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Abstract

In order to get the information on whether neutrinos are
Majorana or Dirac particles, the double B decay is examined.
The effective weak charged current Hamiltonian is used.which is
motivated by the grand unified gauge theories. The ot > gt
nuclear transitions fér béth the two neutrino and neutrinoless
modes are investigated in the two nucleon- and N*-mechanisms.

The condition is proposed to determine whether neutrinos
are Majorana particles. In order to derive this condition, it
is sufficiént to know only the theofetical estimate on the (BB)Zv
mode. By using the data on the ratio of 128Te to l3OTe half-
lives .obtained by Missouri group, we conclude from this Majorana
condition . that neutrinos are likely to be Majorana particles.

It is found that, for the neutrinoless mode, only the
0+-+0+ transition in the two nucleon mechanism.takes place if
there is no right—handed'current. By using the data on the ratio
of the l28Te to l30Te half-lives and Vergados' estimation of the

nuclear matrix elements,. we get the neutrino "mass" to be around

32 eV if there is no right-handed current.

+ ;
The 0% +2" transition for the (BB) ,,, mode occurs only if
there is the right-handed current in addition to the left-handed
current, so that the measurement of this transition gives the

direct information on the right-handed current.
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§1. Introduction

(l-a) Majorana neutrinos:
The interpretation of the so-called "negative energy states”

1)

proposed by Dirac leads to a symmetric description of electrons
and positrons. Majorana, however, thought that it is not satis-
factory because thé symmetric result is obtained only after
anti~symmetrizing the Dirac fields. 1In 1937, Majoranaz)

showed that it is possible to construct the theory without negative
energy states by taking account of only the real part of spinor
field‘which is called as the Majorana field. It is clear from
the analogy of the real scalar field that there is no distinction
betwgenfparticle and anti-particle in the Majorana theory.
Therefore, this ﬁheory can not apply to the charged spin 1/2
particle. However, it is perfectly possible to formulate a
theory of the neutral spin 1/2 particle which is compietely
different from the ordinary Dirac theory.

3)

Racah discussed that the neutron can not be described by
this Majérana theory because it has an anomalous magnetic moment.
However, even at the present time, the question whether neutrinos
are Majorana or Dirac particles is still open.

Oon the other hand, the neutrino hypothesis has been proposed
by Pauli4) in 1933. Subsequently, by.taking this hypothesis,
Fermis) has constructed the theory of B decay in 1934. The first
observation of free neutrinos from a reactor was made by Reines and

6)

Cowan during 1953 to 1956. Since the discovery of parity non-

conservation in the single B decay was made by Columbia-NBS group,



8)

following the proposal by Lee and Yang, the V-A charged weak

interaction theory based on massless neutrinos has been estab-

lished.

9) 0) 11)

Pauli, Gﬁrsey,l and Ryan and Okubo have proved that

- the Majorana and two-component neutrino theories do give the same

result, if neutrinos are massless and the charged weak interactionis

the V-A type. Let us consider two elementary processes

- + .
n>p+t+e -+vl and "p" »> "n" +e -+v2 , as examples. In the Dirac
theory vl==ve and v2==ve r wWhile in the Majorana theory vy =

helicity -1 state, v, =helicity + 1 state. 1In the Majorana

2
theory, the helicity plays the role to distinguish the particle and
the anti-particle in the Dirac theory within the framework of
the massless V-A theory. This is the reason why few attention
have been paid to the Majorana theory of neutrinos. However,
if neutrinos are massive and/or if the V+A intéraction is added,
the Majorana and Dirac neutrino theories give different results.
According to the recent theoretical development of the
grand unified theories, neutrinos are likely to be massive 2)
because leptons and quarks are treated on the equal basis. Also,

13) seems to show that

the recent experiment of tritium B decay
the electron neutrino has a finite mass. Under these circum-
stances the following questions are revived: Are neutrinos
massive? Whether are neutrinos Majorana or Dirac particles?
Let us consider how the Majorana neutrino is distinct from
the Dirac neutrino: (a) By its nature of the self-conjugate

field, the Majorana neutrino can not have the magnetic moment.

(b) Since there is no freedom of the phase transformation for



the Majorana neutrino, the lepton number is not necessarily
conserved. Thus, a test for the Majorana neutrino could be
performed by the observation of the total lepton number non-

conserving processes such as

(i) The neutrinoless double B8 decay,l4)’15) (A,Z-—2)-+(A,Z)+—2e—,

(ii) The uyu-e conversion,l6) u—-+(A,Z-+2)-+(A,Z)-+e+ etc.,
17),18) K—->ﬂ+-+e_-+e— etc.,

19)

(iii) The K decay,
(iv) The antineutrino capture, GEVFn—>p-Fe_ etc..

(c) If there are a neutrino and its antineutrino in the final
state, we can expect to have interference terms between them
because they are indistinguishable from each other in the Majorana
neutrino theory. In the Dirac neutrino theory, we have)of course,
no such interference terms. The u-decay provides this kind of

20)

test. (d) The CP-violation pattern of the charged leptonic

current sector in the Majorana neutrino system is different from
that in the Dirac neutrino system, as shown by Billenky, Hosek, and

21) by Schechter and Valle,22) and by Doi, Kotani, Nishiura,

Petkov,
Okuda, and Takasugi.ls) We shall discuss this CP-violation problem
in §2. This may also serve to discriminate between Majorana and
Dirac neutrinos.

In this thesis, we shall ‘examine the double B decay as

a tool to investigate whether neutrinos are Majorana or Dirac

particles.

(1-b) The double B decay:

In the double B decay of nucleus, there are two decay modes,

i. e. the neutrinoless mode, (BB)Ov’



(AZ-2) — (A,Z)+e + e | (1.1)

7

and the two neutrino emitting mode, (BB)Zv ,

(AVZ2)— (A, Z2)+e +e + T+ | (1.2)

The double B decay can occur in the case where the single B decay
of the parent nucleus (A,Z~-2) to (A,Z2-1) is forbidden energet-
ically or at least strongly suppressed due to a large change of
spin between the initial and final nuclei. As typical examples,
the level structures of 130Te and 48Ca are shown in Fig. 1.

The (BB)Ov mode takes place only when neutrinos are Majorana
particles. This is because this process changes the total lepton
number by two. But if the Majorana neutrinos are.massless and
the weak charged current interaction is the V-A type, the (BB)Ov
mode does not occur because of the . mismatch of neutrino helicities.-
On the other hand, the (BB)2v mode can occur both for Dirac and
Majorana neutrinos. .Therefore the observation of the (BB)Ov mode
gives the direct information on the property of neutrinos.

