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Preface
In the present thesis, I want to summarize the main results of my research and work
of the past three years on high energy physics, in particular, on black hole as quantum
theory of gravity, while adding my motivation and the whole theoretical background in a
self-contained form. I hope that the fruit of my research would help other researchers as
well as myself study gravity theory in further detail and throw more light on an abyss of
this deep and enigmatic black hole physics.
Overview

Black hole in general theory of relativity is of interest and significant not only because it
is an unique astronomical object in our universe but because it offers a tool of a survey of
the fundamental quantum theory beyond Standard Model. It is especially remarkable that
physical quantities of the black hole, such as the mass, angular momentum and charges,
seem to obey a thermodynamical relation. Above all, the area of the event horizon of
the black hole can be seen as entropy in the thermodynamical behaviour [1, 2]. This
suggestion by Bekenstein and Hawking may imply a quantum aspect of the fundamental
theory of gravity, if this entropy is reproduced from the microscopic counting of some
states, just as we once found the statistical viewpoint of particles as quantum mechanics
behind the thermodynamics.
String theory is one of those which consistently include quantum interaction of gravitons. A great success is that the Bekenstein-Hawking entropy defined from general relativity can completely be realized in terms of the statistical counting of string states
on the so-called D-branes [3], which represent the black hole or black brane in (higherdimensional) gravity theory while provide a non-purterbative picture of string [4]. Thus,
a lot of efforts have been devoted to a full understanding of string theory in the recent
decades.
However, we would here like to take the liberty of reconsidering whether string theory
is really essencial as quantum theory of gravity, particularly, as the one which reproduces
the Bekenstein-Hawking formula from the microscopic standpoint. This is my motivation
of research and a main subject of this thesis. In the thesis I want to conclude that string
theory is not necessarily required, at least, for a microscopic reproduction of the black hole
entropy.
The key idea is the AdS/CFT correspondence rather than string theory itself. This
is a conjecture saying that gravity theory on anti-de Sitter (AdS) space is the same as
conformal field theory (CFT) on the lower dimensional boundary of this AdS [5]. It was
first claimed in string context by Maldacena, and is based on the duality between closed
string and open string for D-branes. For examples, it is considered that the D3-brane (an
object extended in 1+3 dimensions) admits the AdS 5 x S5 solution in type IIB supergravity
iii
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while 1+3 dimensional CFT resides on the boundary as N = 4 super Yang-Mills gauge
theory.
But this concept has actually been known in three dimensional gravity for a long time.
By using the AdS 3 geometry in three dimensional gravity with the negative cosmological
constant [6], Brown and Henneaux showed that there exists the Virasoro algebra on the
AdS 3 boundary [7]. Namely, the Poisson bracket algebra of the Hamiltonian of gravity
becomes equivalent to the algebra characterizing two dimensional CFT, irrelevantly to
supersymmetry or string theory, and its central charge is expressed by parameters of
gravity. Once the Virasoro algebra is confirmed and the central charge is obtained, we
can calculate a quantum degeneracy of this CFT2 by the Cardy formula [8], whether we
specify a precise expression of this CFT2 or not. On the other hand, Banados-TeitelboimZanelli (BTZ) black hole is known as one of the AdS 3 geometries [9], and its entropy is
given by the Bekenstein-Hawking formula. Then these two expressions of the entropy
agree with each other [10]. This was the first example of the AdS 3 /CFT 2 correspondence.
The application of this Brown-Henneaux's approach is not limited to three dimensional
gravity. Guica, Hartman, Song and Strominger recently applied it to the four dimensional
extremal (the most stable state in mass) Kerr black holes and obtained the Virasoro
algebra on the AdS geometry ofthe event horizon [11].I The macroscopic and microscopic
entropies are still in a complete agreement between the Bekenstein-Hawking and the Cardy
formula. The Kerr black hole is observed in our universe, so it is a great step for us to
uncover the microscopic interpritation of the real black hole. And in fact, any extremal
black holes generally have the AdS behaviour near the horizon, which was mathmatically
proven [12, 13]. That is to say, it is not impossible to understand and describe the AdS
near horizon geometry of extremal black holes as a certain CFT. From the above reasons,
the AdS/CFT is considered to be rather essencial.
There is another universal feature of the extremal black holes, called attractor mechanism [14, 15, 16]. In general gravity coupled to scalar fields and gauge fields, the solution
of the scalars to equations of motion displays a characteristic behaviour. The scalar solutions have degrees of freedom of integration constants corresponding to the values at the
asymptotic infinity. But, whatever value they are given, their values at the horizon are
always fixed by the black hole (electric and magnetic) charges. As a result, the entropy,
which is generally a function of the horizon values of the scalars in matter-coupled gravity,
is given by only charges. This mechanism was first found in a BPS black hole solution
of the four dimensional N = 2 supergravity, but afterward it was confirmed that it is a
unique nature arising from not supersymmetry but extremality of black holes [17, 18, 19].
The horizon is so special and becomes AdS in extremal case, as mentioned above, but
the attractor makes us believe that there is a microscopic understanding of black holes not
only on the horizon but also as a whole space-time. In string context, this perspective is
also known as the gauge/gravity duality, which means a wider correspondence, rather than
AdS/CFT, between gravity theory in the bulk and gauge theory on the boundary. Gubser,
Klebanov and Polyakov and Witten claimed that the classical action of bulk gravity should
be regarded as the generating functional of the boundary field theory [20, 21]. In other
words, at each position of the radial coordinate of bulk gravity, the lower dimensional (nonconformal) quantum field theory (QFT) is realized on the surface. According to this idea,
lStrictly speaking, it is not an exact AdS 3 but a warped AdS 3 . Their discovery is that the Virasoro
algebra is, nevertheless, obtainable.
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holography, a change of the energy scale in QFT is related to that of the radial coordinate
on the gravity side. The UV or IR region of QFT corresponds to the spatial infinity
or horizon in gravity theory. In ref. [22], de Boer, Verlinde and Verlinde showed that
the Hamilton-Jacobi equation for the bulk gravity implies the Callan-Symanzik equation
for the dual QFT on the surface of the fixed radial coordinate. The scalar fields can be
identified with running couplings if the radial coordinate of the bulk can be seen as the
cut-off scale for the dual QFT, and flows of their solutions in the bulk are understood as
the holographic renormalization group (RG) flow [23, 24, 22, 25]. Also, this was originally
motivated by string theory, but should be applicable to any gravity theory.
At this point one may notice that the attractor flow is similar to this RG flow, and as
a matter of fact, they are equivalent since the scalar fields become the running couplings
in the holographic duality. The mechanism is not merely an interesting behaviour of the
black hole solutions but a quite significant clue to imply the existence of the underlying
QFT in the whole space-time. Conversely, one can believe in the dual QFT obeying a
RG flow equation whenever the attractor works. Our hope is to investigate the quantum
aspects of gravity as the boundary field theory which lives in the full black hole spacetime, like the Kerr space-time in real world, with the help of this idea of the holographic
RG flow.
Organization of my thesis

On the basis of the above background, in my thesis I focus myself on (I) the black hole
thermodynamics, especially the entropy and the attractor mechanism, (II) the AdS/CFT
correspondence in black holes with the use of Brown-Henneaux's canonical approach,
(III) the search of the RG flow of field theory holographically dual to the full black hole
space-time based on the Hamilton-Jacobi formalism.
(I) In Chapter 1, we introduce a notion of the black hole entropy and its more general
formula proposed by Wald [26], which is useful even in the case where the gravity theory includes any higher derivative correction. In Chapter 2, we illustrate the attractor
behaviour of extremal black holes both in a general observation not depending on supersymmetry and in explicit analytic solutions to equations of motion in N = 2 supergravity
setup.
(II) Chapter 3 is a review of Brown-Henneaux's statement on the AdS 3 /CFT 2 correspondence and its application to the four dimensional Kerr black hole. In Chapter 4, we
confirm that the AdS 3 /CFT 2 correspondence is truely valid even with higher derivative
corrections, in particular we use the most difficult theory of gravity to deal with, called
Topologically Massive Gravity (TMG) [27].
(III) In Chapter 5, we first review Zamolodchikov's c-theorem which is an universal
property of general two dimensional field theories [28], and next demonstrate how it
can be observed by the Hamilton-Jacobi equation from the gravity side. In Chapter 6,
various three dimensional gravity theories are presented as examples to see the RG flow
of the corresponding characteristic QFT2 s. In Chapter 7, all results of this thesis are
summarized.
In Appendix A, we show a technique of constructing any black brane solutions in gravity
theory with the negative cosmological constant.
Main results of my work

vi
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Finally, I list up the major results of my work in the past. This thesis is mainly based
on the following references.
In ref. [29], the attractor mechanism for the four dimensional N = 2 supergravity
black hole solution was analyzed in a system where DO and D4 branes are wrapping a
compact Calabi-Yau threefold. We newly derived exact solutions, which explicitly exhibit
the attractor mechanism for extremal non-BPS black holes. Our solutions account for
the moduli as general complex fields, while in almost all non-BPS solutions had obtained
previously, the moduli fields are restricted to be purely imaginary, thereby assuming no
axions. Then our solutions contain an extra parameter corresponding to the asymptotic
value of the axions.
In ref. [30], we studied the symmetry realized asymptotically on the two dimensional
boundary of AdS 3 geometry in TMG, which consists of the gravitational Chern-Simons
(GCS) term as well as the usual Einstein-Hilbert and negative cosmological constant
terms. Our analysis was based on the conventional canonical method and proceeded
along the line completely parallel to the original Brown and Henneaux's. In spite of the
presence of the GCS term, it was confirmed by the canonical method that the boundary
theory actually has the conformal symmetry satisfying the left and right moving Virasoro
algebras. The central charges of the Virasoro algebras were computed explicitly and were
shown to be left-right asymmetric due to the GCS term. It was also argued that the
Cardy formula for the BTZ black hole entropy capturing all higher derivative corrections
agrees with the extended version of Wald's entropy formula. The M5-brane system (or
equivalently to DO-D4 system) was illustrated as an application of the present calculation.
In ref. [31], we presented a new exact black hole solution in three dimensional gravity
coupled to a single scalar field. This is one of the extended solutions of the BTZ black
hole and has in fact AdS 3 geometries both at the spatial infinity and at the event horizon.
An explicit derivation of Virasoro algebras for CFT 2 at the two boundaries was shown
to be possible a la Brown and Henneaux's calculation. Moreover, if we regard the scalar
field as a running coupling in the dual two dimensional field theory, and its flow in the
bulk as the holographic RG flow, our black hole should interpolate the two CFT2 living
at the infinity and at the horizon. Following the Hamilton-Jacobi analysis by de Boer,
Verlinde and Verlinde, we calculated the central charges Cuv and Cm for the CFT2 on the
infinity and the horizon, respectively. We also confirmed that the inequality Cm < Cuv is
satisfied, which is consistent with Zamolodchikov's c-theorem.
In ref. [32], we extended the discussion of the Kerr/CFT correspondence and its recent
developments to the more general gauge/gravity correspondence in the full extremal black
hole space-time of the bulk by using a technique of the holographic RG flow. It was conjectured that the extremal black hole space-time is holographically dual to the chiral two
dimensional field theory. Our example is a typical four dimensional Reissner-Nordstr¢m
black hole, the M5-brane configuration. In five dimensional supergravity view point this
near horizon geometry is AdS 3 x S2, and three dimensional gravity coupled to moduli fields
is effectively obtained after a dimensional reduction on S2. Constructing the HamiltonJacobi equation, we defined the holographic RG flow from the three dimensional gravity.
The central charge of the Virasoro algebra was calculable from the conformal anomaly
at the point where the beta function defined from gravity side becomes zero. We showed
that these flow equations are completely equivalent to not only BPS but also non-BPS
attractor flow equations of the muduli fields. The attract or mechanism can be understood
equivalently to the fact that the RG flows are fixed at the critical points in the dual QFT.
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In ref. [33], we considered the holographic RG flow in three dimensional gravity with
the GCS term coupled to some scalar fields. We applied the canonical approach to this
higher derivative case and employ the Hamilton-Jacobi formalism to analyze the flow
equations of two dimensional field theory. Especially we obtained flow equations of Weyl
and gravitational anomalies, and derived c-functions for left and right moving modes.
Both of them are monotonically non-increasing along the flow, and the difference between
them is determined by the coefficient of the GCS term. This is completely consistent with
the c-theorem for parity-violating QFT2 .
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Part I
Black Hole Thermodynamics

1

3

In this part of the thesis we show some thermodynamical aspects of black holes, especially the black hole entropy. It is a purpose of later parts to give some understanding of
these macroscopic facts of gravity from microscopic view points.
In general relativity it is known that there are thermodynamical behaviours among the
physical quantities of black holes, in particalar the area of the event horizon can be seen
as the entropy. This Bekenstein-Hawking entropy is generalized to the form for the higher
derivative gravity by Wald and other authers [26, 34, 35, 36, 37, 38, 39]. Chaprter 1 is
devoted to this review.
In matter-coupled gravity, like supergravity, the black hole entropy given by the Wald
formula is expressed by charges and values of scalars at the horizon, but it is known in
extremal case that these values are attracted to the ones which are completely determined
by the charges. This behaviour, the attractor mechanism, was originally claimed in the
black hole solution of N = 2 supergravity [14, 15, 16], but hac;; been confirmed in various
setups even without supersymmetry [18, 19] and with higher derivative corrections [17J. In
Chapter 2, we present a brief explanation for this and show that exact solutions actually
behave as expected.
And it is also known that there is another important nature of extremal black holes.
It was proven that the near horizon geometry of the extremal black holes always has the
AdS 2 factor even if any higher derivative corrections are included in the action [12, 13].
Namely, the most important thing to determine the extremal black hole entropy is not
supersymmetry but the above two conditions, the attractor mechanism and the AdS 2
geometry near the horizon. This fact implies the existence of the CFT on the horizon,
and will become a clue to uncover microscopic view of black holes.
Anyway, assuming that two conditions are always satisfied, we have a very powerful
tool to compute the extremal black hole entropy, called entropy fl1,nction formalism [40J.
It is based on the Wald formula, so it enables us to get the thermodynamical entropy
of any black hole in any gravity theory. In the last section of this part we introduce it
briefly. In the next part we will give some discussions of reproducing the results obtained
in this part from the dual side.

1
1.1

Black Hole Entropy
Bekenstein-Hawking Entropy and Extremality

Let us consider a simple Einstein-Maxwell theory in four dimensions
I(4) =

and put an ansatz

J

8~ d4xJ-G (~R - ~FftvFlLV) ,

ds 2 = _e 2g (r)dt 2 + e2f (r)dr2

(1.1.1)

+ r2dfJ~2.

(1.1.2)

The Newton constant will be recovered below. The gauge field must satisfy
EftvfXT U~v F pO' --

0,

(1.1.3)

so we obtain

eg +f
Focp = p sin (j.
(1.1.4)
r
The constants q and p correspond to electric and magnetic charges. Substituting them
into the Einstein equation
Ftr =

- 2 - Q,

(1.1.5)
the solution of the metric is

(1.1.6)
where Q2 = q2 + p2. This is the well-known Reissner-Nordstr¢m black hole.
It has outer and inner horizons r ± = M ± M2 - Q2. The surface gravity

J

(1.1.7)
and the area of horizon

(1.1.8)
are calculated at r = r +. According to the cosmic censorship hypothesis, we have the
mass bound M 2: IQI· In extremal case M = IQI, the surface gravity vanishes and the
black hole has the lowest energy.
5
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1. Black Hole Entropy
In the more general Kerr-Newman space-time, we have a relation

bM

"'8 bA + J-lbQ + fMJ

=

81r

(1.1.9)

among the mass M, the charge Q and the angular momentum J. Here n is the angular
velocity and f.-l = Q / r +. This reminds us of the first law of thermodynamics. Therefore,
defining the Hawking temperature as T = "'8/21r, which satisfies the zeroth law because
is constant on r = r + by its definition,l and recovering the dimension by the Newton
2
constant
we can identify

"'8

cW,

(1.1.10)
as the black hole entropy. The surprising fact that bA is non-negative in any dynamical
processes is also known as an analogue of the second law.
There are two comments on this Bekenstein-Hawking formula. The first is a case with
higher derivatives. In gravity theory up to second derivative, the entropy is written by
the area of the horizon, but in such cases it deviates from that. The more general WaldTachikawa formula including these corrections will be mentioned in the next section. The
second is a case with scalar fields. In matter-coupled gravity like supergravity, the area also
depends on the values of scalars at the horizon, which is a function of the values at the spatial infinity and the charges, namely, A = A(Q, M, ¢H) = A(Q, M(¢oo, Q), ¢H(¢oo, Q)).
However, in extremal case, M(¢oo, Q) and ¢H (¢oo , Q) become functions of only Q. As
a result, the entropy is completely determined by the charges S = S(Q). This is the
attractor mechanism discussed later.

1.2

Wald-Tachikawa Entropy

In this section we review the general entropy formula for the D-dimensional black hole,
which is originally derived by Wald [26] and entended to the case with gravitational
Chern-Simons terms by Tachikawa [39]. Their arguments are based on the Noether charge
formulation with respect to the diffeomorphism of the theory.
Let us denote L( ¢) as the D-form Lagrangian density, where ¢ means physical fields
including the metric. Under the diffeomorphism for the vector field ~, its variation is
(1.2.11)
where £f, is the Lie derivative with respect to~. The last term is, in ordinary covariant
theories, absent, but arises when the gravitational Chern-Simons term is added to the
action in odd dimensions.
On the other hand, the first-order variation of L becomes

bL =

L E¢b¢ + d8(¢, b¢),

(1.2.12)

¢
1 According to Hawking, the temperature is identified up to the normalization 1/27r.
2In the following of this thesis, we will use G N for the Newton constant in three dimensions. On the
other hand, G<;j) denotes the Newton constant in D-dimensions.

