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ON THE LIMIT DISTRIBUTIONS -oF DECOMPOSABLE 

GALTON-WATSON PROCESSES WITH THE 

PERRON-FROBENIUS ROOT 1 

SADAO SUGITANI 

(Received 

1. - Introduction 

1 

We consider a .. :- decomposable Gal ton-Watson process (GW process, 

for short) which contains no supercritical class and at least one 

critical or final class,that is, such a process for which the mean 

rr~trix has the Perron-Frobenius root p = 1. The principal object· . of 

the present paper is to prove several limit theorems for the most 

general decomposable GW processes with p = 1 and,arnong others,give a 

new characterization of the limit distributions. Some of the main 

·results were announced in [9]. 

Let us begin with the classification of multitype GW processes. 

i 
be ad-type GVl process and M = (m')l<i '<d' 

J = ,J= 

its mean matrix.Type j is said. to be accessible from type i if m~,(n), 

-the (i,j) component of Mn,is positive for some n ~ o. This relation 

I'is written as i ~ j. If i -* j and j ~ i,then-i a?d j are said to 
'. ' 

cornmunfcate with each other. This relation is written as i ~ j. 

Since +~ is an equivalence relation,we can decompose the set of types 

{1,2,··· ,d} into the equivalence classes cl ,c2 ,···,CN• Accessibility 

is a class property, i. e. , if i - j for some if Ca and j ~ Ce, then 

i' - j' for all i' e Ca and j' t- CS. The relation Ca-CS is simply 

written as B i a ( Bla if S ~ a) and accessibility thus induces a 



,-' 

l_' 
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partial order on the classes cl ,c
2
,···,cN. The process Zen) is said 

to be indecomposable (resp.decomposable) if N = 1 (resp.N ~ 2). 

i = (m.) .~C ·~C. Then,by definition,each Ma is irreducible. 
J ~ a') e a 

As in most of the references we assume that each Ma is positively 
a 

regular,i.e.,irreducible and aperiodic. We denote,by p ,the maximal 
, a 

eigenvalue of Ma. The class C is said to be supercritical if 
a a -

p > 1 and subcritical if p < 1. When Pa = 1,C is said to be final a a a 
(resp. cri tical) if the generating function Fi (s) , i E- C , are linear 

a 

with respect to si,if Ca (resp.otherwise). 

The limit theorems for decomposable Grl processes with p = 

max {Pl,P2,···,PN} = 1 have been studied by several authors.The central 

problems for such processes ~re concerned with the limit distributions 

of random vectors of the form 

(1.1) 
Zs(n) 

{ i8 = 1,···,N/E }, n 

where ZS(n) = (Zi(n»i€C ,1 ~ 8 ~ N,are the subvectors of Zen) on CS' 
8 

En is a conditioning on Zen) and aa(n),l ~ S ~ N,are certain 

normalizing sequences. Let e i = (O,··,O,l,O,··,O),where the i'th 

component is 1 and the others are O,and let P i be the measure of the 
e 

process such that P i[Z(O) = e i ] = 1. Consider the process starting 
e 

at Z(O) i , i E. C Unless B i a,ZS(n) = 0 for every n > o. Therefore, = e . a = 

without loss of generality,we may assume that 

(1. 2) Z (0) i . .. e , ~ ~ CN' and S { N for any S , N. 
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We now list some of those results obtained in the references. 

Provisiona11y,lim X(n) means the limit of random vectors X(n) in 
n~cc 

distribution. First we state two unconditioned limit theorems. 

[A] (Po1in [6).N = 2 and 1 ~ 2 with Cl a critical class and 

-1 C2 a final class. In this case 1im (n Zl(n)'Z2(n» exists and its 
n~a:> 

components are independent. The limit distribution is given explicitly. 

[B) (Foster and Ney (2). {Cl,···,CN} is linearly ordered; 

1 ~ 2 { ••• ~ N. CNote that the order is converse with that of [2].) 
~ 

Ca is critical for a ~ Nand CN is a one-type final class. Under these 

a~sumptions,lim {n-N+1Zl(n), ••• ,n-1ZN_l(n)'ZN(n)} is non-degenerate. 
n-+a:> L exists a "d 

The Laplace transform of the limit distributions is characterized by 

means of ~ome semi-linear partial differential equation. 

Next we state' _ two conditioned limit theorems. 

[Cl (Foster and Ney [2J). As before, 1 ~ 2 ~ ••• iN. Every Ca 

is' critical. In this case, the non;"degenerate limit of 

-N -1 I . {n Zl(n),·.·,n ZN(n) ZN(n) + O} exists and the limit distributions 

are qharacterizec in a way similar to that in [B].:. 

[DJ (Ogura [5]). {Cl,···,CN} contains no final class but may 

not be linearly ordered. Under this assumption, 

lim {n-lzl(n), ••• ,n-lzN(n) IZ(n) ~ O} exists and the lL~it distribution 
n-+cc 

is determined by some recurrence formula with respect to the partial 

order \ • In this case,however,the support of the limit distributions 

are relatively small. 
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We extend all the above results to the most general GW processes 

with p = 1. Theorem 2.3 contains [A] and [B]. Theorem 2.4 contains [C) 

and,together with Theorem 2.5,solves [C) and [D] (and bridges them). 

The characterization of the limit distributions in Theorem 2.3 to 

Theorem 2.5 seems to be ne,,' (see [E1 belo,,"') and the recurrence formula 

in Theorem 10.1 is simpler than that in [5]. 

All the main results of this paper heavily depend on Theorem 2.1 

which we shall call the fundamental limit theorem. Unlike the limit 

theorems mentioned above,this theorem and Theorem 2.2 are concerned 

with the limit of random vectors of the form 

(1. 3) { 
YS(n) 

; 1 ~ S ~ N I En }, 
as(n) 

where yen) is the sum of n-independent copies of Z(n)'YS(n) is the 

subvectors of Yen) on Cs and En is a conditioning on Yen). In the 

simplest case,Theorem 2.1 and 2.2 are specialized as follows; 

[E1 As in [B],l< 2~ ••• ~ N. Every Ca is critical or final,i.e., 

Pa = 1 for a= 1,2,···,N. Then,for every t > O,the limit of 

(1.4) 

L' is non-degenerate. The logarithmic Laplace transform W(t,A) of the 
. . . ~ 

limit- distribution of (1.4) is the solution of a first order ordinary 

differential equation in t having A as a parameter. Moreover if CN 

is critical,a similar result is valid for the conditioned limit of 

The main results are summarized in section 2. Their proofs are 

given in section 6 to 9. The basic tools in the proof of Theor~~ 2.1 
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and 2.3 are the expansion formulas on generating function and an 

exponential 'formula on infinite products of matrices which are close 

to the mean matrix. This exponential formula will be proved in section 

4. Standard expansion formulas are given in section 5 and a special 

expansion formula at a final class,in section S.The normalized limit 

M* of_products of the mean matrix which is introduced in section 3 is 

useful for the characterization of limit distributions. Some part in 

the proof of the limit theorems was much simplified by making use of 

general ~esults on logarithmic Lap1ace transform. This was suggested 

by T.Watanabe. Above all,Lemma 7.2 and its application to conditioned 

limit theorems are due to him. (The original proof by the author was 

rather complicated.) In section 10 we shall extend Theorem 2.4 and 

'-2.5 by the method of Ogura [5]. Finally a few examples will be given 

in section 11. 

Ack..T'lowledgements. I W ol4ld like to express my sincere thanks to 

Professor T.Watanabe for his valuable advices in the course of 

completing this work. Some of his contributions have been mentioned 

"previously. Most of theresul ts were improved by his advices. Especially 

he pointed out the fundamental ~ole of Theorem 2.1 whose original 

L' version was Lemma S.l(i) and which I had taken as an auxiliary 

resu:l t for the proof of Theorem 2.3, and suggested" 'the author to reduce 

all the other limit theorems to Theorem 2.1. The probabilistic 

interpretation of Theorem 2.1 is also due to him. 



2. The main results 

The process we consider in this paper is the following; 

(A.l) For each n,Ma is positively regular, 
a 

6 

(A.2) P = max {Pl,···,PN} = l,that is,there is at least one critical 

(A.3) 

or final class, 

For each critical class C , 
a 

(A.4) a < N for ~very a \= N. 

L:. E l.' [Z . (1) Zk (1) ] 
. . kfC J l.,J, e 

a 

< ~, 

Assumption (A.4) is no essential restriction for our purpose as was 

mentioned previously. We do not impose any further assumption besides 

Theorem 2.5 and 10.1. 

We define the degree of relationship v(B,a) between classes C 
a 

(2.1) v(e,a) 

[max t{i;p 
~ t B=0.1 {0.2{ 00 o{ o.k =0. 0. i 

-1 

= I} if B -< a, 

otherwise, 

and 

(2.2) veal = v(a,N). 

Since each-Ma is positively regular,there exist~ uniquely a positive 
a 

row vector v 
a 

such that 

(2.3) v Ma 
a a 

If Pa = l,we. 

(2.4) 

and a positive column ve~~or u a 

a a u a and L i 2: v. = pava ' M u =: Pa 
u v. =: 

a HC l. HC l-

a a 

define 

1 ~ . k = - '-- v.E .[Z.(l)Zk(l) - 0J',kZk(l)]uJu • 
2' 'kC l. l. J l.,J, f a e 

= 1. 

In section 3,we shall show the following fact (see Theorem 3.l);for 



each i~ C and jf Cs there exists a , 

(2.5) lim -v(B,a)+l i, (n) = .i n m. m ., 
n+cc J J 

and m*~ > 0 if v(B,a} ~ 1. We define for S ~ a, 

(2.6) 

(2.7) 

(2.8) 

Let 

a . 
a,] 

b . a,] 

i c = 
S 

= (v(S,a)-I) 1: v.m*~ 
iE C ~ J 

a 

= z:: v.m*~ 
if C ~ J 

a 

~ m*~uj 
j 6 CB ] 

i E- C • a 

A = (Ai) . denote a vector in R
d+. 

l~i~d 

Theorem 2.1. (Fundamental limit theorem). 
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Let C be a critical or final class and i~ C • Then we have a a 

(2.9) lim n(l-E ; [exp(- L ~ n-v(S,a)AjZ. ([nt]»]) = 
n-+cc e'" S .( a . ~ C ] = J S 

where 1J.o (t,A) is the solution of a 

t > 0, 

i 
1J.o (t,A)U , a 

{ 

£-. 1l! (t,).) = -B 1J.o (t,A)2 + r L a .).jt\l(B,a)-2, 
(2.10) dt a a a v(S,a)~2j( Cs a,) 

lP (O,A) = ~ L b .A j • 
a v(S,a)=l jf. CB a,) 

,.~pC-1Pa{t,A» is the Laplace transform of an infihitely divisible 

distribution. 

Theorem 2.2. Let C be a critical class and if C . Then we have a a 

C2.ll) 

Cl) i 
C lP (t,A)U , 

a 
t > 0, 
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(2.12) lim nE i[l-exp(- ~ '~C n-V(S/Q».jz), ([nt]);(zJ,([nt]»J',c =0) 
n~~ e B~Q )E B Q 

i = n (t,).)u I 
a t > 0, 

I where 

(2.13) 
CD 

ljJ (t,).) = 
Q 

limw (t,).), , a 
).J .. = 
j'Co( 

and n (t,).) is the 
a solution of 

d -n (t,A) = 
dt Q 

-B n (t,A)2 - 2n et,A) 
a. Q t Q (2.14) 

+ L 
\1 (B,ed > 2 

n (O,A) = o. 
Q 

co 
The relations of W ,wand n are given by a a a 
(2.15) w et,A) > n (t,).), a = a 

(2.16) wCZ)(t , )') = (tB )-1 + n (t,).), 
a. a a 

(2.17) tB ( d. co (t , A ) -* ( t ,A» = 1 - tB ( ,h ( t , A ) - n (t , A ) } a ~o..o. a ~o. a 

= exp ( - B (t (1l: ( s , A ) + n ( 5 , A » d s) • 
a J 0 a a 

exp(-~ (t,).» is the Laplace transform of an infinitely divisible 
" a 

distribution. 
" ... f 

, 
With the help of the above theorems we can obtain the limit 

theorems for the process Z (n) with Z (0) = e i , i E CN' under certain 

normalization which dependsTon the degree of relationship v(S) for 

each class CS. We first give an unconditioned limit theorem when eN 

is a final class. 
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Theorem 2.3. Let C
N 

be a final class. Set 0(1) ={ i E Ca; v(a) 

~ 2},D(2} = {i~ Ca;v(a) = 1} and di = tD(i),i = 1,2. Then,for each 

i , CN, there exists 

(2.19) 
N 

1 im E i [exp (- r L n -v ( 6 ) + 1 A j Z . (n»] = G O.} : 
n ..... CZI e Q=l . E C J ~ J B 

the limit is independent of i. G(A) can be decomposed as follows: 

(2.19) 

(2.20 ) i 
G 2 (A) = G 2 ( (A ) i, D ( 2) ) , 

(2.21) Tf Gl a CA) • 
v(a)=l ' 
p =1 

a d 2 G
2

(A) is the Laplace transform of a probability measure on z+ • 

Each Gl,~(A) is the Laplace transform of an infinitely divisible 

d l distribution on R+ and can be expressed as follows: 

(2.22) 

where 

(2.23) 

L and ~ is the solution of 
a 

(2.24) 

+ L 
v(S,a) > 2 

= 
v(S,a)+v(a)=v(B)+l 

ljIa(O,A) = L L 
v(B,a) - 1 j*: C 
1I ({J,~) H(tll~Y{{l}+I B 

~ ,jtv (B,a)-2 a 0/\ , 

0E-C a,) 
) B 



10 

We next give two conditioned limit theorems according as CN is 

critical or subcritical. 