The counter (chamber) experiments have advantage to examine
the (BB)Ov and (BB)Zv modes separately. Amdng this kind of
3)

experiments, in 1970, Columbia group2 found one event which

might be from the (BB)Ov mode for 48Ca. Recently Moe and
4)

reported the observation of 23 events which are

considered to be from the (BB)Zv mode for 828e. The other groups

Lowenthal2

have obtained the lower bounds for the half-lives, which will be
‘discussed in §6 individually. It is worthwhile to note that the

observation of the transitions to the excited states has some



experimental advantage, as pointed out by Fiorini.zs) This is
because those tranisitions are followed by de-exciting y-rays,

detection of which reduces the background.

The geological method has such advantage that the accu-
mulated decay products (daughter nuclei) for a long period are
observed. This method, however, is unable to discriminate the
(BB)OV mode from the (BB)Zv modes. In order to get some informa-
tion on thé (BB)Ov mode, it is necessary to choose the nucleus with
a small phase space so that the yield from the (BB)2V mode is sup-
pressed relative to the (BB)Ov mode. Since the half-life of the
nucleus with the small pahse space is much longer than that of the
double B-decay nuclei with normal-size phase space, the measurement
of the ratio of its half-life to that for the nucleus with normal-
size phase space is preferred. In addition, the measurement of
the ratio may be free from the experimental ambiguity due to the
absolute half-life measurement. Consequently the ratio of the

128Te to 130Te half-lives measured by Missouri group26)

may be
considered to meet the condition given above. Note that in the
analysis of the half-life measured geologically, the transitions
to the excited states should be taken into account in addition to
the ground state to ground state transition.

Let us discuss the theoretical aspects of the double 8 decay.
Two mechanisms for the double B decay have been considered. One
is the two nucleon(2n)—mechanism of successive B decays of two dif-

ferent neutrons,(nliandlnz)j11one nucleus are involved in the double B8

decay, as shown in Fig. 2. The reason why two neutrons participate



in this decay process is due to the fact that two units change

1s required in the hadronic part. In the (BB)Ov'mode,

a virtual neutrino emitted by ny is reabsorbed by another n,
*

in the same nucleus. The other is the N -mechanism introduced

27)

by Primakoff and Rosen. This mechanism is based on the fact

that the nuclei may contain the admixture of the nucleon resonance

(p) _3* _3 _ . .
=5 I'-f and m= 1232 MeV [A(1232)]. In this mechanism,

with J
the double B decay is considered to occur through the transition
either A7 (1232) »p+e” +e  + (V_+V_) or n+att(1232) +e+e 4+
(3;7+G;), as shown in Fig. 3F The participation of oﬁe hédron is
enough in this case, because the isospin difference between the initial
and final hadrons is 2@=AIZ), In the (BB)Ov mode, a virtual
neutrino emitted by one quark in a hadron is reabsorbed by another
quark in the same hadron. Note that the average prqpagation |
distance 6f this virtual neutrino is much shorter in comparison
with fhe case of the 2n-mechanism, so that the magnitude of the
neutrino exchange potential is enhanced conéiderably. Therefore
the N*—mechanism becomes important relative to the 2n-mechanism,
although the admixture probability of A(1232) may be small. The
idea of this N*—mechanism comes from the argument by Kermén and

28) that the deuteron has the possible admixture of

Kisslinger
the nucleon resonance, N(1688). The brief discussion for
these two mechanisms is given in Appendix B.

Many theoretical works have been done on the double B decay.

The (BB)Zv mode was first discussed by Mayerzg)and1aterhy~Prﬁmﬂ«ff

and Rosenls) in the 2n-mechanism. For this mode, it is enough to
consider only the V-A interaction.30)
73) 4)

* Ejiri, Ohtubo and Hosoy_a7 pointed out other types of
‘diagrams shown in Figs. 12 and 13. These possibilities are

now under consideration.



4)

Concerning the (BB)Ov mode in the 2n-mechanism, Furryl was
the first to-investigate it, and later Primakoff and Rosenls)
discussed it in detail for the case where a massless Majorana
neutrino couples to»an electron in the leptonic current with
the various tensor structures. Greuling and Whitten3l) have
analyzed the case with the V-8A (6 ¥ 1) leptonic current for a
massive neutrino. Assuming a massless neutrino, Molina and Pascual->?’
investigated O+-+l+ and 2+ transitions in the framework of V - §A
interaction without nuclear Coulomb corrections. Concerning the
N*—mechanism, Primakoff and Rosenlj)discussedthenmsslessneutrino

case with the V+A type leptonic current in addition to the ordinary

V-A current.The hadrons are treated within the SU(6) quark model.

3)

Smith, Picciotto and Bryman3 have analyzed the (BB)Ov and
(BB)Zv'modes by using the pion core model of A. The extensive
investigation of the double B decay was done for the O+->J+
transitions in the 2n- and N*—mechanisms recently by Doi, Kotani,
Nishiura, Okuda and Takasugi.34)’35)

In this thesis, we will consider the following effective
weak charged current interaction Hamiltonian: (i) Massive neutrinos
are considered. (ii) The mixing among neutrinos is taken into
account. (iii) The right- as well as left-handed currents are
considered both for leptonic and hadronic sectors.

In 82, the general form of the effective weak interaction
Hamiltonian is presented in connection with the grand unified gauge
theories. The CP-violating phases characteristic to the Majorana
neutrino system are discussed,and,as an illustration,the case fdr

two generations is presented in Appendix D. 1In 83 the (BB)Ov

mode is invéstigated for the 0+-+J+ transitions both in the



* *
2n—- and N -mechanisms. The brief description of the 2n- and N -

mechanisms in the double B decay is given in Appendix B. The
(BB)Zv mode is analyzed in 84. The general properties of the
double B decay formulae are discuésed in §5. The data on the
half-lives of typical double B decaying nuclei are analyzed and
theoretical predictions are given in §6. The summary and the

concluding remarks are given in §7.



