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ON THE LIMIT DISTRIBUTIONS .OF DECOMPOSABLE
GALTON-WATSON PROCESSES WITH THE

PERRON-FROBENIUS ROOT 1

o SADAO SUGITANI
(Received )
1. Introduction
We consider a.*” decomposable Galton-Watson process (GW process,
for short) which contains no supercritical class and at least one
critical or final class,that is,such a process for which the mean
matrix has the Pefron-Frobenius root p = 1. The principal object - - of

.the present paper is to prove several limit theorems for the most

general decomposable GW processes with p = 1 and,among others,give a

new characterization of the limit distributions. Some of the main

.results were announced in [9].

Let us begin with the classification of multitype GW processes.

_ i
Let Z(n) = (zi(n))lgi;d be a d—type GW process and M = (mj?l;i(j;d'

its mean matrix.Type j is said. to be accessible from type i if m;'(n)r

fﬁﬁhe'(i;j) cémponent of kn,is positive for'soﬁérn.; 0.'This relation -

L is written as i = j. If i — j and j — i,then;i and j are said to
;ommunicate with each other. This relation is writéén as i **‘j.'
Since «+ is an equivalence relation,we can decompose the set of types
{1,2,---,&} into the eguivalence classes CyrCoriCye Accessibility

is a class property,i.e.,if i — j for some iG-Ca and jc'CE,then

i’ — j' for all i'é'ca and j’'€ C;. The relation C — Cg is simply

8
written as 8 { a ( E{d if B % a) and accessibility thus induces a



partial order on the classes C ---,CN. The process Z(n) is said

17C2"
to be indecomposable (resp.decomposable) if N = 1 (resp.N 2 2).

a _ i ' o i ' SR ,
Set M6 ‘mj)ieca,jece‘ Then,by definition,each Mu is irreducible.

As in most of the references we assume that each Mg is positively

regular,i.e.,irreducible and aperiodic. We denote,by pa,the maximal -

eigenvalue of Mg. The class Ca is said to be supercritical if

pa > 1 and subcritical if Da < 1, When Py = l,Ca is said to be final
(resp.critical) if the generating function Fi(s),ié-cu,are linear
with respect to si,ie Ca (resp.otherwise).

The limit theoréms for decomposable GW processes with p =

max {pl,pz,--°,pN} = 1 have been studied by several authors.The central

. pfoblems for such processes are concerned with the limit distributions
of random vectors of the form

. 2,.(n)

B
ag (n)

(1.1) |

sB = l'...'NlEn}'

where Z_(n) = (2.(n)).,~ +1 < B < N,are the subvectors of Z(n) on C
B i 16CB = =

E, is a conditioning on Z(n) and aa(n),l < B < N,are certain

B’

i

normalizing sequences. Let e” = (0,--,0,1,0,--,0),where the i’th

’component is 1 and the others are 0,and let P i be the measure of the
. : e

process such that P i[Z(O) = e~] = 1. Consider the process starting
e

at 2(0) = ei,i& Co- Unless B8 4 a,zB(n) = 0 for every n 2 0. Therefore,

without loss of generality,we may assume that

(1.2) z(0) = et,iec., and &{N for any B ¥ N.

NI



We now list some of those results obtained in the references.

Provisionally,lim X(n) means the limit of random vectors X(n) in

n-c

distribution. First we state two unconditioned limit theorems.

[A] (Polin [6]). N = 2 and 142 with C; a critical class and

1

C, a final class. In this case lim (n “2,(n),2,(n)) exists and its

pot -]

components are independent. The limit distribution is given explicitly.
[B] (Foster and Ney [2]). {Cl,---,CN} is linearly ordered;

l{ 2( ...{ N. (Note that the order is converse with that of [2].)
Ca is critical for o« ¥ N and CN is a one-type final class. Under these

~N+1 -1

assumptions,lim {n

no o«

Zl(n),°--,n Zy_1(n),Zg(n)}, is non-degenerate.

exists and
The Laplace transform of the limit distributions is characterized by

means of some semi-linear partial differential eguation.

Next we state - . two conditioned limit theorems.

[c] (Foster and Ney [2}). As before,l 2{ «++{ N. Every c,

- is critical. In this case,the non-degenerate limit of

{(n"Nz, (n),-++n" 2z (n) |z (n) # 0} exists and the limit distributions

are characterized in a way similar to that in [B]...
[D] (Ogura [5]). {Cl,'--,CN} contains no final class but may

not be linearly ordered. Under this assumption,

lim {n’lzl(n),---,n‘l

z..(n)|Z(n) # 0} exists and the limit distribution
is determined by some recurrence formula with respect to the partial
order { . In this case,however,the support of the limit distributions

are relatively small.



.subvectors of Y(n) on C

We extend all the above results to the most general GW processes
with ¢ = 1. Theorem 2.3 contains [A] and [B]. Theorem 2.4 contains [C]
and,together with Theorem 2.5,solves [C] and [D] (and bridges them);
The characterization of the limit distributions in Theorem 2.3:to
Theorem 2.5 seems to be new (see [E] below) and the recurrence formula
in Theorem 10.1 is simpler than that in [5]. |

All the main results of this paper heavily depend on Theorem 2.1

which we shall call the fundamental limit theorem. Unlike the limit

theorems mentioned above,this theorem and Theorem 2.2 are concerned

‘'with the limit of random vectors of the form

Y _ (n)
(1.3) { -

Ha

A

B < N|E_},
ag(n) - n

where Y(n) is the sum of n-independent copies of Z(n),YB(n) is the

8 and En is a conditioning on Y(n). In the

simplest case,Theorem 2.1 and 2.2 are specialized as foliows;

[E] &2as in [B],l{ 2{ "-{ N. Every Ca is critical or £final,i.e.,
Py = 1 for a = 1,2,+-+,N. Then,for every t > 0,the limit of

1l

(1.4 My (Inth,++ -, 0"ty (It}

is non-degenerate. The logarithmic Laplace transfqrm y(t,2) of the
limit- distribution of (1.4) is the solution of a»first order ordinary

differential equation in t having A as a parameter. Moreover if CN
is critical,a similar result is valid for the conditioned limit of
{n v ((ntl), --,n"Yy_(Int])|Y, (Int]) = 0}.

l ’ ’ N N

The main results are summarized in section 2. Their proofs are

given in section 6 to 9. The basic tools in the proof of Theocrem 2.1




and 2.3 are the expansion formulas on generatipg function and an
exponential ‘formula on infinite products of matrices which are close
to the mean matrix.This exponential formula will be proved in section
4. Standard expansion formulas are given in section 5 and a épecial
expansion formula at a final class,in section 8.The normalized limit
M* of products of the mean matrix which is introduced in section 3 is
uséful for the characterization of limit distributions. Some part in
the proof of the limit theorems was much simplified by making use.of
general results on logarithmic Laplace transform. This was suggested
by T.watanabe. Above all,Lemma 7.2 and its application to conditioned
limit theorems are due to him. (The original proof by the author was
rather ccmplicated.) In section 10 we shall extend Theorem 2.4 and
2.5 by the method of Ogura [S5]. Finally a few examples will be givén

in section 11.

Acknowledgements. I wouh!like to express my sincere thanks to'
Professor T.Watanabe for his valuable advices in the course of
completing this work. Some of his contributions have been mentioned
piwpreviously. Most of thewresults'were improved by hisradvicés‘ Especially
‘he pointed ou£ the fundamental Fole of Theorem,2.1 whose'original’
version was Lemma 8.1(i) and which I had taken as an auxiliary
result for the proof of Theorem 2.3,and suggesteﬁ"ihe author to reduce
all the other limit theorems to Theorem 2.l1. The probabilistic |

interpretation of Theorem 2.1 is also due to him.



2. The main results

The process we consider in this paper is the following;
(A.1l) For each a,Mz is positively regular,
(A.2) p = max {pl,---,pN} = 1,that is,there is at least one critical

or final class,

(A.3) For each critical class C, 2— E .[2.(1)2. (1)] < =,
a P 13 k .
1,J,k6Ccx e

(A.4) «a < N for @very a % N.

Assumption (A.4) is no essential restriction for our purpose as was
mentioned preﬁiously. We do not impose any further assumption besides
Theorem 2.5 and 10.1.

We define the degree of relationship v(B,a) between classes Ca

and CB; ‘

max #{i0 =1} if 8 % q,
(2.1) vig,q) ={B=a{ey{{ay=a i

-1 : , otherwise,
and

(2.2) v(a) = v{a,N).

Since each'Mz“is positively regulér,there existﬁ uniguely a positive

row vector v.= (v,). and a positive column vector u® = (ul).
. a 1 1€Cu — - 1€Ca

‘such that
(2.3) v M% = p v, Mm% = p u® and 2:: ulvi = 2:: vi = 1.
e a G a e a iec i€C :
a a
If pu = ]1,we. define

2.0 B =i Z_ vE qz,mz ) -6z, (1wt
2 i,j,kec, * et 3

In section 3,we shall show the following fact (see Theorem 3.1);for



each i¢ C, and je¢ CB there exists

(2.5) lim n-v(B.a)+}m%,(n) = m*%.
N+ J J

"~ and m*J? > 0 if v(B,a) > 1. wWe define for g

A
o]

, _ s A
(2.6) a,,5 = V(8,0 1)5;&; vimts e cg,
. Q
2.7 b .= 2= v.mtt ;
(2.7) a3 scc Vit J€Cpe
a
(2.8) et = T mrlyd - iec..
B . C a
Je 8
i , -
Let X = (X )l<i<d denote a vector in R+.

Theorem 2.1. (Fundamental limit theorem).

Let Ca be a critical or final class and ié-C . Then we have

(2.9) lim n(1-E ;[exp(- Z X n V(& “’Ajz (Int]))]) = ¥ (t,A)ud,
n+o et B{ajec, o
t >0,
whére wu(t,l) is thé solution of ,
| 4 () =By (5,02 4 2. 2 a aJpviBie-2
at ¢ e ~ v(B,a)22 jec, °)

B
v (0 = > 2. p a3,

v(B,a)=1 jé-CB arJ

(2.10)

ngp(-wa(t,x)) is the Laplace transform of an infihitely divisible

distributicen.

Theorem 2.2. Let Ca be a critical class and i¢ Cq. Then we have

(2.11) 1lim n(l-E slexp(- Z 2 n "‘B"’)Ajz.(lntl));(z-“nt”)-&c =01)
n-+o iu JGCB J J ) a

= yo(e,0ut, >0,




(2.12) lim nE [l-exp(- L 2 n-v(s’u)kaj([nt]):(Zj([nt]))jcc =01)

v e” Bia jeCB a
= n_(t,)u’, e,
" where
(2.13) w:(t,x) = lim y_(t,}),
Aj-bcn
JGCd

and na(t,A) is the solution of
4 ,
Sn (80 = =B n_(£,0)% - 2 (¢£,20)
(2.14) at ¢ aa ¢ @ ‘

s 2 T a adgv(Bie-2

v(B,a) 2 2 Jec, ard

na(O,A) = 0.

The relations of wa ,w: and n, are given by

(2.15) Vo (EA) 2 n_(E,2),

(2.26) Yt A) = (eB) 71 4 (1),

(2.17) tBa(w:(t,A) -y, (£2)) =1 - tBa(ﬁa(t,A) - n, (£:2))
= exp(-Ba'Sz (wa(s,k) +.na(s,k))ds).

exp(-?a(t,x)) is the Laplace transform of an infinitely divisible

~distribution.

wWith the help of the above theorems we can obtain the limit

theorems for the process Z(h) with 2(0) = el,if CN,under certain

normalization which depend%;n the degree of relationship Vv(B) for

each class CB' We first give an unconditioned limit theorem when CN

is a final class.




Theorem 2.3. Let Cy be a final class. Set D(1) ={ iec: v(a)
2 2},D(2) = {ie Ca;v(u) = 1} and di = $D(i),i = 1,2. Then,for each

i¢ CN,there exists

. N v .
(2.18) lim E  [exp(- T X V3, (n)y) = 6(ny;
: . B=1 jecC, J :

the limit is independent of i. G(A) can be decomposed as follows;

(2.19) G(A) = G (MG, (N,
_ i = i
(2.20) Gy (M) = G (M) n1y) + G = 6 (0) 5 p 90
(2.21) .M = IU @ ().
1 vi{a)=2 l,a
p.=1
o]

d

'Gz()\) is the Laplace transform of a probability measure on Z+2

Each G, c(()‘) is the Laplace transform of an infinitely divisilble
’ . ..

o d
distribution on R+l and can be expressed as follows;

1
(2.22) Gl,o{“‘) = exp(-—cmg0 wa(s,)\)ds),
where ,
. 7 . i 5
(2.23) €y = 2 2 v;m*iud > 0,

iecy jec,

and '\Fa is the solution of

-‘—i—_w-u(t,k) = -Bui’-u(tr)‘)z
dt
(2.24) .
. S > a, aJev(Bia)-2
v(B,a) > 2 jecg *1J

v(B,a)+v{a)=v(B)+1l

Vg = 2 3 bl
v(B,a) =1 Jje C5 '
ViB,d)+r =Ry
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We next give two conditioned limit theorems according as Cy is

critical or subcritical.