Theorem 2.4. Let eN be a critical class and i~ CN. Then we have 

N 
(2.25) lim E i[exp(-I: ~ n-VCS)AjzJ,(n»·ICzJ,(n»J'/C; 0) = HC)');· 

n .... = e 5=1 J E CB 01:: N 

the limit is independent of i. HCA) is the Laplace transform of an 

infinitely divisible distribution on Rd and can be represented as + 

follows; 

(2.26) H(A) 

Theorem 2.5. Let CN be a subcritical class and i~CN' Set 

'( 2.27) Al = { ai v(a) = 0 or v(a) = 1,Pa = l}. 

Assume that the set Al has no final class. Then we have 

N 
lim E i [exp (- L l:: n-v (13) A jz . (n»)1 «Z . en». C ) SEA It: 0] 
n-'= e 13=1 j ,=,C J J J~ B 1 

(2.28) 

=H.().). 
~ 

13 

Hi ().) is the Laplace transform of a probability measure on R~ and 

can be represented as follows; 

(2.29') (L 
v(a)=l 
P .. 1 

a 

where ~ (t,~) is the solution of (2.24) and 
a. 

(2.30) 

-\11 (l,A», 
a 



-.co 

~a(t'A) is represented as follows; 

(2.31) 

where n (t,A) is the solution of a 

d -- n (t,A) 
dt a 

- 2 = -B n (t,A) a a 

+ L. 
v(B,a)~2 

~ n (t,A) 
t a 

v(S,a)+v(a)=v(S)+l 

n (O,A) = o. 
. 0 

11 
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3. The normalized limit M* of products of the mean matrix 

Let M = (m~)l<i '<d be the mean matrix. Let Mn = (m~' (n» and 
J = ,J= J 

(_-11)a ... ( i, (n». h (_-11 a _ a n 
M B m. '~C ·~C· T en M) - (Ma) • In this section we 

J ~ a,J 6 a 

,. study the asymptotic behavior of ~n. The following lemma is well kno~~ 

L' 

(see [7]). 

Lemma 3.1. a 
Let Ma be a.positively regular matrix. Then there· 

exists uniquely a positive row vector va = 

colurnn vector u a 

(3.1) 

Set 

(3.2) 

Then we have 

i 
= (u ) i ~ Ca such that 

a 
p u 

a and 

i 
= (u v.). . L C 

J ~,J, Cl 

(v.) . LC and a positive 
~ ~ .. a 

--;- i 
'-- u v. = 2:: v. = 1. 

i € Ca ~ if C ~ 
a 

(3.3) for some 0 < p < p • 
Cl 

a 
The mean matrix M = (MB)l~a,B~N satisfies the condition that 

M~ = 0 unless B ~ Cl. If L = (L~) also satisfies the same condition, 

then 

(3. 4) Cl 
(LM) B 

N 
... L 

'Y=l 

From ~~is we have 

(3.5) 

(3. 6) 

(Mn)~ = 0 unless B i a, 

(Mn ) Cl.. L: (~-l) aM'Y = 
B S<'Y~a 'Y B 

lE .. 

A more useful form is this; 

'. - .' 

for S < a. ... 
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n-1 
2::. {Ma )kMa CMn-k-1)y (3.7 ) (Mn ) a z: L 6 k=O S~y<a a y S 

n-1 
(Ma) n-k-1Ma CMk) y = r L 

k=O s~y~ a a Y B 
1""'"""1 

if S<a and n > 1. 
z: 

Theorem 3.1. Let B ~ a. Then the following statements are valid; 

(i) If V{S,a) = O,then there exists 0 < p < 1 such that 

(3.B) . .n a n 
CM ) e= 0 (p ), 

and hence 

Cl:) 

(3.9) o < L: (~) ~ < Cl:) • 

n=O 

(ii) If V(S,a) > 1,then there exists a finite M*~ > 0 such 

that 

(3.10) 

(iii) Let p = 1; if v(S,a) = 1 and si a, a 
Cl:) 

L paMa (Mk) y . M*a = L S k=O S~y~a 
a y S' 

(3.11) 

an~ if v(B,a) ~ 2, 

(3.12) M*~ = (v(S,a)-I)-1 
.. ' 

v(6,y) = v(S,a)-l 

(iv) If Pa < 1 and veS,a) > 1, 
= 

M*a = 2::. (I-Ma )-lMaM .. 
y . e B~y<a a y S 

(3.13) 

v(S,y) .. v(S,a) 

Remark. 
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Proof'. We shall prove this theorem by induction with respect 

to the partial order <. First we shall show (i). If a is a minimal 

element,then p < 1 and a = S. In this case,(3.8) is clear by Lemma 3.1. a 

We have to show (3.8) assuming that (~)~ = O(pn) for any 6 ~ y<a 

with v(S,y) = O. But by (3.7) we have 

(~)a 
B 

n-l k n-k-l = 0 (z:. pp) = 0 (pn) , 
k=O a 

where max(p ,p) < p < 1. Positivity of (3.9) follows from the a 

definition of the partial order {. 

Next we shall show (ii),(iii) and (iv) simultaneously. If a is 

a minimal element, then Pa =.1 and B = a. (3.10) is clear by Lemma 3.1. 

For general a,we have to show (3.10) assuming that 

= M*~ > 0 for any B ~ y~ a with v(6,Y) > 1. If p = 1 and v(S,a) = 1, = a 

then v(B,y) = o for any B 1 y < a • By (3.7),(3.8) and Lemma 3.l,we 

have 
CIO 

paMa(Mk)Y. lim (~)~= ~ L: 
n-+-CIO k=O Biy ~ a 

a y S 

This proves (3.11). Positivity follows from (3.9},P~ > 0 and M~ ~ 0 

for some B ~ y < a If Pa = 1 and v(S,a) 

v(S,y) + 1. Then by (3.7) we have 

lim n-v(B,a)+l(~)a 
n-+- CIO S 

> 2,then v(S,a) = 
= 

.•. ! 



n-l 
=lim -L-

k=O 

= (\lCE,a)-l)-l 

eiy~a 

\I{S,y)=\I(S,a)-l 

\I(8,Y)=\I(8,a)-1 

15 

which proves (3.12). Positivity follows from P~ > O,M*X > 0 and M~ ~ 0 

for some S ~ Y{ a with \I(S,y) = \I(8,a) - 1. If p < 1 and \I(6,a) > 1, 
a = 

then \I(S,a) = max \I(6,y). By (3.7) we have 
6~ Y, a 

n-l 
(Ma)kMan-\l(S,a)+l(~-k-l)Y ., = lim ~ r 

n-+co k=O e~y~ a a y S 

n-l 
L- Cl ~Cl(n-k-ll(e'Cl)-l y = lim r (Ma) y M*S 

n+co k=O B~y<a n 

HIl,Y)=v(P',o() 

= 

\I(B,y)=\I(6,a) 

a -1 y \' This proves (3.13). Positivity follows from (I-Ma) > .O,M*6 > 0 and 

M~ • d for some 6 ~ y< a with \I(6,y) .. \I(6,a). 
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4. Infinite products of matrices close to the mean matrix 

In this section we shall establish some general results on infinite 

products of matrices close to the mean matrix. The exponential formula 

(4.12) or,more generally, (4.26) is a basic tool for the proof of 

Theorem 2.3 and has its own interest. For any sequence {Men)} 0 of 
n~ 

matrices and n ~ m,we make the following convention; 

(4.1) 
n 

TT M (k) = 
k=m 

n-m 
iT M (n-k) 
k=O 

m-I 

= M(n)M(n-l)···M(m). 

We shall also define 1lr M(k) = I (the identity matrix). 
k=m 

Lemma 4.1. Let Ma be a positively regular matrix with p = 1 a a 

and {a(n)}n~l ,a sequence of positive integers going to infinity. 

Assume that the matrices {M~(k,n)}O~k~a(n),n~l and {M~(k)}k~O satisfy 

the following conditions; 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

o < k < a(n),n > 1, 
= 

Cl) 

2:. M (k) < CID. 

k=O 
.•. ! 

Then there exists a row vector w~ such that 

a(n) 
(Ma-Ma(k,n» = 

a(n) 
(Ma_Ma (k) ) lim 11' lim TT 

k=O a a . k=O 
a a 

n"CID n .. a:> 

n 
(Ma_Ma (k» =lim 1T 

k=O a a n .. a:> 

a 
=u~w. a 

Proof. To be short we omit the suffix a. First we shall show the 



n-l 
last equality of (4.5). Set L e 1T (M-M(k» and c(k) = 

n k=O 

m { i ('\,) ( i ) -1 . . C i 0 }. Then b ( 4 4 ) ax m. h m. ; l., J ~ ,m. > y. we get 
J J a J 

(4.6) 
co 

L c(k) < ClD. 

k=O 

n+m-l 

17 

Since (l-c(k»M ~ M - MCk) < M,we have irr (l-c(k».~L < L + < ~ • 
k=n n m n = n 

Therefore by Lemma 3.1, 

co 

(4.7) IT 
k=n 

co 

(l-c (k) ) • (PL ) ~ 
n J 

< lim CL )~ < 
n J 

1iro CL )~ < 
n J 

i CPL ) .• 
n J 

Since lim TT (l-cCk» = 1 by (4.6) ,there exists Q = lim L • By C4.7) 
n+= k=n n~CIO n 

we get 0 = PO = (u ® v)Q = u ® vQ. Setting w = vQ,we have the last 

equality of (4.5). 

The second equality in (4.5) is obvious. 

The first equality of (4.5) follows from the following inequality; 

a(n) a(n) 
(4.8) 0 < TT (M-M(k,n» - TT (M-Mek» 

k=O k=O 

a{n) a(n) 
= ~ 11 

k=O .2.=k+l 

k-l 
CM-M (.2.) ). (M(k)-M(k,n»· TT (M-M(R-,n» 

.2.=0 

a(n) 
< L:: Ma(n)-k(M(k)-M(k,n»Mk , 

k=O 

because the last display goes to zero with n by assumption (4.4). 

Lemma 4.2. Let M~ be a positively regular matrix with Pa C 1 

and {a(n)} >1 ,a sequence of positive integers going to infinity. 
ne 

Assume that the matrices {M~(k,n)}O~k~a(n),n~l satisfy the following 

conditions; 
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(4.9) o ~ 
a < Ma M (k,n) 
a :0: a' 

(4.10) 1im v Ma(k,n)u a 0, max .., 
O<k<a (n) Cl a n+cc 

= = 

and there exists a finite limit 

a(n) 
VaM~(k,n)U a (4.11) lim L. = c (a) • 

n+cc k=O 

Then we have 

(4.12) 

Proof. 