§2. The weak interaction Hamiltonian

36)~38) *

In the grand unified gauge theories, a general form

of the effective charged current weak interaction Hamiltonian

will be
Hy00) = 2 [ 00T o0 + X 0T oo

+ K{j',_P(x)J';f*(x) + ‘].RHCI)ILTVI::)}] I (2.1)

where JL?R)(X) is the left(right)-handed hadronic current and the

leptonic current jL(R)u(x) is expressed as follows

JLP(x)
jxp(") = €m) rrq-m,.) Ve;(x) oo , (2.3)

il

§(x)YrL(l—‘(5))%L(x) + ... (2.2)

Here e(x) i$ an electron field and veL(x)(véR(x)) is a 1left(right)-
handed electron-neutrino field appeared in the leptonic current.

This neutrino field is referred to as the current neutrino.

(2-a) The right-handed current.
This effective Hamiltonian is derived from the underlying
fundamental interaciton among quarks and leptons. The appearance

of A-term is due to the additional gauge boson wh

R which couples

to the right-handed current and the k-term comes from the mixing

between WE and Wg . This mixing is expressed in terms of the
mass eigenstate gaugeibosonsWl and W2 with masses Ml and M2 as
39) ,40)

follows,

* The effects which come from Higgs particles are not taken

into account.



W= W, ST + W, ain T, (2.4)

Wr=-W,AinT+ W, tos ¥, (2.5)

In this notation, the parameters G, X and ¥ in Eq. (2.1) are
40)

expressed in the left-right symmetric model as
G/ =(§/8) 085 (M’ + M2 )/ (M M,)" (2.6
A = (M7 Mg tadt ) /(MPtals +M ) (2.7)

K= (MP=M)tamS / (M7 tandS + M3 (2.8)

By eliminating ¢ from Egs. (2.7) and (2.8), two parameters A and

k satisfy the relation,

‘ K2 " {)\‘é‘(Xc*"//\c)}Q
e - 1/V7e (Xe =1/ Ae)*

—

(2.9)

L
4 .

where Ac==(Ml/M2)2.» We assume M., < M2 for simplicity. This

1
constraint is shown in Fig. 4 schematically. Note the following
remarks: (i) The physically expected A-value is around

A.:Ac < 1, i. e., A==Ac-+tan2C and k=-tan z in the limit

Ag> 0. (ii) If we write A=2X_+8, k behaves like kK ~+/8 for
§« 1. If &<V , A > | k| (iii) on the other hand there is

a possibility that the magnitude of «k dominates over A, e. g.

if § :Ac ,IKFZ/XE>> A==2Ac. It is of interest in this situation
to observe that IK]is the order of (M;/My), while A is order of

(M1 /M3) 2.

In the following sections, we shall treat A and K as the

-10-



small free parameters (X, |k| « 1).

(2-b) The hadronic current

In the 2n-mechanism, the hadronic currents are written as

e = oo TVYF (G - 97 V00 | (2.10)
kP = Voo v (3/+ 47 Vi@ (2.11)

where w§==(p, n) and tF is the isospin raising matrix. Here
gy = <OS ® and g¢==cos 8' where 6(0') is the left(right)-mixing
angle between u and d quarks. We expect 8 =ec where ec is the

Cabbibo angle. Also

. Vi 7 )
9/ =/ =124 | (2.12)
is taken. This deviation from unity is due to the strong inter-

action renormalization.
*

In the N -mechanism, the hadronic currents are considered
to act on quarks in a hadron and are obtained by replacing wg
o, T_ . . ‘|=
w1thAwqf—(u, d) and taking gA/gV gA/gV 1. The effect from
strong interaction will be taken into account by evaluating the

matrix element in the SU(6) quark model.

(2-c) The neutrino mizing and CP-violating effect

‘Let us discuss the diagonalization of mass terms of neutrino

fields18L21L22L41L42%hree-types of mass terms are considered;

case (i), a Dirac-type mass term is

Ly =~ VMU +he. . (2.13)
case (ii), a Majorana-type mass term is

L :—%(VL)CIML V. +h.c., (2.14)

-11-



case (iii), a mixed-type mass term is
l:m = - _)j;M VL - Jf{(yL)C ML )}L + O/RI)C MR ))RI} +h.C. 5 (2.15)

T
where vL(R)==(vlL(R)

generations, and (v

r Vv ), n is the number of

2L(R) * "7 VnL(R)
c_ T . . .

L(R)) '—CvL(R) with the charge conjugation

matrix C. The Majorana mass matrices Mi (i=L, R) are in general

complex symmetric n Xn matrices, i. e., M§==Mi due to the property

c c
of v v, = Voo
a B "a

B

Case (i) : The Dirac-type mass term becomes

Ln= N (VOTMUPIN +hec,  (2.16)

after taking the unitary transformations,

Y, = UYN, (2.17)

b}
W = VwNR ) - (2.18)

The mass matrix M can be diagonalized by choosing some appro-

priate unitary matrices U and V, i. e.

VAR Y UY = (real diagoha, ). (2.19)
(1)

Note that we have n mass eigenstate Dirac neutrinos. Since U

ang v{1)

are unitary matrices, respectively, there are n(n-1)/2
rotational angles and n(n +1)/2 phases in each matrices. By the
redefinition of n charged lepton and n neutrino fields appeared
in the leptonic currents in Egs. (2.2) and (2.3),(2n-—l}phases
out of total n(n+ 1) phases in U(l) and V(l) can be absorbed.
This freedom is uéed.to reduce the number of phases in the left-

(1)

handed current sector so that U includes (n-1)(n-2)/2
CP-violating phases (the Kobayashi-Maskawa scheme43)) and V(l)

has the remaining n(n + 1)/2 phases.

-12-



Case (ii): The Majorana-type mass term becomes

L=+ N(UYTMLUP)N +hec, (2.20)

after the unitary transformations,

¢)) (2.21)
V]_ = U NL R
)= U Nk | (2.22)
Note that U(l)T appeared instead of V(l)T in Case (i). Since

My, is the symmetric complex mass matrix, we can diagonalize it

(1)

by choosing some appropriate unitary matrix U . In this case
there are n mass eigenstate Majorana neutrinbs, Nl,--~, Nn. Since
there is no freedom of the phase transformation for the Majérana
fields, only n charged leptons can ébsorb n phases. That is,

(1) 18),21),22)

n(n-1)/2 CP-violating phases remain in U It is

worthwhile to point out that there is- no right-handed current
(A=x=0) in this case.