Theorem 2.4. Let CN be a critical class and ie¢ CN' Then we have

| - .
(2.25) Lin E glexp(- X 2 n N3z ez mn, ot o =m0
n-o e - B=1 je C8 ] 3 Je by

the limit is independent of i. H(A) is the Laplace transform of an
- infinitely divisible distribution on Ri and can be represented as

follows;

(2.26) H(A) = B (4 (1,2) = gy (1,A)).

Theorem 2.5. Let CN be a subcritical cléss and ié-CN- Set

(2.27) Ay ={a vl =0 or vi{a) = lip, = 1}.

Assume that the set Al has no final class. Then we have

. | _ |
(2.28) lim E ;[exp(-X 2 n"’(s)sz.(n))l((z.(n))
nro e g=1 jE.CB J : J

) ko)

jeCB BGA:L
Hi(l) is the Laplace transform of a probability measure on Rf and

can be représented as follows;

1,-1

(2.29) . H, (X)) = ( > ci(B ) ) 2 ci(ﬁdki.k) - ¥ _(1,2)),
‘ 1 via)=1 a «a | v(a)=1 a a
pazl pa=l

where $a(t,k) is the solution of (2.24) and

(2.30) v (t,2) = 1lim U (t,A),
a . a
AJ-I—&)
JE€ Ca




E:(t,l) is represented as follows;
- _ -1 -— .
(2.31) Yo (td) = (tB)) + n, (t,4),

_ where ﬁa(t,k) is the solution of

11

d — I 2 _ 2=
E; na(t,A) - VBGnQ(t'A) N ﬁﬁ(tll)
(2.32)
+ : Z Z- a .Ajt\’(ﬁ,a)-2
4
v(B,a)22 jecg @

v(8,a)+v(a)=v(8)+1

n,(0,2) = o.
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3. The normalized limit M* of products of the mean matrix

_ i . n i, (n)
Let M = (mj)lgi,j;d be the mean matrix. Let M = (mj } and
a _ i, (n) _ a _ a.n . . '
(M )B (mj )iGCa,jGCe' Then (M7), = (M;) . In this section we

study the asymptotic behavior of 7. The following lemma is well known

(see [7]).

Lemma 3.1. Let Mg be a positively regular matrix. Then there -

»exists'uniquely a positive row vector Vy = (vi)ié?c and a positive
‘ a
a _ i :
column vector u = (u )i€=Ca such that
(3.1) v M* = p.v_, M@ = p w® anda 2= ulv, = ’2:: v, = 1.
a a a o a a . i . i
1€C 1e¢ C
a a
Set
o . .« - i
(3.2) , Pa =ug@Q Vo {u vj)i,jé-Cu'
Then we have’
' an _ na, .,n A
(3.3) (Ma) = puPa + O(p’) for some 0 < p < pa.
. _ a < e P
The mean matrix M = (Mﬁ)l;a,B;N satisfies the condition that
Mz = 0 unless 8 i c. If L = (LZ) also satisfies the same condition,
then
a N a a
(3.4) (L) g = ) LYMY = 2 LYME.
. y=1 Bivia
From this we have
(3.5) (")3 = 0 unless 8 { e,
(3.6) G = = (Mn_l):Mg = 2 M:(Mnfl)g for 8 % a.

Bivia BlyLa

A more useful form is this;

i




13

n-1
(3.7) (Mn)g = T 2= Ok kelyy
=0 4y{a & Y 8
n-1 n-k-1 o, k
=X 2 m) Mo Y
k=0 B;y{u Y

if B{a and n > 1.
Theorem 3.1. Let 8 i a. Then the following statements are valid;

(i) If v(B,a) = 0,then there exists 0 < p < 1 such that

(3.8) (M“)g= otp™,
ahd hence
(3.9) 0< 3 (Mn)g<m .
n=0
(ii) If v(B8,a) 2 1,then there exists a finite M*g > 0 such
that |
- (3.10) lim n~V{Era)+l mia 0
n+w B B
(iii) Let Py = 1; if v(B,a) =1 and g{ «a,
< = - a0, K.Y
(3.11) M* 2 : PaMY(M )B’

k=0 B{wa

and if v(g,a) 2 2,

“(3.12) Mel = (vig,a)-1)"% 2_ PO
. B{y{a

V(BIY) = V(Brﬁ)'l
(iv) If pa < 1 and v(8,a) 2 1,
(3.13) M*S = 2 (1-M%) " IpOpeY
B B£Y<a a Y B
) \J(B'Y) = V(S'G)

Remark. M*¢ = p©
a [2 3
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Proof. We shall prove this theorem by induction with respect
to the partial order {. First we shall show (i). If o is a minimal

element, then Py < 1 and a = 8. In this case,(3.8) is clear by Lemma 3.1l.

We have to show (3.8) assuming that (Mn); = O(pn) for any 8 i Y (u

with v(g,y) = 0. But by (3.7) we have
n-1
MG = ot X pfe™ ¥ = 0(3™),
k=0 '

where max(pa,p) < p < 1. Positivity of (3.9) follows from the
definition of the partial order {.
Next we shall show (ii), (iii) and (iv) simultaneously. If o is

"a minimal element,then Py =1 and B = a. (3.10) is clear by Lemma 3.1l.

For general a,we have to show (3.10) assuming that 1lim n

n-+o

-V(B.Y)+1(Mn);

= M*g > 0 for any B8 % y{a with v(8,Y) 2 1. If p_ =1 and v(8,a) =1,

then v(B,Y) = 0 for any 8 { y{a . By (3.7),(3.8) and Lemma 3.1,we

have

lim (M= £ T pim"(nk)g.
nve - k=0 Biy{a *7

" This proves (3.11). Positivity follows from'(3.9),Pg > O and Mz ¥ 0

for some £ i y<'u . If Py = 1 and v(B,0) 2 2,then v(E,c) =

max Vv(B8,yY) + 1. Then by (3.7) we have
Biv{a
lim n
n+w

n-1 _ k-
= lim = 3 n v(8.3)+l(MZ)kMa(Mn k l)g
n+o k=0 B;y<u Y

-\’(Blu)+l (Mn)g



n-1 <k-1\V(B,a)-2
im = % (n k 1) 2 olue)
v(B,Y)=v(B,a)-1

"
oo
1

(vig,a)-1)"Y 2_  pO
Bivia

V(B,y)=v(B,a)-1

which proves (3.12). Positivity follows from Pz > O,M*Z > 0 and M: o)

for some 8 { y{ a with v(B,y) = v(B,a) - 1. If Py, < 1 and v(B,a) 21

then v(8,a) = max Vv(8,y). By (3.7) we have

: ' BiY<u |

lim n‘V(Bru)+l

n-+«
n-1 ' | ‘

lim 3 Z: (Ma)kMun-v(S'u)+1(Mn—k—1)y

n+e k=0 B{y{a & 2

n-1 V(B,Q)’l
. ‘ a a n-k-1 Y
lim 2Z > (Mq)kMY( ) M*B
n+~ k=0 B{y{a n

V(B,Y)=V(F,d)

n.a
(M )B

n

bl LIRS LN
BiY(a R
v(B,Y)=v(B,a)

1, o,M*! > 0 ana

This proves (3.13). Positivity follows from (I-Mz)- 8

Ms %+ O for some B £ y{a with v(B,Y) = v(B,a).




4. Infinite products of matrices close to the mean matrix

In this section we shall establish some general results on infinite
products of matrices close to the mean matrix; The exponential formula
(4.12) or;more generally, (4.26) is a basic tool for the proof of

 Theorem 2.3 and has its own interest. For any segquence {M(n)}n> of

0

matrices and n 2> m,we make the following convention;

n n-m
(4.1) TT M(k) = T M(n-k) = M(n)M(n-1)+++M(m).
k=m k=0
m-1
We shall also define T M(k) = I (the identity matrix).
k=m

Lemma 4.1. Let Mz be a positively regular matrix with Py = 1

and {a(n)}n>l »a sequence of positive integers going to infinity.

. a a .
Assume that the matrices {Ma(k,n)}oékéa(n)’ngl and {Ma(k)}k;0 satisfy
the following conditions;
(4.2) 0gMI(k,n) M (k), O<kgaln),n2l,
(4.3) lim M7 (k,n) = M_(k) g M2, k 20,
n-+o
(4.4) Z M (k) < =,
k=0
Then there exists a row vector L such that
a(n) a ,a a (n) a .a
(4.5) lim X (Mu-Ma(k,n)) = lim T (Ma-Mu(k))
R n+o k=0 ' n+« k=0
n a o a
= Lim TT 0S-xS(x)) = 0B w .
n+= k=0

Proof. To be short we omit the suffix a. First we shall show the
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' n-1
last equality of (4.5). Set L = TT (M-M(X)) and c(k) =
» k=0

max {m;(k)(m;)-l; i,jé-Cd,m; > 0}. Then by (4.4) we get |

(4.6) 2~ c(k) < w.
k=0

n+m-1

M,we have TT (l-c(k))-M'L_ < L

<M-M(k) +
=n m+n

A

II.A}

Since (l-c(k))M

Therefore by Lemma 3.1,

= i . i i i |
(4.7) QZ; (1-c(k)) - (PL) Lin ()5 EEE (L )y g (PL)S.

nAa

Since lim T (1-c(k)) = 1 by (4.6) ,there exists Q = 1lim L . By (4.7)
n+= k=n , : : ) S

we get Q = PQ = (u® Vv)Q = u® vQ. Setting w = vQ,wé have the last

equality of (4.5).
The second equality in (4.5) is obvious.

The first equality of (4.5) follows from the following inequality;

a(n) a(n) . §
(4.8) o< TT (M-M(k,n)) = TT  (M-M(k)) 5
- : k=0 k=0
a(n) a(n) k-1 _
= 2 TT (M-M (L)) (M(X)=-M(k,n))* TT (M-M(L,n))
k=0 f£=k+1 2=0
a(n) »
< 5= MKy -mx,n))Hk,
x=0

because the last display goes to zero with n by assumption (4.4).

Lemma 4.2. Let MZ be a positively regular matrix with Py = 1

and {a(rx)}n>l (a2 sequence of positive integers going to infinity.

Assume that the matrices {Mg(k,n)) satisfy the following

0§k;a(n),nzl

conditions;



(4.9) 0 £ MJ(k,n) g M,

(4.10) lim max v Mg(k,n)u" = 0,
n->= 0<k<a(n)

and there exists a finite limit

afn) o a _
(4.11) lim 3>— v M, (k,n)u” = cfa).
n> k=0 ’

Then we have

(4.12 . %iF) a 0o _ =c(a),a
n+< k=0

Proof. AS befqre we omit the suffix a. Set
al(n)
(4.13) Q(m,n) = TT (M-M(k,n)), g(m,n) = vQ(m,n)u.
k=m

To show (4.12) ,it suffices to prove the following two relations;

Q(OIn) ’
(4.14)  lim——— =P =u@ v,
n+«= Q(Orn) )
(4.15) 1im q(0,n) = e ©(®)
: n-+o

Since lim M? = g @ v > O,there exists a sequence of positive
n-+« :

ﬁumbers {rn} such that

(4.16) limr =0 and (l-rJu@v <M < (14 Ju @ v.
n+eo :
set 6 = max max {m%(k,n)(m;)'l ; m; > 0}. Then we have

0ckza(n) i,j€ C,
(4.17) (l-dn)M SM-Mkm) <M, 0<ckg<a(n),n2 1,
and by (4.10),

(4.18) lim Gn = 0.

n+o
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First we shall prove (4.14). Let m be fixed arbitrarily and set

a(n)-m
R(m,n) = T (M-M(k,n)). By (4.16) and (4.17) we have
k=m

((1-8 )" (1-r )u @ V)R(m,n) ((1-6 )" (1-r )Ju @ v)

< 0(0,n) g ((1+r_)u @ VIR(m,n) ((14r_Ju @ v).

It then follows that

(4.19) (l-én)zm(l-rm)z(vR(m,n)u) ue v

< Q(0,n) < (1+rm)2(vR(m,n)u)u @ v,
(4.20)  (1-8)%"(1-r ) >vR(m,n)u < q(0,n) g (1+r_)%vR(m,n)u.
Hence we get
| (1-6n)2m(l-rm)2 ue v < 20 ¢ (lﬂ‘m)2 6 v.
asrp? " q0.m) (1-5 ) 2™ (1-r) 2

Then letting n — «® and m — « ,we obtain (4.14).

Next we shall proée (4.15). Set

(4.21) u(k,n) = 2&kmu _
g(k,n)
If we can show that
(4.22) - lim max max Jul(k,n)|] = 0,

n+= 0<k<a(n) ie'Ca
then (4.15) is proved as follows. By (4.13) we have

g(0,rn) = g(l,n) - vM(0,n)Q(l,n)u _

, vM(0,n)Q(1l,n)u
= g(l,n) (l - )
q(l,n)



a(n)-1 vM(k,n)Q(k+1l,n)u
= g(a(n),n) TT . (1 -
k=0 g(k+1,n)
a(n)-1
= (1-vM(a(n),n)u) TT (1-vM(k,n) (u+u(k+l,n))).
: k=0

Then by (4.22),log(l-r) = -r + o(rz) and the assumptions 6f this

lemma we obtain (4.15);

lim log g(0,n)

n—bw
a(n)-1
= lim {log(l-vM(a(n),n)u) + >  log(l-vM(k,n) (u+u(k+1l,n)))}
n+e k=0 »
a(n)-1
= 1im {vM(a(n),n)u + vM(k,n)u}
n+>e S k= '
= -c ().

