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On the boundary of the moduli
spaces of log Hodge structures:
Triviality of the torsor



1. Introduction

Let ¢ : (A*)® — I'\D be a period map arising from a variation of Hodge
structures with unipotent monodromies on the n-fold product of the punctured
disk. Here I' is the image of m;((A*)™) & Z™ by the monodromy representation,
ie., I'is a free Z-module. By Schmid’s nilpotent orbit theorem [S], the behavior of
the period map around the origin is approximated by a “nilpotent orbit”. Then we
add the set of nilpotent orbits to I'\D as boundary points and extend the period
map satisfying the following diagram:

(A)* —— I'\D U {nilpotent orbits}

U U

(A" ——F = T\D.

Here I'\ D is an analytic space and ¢ is an analytic morphism. But, except in some
cases, we have no way to endow the upper right one with an analytic structure.

In [KU] Kato-Usui endow it with a geometric structure as a “logarithmic man-
ifold” and they treat the above diagram as a diagram in the category of logarithmic
manifolds. Moreover they define “polarized logarithmic Hodge structures” (PLH
for abbr.) and they show that the upper right one is the moduli space of PLH. Qur
result is for the geometric structure of the moduli spaces of PLH in the following 2
cases:

(A) D is a Hermitian symmetric space.

(B) Polarized Hodge structures (PH for abbr.) are of weight w = 3 and Hodge
number A?? =1 (p + ¢ = 3,p,q > 0) and logarithms of the monodromy
transformations are of type N, in [KU, §12.3] (or type II; in [GGK)).

The case (A) corresponds to degenerations of algebraic curves or K3 surfaces. This
case is classical and well-known. The case (B) corresponds to degenerations of
certain Calabi-Yau three-folds, for instance those occurring in the mirror quintic
family. This case is studied recently. For example, Griffiths et al ((GGK]) de-
scribe “Néron models” for VHS of this type. Usui ([U]) shows a logarithmic Torelli
theorem for this quintic mirror family.

Construction of a moduli space of PLH. To explain our result, we describe
Kato-Usui’s construction of the moduli space of PLH roughly (§3 for detail). Steps
of the construction are given as follows:

Step 1. Define the nilpotent cone o and the set D, of nilpotent orbits.

Step 2. Define the toric variety toric, and the space E,.

Step 3. Define the map F, — I'\D, and endow I'\ D, with a geometric structure
by this map.

Firstly, we fix a point sg € (A*)™ and let (Hy,, Fsy, (, }so) be the corresponding
polarized Hodge structure (PH for abbr.). The period domain D is a homogeneous
space for the real Lie group G = Aut (Hyr, (, )so) and also an open G-orbit in
the flag manifold D (§2 for detail).

Step 1: Take the logarithms Ni,..., N, of the monodromy transformations
and make the cone o in g generated by them, which is called a nilpotent cone. By
Schmid’s nilpotent orbit theorem, there exists the limiting Hodge filtration F.
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We call the orbit exp (o¢)Fs in D a nilpotent orbit. D, is the set of all nilpotent
orbits generated by o.

Step 2: Take the monoid I'(¢) := I'Mexp(g). It determines the toric variety
toric, = Spec(C[I'(0)¥])an. We define the subspace E, of toric, X D in §3.4.

Step 3: We define the map E, — I'\D,, in §3.5 (here I' = I'(c)8P). By [KU,
Theorem A}, E, and T'\D, are logarithmic manifolds. Moreover the map is a oc-
torsor in the category of logarithmic manifolds, i.e., there exists a proper and free
oc-action on E, and E, — I'\D,, is isomorphic to E, — oc\E, in the category of
logarithmic manifolds.

Main result. Our main result is for properties of the torsor E, — I'\D,,.

o In the case (A), the torsor is trivial. (Theorem 5.6)
o In the case (B), the torsor is non-trivial. (Proposition 5.8)

In the case (A), I\D, is just a toroidal partial compactification of T\ D in-
troduced by [AMRT]. To show the triviality, we review the theory of bounded
symmetric domains in §4. Realization of D as the Siegel domain of the 3rd kind
(4.2) is a key of the proof. This induces the triviality of B(c) — B(s) (Lemma
5.2). By the triviality of this torsor, we show the triviality of F, — I'\D,. We also
describe a simple example (Example 5.7).

In the case (B), D is not a Hermitian symmetric domain, i.e., isotropy subgroups
are not maximally compact. We fix a point Fy € D and take a maximally compact
subgroup K as in (5.2). Then K Fy is a compact subvariety of D. Existence of such
a variety (of positive dimension) is a distinction between the cases where the period
domain is Hermitian symmetric and otherwise. The compact subvariety plays an
important role in the proof.

Acknowledgment. A part of main results is from the author’s master thesis.
The author is grateful to Professors Sampei Usui, Christian Schnell for their valu-
able advice and warm encouragement. The author is also grateful to the referee for
his careful reading and valuable suggestions and comments on presentations.

2. Polarized Hodge structures and period domains

We recall the definition of polarized Hodge structures and of period domains.
A Hodge structure of weight w and of Hodge type (h?) is a pair (H, F') consisting
of a free Z-module of rank ), = hP? and of a decreasing filtration on He := H®C
satisfying the following conditions:

(H1) dime FP =37 5, h"*~"  for all p.

(H2) He = Dy HP?  (HP:= FPNFY-P).

A polarization ( , ) for a Hodge structure (H, F') of weight w is a non-degenerate
bilinear form on Hg := H @ Q, symmetric if w is even and skew-symmetric if w is
odd, satisfying the following conditions:

(P1) (FP,Fi) =0 forp-+q>w.

(P2) The Hermitian form

He x He — C, (w,y) L <CF(:B)’?7>

is positive definite.
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Here ( , ) is regarded as the natural extension to C-bilinear form and Cp is the
Weil operator, which is defined by Cp(z) := (v/—1)P~9z for z € HP4.

We fix a polarized Hodge structure (Hyo, Fg, (, )o) of weight w and of Hodge
type (h??). We define the set of all Hodge structures of this type

p={r (Ho, F,{, Yo) is a polarized Hodge structure
’ of weight w and of Hodge type (hP9)
D is called a period domain. Moreover, we have the flag manifold
p-{r (Ho, F, {, )o) satisfy the conditions
' (H1), (H2) and (P1)

D is called the compact dual of D. D is contained in D as an open subset. D and D
are homogeneous spaces under the natural actions of G and G¢ respectively, where
G := Aut (Hopr, (, )o) and G¢ is the complexification of G. G is a classical group
such that

G Sp(h,R)/{£1} if w is odd,
- SO(hodd;s heven) if w is even,

where 2h = rank Hy, hoaq = Ep:odd hP9 and heven = Y h?4. The isotropy

subgroup of G at Fy is isomorphic to

[p<m URP9) if w=2m+1,
[p<r UEPT) x SO(R™™) i w = 2m.