42
Case (iii): The mixed-type of mass term becomes )

U“’, ye T ML,MT U“’, U® \/N®

L =(N" N®) +hoc.
m ) X @) ?
ayt »ﬂ@* VoY, N
after the transformafions,
Y = YWNY U9N @ (2.24)
L - U N L + L ) A .
/. 1 a4 )y g 2.25
.L% - \/( PJR + V [qR . ( )
ML ’ MT
The 2n X 2n mass matrix M VM is a complex symmetric matrix.
14
R

Therefore, similarly to Case (ii) we can diagonalize the mass

-13-



‘ (1) (2)
matrix by choosing some appropriate unitary matrik (U(l)* 'U(z)f> ’
' vV

i. e.

Ua)) U(z) . ML,MT Um) , Ua)

veryes )y M, Vo e (real diajoml), (2.26)
) ’ )

In this case there are 2n mass eigenstate Majorana neutrinos ;

(l) - et LN BN J T (2) — = o & 0 T )

N (L type)—(Nl, ,Nn) and N (R type)—(Nn+l, ,N2n) . Since
(1) (2)
(l)*’ (2) * is a2n x 2n unitary matrix, there are n(2n-1)

\% ' V '

rotational angles and n(2n+ 1) phases. Only n charged leptons

can absorb n phases so that 2n2 CP-violating phases remain in

U(l), U(2), V(l) and V(Z). We use this phase freedom of leptons

(1) and v(l), Thus, n(3n-1)/2

and V(l), and the remaining

(2) 22)

to reduce the number of phases in U

(1)

CP-violating phases are in U

(2) In Appéndix D, we shall

n(n+ 1) /2 phases are in U and V
show an explicit illustration for n=2 case.

In order to treat the three cases simultaneously, we shall
use the following relations among 2n current neutrino fields VaL,R

and 2n mass eitenstate neutrino fields Nj with mass mj,

n 2n :

(1) <) — .
Z ( (1) Ucz) @ )___j; UNJ NAL , (2.27)
2

( v(i) N @ vm NJR ) = VdJ NJR (2.28)

d

Il

Q-A
=

[\”/);:

VR

”
-

=

It should be understood that U(l)%=0, v(l)%:o and others =0 for

Case (i); U(l)=%0 and others =0 for Case (ii).

...14...



Generally speaking, the mixing between neutrinos turns off

in their massless limit. In the Dirac neutrino Case (i), the

mixing matrices should be taken as U(%)==V(%)==6 .. While, in
aj 0] aJ
the Majorana neutrino case, we have Ué§)==6aj in Case (ii), and
Ué%)==vé§)==6a. and others =0 in Case (iii). However, we keep
(1) (1)

the possibility that mixings still remain in U and V on

the phenomenoclogical basis even in the massless limit.

(2-d) The properties of various gauge models:

Let us discuss briefly the magnitudes of parameters appeared
in the weak Hamiltonian Eq. (2.1) in the various typical gauge
models.

(1) The 5U(2), % U(1) models:

4) only

In the standard Glashow, Salam and Weinberg model,4
the massless left-handed neutrinos are present (mj==0).
Resultantly there is no neutrino mixing, U(l)==l and U(2)==O and
no right-handed current, A=k=0 (V=0) . It is not impossible
to generate neutrino massess by introducing a Higgs triplet.

In this case, neutrinos:are Majorana particles (corresponding to
Case (ii) in the subsection (2-c)). A natural way to generafe
neutrino masses is to introduce a right-handed neutrino. If
singlet right-handed neutrinos are added, neutrinos become massive
Dirac particles naturally (Case (i)). By introducing the Higgs
triplet in addition to the above singlet right-handed neutrinos,

Barger et al.45)

showed it possible that neutrinos are massive
Majorana particles (Case (iii)). ©Note that there is no right-
handed charged current, M=Kk=0,in these theories because the

weak charged bosons do not couple to the right-handed neutrinos.
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(II) The SU(2)L><SU(2)R><U(1) models:

35)

In the typical model of this type, neutrinos are massive

Dirac particles since there exist the left-and right-handed

neutrinos (Case (i)). An interesting alternative model has been

6)

proposed by Mohapatra and Senjanovic4 where both Dirac and

Majorana mass terms exist (Case (iii)). Now, neutrinos become

massive Majorana particles. They obtained the values of parameters;

=M_ = lO7 Gev,

m xm M, /M, = 0O(eV), m
N(L) (L-type) & WL TR " n(2) (r-type) "R

o ana v s 0y, u® ana vIP xow, M) 21077 ana 3,
10 L R

]Kl ~ 10 . Presently available data on the charged-current

interaction give . the ristriction,??) 1, k] < 107t

(TITI) The SU(5) models:

In the standard model>’)

with a Higgs scalar in a 5 and/or
45 dimensional representation, there is aglobal symmetry which
leads to the B-L number conservation. Moreover in the 5 and 10
quark-lepton multiples, there is no room for the right-handed
neutrino. Therefore neutrinos are massleés. If the B-L global
symmetry is violated by introducing a two-fermion interaction

7)

with two 5-representation of Higgs,4 neutrinos become massive

Majorana particles (Case (ii)). In this case, m 1 x
- , N (1) (L-type)
107> eV, A=k=0 and 0% =v=0.

(IV) The S0(10) models:

38) a left-and a right-handed neutrinos

In this kind of models,
are assigned in a same l6-plet representation. Therefore the
mixed type of mass matrix (Case (iii)) is generally obtained and

neutrinos become Majorana particles. In this scheme, the small

mass of the "left-handed" neutrino can be explained in the

-16-



following manner. Suppose that the S0(10) symmetry breaks .down

15

to SU(5) at the grand unification mass scaleM p = 1077 Gev .

GU

Since a right-handed neutrino is assigned to a singlet represen-
tation of SU(5), it can have a mass at this mass scale.

Therefore, the right-handed Majorana mass term M_ in Eqg. (2.15)

R

is order of MGUT' The mass scale of the Dirac mass term should

be of the order of quark mass, mqrrl GeV. The left-handed mass
term ML is considered to be much smaller than mq . After

diagonalizing the mass matrix, Eqg.(2.26), we obtain m (1 ' =
. . N )(L—type)

2

6
q/MGUT

ev), m ~ M or =10 8m

=0(10" =
N(Z)(R_type) GUT

m The order of

GUT °

(1) (2) _ (1)

magnitude of mixing parameters are U *-V(2)~—O(l), U

moy /m (2 =10730  anda Az [k|s (g /My ) 7=
N (L-type) N (R-type) L "R

2 ,,—26 . 48)
(MWL/MGUT) ~ 10 . Witten has proposed a model where the
neutrino masses are generated by loop diagrams. In this model,

the neutrino can get a larger mass in comparison with the above

. . _ 2 - 12
mentioned values, that is, -quW/(a MGUT)—~10 eV .