It remains to prove (4.22). Let m be fixed and consider two cases;

k ;_a(n) -m or k> a(n) -m. If k g a(n) - m,then by (4.16) and

(4.17), |
(1-6 )™ (1-r_) (u @ v)Q(k+m,n)u £ Q(k,n)u & (I+r ) (u @ v)Q(k+nm,n)u.

Hence

(1-5n)m(;-rm)q(k+m,n)d < 0(k,n)u £ (1+r )g(k+m,n)u,

(I-Gn)m(l-rm)q(k+m,n) < g(k,n) < (1+rm)q(k+gf?).

Then

(l-én)m(l-rm) . Q(k,n)u Ty
u < .<= u,
l+r = q(k,n) e M
m ' (1 én) (1 rm)
and therefore
. 1+ | (1-8 )% (1-xr )7 .
(4.23) Jut(x,m)| ¢ ( = - = “‘)ul, kga(n)-m, i€ C_.
m l+r
: (l-én) (l-rm) m



If k > a(n) - m,then by (4.17) we get

(1'5n)m“ < (l_én)g(n)-k+1na(n)-k+1u
< Qk,mu ¢ M2(RI7RAL, oy,
(-6 )™ < a(k,n) ¢ 1.
Then
(l-ﬁn)mu § Q(k,n)u 1 .

alk,n) = (1-§ )"
and therefore

(4.24) wlem | g (—2

mj i ’ .
TI——G-"n)—m (1 5!‘1) Ju ¢ k > a(n)-m,ie Ca.

By (4.23) and (4.24) we get

i
max u.

Iim max max Iui(k,n)l < ( L
- iec,

1+r l-r
)
n+ Ockca(n) i€C

l—rm' lfrm
" Letting m — = we obtain (4.22).

Combining the above two lemmas,we have
Lemma 4.3. Let Mz be a positively regular matrix with Py = 1

and {a(n)},a sequence of positive integers gding to infinity. Let

{MZ'(l)(k,n)}0<k<a(n)'n>l i =1,2, and (M3 %)} be those
matrices satisfying the following conditions;

{MZ'(;)(k,n)} satisfy the conditions in Lemma 4.2, {Mz'(Z)(k,n)}
and {Mg’(z)(k)}v satisfy the conditions in Lemma 4.1 ané

4.25) 0 g Woony + w2 P aony) c¥2, 0k gamnz L

Then we have
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ai(n)
(4.26) lim TT  (Mo-M:' (1) (x,ny-m2 (2) (x,n))) = e (0%
n+< k=0 a .u a
where o
' a(n) a, (1) a
. {4.27) c(a) = 1im >_ vaMu' (k,n)u ",
‘ : n+e k=0 )
' n o .a,{2) |
(4.28) w, = vu-lim 7}' (Ma—Ma’ {(k)).
n-+eo k=0 ,

Proof. As before we omit the suffix a. Let m be fixed arbitrarily

and set _
' - m-1 '
Mk,n) = % e,ny + u 2 0y, Laun) =TT M-Mik,n)),
(4.29) | T k=0
EL oD ELGUNES
Q(m,n) = TT (M-M(k,n)), Q (m,n) = 7T (M-M (k,n)).
_ k=m ; - k=m
Then wé have
' a(n)
(4.30) T7T  (M-M(k,n)) = Q(m,n)L(m,n),
k=0 |
| m-1 (2) o\
(4.31) lim L(m,n) = JT (-M'“’ (x)).
. n-o k=0
By Lemma 4.2,
(4.32) 1im 0P (m,n) = 7 (¥p,

n-»u:

and by a calculation similar to (4.8),

o™ (m,n) - o(m,n)
a{n) a(n)

= Z Tr (M"M(zln))'M

(4.33) o©

nAa

k-1

2 (k,n)e T (M-m

e,

k=m f£=k+1 L=m
a(n) PR
< u2 () kM(z)(k,n)Mk'm,
k=m

Hence




(4.34) e Cla)pd

Since 1im >~ M{?) (x)
n-+« k=n

a(n)
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v

Tim Q?](m.n) > lim Q-_’:;(m.n)

N+ N+

e C@ph | 5= (py(2) gy pkomy i
P37 &= 3

uv

O,it follows from (4.31) and (4.34) that.

lim TT  (M-M(k,n)) = lim lim Q(m,n)L(m,n)

n+= k=0

Finally we shall

m=o n-+o

n
e S pirin 7 - (x)) = ), @ w.
n+o k=0 .

generalize Theorem 3.1. This lemma will be

often used in later sections;_

‘ A ~ Lemma 4.4. Let

a be fixed and {a(n)},a sequence of positive

integers going to infinity. Assume that {M(k’n)}o<k<a(n) n>1 satisfy
= = 132 '

(4.35) 0 £ M (k,m) M

(4.36) lim max
n+eo 0;k§a(n)

a(n)

rm%(k,n)'= 0 for any 1,JG-LJC '

s for any B,y<{c and 0 < k < a(n),n 2 1,

vYio s

Y

(4.37)  lim 3= MI(k,n) = 0 for any v { a with p = 1.

n»= k=0

L Then,for any ¥y i

B i a,the following statéments are valid.

(1) If v(y,B) = O0,then

m
(4.38) 1im T, (-M(k,n)) 5 = o™HE |, ns o,
: n+= k=0 Y Yo -
| a(n) k-1 .
(4.39) lim I TT (M-M(&,n)) - = 2: K ).
n+e k=0 £=0 Y k=0

(ii) If v(v,8)

> l,then
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_ a(n)
(4.40) lim a(m) VBT em,my ) B = mef.
Proof. (4.38) is obvious and (4.3%) follows from (3.8), (4.38)

~and the dominated convergence theorem. We next prove (4.40). In fact

we shall show the following relation by induction;if v(y,R) >

l,then'

for any b(n) < a(n) such that lim b(n) = =,

ne+o
_ " b(n)

(4.41) lim b(n) VB " oMk, my ) B = meB.

n+o k=0 Y Y

If B is a minimal element,then pB =1 and B = Y. In this case, (4.41)

is nothing but (4.12) in Lemma 4.2 (c(8)=0). For generai B (i c),we

c(n)

VOO (M-M(k.n)))$
k=0

have to show (4.41),assuming that lim c(n)
’ n-+«

= M*i_ for any v i 6< g with v(y,8) 2 1 and any c(n) £ a(n) with

lim c¢(n) = «. This is proved in a way similar to the proof of Theorem
n+o :

3,l'by using,instead of (3.7),the following formula;

(4.42) (TT  (M-M(k,n)))]
k=0 Y
= 3" 20 TU  (Mg=Mz(%,n))* (Mg=Mg(m-k,n))* TT (M-M(£,n)))
k=0 Y{& B £=m-k £=0

E - y<X.B.
For exahple,if Pg < 1 and v(y,8) 2 1,then we have
' b(n)

. -v{yY,B)+1 8 s 8. -1,8..6
lim b(n) . ( TT (M-M(k,n))), = (I-M,) "M M*
nve k=0 Yooy B O

v(Y,8)=v(y,E)
- B
M,

where the last equality is due to (3.13) in Theorem 3.1. The cases

when Pg= l,v(y,8) = 1 and Pg = 1,v(v,8) > 2 are proved similarly.
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5. An auxiliary limit theorem
Let Vv be a nonnegative integer and i€ Cg,8 { a. An important
step for the fundamental limit theorem is to estimate

(5.1) 1 -E ;lexp(- S= 2D gV @)=V,

z2.(k))].
e Y i E Je CY J

Let X be a random vector taking values in Ri. The Laplace
transform and the logarithmic Laplace transform of X (or the

distribution of X) are defined by

a .
£() = Elexp(-Z A'X,)] |
=1 for A € RS
or ¢ R, .
: +
a .,
¥(2) = - log Elexp(-Z A7X;)]

i=1
We need the following facts from the general theory of Léplace

transform.

Lemma 5.1. Let {X(h)} be a sequence of random vectors taking
values in Rf and {a(n)} ,a sequence of positive numbers increasing
to infinity.

d

(1) if {a(n)ZE[Xi(n)]} is bounded, then
i=1 _
o d

(5.2) v, (M) = a(n) (1 - Elexp(-2_ 2 X;(n))])
. i=1

'is uniformly bounded and equicontinucus in X on compact subsets of

d
R+. | |
(ii) The sequence (5.2) is convergent if and only if
' d . ,

Elexp (- Z llXi(n))]a(n) is convergent. In this case,the limit

i=1 ,
(5.3) ¥(X) = lim a(n) (1 - Elexp(-2Z 37X, (n))])

n+e - i=l

' a .
= - lim a(n)+log E[exp{- 3 Alxi(n))l
n-+o i=1



26

is the logarithmic Laplace transform of an infinitely divisible

distribution on Rf,if p(X) is continuous. Then the convergence of

(5.3) is uniform on compact sets of Rf,so that for An—> A we have
d .
(5.4) $() = lim a(n) (1~Elexp(- 2 A_X, (n))1).
neo i=1

We shall give several estimates of (5.1).

Lemma 5.2. Let i€ Ca,v > 0 and t > 0. Then there exists ¢ > 0

and O < p < 1 such that

(5.5) 1-E  lexp(-Z 2_  npvrea)=vilids gy
e via Je€ CY J

A

en™ 2 2. a3 cnnw'l;"k 2z 2_ 13,

v(y,a)2l je CY v(y.x)=0 je_cY
0 < k < [nt].

Proof.  Since 1 - exp(-r) < r on R+.we have

(5.6) 1

E i[exp(-Z: 2 n-v(Y’u)-v*lszj(k))]
e Yia jé-CY ’

A

T X Ve mhie 1zi0)
via j(-CY e J

= -v+l J i, (k)
7= 27 avhee)-vilgpds k)
Yi{a je_CY J

By Theorem 3.1,there exists ¢ > 0 and 0 < p < 1 such that for any

k > 0 and jéCY,

m%’(k) < cpk ' if v(y,a) = 0,
(5.7) -
n} ) g eV s viy,a 2 2

(5.5) is an easy consegquence of (5.€) and (5.7).




27

Lemma 5.3. Let 8 { a,3€C,,v 2 0 and t > 0.

(i) If DB = 1l,then there exists c > 0 such that

(5.8) [exp(-Z 2- n""*’“""*lsz.(k))]
et Y4E Jec J

<en VB TVHLFT ST 53 g < k < [nt].
vi8 JeC T

(ii) 1f Pg < 1,then there exists ¢ > 0 and 0 < p < 1 such that

(5.9) 1-E lexp(-Z 2 n Vv "+1x3z (x))]
e y<8 jecC
Y
< cn-V(efG)'V > O . en -v (B, a)—v+1 k > > Aj,
v(y,8)21 je CY : v(y,B)=0 jé—CY

0L kg [nt].

Proof. For ahy Y i B i a ,we have

(5.10) V(Y/B) + v(B,a) g vly,e) + 1 if o, =1,
(5.11) v(Y,8) + v(B,a) £ v(Y,a) if pg < 1.
Therefore

-v(y,a) -v + 1

na

-v(y,E) = (v(B,a) + v - 1) + 1 if Fg = 1,

=v(y,a) -v + 1

A

-v(y,B) - (v(B a) + v) + 1 ‘ if Pg < 1.
Hence we obtain (5.8) (resp. (5.9)) by taking v (8, u) + v - 1 (resp.

v(B,a) + v) for v in (5.5).

Theorem 5.1. Let ié-Cu,v 2 2 and lim An = A. Then

N+
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(5.12)  1im nY(1-E jlexp(- Z ZZ p V@ =il 3, ey
n-+w e Y;u j*&CY nJ

= 2 = m,%xjtv(y,u)-l' t > 0.

V(YIG)_Z_I j(‘- CY A

Before the proof of this theorem,we derive some expansion
formulas on generating function. Let I be a finite index set and’

0 < st < l,xié z, for i€ I. For s = (sl).

X
iel Ineans

and x = (xi)ie-I’s

. X. .
: TT (sl) 1. Let pl(x) be the transition function of Z(n) and F(s) be
i€1 .
the generating function;
F(s) = (F(s)), 5.4, Fo(s) =E . (s21)) = 27 plixys*.
l;léd el . a
xe-Z+ '
i o, . .
Let F(n:s}) = (F (n:s))léiéd be the n-th iteration of F(s),i.e.,

(5.13) F(n:s) = F (F(n-1:5)) = Fr(n-1:F(s)) = E (™)), 1gcigca.

e
| We denote _
a _ i (0,0) _ 8 (0,a] _ B
(5.14) s = (s )ie:ca' s = (s )B{a : 8 = (s )B;a'
(5.15) x, = (xi)ie-Cu' x(O,u) = (xB)B<a ' x(O(a] =_(x8)séa.