They are compact subgroups of G but not maximal compact in general. D is a
Hermitian symmetric domain if and only if the isotropy subgroup is a maximally
compact subgroup, i.e., one of the following is satisfied:
(1) w=2m+1, hP»? =0 unless p=m -+ 1,m.
(2) w=2m, h?»? =1 for p=m+1,m—1, ™™ is arbitary, AP = 0 otherwise.
3) w=2m, W"*=1forp=m-+a,m+a—1,m—a,m—a-+1 for some a >
2, kP9 = 0 otherwise.
In the case (1), D is a Hermitian symmetric domain of type III. In the case (2) or
(8), an irreducible component of D is a Hermitian symmetric domain of type IV.

p:even

3. Moduli spaces of polarized log Hodge structures

In this section, we review some basic facts in [KU]. Firstly, we introduce
Dy, a set of nilpotent orbits associated with a fan ¥ consisting of nilpotent cones.
Secondly, for some subgroup I' in Gz, we endow I'\ Dy, with a geometric structure.
Finally we see some fundamental properties of I'\ Dy, which are among the main
results of [KU].

3.1. Nilpotent orbits. A nilpotent cone ¢ is a strongly convex and finitely
generated rational polyhedral cone in g := Lie G whose generators are nilpotent
and commute with each other. For A = R,C, we denote by o4 the A-linear span
of cingy.

DEFINITION 3.1. Let 0 = z;’zl RsoN; be a nilpotent cone and F' € D.
exp (o¢)F C D is a o-nilpotent orbit if it satisfes following conditions:
(1) exp (3_;4y;N;)F € D for all y; > 0.
(2) NEFP Cc FP~l forallp € Z and for all N € 0.
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The condition (2) says the map C* — D given by (2;) — 3 sexp(z;N;) F
is horizontal. Let ¥ be a fan consisting of nilpotent cones. We define the set of
nilpotent orbits

Dy, = {(0,2)| 0 € £, Z is a o-nilpotent orbit}.
For a nilpotent cone o, the set of faces of o is a fan, and we abbreviate D/faces of o}

as D,.

3.2. Subgroups in Gz which is compatible with a fan. Let I' be a sub-
group of Gz and ¥ a fan of nilpotent cones. We say I' is compatible with 3 if

Ad(y)} (o) e X

for all v € T" and for all o € . Then I' acts on Dy if " is compatible with ¥.
Moreover we say I' is strongly compatible with ¥ if it is compatible with 3 and for
all 0 € ¥ there exists v1,...,7, € [{o) := ' Nexp (o) such that

o= Ryolog(y).
;

3.3. Varieties toric, and torus,. Let ¥ be a fan and I" a subgroup of Gz
which is strongly compatible with ¥. We have toric varieties associated with the
monoid I'(¢) such that

toric, = Spec(C[['(0)¥])an & Hom (I'(s)Y, C),
torus, := Spec(C[['(c) #"])an & Hom (['(0) Ve, Gpp) = G,y @ I(0)EP,

where C is regarded as a semigroup via multiplication and above homomorphisms
are of semigroups. As in [F, §2.1], we choose the distinguished point

1 ifuel(r)t,

z,: (o) - C; ur
0 otherwise,

for a face 7 of 0. Then toric, can be decomposed as

toric, = U (torus, - z,).

T<0

For g € torics, there exists o(gq) < o such that ¢ € torus, - z,(,). By a surjective
homomorphism

(3.1) e : o¢c — torus, = G,, ® I'(0)®; wlog (7) — exp (2mvV/—1w) ® 7,
g can be written as
(3.2) q=e(2) To(g)-

Here ker (e) = log (I'(c)®P) and z is determined uniquely modulo log (T'(c)8P) +
o(g)c-
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3.41 Spaces E, and L. We define the analytic space E, = toric, x D and
endow E, with the logarithmic structure M g, by the inverse image of canonical
logarithmic structure on toric, (cf. [K]). Define the subspace of E,

E, :={(q,F) € E, | exp(c(q)c) exp (2)F is o(q)-nilpotent orbit}

where z is an element such that ¢ = e(z) - z,(g). The set E, is well-defined. The
topology of E, is the “strong topology” in E,, which is defined in [KU, §3.1], and
Og, (resp. Mg, ) is the inverse image of Oy, (resp. My ). Then E, is a logarithmic
local ringed space. Note that E, is not an analytic space in general.

3.5. The structure of I'\Dy,. We define the canonical map
E; — T'(0)®P\D,,
(¢, F) = (o(q),exp (0(g)c) exp (2)F) mod I'(o)P,

where ¢ = e(z)-2,(g) asin (3.2). This map is well-defined. We endow I'\ Dy; with the
strongest topology for which the composite maps 7, : B, — ['(c)8?\D, — I'\Ds,
are continuous for all ¢ € X. We endow I'\Dy, with Op\p,, (resp. Mp\py) as
follows:

Or\py(U) (resp. Mr\py (U))
i={map f: U= C| fom, € O, (n;'(V)) (resp. Mg, (n7'(V))) (Yo € )}

for any open set U of I'\Dyg. As for E,, note that I'\Dy is a logarithmic local
ringed space but is not an analytic space in general. Kato-Usui introduce “loga-
rithmic manifolds” as generalized analytic spaces (cf. [KU, §3.5]) and they show
the following geometric properties of I'\ Ds:

THeOREM 3.2 ([KU, Theorem A]). Let T be a fan of nilpotent cones and let
T" be a subgroup of Gz which is strongly compatible with ©. Then we have
(1) E, is a logarithmic manifold.
(2) If T is neat (i.e., the subgroup of G,, generated by all the eigenvalues of
all v € T is torsion free), [\ Dy is also a logarithmic manifold.
(3) Let ¢ € & and define the action of oc on E, over I'(c)8P\D, by

a- (g, F) = (e(a)g,exp (—a)F) (a € o, (¢,F) € Eo).

Then E, — I'(c)8P\D, is a o¢-torsor in the category of logarithmic man-
ifold.

(4) T'(c)8P\D, — T'\Dx is open and locally an isomorphism of logarithmic
manifold.

In [KU, §2.4] , Kato-Usui introduce “polarized log Hodge structures” and they
show that I"\Dy is a fine moduli space of polarized log Hodge structures if I' is
neat([KU, Theorem B]).

4. The structure of bounded symmetric domains

In this section we recall some basic facts on Hermitian symmetric domains
(for more detail, see [AMRT, III] , [N, appendix]). We define Satake boundary
components, and show that a Hermitian symmetric domain is a family of tube
domains parametrized by a vector bundle over a Satake boundary component. This
domain is called a Siegel domain of third kind.
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4.1. Satake boundary components. Let D be a Hermitian symmetric do-
main. Then Aut (D) is a real Lie group and the identity component G of Aut (D)
acts on D transitively. We fix a base point o € D. The isotropy subgroup K at o
is a maximally compact subgroup of G. Let s, be a symmetry at o and let

g:=Lie(G), ¢&:=Lie(K),
p := the subspace of g where s, = —Id.
- Then we have a Cartan decomposition
g=Etdp.
p is isomorphic to the tangent space to D at 0. Let J be a complex structure on p
and let
p,4 = the v/—I-eigenspace for J in pc,
p_ := the —y/—1-eigenspace for J in pc.
Here p.. and p_ are abelian subalgebras of gc. Then we have the Harish-Chandra

embedding map D — p, whose image is a bounded domain.

__ DerinNiTION 4.1. A Satake boundary component of D is an equivalence class in
D, the topological closure of D in p,, under the equivalence relation generated by
z ~ g if there exists a holomorphic map

Ai{zeCllz] <1} — py
such that Im(A) € D and z,y € Im(}).