(4.13 ) 

~. 

a(n) 
lim TT 
n+cc k=O 

As before we omit the suffix a. set 

a(n) 
Q(m,n) = n (M-M(k,n», q(m,n) = vQ(m,n}u. 

k=m 

To show (4.12),it suffices to prove the following two relations; 

Q (0 ,n) 
(4.14) lim = P = u ~ v, 

n+cc q(O,n) 

(4.15) lim q(O,n) = -c(a) e • 
n+cc 
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Since lim Mn = u ~ v > O,there exists a sequence of positive 
n+cc 

numbers {r } such that 
~' n 

(4.16) 

Set 15 = n 

(4.17) 

lint r = 0 and (l-r) u e v < ~ < (H-r ) u 0 v. n n:o: :0: n n+cc 

max max {m~(k,n) (m~)-l 
O<k<a (n) i, j ~ Ca J J 

:0: .., 

; m~ > O}. Then we have 
) 

(1-6 )M < M - M(k,n) < M, 0 < k < a(n), n > 1, n :0: .., :0: .., 

and by (4.10), 

(4.18) lint t5 - O. n n+CD 



" 
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First we shall prove (4.14). Let m be fixed arbitrarily and set 

a(n)-m 
R(m,n) = TT (M-M(k,n». By (4.16) and (4.17) we have 

k=m 

m m «1-0 ) (l-r )u ~ v)R{m,n) {(l-o ) (l-r )u ® v) n m . n m 

< Q(O,n) < «l+r )u ~ v)R(m,n) «l+r )u ca v). = = m m 

It then follows that 

(4.19) 

~ Q(O,n) < (l+r )2(vR(m,n)u)u ~ v, 
= m 

(4.20) 2 < q(O,n) < (l+r ) vR(m,n)u. 
== m 

Hence we get 

(1-0 ) 2m (l-r ) 2 
n m 

(l+r )2 
u ~ v < Q(O,n) < ____ .;.;.;m~ __ u ® v. 

= = 
(l+r )2 

m q(O,n) (l-o
n

)2m(1-rm) 2 

Then letting n -+ = and m ~ = ,we obtain (4.14). 

Next we shall prove (4.15). Set 

(4.21) u(k,n) == Q(k,n)u 
q(k,n) 

If we can show that 

- u. 

lim max max /ui(k,n) I 
n-+= O<k<a (n) i Eo C 

= == a 

..... ! 

== 0, 

then (4.15) is proved as follows. By (4.13) we have 

q(O,n) == q(l,n) - vM(O,n)Q(l,n)u 

(

·1 _ vM(O,n)Q(l,n)u ) 
= q(l,n) 

gO ,n~ 

K •••••••••••••••••••••••••••••• 



a(n)-l 
11: q (a (n) ,n) TT 

k=O 
(1 -

a(n)-l 

vM(k,n)Q(k+l,n}u 

g(k+l,n) 
) 

= (l-vM(a(n),n)u) TT (l-vM(k,n) (u+u(k+l,n»). 
k=O 
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Then by (4.22),log(1-r) = -r + o(r2
) and the assumptions of this 

lemma we obtain (4.15); 

lim log geO,n) 

a(n)-l 
= lim {log(l-vM(a(n),n)u) + 2:: log(l-vM(k,n) (u+u(k+l,ri»)} 
~~ ~o 

a{n)-l 
= lim {vM(a(n) ,n)u + ~ vM(k,n}u} 

n~~ k=O 

= -c(ex). 

It remains to prove (4.22). Let m be fixed and consider two cases; 

k < a{n) =. - m or k > a(n} - m. If k < a(n) - m,then by (4.16) and 
= 

(4.17) , 

(1-0 )m(l-r ) (u ® v)Q{k+m,n)u < 
n n 

Q(k,n)u < (l+r ) (u ~ v)Q(k+m,n)u. m 

Hence 

Then 

m . 
(I-On) (l-rm)q(k+m,n}u ~ Q(k,n)u ~ (l+rm)g(k+m,n)u, 

(1-0 )m(l_r )g(k+m,n) < g(k,n) < (l+r )g{k+m,n). n m 11: = m . 

(1-6 )m(l-r) Q(k,n}u n mu< ____ < 

l+r - g(k,n) = m 

l+r m 

. . . 

-------u, 
m (1-0 ) (l-r ) n m 

and therefore 

(4.23) k < a (n) -m, i f C • 
11: ex 



(~ 

L' 

If k > a(n) - m,then by (4.17) we get 

m (1-6 )a(n)-k+1Ma(n}-k+1u (1- 0 ) u < n n 

~ 
Q(k,n)u ~ Ma (n)-k+1u co u, 

(1- 0 ) m < q(k,n} < 1. n = 
Then 

m Q(k,n)u 1 (1- 6 ) u < < u, n = = (1-0 ) m q(k,n) n 

and therefore 

(4.24) i (- 1 rn] i lu (k,n) I < - (l-on) u, = (1-6)m 
n 

By (4.23) and (4.24) we get 

lim max max 
n ..... Q) O<k< a (n) i'" C 

a 

Letting m --+ Q) we obtain (4.22). 

Combining the above two 1emmas,we have 

k > a (n) -m, i ~ C • 
a 
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Lemma 4.3. Let Ma be a positively regular matrix with p = 1 a a 
and {a(n)},a sequence of positive integers going to infinity. Let 

{ a, (i) } a (2) 
Ma (k,n) O~k~a(n),n~l ,i = 1,2, and {Ma' . (k)}k~O be those 

. .. ,~ 

matrices satisfying the following conditions; 

{M~,(l) (k,n)}.satisfy the conditions in Lemma 4.2, {M~,(2) (k,n)} 

and {Ma, (2) (k)} satisfy the conditions in Lemma 4.1 and 
a 

(4.25) o < Maa' (1) (k,n) + M~' (2) (k,n) < Ma 0 < k < a(n) ,n > 1. 
a: ... c: a' a: co = 

Then we have 



(4.26) 

where 

a(n) 
lim IT (M~-M~' (1) (k,n)-M~' (2) (k,n») = e-c(a)uo® wa' 
n .... cx: k=O 
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(~ .(4.27) 
a (n) 

c (a) = lim L: 
n .... CZl k=O 

Ma,(l)(k ) a va a ,n u , 

L' 

(4.28) w a = v ·lim 
a n .... co 

n 
TT 
k=O 

Proof. As before we omit the suffix a. Let m be fixed arbitrarily 

and set 

M(l) (k,n) + M(2) (k,n), 

1 
M(k,n) = L(m,n) 

(4.29) 

a(n) 
Q (1) (m,n) Q(m,n) = IT (M-M(k,n» , = 

k=m 

Then we have 

(4.30) 

(4.31) 

By Lenuna 

(4.32) 

and by a 

(4.33) 

4.2, 

a(n) 
TT (M-M(k,n» = Q(m,n)L(m,n), 
k=O 

m-I 
lim L (m,n) = 11 (M-M (2) (k» • 
n .... = k=O 

lim Q (1) (m,n) = -c(a)p e , 
n .... CZl 

calculation similar to (4.8) , 

0 < Q (1) (m,n) - Q(m,n) = 
' . 

m-I 
= TI (M-M(k,n», 

k=O 

a(n) 
(M-M(1) (k,n». n 

k=m 

. . ' 
a(n) a(n) k-1 

= ~ TT {M-M(1,n»·M(2)(k,n)·n (M-M (1) (t,n» 
k=m l=k+l 1=m 

Hence 
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(4.34) -c(a}pi Iim i lim i e . > O. (m,n) > 0j{m,n) 
J J = n .... m n .. a:o 

e-c(a)p~ 
m 

(PM (2) (k)Mk- m) ~. > - L.. =- J J k=m 
m 

Since lim ~ M(2) (k) = O,it follows from (4.31) and (4.34) that 
n .... m ken 

a(n) 
lim n (M-M(k,n) ) = lim lim O(m,n)L(m,n) 
n .... m k=O m .... co n .... co 

n 
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= -c(a)p l' e • ~ IT (M-M (2) (k» = -c(a) e - u ® w. 
n .... m k=O 

Finally we shall generalize Theorem 3.1. This lemma will be 

often used in later sections. 

'. Lemma 4.4. Let a be fixed and {a(n}},a sequence of positive 

integers going to infinity. Assume that {M(k,n}}O~k~a(n),n~l satisfy 

(4.35) o ~ M~(k,n) < MS for any S ,y ia and 0 < k ~ a(n),n > 1, 
= Y 

(4.36) lim max m~(k,n) = 0 for any i,jG-UC, 
n .... co O~k~a(n) J Yia Y 

(4.37) 
a(n) 

Y for any y i a lim L:. My(k,n) = 0 with Py = l. 
n-+co k=D 

Then,for any y ~ S { a,the following statements are valid. = = 
'(i) If v(y,S) a: O,then 

(4.38) 
m S (~+l) B lim If (M-M(k,n) ) = , m > 0, 

n .... m k=O y Y 

(4.39) 
a(n) k-l m 

(Mk) e . lim L TT (M-M (.t ,n) ) S = L 
n ... m k=O 1-0 Y k=O Y 

(ii) If vCy,S) > l,then .. 
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(4.40) S a{n) 
lire a(n)-V(Y, )+l(n (M-M(k,n»)~ = M .. B• 
n-"CD k-= 0 I Y 

Proof. (4.38) is obvious and (4.39) follows from (3.8),(4.38) 

r-and the dominated convergence theorem. We next prove (4.40). In fact 

we shall show the following relation by induction;if v(y,B) > l,then 

for any ben) < a(n) such that lim ben) = CD, 

(4.41) 
. b (n) 

lim b (n) -v (y, 6)+1 (TT (M-M(k,n»)~ = M"~. 
n-"CD k=O 

If S is a minimal element,then Ps = 1 and 6 = y. In this case, (4.41) 

is nothing but (4.12) in Lemma 4.2 (c(B)=O). For general B (~ a),we 

-v(y 0)+1 c(n) 0 
have to show (4.41) I assuming that lim c (n) , ( IT (M-M (k,n) ) )y 

n-"= k=O 

" 0 = M*y. for any y ~ 0< 6 with v(y,o) ~ 1 and any c(n) ~ a(n) with 

lim c(n) = CD. This is proved in a way similar to the proof of Theorem 
n-+CD 

3.1 by using,instead of (3.7),the following formula; 

m B 
(IT (M-M(k,n»)y 
k=O 

(4.42) 

m m' m-k-l 
= r L: Tr (M~-M~ (R.,n»· (M~-M~ (m-k,n»· IT (M-M (.t,n)) )~ 

k=O y~ 6< 6 i=m-k R.=O 

For example,if Ps < 1 and v(y,S) 

ben) 
lim b(n)-V(Y l 6)+l( TT 
n-+CD k=O 

_ M .. B 
y' 

y -< .~ . 
.• • . I 

> l,then we have 
= 

(M-M(kln»)~ = L 
y< ~< 6 = 

v (y I 0 ) =V (y IS) 

where the last equality is due to (3.13) in Theorem 3.1. The cases 

when > 2 are proved similarly. -
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5. An auxiliary limit theorem 

Let v be a nonnegative integer and i E CS' S ~ a. An important 

step for the fundamental limit theorem is to estimate 

(5.1) 

d Let X be a random vector taking values in R+. The Lap1ace 

transform and the logarithmic Lap1ace transform of X (or the 

distribution of X) are defined by 

f(A) 
d . 

= E [ exp (- 2:: A ~X . ) ] 
. 1 ~ 
~= 

d . i 
WeAl = - log E[exp(-!: A X.)] 

. 1 ~ 
~= 

for 

We need the following facts from the general theory of Laplac'e 

transform. 

Lemma 5.1. Let {X(n)} be a sequence of random vectors taking 

values in R~ and {a(n)} ,a sequence of positive numbers increasing 

to infinity. 

(i) 

(5.2) 

d 
If {a(n)L:E[X. (n)]} is bounded,then 

i=l J. 

W (A) n 

d . 
= a(n} (1 - E[exp(-LA~X. (n»]) 

i=l ~ 

is uniformly bounded and equicontinucus in A on co~pact subsets of .. ' 
d 

R+. 

(ii) The sequence (5.2) is convergent if and only if 

E[eXp(-~ Aix. (n»]a(n) is convergent. In this case,the limit 
i=l ~ 

(5.3) 
d . 

W(A) - 1im a(n) (1 - E[exp(-L A~Xi(n»l) 
n~~ i=1 

--
d 

Iim a(n)"log E[exp{-2: Aix. (n»] 
n'- i-I J. 
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is the logarithmic Lap1ace transform of an infinitely divisible 

distribution on R~,i£ ~(A) is continuous. Then the convergence of 
d (5.3) is uniform on compact sets of R+,sO that for An~ A we have 

d ; 
( 5 • 4 ) ~ CA) = 1 im a (n) {1-E r exp (- I:. A"X. (n) ) ] } • n ~ n*= i=l 

We shall give several estimates of (5.1). 