"N (1) (L-type)
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§3. The (BB)Ov mode

We shall discuss the (BB)Ov mode for the 0+-+J+ transition.
In this section we will make a unified treatment both for the
2n- and N*-mechanisms. To do this,the effective interaction
Hamiltonian, H. =H _+ H_ is considered as in Appendix B , where

int W S

HS represents the effective strong interaction for the transition
N+N<>A+N by the exchange of 7, p and so on. In the 2n-
mechanism, the double B decay takes placé through the second
order perturbation in H, and the Oth or_der in Hg a§ shown in Fig. 2a.
In the N*—mechanism, the double B decay oécurs through the 2nd

order in Hy; and the 1st order in H, as shown in Figs. 3a and 3b.

S
Note that the intermediate nuclear state NA‘(A++) which includes
A” (AT*) has the same g% as NA(NB) has, because the strong inter-
action operates as an internal force. In the following discussion,
the second order weak interaction parts of these figures are
singled out and treated collectively by using the expression of
Na-ﬁ+NB-+e_-+e_ transition.

The (BB)OV mode takes place only if neutrinos ére Majorana
particles. And it is necessary that at least one of three
parameteré, my, A and x, does not vanish in the framework of the
weak interaction given in §2. This comes from the following
reasons. If the two lepton vertices in the Feynman diagrams for
the (BB)gy mode are either combination (L, L) or (R, R) as shown
in Fig. 5a, the contribuﬁion from this diagram is proportional to
the neutrino mass m.:

J
two lepton vertices are (L, R) or (R, L) as in Fig. 5b, these

of the intermediate Majorana neutrino. When

~-18~



contributions are proportional to the neutrino four momentum g and
depend on the relative strength A or k as seen from Eq.(2.1). These
situations can be easily seen from the neutrino propagators
given in Appendix A.

| Thus the R-matrix element for Na-*NB-+e_(pl)-+e_(p2) is

expressed by
R, = i ety Soeg
{ [UQJ _LWK veJ tR WI : (3.1)

™ pof pop
UQJ eJ [ ul*vf L + uvuf L ] }

)

where the first 1//2 is the statistical factor for the emitted

two electrons and

i;{,R: $pl,ﬂ°,i))/’4(l¢3/s-))/y (bc(:f\;,‘f’zo,—‘i) , (3.2)
u-;:v};: $ (f, 1,x)YF(I¥3/;)3?=3’y ¢c(ﬁ,g°,i}. (3.3)

Here the ¢(§, po, §) is the Coulomb distorted wave function for

an electron, p means the direction at the observation point and

¢C==C$T with the charge conjugation matrix C. The other terms are

NLE\): KI\L‘) + K( I‘:-* KgLV) + K2K§; ] (3.4)
KRR = §:+)\K<KLEV+KEEK) T KQWSZ , (3.5)
EWFxUﬁ+KL P L @ L0 (3.6)
wa’ wPJr i« LLL 4 )\K.Lg; 42 Lw’f’) )
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where

W dq iT-(x~4)
b )92 )fY <
Nl TG N Ty ) T CRINN TT(U}'W
Pls 1+ En-Ext Py P°+E, ~Ey+R° g

MVP 47 P
L 9(rR 9’ 1

B Ja cx)anXNn!:ﬂ(%) ~*§<i‘3)fcg)lNh><Nn(T y&) N

<N [ { 3.+En Eo('*“Pz C1+Eh Eo("'ﬂ

‘ . (3.9)

Here a(b) takes L and R, and N, is the intermediate nuclear state

with energy En' The nuclear Coulomb effect on the emitted

electrons is taken into account through the Fermi factor F(3Z, po)

o

by using the following approximation

o= =N\

A

‘ ' ~ P-X
A -
4)(?7?07 X) = V F(Z)Po) U(?) c ) (3.
: 4
© where u(p) is a free electron spinor and F(Z, PO) is %)

F(Z,p°)=<(2PR P em IF’<Y+»'Q)12 [Fern]™ (3.
Here R is nuclear radius and

)/==v1 "(O{QL)Q ) (3.
\=AZP/P | @

,

The factor (2pR)2Y-2 in Eq. (3.11) pléys an. important role for
the heavy nuclei because Yy deviates largely from 1. In this
thesis, we do not take into account the other relatively small
corrections such as the finite de Broglie wavelength effect, the

finite nuclear size correction, etc.

-20-
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Now we adopt the following further approximatidns: (1) The
energy of the intermediate nucleus is replaced by the average
value'<En>.(ii) The non-relativistic impulse approximation is
used for the hadronic currents Jzu(x)and J;u(x) including the
recoil correction term (v/c term) for the 2n-mechanism. (iii)

The first two termé of the multipole expansion for the leptonic
wave function are kept; exP[-i(Bl.§-+§2.§n::1-i(§l-§-+§2-§).

Under the approximation (i), the intermediate nuclear
states can be summed by closure.66) By the approximation (ii), the

hadronic currents may be expressed as follows,
+ Vo d = T
J oo = Z}:r?fn (9,340 + W30 ) S(I‘rn), (3.13)

where the subscript n implies that the operators act on the
*

n-th nucleon in the 2n-mechanism or the n-th quark in the N -

mechanism. The v/c terms are not written explicitly in

Eq. (3.13) for simplicity.so) The similar expression is obtained

for J;u.
With these approximations, the d-integrations in Kg; and
iggp can be performed and the results are
~ V 1 +‘ + S a =\
K = T [<H1(r, m;)) +<rb(r,mj)>]<Np[gn?n’tm STy (4T

(G §F° + Ga 0 I NGy 30+ GAT jyk) lNo{>) (3.14)

L4 = wr[ACHE M) -AHatm)) ] NGl e S )
.(G—V3HO+ ErAU;‘JgFJ)( Evjyo_ EAU_mhiyk>lNo(> 515
| )
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t lith_ _TL {<rH,(r,mJ)> + {rHaC, mJ)>]<N Pl Y it SRS G-T)
. 31‘ [ (?l”f’z)‘rhm + (?1‘*'}’2)' Enm ] hm
(

4%+ G, 0 PP &y %WL €4 T 3‘)&) ' No{>

1
ﬁ [<H1(r; )} +<H2(r mJ)>]<Np|Z'Tn’?m 8(1_ rn)g(% Tm)