It is known that Satake boundary components are also Hermitian symmetric
domains. Let S be a Satake boundary component. We define

N(S):={ge G| g5 =S5},
W(S8) := the unipotent radical of N(5),
U(S) := the center of W(5).
These groups have the following properties:
PROPOSITION 4.2. (1) N(S) acts on D transitively.
(2) There exists an abelian Lie subalgebra v(S) C g such that LieW(S) =
v(S) + Lie U(9).
(3) W(S)/U(S) is an abelian Lie group which is isomorphic to V{S) :=
exp u($).
S is called rational if N(S) is defined over Q. If S is rational then V(S) and
U(S) are also defined over Q.
4.2. Siegel domain of third kind. We define a subspace of D
D(8):=US)c-D= |J gD
9€U(8)c
where U(S)¢ := U(S) ® C. By Proposition 4.2(1) and the fact that U(S) is a
normal subgroup, N(S)U(S)¢ acts on D(S) transitively. We choose the base point

og as in [AMRT, §4.2] . The isotropy subgroup I of G at og is contained in N(S).
Then we have a map

Vs : D(S) = N(S)U(S)e/I — N(S)U(S)e/N(S) = U(S)
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where the last isomorphism takes imaginary part. By [AMRT, §4.2 Theorem 1] , we
have an open homogeneous self adjoint cone C(S) C U(S) such that ¥5*(C(S)) =
D.

THEOREM 4.3. (1) U(S)c acts freely on D(S). D(S) — U(S)c\D(S) is
trivial principal homogeneous bundle.

(2) V(S) acts freely on U(S)c\D(S). V(S)\(U(S)c\D(S)) = S and the quo-
tient map D(S) — S is a complex vector bundle (although V(S) is real).
Moreover it is trivial.

(8) By (1) and (2), we have a trivialization

(4.1) D(S) = S x C* x U(S)¢.
In this product representation,we have
Us(z,y,2) =Imz — ha(y, y)
where hy is a real-bilinear quadratic form C* x CF — U(S) depending
real-analytically on z.

Thus we have
(4.2) D= { (z,y,2) € § % Clo—k)k % U(S)¢ ] Imz € C(S) + h(y,v) }

5. Main result

5.1. The case: E, — I'(0)8P\D, is trivial. In this subsection, we assume
that D is a period domain and also a Hermitian symmetric domain. The purpose
is to show Theorem 5.6. Main theorem for the case where D is upper half plane is
described in Example 5.7.

Let S be a Satake rational boundary component of D and ¢ a nilpotent cone
included in Lie (U{s)). Firstly we show the triviality of the torsor for such a cone.
We set

B(o) :=exp(oc)-D C D, B(o):=exp(oc)\B(o).
Here B(o),B(c) are defined by Carlson-Cattani-Kaplan ([CCK]) from the point of
view of mixed Hodge theory.

LemMA 5.1. B(o) — B(o) is a trivial principal bundle with fiber exp (o¢).

Proof. exp (o) is a sub Lie group of U(S)¢ and U(S)c is abelian. By Theorem
4.3(1), D(S) — exp(oc)\D(S) is a trivial principal bundle . Furthermore the
following diagram is commutative:

D(5) —exp (oc)\D(S)
U U
B(g) ———— B(0)
Then B(o) — B(o) is trivial. O

Now we describe a trivialization of B(c) over B(o) explicitly. Take a comple-
mentary sub Lie group Z, of exp (o¢) in U(S)¢c. By (4.1), we have a decomposition
of D(S) as D(S) = S x C* x Z, x exp (oc). Here

(6.1) exp (oc)\D(S) =2 8§ x C*F x Z,
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and the decomposition of D(S) makes a trivialization of D(S) over exp (o¢)\D(S).
Via (5.1), we have Y C S x C* x Z, satisfying the following commutative diagram:

exp(ac)\D(S) = SxCFxZ,
U U
B(o) o Y

In fact, Y is the image of D via the projection D(S) — S x C¥ x Z,. Then
B(o) & exp(oc) X Y is a trivialization of B(c) over B(o).

Let T be a subgroup of Gz which is strongly compatible with o. Let us think
about a quotient trivial bundle I'(0)8\B(c) — B(0). Its fiber is the quotient of
exp (oc) by the lattice I'(c)#P. Since exp (o¢) is a unipotent and abelian Lie group,
oc = exp (o¢). Via this isomorphism, the lattice action on exp {o¢) is equivalent
to the lattice action on o¢ by log (I'(c)8P). Then the fiber is isomorphic to

oc/log (I'(c)®P) = o¢/ ker (e) = torus, by (3.1).

By the canonical torus action, I'(o)8P\B(c) — B(o) is also a principal torus,-
hundle whose trivialization is given by

torus, x Y = ['(0)8P\B(s); (e(2),F) — exp(2)F mod ['(c)?,
where we regard Y as a subset of D via (4.1). By the definition of E,, we have
LEMMA 5.2. The following diagram is commutative:
I(0)8P\B(o) = torus, x Y
V) U
I(o)8P\D = (torus, X Y)NE,

By the torus embedding torus, < toric,, we can construct the associated
bundle

(T(0)8P\B(0))o = (T'(0)8P\B(0)) Xsorus, torics,
and define
(I'(0)8P\D), := the interior of the closure of I'(c’)¥P\ D
in (T'(0)"\B(0))s-
This is a toroidal partial compactification associated with o.
LEMMA 5.3. The following diagram is commutative:
(T(o)8P\B(0))s = toric, x Y
U U
(T(o)®*\D), = (toric, x Y)NE,

Proof. For (¢, F) € toric, xY, (¢, F) € E, if and only if exp (c(q)c) exp (2) F
is a o(g)-nilpotent orbit, where ¢ = exp (2)Z,(q) as in (3.2). Since D is Hermitian
symmetric, the horizontal tangent bundle of D coincides with the tangent bundle
of D. Then the condition of Definition 3.1(2) is trivially satisfied. Let {N;} be
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a set of rational nilpotent elements generating o(q). (¢, F) € E, if and only if
exp (Z; y;N;)exp (2)F € D, ie.,
(e (Zj y;N; + z) , F) € (torus, x Y)N E,
for all y; such that Im (y;) > 0. In toric,,
lim e (X y;N; +2) = e(2)zo(q) = ¢

Im (y;)—o0

Then (g, F) is in the interior of the closure of (torus, x Y) N E,. O

The map (toric, x Y) N By — E, — T'(0)8\D, is bijective. By [KU, 8.2.7],
E, is an open set in E,. Then E, — ['(0)g\D, is a o¢-torsor in the category of
analytic spaces and

(toric, x Y) N Ey & ac\E, = T(0)*°\D,.

Thus (toric, x ¥) N E, — E, gives a section of the torsor E, — T'(c)8P\ Dy, i.e.
E; — T'(0)8P\D, is trivial.

Next we show that E, — I'(c)8P\D, is trivial for all nilpotent cones . Let
[ = Gz. By [AMRT, I1] , there exists I-admissible collection of fans & = { (S)}s
where $(S) is a fan in C(S) for every Satake rational boundary component S.
Taking logarithm, we identify 2 with the collection of fans in g which are strongly
compatible with I'. We show that ¥ is large enough to cover all nilpotent cones,
i.e., X is complete fan.

Let U(S)z = U(S)NT. To obtain U(S)z\D,, we should confirm the following
proposition:

PropoOSITION 5.4. Generators of Z, can be taken in Gg.