1.2 Wald-Tachikawa Entropy
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so E¢ = 0 expresses equations of motion. The function e is called the symplectic potential.
Then we can define a current with respect to the diffeomorphism as
(1.2.13)
where tf, is the interior product defined by tf,w = (l/(r - 1)!)~VwVJL2"'JLrdxJL2 /\ ... /\ dxJLr
for the r-form W = (l/r!)wJ.il ...JLrdxlll /\ ... /\ dx'lr. This is conserved up to the equations
of motion, i.e., dJf, ~ 0, because of the identity (dtf, + tf,d) W = £f,w for any r-form w. It
is therefore possible to write down a (D - 2)-form Qf, satisfying
(1.2.14)
In the case of Sf, = 0, the explicit form of the antisymmetric Noether potential Q~v is
(1.2.15)
where £JLvpa = fJ£/fJRJLvpa ' This is of course changed when Sf, is added, but only the first
term of the above is important in the end.
Here let us define lIf, by
(1.2.16)
Then, from the expression bbf,L, we have dlIf,
leads to an equation

~

bdSf,' And it is easy to see that this

(1.2.17)
Now we put
(1.2.18)
where Cf, satisfies a relation
(1.2.19)
According to the paper [26], we can identify the black hole entropy satisfying the first
law, Ks bS ~ bM - nbJ, as follows:

S=

G(;)
8 N Ks

iHr Qf"

(1.2.20)

where the integration is done on the event horizon H. It is the most general formula to
compute the black hole entropy. On this integral we can put ~JL = 0 and "V JL~V = KsEJLv,
where EJLv is binormal vector of the horizon normalized by E/1V E/1v = - 2, with the help
of a property on the bifurcation surface. The replacement ~/1 = 0 and "V/1~V = KsEJLv are
true on the bifurcation surface where the horizontal Killing vector field vanishes, but in
general the event horizon of the black holes is not the bifurcation surface. Hence, the
analytic continuation from the bifurcation surface is needed, and then we can carry out
the above replacement on the integral (1.2.20).
In Sf, = 0 case, it is reduced to the form
(1.2.21)
where dD - 2 xVh gives the invariant surface element on the horizon. This form says that
only the curvature terms in the Lagrangian contribute to the thermodynamical entropy.

8

1. Black Hole Entropy

Of course it becomes equal to the Bekenstein-Hawking formula (1.1.10) in the case of the
Einstein gravity .c = R. Furthermore, when we add the gravitational Chern-Simons term
in three dimensions
(1.2.22)
we have the correction to the entropy

/:::,.s = ei3
4

r

NiH

ElL

vr~pdxp,

(1.2.23)

by following steps to compute 3~, II~, ~~ and C~. This expression of the correction in
three dimensions was also obtained in various setups [36, 37, 38].
This thermodynamical entropy is of course a formal expression, and indeed, we have to
insert on-shell solutions into them. It is often difficult to get exact solutions in gravity
with higher derivative corrections except for some cases, such as BPS black holes in
supergravity or the BTZ black hole in three dimensions. However, what we need is their
values at the horizon. An estimation of the entropy may be possible if we know universal
behaviours near the horizon of the black holes. For the extremal black holes, they are
actually controlled by the attractor mechanism and the AdS near horizon geometry. In
such cases, the entropy function formalism is a very powereful tool to obtain the one-shell
solutions at the horizon, as will seen later.

2
2.1

Attractor Mechanism
Attractor Behaviors in Extremal Black Holes

Now let us consider the four dimensional action with an arbitrary number of complex
scalar fields za and U(l) gauge fields A~,
T(4)

=

1

(4)

167rGN

J xv
d4

-G( R - 2G aT/J/LZaO/L-ji -lflIJF:vFJ/LV -

~VIJF:vFJ/Lv) ~2.1.1)

The dual field strength FI/LV is defined by FI/LV = ~E/LVPU Flu, and the couplings Gab' flIJ
and VI J are some functions of za.
At this stage we assume that za depends only on the radial coordinate r and take an
ansatz of the following isotropic form
(2.1.2)
It is known that the ansatz relating the coefficients of dt 2 and dr2 satisfies the extremal
black hole condition [41]. In order to solve equations of motion for U and za coupled to
the gauge fields, we put
I

e

I
p.
F.()cp
= "2 s1n ,

(2.1.3)

where the magnetic fields are defined as GI/LV = VIJF:v - iflIJF:v' But (/ and
actually given by the electric and magnetic charges qI and pI of the black hole as

'PI are

(2.1.4)

due to equations of motion of the gauge fields.
With the gauge field configurations appearing in (2.1.3), the equations of motion for
the action (2.1.1) turn out to be

U" = e 2U VBH ,
- {U" - 2(U'?}

+ 2Gab (za),(zb), - e2U VBH

{Gab(zb),}' - OaGbc(zb),(zc), = e
9

2U

oaVBH'

= 0,

(2.1.5)

10

2. Attractor Mechanism

where

I

dld( -l/r). The function
(2.1.6)

is often called black hole potential.
Incidentally, even if we here consider a system with the Lagrangian
(2.1.7)
plus a constraint
(2.1.8)
we can also derive the equations of motion (2.1.5). Thus, this reduced theory is equivalent
to the original one (2.1.1) when the metric and scalars depend only on r.
First, let us consider the case in which VBH has a critical point at ¢i = ¢h,
(2.1.9)
where ¢i stands for the collection of za and za. In other words, ¢h are determined by
(qI, pI). Second, assume that the second derivative of the potential at the critical point
is positive, i.e.,
(2.1.10)
The statement of the attractor mechanism is that once the above conditions hold, the
values of ¢i at the horizon are fixed by ¢h, namely,
(2.1.11)
This has been checked in various ways. A trivial solution under some appropriate VBH
is
e-U(r) = e-Uo(r) =

1+

v'Vo,

(2.1.12)
r
where Va is the extremum of the black hole potential. But in general solutions, the scalars
have degrees of freedom of the integration constants, ¢i(r = ex)). We must, therefore,
perturbe this solution by an infinitesimal parameter E, like
00

00

¢i(r)

=

¢b + L
n=l

En¢~(r),

U(r)

=

Uo(r)

+ L EnUn(r).

(2.1.13)

n=l

When we solve the equations of motion order by order in this

E

expansion, we will obtain
(2.1.14)

where sand t are some positive constants, and an and bn should obey a recursion relation.
Aside from the convergence of the sum (2.1.13), it is easy to see that the scalar solutions

2.2 Exact Solutions
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satisfy (2.1.11). It can be directly checked by the numerical calculation as well. As a
result of the attractor mechanism, the Bekenstein-Hawking entropy is found to be

s=

4trr 2 e - 2U I r=O

= ~ Vo

4G(4)

G(4)·

N

(2.1.15)

N

That is, the entropy is determined by the black hole charges in the extremal case.
The above behaviour of extremal black holes is independent of supersymmtry and is
observed in many examples. In a specific case, such as N = 2 supergravity discussed
in the next section, we know exact solutions and they give the attractor. Furthermore,
although it is difficult to obtain exact solutions in gravity theory with the higher derivative
correction, they still have the above qualitative behaviours.

2.2

Exact Solutions

In this section we present examples of exact solutions in N = 2 supergravity embeded into
ten dimensional IIA string theory compactified on Calabi-Yau manifold CY3, or eleven
dimensional M-theory on CY3 xS 1 . It is interesting because it contains a lot of classes of
black hole solutions, BPS or non-BPS.
It is known that four dimensional N = 2 supergravity coupled to nv vector multiplets
is described by the so-called special geometry. Let us consider complex scalars X I, (I =
0,1,· .. nv) and the prepotential

(a= 1,2···nv).
Here

(2.2.16)

denotes the triple intersection number of CY3 . When we define FI(X) =
8F(X)/8XI, FIJ(X) = 8 2 F(X)/8X I 8X J and NIJ = 2ImFIJ, 1 and choose
Cabe

a
Z

xa

I-J

NIJX X

= XO'

= -1,

(2.2.17)

the action (2.1.1) for the four dimensional supergravity is determined only by the prepotential. Putting zO = 1 formally and defining the Kahler potential K through
-J
e -K -_ -zINIJZ

OI- 2
-IX
,

(2.2.18)

we see G ali = 8a E%K as the Kahler metric. The couplings VIJ and J-lIJ are also identified
in terms of za,
.

-

VIJ - 'tJ-lIJ = FIJ

KNJLZ L

. N IKZ
MN

+ 1,

Z

MNZ

N·

(2.2.19)

This is realized by compactifying IIA supergravity on CY3. In type IIA view point,
the electric-magnetic charges (qo, qa,pa,pO) can be seen as (DO,D2,D4,D6)-brane charges.
Then a function
(2.2.20)
1

I

We take XO to be real and i (FI (X)X - X I F I (X))

have nv vector multiplets, and one of the (nv

+ 1)

= 1 as a gauge choice. Due to this gauge, we

gauge fields corresponds to the graviphoton.
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gives the graviphoton charge, or the central charge of four dimensional N
theory.
Note that the black hole potential is, in fact, rewritten as

=

2 supergravity

(2.2.21)
where Va is the Kahler covariant derivative, i.e., VaZ = (Oa
known that solutions satisfying first order equations [41, 42]

+ ~OaK)

Z. It is in general

(2.2.22)
express four dimensional BPS black holes which preserve a half of eight supercharges. At
the horizon the scalars za are attracted to the values specified by VaZ = 0, so eqs. (2.2.22)
exhibit the BPS attractor flow. But there are also, in particular brane configurations,
solutions satisfying flow equations
(2.2.23)
for some function Z. This no longer preserves supersymmetry, but za are also attracted
to the values specified by VaZ = 0 at the horizon. These equations indicate the non-BPS
attractor flow [43].
Let us see one example of the exact solution in a simple case, the so-called STU model,
whose prepotential is given by
F(X) =

(2.2.24)

We would like to solve the equations of motion for the DO-D4charge configuration
(qo,pI, p2,p3). But we here take za = Z = x + iy and pa = p (a = 1,2,3) in order
to reduce our calculation further.
It is known that the qo < 0 configuration leads to the BPS black hole. Actually,

z=

_~ aR + {3Ho + i

a

2W+~

e- 4U = (R2

2

-

RHo _

W+~

~
4

(aR + {3Ho)
W+~

+ a{3)(a 2 - RHo) - ~(aR + {3HO)2,

2

,
(2.2.25)

where

R = h+ ~

2r'

Ho = ho

qo

+ 2r'

(ho, qo < 0),

{3qo

=

3ap,

(2.2.26)

is a solution to eqs (2.2.22), and the black hole mass is found to be M = Zlr=oo' Even if
we choose any h, ho and a ( or {3), the scalars za are attracted to the point x = 0 and
y = ...; -qo/p. The entropy of the BPS black hole is turned out to be
SBPS

Here we put G~)

=

= 27["'; _qop3.

1/8 for later convenience.

(2.2.27)

2.3 Entropy Function
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On the other hand, the case of qo > 0 gives the non-BPS black hole of the solution
2

e- 4U --

fI3HO _

L4·

(2.2.28)

For this solution the black hole mass does not saturate IZI, but a short calculation reveals
that they satisfy the flow equation (2.2.23) if we define
(2.2.29)
in this case. The scalars are attracted to x = 0 and y = Vqo/p, and this still shows the
non-BPS attractor mechanism [44]. Finally, the non-BPS black hole entropy is
Snon-BPS

=

21[Vqop3.

(2.2.30)

It was the main result of our paper [29] to find the non-zero axion (x
the non-BPS black hole.

2.3

=1=

0) solution for

Entropy Function

In this chapter we have discussed the attractor mechanism, which is the universal property
of the extremal black hole solution. Indeed, there is another nature of the extremal black
hole. The authors of refs. [12, 13] proved that the near horizon geometry for any extremal
black hole always has a SO(2,1) symmetry, or the AdS 2 factor
2
dS AdS2

=

2

2

-r dt +

2

dr
-2 .
r

(2.3.31)

It remains valid in matter-coupled case and even in the presence of higher-derivative
corrections, and we can consider that it works together with the attractor mechanism.
Conversely, one could say that it is just the definition of the extremal black hole to have
two properties that at the horizon the scalars are attracted and the geometry includes the
AdS 2 factor.
If so, we know a simple way to calculate any extremal black hole entropy, the entropy
function formalism [40, 45, 46, 38]. Sen's proposal is the following. First, consider the
solution

(2.3.32)
near the horizon. In this ansatz we have assumed the attractor behaviour of the scalars
and the AdS 2 geometry of the metric. Here il, e, p and 71 are constant. Next, introduce
electric charges if by

af( il, e, p, 71)
£:l [

ue

= q[,

f(il, e,p, 71) =

J

dfh/-C£.

(2.3.33)
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Then, we can obtain the horizon values of
entropy function

-- e,p,
-- -- U--) =
"C'( v,

v, e and il by algebraically extremizing the

1 (]
-- e,p,
-- -- U--))
------c4f
e q] - f( v,

,

(2.3.34)

SG N

because all derivative terms drop out due to the assumption of the attractor mechanism
and the AdS 2 geometry. According to ref. [40], the black hole entropy is in fact obtained
by the value of this extremum

S (if, PJ = £ (v, e, p, il) Iextremum .

(2.3.35)

As is clear from (2.3.32), we have to use the above two assumptions on general extremal black holes. Once we admit them, any entropy is obtainable even in case with
higher derivative since this formalism is actually based on the Wald formula [40]. The
modification is needed in the case which the action includes Chern-Simons terms, and
then the definition of the entropy function is slightly changed due to the fact that the
Wald-Tachikawa formula becomes valid [3S].
Let us return to the example of N = 2 supergravity with DO-D4 charges. Although we
shall not demonstrate the detail since we will get a similar result in the later chapter, the
macroscopic entropy of the BPS and non-BPS black hole is found to be
SBPS =

Snon-BPS =

~

27ry -6-6-'
27r

JqOCL
-6-'

(2.3.36)

where p3 = ~Cabcpapbpc and C2a is the second Chern cla..'ls number. It is known that each
entropy agrees with the microscopic counting for the BPS or non-BPS configuration in
M-theory [47, 4S]. At least in the non-BPS case, we do not know how to reach this
result except for the entropy function formalism because it is almost impossible to solve
equations of motion exactly.

Part II
Microscopic Interpretation of Black
Hole Entropy
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As stated above, the significant properties of the extremal black hole are the AdS
behaviour near the horizon and the attract or mechanism. Knowing these and, finally
using the entropy function, then we can calculate the black hole entropy, independently
of supersymmetry and whether any higher derivative is present or not. From now on, we
pay attention to the microscopic description of black hole space-times. It is absolutely
necessary to understand and reproduce the thermodynamical entropy we have seen above
in terms of the statistical counting of some states in order to disclose the full quantum
theory of gravity.
String theory has a lot of examples reconstructing the entropy from microscopic view
point. D-brane in the theory enables us to do it. Strominger and Vafa originally found out
the microscopic origin of the Bekensten-Hawking entropy [3]. And in the DO-D4 system,
or M5 system in M-theory language, the entropy including higher derivative (2.3.36) was
also obtained by counting the degeneracy of the states on the brane [47]. The AdS/CFT
correspondence is essentially used in these contexts.
However, the information of D-brane or string theory is not always needed to compare
to the macroscopic entropy. The key ingredient is the AdS 3 /CFT 2 correspondence. In
fact, Brown and Henneaux showed the existence of CFT2 satisfying the Virasoro algebra
on AdS 3 boundary of the three dimensional gravity with the negative cosmological constant [7]. Once we derive the Virasoro algebra and get its central charge from gravity
side, it is easy to reconstruct the entropy of the BTZ black hole by using the Cardy formula to count the degeneracy of states of the CFT2 [10]. This idea is recently brought
to the four dimensional extremal Kerr black hole [11]. It has not been revealed yet that
these Virasoro algebra is of what CFT2 , but the Brown-Henneaux technique relying on
the AdS 3 /CFT 2 rather than string theory is very attractive so as to explore the quamtum
origin of realistic black holes in the sky.
In this part, we first review the Brown-Henneaux formalism in three dimensional gravity
and also obtain the similar result in four dimensional Kerr space-time. And next let us
confirm that Brown-Henneaux's argument is valid as well in higher derivative gravity,
especially Topologically Massive Gravity (TMG) which includes the gravitational ChernSimons (GCS) term [27]. As a result, if the three dimensional gravity has any higher
derivative, one can derive the Virasoro algebras on the AdS 3 boundary and check the
agreement between the Wald-Tachikawa formula and the Cardy formula [30]. Finally we
mention the dual description of a non-AdS geometry, called warped AdS, in TMG.

3
3.1

Brown-Henneaux's Approach
Realization of the Virasoro Algebras

Three dimensional gravity with negative cosmological constant
7(3) =

16:GN

Jd xJ-G (R+ ~)
3

(3.1.1)

has no degrees of freedom of graviton [6], but nevertheless, it allows the BTZ black hole
solution

ds 2 = -N 2de

N2

=

+ N- 2dr 2 + r2(dcp + N'fJdt?,

G) + (4~Nj)' _8GNm

N'

2

(cp

=

rv

cp + 27f)

4~:j,

(3.1.2)

where m and j are its mass and angular momuntum [9]. This is an excited state from the
vacuum solution which is the global AdS geometry
ds 2 = _

(1+ ~)

dt 2 +

(1 + ~:)

-1

dr 2 + r'd<p'.

(3.1.3)

Both solutions are everywhere locally AdS 3 with the radius f from the property of three
dimensional gravity.
First of all let us specify the boundary conditions so that field configurations behave as
"asymptotically AdS3 ". We require that the metric should behave at the spatial infinity
r --+ 00 as

Gt'fJ = 0(1),
(3.1.4)
which is in accordance with the behavior in (3.1.2) and (3.1.3). The vector field (~O, ~r, ~'fJ)
that transforms the metric while preserving the boundary conditions (3.1.4) are not
strongly restricted but are allowed to be a general class of functions. In fact, by using the coordinates of x± = ± cp, the n-th Fourier component of the vector fields is given
by

f

~

-r

=

.nr inx±

-'/,-e
2

19

'

(3.1.5)
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In the following we call the above vector fields "Killing vectors". For later use, we assign
explicit notations for these Killing vectors:
c± =

<"n -

cIa =
<" I

e

inx±

2n2
(a± _ £2r2
0

'f

inr
2

a)
r

(3.1.6)

,

H

where o± = £Ot ± o<p). The algebraic structure of the symmetry is encoded in the Killing
vector and in fact we can directly compute the commutation relations of these differential
operators
(3.1.7)
This result clearly shows that the asymptotically AdS 3 spacetime is endowed with the
two dimensional conformal symmetry.
In order to evaluate the central extension of the Virasoro algebras, we have to know the
asymptotic behaviors of the canonical variables and we introduce the (2 + I)-dimensional
decomposition, often refered to as Arnowitt-Deser-Misner (ADM) decomposition [49], of
the three dimensional metric G /.LV as
(3.1.8)
Here gij, (i, j = r, <.p) is the two dimensional metric. The lapse and shift functions are
denoted by Nand N i , respectively. The action (3.1.1) is rewritten as usual by
7(3) =

where

R(2)

1
167rGN

J

2

((2) + £22 +

dtd xvgN R

..

