIII will start taking data very soon. The search/identification of 
exotic mesons is one of its important physical goals. Hopefully the dedicated experimental 
programs on the exotic mesons at BESIII and JLAB in the coming years will shed light 
on their existence, and then their internal structure. More work on theoretical side is 
also needed. We will go on to study other tetraquark candidates. 
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