Proof. T'(0)®P is saturated in U{S)g, i.e.,
If g € U(S)z and g™ € T'(0)®® for some n > 1, then g € I'(c)&P.

Then U(S)z/T(0)8P is a free module and there exists a subgroup Z,z in U(S)z
such that U(S)z = I'(0)8 @ Z,,z. Hence we have U(S)¢ = expoc®(Z,z®C). O

Gluing U(8)z\Do = Z,,z\(I'(0)®°\D,) for o € 5(S), we have U(S)z\Dxys) as
a toroidal partial compactification in the direction S. Then we obtain a compact
variety I'\ Dy by [AMRT] (Take quotient by N (5)z/U(S)z and glue neighborhoods
of boundaries of (N(S)z/U(8)z)\(U(S)z\Dx(s)) with T'\ D).

On the other hand, we have the following proposition.

PROPOSITION 5.5 ([KU, 12.6.4]). Let T’ be a subgroup of Gz and let & be a

Jan which is strongly compatible with T'. Assume that T\Ds, is compact. Then X is
complete.

The precise definition of complete fan is given in [KU]. An important property
of a complete fan ¥ is the following: if there exists Z C D such that (o, Z) is a
nilpotent orbit, then o € . Now I'-admissible collection of fans ¥ is complete since
I\ Ds is compact. It is to say that a nilpotent cone o has a o-nilpotent orbit if

exp (o) C C(S) C U(S)

for some Satake boundary component S, and ¢ has no o-nilpotent orbit ,i.e., D, =
D, otherwise. Hence we have

THEOREM 5.6. Let o be a nilpotent cone ing. Then E, — I'(0)8P\D, is trivial.
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ExAMPLE 5.7. Let D be the upper half plane. G = SL(2,R) acts on D by

linear fractional transformation. By the Cayley transformation, D 2 A :={ z €
C||z| < 1}. Take the Satake boundary component S = {1} € 8A. Then

wo-{ ;)

W(S) = U(S) ={ (é ‘{)

=1 (o 1)

(cf. [N]). Take the nilpotent N = (

veR\ {0}, veR },

veR },

’UERZO }

and the nilpotent cone o = R>oN C g.
0 ) and the nil RyoN
Here exp (oc) = U(S)c. The compact dual D and the subspace B(o) = exp (oc) -
D C D are described as

D=Cu{co} =P, B(o)=C.
exp (oc)\ B, = B(0) is a point and B(o) — B(o) is a trivial principal bundle over
B(o). Take Fy € B(o). We have a trivialization

B(o) = exp (oc) - Fo = exp (o¢) x {Fo}-

om{ )

is a lattice of exp (o¢) and G, 2 exp (o¢)/I'(c)8. Then we have the trivial princi-
pal G,,-bundle I'(¢)8*\B(o) — B(o). By the torus embedding G,, — C, we have
the trivial associated bundle

(T(c)®P\B(0)) xg,, C=C x {Fp}.

For I' = SL(2,Z),

veEZ }:exp(ZN)

And we have

E, = { (¢, F) € C x B(o) Z’;g (l(:?véig(l ;;)%f(g)zNz)F €Difg#0 }

The map
(C x{Fo}) N Ey = E; — T(0)*"\Do;

(q,F())_){ ({0} exp (2m) ™ log (N)Fa) mod D) 146,

is an isomorphism by Lemma 5.3 and we have the following commutative diagram:
(Cx{F})NE;, C E,
Al
[(c)8P\D,.

Then the torsor E, — I'(0)8°\ D, has a section, i.e., the torsor is trivial.
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5.2. The case: E, — I['(0)8\D, is non-trivial. Let w = 3, and h?¢ =
1(p+q=3,p,q > 0). Let Hy be a free module of rank 4, {, )o a non-degenerate
alternating bilinear form on Hyp. In this case D = Sp(2,R)/(U(1) x U(1)). Then
D is not a Hermitian symmetric space. Take ey,...,es as a symplectic basis for

(HO)< ) >0)) i'e'a
0 ~I
(eoeors = (7 ).
Define N € g as follows:

N(es)=e1, N(e;)=0(j#3).
PROPOSITION 5.8. Let o = RyoN. Then E, — I'(0)8\D, is non-trivial.
Proof. Define

(u u)‘:—L(e eq) LI ie
Lyevvylig) - \/5 1y---564 il —iI )"

(ol = (5 5)0 o= (5 )
Take F,, Fow € D (w € C) as follows:
F3 = spanc{wus +uz}, F2 = spanc{wu; + ug,us — wug},
F2 =spanc{u1}, F2Z =spanc{ui,us}.
We have the maximally compact subgroup of G at Fy
(5.2) K={ geG|(Crlgv),gw)o = (Cr,(v),W)o forv,we Hc }

X 0
_{ <O 7) X eU@) }
where matrices in the second equation are expressed with respect to the basis
(u1,...,uq). The K-orbit of Fy is given by
K'F0=KC'F0={FwIUJEC}UF ~ Pl
We assume that E, — I'(0)8\D, is trivial. Let ¢ be a section of E, —
['(0)8P\D,. We define a holomorphic morphism ® : D — C such that

& : D % P (0)eP\D « [(0)8*\D, ~& E, 2% toric, = C.

Since K Fy & P!, ®|kr, is constant.
On the other hand, (o, exp (o¢)Fo) is a nilpotent orbit (it is easy to check the
condition of Definition 3.1). Then

(5.3) zlirgo O (exp (izN)Fp) = 0.
Define N’ € g as follows:
N'(uz) = w1, N'(u;)=0( #3).

Then we have

. _ z /
(5.4) exp (izN)Fy = exp <—2 - :nN >Fo,
x
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for z e R\ {-2} and
(5.6) exp(zN)KFy C D for |z| < 1.
Then ®|exp(zn')K F, IS constant for each |z| < 1, again because exp (zN')K Fp = PL.
Finally we have

B(exp (izN)Fy) = ® (exp (525N’ Fo) (by (5.4))
=& (exp (57N’ Fco> (by (5.6) and |5 < 1)

= ®(Fo) (by (5.5))

for z > —1. This contradicts the condition (5.3), since ®(F,,) € torus, if Fi, €
D. O
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Appendix. Néron models of
Green-Griffiths-Kerr and log
Néron models



1. introduction

Let J — A* be a family of intermediate Jacobians arising from a variation of
polarized Hodge structure (VHS for abbr.) of weight —1 with a unipotent mon-
odromy on the punctured disk. By Carlson ([C]), the intermediate Jacobians are
isomorphic to the extension groups of the Hodge structures in the category of mixed
Hodge structures (MHS for abbr.). Then a section of J — A* gives a VMHS. A
VMHS satisfying the admissibility condition (cf. [P]) is called an admissible VMHS
(AVMHS for abbr.) and a section which gives an AVMHS is called an admissible
normal function (ANF for abbr.).

For the VHS, Green-Griffiths-Kerr ((GGK1]) introduce the family JéX — A
satisfying the following conditions:

The family restricted to A* is J — A*.
The fiber over 0 is a complex Lie group.
Any ANF is a section of JECXK — A,
JGCK is a Hausdorff space.

JCGGK s called the Néron model. Here JEGX is just a topological space. In [GGK1],
they propose that “One may “do geometry”” on the Néron models.