KtJ Kij -

K

2)

,

(3.1.9)

is the scalar curvature made out of gij, and
- 'D.N.)
K tJ.. -- _1
2N (g'tJ.. - 'D·N·
t
J
J
t

,

(3.1.10)

The dot over gij means the t-derivative and 'Di is the covariant derivative with respect
to gij' The momentum variable 7r ij conjugate to gij is given by 7r'ij = y'g(Kij - gij K)
for the theory (3.1.1), and the Hamiltonian density 1{ is the Legendre transform of the
Lagrangian density C, i.e., 1{ = 7r'ij 9ij - C.
The Hamiltonian consists of an usual combination of constraints together with an appropriate surface term Q[~],
(3.1.11)
where
(3.1.12)
The added term Q[~] must be determined so that it cancels the surface terms produced
by the first term in (3.1.11) under field variation and is a generator of the possible surface
deformation [50]. The vector field (~O, f'", ~<p) denotes such an allowed surface deformation
and is related to the spacetime vector (~O, ~r , ~<p) via
(3.1.13)
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The asymptotic behaviors (3.1.4) are now translated into those of the canonical variables
as

£2

+ 0(r-4) , 9T 'P = 0(r- 3 )
r
r
( -1 ) , NT = 0(r-1) ,
N=g+Or

9TT = 2"

,

9'P'P = r2 + 0(1),
N'P = 0(r- 2).

(3.1.14)
(3.1.15)

The behaviors of the canonical conjugate variables are also derived with the help of
(3.1.10), (3.1.14) and (3.1.15):
(3.1.16)
It has been known that conditions (3.1.14), (3.1.15) and (3.1.16) are preserved under
the Hamiltonian evolution provided that we impose the Hamiltonian constraints. The
generator Q[~] in (3.1.11) is found by taking into account the asymptotic behaviors of
the canonical variables up to a constant term, which is adjusted so that the charge Q[~]
vanishes for the globally AdS space.
The algebraic structure of symmetric transformation group is given by the Poisson
bracket algebra of Hamiltonian generator H[~]:
{H[~], H[1]]}P = H [[~, 1]]]

+ K[~, 1]],

(3.1.17)

where K[~, 1]] is a possible central extension. While the Dirac bracket {Q[~], Q[1]]}D yields
the surface deformation of Q[~] with respect to Q[1]], i.e., 81)Q[~l = {Q[~], Q[1]]}D' the
charge Q[~] forms a conformal group with a central extension {Q[~],Q[1]]}D = Q[[~,1]]] +
K[~,1]l· From two expressions we immediately get 81)Q[~l = Q[[~,1]]] +K[~,1]l. If we set
the initial condition so that Q [[~, 1]]] = 0 for a globally AdS space, the evaluation of the
central charge reduces to
(3.1.18)
In the case of (3.1.1), the explicit form is given by
81)Q[~]
=

J

dt.p [y'gSijkT {~Q1)k81)9ij -

1)k~Q 81)9ij} + 2~i7rjT 81)9ij + 2~i81)7riT -

e7rij 81)9ij] ,

(3.1.19)

where Sijkl is defined by
(3.1.20)
In the case of TMG, the derivation of the above equations will be explained in Chapter
4.
Putting the Killing vector (3.1.6) for ~, we define the Virasoro generators by L; =
Q[~;l/167rGN' By replacing the Dirac brackets by a commutator ({,}D ---+ -i[,]), the
commutation relations become

[L~, L~]

= (m -

n)L~+n + ~~m(m2 - 1)8m+n,Q,

[L~, L~]

=

(m -

n)L~+n + ~~m(m2 - 1)8m+n,Q,

[L~,L~] = 0,

(3.1.21)
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and the central charges have been calculated in [7] as
3£

CL

= CR = 2G

N

(3.1.22)

'

Once we get the central charges, it is straightforward to obtain the BTZ black hole entropy
by using the Cardy formula [10]

(3.1.23)

Here L~ are related to the mass m and angular momentum j of the black hole by the
formulae Lt + Lo = m£ and Lt - Lo = j.

3.2

The Kerr/CFT Correspondence

The four dimensional Kerr solution is given by

(3.2.24)

where a = G~) JjM.l In extremal case (J = M2 jG~»), the Hawking temperature vanishes
and the entropy becomes

s=

27fJ.

(3.2.25)

fi

In that case, the Kerr solution has a 8L(2, R) x U(l) near horizon geometry by taking
the Bardeen-Horowitz limit [51]

,

Ai

t = 2M'

,

AM
M'

r = rA

,

A

i

r.p = r.p - 2M'

A --+

o.

(3.2.26)

Under a further coordinate transformation

r' = (cost'v1 +r2 +r)-l,

+ In (

,=
r.p

r.p

t' = r' sin tV1 +r2,

cos t' + r sin t' ).
1 + sin t'v1 + r2 '

(3.2.27)

we finally obtain
(3.2.28)
IThe usual mass we observe is 1vf/G~) in this unit.

3.2 The Kerr/CFT Correspondence
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where
2
1 +_
cos
A = 2sinf}
02 = _
__f}
(3.2.29)
1 + cos 2 f}.
2
'
This geometry can also be seen in warped AdS 3 solution of TMG.
The statement of the Kerr/CFT correspondence is that the isometry SL(2, R) x U(l)
enhances to one copy of the Virasoro algebra on the boundary of r -+ 00. Here let us
choose

t

t

bGI-LV =

r
f}
tp

f}

r

tp

0(r2) 0(1/r 2) O(l/r)
0(1)
2
3
0(1/r ) 0(1/r ) O(l/r)
O(l/r) O(l/r)
0(1)

(3.2.30)

as the boundary condition of the near horizon metric. Then, the allowed Killing vector is
turned out to be
~n =

ein<p (a<p - inrar ) ,

(3.2.31)

at.

supplemented with the time tranlation
lt is notable that the Killing vector ~n satisfies
(3.2.32)
but that the asymptotic symmetry group contains only one copy of the conformal group
unlike the AdS 3 case (3.1.7). But the Killing vector (3.2.31) is enough to derive the
entropy, as seen below, because it is considered from the analogy with the BTZ black
hole in three dimensions that the extremality of the black hole M2 /G~) - J = 0 reduces
the Cardy formula. The search for the missing copy is an intriguing task since it directly
links with whether the dual theory is really an ordinary CFT2 . It is known that the
different boundary condition from (3.2.30) leads to one copy of Virasoro algebra times a
U(l) current algebra for a warped AdS 3 in TMG [52], but we do not know the boundary
condition which also allows the other copy like (3.1.7).
Another comment is that the boundary conditions of bG a and bG<p<p are the same order
of r as the leading term. The covariant charge

bQ[~] =

-

1 (4)
327rGN

J

Ea:{3JLv [~VVJLbG +

(~uVV - ~vVu )bGJLU + -21 bGVV~JL

- bGvuVu~JL + bG~V(U~JL)]dxa:

1\

dx{3,

(3.2.33)

instead of the canonical charge (3.1.19) is useful in this case although there are no clear
reason why only this charge provides a suitable result [53, 54].
Anyway, inserting (3.2.31) into (3.2.33), one finds the central extention

-i(m3 + 2m)bm +n J.

(3.2.34)

By a shift of zero mode nL~ = Q[~n] + ~Jbn,o and a replacement of the commutator
( {, }D -+
one copy of the Virasoro algebra

*[, ]),

[L~, L~] =

(m -

n)L~+n + ~ m(m 2 -

l)bm +n,o

(3.2.35)
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can be derived. The central charge of the CFT for the extremal Kerr is found to be

12J

CL

=

(3.2.36)

T'

at

While the conserved charge for the time translation
is zero, the one for the angular
translation acp (n = 0 in (3.2.31)) is now normalized as J/2li according to the claim of
the paper [11]. Then, if we can define liL~ = (M2 /G~) ± J)/4 from the analogy with
the BTZ case, the Cardy formula gives the Kerr entropy (3.2.25). Irrespective of whether
non-trivial CR and L;; exist or not, the macroscopic black hole entropy can be reproduced
from the state counting of eFT which obeys at least one copy of the Virasoro algebra. 2

2There are many disccusions on the horizon eFT [55, 56, 57]

4
4.1

Topologically Massive Gravity
Higher Derivative Gravity in Three Dimension

In this chapter we deal with a particular three dimensional gravity which contains the
GCS term (1.2.22). This theory is often referred to as Topologically Massive Gravity,
which stems from the fact that it has a single, unitary massive graviton with helicity
+2 or -2 around the Mikowski background [27]. We here add the negative cosmological
constant. 1 Note that there are third derivatives in the GCS, and that it violates parity.
First, we mention the case without the GCS term. The AdS 3 /CFT 2 correspondence
by Brown and Henneaux was extended to general three dimensional gravity with parity
preserving higher derivative terms, i.e., [70]
(4.1.1)

In three dimensions the Riemann tensor is expressed by the Ricci tensor, so parity preserving higher derivatives are included in 1(RJ-Lv, G /-tv), The Einstein equation is modified
as

!G/-tv
2

(1 +~)
e~

+

.!!.L
+ TJ-LV =
8G/-tv

(3E pu (/-tV R V)
P

(4.1.2)

U'

in this theory. Here we denote
(4.1.3)

81

1

n = "3 G /-tv 8R,w

(4.1.4)

becomes constant in AdS 3 solutions, we can treat this theory equivalently to the usual
Einstein-Hilbert term with the negative cosmological constant [71, 72]. According to the
paper [70], even in such a theory, the Virasoro algebras exist on the r --+ 00 boundary of
the BTZ black hole in spite of a slight shift of the central charges,
CL

=

CR

=

---------------------------

3e
n 2GN
,

(4.1.5)

lSee also references [30, 36, 37, 38, 39, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69] for more topics on
TMG.
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and the Wald entropy also turn out to agree with the Cardy entropy.
In this parity preserving theory the left and right moving central charges have the same
value, but in TMG, parity violating case, this is not true. Taming the GCS term was
difficult from the parity preserving case because its form is not affected by the redefinition
of GJ1.v. The simple redefinition rule like the parity preserving case is not effective, so we
will here verify the AdS 3 /CFT2 by performing the direct application of Brown-Henneaux's
canonical formalism to TM G.
Let us add the GCS term (1.2.22) to the three dimensional action. The AdS 3 geometries
(3.1.2) and (3.1.3) are also allowed as solutions even in the most general three dimensional
gravity with both the terms (4.1.1) and the GCS term (1.2.22), but the defenition of the
mass and angular momentum of the BTZ slightly changes like
M = flm + ;j,

J = flj

+ 13m.

(4.1.6)

Here, the effective como logical constant £ in (3.1.2) and (4.1.6) is related to the bare
one £0 in (4.1.1) through equations of motion. Note that the contribution of the GCS
term is contained in the new definition of the mass and angular momentum [73, 74, 75,
76, 77, 36, 37, 78]. The macroscopic entropy of the BTZ black hole (3.1.2) is given by
Wald-Tachikawa formula [26, 37, 38, 39]:

The aim of this chapter is the realization of this form from Brown-Henneaux's approach.
Since it is straightforward to add to parity preserving higher derivatives, we omit it for a
while and consider the action
(4.1.8)
where .ccs is defined by (1.2.22).

4.2

Canonical Formalism in TMG

First of all, we have to decompose the Lagrangian of TMG in the ADM mannar (3.1.8). It
is, however, quite difficult because the GCS term contains third derivatives with respect
to time. It is known that the canonical formalism of such a system is done by using
Ostrogradsky's method [79] in which Lagrange multiplier is introduced. For instance, if
there is a Lagrangian .c(g,g,fj), then we define .c*(g,g,h,A,v) = .c(g,h,A) + v(g - h)
and construct the Hamiltonian in the usual way. In the case of TMG, it is useful to
apply modified version of Ostrogradsky's method as discussed in ref. [80]. In the modified
Ostrogradsky method, the extrinsic curvature Kij is dealt with an independent variable.
At the same time, Lagrange multiplier Vij should be introduced to give a proper constraint.
And furthermore, deviding Kij into a tracepart K and a traceless part Hij like Kij Hij + g ij K/2, one finds that there are in fact no i< term in the action.
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Following these prescriptions, the Lagrangian of the TMG is given by [81, 80]
£TMG

= y'gN( R(2)

+ ~ + Ki.1 Ki.1

- K2)

+ (3y'gEmn (Hmk + ~K9mk)

+ (3y'gN i {

+ Vi.1U}i.1

- 2NKi.1 - 2'OiN.1)

Hn k + (3y'gN(2Emn'Ok'OnKmk - AklKkl)

2Emn K/'OnKml - Emn'Ok(KniKm k)

-

+ ~Ei.1a.1 R(2) + 'Ok A/ }.
(4.2.9)

In the above Ki.1 must be interpreted as Ki.1
following equation:

=

J

In mp ,mn,
.I
npi -- d3 XygE

By defining

+ gi.1 K/2.

Hi.1

Here Ai.1 is defined by the

J

d3 Xyg
InAi.1 gi.1'
.

(4.2.10)

(4.2.11)
the time derivative of the affine connection is expressed as ryl mn = gloT:1~o'Ok9i.1' After
the partial integration in (4.2.10), Ai.1 is explicitly written as
Ai.1 = EmPgloT:;"~o'Ok,n pi
1 kZ

., 1'12
l ·2 z
. k
(
)
(4.2.12)
+ _E 'Ok' k'I J - _E
'Ok,J I + i f-t j .
444
Since Ai.1 depends on the affine connection in an explicit way, it does not behave as a
tensor. Canonical variables in this Lagrangian are gi.1, 9i.1' Hi.1 and H i.1 , and Lagrange
multipliers are K, N, N i and v i.1 . Note that Vi.1' which is not a tensor, is symmetric under
the exchange of indices.
By using this Lagrangian, we can construct the Hamiltonian in the canonical procedure.
As usual, momenta conjugate to 9i.1 and Hi.1 are defined as
= -E 'Ok,?

7[

i.1 =
-

IIi.1 -

b£n.t1G _ i.1 _ (3 inK k(iH .1)
A'
-v
2 yg E
k'
ugi.1

b£~MG
bHi.1

1

..

1

= -(3y'gE k(iHk.i).

..

..

(4.2.13)

..

Note that g-27[2.7 and g-2II2J , instead of 7[2.7 and II2.7, do behave like tensors. From
the second equation, we see that IIi.1 and Hi.1 are not independent and the system is constrained. Again, such a kind of the constraint should be taken into account by introducing
a Lagrange multiplier in the Hamiltonian formalism. Up to total derivative terms, the
Hamiltonian of TMG is expressed as

1iTMG
= 7[i.1 9i.1
rv

+ IIi.i Hi.1 -

y'gN { - R(2) -

£TMG

~

+ ii.1 (IIi.i

- KklKkl

-

(3y'gEik Hk.1)

+ K2 -

2(3Emn'Ok'OnKmk

+ y'gNi { 2(3Emn Ki1'OnKmi + (3Emn'Ok(KniKmk)
- (3'0.1 (KEk(iHj») }

+ ii.1(IIi.1 -

(3y'gEik Hk.1) ,

-

+ (2g-~7[kl + (3Akl) Kkl}

~(3Ei.ia.t R(2)

-

'O.1(2g-~7[i.1 + (3Ai .1 )
(4.2.14)
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where i i j is the new Lagrange multiplier.
In order to derive correct equations of motion, it is necessary to add surface term Q[~]
to the Hamiltonian. By taking the two dimensional coordinates as (r, <p), the variation of
the surface term 8Q[~] is given so as to cancel the total derivative terms in the variation
of the Hamiltonian [30]:
8Q[~]

=

Jd<p[J9Sijkr(~ODk8gij

-

Dk~08gij) +e(27fjr + {3g~Ajr)8gij - ~C(27fij + (3g~Aij)8gij

+ ~i8(27fir + (3g~Air) - 2{3J9EmrDk~OlI8Kml + 2{3J9Emn~ODn(grI8Kml)

+ ~(3J9Sijkr((Emn8m~n)Dk8gij - Dk(Emn8m~n)8gij)
- 2{3J9Emr~iKiI8Kml - (3J9Emn~i(8KniKmr + Kni8Kmr) - 2{3J9Emngrl~O Km08r.,/ nl
ijr
In mn kl OP{
K 0(1 Tifr
J:
(4.2.15)
- 2{3 V gE
9 9
- -n
Vk<.,tOKmo T nip + <.,to-n
Vo K ml Tijr
knp + 2to-n
<., Vn
m)kp } ugij

+ 2{3y'gEmne{ K/ KmkllT:!~ + gqkglP(KmkKI(oT~~p + KnoKI(kT~)qp) }8gij

+ 21{3 vIngEmnTxyk
mlogop{DkUxyg lqTijr
npq 1
..
- 2{3J9EmnT~;oUijgOP8"(lnp

ijr
Uxy"( qnpg ISTkqs

ijr}8
+ 2Uxy"( Iq(pg qST n)ks
gij

1
( )]
+ 2{3J9Emr~m8R
2 .

The index r which is not contracted represents the radial coordinate. And we here introduced Uij(O - 2~o Kij + 2D(i~j).