Lemma 5.2. Let iE C ,v > 0 and t > O. Then there exists c > 0 
a = 

and 0 < p < 1 such that 

(5.5) 1 - E i [exp (- L:" L: 
e yia j E C 

Y 

-v < cn = 
0L:. L Aj +cn-v+1rk z: L)), 

v(y,a)~l j~ Cy V(y,Cl)=O j t Cy 

o < k < [nt]. = 

Proof. Since 1 - exp(-r) ~ r on R+,we have 

(5.6) 1 - E . [exp (- z: 2:. 
~ 

e y~Cl j E Cy 

< J: ~ n-v(y,Cl)-v+1AjE .[Z.(k)] 
y~a: j ~ Cy 

~ J e 

= z:. ~ -v(y,Cl)-v+1Aj i,{k) 
• 0' 

y~Cl j ~o Cy 

n mj • 

By Theorem 3.1,there exists c > 0 and 0 < p < 1 such that for any 

k > 0 and j '" C , y 

1 
m~' (k) < cpk if V(y,Cl) = 0, 

J = 

(5.7) i, (k) C(k+1}v(y,a)-1 
mj < if v(y,a) > 1. 

a -
(5.5) is an easy consequence of (5.6) and (5.7). 



(5.8) 

(5.9) 
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Lemma 5.3. Let S ~ a, i E- c 8 ' v ~ 0 and t > O. 

(i) If Ps = 1,then there exists c > 0 such that 

(ii) 

1 - E . [exp (- z: 2: 
e~ y{B jt-C 

- y 

~ cn -v (S ,a) -v+1 L L )), 
y{ S j E- C 

:0:: Y 
o < k < [nt]. = 

If Ps < 1,then there exists c > 0 and 0 < p < 1 such that 

1 - E . [exp (- L L n-v Cy ,a) -v+1)) z. (k) ) ] 
e ~ yi S j E- C J. 

y 

< cn -v (E ,a) -v L z.),j + cn -v (S ,a) -v+1pk L: L:),j, 
v (y, S) ~1 j E Cy v Cy ,B) =0 j ~ Cy 

o < k < [nt]. 

Proof. For any y ~ S < a ,we have 

(5.10) vCy,S) + v(S,a) < vCy,a) + 1 if Ps = 1, = 

(5.11) v(y,S) + v(S~a) < v (j',a) if Ps < 1. 

Therefore 

-v(y,a) -v + 1 < -v(y,S) - (v(S,a) + v - 1) + 1 if Ps = 1, 

-v(y,a) -v + 1 < -v(y,S) - (v(S,a) + v) + 1 if Ps < 1. 
' .•. ! 

Hence we obtain (5.8) (resp. (5.9» by taking v(S,a) + v - 1 (resp. 

v(S,a) + v) for v in (5.5). 

Theorem 5.1. Let i E C , v > 2 a K 
and 1im AeA. Then 

n 
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(5.12) 1 im n v (1-E i [exp C - r z: n - v ('r , a) - V+ 1 )) Z . ( [n t] ) ) ) ) 
n"cx> e 'Yia j t: C n J 

'Y 

= t > O. 

Before the proof of this theorem,we derive some expansion 

formulas on generating function. Let I be a finite index set and 

o ~ si ~ l,xi f Z+ for if I. For 5 = (si) i €' I and x = (xi) i ~ l'sx means 

TT i xi i 
I (5) • Let p (x) be the transition function of Zen) and F(s) be 

if I 

the generating function; 

~ i x 
L- P (x) 5 • 

i Let F(n:s) = (F (n:s»I<i<d be the n-th iteration of F(s),i.e., 
= = 

(5.13 ) 

We denote 

(5.14) a i s(O,a) S s(O,a] B 
5 = (5 )iE:C

a 
= (5 )S{a , = Cs ) S<a' 

xa = (x. ) . E- C ' x(O,a) = (x S) S<a , K(O,a] = .. CxS) S~a' 
l. l. a 

(5.15) 

" .. ' 
Then we may write 

(5.16) s(O,a] ( (O,a) a) -= 5 ,5, 

Unless S < a,P . [Z. (n)=O] = 1 for every i fCa,j E Cs and n > O. Therefore 
11: l. J .. 

e 

we may write FQ Cn : s ) 11: Fa(n:s(O,a]). 



Expanding Fa(s} at s .. l,we have 

(5.17) 

where· 

(5.18) M~ (s) 
i . 

= (m. (s) ) . f C • ~ C ' 
J l. .a,J S 

and 

i , m.(s) = 
J 

~ i _ (1 
= ~ P (x)xJ.{l } 

d 0 
x € z+ (5.19) 

'. 

We set 

(5.20) M(s) 

Then by (5.17), 

(5.21) I - F(s) = CM - M(s» (1 - a). 

Therefore by induction we get 

(5.22) 
R. 

Ia-Fa(n:s) = Tr 
k-I 

i,j ~ C , 
a 
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t It-I 
+ z: ~ TT (M~-M~(F(n-m:S»).(M~-M~(F(n-k:S}}) (lS-FBCn-k:s», 

S < a k-l m-I 
1 < 1 < n, - -



or 

(5.23) 
n-l 

lQ-FCl(n:s) = TT 
k=R. 

( 

Cl Cl a Cl 
(M -M (F(k:s»)· (1 -F (1:s» a a 

n-l n-l 
+ r L TT (Ma-Ma (F (m:s»)· (M~-MaB (F (k: s») (lB_Fe (k:s» , 
S~a k=i m=k+l a a p 

and 

(5.24) 

o ~ .2. < n-l" 

n-l 
1 - F(n;s) = n (M -.M(F(k:s»).(l-s). 

k=O 
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Moreover we prepare an expansion formula which will be used in 

later sections. If C is a final class,then Fa(l(O,a) ,sa) = Masa • 
a a 

Therefore 
i. 

(5.25) M~(S) = 0 if Ca is final. 

If C is critical,the expansion of m~(sa) at sa = la leads us to 
a ) 

(5.26) 

where 

(5.27) i 
q. k = ) , 

00::;- (q . i _ i ( k = L- k q. k s» (1 - s ), 
k~C J, J, 

a 

1 
-E .[Z.(l)Zk(l)-c. kZk(I)] 
2 e~ J J, 

i,j (:-C , 
Cl 

i,.~,kE-Ca' .. ' 
i i a 

(5.28) q. k(s) = q. k(s ) 
J, J, 

i 1 )1 = L: P(x)(x.xk-6'kxk){--
d ) J, 2 0 

x E Z+ 

By (5.25) and (5.26) we obtain 

(5.29) Ma (s) E 0 ( z:. (I-Si» 
a it C 

a 

if p = 1. 
a 
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,-
Remark. Expansion formulas (5.17) and (5.26) are slightly 

different from (and more convenient than) the standard ones (see,e.g., 

[5] ) • 

Proof of Theorem 5.1. By Lemma 5.1 (ii),it is enough to 

consider the case A = Ao We denote e (A) = n n 

, -\) (y Cl) -\)+1 j 
«exp (-n ' A ». c... c ) v<Cl o Then it follows that 

J, y 1= 

(5.30) E .;fexp(-L L n-\)(y,Cl)-\)+lAjZ.(k»] = Fi(k:e CA» 
• . c J n e y~Cl J~ y 

By (5.24) we have 

Cl Cl 
1 - F ([nt] :en (A» 

[nt] -1 
= L: (n(M-M(F (k:e . (A»») Cl

S
• (lS_e6 (A» n n 

SiCl k=O 

= L + L. 
\)(B,Cl)=O \)(6,Cl)~1 

The first part L: vanishes as n-Q:) for 
\)(B,Cl)=O 

[nt]-l 
( IT (M.-M(F(k:e (A»»)~ < 

k=O n ~ 
l,by (5.7). 

To evaluate the limit of the second part 
L····· ,we shall apply 

\)(6,Cl»1 
= 

Lemma 4.4 to M(F(k:en(A»). Let B ~ Cl with Ps = 1 be fixed. If j~C8' 

then by Lemma 5.3 (i) we get 



(5.32) 1 - Fj(k:e (A» 
n 

< en -v (B ,0.) -v+ 1 L L A h , 

'Y~6 h f Cy 

But since v > 2 and v(6,a) > 1,we have 
= = 
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o < k < [nt]. = 

(5.33) 
[nt] 

1im ~ R'Y(F(k:e (A») = 0 for 'Y ~ a with Pv = 1 and t > O. 
n~m k=O -, n I 

For each j E- Cy'y ~ a,it follows that 

(5.34) 1im max 
n~m O~k~[ntl 

(l-F j (k:e (A») = O. 
n 

In fact this follows from (5.33) if Py = 1. If P'Y < 1,{5.34) follows 

~rom Lemma 5.3 (ii) by the same method. Therefore 

lim 
n~co 

max m~(F(k:e (A») = 0 for any i,j ~ U Cy. 
O~k~[nt] J n 'Y~a 

We can apply Lemma 4.4 (ii) to each term of 

(5.31) ; 

(5.35) 

= lim nV L 
n~co v(6,0.)~1 

= L 
v(6,a)~1 

We have proved (5.12). 

.L 
v(y,a)~l 

in 
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6. Proof of Theorem 2.1 

Let us start with 

Let p = 1. If A j > 0 for any j ~ C , then 
ex ex 

Lemma 6.1. 

1-E . [exp (- L L:. n - v ( B , ex) A j Z . ( [n t] ) ) ] 

(6.1) 
el. B_1.ex j~CB J 

lim _ i 
-Z::--V-.-(-I---E-. -[-ex-p-( _-L:--t::..-z:--n---v-(.-::S:"'"'-ex...,..)-A .... j -z -. -( -[n-t-]-)-] -} Z u , 

i," Cc;. l. el. B~cx j~ Cs J 

Proof. Set-

(6.2) 

Then (6.1) is equivalent to 

l cx-Fcx ([nt]:e (A» 

i ~C, t > o. cx 

(6.3) n cx 
lim -------------------- = u , t > O. 

Let n = [nt],t = 0 and s = en(A) in (5.23). Then 

(6.4) 

Since Pa - 1 it follows that 

1 - Fi(k:e CA» < en-I, 
n = 

by Lemma 5.2 - .• (Note that {YiV(Y,CX) = O} is empty.) Hence by (5.29) 

we get Mcx(F(k:e (A») £ o(n-1). Therefore there exists a > 0 such that 
cx n 

(6.5) o < k < [nt]. .. .. 

I 
. \ 

I 
i 



,~ 

By (6.4) and (6.5) we have 

Since A
j 

> 0 for j~ C ,we get 
I' a 

(6.6) 1im n2 (1 - Fi«(nt):en(A}» = ~, 
n~~ 

On the other hand we claim that 

(6.7) sup n 2
(1 - Fj([nt]:en(A»)) < ~ , 

n>l = 

i ~ C • 
Cl 
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If Ps = 1,then V(B,Cl) > 2 and if Ps < 1,then V(S,Cl} > 1. To see (6.7) 
= 

it is enough to take v = 1 in Lemma 5.3. 

-,( 6.8) 

By (5.22) we have 

10
_ Fa ([ntl:e (A» 

n 
i. 

=7T o a . 0 a 
(M -M (F([nt]-k:e ().»»·(l-F ([nt]-i.:e 0» 

k=l a an. n 

i. k-l 
+ ~ r n-
e ~ Cl k=l m=l 

= I1 (R. ,n) + I
2

(.2.,n), .2. > 1. 

By (6.5) and (6.6) , 
.. 

• . ! 

(6.9) lim 
I

2
(R.,n) 

so 0, .2. > 1, 
n~cc v Cl I 1 (.t , n) 

which implies (6.3) by Lemma 5.2 of [5). For the comp1eteness,let us 

reproduce the proof of Ogura [5]. By (6.5) we have 



L' 

< = 

Il(R.,n) 

VaIl(R.,n) 

35 

l a a 
a -R. a R. -F ([nt]-R.:e (A» 

< (1 - -) (M) n 
n a v (la-Fa([nt]-R.:e (A») 

a n 

Therefore by Lemma 3.1, 

(6.10) 

Since 

we have 

i R. u -cp 

i I 1 (R.,n) i . R. 
< u +cp , 

it: C ,R. > 0,0 < p < 1. a 

I 1 (R.,n) 

- (VaI1Ci,nl + 

vaI2 (R. ,n) )-1 
+ , 

Va l 1 (R.,n) 

1-Fi ([nt]:e (A» i 
u .2. - cp < = 

1im ____________ ~n~ __ __ 

-n+-=- v (la-Fa ([nt]:e (A» 
ex n 

i 1-F ([nt]:e (A» < lim ____________ ~n ____ __ 
= a a n+= v (1 -F ([nt]:e (A)» ex n 

U
i .2. 

< + cp • 

Letting R. -- = ,we obtain (6.3). 

Proof of Theorem 2.1. Let e (A) be the one in (6.2). We have 
n 

to show 

(6.11) 
ex ex . a 

~!: n(l -F ([nt1:en(A») = ~ex(t,A)u , 

By Lemma 5.2 and 5.1 (i),the sequence 

t > O. 

iE C , ex 

d 
is uniformly bounded and equicontinuous on compact subsets of R+. 