Then we may write

s(ola] = (s(olu) ,Sa) ,

(5’16) *0,a) (x(O.n)'xu)'

Unless B ﬁ a,P i[Zj(n)=0] = 1 for every ié—Ca,je'CB and n'; 0. Therefore
e

we may write F®(n:s) =_F“(n:s(o'°]).




Expanding F%(s) at s = 1,we have

(5.17) 1% - FO(s) = 1% - pO(sl0-sal,

(0,a)

(20 1 0079) 5%y 4 (¢ (0/®) g% _ pOs ,5%))

(Mg— Mg(s)) (1%- % + 2= (M‘B"— Mg(s)) 18- By,

B a
where"
o _ i .
(5.18) ME_(S) = (mj (s))iéc ,5€ ¢,
o B
and ’ A 3
. . . 1 X -{e”)
. m;(s) = m;.'(su) = Z pl(x)xj{l -g (lu-(lu—su)g) « ng},
: d 0
(5.19) - Xe€z, |
i.j@Ca,
i = pi(e (0.l
\ mj(S) mj(s ) .
. 1 ' X -(ej)
= Z pl(X)X-{l"S (1(010)_(1(013)_5(013))5) (0,a) (O'Q)dg
a 3 0 _
x€Z+
X
- (s%) %3,
i€C,, JeCy 0 ¥ R,
We set
_ o
(5.20) M(s) = (Me(s))léu’eéN.
Then by (5.17),
(5.21) 1 - F(s) = (M- M(s))(1 - s5).
Therefore by induction we get
' 2
(5.22)  1%-F%(n:s) = JTT M®-MO(F(n-k:s8))) (1%-F%(n~2:5))
k=1 a «

. k-1 a .o | R ¢ g B
+ 2 3 TT M%-m (F(n-m:5))) + (Mp=Mg (F (n-k:5))) (1°-F° (n-k:8)),
B{o k=l m=1 & ¢ -
l < 2 < n,



or
a . n-1 a .0 a .o
(5.23) 1°~F (n:s) = TI (MQ-M (F(k:s)))*(1"~F (2:s))

n-1 n-1
+2. > TT (MZ-M“(F(m:s)))-(MZ‘-MZ(F(k:s)))(1B-re(k:s)),
B{a k-z m=k+1 @

and
n-1

(5.24) l-F(n:s) =TT M -~ .M(F(k:s)))*(1-s).
k=0 .

Moreover we prepare an expansion formula which will be used in
later sections. If Cu is a final class,then Fa(l(o’a),sa) = Mzsa.

Therefore
(5.25) Mg(s) =0 if ¢_ is final.

If Cu is critical,the expansion of m;(sa) at s® = 1% leads us to

' i i i X .
(5.26)  my(s) = EC (@57 = 957y (811 = 5%, i,5ec,
: Q
where ,
io_ 1. 1 7
(5.27) g.t. == 125z, (1)- 64 xZx (D] == bt (%) (x %, =85 (%)
i,k 2 ol Lk %k ?_x“d 755, k%
7 if?'k(—cu’
(5.28) qj’;k(s) = quk(s")
1 x -(e3) ~(eX )y
Z P (x) (x, %85, k"k’{“ S 1%-a-s%g ¢ f 0 %a-par.
er 0 '
By (5.25) and (5.26) we obtain
(5.29) u (s) = 0(2_ (1-s%)) if p = 1.

i€ C
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Remafk. Expansion formulés (5.17) and (5.26) are slightly
different from (ané more convenient than) the standard ones (see,e.g.,

[51).
Proocf of Theorem 5.1. By Lemma 5.1 (ii),it is enough to
consider the case Xn = A. We denote en(A) =

-v(y,a)-v+lxj

) . Then it follows that

y

)5

((exp(-n jec

y{a

(5.30)  E jlexp(-Z X o Vel )1 = #likie ()
e vie je CY J '

for iccg,8 ¢ a.

By (5.24) we have

(5.3 1% - F(Intlze (\))
[nt]-1 | |
=2 (71 meM(F(kze (0N 5 (2P-el )
g{a k=0
- r 2 :
v(g,a)=0 v(B,a)21
The first part Z: vanishes as n — « for
v(B,a)=0
[nt]-1 ' . -
¢ TT eMmEGe_ NNT ¢ wPhHE 20!y 0 <o < 1py (5.7,
k=0 . H‘ . .
To evaluate the limit of the second part ':Z: .: we shall apply

v(B,a)2l
Lerma 4.4 to M(F(k:e_(A))). Let 8 { o with p, = 1 be fixed. If j€&Cg,

then by Lemma 5.3 (i) we get



~
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(5.32) 1- Fj(k:e (A))

= [exp(-z 3= npVea)-viLih A"z, (k)]

e Y(B he C ,
<c —v(B a)=-v+l 2?' Zf- Ah 0 <k < [nt].
Y(B heC =
But since v 2 2 and v(B,a) > 1,we have
- [nt] Y

(5.33) lim 3= M (F(k:e (}))) =0 for y { a withp_ =1 and t > 0.
| n+ k=0 Y '
For each jé—CY,Y { a,it follows that
(5.34) lim max (l-Fj(k:en(k))) = 0.

n+e 0<ks [nt)

In fact this follows from (5.33) if Py = 1. 1If Py < 1,(5.34) follows

‘ from Lemma 5.3 (ii) by the same method. Therefore

lim  max mi(F(k:e_(A))) = 0 for any i,je Uec,.
n+ 0<k<[nt] I n | Y<a
We can apply lLemma 4.4 (ii) to each term of ZZ: in
' v(y,a)21

(5.31);
(5.35)  1lim n’(1%-F%((nt]): e, (A)))

n—+.

= lim n¥ 2 [nt]”(B 18)=1 a0 S+0(1))n “V(E,0) v+l B0y

n+e  v(B,a)2l

pagn AT RS
v(B,a)2l

We have proved (5.12).



6. Procf of Theorem 2.1

Let us start with

Lemma 6.1. Let Py = 1. 1f A3 > o for any je.C ,then
jlexp(- T 3 a7V °‘)Ajz (Int]))]
e Bia jeC : .
(6.1) 1im 8 e = ol
| nve 2O v.(1-E jlexp(- = 3 =n AL Q)Ajz (Int])])
ie C, e B{a je CB

iec, t > 0.
a
Proof. Set

"V(Brd)

(6.2) e (\) = ((exp(-n 3))

jec )Biu'

B8
Then (6.1) is equivalent to |

la—Fu([ht]:e (2))
(6.3) lim n =u%, &> 0.

- noe o a .
; va(l -F ([nt]:e (1))

Let n = [nt],L = 0 and s = en(l) in‘(5.23). Then -

‘ [nt]-1 ’
a_.a ) - a_,,0 . L (18_.0
(6.4) 1-F ([nt].en(k)) ;io (MQ Ma(F(k.en(k)))) (1 en(k))
[nt]-1 [nt]-1
a_,,0 a_,0 )
+ Z = TT  (M2-Mo (F (mee, (1)) (MG-M (F (ke (A))))

B{ a k=0 m=k+l

(18-Ff (x:e_ 1))
Since P = 1l it follows that o

1 - Fl(kze (M) g en™r, i€C_,0 <X < Int],

by Lemma 5.2 -- .(Note that {y;v(y,a) = 0} is empty.) Hence by (5.29)
we get MZ(F(k:en(A))) = O(n_l). Therefore there exists a > 0 such that

d a a . _ a0t
(6.5) | Moz M, - M (F(k:e (1)) 2 Q1 n)Mu, 0 < k < [nt].




By (6.4) and (6.5) we have

1%- F%(Intlze ) 3 (1 - ZIPH a0 e gel o),
- Since kj > 0 for je C we get
(6.6) ii: n? (1 - F ([nt] e (A))) = =, ie-ca.
On the other hand we claim that
(6.7) sup n (1 - FJ([nt] e, (A))) < mv, je—CB,B.< a.

n>1

if pB = 1,then v(R,q)

v

2 and if p8 < 1,then v(8,a) 2 1. To see (6.7)
it is enough to take v = 1 in Lemma 5.3.

By (5.22) we have

" 46.8) 1%- Fu([nt]:en(k))
Zi; (M -M (F([nt]-k: e (A)))): (1“—Fa([nt] -2:e_(3))
z:" Lokl o ] a_a ,
+B< i 2;‘_' 3;—1 (MG-MG(F([nt]-m.en(A))))-(MB-MB(F([nt]-k.en(k)l)))
(;;;j;;([nt]-k:en(k)))
= I,(2,n) + I, (&,n), £ 2 1. |

~ By (6.5) and (6.6),

. Iz(g'ln)
{(6.9) lim ————— = 0, &
n-+«< vaIl(l,n)

v

1,

which implies (6.3) by Lerma 5.2 of [5). For the completeness,let us

reproduce the proof of Ogura [5]. By (6.5) we have
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1%-F%([nt]-2:e_ (1))
2)t ) n

n

(1 -
a .0 .
va(l -F ([nt]-l.en(k)))

I,(2,n) a -2 o 21“—r°‘([nt]—n:en(x))
(1 -2 7 (M)

é———
vuIl(l,n)

A

vu(la-Fa([nt]-lzen(A))).

Therefore by Lemma 3.1, :
_ i - 17(2,n) 17(2,n)
(6.10) u-cp” ¢ lim ————0 < Iim —————— < uT+op
n= v I;(2,n)  ne= v I,(2,n)

£

’

iec ,2 > 0,0 < p < 1.

Since _
la-Fa([nt]:e (1)) Il(l,n) _ Iz(l,n) \ vaIZ(l,n) -1
n = + (1 + -————-—-——>
a_po . - / !
va(l F ([nt].en(l))) ,vaIl(l,n) vaIl(l,n) vall(l,n)
we have ) »
: 1-F* ([nt]:e_(A))
ut - cp* < lim n

= e va(lu-Fu([nt]:en(A))

1-FL ([nt]ze_ (M)
im — n < ul + cpl.
n-+o va(l -F ({nt]:en(k)))

A

Letting £ — = ,we obtain (6.3).

Proof of Theorem 2.1. Let en(k) be the one in (6.2). We have

to show

(6.11) lim n(1%-F%([ntl:e_(1))) = wu(t,k)uu, t > 0.

n-+ro

By Lemma 5.2 and 5.1 (i),the sequence

(n(1-5 jlexp(-Z Z 27003z (me1n 1)

iec,
e vio je €

n>1’
=

. . . . a
is uniformly bounded and eguicontinuous on compact subsets of R,.
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Therefore it is enough to show (6.11) only for A such that AJ > 0 for

all j. set
= C_pC,,.
(6.12) wa(z,n) = nvu(l F (z.en(l)))-

‘Then since vaMz = v ve have by (5.17) and (5.26),

(6.13)  y_(2+1,n) = nvu(la-Fu(£+l:en(A)))

]

O A _nl,,. N Q . A_pCpp.
nvaMa(l -F (l.en(x))) nvaMa(F(L.en(A)))(l F (l.en(x)))

+ > nv (M%-MC
B< o a"B B

¥, (2m)

. B_rB(s2:
(F(2:e_(0)))) (1°-F (2ze_(1)))

"

- i_ 1 . “Fl(g. . (1-FK(s .
i'j'Zk_ec nv; (@79 (F (2:e) (A)))) (1-F2 (21e (M)))e (1-F" (Lze, (A)
Q

a_,,Q . B_n8 .
fB%%a nv (Ma-Mg (F(2:e (1)) (1°-F"(2:e (A))).

We shall show that there exists ¢ > 0 and 0 < p < 1 such that
(6.14) [vg(2+2,m) ~ ¥ (2.0} < cta™t + oY), . 0 <2< Int).

By Lemma 5.2,the second part on the last side of (6.13) is o(n-}).
Next consider the third part. If 8{a and pg = l.then v(8,0) 2 2.

2 .8

By Lemma 5.3 (i) we have IB-FB(lzen(A)) cen 21, 1f 8 <o and g, < 1,

then v(8,a) > 1. By Lemma 5.3 (ii) we have lB-FB(l:en(A))_

< c(n-2 + n-lpz)-le. From thése estimates, (6.14) is wvalid.

Set
y_(L,n) for t = gn" 1,
(n) o ,
¢ b, (5,m)+ (nt=2) (y_(1+1,n)-y_(2,n))

for fn * <t < (£+l)n_l.
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Then,on compact subsets of (O,@),{wén)(t)}n>l is uniformly bounded by

Lemma 5.2 and egquicontinuous by (6.14). Therefore we can use the
(n.)
compactness argument. Let {wu 3} be any convergent subsecuence and

set
) (nj)
(6.16) v, (t) = lim L

j+m

(t), t > 0.

We shall show that wa(t) is the solution of (2.10). This combined with

Lemma €.1 proves (2.9).