4.3

AdS 3 /CFT 2 in the Most General Higher Derivative
Gravity

Now let us evaluate the central charges in TMG. As discussed in Chapter 3, the diffeomorphisms which do not alter the boundary condition are labelled by ~; in (3.1.6) whose
components are given by (3.1.5). By using those Killing vectors, we can deform the global
AdS 3 background G~v'
A tedious calculation shows that the central extention for 'fJ = ~;t and ~ = ~;;; becomes
(4.3.16)
On the other hand, the central extention 'fJ

=

~;;

and

~

= ~;;;, is evaluated as
(4.3.17)

Note that the signs of the correction piece to the Brown-Henneaux's result are different
from each other. It is possible to check that 8.,,=~;tQ[~ = ~;;;,] = 0 from a similar calculation.
If we call ~;;; left mover and ~;;;, right one, the central charges are written as [36, 38, 37, 30]

(3)

3f (
CL=2G
1+£,
N

CR

=

~(1~).
2G
f
N

(4.3.18)
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Thus via canonical formalism of TMG, we have succeeded to realize the Virasoro algebras
of left and right movers with the different central charges.
We are now in a position to generalize these results in order to encompass most general
cases of higher derivative gravity. In (4.1.5) we have seen that inclusion of all higher
derivative corrections other than the GCS term requires us to multiply the central charges
of Brown and Henneaux's by the conformal factor n [70]. Making use of this simple scaling
rule, we get to the following final expression of the central charges for the left and right
movers:

CL

=

3£ (

2G N

(3)

n+ f '

(4.3.19)

We would like to emphasize that all of the effects due to higher order terms are included
in the factors nand f3. Also note that these central charges are obtained by constructing
Virasoro algebras directly.
From the modified definition of the mass and angular momentum of the BTZ black
hole (4.1.6), the zero modes Lt and Lo of Virasoro algebras for left and right movers are
expressed as
(4.3.20)
Putting these together with (4.3.19), Cardy's formula for counting the states in CFT2
agrees with the previous Wald-Tachikawa formula for the BTZ (4.1.7). For the BTZ black
hole capturing the contributions of all higher derivative corrections, we have thus proved
the agreement between the macroscopic entropy and the Cardy entropy of microstate
counting. It was the main result of our paper [30] that the AdS 3 /CFT 2 correspondence
has been confirmed in the most general three dimensional gravity.

4.4

M5-system Revisited

In this section we again come back to N = 2 supergravity. As previously mentioned,
the degeneracy of microstates is countable for the BPS and non-BPS black hole with
higher derivative correction in the M5 configuration (2.3.36). On the macroscopic side,
the entropy function is useful, but the four dimensional supergravity does not give the
same answer for non-BPS as the microscopic one since some higher derivative terms are,
in fact, missing [45]. It is, however, known that the five dimensional supergravity with
eight supercharges does include a complete set of higher derivatives and allows us to get
the correct entropy. Although a procedure is similar to the entropy function, we shall
here carry out the dimensional reduction of this on S2 and use the result obtained in the
previous section.
The action of five dimensional supergravity coupled to nv vector multiplets is given by
(4.4.21)
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where

LO = -2
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(4.4.22)

is a two derivative part and
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+
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16
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3
R
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(4.4.23)

is a supersymmtric completion of four derivative [82]. Here N, Na and Nab are functions
of real scalars Ma:
N =

~CabcMaMbMc,

Na =

~CabcMbMC,

Nab = CabcMc,

(4.4.24)

and C MNOP is the five dimensional Weyl tensor. Auxiliary fields are a two-form VMN
and a scalar D. This five dimensional supergravity comes from eleven dimensional supergravity compactified on Calabi-Yau threefold [83]. Note that the Chern-Simons term
EMNOPQAaM CNORSC~~ originates in R4 terms in M-theory [84, 85] and reduces to the
three dimensional GCS term after the dimensional reduction on S2.
In the following we employ notations used in ref. [59]. Assuming that the five dimensional metric, gauge fields and 2-form auxiliary field v be given by

VOep =

V sin (),

(4.4.25)

we obtain the three dimensional supergravity with the curvature squared terms and the
GCS term. Here pa corresponds to the M5-brane charge. In order to realize the Einstein
frame in three dimensions, we have to set
2
n/,-l _ X
IN C2a Ma
C2a MaV2
C2apav)
(4.4.26)
'fI
--++
+
.
2
1["
4
4
288X
72X4
288X4

(3

Then the action becomes [59]
L(3) =

J

d3 x-J -G (R

+ Z(¢) + A(¢)R2 + B(¢)RfJ-vRfJ-V) +

J

d3 xLCS

+ S',

(4.4.27)
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in the unit of 167rGN = 1. Here 4> stands generically for all scalars Ma, V, D and X, and
S' includes their derivative terms. The scalar potential and each coupling are given by

Z(4))

= 'ljJ3X2

7r

+

{~ (~+ N)
X2

C2aMa
96X 4

+

4

_

4

C2aMa D2
288

2(D _
4

C2apaV D
144X4

+

2

A(rh) = _~ C2a Ma X

(D +
2

5C2aMav2
36 X6

-

,fJ -

+ 2Napav
X4

+

(.l _ _

3 1927r'ljJ

'P

6V2)
X4

C2apav
48X 6

B(rh) = ~ c2a Ma X2

6 1927r'ljJ'

'P

V2) +N
X4

C2apaV3
36 X8

+

+

Nabpapb
8X4

C2aMaV4}
6 X8
'

C2apa
967r'

(4.4.28)

The action (4.4.27) enables us to derive an equation of motion for the metric

~GJLV {R + AR2 + B(RJLv? + Z} -

RJLV - 2ARRJLV - 2BRJLP R~

= (3EPa(WDpR~)

+ TJLv

+ (derivative terms of 4»,

(4.4.29)

and those for scalars
(4.4.30)

It is, however, almost impossible for us to find general solutions to these equations. What
we can do is to take all 4> to be constants everywhere and to assume the BTZ black hole
which satisfies
(4.4.31)

accompanied with the effective cosmological constant f. It corresponds to the black ring
solution whose geometry is AdS3 x S2 in five dimensions. By substituting it, the equations
of motion.( 4.4.29) and (4.4.30) reduce to

(4.4.32)

Since C2a indicates the higher derivative corrections in the next order, we can solve five
equations (4.4.32) to the first order of C2a' The solutions are

C)

M a = pa (1 _
V
p
36'

= _ ~p (1 +
8

C) D=

36'

C)

12 (1 _
X _ E (1
p2
18' - 2

+

C)

36'
(4.4.33)

and
f = p3 (1
47r

37

+ 288

c)

'

(4.4.34)
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where p3 = iCabcpapbpc and C =
this solution is calculated as

On the other hand, the conformal factor 0 for

C2apa/p3.

2

0(£) = 1 + 2AR+ "3BR

C

(4.4.35)

"'1--

-

288·

The assumption of constant scalars admits the BTZ black hole solution. Therefore,
Brown-Henneaux's approach explained in the previous sections can be applied to this
solution, and we can prove the existence of the CFT2 satisfying the Virasoro algebra on
the AdS 3 boundary. With the use of 167rGN = 1, (3 = - C2apa /967r and the formula
(4.3.19), the central charges of the left and right movers are given by

CR =

1

3

+ "2C2aP
6 p 3 + C2apa,

CL = 6p

a

,

(4.4.36)

in agreement with [47, 36, 86, 59]. In four dimensions, these central charges appear in
expressions of the entropy for the extremal non-BPS and BPS black holes, respectively
[48]. The precise information of the microstates for the CFT at the boundary is veiled in
our formalism. Whatever the microstates may be, we can only see the Virasoro algebras
and calculate their central charges. But as for the M5-brane system, the explanation for
microstates was made clear in ref. [47] from the detailed description of the effective field
theory on the brane.

4.5

Warped AdS 3 Space-time

So far, we have concentrated on the AdS 3 solutions in TMG or more general higher
derivative theory. The AdS 3 is, however, one of solutions in TMG, and there is the other
class of solutions which has 8£(2, R) x U(l) isometry, called the warped AdS 3 [87, 88,
78,68]. A spacelike warped AdS 3 metric
ds 2 =

2£2

v +3

[_ cosh2(J'dT 2 + d(J'2

+

;V2 (du + sinh (J'dT )2] ,
v +3

(4.5.37)

where v = £/3(3, is a solution to (4.1.8), and corresponds to a vacuum, analogous with
the global AdS 3 . This geometry is actually equivalent to the near horizon behaviour of
the extremal Kerr (3.2.28) at fixed polar angle.
Furthermore, a black hole solution
('P '" 'P

where
R2 =

N2

i [3(v

= £2(V

2

2

-

l)r + (v 2 + 3)(r+ + r _) - 4vJr+r _(v 2 +

=

(4.5.38)

3)] ,

+ 3)(r - r+)(r - r _)
4R2

N'P

+ 27r),

'
2

2vr - Jr +r_(v + 3)
2R2

'

(4.5.39)

4.5 Warped AdS 3 Space-time

33

is allowed as an excited state analogous with the BTZ black hole, in a spcelike stretched
case (v 2 > 1). It is obtained by a discrete identification of points on the vacuum warped
AdS 3 (4.5.37) such that

P
The Killing vector

~

f'V

e27rk~p,

(4.5.40)

k = 0,1,2··· .

is expressed by
27r~

= acp = 7ri!(TLJ - TRJ) ,

(4.5.41)

in which we define

(4.5.42)
and
-

-

2 sin Taa

2 COST

h aU)
(E SL(2,R)R)'
(4.5.43)
cos a
It is an analogy with the BTZ case to refer to TL and T R as the left and right temperature. But if we can do this, it enables us to obtain the left and right moving central
charges
J = -2cosTtanhaaT

-

4vi!

(4.5.44)

from the Cardy formula for the ordinary CFT2
7r

2

i!

S = T(cLTL + cRTR ).

(4.5.45)

This comes from the usual first law of thermodynamics for the CFT 2 , dLt = TLdS and
dLr; = TRdS, if it would exist. Because the left hand side of (4.5.45) is computed by the
Wald-Tachikawa formula
S =

24:~N

[(9v

2

+ 3)r+ -

(v

2

+ 3)r-

- 4vJ (v 2

+ 3)r+r

-J '

(4.5.46)

one can derive the left and right central charges of the CFT2 (4.5.44) by inserting (4.5.42)
into (4.5.45).
The existence of the CFT 2 with the central charges (4.5.44) is a conjecture on the
warped AdS 3 black hole by Anninos, Li, Padi, Song and Strominger [68]. It is an interesting and urgent problem whether we can reconstruct the Virasoro algebras of this
CFT 2 and obtain the central charges CL and CR by the Brown-Henneaux formalism if
it truly exists. Unfortunately, it has not completed yet although one copy of Virasoro
times the U(l) current algebra are found under a more relaxed boundary condition than
Brown-Henneaux and Kerr/CFT [52]. To identify the dual theory of the warped AdS is
not just a topic on lower dimensional gravity, but possibly leads to understanding of a
more general correspondence rather than AdS / CFT, such as a holographic non-relativistic
CFT, since this space-time in higher dimensions is often used for such a dual. Of course
it is also notable that the warped AdS as the near horizon geometry of the extremal Kerr
directly links to realistic black holes in our universe.

Part III
Holographic RG flow in Black Hole
Space-time
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In the last part we have discussed the dual description of gravity theory as CFT 2 by
the canonical formulation of the Virasoro algebra from the (warped) AdS 3 side. We
cannot extract any more information of these CFT2 through this technique, but, at least
in three dimensional gravity or the theories which can be reduced to it, the AdS 3 /CFT 2
correspondence is an exact and universal feature of gravity, and very powerful to explain
the black hole entropy microscopically. Also, the existence of the dual of the extremal
Kerr was partially proved in a similar way.
At this point we want to ask what about gravity theory on the boundary of arbitrary
radius r. The idea of the generalization of AdS / CFT begin to rise up within us. It is known
as the gauge/gravity duality in the context of string theory. Since we have mainly used
a cosmological constant in the Brown-Henneaux analysis, let us couple non-trivial scalars
and consider the gravity with its potential. Then, if one identifies r of gravity solution as
the renormalization scale and the scalars as the running couplings in dual quantum field
theory (QFT), such a correspondence can be observed explicitly [23, 24, 22, 25]. The flow
of the solution for the scalars can be interprited as the renormalization group (RG) flow,
and the scalar potential corresponds to c-function [28]. Zamolodchikov's c-theorem tells
us that this function monotonically decreses with repect to the ronormalization scale, and
that at its fixed points the two dimensional field theory becomes conform ally invariant
and it becomes equal to just the central charge of the Virasoro algebra.
The above idea enables us to study a general framework of the microscopic description
of gravity. This concept, the so-called holographic RG flow, is demonstrated by the
Hamilton-Jacobi formalism. De Boer-Verlinde-Verlinde said that the Hamilton-Jacobi
equation from the gravity side can be identified with the Callan-Symanzik equation of the
dual theory [22]. In this part of the thesis, we apply this formalism to scalar-coupled three
dimensional gravity and confirm the existence of the dual QFT, which eventually becomes
CFT at the fixed points. As an example, we find a black hole solution interpolating
between the asymptotic AdS 3 and the horizon AdS 3 , which is dual to the RG flow of
QFT 2 interpolating between UV CFT2 and IR CFT2 [31]. The other model in three
dimensional gravity with the GCS term and the scalars is shown to be dual to the RG
flow of parity-violating QFT2 [33].
Moreover, we here notice that the holographic RG flow is just the attractor flow in
extremal black hole space-time. In fact, we can explicitly show their connection in the
example of the M5 system [32]. Namely, the attract or mechanism for the extremal black
holes imply the existence of not only CFT but also QFT which holographically flows in
the full black hole space-time. These features give us the possibility to realize a hologram
of the black holes, like the Kerr, and understand the quantum aspect of gravity.

5
5.1

Hamilton-Jacobi Formalism
The c-theorem and Anomalies

First of all, we review the c-theorem for generic QFT2 by Zamolodchikov [28]. For later
use, in this section it is generalized to the one for a parity-violating QFT2 [89]. We will
holographically re-obtain these results from three dimensional gravity by the HamiltonJacobi formalism.
By using complex coordinates z and z, the conservation law and the symmetrical property of the energy momentum tensor can be written as
(5.1.1)

a

where we define a = a/az, = a/az, T = T zz , T = Tzz and 8 = Tzz = T zz . We use these
equations to study the scaling properties of two point functions of the energy-momentum
tensor. For example, by using the second equation in (5.1.1) we can replace
by -a8.
Then we find

aT

a(T(z, z)T(O, 0)) =
a(T(z, z)8(0, 0)) =

-a (8(z, z)T(O, 0)) ,
-a (8(z, z)8(0, 0)) .

(5.1.2)

Note that we can generally write these correlators as
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(5.1.3)

Z Z

Substituting these into (5.1.2), we find

d

d

f.1- F(f.1) = 3G(f.1) - f.1- G(f.1) ,
d,f.1
df.1

d

f.1 df.1 G (f.1) = G (f.1)

d

+ 2H (f.1) - f.1 df.1 H (f.1),

(5.1.4)

where we define a Lorentz invariant scale parameter f.1 = zZ.
Combining these two equations, we can prove that a function defined by
(5.1.5)
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is monotonically non-increasing along the RG flow, i.e.,
(5.1.6)
Note that this c-function has its extremum at the fixed points because the trace of the
stress tensor e = T zz vanishes when the theory has conformal invariance. As is clear from
the definition of F, G and H, the value of the c-function at the fixed points is then equal
to the central charge of the left-moving Virasoro algebra CL.
In ordinary case P and G are equal to F and G, respectively, but in parity-violating
case this is not true since in terms of the complex coordinate the parity symmetry means
the symmetry exchanging z and z. Thus one can show that another independent function
(5.1.7)
is also monotonically non-increasing,
(5.1.8)
Its value at the fixed points is then equal to the central charge of the right-moving Virasoro
algebra CR. Of course, CL and CR take the same value in parity-invariant theory.
Nevertheless, it is apparent from (5.1.6) and (5.1.8) that
(5.1.9)
The two c-functions, CL(J.t) and CR(J.t) , differ from each other in general and monotonically
decrese separately, but their difference is still a constant along the RG flow.
We now briefly discuss the relation of the c-functions to the Weyl and gravitational
anomalies 1. In order to analyse these, here we consider the two dimensional field theory
coupled to some curved background.
It is well-known that, at the fixed point of the RG flow, the Weyl anomaly is expressed
as
(5.1.10)
in terms of the sum of the two central charges. It is related to the number of dynamical
degrees of freedom of fluctuating fields. Away from the fixed point, the Weyl anomaly
(5.1.10) receives corrections proportional to beta functions. But nevertheless, the coefficient of the scalar curvature must be still related to the effective degrees of freedom. Hence,
it is natural to regard the coefficient as the sum of the two c-functions, CL(J.t) + CR(J.t),
along the RG flow.
Now let us discuss the gravitational anomaly. At the fixed point, it is expressed as a
violation of momentum conservation

_

1 From

-

CL - CR Ejk£)
R(2)
Uk
.
961T

here, we move from Euclidean to Minkowski signature.

(5.1.11)
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The gravitational anomaly occurs due to the lack of a regularization which preserves
general covariance, and the general covariance of the quantum action is broken by parityviolating one-loop diagrams [90]. This is proportional to the difference between two
central charges, and thus we obtained the above expression. Away from the fixed point,
in contrast to the Weyl anomaly, eq. (5.1.11) does not receive any corrections. For the
same reason as before, it is natural to identify the coefficient of the r.h.s. of (5.1.11) with
the difference of the two c-functions, CL(p,) - CR(p,) , along the RG flow.

5.2

Hamilton-Jacobi Equations in 3D Gravity

A key of the gauge/gravity correspondence is that the radial coordinate of the gravity
theory is related to the energy scale of the field theory on the boundary. Then RG flow
of the field theory is understood from the gravity side as the variation of boundary values
along the radial coordinate. This is the so-called holographic RG flow, and can be well
analyzed by using Hamilton-Jacobi formalism [22]. Let us quickly review this formalism
bclow. 2 For a while, we consider three dimensional gravity coupled scalar fields up to two
derivative3
I(3)

=

J

16:GN d3 xJ-G (R -

V(</» -

~LAB(</>)8JL</>AOJL</>B) .