(-, 
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Therefore it is enough to show (6.11) only for A such that Aj 
> 0 fer 

all j. Set 

(6.12) 

Then since v Ma = v ,we have by (5.l7) and (5.26), 
a a Cl 

(6.13) 

= nv Ma(la-Fa(i:e (A») - nv Ma(F(.t:e CA») (la_FQ O.: e (),») 
aa n aa n n 

+2: nv {MQB-M~(F(R.:e (A»»(lS-F S(£.:e (A))) 
B-<. a a ~ n n 

= IP (i,n) a 

2: nv.(q.ik-q.ik(F(i:e (A»»{l-Fj(i:e 0.»). (l-Fk<£:e 0,,) 
.. k ~ J, J, n n n 
l.,), E-C a 

We shall show that there exists c > 0 and 0 < P < 1 such that 

(6.l4) o < R. < rntJ. = = 

By Lemma 5.2,the second part on the last side of (6.13) is o(n-J ). 

Next consider the third part. If £3 ~ a and Ps = l,then \l (S,a) ~ 2. 

By Lemma 5.3 (i) we have 1B-FB(i:en{A» ~ cn-2'lB• If £3 < Cl ~nd Ps ~ 1, 

then \l(S,a) ~ 1. By Lemma 5.3 (ii) we have lS-FBU.:enCA}) 

< c(n-2 + n-1pt)'lB. From these estimates, (6.14) is valid. -
Set 

(6.15) 
{ 

W (i, n) for t = in -1 , 
!J; (n) et) Cl 

Cl - V; (£,n)+ ent-i) CV; (R.+l,n)-V; (.t,n» 
Cl a Cl 

for tn- l < t < (t+l)n- l • 
:: z:: 
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Then,on compact subsets of (o,=),{~{n) et)} >1 is uniformly bounded by 
a n= 

Lemma 5.2 and equicontinuous by (6.14). Therefore we can use the 
(n. ) 

compactness arg~~ent. Let {~ J } be any convergent subsequence and a 
set 

(6.16) 
(n. ) 

~ (t) = 1im ~ J (t), a a j ... co 

t > o. 

We shall show that Waft) is .the solution of (2.10). This combined with 

Lemma 6.1 proves (2.9). 

Set 

(6.17) 

{ MB (F (l:e (~)) if a -< a or "Y < a , 
M~(R.,n) 

"Y n 
= 

0 • & a = "Y = a, ~ ... 

(6.18) q~(t,n) 

if a = a, 

and 

(6.19) 

- -6 n j M(l.n) ~ (M:(&.n))s£a.,ta • 

t q(R.,n) eq (R.,n»e~a 

Let MeO,a ] = (M~)S~a,"Y~a. Then,by (5.17) and (5.26), 

Therefore 



(6.20) l(O,a) _ FCO,aJ([nt]:e 'A» 
n 

[ntj -1 
: IT (Meo,a] - M(1,n»·C1 CO ,Q] - en(A» 

1=0 

[ntJ -1 [ntJ-1 
- L:" IT (MCO,o.J - Hem,n» -g(l,n) • 

.t=0 m=l+l 

By (6.17) and (6.18) we obtain 

(6.21) nv (l Cl_ FCl([nt]:e (A») 
Cl n 

38 

[ntJ -1 
nv ( IT 

Cl .2.=0 
Cl nv q U ,n). 

Cl 

In the same way as in the proof of Theorem 5.l,we can see that 

[ntJ 
1i.'t\ ~ M~(.2.,n) = 0 for any y ~ Cl with p = 1 and 
n+~ 1=0 J Y 

1im 
'n+CID 

max 
O~.2.~[nt] 

m~ (F(l:e CA») = 0 for any i,j ~ U C • Therefore we can 
J n yia Y 

apply Lemma 4.4 to each term of the first part on the right side of 

(6.21) to obtain; 

(6.22) 

Since 
[ntJ -1 
2: nvQgQCR.,n) 

1=0 

..•. ! 

00;- i i 
L-. v. (g. x-g· k(F( [ns] :en(~ 

. ·kLC.1. J, J, .1.,J, 0;:. Cl 

Cn(l-F j ([ns1:e (A»)"n(l-F
x

([ns]:e ()'}»ds, n n 
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we have by Lemma 6.1 and (6.16) , 

[n. t] 
~t J a ~ .. k 2 (6.23) lim z:: n.v q (t,n.) = v.q.1. uJu lji (s) ds 

j ....... t=O J a J .. kEC 1. J,k Cl 0 1.,), a 
(~, 

Ba ~: = lP (s)2ds • 
a 

Therefore W (t) is the solution of a 

(6.24) W (t) ~t 2 L v M*a Ayt v(Y,Cl)-l. = -B W (s) ds + a a 0 a y~a 
a y 

This is equivalent to (2.10) and we have completed the proof of the 

first part of Theorem 2.1. The second half of Theorem 2.1 is obvious 

from Lemma 5.1 (ii). 

'- ' 

- .... ! 



f (7.1) 

7. Proof of Theorem 2.2 

The following lemma is well known (see [3J). 

Lemma 7.1. Let Ca be a critical class. Then 

-1 i lim n(l-P . fez. (n». c = 0]) = (B
Cl

) u, 
n .... .,., el. J J Eo Cl 

We next give a lemma from the general theory of Laplace 

transform. 

40 

Lemma 7.2. (T.Watanabe) Let {X(n)} be a sequence of random 

vectors taking values in R~ and {a(n)},a sequence of positive numbers 

increasing to infinity. Assume that the following conditions are 

satisfied: 

(a) There exists 

(7.2) 
d 

weAl = lim a(n} (l - E[exp{- z:: AiXi (n» 1), 
n .... .,., i=l 

where ~(A) is the logarithmic Laplace transform of a random vector 

d 
X on R+o 

(b) For an integer c such that 1 < c < d it holds that 
= 

(7.3) lim a(n)(l - p[(xi(n»c+l<i<d = 0]) = ~(O,··,D,CD,.o,.,.,), 
n .... .,., = = 

1 c where ~(A ,··,A ,co,--,eo) = 1im 

.. .. . ~ 

Then we can conclude that 

(7.4) 
c . 

1im a (n) (1 - E [exp (- z: ).l.X. (n) ) ; (Xi en) ) c+l< i<d I: OJ) 
n .... m i=l l. I: I: 

1 c - ~(A ,.·,A ,m, •• ,m), 



l 
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(7.5) 
c . 

lim a (n) E [l-exp (- L ).l.X. (n) ; eX. (n» +1 . d=O] 
n-+-CI:> i=l l. l. c ~l.~ 

Proof. First we remark the following fact:if lim X(n) = X in 
n-+-= 

distribution and lim P[X(n}€ AJ = P[XfA] for a closed set A,then 
n-+<XI 

for any bounded continuous function f(x) on Rd we have + 
lim E[f(X(n»iXCn)f AJ = E[f(X);X~AJ. 
n+CD 

(k) 
Let {x (n)}l~k~[a{n)J be the independent copies of X(n) and 

[a (n) J 
set yen) = ~ x{k) (n). Then by assumption Cb), 

k=l 

_ [a(n» 
= -lim log P[{Xi{n»c+l<i<d-01 

n+CI:> = = 

By assumption ,(a) ,we have lim YCn) = X in distribution. Therefore by 
n+CI:> 

the first remark we have 

1 c 1P(). , •• ,). ,=, •• ,CI:» 

c . 
= -lim log E [exp (- L )..l.y. en» ; {Y. (n>"> +l<i<d=O] 

n-+CX) , i=l l. l. c.= = 
.• ,.! 

c . 
= lim a en) (1-£ [exp (-;L ).l.Xi (n)) ; (Xi (n» c+l<i<d=O) , 

n-+= l.=l = = 

which proves (7.4). (7.5) follows from (7.3) and (7.4). 
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Proof of Theorem 2.2. Let i €' C and t > O. Then by Theorem 2. 1, 
a 

(7. 6) lim n (l-E i [exp (- r r n -v (B ,a». jz. ([ntJ » J) = 
n~~ e Sia j~CB J 

It follows from Lemma 7.1 that 

(7.7) lim n (l-P i [(Z. ([ntJ» . ,. C =0]) = (tEa) -lu i . 
n~ e J J~ a 

i 
~ (t,).}u • 

a 

L, (t 0 ( 0 ,0:) ). a) = _ B ", {t 0 (0 I 0:) ). a) 2 '" (0 0 (O , Cl) ). 0: ) = V ). a • 
dt~a' , (l't'o:' I ''''0:' I Cl 

Hence 

(7.8) 1 ~ ~. a (t, 0 ( 0 , a) , A Cl ) 

AJ~CX) 

Therefore by Lemma 7.2, 

(7.9) 

j G- Ca 

= etB )-1. 
a 

This proves (2.1l) and (2.13). (2.12) and (2.16) ·fOllows from Lemma 

7.2, (7.8) and (7.9). (2.15) is obvious from {2.9} and (2.12). 

Next we shall prove (2.14). By (2.16) we have 

(7.10) t 1P CD (t, A) = CB ) -1 + t n (t,).). 
Cl Cl a 

By (2.10) we get 



i.e., 

t.tw (t,).) = -B (t (sIP (s,).»2ds + 2 (t SIP (s,A)ds 
a a}O a ) 0 a 

Therefore 

(7.11) 
Q:) 

t·tll' (t,).) 
o 
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Substituting (7.10) in (7.11) and differentia~ing with respect to t, 

we obtain (2.14). 

The proof of (2.17) is also easy. First equality is obvious from 

(2.16). By (2.10) and (2.14) we have 

ddt { t (lli ( t , ). ) - Tl (t , ).) )} = (w (t , ). ) + Tl (t , ).) ) {1- tB (IP (t , A) - T] (t , ).) ) } • 
'0 Cl a 0 0 0 a 

Second equality follows from this. 

Finally the last statement of Theorem 2.2·is a consequence of 
. . 

Lernmq 5.1,for 1im P i[(Z' ([nt]). ~ C = 0] = 1 by (7~1) and the left 
n~= e J )~ 0 

hand side of (2.12) equals 

1im nE i[l-exP(-L z: n-v(S,O}).jz.([nt])I(z.([nt]}). c =0). 
n+GO e S{ 0 j € C E3 J J J~ Cl 
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8. Proof of Theorem 2.3 

We first prepare an expansion formula on generating function 

at the final class. 

Let eN be a final class. Then the generating functions Fi(s),iE eN' 

have the form 

(8.1) . i 
F (5) = k~{s(O,N»sj, 

J 

The function k~(s(O,N» can be written as 
) 

(8.2) 

where the summation is taken over all x(O,N) 

-, 

that xkE Z+. It is easy to see that 

(8.3) 
i . i j 

Pj(x(O,N» = P (x(O,N),(e )N) 

= P e i [Z (0 , N) (1 ) = x ( 0 , N) , ZN (1 ) = ( e j ) N] • 

If we define 

(8.4) KNN(S(O,N» = (ki( (O,N») . s .. Le' 
J 1/J~ N 

then we have 

(8.5) 

Noting that 

(8.6) 

we expand k~(s(O,N» at l(O,N) as follows, 
J 



I ' 

(8.7) 

where 

(8.8) 

= 

By (8.3), 

(8.9) 

i m. -
] 

1. i
k

(S(O,N» 
J , 

( 

Cd~. 

Setting 

\. 

(8.10) 

we have 

(8.11) 

(L: 
k~C 

Cl 

= (~~ _ L L N ( ( 0 , N) • la _ a» N 
-~ N as, 5 s. a< N ' 

By induction, 

(8.12) N 
F (n:s) 

By (8.9), 
-. ~ . ~ 

(8.13) 

Set 

(8.14) -\)(6)+1 j 
e (A) - «exp(-n A ». C )1<8<N. 

n Jts 8 .. 

4S 
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Then by (8.12) we have 

(8.15) 

Therefore to prove Theorem 2.3,it will be necessary to estimate 

(8.16) 

for every Cl { N. 

In the following lernma,we do not assume that C
N 

is a final class. 

Lem."'na 8 .1. Suppose that if C • 
0. 

(i) If P = l,then Cl 

(8.17) lim n(l-E 1.' [exp(- ~ ~ n-v{y)+v{Cl)-lAjz.([nt]»]) 
~ • / C J 

where 

n~= e Y.Cl J~ Y 

- i = 1P (t,A}U , Cl t > 0, 

,I. is the solution of (2.24). 'I'Cl 

(ii) If P < Cl l,then 

(8.18 ) lim n(l-E i[exp(- L: 1: n-v(Y)+V(Cl)A~z.([nt]»]) 
n~= e YLCl j~ C·· I J 

Y 

= t > O. 