On the other hand, Kato-Nakayama-~Usui construct Néron models by their log
mixed Hodge theory. To explain their work, we describe J — A* by another
formulation. Let A* — T'\D be the period map arising from the VHS. Then the

family of intermediate Jacobian is obtained as the fiber product

J -—————>—FI\D/

lGrm

A* ——>T\D

where D’ and I are for the MHS corresponding to the intermediate Jacobians.
Kato-Nakayama-Usui ([KNU1]) extend the above diagram. Firstly, by Kato-
Usui ([KU])), the period map can be extended to

A ——T\Dy,
U U

A* ——T\D

where ¥ is the fan of nilpotent cones arising from the monodromy of the VHS. Here
a boundary point of T\ Dy, is a nilpotent orbit, which approximate the period map
by Schmid ([Sc]). The main theorem of [KU] says I'\ Dy, is a logarithmic manifold
and is a moduli space of log (pure) Hodge structures.

Secondly, ANF is written as

A* = T\D'.
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A fan ¥ including all nilpotent cones arising from the monodromy of any ANF
over A* is given by [KINU1]. Then, by [KNU2], this map can be extended to

A ——>T\DL, .
U U
A* F’\D'

Similarly in the pure case ([KU]), a boundary point of I\ D%, is a nilpotent orbit,
which approximate the ANF by Pearlstein ([P]). The main Theorem of [KNU2]
says [V\D%, is a logarithmic manifold and is a moduli space of log mixed Hodge
structures.

And finally, they define the log Néron model JXNU as the fiber product

JKNU — 5 T\ DL,

l lcrm

A—T\Dy

in the category of logarithmic manifolds. We remark that JXNU is not only a
topological space but also has a geometric structure as a logarithmic manifold.

However, [KNU1] does not show the relationship between JCX and JXNU;
[KNU1, §12.2] says the relationship does not seem to be known between this JXNU
and the Néron model constructed by Green-Griffiths-Kerr. Our main result answers
this problem.

THEOREM 1.1 (Theorem 5.1). JECK is homeomorphic to JXNU,

We explain a key of the proof. By using the liftings in (4.1) and in (4.6), we
construct the bijective map between them (Proposition 4.4). In §5, we show that
this map is homeomorphism. The diagram (3.5) and the admissibility condition
(2.5) or (2.9) play important roles in the proof.

Acknowledgment. The author is grateful to Professors Kazuya Kato, Chikara
Nakayama, Gregory Pearlstein, Christian Schnell and Sampei Usui for their valu-
able advice and warm encouragement.

2. Preliminary

In this section, we recall the definitions of Néron models of [GGK1] and of
[KNU2|. Let (Hz, F, V) be a variation of polarized Hodge structure of weight —1
over the punctured disc A*, where Hz is a local system, F is a filtration of locally
free sheaf H := Hz ® Oa- and V is a Gauss-Manin connection. We assume that
the monodromy transformation T is unipotent.

2.1. Families of intermediate Jacobians. Let (H, F) be the total space of
the vector bundle corresponding to the VHS (H,F). The intermediate Jacobian
over s € A* is defined as

Js 1= Fs\Hs/HZ;s
where the subscript s means the fiber (or the stalk) over s and the polarization gives
the inclusion map Hgz,s < F;\H,. By Carlson {[C]), we have the isomorphism

(2.1) Extys (2(0), Hs) 2 Js
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where Z(0) is the Tate’s Hodge structure.

We describe the family of intermediate Jacobians J — A* by using the MHS
in (2.1). Fix a refference point sq € A*. For the PHS H,, = (Hz, Fs,,{, }) over
s0, take a MHS H’ which represents an extension class in Extl g (Z(0), Hy, ). Let
D (resp. D’) be the period domain for the type of H,, (resp. H'), defined in [G]
(resp. [U]). Set the monodromy group I := {T™ € Aut(Hz) | n € Z} and the
period map ¢ : A* — T'\D arising from the VHS. Then the family of intermediate
Jacobian is obtained by the following cartesian diagram:

J —_— PI\D/

l ¢ lerm

A* ——T\D,

where I 1= {T" € Aut (Hz) | T'|aut (1) €T}

We review some properties about the period domains D and D’. Put D (resp.
D’) the compact dual of D (resp. D'), defined in [G] (resp. [U]). [G, §4] (resp.
[U, §2]) shows the following properties for the pure case (resp. for some kind of
mixed case including the case of D’):

PROPOSITION 2.1. Put G4 = Aut(Ha,(,)) (resp. Gy := Aut(HY,{, )a))
for A=7Z,R,Q,C. Then
(1) Gg (resp. Gg) acts on D (resp. D') transitively.
(2) Ge (resp. Gi) acts on D (resp. D') transitively.
(3) Any subgroup of Gz (resp. Gy) acts on D (resp. D') properly discontin-
uously.

Since H' is a extension of Hy, by Z(0), we have the exact sequence of Z-module
0—Hy 5 H,LZ 0.
We fix e € Hj such that j(e) = 1. Then
(2.2) H), = Hy & Ze.
Set
b = {X € End (Hq’:) | X‘End(Hc) = (, X(e) S Hc}

ProPOSITION 2.2 ([U] Theorem 2.16). Gr", : D' — D is a fiber bundle, whose

fiber is h/(hNb). Here b is the Lie algebra of an isotropy subgroup of Gc.

2.2. Normal functions and the identity components. Firstly we define
the normal functions for the VHS according to [GGK1, §II.A]. Define the following
shaves over A*:

J = .770\7'{/ Hz,
VieF et
for any local lifting &

JV:={ yeJ‘

Since the monodromy is unipotent, we have the Deligne extension (H., F.). Define
the following sheaves over A:
Te = fg\He/j*HZ) je,V =T N juJv

where 7 : A* < A. A section of 7, v is called a normal function (NF for abbr.).
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Secondly we define a space including values of NF according to [GGK1, §ILA].
Let (H,, F.) be the total space of the vector bundles corresponding to (He, 7).
Since these vector bundles are trivial, we have a trivialization
Fl=2 A X Fy.

Since (Fe, 0, W(N)) is a MHS ([Sc]), we have the Deligne decomposition H,,o =
@, ,I7?. This decomposition induces

(2.3) Fo\Heo = (PIP* =V, FNH. =AxV.
p<0
Define
J? .= FO\H,/ ~
where
(s,2) ~ (s, 7)== s=¢,z -2 € j.Hzs

for (s,z),(s’,2') € A x V = FO\H,. JZ is called the Zucker space.

JZ include values of NF. But JZ is not a Hausdorff space generally (cf. [GGK1,
11.B.8]). Then [GGK1] defines the subspace of JZ so that it is a Hausdorff space
including values of NF.

Define

(2.4) W= {(s,z) € AxV |z € Ker(N)if s =0}
We identify W as the subspace of FO\H, by (2.3)
DEFINITION 2.3 ([GGK1] ILA.9). Define
JECRO .= W/~

Here the topology on JEGX.0 is induced from the strong topology of W in A x V
([KU, §3.1.1]). JECKO is called the identity component of the Néron model.

The identity componet has the following property:
PROPOSITION 2.4 ([GGK1] ILA.9). For a NF v, v(0) € JECX0°,

REMARK 2.5. In [GGK1], the definition of the topology on JEG¥:0 seems to
be unclear (Remark after [GGK1, Theorem I1.A.9] says “This topology is modeled
on the “strong topology” in [KU]”). In this paper, we use the strong topology on
W Cc A x V. Saito ([Sa]) shows the Hausdorff property in the case of the ordinary
topology.