Set v
B ) :
. My(F(R.en(A))) if 6{ a or 7.<u ,
(6.17) M- (2,n) = |
S o if B=1vy = aq,
(6.18) af (2.0
' { 0 if 8{a ,
= i 11y (1okT ree (3013 (1oFX(2:e (2
| (.j ;‘:;C(qj'k-qj,k(r(z.en(x)m(1 Fl2re, (D) Q- (ke () s
' a R .
‘ if 8 = «q,
and
- I
M(2,n) = (MY(‘Q'n))BialYia ’
(6.19)
afL,n) = (@ (2.m))g, -
et M{0ral = f . Then,by (5.17) and (5.26),

(MY) Béﬁ:YéG
1(00d _ p0adgirie o))

= ) Fe,ny a0l p 0T e 1)) - atem.

Therefore




38

(6.20) 1(0.0) _ F(o'a}‘([nt]:en(k))
[nt]1-1
= @ o EHemy a0 e o)
2=0 | '
[nt]-1 [nt]-1 (0,0] _
- 2= T MY - M(m,n))-g(2,n).
£=0 m=R2+1
By (6.17) and (6.18) we obtain
a_ @& .
(6.21) nv_(1%- F¥([nt]ze (1)) |
[nt]-1 L : [nt]1-1
= Z v (r - e lmg,n®a¥-edan - = av g%,
v{o £=0 Y 2=0 ¢

In the same way as in the proof of Theorem 5.1,we can see that

[nt] _
lim S— HM'(2,n) = O for any vy { a« with p_. = 1 and
n+< £=0- Y - . Y

lim max m%(F(l:en(A))) = 0 for any i,jell_’C . Therefore we can
- 'nee  0<2<[nt] S A v{a _

apply Lemma 4.4 to each term of the first part on the right side of

(6.21) to obtain;

[nt]~1
(6.22) lim J_ nv (7T (M
n+= y{a 2=0

(0,0l _ % aaY_LY
- H(2,n)) (1Y€l (1))

= lim 3= av_Int]” A oelie(1))n™V V%) (V40 (1))
n+e yla Y - |

= Z v M*aAYtV(YIQ)-l.
vga &Y

Since | [nt]
[nt]-1 n

> nv_q%(%,n) =g 2= viotat gl (Flinslie_ (AM))))
=0 G 0 i'j’ke Cu a Jlk Jlk “_’n—/

</;7;:;§:;ns]:en(x)))-n(l-Fk([nSI:en(A)))dS.
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we have by Lemmaz 6.1 and (6.16),
" [n.t
[ 5 ]

. a
(6.23) %iﬁ éé% njvaq (E,nj)

t . :
X IZI viq.lkujukw (s)zds
0 i,j,kecC, Ry a

t 2
Bug wa(s) ds.

0
Therefore wa(t) is the solution of
, t . 2 a v ( -1
(6.24) v (t) = -B g Y (s)%ds + 2 v MO YgViveadmd
a a)g ‘@ Ke @Y

This is equivalent to (2.10) and we have completed the proof of the
first part of Theorem 2.1. The second half of Theorem 2.1 is obvious

from Lemma 5.1 (ii).



7. Proof of Theorem 2.2
The following lemma is well known (see [3]).
Lemﬁa 7.1. Let Ca be a critical class. Then

= o) = (B Nat,  iec,.

(7.1) lim n(1-P '[(zj(n))je- a

1

n+ e c

a

We next give a lemma from the general theory of Laplace
transform.

Lemma 7.2. (T.Watanabe) Let {X(n)} be a sequence of random
vectors taking values in Rf and {a(n)},a sequence of positive numbers
increasing to infinity. Assume that the following conditions are
satisfied: |

(a) There exists
S d i
(7.2) ¥ (}) = lim a(n)(1 - Efexp(~-Z A7X;(n))]),

n+e , i=l
- where ¥ (A) is the logarithmic Laplace transform of a random vector

da
X on R+.

(b) For an integer ¢ such that 1 £ ¢ < 4 it holds that

(7.3) Lim a(n) (1 = PLX;(0)) yqqieq = O1) = ¥(0,0,0,2, 0 ),
n [~ <] -_= =

where w(kl'o-,Ac'w'no'm) = lj:m w(Al'an'ld) ..
Adr
c+l<jsd

Then we can conclude that

. C . .
, i -
{(7.4) iig a(n)(l - E[exp(-iiglx xi(n));(xi(n))c+1§i§d 0])

E ] w(ll.'o-'kc’mloo'm)'
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C .
. i . -~
(7.5) iig a(n)E[l-exP(‘ilglA Xi(n)'(xi(n))c+1;i§d'°]
=¢()\l'00'kc'®,",w) -w(o'--'o'm'c"m).

Proof. First we remark the following fact:;if lim X{(n) = X in
N+

distribution and lim P[X(n)e A] = P[X& A} for a closed set 2,then

n-ro
for any bounded continuous function f(x) on Rf we have

lim E{£(X(n)):X(n)¢ A] = E[f(X):X€Rn].

n-+o
Let {x(k)(n)}lékéla(n)] be the independent copies of X(n) and

‘ [a(n)] (k)
set Y(n) = 2Z_ X (n). Then by assumption (b),
k=1

¥(0,+%,0,=,++,=) = -lim log P[(X, (n)) =opfa(n)]

n-+eo

c+1;i§d

0].

= «1im log P[(Yi(n))c+l§i§d=

n>o™

By assumption (a),we have lim Y(n) = X in distribution. Therefore by
n+o -

the first remark we have

w(Alr'°:Ac

R, ,®)

' c :
= -lim log Elexp(- 2 A*Y,(n)); (¥, (n)) 0]

c+lci<d
n+o i=1 ”-? =

c . _
= -1lim log E[exp(-jifklxi(n));(Xi(n))c+léiéd=0][a(n)]

n-+« i=1

c : .
= lim amm) (1~E[exp(-iz;_‘lxlxi ()5 (X3 () yye5ca=00)

which proves (7.4). (7.5) follows from (7.3) and (7.4).
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Proof of Theorem 2.2. Let ié;ca and t > 0. Then by Theorem 2.1,

(7.6) lim n(l-E i[exp(-Z: pa n—v(e’u)ka.(lnt]))]) = (t.k)ui.
n—+e e Bla je€ Cp s @

It follows from Lemma 7.1 that

(7.7) lim n(1-P _ [(z.([nt])). . =0]) = (tB ) tul.
Qoo et J _ Jécu

But wa(t,o(o'u),ku) is the solution of

a 0 2
Hence
(7.8) oy (£,00%%) %) = 1in y_(,0000%) 50
' Aj-r-m
J@Ca
v Aa 7 ' -1
= lim —-2———-5 = (tB)) .
1w l+tBuvul ‘
J GCa

Therefore by Lemma 7.2,

(7.9) lim n(1-E  fexp(- X Z n " 8:2)3dz ((nt)));(z, (Int)), . =0D)
n+o e R{a jCCB J J &y

=y (£ 1009 0y,

This proves (2.11) and (2.13). (2.12) and (2.16) follows from Lemma
7.2,(7.8) and (7.9). (2.15) is obvious from (2.9) and (2.12).
Next we shall prove (2.14). By (2.16) we have

-1

(7.10)  ty_(t,2) = (B )™~ + tn_(t,}).

By (2.10) we get




43

d 2 2
SE(E U, (6,0)) = =B (ty (£,0))° + 2ty (t,})

+ 2. 2T a a3V
v(g,a)22 jec, 7

i.e.,

t

t
t-twu(t,l) = -Bug (swu(s,l))zds + 2‘( swa(s,k)ds
0 o

0

t .
+§ =z > a _adgvBia)g

0 v(8,a)22 jec, %)

Therefore:

(7.11) t°tw°(t,k) = -Bag (swa(s,k))zds + 25 swu(s,k)ds
‘ 0 0

t . o
+ g ZZf 2 a, .Ajsv(s’u)ds.
0 v(8,0)22 jecg ')

Subsfituting (7.10) in (7.11) and differentiating with respect to t,

" we obtain (2.14).

The proof of (2.17) is also easy. First equality is obvious from

. (2.16). By (2.10) and (2.14) we have
d -
Sl (8, 0)-n (8,200} = (¥_(t,A)+n_(£,A)) {1-tB_(¥_(t,M)-n_(t,A))].

Second equality follows from this.
Finally the last statement of Theorem 2.2 is a conseguence of

’[(Zj([nt])je‘cu= 0] =1 by (7.1) and the.left

Lemma S5.1,for lim P
i

n+= e

hand side of (2.12) eguals

lim nE (1-exp(- 2 2 0 03z (int1) | (2, (tnt1)) 4 o =0
nve e B{a j€Cp 3 J a




B. Proof of Theorem 2.3

We first prepare an expansion formula on generating function

at the final class.

~Let CN be a final class. Then the generating'functions Fl(s),ié CN'
have the form

(8.1) - rlg) = 2 ki (s(0N), T i€cy.
jecy ?

The function‘k;(s(o'n)) can be written as

i _(0,N) (0,N), *(0,N) L
(8.2) . k] (s ) Zp (x(o N) ) (s ) ’ lljéCN:
where the summation is taken over all x(O,N) = ((xk)ke.ca)a< N,such
that xké Z+..It is easy to see that
i, = oty 3

= = = (eI
=P ilZo,m 1) = X,y By = {70y

If we define

N,_(0 _ i o (0,N)
(8.4) Ky (s ) = (ky(s ))13e-c

then we have

8.5)  Fs) = k(s 0NN

Noting that

N, {(0,N) N
KN(l

) = Mg,

0.,N)

(8.6)

(0,N)

we expand k;(s ) at 1( as follows,




6.7 omy - kg0 o T Oy 0k e,
a{N ke-Ca 3.

where

(8.8) zjfk<s‘°'N’)

k.
. 1 v x -{e")
- 1 (OIN)_ (OIN)_ (Orl‘) (OIN) (olN)
= :E pj(x(O,N))xk (0 (1 (1 s )E)

X(0,N) -
C_ e
- By (8.3),

(8.9) z 2t l0m)y o pd,

jecy

Setting
b N ,_(0,N)_ _a, _ i _(0,N), k
(8.10) Ly, q (S W) = (kéZC 257 (s W secel,  o{ w,
| a L
we have
(8.11) Fi(s) = (u’; - LNNa(sw'N);l“-s“))sN.
' u{ N '

By induction,

N n'l (0,N) N
(8.12) F(n:s) = % LN o(F (k 5); 1%-F% (k:5))) s,

a‘(N !
By (8.9), » K
- (0,) : i . (0,N)
(8.13) (1 WiV = (7 Z i )w
LN 7 jecNkeCa Jk 16CN
i k a
= ( pay ) ) = MNw .
kecC, " Cx ¢
Set

(8.14) en(x) = ((exp(—n'v(a)+lkj)) )

h) 6CB 1<BSN®




4€

‘Then by (8.12) we have

(8.15) ;lexp(- z 3T a3, (el ).
o=1 ng ‘ 3 1€ CN

FN([nt]:en(A))

[nt]-1
- N_ N (0,%) ,. .- IR T .oN
;Zg (M 5%; Ly o(F (kze (1)) :1%-F%(k:e (1))))-e (2).

Therefore to prove Theorem 2.3,it will be necessary to estimate

(8.16)  1%-F%(k:e_(1)) = (1-E i[exp(- Zf pa n'”‘7’+1x3z (k))1).

’

for every u( N.

In the following lemma,we do not assume that Cg is a final class.

Lemma 8.1. Suppose that i€ CQ.

(1) If Py = 1l,then

(8.17) lim n(1-E ;[exp(- 3T X n V(Y)*vlal= lsz ([nt1)) 1)
n+o e via j¢€ CY :

= .\-P_u(tpl)ul: t >0,

where @; is the solution of (2.24).

(ii) If pcl < 1,then

(8.18) lim n(1-E ;lexp(- L 2 n‘“‘Y)+“‘°?A3g.((ntl))J)
n-+o e ‘Yia je CY -]
= > p2 m*%quB(t,X), t > 0.
V(B)'v(a)+l jecg
Pg=1
Proof. = First we shall show (i). Choose any convergent sequence

d

{An} in R_. By Theorem 2.1 and Lemma 5.1,we have
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(8.19) lim n(1-E ;[exp(- Z 2~ n "‘Y'“)A z,([nt]))))
n-+o e Y{CI JC CY

w (t,1lim An)u

n-+o
Take Ag = pV(Yra)d=viy)tv(a)- -1, ,jé-C »Y¥ { a. Then by (5.10) we have

lim )\J =

N>«

{Aj 1f viy,a)+v(a) = vy)+1,
0 . if v(y,a)+v(a).( v(y)+l.

From (2.10),wa(t,lim AL = $&(t,l).

hote -]

Next we shall show (ii) by induction. The induction hypothesis

is this;for any 8{ a with Pg < 1,

18.20) lim n(l-E jlexp(-Z 2 oV 8N, ey
n-+o 848 J¢ Cé ' 3
= Z Py m*'?ujv (t,\), t >0, ie'ce.
viy)=v(g)+l jec,6 I Y
p.=1 Y
y

We first prove the following relation;if B( a. and i¢ CB'

(8.21) lin n(1-8_ [exp(-Z pa n"’“”*"‘“’sz'j‘([nt])m
Tyt ut if py = 1 and v(8) = v(a) + 1,
= by Z wludg (e 1E viE) = via)
viy)=v(B)+l jec 3 ‘ ,
p. =1 Y
Y
0 _ otherwise.