(5.2.12)

The absence of the GCS term means that the dual two dimensional QFT is parity invariant.
The derivation of Hamilton-Jacobi equation in gravity theory resembles the canonical
formalism described in last part of this thesis. The only difference is to take the radial
coordinate p as time. Then, we reparametrize the metric so as to be an Euclidean ADM
form 4
(5.2.13)
Here Xi parametrizes the two dimensional space-time. As will be seen later, we actually
consider gravity solutions in which the scalars do not depend on Xi and the two dimensional
metric gij takes the form gij = 'rlij/ p,2(p), where p, -+ a as p -+ 00 and p, -+ 00 as p -+ roo
Since p, gives the length scale of the two dimensional field theory, we see that UV region
corresponds to the spatial infinity, and IR region does to the horizon.
We insert the ADM decomposition of the metric into the Lagrangian and define momenta 7rij and 7rA conjugate to gij and </>A in an usual way. Up to total derivative terms,
the Hamiltonian density is then expressed as HE = NH + Nipi in which H and pi are
defined by
1
1 (( i 2
~H = (_g)
7ri )

-

(7rij)

2

1 AB)

-"2L

7rA7rB

+ V(</»

- R

(2)

1
A i B
+ "2LABOi</>
0 </> ,

(5.2.14)
1pt
· = -2V'j (_
1_ 7rt..] ) + --7rAo
1
t. A
__
</> .
~
~
~

(5.2.15)

2See also references [91, 92, 93, 94, 95] for more discussions on the holographic R.G.
3There are a lot of examples in scalar-coupled three dimensional gravity [96, 97, 98, 99, 100, 101, 102].
4Here we employ the same notations for canonical variables, N, N i and so on, as in the previous part,
rather than introducing new ones. Hopefully it might not make any confusion.
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Here LAB is the inverse scalar metric of LAB. It is apparent that H = pi = 0 since N
and N i are just the Lagrange multipliers.
Now let 9ij(X, p) and (j/(x, p) be the classical solutions of the bulk theory. Then we
denote the cut-off scale as Pc, and represent boundary values like 9ij(X, Pc) = g'ij(X) and

(j/ (x, Pc) =

¢A (x). Substituting the classical solutions into the Lagrangian and integrating
over the three dimensions, we obtain a functional with respect to gij and ¢A. We denote
this functional as S[g, ¢; Pel = 167rGN T(3). Using the equations of motion, the variation
of S[g, ¢; Pel with respect to Pc, gij (x) and ¢A (x) is given by
as 8pc+
[
8Sg,¢;pc
l =-a
Pc

Combining this relation with
dent of Pc,

J

2
dx
.8S()89ij (x)+
8gij X

ddS
pc

=

J

2
8S 8¢ A(x).
dx.
8¢A(x)

(5.2.16)

J d2 x£E, we find that the classical action is indepen-

a S[g, ¢; Pel = ape

J

d2 x (NH

+ N i Pi)

= 0,

(5.2.17)

and the boundary values of the conjugate variables are

"
7rtJ

(X)

=

8S
8 () ,
gij X

(5.2.18)

Thus, the Hamilton-Jacobi equation reduces to only two constraints,
(5.2.19)
with eq. (5.2.18). From the constraint H = 0 one obtains the following equation,
1

(y'-g)2

[_ ( ., 8S )

gtJ 8g
ij

2

(

8S )

+ 8gij

2

~

+ 2L

AB 8S 8S]_
_ (2) ~
, A i B
8¢A 8¢B - V(¢) R + 2LABat¢ a ¢ .

(5.2.20)
As we will see later, it is possible to derive the conformal anomaly or the Callan-Symanzik
equation from this equation. The constraint pi = 0 implies the invariance under the
diffeomorphism of the theory in two dimensional space-time with P fixed. However, the
two dimensional covariance is broken in the case where GCS term is added into three
dimensional gravity, as mentioned later.

5.3

Holographic RG Flow and c-function

Now let us solve the Hamilton-Jacobi equation (5.2.20). First, since the bulk action
diverges by taking Pc -+ 00, it is necessary to subtract such UV divergence. For this
purpose we divide the functional S[g, ¢l into the local counter-term and the non-local
part r[g, ¢], which is the generating functional with respect to the external sources
gij (x) and ¢A (x) . Next we assign a weight w to each variable such that w = 0 for
gij(X), ¢A(x) and r[g, ¢l and w = 1 for ai . From these assignment and an equation 8r =
J d2x(8gij(x)8rj8gij(X) + 8¢A(x)8rj8¢A(x)), quantities R(2), 8rj8gij (x) and 8rj8¢A(x)
turn out to be w = 2.
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An integrand of the local counter-term with w = 0 is written by a function of only the
scalar field, W(¢), and hence the classical action 8[g, ¢l is expressed as5
(5.3.21)

The dots represent integrands of local counter-terms with 2 < w. Substituting this into
(5.2.20) and comparing the terms with w = 0, we obtain
(5.3.22)

From the terms with w = 2 in eq. (5.2.20), we obtain the following relation,

Here the energy momentum tensor is defined as
(5.3.24)

and (3A( ¢) is given by
(5.3.25)

The notation {3A (¢) is adopted here, since it can actually be interpreted as the beta
function for the dual field theory if the parameter f.-£ in gij = "lij / f.-£2 and the scalars ¢A
are regarded as the scale and the running couplings, respectively, of the two dimensional
theory of xi-space at a fixed p-slice. We will see that it is really possible to identify (3A( ¢)
with the beta function for specific gravity solutions presented in the next chapter.
Now we assume that the scalar field ¢A(x) is homogeneous on the two dimensional
surface. Then the third term in the right hand side of eq. (5.3.23) becomes zero. Furthermore, the second term vanishes at the points p = P* where (3A( ¢) vanishes. Therefore we
obtain
(5.3.26)

The critical point of the beta function indicates that the two dimensional theory is conformally invariant, and the above equation corresponds to the conformal anomaly for the
CFT2. We can read off these central charges as GN~(<P) Ip=p* = c. The left and right
moving central charges agree with each other in this case. As a remark, it is found that
(5.2.15) leads to \1 j (Tij) = O. This guarantees the absence of the gravitational anomaly.
From the calculation of the central charges for the CFT2 (5.3.26), we can think of a
function at any value of p,
(5.3.27)
51t is possible to consider integrands of local counter-terms with w = 2, such as ip(¢)R(2) and
MAB(¢)8i ¢A8i ¢B, but these can be absorbed into the non-local term r for the present case [92].
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This is the so-called c-function for the dual field theory. If the function W (¢) is nonnegative and LAB is positive-definite, which is satisfied in explicit examples, it is clear
that
(5.3.28)
The equality is satisfied only at p = p* where the dual theory becomes conformally
invariant. The monotonicity of this function (5.3.27) is consistent with the c-theorem [28].
It is more striking that the relation (5.3.23) obtained from the Hamilton-Jacobi equation
implies the Callan-Symanzik equation for the two dimensional field theory. Let us assume
that r[g, ¢] is the generating functional of the correlation function in which ¢A appears as
an external field for a scaling operator 0 A (x). Then n point function in the background
of gij and ¢A is given by
(5.3.29)

:2

and ordinary n point function (0 Al (Xl) ... 0 AJ xn)) is obtained by setting gij =
rJij
and ¢A = ¢A (p) in the above equation.
Acting n functional derivatives }:g 8</>A~(XI) ••• }:g 8</>A!(xn) on eq. (5.3.23), we obtain

Therefore, by integrating this equation over two dimensional coordinate
gij =
rJij and ¢ = ¢(p), it becomes

:2

Xi

and setting

n

- L 'Y.fk(¢)(OAI (Xl)'"

OB(X2)'" OAn(Xn))

= 0,

(5.3.31)

k=l

where 'Y!i.(¢) = -8[3B(¢)j8¢A is the anomalous dimension. This is just the CallanSymanzik equation of the two dimensional field theory.
In conclusion, with the help of the Hamilton-Jacobi formalism, we can derive the central
charges for CFT2 from the conformal anomaly, and they are certainly connected by the
c-function defined from the three dimensional gravity theory. And what we have done
here is to solve equations of motion canonically. Hence, it is remarkable that the equations
of motion are solved if we choose the potential V(¢) so as to satisfY (5.3.22). In the next
chapter, we use suitable W(¢)s and consider gravity solutions dual to QFT2 flowing along
holographic RG.

Holographic Duals of Various
Gravity Theories

6
6.1

The eFT 2-interpolating Black Hole

As the first example, let us start with a case coupled to a single scalar field ¢ in the action
(5.2.12), putting LAB = 1. The scalar potential V(¢) is chosen such as

V(¢) =

8a~£2

( -16 - 4¢2 - ¢4 + 32e-a2+~ - 16e- 2a2 +<i>22 + 4¢2e-2a2+~) ,

(6.1.1)

where a is a dimensionless parameter [30]. A shape of the potential is illustrated in
Fig. 6.1. Extrema of the potential are realized at ¢ = 0 and ¢ = ±2a, and the values
of the potential energy become negative, V(O) = -2/ L2 and V(±2a) = _2/£2. Here we
defined
(6.1.2)
which satisfies £ < L when 0 < a. Note that there are constant scalar solutions, ¢(r) = 0
and ¢(r) = 2a. In these cases, the geometries reduce to extremal BTZ black holes
which asymptotically become AdS 3 with the radius Land f. Therefore it is expected
that a solution which interpolates between ¢ = 0 and ¢ = 2a will generate the CFT2 interpolating black hole.
V(¢)

-2a

o

2a

Figure 6.1: Shape of the potential V(¢).
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In fact, it is possible to solve equations of motion under an ansatz
(6.1.3)
and obtain a solution for f(r), g(r), h(r) and ¢(r) which interpolate between ¢(oo) = 0
and ¢(ro) = 2a,

(6.1.4)

Here we focus our attention on the region 0 ~ ¢ ~ 2a, that is, ro ~ r, and rp is the angular
coordinate with the periodicity 211". Notice that when a = 0, the solution becomes the
extremal BTZ black hole.
The thermodynamical properties of the black hole are evaluated at the horizon r = roo
The temperature is obtained by the inverse of the periodicity of the Euclidean time,
T =

~e_hdef I
dr

211"

=

o.

(6.1.5)

'r=ro

Therefore the solution corresponds to an extremal black hole. The Bekenstein-Hawking
entropy is estimated by the area of the horizon A as
A

SBH

1I"ro

(6.1.6)

= 4G N = 2G N ·

In the following, we see that this solution represents the extremal black hole which
enables us to have two AdS 3 geometries at the spatial infinity and the horizon. First let
us investigate behaviors of the geometry around r = 00 by taking the limit of ro « r.
Then the solution (6.1.4) approaches

ds 2 rv
rv

a2

r2 ( 1 - __
2Lr2)
L2 ( 1 + 2e- Lr2)
(
r2)2
0 dt 2 + 0 dr 2 + r2 drp + _0 dt
L2
I!r2
r2
I!r2
I!r2
r2 2 L2 2
--dt
+ -dr
+ r 2d{()2
L2
r2
r ,
-

-

(6.1.7)

where L is defined in eq. (6.1.2). This is just the AdS 3 geometry whose radius is L.
On the other hand, in order to find the near-horizon geometry of (6.1.3), we have to
put
a2

t'

t = e -,
E

and then in the limit

(6.1.8)

0 we obtain

E -t

ds 2 rv

,
r = ro + Er ,

-

4

_r'2 dt'2
1!2

+ -1!2 -dr'2 + r2
4 r'2

0

(

2

drp' - -r'dt'
rol!

)

2

(6.1.9)
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In fact, we can confirm that this is the same as the near horizon limit of the extremal BTZ
black hole whose radius is C. This near horizon behavior follows from the extremality of
the black hole [51].
When the radial coordinate r is not around the spatial infinity r = 00 or around
the horizon r = ro, the space-time is not AdS 3 . Therefore our solution interpolates
two AdS 3 geometries at the spatial infinity and the horizon. It was the main results of
our paper [31] to find such an AdS 3-interpolating black hole and to make clear that its
holographic interpritation is possible as seen below.
We give coordinate transformations which make the solution (6.1.3) with (6.1.4) into
the Euclidean ADM form (5.2.13). Actually this can be done as follows,
2

ds 2 = e2h (r)dr 2 + a:C2 [dt'J2 - 2(e-a2r6/r2 - e- a2 )dtde]
=

+ f.t21

N 2dp2

[-(dx+

+ N+dp)2 + (dx- + N-dp)2].

e _ a2C<p + (1 -

In the first line, we defined
coordinate transformation of

x±

p=r,

= -1

4

e- a2 )t. And in the second line we made the

(e- e

2 2/ 2

a ro r

The two dimensional coordinate is denoted by
written in terms of (p, x±) as
2

f.t

=

N+

=

Xi

-

=

e- a

2

-

2t

) =F e.

N-

=

(6.1.11)

x±. The functions f.t, Nand N i are

a4 C2
p2 (e- a2r6J p2 _ e-a2) ,

N 2 = e2h (p) = a;;2

(6.1.10)

[1 _ea2(r6/p2-1)]

(6.1.12)
-2,

a2r2e-a2r6/ p2
0
(x- - x+)
4p3(e-a2r6lp2 _ e- a2 )2
.

(6.1.13)

In (6.1.10) the coefficient f.t can be regarded as the scale of the two dimensional theory
of (x+, x-)-space at a certain p-slice. Since p - ro means f.t - 00, let us call it the
IR-region. On the other hand, p - 00 or f.t - 0 indicates the UV-region. Also notice
that the scalar field becomes </J = </J(p).
If t and <p are tuned, we are able to choose arbitrary (x+, x-) at any radius p except
for p = ro. But we have to be careful of the transformation (6.1.11) at the horizon. For
example, from the near horizon limit (6.1.8),
a2
+
e
(Cro
X
=
-<p' - 2t ,) -1 - a 2f)'
t-<p
(6.1.14)
4
2 r'
E
is naively seen to be divergent as rv 0 (1/ E). However, since t', r' and <p' can be chosen
arbitrary after rewriting (6.1.8), x+ can be kept finite and taken arbitrary if the inside of
the brackets of (6.1.14) is fine-tuned as rv O(E) by the appropriate t',r' and <p'.
Now we are ready to perform the holographic RG flow described in the last chapter.
The potential given byeq. (6.1.1) can be devided by the function W(</J) which is expressed
by
(6.1.15)
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W(¢)
2

7

o

-2a

2a

Figure 6.2: Shape of the function W(¢).

In the range of 0 ::; ¢ ::; 2a (or ro ::; p), this function monotonically increases as ¢ does.
(See Fig. 6.2.)
Namely, the function
(6.1.16)
is non-negative. Moreover, one finds
(6.1.17)
from the solution of the scalar and (6.1.12). The parameter J.L and the scalar ¢ are
regarded as the scale and the running coupling, respectively, of the QFT 2 of xi-slice at a
fixed p-slice, so it is really possible to identify f3 (¢) with the beta function.
The Hamilton-Jacobi analysis enables us to claim the holographic flow of RG for the
QFT2 . The theory becomes conformally invariant at the fixed points of the beta function,
p = 00 and p = ro. The central charges of the Vira..soro algebra are estimated by the
critical values of the c-function (5.3.27) with (6.3.46). For the UV CFT (p = 00), it gives
Cuv =

3£
2G

N

This is always larger than the central charge of the IR CFT (p
3£
CIR

(6.1.18)

'

= 2G '

=

ro),

(6.1.19)

N

because of £ > £.
These results can also be realized by the Brown-Henneaux approach since at the critical
points the solution has exact AdS 3 isometries. It is, however, obvious that the concept of
the holographic RG is more general in that it constructs the beta function or c-function
dual to gravity solution in the whole space-time.
Finally, let us compare to the black hole entropy. The ADM mass and angular momentum of our black hole at p = 00 and p = ro appear as charges with respect to the time

6.2 The Kerr/CFT Correspondence in 4D Reissner-Nordstr¢m Black Hole

translation and angular translation. At UV (p

=

00), they are
r2

(6.1.20)

Muv L = Juv = 4C:.t
and at IR (p

=

49

ro)
(6.1.21)

In both cases, they must satisfy the extremality of the black hole La uv
(Muv L
J uv )/2 = 0 and LaIR = (MIR£ - J IR )/2 = o. As a result, one finds that the Cardy
formula for the IR CFT2

+IR

CIR L 0

(6.1.22)

6

completely agrees with the Bekenstein-Hawking formula (6.1.6), but is smaller than the
one for the UV CFT 2
(6.1.23)

Suv = 211"

6.2

The Kerr/CFT Correspondence in 40 Reissner-Nordstrf6m
Black Hole

In this section we come back to the discussion of the Kerr / CFT correspondence, but
now would like to consider the dual description not only on the horizon but also in the
full black hole space-time. Soon after the authors of ref. [11] originally proposed that
the near horizon geometry of the extremal four dimensional Kerr can be mapped to the
Virasoro algebra of CFT, their approach was also applied to the four dimensional ReissnerNordstr0m black hole in refs. [103, 104]. By regarding the U(l) gauge field as the one
coming from the KK reduction of fifth dimension, one only has to treat the near horizon
geometry of five dimensional rotating black holes. And moreover, if S2 is compact and can
be reducible by the KK reduction, one may define the holographic RG flow dual to the
effective three dimensional gravity in the mannar previously described. In other words,
the dual QFT exists on each boundary of the four dimensional Reissner-Nordstr0m black
hole space-time. In this section, we again use the M5 system in the five dimensional
supergravity in order to confirm this argument.
The five dimensional on-shell action up to two derivative [105]
'T

_

.L(5) -

1

411"2

J

d5

X

..j-

C

(5)

[R(5)

-

M
"21 (2NaNb
3N2 - Nab)
N aM Maa ~1,b

N2/3 C ab FaMNF bMN]
- -2-

1Vj

1
+ 411"2

J'6

1

Cabc A

a

1\

Fb

1\

FC,

(6.2.24)

is obtained after solving equations of motion of auxiliary fields D and VMN in (4.4.22).
lStrictly speaking, one has to solve D, redefine the moduli like Ma
VMN·

--+

1

N-l/3 Ma and finally solve
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The functions

N, Na and Nab were given in (4.4.24) and
G

ab

=

~ (NaNb _ Nab)
2
N2
N·

(6.2.25)

Because we can fix the value of N which can be seen as a total volume of the CY3, a
constraint N = 1 is often imposed due to the decoupling of hypermultiplets.
Here let us carry out a compactification on Sl. Decomposing the five dimensional metric
and U(l) gauge field like

dS(5) = e-S(g~~dxmdxn)

+ e2S (dy + Amdxm)2,
(6.2.26)

we have the four dimensional supergravity action (2.1.1) with G~)
1/8 which is described by the prepotential (2.2.16). The indices m, n, ... label the four dimensional
space-time coordinate and I, J, ... = (0, a). A new gauge field strength F~n = 28[mAnl
comes from KK U (1) part. The complex scalar field za is given by a combination
(6.2.27)
and Gab'

VIJ

and

flIJ

are then expressed as

(6.2.28)
Now let us return to the five dimensional action

I(5)

~ 4~2

J

d' x

J -G(5) [R(5) -

G"bOM M"OM Mb -

~/3 GobF!;,NF"M N] + Ies.
(6.2.29)

This is slightly different from (6.2.24). But it is useful for the Hamilton-Jacobi formalism
since the coefficient matrix of the kinetic term of Ma has the inverse matrix in contrast to
(6.2.24). Of course solutions to equations of motion are not affected if we recall N = 1.
As is noted in ref. [32], the final results are the same even if we assume to start with the
action (6.2.24). Technically, to follow these procedures is the most significant point in
finding the beta function and the c-function of the dual theory.
From now on we want to consider the M5-brane configuration, or DO-D4-brane configration in four dimensional view point. Since we have already known that this is the
static spherically symmetric black hole in four dimensions, the dimensional reduction of
the five dimensional action (6.2.29) on S2
(6.2.30)
gives the effective three dimensional gravity. The Lagrangian is the following:
(6.2.31)
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where the potential term takes the form
(6.2.32)
Here cPA denotes the three dimensional scalars cPA = (w, Ma).
Incidentally, the solutions of the M5-brane configuration, or the five dimensional black
ring has been already known. For the BPS black hole with zero axions, the metric and
the moduli Ma are found by
(6.2.33)
together with
28

e

1
J= Ho'

-Ho

=S'

(6.2.34)

and
(6.2.35)
They are obtained by harmonic functions

Ho = ho

qo

+ 2r'

(6.2.36)

In the BPS case, ho and qo are both negative. On the other hand, the four dimensional solution za = iHa( - HO)1/2 H- 3/ 2 and e2U = H-3/2( - H O)-1/2 are read off from eqs. (6.2.27)
and (6.2.26).
Eq. (6.2.30) suggests that the M5 solution can be seen as the asymptotically fiat BTZ
black hole in three dimensions,

dS(3)

=

H3 2 + r 4 H 6 dr 2 + r 4 H 3(-H ) ( dy
-r 4 --dt
o
-~

1)2 ,

+ -dt
~

(6.2.37)

plus the scalars (6.2.35) and
(6.2.38)
This black hole is extremal, and in the holographic view point it corresponds to the QFT 2
in which only left movers are excited. 2 In the extremal non-BPS black hole, only right
movers are excited.
In fact, after taking the near horizon limit, we have
(6.2.39)
where p3 = ~Cabcpapbpc. This space-time ha..'l the isometry of AdS 3 with a radius f = p3/4.
As was shown in ref. [31], one can derive the Virasoro algebra for eFT2 on the horizon
through the Brown-Henneaux-like computation with the use of the boundary condition
founded by ref. [11]. The central charge of the Virasoro algebra is expected to be C =
2 At the conformal fixed point corresponding to the horizon, it can be checked that the right moving
Virasoro charge Lo vanishes.
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3f/2GN . Because in our notation the three dimensional Newton constant is GN = 1/16,
one can obtain a well-known result without higher derivative corrections c = 6p 3 [47]. But
here, we will not follow this calculation and will concentrate on c-function for the dual
QFT2 on each boundary.
In order to reparametrize the metric (6.2.37) for later convenience, let us introduce new
coordinates
±
1
p=r,
(6.2.40)
x = 4(-Hoy+2t) =FY.