2.3. Admissible normal functions and Néron models. [GGK1, §ILB]
defines the sheaf

(2.5)
jV = { Ve j*jV

7 has a logarithmic growth as a section of F?,
(T — v e (I — I'Hg NHg for any local lifting 7. |’

where we denote by (T' — I)7 the analytic continuation around the origin 0 of 7.
A section of 7, v is called an admissible normal function (for abbr. ANF). By the
definition, we have the following exact sequence:

(26) 0 - je,V _2> je,V _J') Go — 0.
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Here Gy is the skyscraper sheaf supported at 0, whose stalk is
G = (T—-I)H@ﬂHz
' (T —1)He
Define
JEGK . Js.GéK’O X Je9is
{(w(s), i(W)]s) | v € Te,w}
where [§(v)], is the germ at s € A. Since J, v,s is divisible abelian group and G is

a finite group, the exact sequence of the stalks of (2.6) is split ((GGXK1, ILa.11]).
Then

JOOK o JEeK0 if s # 0,
s JECKO @ ifs=0.

DEerFINITION 2.6 ([GGK1] I1.B.9). Define

GGK ._ GGK
JOEK = | | JECK,
sEA

Here the topology on JECK is defined by the open sets
(27) 5() = {((s,2), [s) € 799% | (s,2) € 5}

where S is an open set of JEGXK:0 and v is an ANF. JXNU s called the Néron model
(of Green-Griffiths-Kerr).

EXAMPLE 2.7 (Classical case). Let f : E — A be a degenerating family of
elliptic curves of Kodaira-type I,. For the restriction f : E — A*, put the local
system Mz := R'f.Z and the filtration F? = R'f.(QZ7,.). Then (Hz,F) is a
VHS over A* with an unipotent monodromy. In this case,

J§EL =G, G=Z\nZ

twisting (Hz, F) into the VHS of weight —1. [IN] constructs Néron models in this
case by using toroidal embeddings.

2.4. A nonclassical example. We give an example where the Néron model
is not an analytic space. [GGK2, §IILA] or [KNU1, §9] deals with a special
situation of this example.

Let Y be a singular K3 surface, i.e., p(Y) = 20, f : E — A a degenerating fam-
ily of elliptic curves of Kodaira-type I,,. By the Shioda-Inose correspondence ([S1}),
for a transcendental basis {¢,t2} of H?(Y) the intersection form is represented as

20 b
W'%%j=<b 23

where a,b,¢ € Z, a,c > 0 and b? — 4ac < 0. We assume that a = m (square free
positive integer), b = 0 and ¢ = 1. Take a symplectic basis {a, 8} of H*(E,) for
s # 0 such that the monodromy action is

a—a+nb, B0

Set
t1 to
e1 =1t X ey=1IyXa, egz%xﬁ, 64:Exﬁ
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in H3(Y x E,,Q). Then the intersection form is represented as

(ei-€j)iy = (_0[ é) :

Put g := fopry : Y x E — A*. We have the local system Hz C R3g.Q such
that Hzs = 5, Ze; and the filtration 7P induced from R3g, (Q)Z,’:(E/A*). Then

(Hz,F) is a VHS and a fiber (MHzs, Fs) is a PHS of weight —1 where hl~2 =
ROl = p~10 = p=21 = 1 twisting it into the VHS of weight —1. The monodromy
transformation is represented as

I O>
T=12mn 0 .
0 o B2

By [KU, §12.3], the limiting MHS is described by the following diamond:

(1,-1) (-1,1)
. .
P

(0,-2) (=2,0)
. .

Then
JgOF0 = 1720 /5.y, G = Z/2mnZ x Z/2nZ.

In this case the dimension of JOG GK:0 is smaller than the dimension of a general
fiber and JZ is not a Hausdorff space (cf. [KNU1, §9]).

2.5. Moduli spaces of log Hodge structures and log Néron models.
Let g4 (resp. g/y) be the Lie algebra of G4 (resp. G) for A = R,C. Set the
nilpotent cone ¢ = RN (N =log(T)) in gg, the fan & := {{0}, o} and the set

(2.8) Dy, ={(0,2) |0 € 5, Z =exp(oc)F is a o-nilpotent orbit}.

By [KU], the period map ¢ : A* — T\ D extends to the log period map ¢ : A —
M\Ds.
In [KNU1], the following fan of g is defined:

(2.9)
EI = { RzoN/

N' e EndHQ,N’]EndHQ = N,
N'(e) = N(a) for some a € Hg such that (T — I)a € Hg

PROPOSITION 2.8. Take o/ =Ry»oN’' € ¥'. Then
exp(N)eTI’, Ad(y)e’ ¥
for v € I'. Therefore T' is strongly compatible with ¥'.
Proof. N’ and I" are represented as
N N s
N = (0 O"“), r’:{ (7(; ;’) \ beHz nel }

with respect to the decomposition (2.2). Since (T~ I)a € Hg

exp (V') = ("g (T_II)“> er.
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T
For v = (7;) ?) €I, we have
Since (T'— I)(T™a — b) € Hgz, Ad(y)N' € ¥'. 0

Similarly in (2.8), Dy, is defined as the set of nilpotent orbits ((KNUZ2, §2.1.3]).
By above proposition, we can define the action

T’ x Di\]’ - D./E'; (v (0/7Z)) s (Ad('Y)U/:7Z)

and the orbit space I"\D%,.
The geometric structure on I"\ DY, is defined in [KNUZ2, §2.2.2], similarly in
the pure case ([KU]). For o' € &', set the monoid

I"(¢') :=T" Nexp (d)
and the toric variety
toricys := Spec (C[I"(¢")"]),, = C.
Moreover we define the analytic space
E!, := toric,s x D'
and the subspace

exp (I(s)N)F € D' if s #£ 0, }

L i
o { (5, F) € By exp (o¢)F is a nilpotent orbit if s = 0

where [(s) is a branch of (2mi) ! log (s). The topology on E’, is the strong topology
in E/,. Then we have the map

1Py g ;o Py vy (0,exp (I{(s)N)F) ifs#£0,
’ T EP\D’, I"\D 5 ,F .
o T (G) \ ot T \ = (8 )H{(J',GXP(U&)F) ifs=0.

The geometric structure on I"\ Dy, is induced from E’, locally through this map.
Moreover Kato-Nakayama-Usui announce the following theorem:

THEOREM 2.9 ([KNU2] Main Theorem). Similarly in the pure case (KU,
Main Theorem]), the following is hold
(1) EL,,T'(c")8P\D., and I'\D%, are logarithmic manifolds.
(2) EL, —T'(c")8P\D., is a og-torsor.
(3) I'(c")8P\D,, — I"\D%, is a locally isomorphism.
(4) T'\D%. is a moduli space of log mized Hodge structures.
DEFINITION 2.10 ([KINU1] §7). Define the fiber product

JKNU . Fl\D/ ’

l ¢ lcrm

A N\Dg

in the category B(log) ([KU, (3.2.4)]). JXNV is called the log Néron model.
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We describe the topology on JXNV. Now we define the following diagram:

Ky ———>E.,

o

JUI — F/(O'l)gp\D;/

JENU I"\Dg:,,

where K, and J,» are the fiber products in B(log). Here the topology on K, is
the strong topology in A x E’,. The topological structures of J, (resp. JXNU) is
induced from K, through the morphism K, — J,+ (resp. K, — JENU),

3. The relation between FE, — I'(c)8?\D, and E/, — I"(c’)8P\D!,

The results in this section can be verified easily following after [KNUZ2]|, but
for our later use we write them here in details. In the following section, we regard
E, (resp. E.,) as a topological space whose topology is the strong topology in E,
(resp. E.L.).