Proof. First we shall show (i). Choose any convergent sequence 

d {An} in R+. By Theorem 2.1 and Lemma S.l,we have 



L 

(8.19) 

= W (t,lim A )u i 
an' n ..... = 

if v(y,a)+v(a) = v(y)+l, 

if v(y,a)+v(a) < \I(y)+l. 

From (2.10),~ (t,lirn A ) = ~ (t,A). a n a n ..... = 

47 

Next we shall show (ii) by induction. The induction hypothesis 

is thisifor any S~ a with Ps < 1, 

(8.20) 1irn n{l-E . [exp(-L r n-\l(c)+v(S)Ajz.([nt]»]) 
n ..... = e~ 15-< B j ~ Co J 

= L 
\I(y)=\I(S)+l 

P =1 y 

i j­
m*.u~ (t,).), 

J y 

We first prove the following relationiif S{ a and i~ CS' 

(8.21) lirn n(l-E . [exp(- L r n-\l(o)+\I(a)AjZ.-([nt]»J) 
n ..... = e~ c< S j { C J = 0 

~s(t,).)u 
i if 1 and v(S) = \I(a) Ps = -- •. ! 

= r Le m*~uj~ (t,).) if \1(8) = \I(a), 
\I (Y)-=\I (S)+l j(;-C J Y 

P -1 Y 
Y 

0 otherwise. 

+ 

The first two cases on the right hand side of (8.21) are immediate 

from (8.17) and the induction hypothesis (8.20). In the other cases 

1, 
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(Ps = 1,V(S) ~ v(n) + 2 or Ps < 1,v(e) ~ v(n) + 1) it follows from 

(5.10) and (5.11) that 

(8.22) V(y,~) + 1 - v(y) + v(n) ~ O. 

By substituting S,v = 2 and nv(y,S)+l-v(y)+v(n)A for n,v and A in 

Lemma 5.2,we have 

which proves the last part on the right side of (8.21). 

Set e
n

(}.) = «expC_n-V(y)+v(n)}.j». ) . For every iE-C
S

' 
) E-Cy y~n 

B < n,we have = 
,8.23) i 

F (k: e Od). 
n 

Substituting s = e (A),n = [nt] and f = 0 in (5.23),we have 
n 

(8.24) 

[nt]-l [nt]-l 
+1: r TI 

S -< n k=O m=k+l 

By u.sing (8.21) we can complete the proof of (8.18)' as follows; 

(8.:25) 



r-
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= 2:" IPS(t,A)( L: 
\I(S)=\I(Cl)+l 8<y~a 

PS=l \I(S,Y)=\I(B,Cl)=l 

= - a 6 li-'S(t,A)M*SU , 
\I (S)=\I (a)+l 

Pe=l 

where the last equality is due to (3.13). 

To complete the induction argument we have to show that (8.18) 

is valid for each minimal element a in {aiP < I}. It is easy to see 
a 

that,if a is minimal in the whole set {1,2,···,N} ,both sides of (8.18) 

are zero. Unless a is minimal in the whole set,the argument in'the 

preceding paragraph is still valid. (In this case,there is no S such 

that S< Cl with Ps < 1,so that there does not occur the second case 

in the right hand side of (8.2l).) 

Proof of Theorem 2.3. F - h N IN - ~-~rst note t at u = ,s~nce _~ ~s a 

probability matrix. Let entAl be the vector defined in (8.14). Set 

r j t :j if j ~Ca,\I(a) > 2, 
(8.26) = 

if j 6 C , \I (a) 1. = a " ,. ..! 

We shall apply Lemma 4.3 to the right side of (8.15). To this end 

let us define 

(B.27) m~(x,n) 
v L N (F(O,N) {x.e (A»)·la -Fa (k:e (A)}}lN 

f 
N N,Cl • n' n 

= vNL N (F(O,N) (k:e (A»)iIa-Fa (k:e (r») IN 
N,Cl n n 

if \I(Cl»2, = 



50 

We investigate the as~~ptotic behavior of these values. Recalling 

(8.16) and substituting v = O,a = Nand S = a in Lemma 5.3,we get 

(8.28) a a 1 -F (k:e (),» 
n o ~ k < [nt], 

for veal ~ 3 or veal = 2,p < 1. 
a 

Then by the definition (8.10) of L __ N ,it follows that 
~.a 

(8.29) lim 
[nt]-l 

= k=O 

N 
ma(k,n) = 0 if veal > 3 or veal = 2,Pa < 1. 

By Lemma 5.3 (i) we have 

(8.30) o < k < [nt], = for V(Cl) = 

Therefore by Lemma 8.1 (i), 

;.., 

(8.31) 

t 
= v uNua ( $ (s,A}ds, rt-"a ) 0 a far v(a)=2,p =1, 

a 

2,p = 1. a 

where the last equality follows from (8.13). By (8.28) and (8.30) it 

follows that 

(8.32) lim N max ma(k,n) = 0 
O<k<[ntl 

for v(a) > 2. 
= 

A slightly careful examination of the proof of Lemma 5.3 tells us that 
..... } 

(8.33) a a ~ -1 1 -F (k:e (A» < cn , n .. O<k<[nt], for v(a)-l,P < 1. = = a 

(Note that (8.33) is not valid for lCX-FCX(k:enCA».) By Lenuna 8.1 (ii) 

we have 



I .. 

(B.34) 

Therefore 

(B.35) 

Set 

= 
v{S)=v{a)+l 

p =1 
6 

- Cl S lPS(t,A)M*SU 

( 

for v(a)=l,p < 1. 
a 

[nt]-l 
lint r:: 
n ... cc k=O 

N m (k,n) a 

= ft v L N (l{O,N). ~ M*aue". { A»lNd N N a' B It'S S, S o ' v(6)=v(a)+1 

+ z: 
a { N 

v{a)=! 

p =1 
S 

l/IS(sIA)ds 

for v(a)=l,p < 1. 
a 

SI 

r h_N (F{O,N) (k:e {A»;Fa(k:e ().'»-Fcx(k:e (A»). 
a.( N Li I Cl n. n n 
v(a)=l 

.•. ! 

By those results obtained previously we have 

(8.37) max vrr: I (1) (k,n) IN = 0 I 
O<k<[nt]-l 

11: = 

lint 
n"'cc 

and 

(8.38) !im 
n+CID 
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= L v ~ u ex ) t 1/1 (s , A) ds 
(1 v(ex)=2 ex 0 ex 

N f~ 
p =1 ex 

+ r L 
ex<N v(S)=v(ex)+l V~exM*S 01jJS(S,A)dS 

v(ex)=l p =1 
B 

= r Vrr*:uaf: w (s, A) ds, 
v(ex)=2 ex 

p =1 a 

where the last equality follows from (3.12). 

We next discuss ~,(2)(k,n). Let ex<N,v(a)=l and if-Ca. It then 

fOllows that 

(8.39) 

(8.40) 

i - i F (k:en (A» - F (k:en (A» 

= Eei [exp(- at 
v(S}~2 

. < E . [1 - exp (- L = ~ 
e S~ex 

k 
< cp , = 

v(S)=l 

lim (Fi(k:en{A» - Fi(k:e
n

().») 
n-+g;) 

c 1 - E . [exp(-·~ 
el. e<ex 

s:: 

v(S)=l 

where etA) & lim e (A),i.e., 
n n+CI) 



(8.41) 

Set ~,(2)(k) = r 
a { N 

v(a)=l 

for if CS,vCS) > 2, 

obvious from (8.39) and (8.40) that 
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(8.42) ~' (2) (k,n) ~ ~' (2) (k) and 1 im ~ I (
2 ) (k, n) = ~' (2) (k) • 

n~co 

Moreover,each component of ~' (2) (k) is bounded by cpk by (8.39). 

Hence 

(8.43) 
co 

L ~' (2) (k) < co. 

k=O 

On the other hand 

(8.44) ~' (2) (k) 

= ~ - ~(F(O,N)(k:e(A}})' 

where the first equality follows from Fa(k:e(A» = la whenever v(a)~2 

and the second equality follows from (8.7). 

By (8.38),(8.39), (8.43) and (8.44) we can apply L~~a 4.3 to 

(8.15) to obtain 

(8.4·5 ) lim FN([ntl:en(A)} 
n~= 

= exp(- L 
v(a)=2 

p =1 
Q 

v~ua{ t 1P (s, A) ds) -lim IT ~ (F (0, N) (k: e (A) ) ) 
a JO a n~CIO k=O 



L 

where 

(8.46) G~ ().) = lim TT K: (F (O IN) (k:e p.») _eN (A). 
n .... cc k=O 
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Since ~ is a probability matrix,the component of G~()') is identical. 

N Let G2 ().) be the common component function of G~()'). The formula 

(8.45) proves (2.17) to (2.23). By (2.17) and (2.19) we have 

(8.47) lim E i [exp (- L L: ).jz . en»] =G
2 

().) liE- C
N 

I 

n"(J) e v (S}=l j E C Q J ... 

so that G
2

{A) = G2 «).j)j ~D(2» is the Laplace transform of a 
d 2 probability measure on Z+ . Infinite divisibility of Gl,a(t,).) 

consequence of Theorem 2.1. Thus we have completed the proof of 
'. 

Theorem 2.3. 

' .. ,! 

is a 

\. 
1 
I 
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9. Proof of Theorem 2.4 and 2.5 

We first prove Theorem 2.4. For each if C
N 

we have 

(9.1) E . [exp (-r L: n - v (0) " j Z . (n) ) I (Z . (n) ). C ~ 0 ] 
e 1 0=1 j~ C J J J€ N 

o 
N 

= (P . I (Z . (n) ). c_ J 0 1 ) -1 { (1-E i [ exp (- r z: n - v ( o ) " j Z . (n) ) ; 
'e1 J J€ -N e 0=1 j'C

o 
~ 

C~n». C =0]) ~ (l-E . [expC-£ L n-v(o)"jz.(n)}])}. 
J J f N el. 0=1 j' C J 

o 

Since C
N 

is critica1,nXthe denominator in (9.1) converges to. (B
N

)-1u i 

~ i 
by Lemma 7.1 and n X the numerator converges to (tP

N 
(1, A) -lP

N 
(1, A) ) u 

by Theorem 2.1 and 2.2. Infinite divisibility of H(A) is obvious 

from (2.16). 

(9.2) 

We next prove Theorem 

N 
E i [exp (- r 

e a=l 

2.5. As in (9.1) we have 

{(l-E i[exp(- r: ~ n-v.(a)"jz. (n»; UZ. (n»j~ C )o~A =01) '\ 
e a~A1 j E ~a _ J J 0 1 ___ / 

C- N-----(-)-. --- -.---
- (l-E i [exp (- r L n -v 0 A J z. (n) ) 1) }." .. ' 

e a=l jE Ca J 

We have already proved that 

(9.3) 

• 
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in Lemma 8.1 (ii) and that 

(9.4) lim 1/.'e (1,0 (O,S) ,).B) = 
).j-+co 

j l= CB 

(B )-1 e 

for Ps = 1,v(S) = 1, 

in (7.a). Therefore,if we prove 

(9.5) lim n (l-P i [ «Z " (n) ) " f: C ) a'A =0]) = 
n-+co e J J a 1 

we. can use Lemma 7.2 to obtain 

(9.6) "'l . ""r -v (a) j. . . 
1 im n ( 1-E i [exp (- Le- " "- n ). Z j (n) ) ; ( (Z " (n) )" C) a EA = 0] ) 
n-+co e afA

l 
J ~ Ca J J ~ a 1 

, ~ i J"--CO 
~ ~ m * "u ~: (1,).), 

v(S)=l jE- C J 8 
p -1 8 S-

= 

which,together with (9.3) and (9.5) ,completes the proof of Theorem 2.5. 

Lemma 9.1. The relation (9.5) is valid. 

The proof is quite similar to the proof of Lemma 8.1 (ii) and 

even simpler. We make the induction hypothesis as followsifor any 

S < N such that Ps < l,B f AI' 

(9.7) lim n (1 - P . [ ( (Z . (n) ). C) 0 S ~~" A =0]) 
n-+co e ~ J J ~ B \J ~ , \J ~ 1 :. 

= ~ i j -1 
'- m* jU (By) , 

v(y)=v(S)+l jE Cy 
P =1 y 

Then the following relation is validiif S -< Nand if C,.., 
~ 



(9.S) 

= 

1 im n (1 - P . [ ( (Z . (n) ). C) 6< B c fA = 0 J ) 
n ..... a:> e~ J J ~ C =' 1 

(B )-1 e 
L 

v(y)=v(B}+l 
p =1 

y 

o 

if Ps = 1, S f Al ' 
if Ps < 1, S ~ AI' 
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If Ps = 1 and S ~ AI' there is no C such that 15 <. S, 6 f: Al. Hence the 

first case on the right hand side of (9.8) is valid by Lemma 7.1. The 

second equality is (9~7) itself. The third case is also obvious,since 

qefine AO by 

(9.9) A~ ~ C 
Then for any S 1.: N we have 

(9.10) P i[(Z' (n». re )o<S 0 fA =0] = Fi(n:e(A o» 
e J J'I:" cS =' 1 

The rest of the proof is the same as in L~~a 8.1 (ii),so it is 

omitted. 
0 ... ,! 