Then, the metric (6.2.37) can be transformed into the ADM form (6.1.10) where
N±

--

qo (- -x +)
16p2
'

--- X

2

1

J.L = p4H3·

(6.2.41)

It is the same as before that the limit p -+ 00 and p -+ 0 lead to J.L -+ 0 and J.L -+ 00,
respectively.
Now that we have written down the three dimensional action (5.2.12) with Lww = 12,
Lab = 2Gab and G N = 1/16, we can follow the Hamilton-Jacobi procedure. The inverse
matrix LAB is
L WW

=~

Lab

= ~Gab = ~Ma !V!b -

N Nab

12'
2
2
'
where Nab is defined through N~~bc = 8~.3 One can finally obtain

(6.2.42)

(6.2.43)
as a solution to eq. (5.3.22), using the inverse matrix (6.2.42). Note that at the horizon
(p = 0) this function gives the value W(¢)lp=o = 8/p3 from the exact solution (6.2.35)
and (6.2.38). The central charge c = 6p3 is, therefore, recovered from the Weyl anomaly
of the CFT 2 at the horizon, as seen in (5.3.26).
It is a very remarkable thing that the holographic RG flow (5.3.25) with (6.2.43) is
actually equivalent to the BPS attractor flow (2.2.22). The attractor, which is known as
a characteristic behaviour in the extremal black hole solution, implies that the dual QFT
flowing along RG flow really exists. 4 The horizon is of course special and can be described
by CFT satisfying the Virasoro algebra. These statement is valid even in non-BPS case,
and then the first order equation (2.2.23) with (2.2.29) can also be regarded as the RG
flow. It was the main result of my paper [32] to make sure the correspondence between
the attractor flow and the holographic RG flow.
We have holographically described the Reissnor-Nordstr¢m black hole in the bulk. The
similar issue on the Kerr black hole need further study, since it is difficult to write down
the Hamilton-Jacobi equation for the Kerr solution.

6.3

Left-Right Asymmetric Holographic RG Flow

As a next example, we add the scalar-coupled gravity (5.2.12) to the GCS term (1.2.22).
Its gravity solutions are holographically dual to left-right asymmetric RG flow of parityviolating QFT 2 .
3In the case of the action (6.2.24) we cannot define the inverse matrix LAB like (6.2.42).
4The relation between the attractor and the c-function is also discussed in refs. [106, 107].
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By substituting the ansatz

ds 2 = dr 2 + e-2f(r)ryijdxidxj,

cf>1 = cf>1 (r),

(6.3.44)

into equations of motion, one notices that first order equations

f

.

1
=

(6.3.45)

2"W(cf»,

are really the solutions when the potential term is written as (5.3.22). Since they are just
the first order differential equations, we can always find a solution for any appropriate
W (cf> ). For instance, we consider only one scalar field cf> cf>1 with the metric L11 (cf» = 1,
and choose W (cf» like
2 .
(6.3.46)
W (cf» = £' (sm cf> + a) ,
where f is some positive constant and a > 1. This is monotonically non-decreasing in the
region -7r /2 :::; cf> :::; 7r /2. Now the solution is given by

f

=

~ log( cos cf»

- a tanh -1 (tan ~) + b,

cf>

=

2 arctan (tanh (r

~ a) ) ,

(6.3.47)

in the region -00 < r < 00. Namely, the scalar field is represented by a kink solution.
As formulated in TMG, we decompose the action in ADM mannar by using the Ostrogradsky method. With the change of sign from treating r as time, the total action can
then be written as

S [gij, Hij , K, cf>A, 7rij , rr ij , 7TA, N, Ni, fij; ro]
=

J d2X JrCdr

[7r

ij

(N7t + Ni pi) + fij (,B y-:::gE k(i Hjk -

9ij + rr ij Hij + 7rAJyA

rrij )]

,

where r-integration has been cut off at r = re' Here we introduced the Hamiltonian and
momentum as follows:

_1_7t := _R(2)

v=g

- 2,BE
J=gpi

:=

+ V(cf» + HklHkl - ~K2 -

mn

2

\1k \1 nH;' +

_1-LAB7rA7TB
2(-g)

(~7rkl + ,BAkl)

-2,BEmnKik\1nKmk - ,BEmn \1k (K;K;')

1

(2..

2

+ ~9klK)

J

,

(6.3.48)

+ ,B\1 j (KEk(iHj~)

") 1 .

__ 7r2J + ,BA2J + _-7rAfJ2cf> A .
Jv=g
v=g

" ( 2 ) - \1.
- _,BE2JfJ.R

2

(Hkl

+ ~LABaicf>Aaicf>B

(6.3.49)

We find N, N i , fij and K are Lagrange multipliers in the action. Path integrations over
them lead to the following constraints:

7t

=

0,

p'i=O ,

(6.3.50)
(6.3.51)

K = ( _1_ 7r1"'J + -,B A2J") gi '.
v=g
2
.1

(6.3.52)
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Since we put the Lagrange multiplier fij, the Hamilton-Jacobi equation acompanied by
the addtional source Hij(X) can be written down similarly to the previous case. Again,
one finds

bS
()
gij X

b

..

= 7r~J (x) ,

(6.3.53)

In order to interpret the constraints 1t = 0 and pi = 0 as RG flow equations, one should
assign the weight 0 and 2 to Hij and bf /bHij , respectively and compare the term weight by
weight. Hereafter, let us consider solutions which satisfy Hij = 0 for simplicity, although
it is an interesting task to relax this assumption.
Under the assumption, we find that the Hamiltonian constraint reduces to
1 AB bS bS
l I bS
- -L - - - - ( - - - 2g
b¢A b¢B
2 { .j=g bgkl

(3 kl
+ -A
)9kl
}
2

2

=

2

-R()

1
A i B
+ V(¢) + -LABO
i¢ 0 ¢ .
2
(6.3.54)

Here use has been made of (6.3.52). Since the scalar fields are regarded as coupling
constants of the dual field theory, we set ¢ to be constant on the two-dimensional surface.
By noting that Aij has weight 2, the w = 2 flow equation turns out to be

. (_2_

g~J

bf

.j=gbgij

+

(3
ij )
167rGN A

_

L

AB~ oW
W O¢A

(_1_

1

~ (2) (
- 167rGN W R . 6.3.55)

bf ) _

.j=gb¢B

Putting (5.3.25) back into (6.3.55), we can regard (6.3.55) as the Weyl anomaly equation
of the dual field theory on the curved backgrounds:
=
( Ti.)
~

_1___
3_ R (2)
247r GNW

+

(3A(A.)_l_ bf
'f/.j=g b¢A'

(6.3.56)

Here the energy-momentum tensor Tij is modified by adding the so-called BardeenZumino term (3A i j /167rG N , which makes it covariant [108], to the ordinary piece (5.3.24).
At the fixed points where (3A(¢) = 0 in the second term of the r.h.s of (6.3.56), we can
read off the sum of the central charges of the left- and right-movers from the coefficients
of the scalar curvature. Away from the fixed points, it is legitimate to define the sum of
c-functions for left- and right-movers in the dual field theory as follows:
(6.3.57)

On the other hand, pi = 0 means that the classical bulk action S is, in this case, not
invariant under two-dimensional diffeomorphisms. More explicitly, by extracting w = 3
terms of both sides and set ¢ to be constant on the two-dimensional surface, we obtain

\7. (Tij)
~

_l_e jk
G N 967r

= _ 3(3

ok R(2) ,

(6.3.58)

which implies that, in the two-dimensional dual field theory, there is a gravitational
anomaly proportional to the Chern-Simons coupling (3. Hence, we can define the difierence
between two c-functions for left-and right-mover as
(6.3.59)
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This is compatible with the result in the generalized c-theorem (5.1.9). Combining (6.3.57)
and (6.3.59), we finally obtain the holographic expression of the left-right asymmetric cfunctions:

3 (1

CR (¢) = G

N

W(¢)

-"2(3) .

(6.3.60)

It was the main result of our paper [33] to identify these c-functions in comparison to the
generalized c-theorem.
For an appropriate potential such as the example (6.3.46), these c-functions are both
monotonically non-increasing toward the infrared direction. In that example, the beta
function is evaluated as

f3( ¢)

=

?

cos ¢ .
sm¢+a

(6.3.61)

At a fixed point ¢ = 7r/2 (r = 00), three dimensional space-time becomes Ad8 3,5 and
then we find that W(¢) = 2/£ and (6.3.60) lead to the central charges
(6.3.62)
which we previously obtained by Brown-Henneaux's method [30].
In conclusion, we know that the Hamilton-Jacobi equation in three dimensional gravity
with the scalar fields and the GC8 term reproduces the RG flow for left-right asymmteric QFT2 . Both left and right c-functions monotonically decrese with respect to the
renormalization scale, but their difference is always constant, which are just parallel to
Zamolodchikov's c-theorem [28, 72].

6.4

Gravity Dual of the Minimal eFT Model ?

At this stage, one may notice that second order equations of motion in gravity theory is
reducible to the first order ones if the scalar potential is chosen as (5.3.22). By using the
Hamilton-Jacobi formalism, we can realize the RG flow of field theory under a suitable
scalar function W(¢). One cannot, in a real sense, confirm the consistency of this correspondence any more, just as gravity theory on the background of Ad8 5 x 8 5 was claimed
to be dual to N = 4 super Yang-Mills gauge theory. But the beta function, the c-function
and the anomalous dimension are at least fitted completely in our framework.
To see this, we try to construct the gravity dual of perturbed minimal CFT model. Let
us consider the CFT2 of the unitary discrete series Mp with the central charge [109]
6
p(p+1)'

c=l---p

p = 2,3,···.

(6.4.63)

When we act the purterbation of the operator 0 13 with the scaling dimension
4

x=2---=2-E
p+1
50f course, there is another fixed point at r =

-00.

(6.4.64)
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upon this M p , it is known that the beta function for its coupling ¢ is, in a large p case,
expressed by
(6.4.65)

Hence, there are the other fixed point ¢ = ¢* = -.;3E/2. Since the c-function is related
to the beta function via (3( ¢) = - ~ ~~, the value of C(¢) at ¢ = ¢* becomes
(6.4.66)

In other words, it is concluded that Mp flows to M p- 1 by the 013-purterbation.
The above setup is the most familiar and well analysed as a model to explicitly describe
the c-theorem, or the RG flow of the field theory interpolating between eFTs [110, 111].
Our aim is to present the three dimensional gravity theory which is consistent with these
qualitative behaviours of two dimensional QFT. Various realization may be possible, but
we here use the AdS 3-interpolating black hole solution.
First, we take the action

and suppose an ansatz
(6.4.68)
If one defines

(6.4.69)

the equations of motion can be written as first order:
h

d log f-L = _ e W
dr
2'
d¢
20¢W
f-L df-L = LW '
I

9

2r5

h

= fr 2 e

.

(6.4.70)
(6.4.71)
(6.4.72)

Eqs. (6.4.69), (6.4.70) and (6.4.72) enable us to put
(6.4.73)
(6.4.74)
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Since we know the beta function (6.4.65) from the field theory analysis, the scalar </J in
gravity theory must behave as
(6.4.75)
That is, </J becomes zero at r = 00 and </J* at r = roo Next, let us consider to tune the
scalar function L(</J) to satisfy (6.4.71). After a short calculation, one finds that it should
be of the form
(6.4.76)
Finally, we only have to choose f / G N and a such that the central charges satisfy

(6.4.77)
Though it is impossible to write down the explicit dependence of W(</J) and L(</J) on </J,
we know the solution with respect to the radial coordinate r. The V I3 -perturbed RG flow
interpolating between Mp and M p- I has been projected to the AdS 3-interpolating black
hole in three dimensional gravity by the Hamilton-Jacobi formalism.
However, we have no idea to confirm this correspondence further, at least in our framework. For example, it is known that the V I3 -perturbed minimal CFT model still has an
infinite numbers of conserved charges and can be mapped to an integrable QFT, such as
the sine-Gordon theory [112]. In order to construct the infinite conserved charges, it is
necessary to use the information that the CFT at the critical point is really the minimal
CFT model. We have not acquired the knowledge that even the AdS 3 gravity is dual
to what CFT2 , except for a proposal by Witten that it may be a specific extremal CFT
called the monter theory [113]. Nevertherless, if such a duality between AdS 3 and CFT 2
would confirm in the other analysis, it might be straightforward to define the holographic
RG flow as seen here.

7
7.1

Toward a Construction of the Full
Black Hole Hologram
Conclusion

Throughout this thesis, we discussed in detail the possibility of the holographic description
of the black holes in the whole space-time. In other words, it wa..'l confirmed that the
information of quantum gravity may be extracted from understanding of field theory on
the boundary.
The macroscopic behaviors of the black holes, such as the attractor mechanism and
the AdS near horizon geometry, are very important in (matter-coupled) gravity theory,
as seen in Part I. We gave the naive observation and the explicit examples for the exact
solutions about the attractor mechanism in Chapter 2. If they are true independently
of supersymmetry, the black hole entropy in any gravity theory can be computed by
using the entropy function formalism, which is ba..'led on the Wald formula presented in
Chapter 1, even without the full solution to the equations of motion. Two properties of
the extremal black holes, the attractor mechanism and the AdS 2 near horizon geometry,
are not merely unique features of solutions of gravity, but a quite crucial hint to tell us
that the dual field theory lies behind such thermodynamical behaviours.
Obviously, the horizon is a special point, and the AdS geometry there implies that the
dual CFT is possible to describe the gravity theory. This mapping to CFT can be done
by Brown-Henneaux's approach as noted in Part II. Especially in three dimensions, it was
shown that the Virasoro algebra for CFT 2 is surely realized on the AdS 3 boundary even if
any higher derivative correction is included in the action. In Chapter 4, it was shown that
the GCS term was difficult to handle, but we could carry out the canonical method on it.
As a result, the Wald-Tachikawa formula for the BTZ black hole completely agrees with
the Cardy formula for the CFT2 . In addtion, taking into account that the BekensteinHawking formula for the extremal Kerr is also reproduced by the Cardy formula, we have
to conclude that the CFT, in a sense, carries the quantum information of gravity.
Furthermore, we discussed in Part III the wider dual framework between gravity and
boundary field theory rather than the AdS / CFT correspondence. If the radial coordinate
r and the scalar fields of gravity play the role of the scale and the running couplings
of QFT, respectively, the Hamilton-Jacobi equation in gravity side is re-interprited as
the RG flow of field theory on each r-boundary. The attractor flow is equivalent to this
holographic RG flow and indicates that the dual QFT certainly exists on each boundary
of the black hole space-time. In some examples in Chapter 6, we established the solutions
59
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in matter-coupled gravity and their holographic RG flows defined consistently to the
generalized c-theorem.
If all consideration given above is true, our universe subjected to general relativity also
has the dual description as field theory satisfying a certain RG flow equation. However,
there is a limitation in our approach used here, such as Brown-Henneaux's canonical
method or the Hamilton-Jacobi formalism. It is not possible to identify anymore our
holographic duals defined by those procedures with a certain specific QFT, just as N = 4
super Yang-Mills gauge theory is considered to be dual to type lIB supergravity on the D3brane background. Although the gravity dual of the minimal OFT model was presented as
an example here, this should not be realistic since there are many kinds of OFT 2 satisfying
the Virasoro algebra. The brane concept in string theory is now illuminating in the sense
that it helps us consider both the gravitational source as black branes and gauge fields as
the open string. But if we assumed the duality between bulk gravity and boundary field
theory while not relying on the brane concept, the specification of the duality would be
very difficult.
The monster theory is the sole candidate known as a specific OFT2 dual to AdS 3 gravity.
Witten conjectured that if and only if it is left-right holomorphically factorizable, the
number of its primary operators creating the BTZ black holes exactly corresponds to the
Bekenstein-Hawking formula [113]. It is so interesting, and the validity of this conjecture
has been attempted but not concluded yet [114]. A nature of the chiral gravity in three
dimensions may support it to some extent [60]. In order for the massive gravitons around
AdS 3 in TMG (4.1.8) to keep unitarity (to have non-negative mass), the coupling of the
GOS term must be {3 = -/! and then the dual OFT 2 becomes chiral, or CL = 0 in (4.3.18).
This suggestion seems to constrain left-right factorizability of the OFT 2 , but has not been
confirmed as well [61, 62, 63, 64, 65, 66, 67].
The attractor mechanism still has a problem to solve. In general, one has the multiplecentered black hole universe in Einstein-Maxwell system, where all of the gravitational
attraction and the electromagnetic repulsion cancel out. In this case the attractor flow
should split towards their respective centers [115]. How can one interpret this split flow
if the attractor means the RG flow of the dual QFT? It is conjectured that this implies
the decay of bounded branes (for example M5-branes) in string context [116]. But it
is too hard to write the Hamilton-Jacobi equation in such solutions because we cannot
perform the ADM decomposition with respect to "r". If this could be done, the split flow
might be understood as a decomposition of running couplings, or a spontanous symmetry
breaking of boundary field theory. A correct explanation for the split attractor flow is
also closely related to the development of string theory itself, or gives more insights into
the connection of (super)gravity to topological string theory [117].
To begin with, there is a fundamental difficulty in finding the underlying description of
black holes in real world. We do not know even a complete proof on whether the dual of
the extremal Kerr is really an ordinary OFT 2 because another set of Virasoro algebra is
missing. It is necessary to further analyse the dual boundary theory which underlies the
warped AdS 3 geometry in the near horizon of the Kerr or in TMG. These problems are
left open for the future work.
Black holes are observed a lot in our universe. According to the paper [11], GRS
1915+ 105 in our Milky Way galaxy, with the mass M rv 14M8 obeying a near extremality
J/(G~) M2) > 0.98 [118], is dual to the OFT with the central charge C rv 2x 10 79 . Whether
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their dual is the minimal model or the monster, or still string theory, if we identify it with
such a particular typical QFT in a real sense, this will be just a completion of quantum
gravity, equal to the successful string theory. We hope to shed more light on this nature
of quantum gravity hidden behind the literally black event horizon.