The first two cases on the right hand side of (8.21) are immediate

from (8.17) and the induction hypothesis (8.20). In the other cases
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(Pg = 1,v(E) 2 v(e) + 2 or pgp < 1,v(E) 2 via) + 1) it follows from

(5.10) and (5.11) that

(8.22) ' v(Y.B) + 1 - v(y) + v(a) ¢ 0.

By substituting 8,v = 2 and nv(y,e)+l-v(y)+v(a)A for a,v arnd A in

Lemma 5.2,we have:

l-E i[exp(—

= a7V 8WIR),3, (1ne)) ) = 0n”?,
e } € J

Cs

(o]
"M

which proves the last part on the right side of (8.21).

- —a-viy)+vla),] :
s;t en(A) ((exp(~n A ))Jec yio* For every :.G-CB,

B i a,we have

{8.23) jlexp(- 2 2 n“"”*"‘“)ﬂz (k)] = FL(x: e (1)).
et vi8 J€ CY

Substituting s = en(l),n = [nt] and 2 = 0 in (5.23),we have

[nt]-1 ,
a ~a . - a_,,0 . L (0.0
(8.24) 1°-F ([nt].en(l)) gz; (Mu Md(F(k.en(l)))) (1 en(l))

[nt]-1 [nt]-1

+ 2 T TT . MO (Fmee (A1) - (33 (F (kie (A))))
8{ & k=0  m=k+l ¢ r//_/
| B B, s
| (1P-r® (k:e_00)). |

By using (8.21) we can compiete the proof of (8.18Y‘as follows;

(8.25) lim n(1%-F%(Int]:e (1))

botugd -l

= 2. (I-MG)-IMCB! - T, MRy
B{a ¢ viy)=v(g)+1 Y Y

v(B)=v(a) ngl

+ > (£,1) (1-4) 1M§u5
v(s)-v<a)+1 B

Pg=l
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= Z T (1M T
v(B)=v(a)+l Blvy<la c LA
pg=1 v(8,y)=v(8,a)=1
((I;E)-lMaPB B

gFgl o
= 2_ Ee(t,x)w‘gus,

v{B)=v (a)+l
=]

Pe
where the last equality is due to (3.13).
To complete the induction argument we have to show that (8.18)

is valid for each minimal element o« in {a;pu < 1}. It is easy to see

that,if a is minimal in the whole set {1,2,++¢,N} ,both sides of (8.18)

are zero. Unless ¢ is minimal in the whole set,the argument in- the
preceding paragraph is still valid. (In this case,there is no 8 such
 that B{ a with pB < 1,s0 that there does not occur the second case
in the right hand side of (8.21).)
. N N . N .
Proof of Theorem 2.3. First note that u = 1 ,since MN is a
_probability matrix. Let en(A) be the vector defined in (8.14). Set
‘ . A if jec ,vie) 2 2,
(8.26) x = {
0 if jecu,v(a) = 1.

We shall apply Lemma 4.3 to the right side of (8.15). To this end

lgt us define

N (0,N) . L0_xO . N .
y VNLN,a(F B (k:e (\)):1°-F (k:e (X)))1 ;f v(a)22,

(8.27) m (k,n) = | o
v v.r N (pl0/®) (k:en(x)):la-r"(kzen(f)))1" if v(a)=1.

NLN,G
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We investigate the asymptotic behavior of these values. Recalling

]

(8.16) and substituting v 0O,oa = N and 6 = a in Lemma 5.3,we get

.(8.28) la-FQ(k:en(k)) C(n-2+n-lok), 0 k [nt],

A
na
A

2,0 < 1.

for v{a) 2 3 or v(a) a

Then by the definition (8.10) of LNNa,it follows that
' [nt]-1 .

(8.29) lim 3= my(k,n) = 0 4if v(a) 2 3 or v(a) = 2,p_ < 1.
n+e k=0 = : Q
By Lemma 5.3 (i) we have
a .o \ -1
(8.30) 1°-F (k:en(k)) gen ™, 0% k < [nt], for v(e) = 2,pa = 1.
Therefore by Lemma 8.1 (i),
i, [nt]-1 t ' ;
: N _ N .(0,N) - a, N
(8.31) iig 55% ,mu(k,n) —-{0 VNLN,a(l ,wa(s,l)u )l ds

t : .
= a v : = =
= vNMﬁg go wa(s,l)ds, far v(a) 2,pa 1,
where the last equality follows from (8.13). By (8;28) and (8.30) it

“follows that

(8.32) lim max mi(k,n) = 0  for v(a) 2 2.
n»= 0<k<[nt] ‘

A slightly careful examination of the proof of Lemma 5.3 tells us that
(8.33) 1%-F%(k:e_(T)) g en™!,  ogkglnt], for v(a)=l,p < 1.

(Note that (8.33) is not wvalid for lc-FQ(k:en(A)).) By Lemma 8.1 (ii)

we have
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(8.34) lim n(1%-F%([nt]: e (X))) = lim n(1%-fr® ([nt]: e ()

n-+ N+
= ;E: $6(t,k)n*gu8 for v(a5=1,p < l;
v(B)=v(a)+l a
- Pg=t
Therefore
[nt]-1 N
(8.35) lim ¥ m_ (k,n)
n+o k=0 a
gt N ,.(0,N) > a b=
= v. L (17", M# ¥, (s, l))l ds
0 NN v(B)=v(a)+l B B
°B=1

vNMNM*a BS wB(s +A)ds

for v(a)=l,pu <1,

v(ﬁ)—v(a)+1
pg= 1

. Set

, (1) _ e N (0N Ol av-.
Mﬁ (k,n) 2 Ly o (F (kie (1)) 31%-F% (kze_(1)))

v(a);2
(8.36) v
’ + N (C,N) . 1% Gy, by
+ T L (F (kze (A));1°-F" (k:e (X)),
al N _
via)=1

e’ (2 (x,n)= a%:& L (°'N’(k:en(x));P“(k:en(i))-r“(k:en(x))).
‘ v(a)=1

By those results obtained previously we have

(8.37) lim  max anﬁ"l’(k,n)lN =0,
 ne 0gk< [nt]-1

and

[Int]-1
(8.38) lim >— VNM§’(1)(k,n)lN

n+o k=0
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. v ug (s,A)ds
. v(u) 2 @ Yo “c

p,=1 0//

_ e

+ 2 Z VNMNM*BK @'B(s,k)de
ad{N v(R)=v(a)+l @ 0

via)=1l pB=l

t

v, M*N ( v (s,)\)ds,
v(a) =2 NM o

=1

where the last equality follows from (3.12).

We next discuss Mg' (2) (k,n). Let a{ N,v(a)=1 and iG'Ca. It then

» follows that

i - i
‘(8.39) . (k:en(l)) - F (k:en(k))‘
=E  lexp(- = 2T n“"“”*lﬂz (k))
e B;u- je CB )
v (8)22 /
(-exp(—?: P n-v(5)+l}.32 (k)) ]
B{a j € CB

SE ;I - exp(- z Ajz.(k))]
e : B{a j<¢ CB J
v(B)=1

k
cp ,

nAa

' (8.40) lim (¢t (x: e () - r (k: e (1))

n-N:a

= lk- E i[exp(-f._ 2_ Ajz.(k))] =1 - Fi(k:e(x)),
. J i
e Bia J€ CB

v(B)=1

where e(A) = lim en(x),i.e.,

neo -
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v
N
-

1 for igC_.,v(R) 2

- B
(8.41) et (x) =

I
b
L]

exp (-2%) for 1€ C,,v(E)

Set Mﬁ"z’(k) = > LN (F O (ke n)):1%F%(k:e(r))). It is
a{N .
via)=1 '

obvioqs from (8.39) and (8.40) that

8.42) M@ an) P ) and 1im 0y 2 k,m) = 1 @ .

N
n-+eo

Moreover ,each component of Mg'(?)(k) is bounded by ‘c:pk by (8.39).

Hence
(8.43) > Mﬁ’(z’(k) < =,
k=0
On the other hand
(8.44) Mﬁ"z’(k) = Z%: Ly (F(O N) (k:e(n));1%F% (k: e(3))
al{ N

My - K0 ke ),

where the first equality follows from F®(kx:e (1)) = 1% whenever v(a)22
and the second equality follows from (8.7).
By (8.38),(8.39),(8.43) and (8.44) we can apply Lemma 4.3 to

(8.15) to obtain

(8.45) lim FN([nt]:en(A))
n-+o .
= exp(- v M j ¥, (s,})ds) - lim T xg(r‘° R) (k:e(2)))
v(u) 2 n+o k=0
Du=l
= 11 Gy o (tih)e &Y (),
v(a)=1

‘ patl
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where

(8.46) ¢h(A) = lim Trx NeO™ ey,
n+e k=0

Since Mg is a probability matrix,the component of Gg(l) is identical.
Let GZ(A) be the common component function of G?(A). The formula

(8.45) proves (2.17) to (2.23). By (2.17) and (2.19) we have

(8.47) 1im E  [exp(- }: = AJz (n))] = 6, (1), iecy,
n+e e v(8)=1l Je-C
= j 1
so that GZ(A) Gz((A )j éIHZ)) is the Laplace transform of a
d
2

probability measure on z2,”. Infinite d1v151b111ty of G (t A) is a

consequence of Theorem 2.1. Thus we have completed the proof of

Theorem 2.3.




9. ' Proof of Theorem 2.4 and 2.5

We first prove Theorem 2.4. For each i¢ C we have

(9.1) {lexp(- Z > n "(")x’z () [ (z(n)) 5 o % 0]
e =1 j¢& C N

s (n”JeCN* 01) "1 { (1-E | [exp(- _7: > a~via),] Z,(n)) 7

e’ a=1 j¢ C /

Clzym)) g, ¢ =01) - (1-E ;lexp(- T X amve), z; ()1}
N et a=1l j€C,

e

Since CN is critical,nX the denominator in (9.1) converges to .(BN)-lul

by Lemma 7.1 and n X the numerator converges to (w;;(l,k)-‘p,‘z(l,k))u:L

by Theorem 2.1 and 2.2. Infinite divisibility of H()) is obvious
from (2.16). |

We next prove Theorem 2.5. As in (9.1) we have

(9.2) s lexp (- r T n @)z @ |z )
e a=1 JC-C

® 5 Jlz @y . fﬁj,olf—) o
K{(’J.:—[terxp(—z T n “‘“’AJz (m)): ((25(m)) 5 ¢ )

e ac-Al je C

——— T T - ) —

]eC cx(-A to)

-~

-(1-E ; [exp (- Z > n\’("’sz (n))1)}.
et a=1 j€C

We have already proved that

(9.3) lim n(1-E , [exp (- Z > n "‘“’ﬂz (n))1)
n-+w et a=1 JeC

= 2 > m'lujw (a,2),
v(8)=1 je Cg J

pgml
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in Lemma 8.1 (ii) and that

(9.4) lim Ee(l,o‘o's’,le) = lim b (1, 0 (0. £) AEy = (BE)'l
)\J-bu: AJ-*@

for Pg = 1,v(B) =1,

in (7.8). Therefore,if we prove

(9.5) lin n(1-P ;[ ((z;(n)) Yoen =01) = 2 mely J(B) o
nve et J€Cylach v(g)=1 jec, I P
Pg=1

(9.6) lim n(1-E ;[exp(-X 3 n ”‘“’AJZ (n)),((Z (n)) c Vaen. =00
n+« e ueAl je C Je by ¢ Al

= Z Z m* LB(l A)r

V(B)=1 je Cq
pa=1
| 8 | _
which,together with (9.3) and (9.5),completes the proof of Theorem 2.5.

Lemma 9.1. The relation (9.5) is valid.

The proof is quite similar to the proof of Lemma 8.1 (ii) and

even simpler. We make the induction hypothesis as follows;for any

8 { N such that p, < 1,8 € A},

(9.7) lim n(l - P .[((2Z.(n)). ) ©. =01)
B
- 2 > iyl (BY)_l, iecy.
v(Y)=v(B)+1l je C J
_ Y
p. =1

Then the following relation is valid;if 8 { N and i¢ CE’
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(9.8) - limn(l - P .[((Z.(n)). ) =01})

. e]., j Jécé 5(=B,5€-Al

-1 .

i -1 .

S= > m*_u- (B_) if fDE < 1,8¢ Al'
=] viy)y=v(e)+1 jec, I 7

=] Y

Y

0 if B & A -

there is no & such that Y B,8€ A,. Hence the

If DB = 1 and E¢ Al'

- first case on the right hand side of (9.8) is valid by Lemma 7.1. The
secbnd'equality is (9.7) itself. The third:caseAis-élso obvious,since

'f-thGIEfiS'nO‘ﬁ'ﬁre,éé A :if E%iAl.wLet e(A)-=.(exp(-Al))léiéd and

1
define AO by
. = if jeCp.Be€a,,
(9.9) Ag =/
0 if jECg BE AL

Then for any B'L N we have

= c plin. .
=0] F (n.e(lo)) for 16-CB.