{90, + @3 C ) (6 7 £t 9°)
+ (G P+ G ) (& PIDN- €4 f,v’”cm)} [Ny -9

where

C _ + K / / ‘

Ty — jA 3V ’ GA: 3A“‘K%A , (3.17)

=. / /

Ev X%V + K%V 3 EA: }\C}A"‘K(}A . (3.18)
We note that only the first term of the multipole expansion is
taken 1nto account.ﬂJrKEL and LEEO, and the dipole term is used
to obtain the first ternlforlyvk In order to maintain the

LR .
consistency of the approximation, the v/c¢ term of

the hadronic current should be included. The secohd term of

Liﬁk in Eg. (3.16) is due to this correction. Here Cn and Bn are
defined by
C,= Gn-(@-2B) /M) (3.19)
e — = » — —\
D = [([@n-2B)+ 1 (Tax @] /M) | ‘ 3.20)

where f ' 5 and M are the momentum, the momentum transfer and
the mass of the nucleon, respectively. In Egs. (3.14)-(3.16),

H(x, mj) is the potential-like term due to the exchange of a
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neutrino and is defined as
PR VR §
-—‘- x‘i-(!‘n—l‘m)

H (H‘h rml mJ)—SQr\C %(ﬂ.o"’A;‘,) (3.21)

b ]

where 0==/|+|2-+m 2 and A, =<E >-M_ +p° Also, H, = dH,/dr
! ! 3 i n AT Py - v Ry i/ exy

- > > ~ - > ~ > > -

am = 'n" m’ nm“rnm/lrnml and r+nm'—(rnﬁ+rm)/lrnml' The

terms like <Hi> and <rHi> mean the average values of "potentials"
with the weight of nuclear tensor operators.* Note that the
potential Hi(r, mj) behaves like 1/r for‘nﬁ < 0(MeV) and e_mjr/r
for ij:O(GeV). The replacement E by <En>(the approximation (i))
is not crucial because the main contribution to the potentials
comes from |q| > 20 MeV which is much larger than A, (=a few MeV).

The other terms, EE P iﬁzo and LELk , are obtained by taking

the interchanges (GV:H+€V) and (Gp-%+f€A) in the expressions of

Y

o TRV ~uv0 . ~uvk
K+ TR and Lyp »

The product of the leptonic and hadronic parts can be easily

respectively.

calculated and the results are as follows;

Iy o KHU 1 _ GrvMF“GAM&Tl

d d K - ¢ ib/ LLC
e 1R, ke o (H D U ERED | oy ayy |
v )

(3.22)
gdxd-*(u o Ll + W[ 407) = i (At ~Aa<HyY ]

W { V7 (G M - Grp Mar)-YE2 6 MFY U, (3.23)

* i i <f>=x | >/< o N_>
The average is defined as <f NBlzn,nffOnmlNA / NBIZn,nl nml A

where Onm is the nuclear tensor operator.
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ded—‘( Wk TR + UR TR = 2L ety +<end]

W[ Grm'{ v Fvet + rmati [l v} | Wen

—;,r—i:[ngb +<Ha > ] Wipn) Yo { Y“Rh+Y°S'} W) (3.24)

where Gy = (G, €, +G, e )/2 and
Me= <1lw) . Mer= < T Thy } (3.25)
MR= < T o | - (3.26)

P,Qk: < ,r\hn? {?ns\(el'v Evt+ G’AEA(]\;\'_Q‘Lm)

- k (G-V E'A + G‘A EV)(?th?'tn )k_ QGAEA(?hm'?n)U-mh >) (3.27)

Q A —_ A - -
Q = (G, Eat GAly)(Tom T) = L Gu €4 T - (Tx 0-"\)9 >
)

(3.28)

P'=-26. < P (@) D (3.29)
0k

- —QG— < rl-hm'l'(rhmx(Tﬂ) > (3.30)

R¥= <GEEr 66 P (Cot Byh) = G Bi) D - DT

'*'Qiervev(?anDn) + 21 Gp €a (rnmx Vm) Cn > (3.31)
S =-92G.< ?hm' (—Bn"alm) > | (3.32)

Here we used the following definition,*-

<Onm> = <Np[ g"(:fzg Onm [ N , | | | (3.33)

* The better parameterization would be <rH><%_c>n'3m> instead of

<H><gn-gm> as given in Eq. (3.25).
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- | +  _+ :
It is clear from Egs. (3.25)-(3.32) that the 0 *J (J >3) transi-
tions are forbidden within our approxiamtions.
In the following, a further simplification is made by re-

placing Ai in the potentials with their average value, i. e.,
Mo = (A + Al)/2h\e_=[<En>—(MA+MB)/2]/mQ O (3.34)

As a consequence, we can write Hi's in the single form;

(3.35)

H»\(r)mj) = Hl(r)mj) — H (Y‘,mJ' ) Ho) .

(3~a) The 2n-mechanism
The R-matrix is obtained from Ry in Eq.(3.1) by replacing

Nd and N, with N_ and NB’ respecéively. It should be noted that

B A
the MF and MGT terms are of rank 0 with respect to the angular
momentum and the Qz, MQ, CQ and R2 terms are of rank 1. On the
Lk

other hand, the P and sz terms consist of irreducible tensor

operators of rank 0, 1 and 2. Consequently, the terms tﬁvigﬁ'

R uv . +.at I L Zuvo R ~pv0
ontribute to 0 ~+0 n
tu\) KRR C e the transition and uu\)0 LLR + uu\)OLRL to

+ + + c o . L ~uvk R >uvk
the 0 -0 and 1 transitions. While, uu\)k LLR + uuvk LRL
contributes to the O+-+O+, l+ and 2t transitions. These features

and the relative order of magnitudes are listed in Table I.