A
A.1

AdS Space-time
Black Brane Solution of AdS Space-time

The AdS d geometry is realized on the hypersurface satisfying

(A.L1)
in jR2,d-1 space-time. When carrying out the coordinate transformation

v'£2 +

r2

cos

(~) ,

XO = v'£2 +

r2

sin

(~) ,

X-I

=

Xi = rn~_l'

in the region 0 :::; r :::;

00,

(i

=

d - 1),

(A.L2)

one obtains the line element

(A.L3)

This is the globally AdS d solution to the d-dimensional gravity with the negative cosmological constant d( d - 1) /£2.
For instance, in three dimensions, putting

X-I = v'£2+r2cos

XO = v'£2 +
Xl = r cos <p,
X2 = rsin<p,
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r2

sin

(~),

(~) ,
(A.L4)
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we obtain (3.1.3). But when we transform the coordinate in r > r + region like

(A.1.5)
where

(A.1.6)
the BTZ black hole solution (3.1.2) appears. This means an identification of points in the
globally AdS 3 , then it still has the isometry of locally AdS 3 . The transformation for the
extremal BTZ is also noted in ref. [119]
It is easy to make the AdS 4 solution, but now consider the following parametrization:

.
(X)
xZ.
= X AdS3 cosh f '
3

X = fsinh

(~)

(i = -1,0,1,2),

(A. 1.7)

.

In fact, this is a solution to Einstein gravity with the negative cosmological constant 6/ f2.
If we choose Xlds3 as the BTZ black hole, the line element becomes

ds 2 = cosh2 (~) [-N 2de
N'

+ N- 2dr 2 + r2(dip + N'Pdt)2] + dX2.

~ G)' + (4~Nj)' - 8G N
m

N-

~ 4~:j,

(A. 1.8)

This is everywhere locally AdS 4 since the Weyl tensor vanishes, and it is always regular
except for r = O. Especially there is no singularity in any X, which is clear from Rf.'1/ Rf.'1/ =
36/f4 and Rf.'l/pO" Rf.'l/pO" = 24/f4. The singularity r = 0 of the BTZ is extended along X
direction, so this is a four dimensional black string solution with an infinite mass. The
Emparan-Horowitz-Myers black string is a generalization of this solution [120].
Similarly, one notices that d-dimensional Einstein gravity with the negative cosmological constant (d - l)(d - 2)/f 2 , in general, allows the locally AdS d solution
X 'i = XiAdS3 cos h

X k+2

=

(Xl)
C· .. cosh (Xd-3)
-f-'

(i = -1,0,1,2),

f sinh (Xk)
C cosh (Xk+1)
-f- ... cosh (Xd-3)
-f- ,

_
h (Xd-3)
X d- l -.(.sm
f
.
f)

•

(1 :::; k :::; d - 4),

(A.1.9)

When Xlds3 is the parametrization ofthe BTZ black hole, this becomes the black (d - 3)brane, but there is also no singularity except for r = o.
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Inspired by these results, one may notice that in five dimensional gravity with 12/£2
the form
(A.L10)
is also a solution to the Einstein equation, where
time with A
case

=

(ds~~C21) 2 is the four dimensional space-

6/£2, for example the AdS-Schwarzchild or the AdS-Kerr. In the former

(ds~~C21) 2 = _e2/(r)dt2 + e-2/(r)dr2 + r2 (drj2 + sin2 ()d¢2) ,
e2/(r) = r2
£2

+ 1 _ 2M

(A.Lll)

r '

the scalar invariants are computed as follows: Rf.L V Rf.Lv = 40/£4, Rf.Lvpa Rf.Lvpa = 40/£4 +
48M2/(r 6 cosh4(x/£)). The solution is not locally AdS5 except for r = 00 any more, but
still a regular black string in contrast to the Chamblin-Hawking-Reall black string [121]
which is based on the Randall-Sundrum-like warped space-time [122].
The method of adding more cosh-form warp factors is applicable to any higher dimensional gravity. The instability of the black brane solutions is not discussed here,
and in fact they have the infinite mass [123]. However, apart from the instability, it is
in general easy for us to construct the following solution in d-dimensional gravity with
A = (d - l)(d - 2)/£2:

(d s(d)[(d-l)(d-2)/C21)2
d 3
[(d-2)(d-3)/ C2 1) 2 + dX2-_ cosh2 (X £- ) (d S(d_l)
d 3
=

2
2 d 3
2
(d S(d_2)
[(d-3)(d-4)/ C2 1) + dX2d- 2}
cosh (X £- ) { cos h (Xd-2)
£

+ dXd2- 3

= ...

= cosh 2 (Xd-3)
--

£

[COSh2 (X~-2) { ... (COSh2 (~l) (ds~~~C21r + dxi) ... } + dxt2]

+ dXt3.

(A.L12)
The dimension of the black brane depends on where one inserts the asymptotically AdS
black hole solution (the BTZ, the AdS-Schwarzchild and so on 1 ) into the lower dimensional
space-time [125].

IThe general (A)dS-Kerr solution in arbitrary dimensions was obtained in the Kerr-Schild form [124].

Bibliography
[1] J.D. Bekenstein, "Black Holes and Entropy," Phys. Rev. D7 (1973) 2333; "Generalized
Second Law of Thermodynamics in Black Hole Physics," Phys. Rev. D9 (1974) 3292.
[2] S.W. Hawking, "Particle Creation by Black Holes," Commun. Math. Phys. 43 (1975) 199,
Erratum-ibid. 46 (1976) 206.
[3] A. Strominger and C. Vafa, "Microscopic Origin of the Bekenstein-Hawking Entropy," Phys.
Lett. B379 (1996) 99, hep-th/9601029.
[4] J. Polchinski, "Dirichlet Branes and Ramond-Ramond Charges," Phys. Rev. Lett. 75 (1995)
4724, hep-th/9510017.
[5] J. Maldaeena, "The Large N Limit of Superconformal Field Theories and Supergravity,"
Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.
[6] S. Deser and R. Jackiw, "Thr'ee-Dimensional Cosmological Gravity: Dynamics of Constant
Curvature," Annals Phys. 153 (1984) 405.
[7] J.D. Brown and M. Henneaux, "Central Charges in the Canonical Realization of Asymptotic
Symmetries: An Example from Three-Dimensional Gravity," Commun. Math. Phys. 104
(1986) 207.
[8] J.L. Cardy, "Operator Content of Two-Dimensional Conformally Invariant Theories," Nuel.
Phys. B270 (1986) 186.
[9] M. Baiiados, C. Teitelboim and J. ZaneHi, "The Black Hole in Three-dimensional Spacetime," Phys. Rev. Lett. 69 (1992) 1849, hep-th/9204099.
[10] A. Strominger, "Black Hole Entropy from Near-Horizon Microstates," JHEP 9802 (1998)
009, hep-th/9712251.
[11] M. Guiea, T. Hartman, W. Song and A. Strominger, "The Kerr/CFT Correspondence,"
Phys. Rev. D80 (2009) 124008, arXiv:0809.4266 [hep-th].
[12] H.K. Kunduri, J. Lucietti and H.S. Reall, "Near-horizon Symmetries of Extremal Black
Holes," Class. Quant. Grav. 24 (2007) 4169, arXiv:0705.4214 [hep-th].
[13] D. Astefanesei and H. Yavartanoo, "Stationary Black Holes and Attractor Mechanism,"
Nucl. Phys. B794 (2008) 13, arXiv:0706.1847 [hep-th].
[14] S. Ferrara, R. Kallosh and A. Strominger, "N=2 Extremal Black Holes," Phys. Rev. D52
(1995) 5412, hep-th/9508072.
[15] S. Ferrara and R. Kallosh, "Supersymmetry and Attractors," Phys. Rev. D54 (1996) 1514,
hep-th/9602136; "Universality of Supersymmetric Attractors," Phys. Rev. D54 (1996) 1525,
hep-th/9603090.
[16] A. Strominger, "Macroscopic Entropy of N=2 Extremal Black Hole," Phys. Lett. B383
(1996) 39, hep-th/9602111.
[17] K. Behrndt, G.L. Cardoso, B. de Wit, D. Lust, T. Mohaupt and W.A. Sabra, "Higher Order'
Black Hole Solutions in N=2 Supergravity and Calabi- Yau String Backgrounds," Phys. Lett.
B429 (1998) 289, hep-th/9801081.
G.L. Cardoso, B. de Wit and T. Mohaupt, "Corrections to Macroscopic Supersymmetric
Black Hole Entropy," Phys. Lett. B451 (1999) 309, hep-th/9812082; "Macroscopic Entropy
Formulae and Nonholomorphic Corrections for Supersymmetric Black Holes," Nuel. Phys.

67

68

Bibliography

B567 (2000) 87, hep-th/9906094.

[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]

[26]
[27]

[28]
[29]
[30]
[31]
[32]
[33]

[34]

[35]
[36]

[37]
[38]

G.L. Cardoso, B. de Wit, .T. Kappeli and T. Mohaupt, "Stationar-y BPS Solutions in N=2
Super-gmvity with R**2 Intemctions," JHEP 0012 (2000) 019, hep-th/0009234.
K. Goldstein, N. Iizuka, RP. .Tena and S.P. Trivedi, "Non-Supersymmetric Attmctors,"
Phys. Rev. D72 (2005) 124021, hep-th/0507096.
P.K. Tripathy and S.P. Trivedi, "Non-supersymmetric Attmctors in String Theory," JHEP
0603 (2006) 022, hep-th/0511117.
S.S. Gubser, LR Klebanov, and A.M. Polyakov, "Gauge Theory Correlators from NonCritical String Theory," Phys. Lett. B428 (1998) 105, hep-th/9802109.
E. Witten, "Anti De Sitter- Space and Hologmphy," Adv. Theor. Math. Phys. 2 (1998) 253,
hep-th/9802150.
J. de Boer, E.P. Verlinde, and H.L. VerHnde, "On the Hologmphic Renorrnalization Gmup,"
JHEP 0008 (2000) 003, hep-th/9912012.
D.Z. Freedman, S.S. Gubser, K. Pilch and N.P. Warner, "Renonnalization Gr-oup Flows
from Hologmphy-Supersymmetry and a c Theorem," Adv. Theor. Math. Phys. 3 (1999)
363, hep-th/9904017.
K. Skenderis and P.K. Townsend, "Gmvitational Stability and Renorrnalization Gmup
Flow," Phys. Lett. B468 (1999) 46, hep-th/9909070.
S. de Haro, S.N. Solodukhin and K. Skenderis, "Hologmphic Reconstruction of Space-time
and Renorrnalization in the AdS / CFT Correspondence," Commun. Math. Phys. 217
(2001) 595, hep-th/0002230.
RM. Wald, "Black Hole Entropy is the Noether Charge," Phys. Rev. D48 (1993) R3427,
gr-qc/9307038.
S. Deser, R Jackiw and S. Templeton, "Thr-ee-Dimensional Massive Gauge Theories," Phys.
Rev. Lett. 48 (1982) 975; "Topologically Massive Gauge Theories," Ann. Phys. 140 (1982)
372 [Erratum-ibid. 185 (1988) 406]; Ann. Phys. 281 (2000) 409.
A. Zamolodchikov, "Irreversibility of the Flux of the Renorrnalization Group in a 2D Field
Theon}', JETP Lett. 43 (1986) 730.
K. Hotta and T. Kubota, "Exact Solutions and the Attmctor- Mechanism in Non-BPS Black
Holes," Prog. Theor. Phys. 118 (2007) 969, arXiv:0707.4554 [hep-th].
K. Hotta, Y. Hyakutake, T. Kubota, and H. Tanida, "Bmwn-Henneaux's Canonical Appmach to Topologically Massive Gmvity," JHEP 0807 (2008) 066, arXiv:0805.2005 [hep-th].
K. Hotta, Y. Hyakutake, T. Kubota, T. Nishinaka and H. Tanida, "The CFT-interpolating
Black Hole in Three Dimensions," JHEP 0901 (2009) 010, arXiv:0811.091O [hep-th].
K. Hotta, "Hologmphic RG Flow Dual to Attmctor Flow in Extremal Black Holes," Phys.
Rev. D79 (2009) 104018, arXiv:0902.3529 [hep-th].
K. Hotta, Y. Hyakutake, T. Kubota, T. Nishinaka and H. Tanida, "Left-Right Asymmetric
Hologmphic RG Flow with Gmvitational Cher"n-Simons Term," Phys. Lett. B680 (2009)
279, arXiv:0906.1255 [hep-th].
T. Jacobson, G. Kang and RC. Myers, "On Black Hole Entmpy," Phys. Rev. D49 (1994)
6587, gr-qc/9312023; "Increase of Black Hole Entropy in Higher Curvature Gmvity," Phys.
Rev. D52 (1995) 3518, gr-qc/9503020.
V. Iyer and RM. Wald, "Some Pmperties of Noether Charge and a Pmposal for- Dynamical
Black Hole Entropy," Phys. Rev. D50 (1994) 846, gr-qc/9403028.
P. Kraus and F. Larsen, "Micmscopic Black Hole Entmpy in Theories with Higher- Derivatives," JHEP 0509 (2005) 034, hep-th/0506176; "Hologmphic Gmvitational Anomalies,"
JHEP 0601 (2006) 022, hep-th/0508218.
S.N. Solodukhin, "Hologmphy with Gmvitational Chern-Simons," Phys. Rev. D74 (2006)
024015, hcp-th/0509148.
B. Sahoo and A. Sen, "BTZ Black Hole with Chern-Simons and Higher Derivative Ter"Tns,"

Bibliography

69

JHEP 0607 (2006) 008, hep-th/0601228.
[39] Y. Tachikawa, "Black Hole Entropy in the Presence of Chem-Simons Terms," Class. Quant.
Grav. 24 (2007) 737, hep-th/0611141.
[40] A. Sen, "Black Hole Entropy Function and the Attmctor Mechanism in Higher Derivative
Gmvity," JHEP 0509 (2005) 038, hep-th/0506177; "Entropy Function for Heterotic Black
Holes," JHEP 0603 (2006) 008, hep-th/0508042.
[41] G.W. Gibbons, R. Kallosh and B. Kol, "Moduli, Scalar Charges, and the First Law of Black
Hole Thermodynamics," Phys. Rev. Lett. 77 (1996) 4992, hep-th/9607108.
S. Ferrara, G.W. Gibbons and R. Kallosh, "Black Holes and Critical Points in Moduli
Space," Nucl. Phys. B500 (1997) 75, hep-th/9702103.
[42] W.A. Sabra, "Geneml Static N=2 Black Holes," Mod. Phys. Lett. A12 (1997) 2585, hepth/9703101; "Black Holes in N=2 Supergmvity Theories and Harmonic Functions," Nucl.
Phys. B510 (1998) 247, hep-th/9704147.
K. Behrndt, D. Liist and W.A. Sabra, "Stationary Solutions of N=2 Supergmvity," Nucl.
Phys. B510 (1998) 264, hep-th/9705169.
[43] A. Ceresole and G. Dall'Agata, "Flow Equations for Non-BPS Extremal Black Holes,"
JHEP 0703 (2007) 110, hep-th/0702088.
G.L. Cardoso, A. Ceresole, G. Dall'Agata, J.M. Oberreuter and J. Perz, "First-order Flow
Equations for Extremal Black Holes in Very Special Geometry," JHEP 0710 (2007) 063,
arXiv:0706.3373 [hep-th].
[44] R. Kallosh, "New Attmctor's," JHEP 0512 (2005) 022, hep-th/0510024; "From BPS to
Non-BPS Black Holes Canonically," hep-th/0603003.
R. Kallosh, N. Sivanandam and M. Soroush, "The Non-BPS Black Hole Attmctor Equation," JHEP 0603 (2006) 060, hep-th/0602005; "Exact Attmctive Non-BPS STU Black
Holes," Phys. Rev. D74 (2006) 065008, hep-th/0606263.
[45] B. Sahoo and A. Sen, "Higher Derivative Corrections to Non-supersymmetric Extremal
Black Holes in N=2 Supergmvity," JHEP 0609 (2006) 029, hep-th/0603149.
[46] D. Astefanesei, K. Goldstein, R.P. Jena, A. Sen and S.P. Trivedi, "Rotating Attmctors,"
JHEP 0610 (2006) 058, hep-th/0606244.
[47] J.M. Maldacena, A. Strominger and E. Witten, "Black Hole Entropy in M Theory," JHEP
9712 (1997) 002, hep-th/9711053.
[48] A. Dabholkar, A. Sen and S.P. Trivedi, "Black Hole Microstates and Attmctor without
Supersymmetry," JHEP 0701 (2007) 096, hep-th/0611143.
[49] R.L. Arnowitt, S. Deser and C.W. Misner, "Canonical Variables for General Relativity,"
Phys. Rev. 117 (1960) 1595.
[50] T. Regge and C. Teitelboim, "Role of Surface Integrals in the Hamiltonian Formulation of
General Relativity," Ann. Phys. 88 (1974) 286.
[51] J.M. Bardeen and G.T. Horowitz, "The Extr'eme Kerr- Throat Geometry: A Vacuum Analog
of AdS(2) x S**2," Phys. Rev. D60 (1999) 104030, hep-th/9905099.
[52] G. Compere and S. Detournay, "Semi-class1;cal Central Charge in Topologically Massive Gravity," Class. Quant. Grav. 26 (2009) 012001, Erratum-ibid. 26 (2009) 139801,
arXiv:0808.1911 [hep-th]; "Boundary Conditions for Spacelike and Timelike Warped AdS3
Spaces in Topologically Massive Gmvity," JHEP 0908 (2009) 092, arXiv:0906.1243 [hep-th].
[53] G. Barnich and F. Brandt, "Covariant Theory of Asymptotic Symmetries, Conservation
Laws and Central Charges," Nucl. Phys. B633 (2002) 3, hep-th/0111246.
[54] G. Barnich and G. Compere, "Surface Charge Algebra in Gauge Theories and Thermodynamic Integrability," J. Math. Phys. 49 (2008) 042901, arXiv:0708.2378 [gr-qc].
[55] S. Carlip, "Black Hole Entropy from Conformal Field Theory in Any Dimension," Phys.
Rev. Lett. 82 (1999) 2828, hep-th/9812013i "Entropy from Conformal Field Theory at
Killing Horizons," Class. Quant. Grav. 16 (1999) 3327, gr-qc/9906126; "Near Horizon