. Remark. To complete the induction in the above proof we need 

the fact that 

(9.11) lim n (l-P . [ (Z . (n». c =0]) 
n .. a:> e~ J J f Cl 

= 0, if C , if P < 1, 
Cl Cl 

which is immediate from Lemrr.a 3.1. 
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10. More on conditioning 

In this section we shall extend Theorem 2.4 and 2.5 in the 

present paper and Theorem 5.1 in [51 by the method of Ogura [51. 

For each k ~ 1,let 

(10.1) vk(a) = max{v(a)-k+l,l}, 

(10.2) Ak = {a:v(a) ~ k-1 or veal = k,Pa = l}. 

Theorem 10.1. Let 1 < k < max veal. Assume that the set Ak 
l<a<N - = = 

has no final class._c~B· ,iE C ,are the constants defined by (2.8). _ a 

(i) .- Let C
N 

be a critical class . Then for each if: C
N 

-there exists 

N -vk (a) j I 
lim E i [exp (- L 2: n A Z. (n» «Z. Cn». C) A. ,01 
n-+-co e a=l j (; C J J J ~ a a~_-Jt 

a . 

(10.3) 

= I(A); 

the limit is independent of i. I(A) is the Laplace transform of a 

probability measure on R~.and is represented as follows; 

(10.4) 

Here b k ",k and ",ka,co for v Ca) < k with P = 1 are determined by the a,Of'a Of' = a 

L same recurrence formula with respect to the partial order ~ as follows; 

if "Ca) = 

(lO.S) 

k and p = 1,then a 

bk (Ba) -1, \l:k(A) = a a = 

and if veal < k and P = l,then a 

bk 
I: R (bk ;S<a ), a a S 

(10.6) and 

lJ:a (1,A) 

lPk CA) 
a 

{ 
lJ.;k,CID CA) - Ra(~~,CI)(A);B< a) , 

a 

...• : ~ 

lPk,co(A) --and = lP (1,).), a a 

I: Ra (lP~(:q;8 { a) 



l. 

( 

(10.7) «B )-1 L­
a v(S)=\i(a)+l 

p =1 
B 

1 
i "2 L: v; CSxS) • 

il C .. 
a 
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(ii) Let CN be a subcritical class. Then,for each i~ cN,there 

exists 

(lO.S) 
N -v (a) . 

lim E i [ exp (- I:" L n k A J Z . Cn» I « z . (n) ). C) A ~ 01 
n-+co e a=l J·"C J J J (,. a aE- k 

= I.CA). 
~ 

. a 

I. (A) is the Laplace transform of a probability measure on Rd and 
~ + 

is represented as follows; 

(10.9) I. (A) = ( 2::. 
~ v(a)=l 

p =1 
a 

case of k = 1 is nothing but Theorem 2.4 and 2.5. The case of k = 
max v(a) was shown in Theorem 5.1 of [51 ,although Ogura [5] uses 
l~a~N 

more complicated recurrence formulas than ours. The simplification of 

recurrence formulas is due to the recurrence formula (3.13) for m*~ 

(see the proof of Lemma 10.1). 
"',. ,I 

Actually we can prove a little more than Theorem 10.1. Let a ~ Ak 

and it Ca. As in section 9 we have 
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(lO.lO) E i [exp (- X. 
e yi.o: 

-V
k 

(y) . . 
L n ).J Z . (n» I «Z. (n». C) J ,"0] 

j E C J J J t y y~o: 
Y yfA

k 

. r. .a,- L -vk (y) . 
{ (I-E. [exp (- L n ). J z . (n» ; « z . (n». C) < = 0] ) 

e~ y ~o: j ~ C J J J E- Y Y =0: 

Y y~k 

" , 
i 
I y~Ak --x 

C------------------------------ ./ -v (y) . 
- (1-E . [exp (- L L n k ). J Z . (n) ) ]) } • 

e~ y~o: j f- C
y 

J 

The following three lemmas enable us to find the limit of (10.10). 

~aking 0: = N we obtain (10.3) and (10.8). The first two lemmas are 

essentially due to Ogura [5]. Set 

(10.11) ~k(a) = 
{ 

2v(0:)-k if Po: = 1,a ~ A
k

, 

2v (a)-k+l if P
a 

< 1,0: f. ~. 

Note that llk(a) ~ 1. 

Lemma 10.1. (i) If Ca is a critical class and a f. Ak , then 

(10.12) 
~ (a) -v (y) ° 

lirn n k (l-E.; [exp(- z: L n k ).J z . (n»]) 
.. J o"c . J n"'CO e y~a J 0:- Y . '.' 

k i = W ().)u , a 
i Eo C • a 

(ii) If Ca is a suhcritical class and a ~ Ak,then 



(10.13) 
U

k 
(a) - \I (y) . 

lim n (l-E i[exp(- L L: n k ).J z . en»]} 
n"lX) e yi a j E: C J 

y 

i ~ C • a. 
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Lemma 10.2. (i) If Ca is a critical class and a E-Ak,then 

{l0.14} 

(ii) 

(10.15) 

U (a) 
lint n k (l-P i [{(Zj (n» j € C )'Y.{a =O]) = bk i u , 

a n-+IX) e y -
y~Ak 

If Ca is a subcritical class and ae Ak,then 

U (Cl) !.!: n k {l-P e i [( (Zj (n» j G Cy)Y~Ct =0]) 

= ~ .i jbk 
L..... m.u B' 

\I (B)=\I (a)+l j E Ca ) 
Ps=l 

y~k 

i~ C • a 

i~ C • 
Q 

Lemma 10.3. (i) If Ca is a critical class and 0. ~ A
k

, then 

(10.16) lint n Uk (a) (l-E . [exp{- L .- L n-\lk (y) ))Z. (n» ; 
n-+IX) e~ y~a jfCy ) 

y~Ak 

( (Z j (n» j , C Y ) Y ~ a = 0]) = 1J.' ~ , IX) (). ) u i ,. : .J i e- Ca. 

y~Ak 

(ii) If Ca is a subcritica1 class and Q~Ak,then 



(10.17) 
~k (a) ~ 

lirn n (l-E i[exp(-~ 
n·~ e y~a 

y~Ak 

=0]) 

= i ~ Cd.' 

L~~a 10.3 is a consequence of Lemma 10.1 and 10.2,if Lemma 7.2 

k· S 
is applicable to this case. Since Wa(A) depends only on (A )~(S»k' 

write ~k(A) = ~k(AY for ~(y) > k,A B for ~(S)=k). It is enough to show a a 

that 

(10.18) lirn W:(OY for ~(y) > k,A B for ~(B)=k) = 
Aj .. ~ 

jfCQ,~(B)=k 
.... 

This is true by (7.8) if ~(a) = k and by the recurrence formula 

(10.6) if ~ (a) < k. 

The proof of Lemma 10.1 is the same as that of Ogura [5] except 

the proof of the following relation; 
. .. ~ 

(10.l9) 
-~ Cy) , 

lirn (l-E ~[exp(-L: L: n k AJZ.(n»l) = 0, 
.... .I 'LC J n"~ e y~a J~ y 

i e Ca' a E- Ak ' P Cl = 1, 

which we need in the course of the proof. Ogura [5] used his Lemma 4.7 

to show (10.19). But the lemma does not apply to our case,for we allow 
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the existence of final classes in {l,2,·-~,N} - ~. Although our 

substantial task is to prove (10.19) and our recurrence formula 

(10.6),we will outline the whole proof. 

Proof of Lemma 10.1. Since the right side in (10.12) and (10.13) 

are continuous in Af Rd we have only to consider the case when 
+ 

~j > 0,1 ~ j ~ d. The relation (10.12) for v (a) = k and (10.1~) for 

'.lea) = k-l have been already shown in Lemma 8.1. For general aEAk , 

we use induction with respect to the partial order { • 

First we shall show (10.13). Let a with P
a 

< 1 and '.lea) = lC~k-2) 

be fixed. Assume that (10.12) is valid for any a'1 a such that p 
a' 

= l,a'€- Ak , and (10,13) is valid for any a'< a such that p <1, 
a' 

a' E- Ak • It is easy to see thac,for any B -< a and iE CS' 

II Ca) - -v ey) . 
lim n k (1-E i [exp (- L L n k A J Z . (n) ) ] ) 
n~ao e y~8 j t C J 

y 

(10.20) 

~~(A)Ui if P = 1 and \I (S) = v (a) + 1, 
B 

00: ~ L m*~uj1Pk(A) if v (B~ . = '.lea) , 
v(y}=v(S)+l j E C J Y 

P =1 Y . - :1 

y 

0 otherwise. 

Set 

(10.21) 

Then, for any i E- CB' B ~ a, we have 
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(10.22) 
-vk(Y) . i 

E . [exp (- L L n AJZ. (k» J IC F Ck:e C)'». 
e 1 Y i B j l: C J n 

Y 

Then we can show (10.13) by the same method as in the proof of L~~a 

8.1 (ii),so the proof is omitted. 

It remains to show (10.12). Let a with P = 1 and v(a) = i(~k-1) 
a 

be fixed. Assume that (10.12) is valid for any a' { a such that p = 1, 
a' 

a'~ ~ and (10.13) is valid for any a' ~ a such that p < 1, a' €- A
k

• 
a' 

It then follows that, for any B < a and i c;. CB' 

2~k (a) -v (0) . 
1irn n (l-E 1. [exp (- 2: L n k ).J z . (n»]) 
n-+1Xl e o~S j ~ Co J 

(10.23) 

if Ps = 1 and \I(e) =\1 (a) + 1, 

= ~ L if \1(8) = \I (a) , 
\I(Y)=\I(S)+l j~Cv 

p =1 ' 
Y 

o otherwise. 

Set s = F(n:e ().» in (5.17). Since v Ma = v we have by (5.26), n a a a 

(10.24) 

= - L:: v. (q.ik-q.ik(F(n:e (A»» (l-F j (n:e (A») (l-Fk(n:e ().») 
. k 1 J, J, n n n i,J, ~Ca 

~ a a 8 B + L- v (Mc-Ma(F(n:e ()'»)(l -F (n:e ().»). S< a a ~ ~ n n 

If we set 



(10.25) 
b = (a )-~ ~ 

n n .. k C l.,), , 

( 

i i 
v. (q. k-q · k (F (n: e ().»» 
l.),), n 

a ____ ----------~----

{. k . 
(l-FJ (n:e (A»)(l-F (n:e (A»), n n 

c = r v (M~-MaB(F(n:e (A»»(1P-F S (n:e (A») "'\ 
n S< a Q ~ n n ~ 

/-_.-
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l + v (Fa(n+l:e (A»-Fa(n+l:e +lCA»), 
ann 

then by (10.24) we get 

(10.26) = -b (a )2 + n n c . 
n 

Let lJ = 2v (a)-k+1 ~1. Then ~ = ~k(a) by (10.11). We shall prove 

the following relations; 

(10.27) 

(10.28) 

(10.29) 

(10.30) 

1im a = 0, 
n not-= 

a . u • 

' ... !. 

By (10.27),(10.28) and (10.29) we can apply Lemma 4.6 of [5] to obtain 

lJ 

(10.31) = {B-1 .B ~k(A)2}2 = ~k(A). 
a a a a 

. This,cornbined with (10.30),proves (10.12). 
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It remains to prove relations (10.27) to (10.30). First of all, 

by (5.31) of [5],there exists some c > 0 such that 

(10.32) i i -1 i 
F (n+1:en+1 (A» - F (n+1:en (A» < cn (l-F (n+1:en+1 (A», 

it C • a 

We shall prove (10.27) (which is equivalent to (10.19». Set 

a = 1im a • Then we can choose a subsequence {n.} so that 
n J n-+-CXl 

(10.33) 1im a = a, . n. 
J-+-CD J 

and there exists 

(10.34) a· a a 
~(k) = lim (1 -F (n.-k:e _k(A»), 

j-+cc ) nj 

for every k > o. Substituting s = F(n.-l:e leA»~ in (5.17) ,we have ) n.-

(10.35) a a 
1 -F (n.:e leA»~ ) n.-

) 

J 

a a . a a 
= (M -M (F(n.-l:e l(A»»(l -F (n.-l:e leA»~) a a ) n.- ) n.-

) J 

~ a a B S ) + -'=- (Mc;-MS(F(n.-l:e l{A»»(l -F (n.-l:e l(A». 
S{ p ) n . - J n .-

a J J 

By j10.23) and (10.33) we get . •• I 

(lO.36) 

(10.37) 

< a -= 



I. 