(1) The 0" + 0* transition
The nuclear matrix elements MF’ MGT'

contribute to this transition. We obtain

p*t/3, o't/3 and s
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d72%(050%) = (Qop/Mme ) (MeRY™
{ 5 ([X1+X4—X5[2+[><2+x4+><5I2)+f02 | X5~ Xa |

+ o3

XSP = 3co4 Re Q(Sxé*) T fo,o_lXG\l |

+ Foo Re { (o 26+ 0O -X 5}
s 5 Re {06 Bx)XE) - 5 Rl (o)

~ Fog Rel O+ Xam XY O +XE 45 ] 489

)

where
o S
°o» T Q%)

4R oy = F(Z POF(Z,P9)IBIB § (PR MeMa) deose dpi dp°

Here © is the angle between two emitted electrons, and the

kinematic factors which show the momentum dependence are
o =@R-3R)
£ = G ARRIBERTME /|
5, = R +RR G n /2
o= @REREROME

S = (BB +FR+md )/2
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.36)

.37)

.38)

39)

40)
41)
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£ = G-w), (3.44)

oy = B+ EY, (3.45)
Fog = BO+R)Me | (3.46)
ﬂlq— amé | (3.17)
and the nuclear matrix elements are
= %j(mj/memij (HYR[& M~ 63 Mer) (3.48)
Ky = %__-(mj/me)\/e} HYR[ € Mp= € Mer] | (3.49)
X; = Z UeJ‘ \-<H>R [G &M - GAEAM&T] (3.50)
X, = Z U Ves CrHOR (1) [ 606w M + GaE o (Mar/3— QMT)J 3.51)
X5 = 5 UejVe<rt R(/3)26.Mg | (3.52)
Xs = JZ Uej Ve (KH'>R /me)- 26-Ms , 553
where I and M are defined in Eq. (3.25) and
My = < (o To)( o T - %ﬁﬁmk (3.54)
My = < i Fams P @)Y (3.55)
Mg = < Tan - (DaxTn) > . | (3.56)

The inverse of the half-life for the 0+-+0+ transition in

the 2n-mechanism is
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[T 0] = G IXetKars P X rXar s 1)
2 2 X
TGy X XelT + GoslXs T = oy Re (XX
+ Gos X6 - Gos Re{(XﬁXz*‘%Xsﬂ"%XO(ngk—Xj:)}

* Gy Re {0G-%- 2 X)X
~ (g Re{(xl“XQ-Xs)Xé*}

- Groe, Re{(X1+X4—X5)(X§+Xi+X§)}, (3.57)

where | ‘
Gro;, = gdlgaou (Qov/mes)(MeR)_gfoi /ﬂm& . (3.58)

Let us compare our results with those obtained previously.

In the limit of A=k =0 and Uej:=6ej’ we found that the overall

31) *

normalization by Greuling and Whitten is twice larger than ours.

In the other limit of mj==0, our results can be compared with those

15) . * %
who used the quite general form for HW.
*

They assumed MS=MQ=MT=O and their result is twice larger than ours.

by Primakoff and Rosen

* It seems that they did not take into account of the statistical
factor. See, e. g., Eqg.(20) of Ref. 31) and Eq. (33) of Ref. 15).
** The correspondence between our notation and theirs in Ref. 15) is
) 1
. = = + . = =
as follows; CV DV G[(gv-ngv)Uej~+(AgV KgV)Ve]]/Z, CA DA

] ] 1
Gl(g, —xgy) Uej + (Ag, - KgA)Vej]/Z, Cy8y =Dyny =Gl-(gy *+ KgV)Uej

1 — _ - ' '
+ (AgV+KgV)Vej]/2, and CAGA-—D nA-—G[ (gA KgA)Uej+(AgA KgA)Vej]/Z.

A

We remind also that the result by Molina and Pascual3?) is four

times larger than ours.
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(ii) The 0% + 27 transition
2k Lk .
Only the rank 2 part of the p” and Q terms contribute to

this transition. The final result is
d[7 o (0521) = @ow/md )(meRY™ (1/20) [ T UgjViej<rr>R 1
e OENTD + 5y (N D) dR, 3059

where agy is defined in Eq. (3.37) and

Toe = T3@RY F B o prpeemd) = (BE+BR) ]

+5 o Em)( B+ 1R) F BARR (3.60)

)

pq - pg* pg .
and (N3{3) » N3{3)) = 7, p,&=1"2(3) N2(3) with
3.
G\'V Ev NIG) + G'AEA Nz(g) QG{-{- NQG) ) (3-61)
= 2G. Ngw . (3.62)
Here /\P /\1 A - Q

20) < rysmF%m> N2(2) '—< rhm{rhm(%‘rm)—g(n\rﬁq;\)v;nz(:i'63)

DN PLA -
NQ(B) {1 rnm( Pam ¥ T )T D N3(1)"‘< L e ¥ @) > (3. 64

The inverse of the half-life is

[Ta Yoot = I§Uej\/ej<rH/>Rl2 {Gar (NENE) + Gy (NE Ngi)}

(3.65)

where

Grax =Scm'ou Qov/md )(meR)—Q(VBO) Jclt /Qnﬂ_ ] (3.66)
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(iii) 7The 0t » 17 transition

The terms Qz, le Mk, ezijkj, ezka

to this transition. After small calculations, the decay formula is

k] and Rz contribute

A7 (051) = (Qov/ me )meRY > (1) |= Ue¥; ?

[ £ 16(RURIMSKHR)’

5 2] (N N ) (PHOR P+ 2 Re (NS N STHOR GHOR + (N§,N§)(<H>R)2}

+ ﬁa 2INENDHSR) - Fop 8 - (NEREME ri/>R)KHIR)

HRN: [ {04 ND +4 NENDICTHORY + {3058 + 16 (RS R‘-*)wgi’}@wf
+2{ Re (g, Ny ) =2 9m<N§,N§‘>} <SR <HOR ] | |

K 07[ 16 <R&,Rﬂ>m52(<ﬂ>fe>2- [ U+ (N3 N2 JrH>R)” |

+ Fig16 {Un(NZRY + ReCNZRD} <rHOR <HIR

= Jog 24(R%, RDMEKHHR)
+ 9, 2L (NEND) + NS - NS - 20n (5, 3)+29mm§,wj)}(<m'>g)2

+ Joa A NS NDHRY + ‘3%1{ (N ND) + (N ND WerroR)’
- ggm(N:)N§)<rH/>R<H>R:, ~ 30416 Re(Na RHMS! <rHOR <GHHR

~ Tos 2RMENICHSR?  + 946 2 Re (NENSYKIHOR )Y ]dﬁhou,

(3.67)
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where £, (i=1~9) are defined in Egs.(3.39)-(3.47) and
Jor =R Y m®
3er = (BR°-FT, )m"—a"fmgﬂ/z ,
Js= PIPO =T BXP+RT M2/2 )
Go= (PR =PRI (PP4P ) Me
Gos= P-P0),
%o6= (PR +RB P - B

3
and (N? ,Ng) = 33 o llfl Nq with
z

N g = - =
- Nt = < L {96+(?nm~tm)—LGAEA?M-(W?M>’
’

N = "2 GTAGA <(rnm (rnmxvm)i >
N3 =-2G6. < Fhm (/Y\hm‘?m)>
N;l =-26G._ <[ﬁ_nmx(ﬁmx5\“h)]i>)

€

1 q
g N9 w9 x9 q q Lk L4
The terms Ny N, r N3 » Ny and N come from Q-, EqQkP r P
Lk q .
qQkQ and M*®, respectively.
(3-b) The N*-mechanism

(3.