3.1. oc-action on E, and og-action on E.,. For 0 =RxoN € X put

torus, = Spec (C[['(c) V")), = G-
Then we have the surjective map
oc — torus,; wN — exp 27V —1w),
which induces the action
oc X toric, — toric,; (whN,s) — exp 27V —1w)s.

For o/ =R»oN' € ¥, og-action on toric, is defined similarly.
By the correspondence N « N’ (resp. exp (N) « exp (N')), we have o¢ = o¢
(resp. toric, & toric,) and the following commutative diagram:

(3.1) o X toric,s — toric,s .
b
oc X toric, — toric,
Moreover we define the oc-action
oc X E; — Ey;  (wN, (s, F)) = (exp (2mv/—1w)s, exp (—wN)F).
oe-action on EY, is defined similarly. Put
G ' B, = E,;  (s,F) v (s,Gt%, (F)).
Then the diagram (3.1) induces the following commutative diagram:

(3.2) o xE, ——FE, c E,

R

o X B —E, < F,.
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3.2. The torsor property of E., — I'(c’)8P\D/,.
LEMMA 3.1. The action of og on E!, is proper and free.

Proof. Since the lower horizontal action in (3.2) is proper and free ([KU,
(7.2.9)]), the upper horizontal action in (3.2) is free.
The og-action is proper if and only if the following condition is satisfied.

e For z',y’ € E,, sequences {}} in E/. and {h}} in of such that =} — 2’
and hiz) — ¢/, there exists h’ € o¢ such that by — h'.

We show the above condition is hold. Take 2/,y/, {z,}, {h}} as above and set
z=Gr" (2), y=CGt" (¥), hr:=h)|end e

Since oc-action is proper (KU, (7.2.2)]), there exists h € o¢ such that hy — h.

~

By the isomorphism o = o', there exists h’ € og such that h = h'|gnq 5, and
By — B O

LemMA 3.2 ((KU] Lemma 7.3.3). Let H be a topological group, X a topological
space, and assume we have a action H x X — X, which is proper and free. Assume
moreover the following condition is satisfied.

e Forx € X, there exists an topological space S, a morphism ¢ : S — X and
an open neighborhood U of 1 in H such that U x S — X; (h,s) — hu(s)
induces an isomorphism onto an open set of X.

Then X — H\X is an H-torsor.

ProrosITION 3.3 ([KNU2| Theorem A.(2)). The action of o¢ on E., satisfies
the condition of Lemma 8.2. Then E[, — I"(0")8P\D/, is a o¢-torsor.

Proof. Since ¢'(s)¢ = T/ (F) for (s, F) € E., (in this case ¢/(s) = o’ if s = 0,
o’(s) = 0 otherwise), the proof is same as the pure case ([KU, (7.3.5)]). 0

Since p; : B, — I'(0)8P\D, (resp. p} : E, — I'(c’)8P\D.,) is oc-torsor
(og-torsor), the diagram (3.2) induces the following property:

COROLLARY 3.4. The commutative diagram
(3.3) El, ——T"(d")8P\D’,
Gr'ivll l
E, —T(0)8P\D,
1§ cartesian.

3.3. Limiting Hodge filtrations and liftings of the period map. Let s
be a coordinate of A. Take the map

(3.4) $:A* = D; s exp(—l(s)N)d(s)

where ¢ is a local lifting of the period map ¢. we call é an untwisted period map.
This map is extended over A ([Sc]). ¢ gives a lifting

A T (37 &('5))
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of ¢. Then we have the following diagram:

(3.5) , 5> Bl —sT/(¢")\D', —> I"\Dj,

= ]

E, > E,——T(0)®\D, ==T\Dg
(id,lﬁ)T /
A

for o’ € &' such that o’ # {0}.
For (s, F) € E/, such that Gr%, (F) = Fy ), we have the exact sequence

P
O——>F$(s

ifp<O, Fg(s) & FP otherwise. Then

)-—)Fp—>(C———>O

56) o C(z,l)—}-Fg(s) if p <0,
' |\ Fe ifp=20

where (z,1) € Hg, is represented with respect to the decomposition (2.2).

PROPOSITION 3.5. By the admissibility condition (2.9), ¢/ = RsoN’' € &' can
be written by

N N
N’=R20<0 0“)

for some a € Hg. Then

zeV if s £ 0,

,F)e E, <=
(s, F) € K, {z+a€VﬂKer(N) ifs=0

where z € Hg is in (8.6) and V' is in (2.3).
Proof. The transversality condition of nilpotent orbits says that
(0,F)€ E., &= N(2+a) € FZ!

where we denote the limiting Hodge filtration Fj) by Foo Since (Foo, W(N)) is
MHS and N is (=1, —1)-morphism, N(z +a) € FZl if z+a € FO + Ker (N). O

4. A bijection

JKNU JGGK

In this section, we define a bijective map between and as a set. In

the following section, we fix a coordinate s of A.
4.1. A map from JEOK to JENU, Take an ANF v, i.e., AVMHS
v:A* —=T\D"

Take a local lifting & of v, which gives a local lifting ¢ := Gr%,(9) of ¢. Let
D : A — D (resp. ¢: A — D) be the untwisted period map associated with &
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(resp. ¢). Then we have the commutative diagram

(4.1) . D’
/434 lcri"l

A—D,

ie., U is a lifting of ¢. We denote the limiting Hodge filtration ©(0) by Fj.
Fix Fy as a reference point of D’. By Proposition 2.2, the vertical morphism
of the above diagram is the fiber bundle whose fiber is h/(h N b). Here

pne={Xeh|X(e) eng(O)}.
Then
(4.2) h/(hnb)=V; X, «wv

where X, €  such that X,(e) = v. For a boundary point ((0,v), [v]o) € J°CK, we
define

a((0,v), [V]o) = (0, (o', exp (o) exp (X-») F}))
where ¢’ is the monodromy cone arising from 7. By the admissibility condition

(2.5), this monodromy cone ¢’ is in ¥’. By Proposition 3.5, «((0,v),[v]o) is in
JGGK,

LEMMA 4.1. a((0,v),[V]o) is well-defined.

Proof. We show that a((0,v), [v]o) does not depend on the choice of ((0,v), [v]o)
and .

Take ((0,7'),[v']o) such that ((0,v),[v]o) ~ ((0,v'),[V']o). For a local lifting
U (resp. P') of v (resp. '), the logarithm of the monodromy of & (resp. #/) is

described by
N Na res N Nda
0 0 P-lo o

for some a € Hg (resp. o’ € Hg). Put p:= 1" —v. Then i := 7' — ¥ is a local
lifting, of which the logarithm of the monodromy is

(4.3) <Jg N (“/O” “)) ‘

Since u is NF, o' — a € Hz. By (2.10), we can assume a’ — a = 0 replacing 7' by
4/ for some v € IV. By the definition, /i(0) = v — v’ € JECK0, Then

(0, exp (o¢) exp (X o) Fpr) = (0, exp (0¢) exp (X_o') exp (Xpr—y) Fyr )
= (o', exp (0f) exp (X —p) F3).