(10.38) 

Hence 

(10.39) a a 0 a c - M C a = v C "(0) - ·0"(1)' a"(l)' 

Similarly we have 

(10.40) ca _ MOc o 
"Cl) - 0" (2) , a = 

Repeating ~~is argument we obtain 

(10.41) 

Then,by (3.3),it follows that 

(10.42) 

k > O. 

a 
If a> O,then C(l) > O. But since Ca is a critical class we have 

i a a 
mj (1 -C (1» > 0 for some i,j f Ca' This contradicts to (10.38). 

Next we shall show (10.28). By (10.27) and (10.32), 
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lim nv (Fa (n+1:e (A)}-Fo{n+l:e +l(A») = O. Therefore by (10.23), o n n 

(10.·43) 

r 
e ~ a 

\I (E):O:\I(a) 

v 
a 



( 

= 

= L 
v(S)=v(a)+l 

p =1 
6 
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where the third equality follows from (3.11) and the last equality is 

due to the definition (10.6) and (10.7) for ~k(A). Hence we have 
a 

proved (10.28). 

By (10.26), (10.27) and (10.28) we have 1im n~a n n-+co 

= ll.·m nlla 
-- n+l n-+co 

,lim nllan = co. Therefore by (10.23) we see that 
n-+co 

lB-F 6(n:e (A» lim __________ ~n __ __ 
= 0 for any 6 < a. Then,as in the latter half 

of the proof of Lemma 6.l,we obtain (10.30). Therefore lim bn = Ba > 0 
n-+co 

by definition of b • 
n 

For the proof of Lemma 10.2 we remark that as in Lemma 9.l,for 

any B ~ a, 

(10;44) 

(10.45) 

i .. " 
p .[«z.(n)}·LC )0/6 otA "'0] = F (n:e(A O»' 

el. J Jc 0 ~, k 

i = (exp(-A »l<i<d and Ao is defined by ...... 

Then the proof of Lemma 10.2 is the same as that of Lemma 10.1. 
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11. Examples 

In the first three examples,the mean matrix is assumed to have 

the form 

1 0 0 
1 1 0 0 0 1 1 

(11.1) M = 
0 1 1 0 

o 1 1 

Then it is easy to see that 

(11.2) 

(11.3) 

(11.4) 

and 

(11. 5) 

C. = {i}, p. = 1, 
1. l. 

1~2~ "·-~d, 

__ \ i-j+1 
v (j ,i) 

-1 

m*~ = 
J 

if i > j, 

if i < j, 

if i > j, = 

if i < j. 

Let f(s) be a one-dimensional generating function such that 

(11.6) f' (1) = 1, f ' , (1) = 2B > O. 

Recall that s, A denotes the d-dimensiona1 vectors ;.S 
i = (s )l<i<d 

'. - .. ~ = = ' 
and A (A i) Ai> 0 = l<i<d' =. 

= = 

EXA}'.PLE 1. Let F1 (s) 
1 i i-I i = f(s ),F (s) = s f(s ),2 < i < d-l = = 

d d-l d and F (s) = ss. Then C. (i < d-l) is a critical class and Cd is 
l. a: 

a final class. We have 

we get 

a .. = 
l.,J 

1 

(i-j-1)! 
,b ..... 

1,J 
1 

---~---. By Theorem 2.1, 
(i-j) 1 



(11.7) $. (t,).) 
l. 

i '+' 1 . 
= lim n(l-E i[exp(-1:n-l. J- "Jz.([nt]»]), 
n~m e j=l J 

and $i(t,).) is the solution of 

{
~. (t,).) 
dt l. 

1/Ji(O,A) = 

(11.8) 

for i ~ d-1. 

2 i-I 
= -B1/Ji (t,A) + L:::: 

___ A_j_ i-j-1 
t , 

j=l (i-j-l)! 

It is easy to see that 1jJ. = $ .• Then by Theorem 2.3 we obtain l. l. 
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(11.9) 
d '-d' ~l _Ad 

lint E d[exp(-2:nJ AJz.(n»] = exp(- lPd_l(t,)')dt)e • 
n+m e j=l J 0 

This is already given in [2] with the different formulation. 

In case it is necessary to distinguish $. for various d's,we l. 

shall write 1Pd ., i = 1,2,···. ,l. 

If d = 2 or 3,we can solve (11.8) explicitly for i = d-liif 

d = 2, 

(11.10) \l!2,1(t,A) 

(11 •. 11 ) 
_1 2 

1 .;.... -I 1 2 {'l'+B' 1) Be-A ~ .. E 2[exp(-n A zl{n)-A z2(n»] = ~ , 
n~m e 

and if d = 3, 

(11.12) lP 3 ,2(t,A) 
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(11.13) 
3 . 3 . 

lim E 3 [exp (- L: nJ - AJZ. (n) )] 
n~~ e j=l J 

Let a. > 0, 1 < i 
~ = = < d-l and A ~o. By substituting Aj = (d-j-2)!a.A, 

J 

. d-l d 
(j < d-2),A = ad_lA,A = 0 in (11.8) for i = d-l and (ll.~),we have 

(ll.lf) 
d-2 j-d .. -1 

lim E d[exp(-A2:" n (d-J-2) !aJ.z
J
. (n)-An ad-lZd - l (n»] 

n~~ e j=l 

= exp(-
(I __ 
)0 lPd_l(t,A)dt), 

'V 

,~here y.. d-l (t, A ) is the solution of 

(11.15) 

If a. = 
~ 

d ,.., 

t
- lPd- l (t,A) = 
dt 

;d_l(O,A) = ad_lA. 

,..., 2 d-2 d-j-2 
-Bv:d_l(t,A) + ~ a.t A, 

j=l J 

0,1 ~ i ~ d-2, then (11.14) is the Laplace transform of a 

gamma distribution. If d ~ 3 and a i > 0 for some 1 ~ i ~ d-2,then 

(ll.l~) is the Laplace transform of an infinitely divisible distribution 

wit~ a smooth density (see [10]). A class of ordinary differential 

equations closely related to the infinitely divisible distributions 

is given in [11]. 

EXAMPLE 2. 

i-I i ss, i = d-l r d. In this case,C. 
~ 

(i < d-2) is critical and 
~ 

C. (i ~ d-l,d) is final. By Theorem 2.1 we have 
~ 
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(11.16) 
d-l . d . 

lPd- l (t, A) = lim n (l-E d-l [exp (-l= n)- ).JZ. ([ntJ ) )] ) 
n~m e )=1 J 

where lPd- l is the solution of 

d 
-~ld_l (t, A) 

d-2 
=2: Aj d-j-2 

---- t , 
d-l = A , 

dt j=l (d-j-2)! 

i.e., 

lPd-~ (t,A) 
d-l __ A_j__ d-j-l = ~ t. 
j=l (d-j-1)! 

Hence by Theorem 2.3, 

(11.17) 
d )) 

exp (- 1:" ) . 
j=l (d-j)! 

This is the Laplace transform of a delta measure. 

EXAP.PLE 3. 
1 1 i i-I i Le t F ( s ) = f (s ), F ( s ) = s" f (s ), 2 < i < d • 

"Then all the classes are critical. By Theorem 2.4 we have 

(11.18) 
a d+' 1 . 

lim E a [exp (- L: n - )- AJZ, (n» I Za (n),"O] 
n~m e j=l J 

••. -! 

where lPa is the solution of 

(11.19) 

and 

{ 

~lPa (t, A) 
at 

lPa(O,A) = 

2 d-l Aj d-j-l 
= -BlP

d 
(t,A) + 1:: t, 

j=l (d-j-l)! 
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ex: 

(11.20) ~d(t,},,) = 1im Vd(t,A). 
}"d-+a> 

This is already sho~~ in [21 by a different formulation. If d = 1 or 

2,then we can solve (11.19) explicitly;if d = 1, 

(11.21) ~!1,1 (t,}") = , Cl:> 1 
~l,lCt'A) = 

tB l+tB}" 1 

(11.22) lim E 1[expc-}"lz1 (n» IZl(n)~O] = (1+BA 1 )-1, 
n-+a> e 

and if d = 2, 

(11.23) 

a> 
lV2 ,2 Ct ,},,) 

(11.24) lim E 2[expc-n-2}"lzl(n)-n-l},,2z2Cn» IZ2(n)fO] 
n-+a> e 

Letting k > 2,we apply Theorem 10.1. In this case, veal = k is 

valid only for a = d-k+1. Hence 

k -1 
bd - k+1 = B , 

(11.25) k 
~. d - k + 1 (A) = ~I d _ k + 1 (1 , A) ... If d _ k + 1 (1, A) , 
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~ttJ;d-k+1(t')') 
2 d-k ).j d-k-j 

= -Bll-'d-k+1 (t,).) + r t, 
j=l (d-k-j)! 

(11.26) 

CX) 
~d-k+1(t,).) = 1im ~d-k+1(t,).) • 

. ). d-k+1~CX) 

Recurrence formula (10.7) 

(11.27) R. (x.;j< i) 
l. J 

It then follows that 

,J11.28) 

is given by 
1 

-1 2 = (B x. 1) 
l.- • 

(Bll-'d-k+1 (1,).» 

If k = d,then ~l(t,).) 

Therefore we have '. - :' 

d l' 
1im E d [exp (-~ n - ).J Z . (n» I (Z . (n» l<j<d~O] 
n~CX) e )=1 ) J = = 

( 
1 ) 2

1
-

d 

= 1 - 1- l+B).l • 

The case of d ~ 2 is already given in IS]. 

-k+1 2 
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We shall give an example such that CN is a final class with fe
N

>l. 

EXAMPLE 4. 

1£(52 )53 + If(Sl)s4 
2 2 

matrix is 

(11.29) M = 

, 1 0 0 0 

1 1 0 0 

111 1 
'2 2 2 '2 
1 3 13 
4444 

It is easy to see that 

(11.30) 

(11.31) 

if Cl ~ S, 
(11.32) 

if Cl ~ S, 

and by Theor~~ 3.1, 

1 0 0 0 

1 1 0 0 

(11.33) M* = 1 2 1 2 
3333 
1 2 1 2 '. . .- ~ 

3333 

Obviously, C
1

,C
2 

are critical and C
3 

is final. It follows from (11.33) 

that a 2 ,1 c b 2 ,1 = ci = 1. By Theor~~ 2.1 we get 

(11.34) 
2 

It;2 (t,).) = lim n (l-E 2 [exp (- r n j
- 3 ).jz. ([nt]»]) 

n*= e y;1 J 



and ~2 is the solution of 

i.e., 

(11.35) ff:l 1P (t,).) = -
2 B 

jBA2cOSh{~t)+~Sinh(~t) 
JBA2sinh{JBAlt)+~COSh{~t) 

Therefore,by Theorem 2.3,we have 

(11.36) 

2 {I .' 1 -A 3 2 -A 4 
= exp{- - . 1P

2
{t,A)dt) (-e + -e ) 

3 0 3 3 

2 

= ~(COSh(JB~l) + ~2~lsinhJB~1»-3B(e-~3+2e-~4). 

for i = 3,4. 
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Finally we shall give an example such that {Cl,···,C
N

} is not 

linearly ordered. 

EXA.'1PLE 5. Let F1 Cs) =1(sl),F2 Cs) 123 sl£(s3) and = s s ,F Cs} = 

F 4 {s) = 234 s s s • Then 
'. . . 

(11:37 ) C. = {i}, 
~ 

p. = 1, 
~ 

(11.38) 1<2~4, 1 ~ 3 ~ 4 and neither 2 < 3 nor 3 ~ 2, 

(11. 39) v(4) = 1, v(3) = v(2) = 2, v (I) = 3. 

In this case,C
1 

and C
3 

are critical and C
2 

and C4 are final. By 

Theore~ 2.1 we have 



(11.40) 

= t.IJ. (t,A) I 
~ 

( 

i = 2,3, 

where 1P2 and 1/.1 3 are the solutions of 

(11.41) 

(11.42) 

. i.e., 

tp2(t,),) = t),l + ),2, 

fo), 3 cosh cl BA 1 t ) +]A 1sinh (jB)..l t ) 

Therefore,by Theorem 2.3, we obtain 

lim E 4 [exp{-n- 2A1z
1 

(n)-n-1A2z2{n)-n-1).3z3{n)-).4z4(n»] 
n+m e . 

Fukui University 
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