(9.10) P i[(Zj(n)) 1

. )
o je cg (e, 8€n
The rest of the proof is the same as in Lemma 8.1 (ii),so it is

omitted.

" Remark. To complete the induction in the above proof we neecd

the fact that

(9.11) iiﬂ n(l-Pei[(zj(n))jé Ca=o}) = 0, 1€-Cu, if Pa <1,

which is immediate from Lemma 3.1.
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10. More on conditioning
In this section we shall extend Theorem 2.4 and 2.5 in the
present paper and Theorem 5.1 in [5] by the method of Ogura [5].

For each k > l,let
(10.1) vk(a) = max{v(a)-k+1,1},

(10.2) A, = {aivla) ¢ k-1 or via) = k,p_ = 1}.

Theorem 10.1. Let 1 < k < max v(a). Assume that the set A
= = k
_1gagN o .
hés.no‘fihal'class.,Fg,iéVCG,aré,the constants defined by (2.8).
- (1) - Let CN be a critical class. Then for each ié-CN-thérerexists

(a)

k ) 0]

; |
A zj(n))[((zj(n))jecu aen,

, _ N
(10.3) lim E , [exp (- = 2_ n
o n+eo e a=1 je& C

=100);

the limit is independent cf i. I(X) is the Laplace transform of a
probability measure on Ri,and is represented as follows;

_ k,-1, k,= .k
(10.4) I()\) = (bN) (Vg (}) wN(A)).

Here bY,4X and v¥'® for v(a) ¢ k with p_ = 1 are determined by the

same recurrence formula with respect to the partial order < as follows;
if v(a) = k and Py = l,then

(10.5) bk = (8 )7L

k - k,a:: =—a:
F= BT, WS =T (L) and v U0 = Y1),

and if v(d) < k and Py = l,then
3 k 13 | N
by = Ry(bg :8{ a ), ¥ (A) =R (¥g(2):B{0)
(10.6) and

‘k'ca - ,® .
bo' ) =R (g (M):8{ a),
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where Ra(x878{ a) is defined by

l
(10.7) R (xgi8{ o) = (8Bt > vieix)?
’ v(B) »(a)+1 i¢ C
B
(ii) Let Cﬁ be a subcritical class. Then,for each ié-CN,there
exists
(10.8) 1 i ) T3
. im E ex n A Z. Z. .
S el p(- é;i J‘C J(n))l(( J(n))Je_ca)aeAk#Ol

= Ii(l).
Ii(A) is the Laplace transform of a probability measure on Rf and

is represented as follows;

_ ik, -1 i k= .. -k
(10.9) I, = ( Zi=l c by) v(g_';l c (v ()= ().
=l pazl

Note that I(A) and I,(}) depend only on (A';i€ C_,v(a)2k). The

case of k = 1 is nothing but Theorem 2.4 and 2.5. The case of k =

max V(a) was shown in Theorem 5.1 of [5],although Ogura [5] uses
1<a<N

more complicated recurrence formulas than ours. The simplification of

recurrence formulas is due to the recurrence formula (3.13) for m*%

(see the proof of Lemma 10.1).

" Actually we can prove a little more than Theorem 10.l. Let aeihk

and i¢ C,. As in section 9 we have



vy (Y) .
k j '
10.10 E . - A-Z. 2, .
( ) E jlexp( %} jZEC n z5(m) ] (( 3™ 3¢ Vvse %0]
yéAk
= @l Yio;eon |
: YeAk
(7 -v, {y) .
_ . Pagitas LS
((1-E ; lexp( 725; JeCyn yJz )5 2y 5PN e Jyga™D
véa, . Y('Ak A
» -
=V, (v} .
( -(1-E [exp(-Z 2 n Kk Az, (my)yn .
et Y4e JeC, )

The following three lemmas enable us to find the limit of (10.10).
?aking a = N we obtain (10.3) and (10.8). The first two lemmas are

essentially due to Ogura [5]. Set
zv(a)—k

B | if Py = l,a & Ak’
(10.11) uk(a) = -
v(a)=-k+1 .
if Py < l,a €& Ak
Note that uk(a) < 1.
Lemma 10.1. @ (i) 1If Ca is a critical class and aé:Ak,then
. (@) (vy) .
(10.12) limn ¥ (1-E lexp(-Z 2 n .k 132 (n))1)
n-+eo e 'yéujécY
k i .
= wa(A)ul, 1€-Ca.

(ii) If Ca is a subcritical class andva < Ak.then
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: H (cx) =V (v) =
(16.13) lim n K jlexp(- 2 2 n Mz, (n)) 1)
' n-—+o e y<a JeC J
- P > m*?ujw’gm, iec .
- v(E)=v(a)+1 jeC, J a
p. =1
B
Lemma 10.2. (1) If ch is a critical class and « e—Ak,then
(10.14) ~  1i M (@) ki :
.14) n_:;:: n (1--1>ei[((zj (n))je CY)Yi“ =0]) = b u”, icc,.
YeA,

(ii) 1f Cu is a subcritical class and ae A, ,then

(10.15) 1i uk(a)( JL0z, (),
. ilm n Z n

Ao+ : et jecCy Yﬁa
[ N YeAk

= Z- Z m"':L Jb i¢ Cu.

v(B)-—v(u)-!—l Jje CB
pg=1

=0])

Lemma 10.3. (i) If Cd is a critical class and o ¢ Ak,then

uk(a) Vi (v)

(1-E [exp( Z 2_n

(10.16) 1lim n

Ajzj(n));

n-+« - et Yia 3(—C
YA,
: ((Z (n)) ) =0]) = wk'm(k)ui"-"' iecC
JeC v{a a ' a®
YeA

k

(ii) 1f Ca is a subcritical class and oeAk,then
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uy (@) -V (Y)

(10.17)  1im n (1-E  lexp(-> 2 n ¥ aJz )
Y{A,
(255 ¢ ¢ Dyga =01)
YGAk
_ > D peigdgkee .
= m* u 'y (A}, i¢C.
V(B)=v(a)+1 je Cp I £ i

Lemma 10.3 is a consequence of Lemma 10.1 and 10.2,if Lemma 7.2

is applicable to this case. Since wZ(A) depends only on (AB)

v (B)2k’
-, K _ouk Y B .
write ¥ _(A) = ¥ (2" for v(y) > k,A" for v(8)=k). It is enough to show
that ‘
(10.18) 1m  ¥E(0Y for v(v) > x,2% for v(B)=k) = bY.
)\J-bco ‘ ’

jeC,,V(B)=k

This is true by (7.8)'if v(a) = k and by the recurrence formula

(10.6) if v(a) < k.
The proof of Lemma 10.1 is the same as that of Ogura [S] except
the proof of the following relation;
-V

(v) . :
(10.19) lim (1-E ;lexp(-2 2 =n kK "3zt = o,
n-+e e Y{c jé Cy_ J

iecwaeA =1,

x’'fa
which we need in the course of the proof. Ogura [5] used his Lemma 4.7

to show (10.19). But the lemma does not apply to our case,for we allow
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the existence of final classes in {1,2,-*,N} - A, . Although our

substantial task is to prove (10.19) and our recurrence formula

(10.6) ,we will outline the whole proof.

Proof of Lemma 10.1. Since the right side in (10.12) and (10.13)

d

are continuous in A€ R_ we have only to consider the case when

¥ > 0,1 < j g d. The relation (10.12) for v(a) = k and (10.13) for

v(a) = k-1 have been already shown in Lemma 8.1. For general €A,

we use induction with respect to the partial order { .

First we shall show (10.13). Let o with p < 1 and v(a) = 2(gk-2)

be fixed. Assume that (10.12) is valid for any @’4a such that p
. a 14

= 1l,a’é€ A and (10,13) is valid for any a’{ a such that p <1,
a'

a’€ A . It is easy to see thac,for any B{a and i€ Cg

: u, (a) - =y (Y) &
(10.20) limn ¥ (- lexp(- X 2 n K iz
: 3
n+e e v{B je C
| & Y
wz(l)ui if p, =1 and v(8) = v(a) + 1,
= > > m*%ujwk(x) if v(B)-= v(a),
viy)=v(g)+1 jec_ I Y
p. =1 Y
y
0 _ otherwise.
Set
'Vk(Y) j
(10.21) en(A) = ((exp(-n A ))jé CY)YQG'

Then, for any i€ CB,B-i a,we have
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-vk(v)

(10.22) E ;lexp(-2_ 2 n Mz k0] = Fkie ()

o
e Yig J€C,
Then we can show (10.13) by the same method as in the proof of Lemma
8.1 (ii),so the proof is omitted.

It remains to show (10.12). Let a with Py = 1 and v{a) = % (<k-1)

be fixed. Assume that (10.12) is valid for any a'{ ¢ such that p =1,
ul
a'e-Ak and (10.13) is wvalid for any u'< a such that o < l,a’e-Ak.
. ) al
It then follows that,for any 8{ o and ie-CB,
2u, (a) " -v, (§) .
(10.23) limn * (1-E fexp(- Z 2 n * Iz mnn
n-+o e 6{8 j¢€ CG J
k i .
/ ws(l)u if pB = 1 and Vv(B) =v(a) + 1,
= .4 2= 5T mredyX o0 if vig) = vie),
v(y)=v(B)+l jec, I 7
p =1 ¥
Y .
\ 0 otherwise.

set s = F(n:e_(A)) in (5.17). Since vaM‘;‘ = v_ we have by (5.26),
(10.24) va(1°‘-r°‘(n+1:en(x))) - va(1°‘-r°‘(n:en(x)))

R i_ i . I ke oy

. j%éc vitast -yt (Finze, (0))) (1-F) (mie, (0)) (1-F¥(nie (A))

? ’ a

g

+ 3 v (0-M3 (F(nze_ (1)) (1F-FP(nze_0))).

8¢ a BB

If we set
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- a_a, .
a vu(l F (n-en(X))):

( n
-2 i i
b ) Z ov.(a.T,.=q. L (F(n:e_(2))))
(10.25) < n n i,j,k¢ Cu i*=3,k *3,k /__n_—/)

I
-
N

(1-F7 (nze (1)) (1-F¥(n:e_(1))),

- A e B B, .
\ ¢, = EZT v, (M3-MZ (F(n:e (1)) (1°-F" (n:ze_(1))) -
(e |
-
Ch v (5% (ntlie_ (0)-F%(n+lze . (1))
o “n T Tn+l A
then by (10.24) we get
' _ 2
(10.26) an+l - an = bn(an) + Cn'
L _ _v(a)-k+1 u o ,
et y = 2 < 1. Then = uk(a) by (10.11). We shall prove

2
the following relations;

1 (10.27) lima_ = 0,

n-+® n
(10.28) 1im n¥c_ = B v¥ ()2 > o,
n-+o n a a
(10.29)  limb_=B_ > 0,
no+-o«
(10.30) lim (a_)”1(1%-F%(n:e (1)) = u®.°
n-+e

By (10.27),(10.28) and (10.29) we can apply Lemma 4.6 of [5] to obtain

3 3!
: T -1 ok, 2,2
(10.31) lim n a = {Bu -Baya(k) }

n—e-~

k
=y (M.

_This,combined with (10.30),proves (10.12).
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It remains to prove relations (10.27) to (10.30). First of all,

by (5.31) of [5],there exists some ¢ > 0 such that

(10.32)  Fl(n+lre , (M) - Fl(ntlie (M) g en P (1-F (mtlre_,, (A)),

itecC_.
a

We shall prove (10.27) (which is equivalent to (10.19)). Set

a = lim a - Then we can choose a subseguence {nj} so that
n-ow

(10.33) lim an = a,
e 7
and there exists

a4 O_n@, . _y. _

(10.34) g(k) lim (1°-F (nj k.en._k(l))),

- j+e J

for every k > 0. Substituting s = F(nj-l:en -1(2)) in (5.17),we have
j .

a a .
(10.35) 1°-F (nj.enj_l(k))

a a . ' (!_ 03 -1 .
= ‘Ma‘Ma‘F‘“j'l-enj-l‘“’”‘1 F® (n, 1'enj—1‘””

Q_o . E_vB(n 1.
+ é%;(MB-MB(F(nj—l.enj_l(l))))(l F (ny 1.enj_l(x))).

By (10.23) and (10.33) we get

N . S . S - a
T - a = a - a C!_ a C!
a Q_ (1 a
ga- VQMG (1 E(l))i(l)-



. a,,a .a a - ;
Therefore vuMQ(l 5(1))5(1) = 0 and hence

a,,a .0 . a _
(10.38) MQ(l -g(l))g(l) = 0,
Hence

o S« B =
(10.39) 5(0) =M E(l) a v E(l)

Similarly we have

a
(10.40) E(l) Me 5(2) a v 5(2)

Repeating this argument we obtain

a  _ a, k. _a ‘ a k

(10.41) @) T M) ey @ T Vobkeny

Then,by (3.3),it follows that

o]

- (10.42) = au .

a
Y

If a > 0,then E?l) > 0. But since C  is a critical class we have
m;(la-g?l)) > 0 for some i,jelca. This contradicts to (10.38).