Moreover, take another lifting v# for v € IV. The monodromy cone arising
from 47 is Ad (y)o’. The limiting Hodge filtration is vF;. Since v € Ker IV,

exp (X_v)y = vexp (X_o).
Then
(Ad (v)og, exp (Ad (v)og) exp (X _u)vF3) = (o', exp (o¢) exp (X o) F3).
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Therefore o defines a map
a: JOGK _, JKNU
where the restriction a|; is the canonical one.

4.2. A map from JKNU to JOOK, Take a lifting ¢ of ¢. Let ¢ : A — D
be the untwisted period map. By Corollary 3.4, for (0,(¢’,Z)) € J,, we have
(0, F) € E, such that

(44) G (0,F) = (0, Fy ), p1(0,F) = (', 2)
uniquely. We denote this filtration by Fi4 z).
LEMMA 4.2. Fory €IV, vFig1,zy = Fy(o',2)

Proof. By Proposition 3.5,

p .
P (C(:c—a,l)—l-Fé(O) if p <0,
(e",2) Fg(o) ifp>0
™ b y
where z € Ker (N). Take v = 0 1)€ I". Then

C(T™(z—a)+b1)+F 5, ifp<0,
(0.2) =

'pr . .
Flao ifp=0

Since z € Ker (N),

(4.5) Tz —a)+ b=z — (T"a—b).

By (2.10) and Proposition 3.5, (0,7F(s/,z)) € Ead (y)e’, Which satisfy
Gry(0,7F(or,2)) = (0, F 30))s  21(0,7F(or,2)) = (0", Z).

Then vFyr. 2y = Fyo 23 a

Since D’ — D is a fiber bundle, there exists a lifting of 43:

D/
i} 6/ >
( 74 lGrY_"l
¢

A——=D

(4.6)

such that D5+, 2)(0) = F(o, 7y, shrinking A if necessarily. Then we have a holomor-
phic map

A = T\D's s+ paopi(s, b, z)(s)),
which defines AVMHS, i.e., ANF. Denote this ANF by v,/ 7). We define
B0, (0", 2)) == ((0,0), [v(or, z)0) € JECK.
LemMma 4.3. B(0, (¢/, Z)) is well-defined.
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Proof. We show that 8(0, (¢/, Z)) does not depend on the choice of Y(o,z) and
(¢, 2).

Take liftings ¥, zy and I;ZU', 7) such that
(4‘7) ﬁ(o’,Z)(O) = f/éa’,Z) (O) = F(a’,Z)

Then p = v z) — y(g,’ z) is a NF. We take a local lifting i of u by
ls) = exp (US)IN'Vo(ar 2 — exp (SN
Then the monodromy of fi is
N 0
0 0/
By (4.7), (0) = 0 € JEGK0, Then
((0,0), [v(or, z9]0) ~ ((0,0), [V(gr, z]0)-
Moreover, take v(o’,Z) for v € I'. By Lemma 4.2, v, z) gives a lifting
ﬁv(a',Z)a which satisfy Vig’,2) = Vvy(o',2)- 0
Then @ defines a map
IB . JKNU — JGGK
where the restriction map £|; is the canonical one.

PROPOSITION 4.4. o = 71 and B = a™!, i.e., JEOK is bijective to JKNU,

Proof. For ((0,v),[v]o) € J9C¥, put (0, (¢/, Z)) := a((0,v), [V]o). Then For zy =
exp (X)) Fp by taking a lifting suitably. Therefore 4(0) = v for p = v — v 2y,
which induces

((O: U): [V]O) ~ ((Oa 0)’ [U(U,Z)]O) = ﬂ(oa (0/7 Z))

On the other hand, for (0,(c¢’,2)) € JXNY, put ((0,0), [v]o) := B(0, (¢, Z)).

Then F; = F,r 7y by taking a lifting suitably. Therefore

(0, (Cr/’ Z)) = (0) (U/) €xXp (U(IC)FD)) = ((0,0), [V]O)'

5. A homeomorphism

In this section, we describe neighborhoods in JXNU and show that the bijection
constructed in the last section are continuous. In the pure case, neighborhoods of
['(0)8P\D,, is described in [KU, (7.3.5)].

For the period map ¢, take an untwisted period map ¢ : A — D. Denote
the limiting Hodge filtration ¢(0) by Feo. Since a¢ = Tp(Foo), We can take a
C-subspace B of g¢ such that B @ o¢ = T5(Fs). Then an open neighborhood of
Fo in D is described by

{(exp(ai)exp(az)Fw) | a1 € U, ap € U} = Uy x Up

where Uy (resp. Us) is a sufficiently small neighborhood of 0 in o¢ (resp. B). Here
we assume that

(5.1) B(s) € {0} x Uy C Uy x U
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for s € A, changing the coordinate of A if necessarily. Since Grv_vl D - Disa
fiber bundle, whose fiber is V' of (4.2), we have a trivialization

(52) (GI‘Y_V]_)—]'(Ul X Uz) = U]_ X UQ x V.

For (0,(0',2)) € JXNU| take the point (0, F(,,z)) € E.. as in (4.4). Since
Flor,2) € (Gr?))~1(Fw), we can assume that Fior,z) = (0,0,02 in (5.2). By using
the trivialization (5.2), an open neighborhood of (0, F(,, z)) in £, can be described
by

{(ao,(al,ag,ag)) lao €U, a1 €Uy, ac€lUsas € U3}
where Uy (resp. Us) is a sufficiently small neighborhood of 0 in toric, (resp. V).
Set
(5.3) A= {(ao, (0,(12,&3)) l ag € Up, as € Us, ag € Ug}, S'=A4"n E(/,/.
By the diagram (3.2), the og-action defines an open inclusion map
U/ x8 U -8 CE,
where U7 is a small neighborhood of 0 in o¢. By Lemma 3.2, above inclusion map
induces
O’é: X Sl “— E;./
Then p{(S’) (resp. ph o pi(S’)) is a open set of I'(c')8P\D/, (resp. [\ Dg,).

The condition (5.1) and (5.3) induce

(54) ((p1) ™ 0 §(s)) NCry(S') = (s, (s)).

Let & : Uy x Uz — D’ be the local section which gives the trivialization (5.2). The
diagram (3.5), Proposition 3.5 and (5.4) induce
y _ . veKer(N)NUsif s =0
655) (A x )N Ky ={ (il (X060 | 2 E DL .
Put S := W N (A x Us) where W is in (2.4) and S is endowed with the strong
topology in WN(A xUs). Then S is homeomorphic to (5.5). Take a lifting D, 2y as
in (4.6). Replacing # in (5.5) with 9, z), we obtain a neighborhood of (0, Fi,/ 7))
with respect to (s zy. We denote this neighborhood by S(#(o,zy). P1(S(P(67,2)))
(vesp. p2 o p1(S(P(ov,2)))) is a open set of J,+ (resp. JXNU) and

Boprop(S(Pe,z))) = S, z))

where right hand side is a neighborhood of ((0,0), [V(,7,z)]0) defined in (2.7). Then
we have

THEOREM 5.1. JECK 4s homeomorphic to JXNU.
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