70

[56]
[57]

[58]

[59]
[60]
[61]
[62]
[63]
[64]
[65]
[66]
[67]
[68]
[69]
[70]
[71]
[72]
[73]
[74]

[75]
[76]

Bibliography

Conformal Symmetry and Black Hole Entropy," Phys. Rev. Lett. 88 (2002) 241301, grqcj0203001.
S.N. Solodukhin, "Conformal Description of Horizon's States," Phys. Lett. B454 (1999)
213, hep-thj9812056.
M.-L Park, "Hamiltonian Dynamics of Bounded Space-time and Black Hole Entropy:
Canonical Method," Nucl. Phys. B634 (2002) 339, hep-thjOl11224.
G. Kang, J. Koga and M.-L Park, "Near HOT"izon Conformal Symmetry and Black Hole
Entropy in Any Dimension," Phys. Rev. D70 (2004) 024005, hep-thj0402113.
M.-L Park, "BTZ Black Hole with Gravitational Chern-Simons: Thermodynamics and
Statistical Entropy," Phys. Rev. D77 (2008) 026011, hep-thj0608165; "BTZ Black Hole
with Higher Derivatives, the Second Law of Thermodynamics, and Statistical Entropy: A
New Proposal," Phys. Rev. D77 (2008) 126012, hep-thj0609027; "Holography in Threedimensional Kerr-de Sitter Space with a Gravitational Chern-Simons Term," Class. Quant.
Grav. 25 (2008) 135003, arXiv:0705.4381 [hep-th].
R.K Gupta and A. Sen, "Consistent Truncation to Three Dimensional (Super-) gravity,"
JHEP 0803 (2008) 015, arXiv:071O.4177 [hep-th].
W. Li, W. Song and A. Strominger, "Chiral Gravity in Three Dimensions," JHEP 0804
(2008) 082, arXiv:0801.4566[hep-th].
S. Carlip, S. Deser, A. Waldron and D.K Wise, "Cosmological Topologically Massive Gravitons and Photons," Class. Quant. Grav. 26 (2009) 075008, arXiv:0803.3998 [hep-th].
D. Grumiller and N. Johansson, "Instability in Cosmological Topologically Massive Gravity
at the Chiral Point," JHEP 0807 (2008) 134, arXiv:0805.261O [hep-th].
G. Giribet, M. Kleban and M. Porrati, "Topologically Massive Gravity at the Chiral Point
is Not Chiral," JHEP 0810 (2008) 045, arXiv:0807.4703 [hep-th].
Y.-S. Myung, "Logarithmic Conformal Field Theory Approach to Topologically Massive
Gravity," Phys. Lett. B670 (2008) 220, arXiv:0808.1942[hep-th].
A. Maloney, W. Song and A. Strominger, "Chiral Gravity, Log Gravity and Extremal CFT,"
arXiv:0903.4573 [hep-th].
K Skender is , M. Taylor and B.C. van Rees, "Topologically Massive Gravity and the
AdS/CFT Correspondence," JHEP 0909 (2009) 045, arXiv:0906.4926 [hep-th].
D. Grumiller and I. Sachs, "AdS3/LCFT2 Corrdators in Cosmological Topologically Massive Gravity," arXiv:091O.5241 [hep-th].
D. Anninos, W. Li, M. Padi, W. Song and A. Strominger, "Warped AdS(3) Black Holes,"
JHEP 0903 (2009) 130, arXiv:0807.3040 [hep-th].
D. Anninos, M. Esole and M. Guica, "Stability of Warped AdS3 Vacua of Topologically
Massive Gravity," JHEP 0910 (2009) 083, arXiv:0905.2612 [hep-th].
H. Saida and J. Soda, "Statistical Entropy of BTZ Black Hole in Higher Curvature Gravity,"
Phys. Lett. B471 (2000) 358, gr-qcj9909061.
G. Magnano, M. Ferraris and M. Francaviglia, "Nonlinear Gravitational Lagrangians," Gen.
ReI. Grav. 19 (1987) 465.
LL. Buchbinder and S.L. Lyahovich, "Canonical Quantization and Local Measure of R2
Gravity," Class. Quantum Grav. 4 (1987) 1487.
KA. Moussa, G. Clement and C. Leygnac, "The Black Holes of Topologically Massive
Gravity," Class. Quant. Grav. 20 (2003) L277, gr-qcj0303042.
A.A. Garcia, F.W. Hehl, C. Heinicke and A. Macias, "Exact Vacuum Solution of a (1+2)dimensional Poincare Gauge Theory: BTZ Solution with Torsion," Phys. Rev. D67 (2003)
124016, gr-qcj0302097.
S. Deser and B. Tekin, "Energy in Topologically Massive Gravity," Class. Quant. Grav. 20
(2003) L259, gr-qcj0307073.
S. Deser, L Kanik and B. Tekin, "Conserved Charges of Higher D Kerr'-AdS Spacetimes,"

Bibliography

71

Class. Quant. Grav. 22 (2005) 3383, gr-qc/0506057.
[77] S. Olmez, O. Sarioglu and B. Tekin, "Mass and Angular Nomentum of Asymptotically ads
or Flat Solutions in the Topologically Massive Gravity," Class. Quant. Grav. 22 (2005)
4355, gr-qc/0507003.
[78] A. Bouchareb and G. Clement, "Black Hole Mass and Angular Momentum in Topologically
Massive Gravity," Class. Quant. Grav. 24 (2007) 5581, arXiv:0706.0263 [gr-qc].
[79] M.V. Ostrogradsky, Mem. Acad. Sci., "Memo ire sur les Equations DifJer'entielles Relatives
au Probleme des Isoperimetre", St. Petersberg 6 (1850) 385.
[80] LL. Buchbinder, S.L. Lyahovich, and V.A. Krykhtin, "Canonical Quantization of Topologically Massive Gravity', Class. Quantum Grav. 10 (1993) 2083.
[81] S. Deser and X. Xiang, "Canonical Formulations of Full Nonlinear Topologically Massive
Gravity," Phys. Lett. B263 (1991) 39.
[82] K Hanaki, K Ohashi and Y. Taehikawa, "Supersymmetric Completion of an R **2 term in
Five-dimensional Supergravity," Prog. Theor. Phys. 117 (2007) 533, hep-th/0611329.
[83] A.C. Cadavid, A. Ceresole, R. D'Auria and S. Ferrara, "Eleven-dimensional Supergravity
Compactified on Calabi- Yau Threefolds," Phys. Lett. B357 (1995) 76, hep-th/9506144.
[84] M.J. Duff, J.T. Liu and R. Minasian, "Eleven-dimensional Origin of String-string Duality:
A One Loop Test," Nuel. Phys. B452 (1995) 261, hep-th/9506126.
[85] L Antoniadis, S. Ferrara, R. Minasian and KS. Narain, "R **4 Couplings in M and Type
II Theories on Calabi- Yau Spaces," Nuel. Phys. B507 (1997) 571, hep-th/9707013.
[86] A. Castro, J.L. Davis, P. Kraus and F. Larsen, "5D Attractors with Higher Derivatives,"
JHEP 0704 (2007) 091, hep-th/0702072.
[87] L Vuorio, "Topologically Massive Planar Universe," Phys. Lett. B163 (1985) 91.
R. Percaeci, P. Sodano, L Vuorio, "Topologically Massive Planar Universes with Constant
Twist," Annals Phys. 176 (1987) 344.
[88] Y. Nutku, "Exact Solutions of Topologically Massive Gravity with a Cosmological Constant," Class. Quant. Grav. 10 (1993) 2657.
[89] F. Bastianelli and U. Lindstrom, "C-theorem for Two Dimensional Chiral Theories," Phys.
Lett. B380 (1996) 341, arXiv: hep-th/9604001.
[90] L. Alvarez-Gaume and E. Witten, "Gravitational Anomalies", Nuel. Phys. B234 (1984)
269.
[91] E.P. Verlinde and H.L. Verlinde, "RG Flow, Gravity and the Cosmological Constant," JHEP
0005 (2000) 034, hep-th/9912018.
[92] M. Fukuma, S. Matsuura and T. Sakai, "A Note on the Weyl Anomaly in the Holographic
Renormalization Group," Prog. Theor. Phys. 104 (2000) 1089, hep-th/0007062; "Holographic Renormalization Group," Prog. Theor. Phys. 109 (2003) 489, hep-th/0212314.
[93] S. Nojiri, S.D. Odintsov and S. Ogushi, "Conformal Anomaly from d-5 Gauged Supergravity and c Function away from Conformity," Grav. Cosmol. 6 (2000) 271, hep-th/9912191;
"Holographic Conformal Anomaly with Bulk Scalars Potential from d-3 and d-5 Gauged
Supergravity," Prog. Theor. Phys. 104 (2000) 867, hep-th/0005197; "Scheme Dependence
of Holographic Conformal Anomaly in 5-d Gauged Supergravity with Nontrivial Bulk Potential," Phys. Lett. B494 (2000) 318, hep-th/0009015.
[94] D. Martelli and A. Miemiec, "CFT / CFT Interpolating RG Flows and the Holographic c
Function," JHEP 0204 (2002) 027, hep-th/0112150.
[95] M. Berg and H. Samtleben, "An Exact Holographic RG Flow between 2-d Conformal Fixed
Points," JHEP 0205 (2002) 006, hep-th/0112154.
[96] C. Martinez and J. Zanelli, "Conformally Dressed Black Hole in (2+1}-dimensions," Phys.
Rev. D54 (1996) 3830, gr-qe/9604021.
[97] M. Natsuume, T. Okamura and M. Sato, "Three-dimensional Gravity with Conformal Scalar
and Asymptotic Virasoro Algebra," Phys. Rev. D61 (2000) 104005, hep-th/9910105.

72

Bibliography

[98] M. Henneaux , C. Martinez, R. Troncoso and J. Zanelli, "Black Holes and Asymptotics of
2+ 1 Gravity Coupled to a Scalar Field," Phys. Rev. D65 (2002) 104007, hep-thj0201170.
[99] J. Gegenberg, C. Martinez and R. Troncoso, "A Finite Action for Three-dimensional
Gravity with a Minimally Coupled Scalar Field," Phys. Rev. D67 (2003) 084007, hepthj0301190.
[100] M. Henneaux , C. Martinez, R. Troncoso and J. Zanelli, "Asymptotically anti-de Sitter
Space times and Scalar' Fields with a Logarithmic Branch," Phys. Rev. D70 (2004) 044034,
hep-thj 0404236.
[101] M.-1. Park, "Fate of Three-dimensional Black Holes Coupled to a Scalar Field and the
Bekenstein-Hawking Entropy," Phys. Lett. B597 (2004) 237, hep-thj0403089.
[102] M. Banados and S. Theisen, "Scale Invariant Hairy Black Holes," Phys. Rev. D72 (2005)
064019, hep-thj0506025.
[103] T. Azeyanagi, N. Ogawa and S. Terashima, "Holographic Duals of Kaluza-Klein Black
Holes," JHEP 0904 (2009) 061, arXiv:081l.4177 [hep-th].
[104] T. Hartman, K. Murata, T. Nishioka and A. Strominger, "CFT Duals for Extreme Black
Holes," JHEP 0904 (2009) 019, arXiv:081l.4393 [hep-th].
[105] M. Gunaydin, G. Sierra and P.K. Townsend, "The Geometry of N=2 Maxwell-Einstein
Supergravity and Jordan Algebras," Nucl. Phys. B242 (1984) 244; "Gauging the d = 5
Maxwell-Einstein Superyravity Theories: More on Jor'dan Algebras," Nucl. Phys. B253
(1985) 573.
[106] K. Goldstein, R.P. Jena, G. MandaI and S.P. Trivedi, "A C-function for- Nonsupersymmetric Attractors," JHEP 0602 (2006) 053, hep-thj0512138.
[107] D. Astefanesei, H. Nastase, H. Yavartanoo and S. Yun, "Moduli Flow and Nonsupersymmetric AdS Attractor-s," JHEP 0804 (2008) 074, arXiv:071l.0036 [hep-th].
[108] W.A. Bardeen and B. Zumino, "Consistent and Covariant Anomalies in Gauge and Gravitational Theories", Nuel. Phys. B244 (1984) 42l.
[109] A.A. Belavin, A.M. Polyakov and A.B. Zamolodchikov, "Infinite Conformal Symmetry in
Two-Dimensional Quantum Field Theory," Nucl. Phys. B241 (1984) 333.
[110] A.B. Zamolodchikov, "Renormalization Group and Perturbation Theor-y Near Fixed Points
in Two-Dimensional Field Theory," SOy. J. Nuel. Phys. 46 (1987) 1090, Yad. Fiz. 46 (1987)
1819.
[111] A.W.W. Ludwig and J.L. Cardy, "Perturbative Evaluation of the Conformal Anomaly at
New Critical Points with Applications to Random Systems," Nuel. Phys. B285 (1987) 687.
[112] T. Eguchi ans S.-K. Yang, "Deformations of Conformal Field Theories and Soliton Equations," Phys. Lett. B224 (1989) 373.
[113] E. Witten, "Three-Dimensional Gravity Revisited," arXiv:0706.3359 [hep-th].
[114] A. Maloney and E. Witten, "Quantum Gravity Partition Functions in Thr-ee Dimensions,"
arXiv:0712.0155 [hep-th].
[115] F. Denef, "Super-gravity Flows and D-brane Stability," JHEP 0008 (2000) 050, hepthj0005049.
F. Denef, B. Greene and M. Raugas, "Split Attractor- Flows and the Spectrum of BPS
D-branes on the Quintic," JHEP 0105 (2001) 012, hep-thjOlO1135.
B. Bates and F. Denef, "Exact Solutions for Super-symmetric Stationary Black Hole Composites," hep-thj0304094.
F. Denef and G.W. Moore, "Split States, Entmpy Enigmas, Holes and Halos," hepthj0702146.
[116] J. de Boer, F. Denef, S. EI-Showk, 1. Messamah and D. Van den Bleeken, "Black Hole
Bound States in AdS(3) x S**2," JHEP 0811 (2008) 050, arXiv:0802.2257 [hep-th].
J. de Boer, S. EI-Showk, 1. Messamah and D. Van den Bleeken, "Quantizing N=2 Multicenter Solutions," arXiv:0807.4556 [hep-th].

Bibliography

73

[117] H. Ooguri, A. Stromingcr and C. Vafa, "Black hole attractors and the topological string,"
Phys. Rev. D70 (2004) 106007, hep-th/0405146.
[118] J.E. McClintock, R Shafcc, R Narayan, R.A. Remillard, S.W. Davis and L.-X. Li, "The
Spin of the Near-Extreme Kerr Black Hole GRS 1915+105," Astrophys. J. 652 (2006) 518,
astro-ph/0606076.
[119] M. Banados, M. Henneaux, C. Teitelboim and J. Zanelli, "Geometr1J of the {2+1} black
hole," Phys. Rev. D48 (1993) 1506, gr-qc/9302012.
[120] R Emparan, G.T. Horowitz and RC. Myers, "Exact Description of Black Holes on
Branes," JHEP 0001 (2000) 007, hep-th/9911043; "Exact Description of Black Holes on
Branes. 2. Comparison with BTZ Black Holes and Black Strings," JHEP 0001 (2000) 021,
hep-th/9912135.
[121] A. Chamblin, S.W. Hawking and H.S. Reall, "Brane World Black Holes," Phys. Rev. D61
(2000) 065007, hep-th/9909205.
[122] L. Randall and R Sundrum, "A Large Mass Hiemrchy from a Small Extra Dimension,"
Phys. Rev. Lett. 83 (1999) 3370, hep-ph/9905221; "An Alternative to Compactification,"
Phys. Rev. Lett. 83 (1999) 4690, hep-th/9906064.
[123] R Gregory and R Laflamme, "Black strings and p-branes are unstable," Phys. Rev. Lett.
70 (1993) 2837, hep-th/9301052.
[124] G.W. Gibbons, H. Lu, D.N. Page and C.N. Pope, "The Geneml Kerr'-de Sitter metrics in
all dimensions," J. Geom. Phys. 53 (2005) 49, hep-th/0404008.
[125] P. Kanti, I. Olasagasti and K. Tamvakis, "Schwarzschild Black Bmnes and Strings in
Higher Dimensional Brane Worlds," Phys. Rev. D66 (2002) 104026, hep-th/0207283.