Ne xt we shall show (10.28). By (10.27) and (10.32),

lim nva(F (n+1: e, (A))-F (n+l: e, 1(A))) = 0. Therefore by (10.23),

n+w

(10.43) lim n“cn
n-+o
= T v CMZ = w () MrEyY
eda & . viy)=v(R)+1 Y v
v{(g)=v(a) p. =1
y
+ > FKogvr o ;2Mgu8
v (B)=v (a)+1 @ :

pB-l



-
,

= Z Kogv (S 7 P alweY & phupB) 8
v(B)=v(a)+1 B @ giy<a A 2 a g é
Pg=1 v(B,y)=v(B,a)=1
k a. B kK, .2
= 2 Yo (A)v M* u” = B ¢ (\)°,
v(B)=v(a)+l 8 a B a’a
OB=1

where the third equality follows from (3.13) and the last equality is
due to the definition (10.6) and (10.7) for wt(k). Hence we have

proved (10.28).

By (10.26),(10.27) and (10.28) we have lim n"a_ = lim n'a

n-+« n-+o

n+l

= 1im {n¥a (1- TSR, kiyy2  onj
lim {n an(l anbn) + n cn} lim n a_ + Bawa(x) . This means that

N+ n-+
lim n"a_ = =. Therefore by (10.23) we see that
N+ ’ .

IB-FB(n:en(A))
lim = 0 for any B{ a. Then,as. in the latter half

n>e va(lu—F“(n:en(A)))

of the proof of Lemma 6.1,we obtain (10.30). Therefore lim bn =B,>0

ne+w
by definition of bn'
For the proof of Lemma 10.2 we remark that as in Lemma 9.1,for

any 8 £ «a,

] P .
(10:44) P i[((Zj(n)) 0] F Kn.e(lo)). ie€cC

e

: ) '
jec, 64B €A, 8

where e()) = (exp(—kl))lgiéd and Ao is defined by

o if i€C_,Y€RA ,
(10.45) AY = Y x
0 if iec .,v{a,.

Then the proof of Lemma 10.2 is the same as that of Lemma 10.1.
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11. Examples

In the first three examples,the mean matrix is assumed to have

the form

(11.1) M= . .

" Then it is easy to see that

(11.2) c. = {i}, p. =1,

1 i
(11.3) 1{29---{a,
i-j+1 if i > j,
(11.4) v(j, i) = 2
) { -1 if i < 3,
“and
(i-%i? if i 2 3,
(11.5) m*% = lim n‘V(j:i)+1m%,(n) = '
J n-o J

0o if i< 3.

Let f(s) be a cne-dimensional generating function such that

(11.6) £'(1) = 1,£''(1) = 2B > 0.
" Recall that s, denotes the d-dimensional vectors;s = (sl)l<i<d
et ==Y
i _ i i
0 <s <1 and A = (X )l;i;d’ 2 0.

EXAMPLE 1. Let F'(s) = £(s1),F'(s) = s° T£(s7),2 ¢ i g d-1

and Fd(s) = sd—lsd. Then Ci (i < d-1) is a critical class and}Cd‘is
a final class. We have a, . = 1 b, . 0= ——l———. By Theorem 2.1,

13 @-3-nr o P degn
we get



70

i . s .
(11.7) v (£,1) = lim n(1-E ;lexp(- ¥ n 73703z cmeyn )y,
n-—+o e j:l J

and wi(t,x) is the solution of

i-1 j .
i“#‘i(t,l) = -B¢'i(t,k)2 + ‘_‘A_— tl J 1:
(11.8) dt i=1 (i-j-1)!

v (0,0 =%,

for i < 4-1.
It is easy to see'that"u_!i = Yy Then by Theorem 2.3 we obtain:
1 d

i, - _ V=2
Mz ()] = expl go Vgoq (ti1)aE)E " .

j-da

d
n

(11.9) lim E d[exp(-.—
e

. D j=1
This is already given in [2]) with the different formulaticn.

In case it is necessary to distinguish vy for various d’s,we

shall write wd i i=1,2,°°-.
14

If @ = 2 or 3,we can solve (11.8) explicitly for i = d-1;if

d=2,
1
(11.10) . L (t,A) = ,
2,1 1+tBAT
. P
(11.11) lim E 2[exp(-n"xlzl(n)-xzzz(n))] = (r+maly Be™,
n—+wo e

and if 4 = 3, .
[ j'éxzcoshdsxlt)«»/;sinh(,,é—;lt)
(11.12) W3’2(t.k) = [ -

B /Bx%sinh( B)\lt)+/;lcosh( BAte)

14
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3 . .
(11.13) lim E lexp(- 2 nd™ 323z (n))]
n+e e . j=1 J -

1

15

= (cosh(JBAl) + Az/ETsinh( Bal)) Be A7,
Tl

Let a; 20,1 <1ig<d-1and A 2 0. By substituting Aj = (d—j-Z)!ajA,

(5 £ d-2),2% = a,_ 2,29 = 0 in (11.8) for i = 4-1 and (11.9),we have
a2 4 | .
(11.18) x];iz Eed[exp(—xgi n (d-3-2) !ajzj_(n)-kn 23-125-1 ()]
l S
= exp(- S bg-q (trA)AL),
| 0

‘where’?d_l(t,x) is the solution of

~r lad : d—2 S
| gt = =By, L (t,0% + X at9797,
dt j=1 J
(11.15) . |
¥a_p(0.2) = ag o).

If a; = 0,1 < i < d-2, then (11.14)‘is the Laplace transform of a

gamma distribution. If d 2 3 and a; > 0 for some 1 £ i g d-2,then

(11.14) is the Laplace transform of an infinitely divisible distribution
with a smooth dehsity (see [10])}). A class of ordiﬂéry differential
equations closely related to the infinitely divisible distributions

is given in [11].

EXAMPLE 2. Let Fl(s) =fs),Fl(s) = s*71£(s1),2 < i < @-2, and

Fl(s) = sl-lsl, i=4d4-1,d4. In this case,ci (i < d-2) is critical and

C; (i = d-1,d) is final. By Theorem 2.1 we have



d-1

' (11.16) Vo . (t,A) = lim n(1-E 4_,lexp(- X 0793z, ((ntIN])
d-1 d-1 <= 3 _
n-+e e J=1
where wd—l is the solution of
a-2 3 s : _
g (tn) = = —2 @372y (0,2 = 2972
dt j=1 (d-3j-2)!
i.e., N
a-1 j s
V- (e,0) = = A 47371
‘ i=1 (d-j-1)!
Hence by Theorem 2.3,
| a ... a .3
(11.17) lim E 4lexp(- Z nJ 43z ()] = exp(-3 —2 ).
. j . .
n+*= e I=1 _ j=1 (d-3)!

This is the Laplace transform of a delta measure.

EXAMPLE 3. Let rl(s) = £(sh),Fr(s) = s¥7e(s?),2 < i < a.

“Then all the classes are critical. By Theorem 2.4 we have

d L
(11.18) lim B glexp(-3 n 93713z (n)) |z (n)%0)
n+e e ]=l J
= B3 (1,3)-¥4(1,2)),

where wd is the solution of

1,3

. d- .
| &y (e0) = =By (e,07 4 3= — 24737,
(11.19) dt j=1 (d-3j-1)!

_.d
wd(ol)\) - A 14

and

72

14
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bg(t2) = Lim ¥y (e,

AT

This is already shown in [2] by a different formulation. If @ = 1 or

2,then we can

(11.21)

(11.22)

and if d = 2,

solve (11.19) explicitly:;if 4 = 1,

1
= A = = 1
wl,l(t'l) - [ 4 \Pl'l(t:)\) = ’

1+tBAl tB

lim E ;lexp(-A1z () |2, (m%0] = +m’)72,
1T

no-«©

Al fgkzcosh(ngit)+]gisinh( Bklt)

1] (t,2) = ,
2,2
1 1
2 cosh(/BA™t)
1"2 2(t A) B—- p
sinh ((BA7t)
. -2,1,; ' -1,2
(11.24) iif Eezlexp( n" ‘A"z, (n)=n" 2z, (n)) |2, (n) 0]
j—(cosh(,/é‘) /5)\ cosh((g l)+fsinh( Bll)
Slnh(qg ! JEX251nh( BA )+j;ic05h( BAl)
Letting k > 2,we apply Theorem 10.1. In this case, v(a) = k is

valid only for

(11.25)

a = d-k+1. Hence.

-1

b, =B 7,

DJ?G‘

-k+1

Yaoxs1 ) = Vaopay (1e2) = ¥ pyy (12D

;klm - - = ®
‘Ld-k""l(k) “Ld—k+1(l')‘) wd_k+l(lpl):
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where wd;k+l(t,k) and w;_k+l(t,1) are given by

d-k j .
d , - _ 2 A d-k-j
dtva-x+1 (BrA) = “Byg gy (B.0)7 4 fzi (@-k-3) ¢ ¢ '
(11.26) | : _
¢'d-k+1(o')‘) = Ad k+l’
Ve . (E,2) = lim Ve vaq (E,A).
d-k+1 kel d-k+1
Recurrence formula (10.7) is given by .
(11.27) R, (x.:j< i) = (B™1x. .)
. it*57 . i1’ .
It then follows that
d-k+1 . . d .
(11.28) lim E glexp(- 3= n d+k+3.2x3zj(n)-‘23 n 1x3zj(n))| N

nre e - 3=1 j=d-k

(Zj(“))d-k+1;j§a*°]

© 2-k+l 2‘k+l
(de"k"‘l (ll)\)) (B\L’d_k+l(l,)\)) .
If k = d,then vu. (t,}) = 5 and vT(t,A) = 1
= d,then vy it.4) = /7 vy lty .

1+tBA tB
Therefore we have

d .
lim E g4lexp(- 2 n lAsz(n))I(Zj(n))lsjsd*O]
n+e e j=1 =-=

1-d

1 2 »
=l-l————1- N
( 1+BA )

The case of d = 2 is already given in [5].



We shall give an example such that C

EXAMPLE 4. Let Fl(s) = f(sl).Fz(s)
l»f(sz)s3 + lf(sl)s4 and F4(S) = lf(sl)s3_
2 2 4
matrix is ,

71000
1100
(11.29) M= 1111 |
222 2
1313
4 4 4 4

It is easy to‘see that

(11.30) = {2},C3 ={3,41},
(11.31) 1{ 243,
7 , ' a-f+1  if « i B,
| -1 if o { 8,
and by Theorem 3.1,
1 000
1100
(11.33) M* = 1212 |.
3 333
1212
33 33
Obviously} Cl,C2 are critical and C3 is £
= ~2 =
that a1 b2,1 =< l. By Theorem 2.1
(11.34) wz(t,l) = lim n(l-E 2[exp(-

n+e e

75

is a final class with $C._>1.

N N

slf(sz),F3(s)

+ g-f(sz)s4. Then the mean
4

inal. It follows from- (11.33)
we get

2 . .
3-3,3
n” “A-z.([nt]))])
) )
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and ?é is the solution of
Loyt = =By, (e, + 2%, g0, =%,
dt

i.e.,

L PBr2cosh éklt)+jgisinh( Bale)
B foaZsinn(Jeatt)+ hlcosh (Bale)

Therefore,by Theorem 2.3,we have

(11.35) TNCRY

(11.36) lim E i[exp(-n"lezl(n)-n'lxzzz(n)-x3z3(n)-x4z4(n))]
n+e e
1 o 3 4
= exp(- _2_(, v, (t,2)dt) Le™r 4 22,
3)0 3 3
2
TS S

{e +2e ),

%(cosh( Bty + Az'(TB—Isinh( Baly)
A

for i = 3,4.

Finally we shall'give an example such that {Cl”"'CN} is not

linearly ordered.

EXAMPLE 5. Let F'(s) ={s',F%(s) = s's?,F () = s'£(s”) and

F4(8) = 828354. Then

(11.37) c, = {i}, p; =1,

(11.38) 1{2{4, 1{3{4 and neither 2{ 3 nor 3{ 2,
(11.39) v(4) = 1, v(3) = v(2) = 2, v(l) = 3.

In this case,Cl and C3 are critical and C2 and C4 are final. By

Theorem 2.1 we have
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2 1

(11.40) lim n(1-E ; [exp(-n" Aizi([nt]))])

Alzl((nt])-n‘
n+e e

= wi(tll)l is= 2,3,

where wz and w3 are the solutions of

d 1 2

(11.41) T Vot =27, y,00,1) = 2%
(11.42) vyt = =By e, 02 4 At yoo,n =23,
l_.e. ’
vy (t,0) = tat + a2,
byt - L Fr3cosh ([erte)+ ©lsinn(fmale) .

B JEABSinh( Bllty+];icosh( BAlt)

Therefore,by Theorem 2.3, we obtain

. -2,1 _.-1,2 _-1,3 14
iiz Ee4[exp(-n A zl(n) n A zz(n) n A ZB(n) A z4(n))]
1l 1l 4
= exp(- g ¥, (t,A)dt) exp (- g ¥y (t,M)dt)exp(-1")
0 0]

1
exp (- 321-22-2%) (cosh ( BA1)+A3[§I'sinh(JBA1)) B
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