(3.
(3.
(3.

(3.

‘(3.

(3.
(3.

(3.

68)

69)

70)

71)

72)

73)

.74)

. *
The R-matrix for the N -mechanism is obtained by substituting

the Rw—matrices corresponding to the N _+NB-F2e_ and NA+NA++-+2e—

A
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transitions into Eq. (B.3 ) in Appendix B.

The nuclear matrix elements in the Rw—matrix are given by
Egs. (3.25)-(3.32). Since there is no standard method to treat
the v/c. correction. terms in the quark model, these corrections
(the Rk and S terms in Eqg. (3.24)) are discarded. It should be

A ~

r

*
d tha !
noted that the operators Tn(m)’ on(m)’ nm ’ Finm

act on quarks
and change the intrinsic part of the hadron. The nucleon N(%%)
and A(%f) are assigned in the SU(6) quark model to the ground
state i. e., the zero orbital angular momentum states around the

center of hadron. From these considerations, we conclude that MF'

2 Lk . . '
MGT » Q@ -and Q " defined in Egs. (3.25), (3.28) and (3.30) turn

out to be zero, and the terms ng, MZ and Pl contribute, (See

Appendix B for the detailed discussion.) Consequently, the terms
L' ~uUvk R ~uvk L ~uv0 R ~uv0 .

uu\)k LLR +1J.u\)k LRL and uu\)O LLR +up\)0 LRL contribute to the

* - -~ ~
(BB)Ov mode in the N -mechanism, while tlL KMV tR'Kuv do not.

pv LL " Tuv T RR

In summarizing the above discussion, the (BB)Ov'mode in the
N*—mechanism takes place only when X X0 or Kk ¥ 0 whether neutrinos
are massive or massless. These resulfs are listed in Table I.
Halprin et al.Sl) have derived the bounds of the neutrino mass
both in the 2n- and N*—mechanisms. However, the bounds they
obtained in the N*—mechanism seem to be meaningless, because there
isbno contribﬁtion from the mv—term within the N*—mechanism
adopted in the present thesis. We would like to emphasize here

that the above discussions are indepenaent of the "factorization

hypothesis" which will be used later.

Ay A
* r and r
nm +nm

X are defined in terms of the position operators

of quarks measured from the center of the hadron.
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The non-vanishing product of the leptonic and hadronic parts

for the NA_-*NB-FZe— transition is

Yoag (i, , T8 + WR, TEF) = 2,
- Wepo Yk[{Gmeh"(ﬂ—T&) + G ML +aueacprs “‘]

-Y°G. (’PFT’QQMIS } USeps) 7 (3.79)

where

T | (3.80)
Mik= ¢ T 7k e : (3.81)

The nuclear tensor operators in Egs. (3.80) and (3.81) only change
the spin and isospin of A" and leave the remainder unchanged.
Therefore, Mi and Mik represent essentially the matrix elements
between A" and p. Also, the expectation value of the "potential"

<rH'> should be taken between A  and p. Note that ga =9y and

* ,
should be taken in the N -mechanism as explained in §2.

7)

1 — ]
9a " 9y
Now we use the "factorization hypothesis" (see Eg.(B.15))

*
and evaluate the decay formula,

~k

*  Here we have used the follow1ng results; ZMJ M —-(16/3)6jk,

~ 9% ~kQ,

~ Lk~
sl Mt oo, IR Mo 16 2 § ), where

32 km ‘Sjm‘skz"iajk 2m

~ ~jk . | jk .

M- and M are defined from MA and MA by replac1ng_NA_ and
N. with A" and P: respectively. The same relations hold for

B
. ++
the matrix elements between n and A
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A2y =(0on/md Yme @V @2/27) [ Uy Ve [* P KB |

[ (&5 Get " ooy

+G2 { FN 50 ~ ﬁ"&ﬁga)@ﬁza) + ﬁ‘*@ga)z ]dgﬁxov,
. (3.82)

-where a (=0.7 fm) is the range of quarks in A and

5= @A RrndmaRe] + @ AR R0 + B L

= 3 GAR AR o nde Bl B S @R AR RITE

4)
X A2 a2 s 0,0 S

= {-2 BRI~ BT 2 RS md)- BB E] + (rama ) (% llez)} /2, (3.85)
g o o .

:&P = 3 (BT )2(?10ﬁ°+mg+ﬂ'fz) ) | (3.86)

:ﬁ;ﬂ: —g"(?lo"?zof{ 3P R +md) —ﬁ?;_} (3.87)

- Here P(A) is the probability of producing A per nucleon inside -
the nucleus, and <®f|®i> means.the overlap between the initial
and final nuclei. The NA-fNA++-+2e_ transition is also included
in the above formula. We refer to Appendix B for the detailed
discussion.

.The inve#se of the half-life is
- Woe 4 R _ 5
[ T (03 >] = [ 2 UeVej | PO 135

& @ +@aet 6 Yerno) ,
+ G2 { f@m}Aa)l,—- Gﬂmz&a&p +&§*(<H>Aa)2] (3-88)

!
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where
G = (480 @o/ind)ine TGN 1 . o)

The above formula is applicable to the 0+-*0+, l+ and 2+,

transitions by the appropriate choice of P(A)I<®f|®i>|2.
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§4. The (BB)Zv mode

Similarly to the (BB)Ov mode, the 0+-+J+ transitions are
investigated. In our Hamiltonian in Eq. (2.1), the (BB)Zv mode

takes place through the process,

NA (PA) — NB ('FB) + e—(’f%) + e—Cﬁ) + _\\T;(k,) +_‘_\1—J(ka) (4.1)

The contribution from the right-handed current is suppressed
by A and k (X, |K|K1l) so that this is neglected here.
The Rw—matrix due to the V-A interaction for the

Na-*NB-+2e_-+ﬁZ3+ﬁ§'transition is expressed by
— €y E} ) AT 0un0 1010\ }
Ry =75 () Ul (0285 Gy
'{EW’:)—W“ <1D.<—>1g)} (4.2)

)

where
RPN B -} |’-i
Epv: CP('FH 1O>I)XP.([-'75-)LLC(R1) e L-E\ '_E’_\ (4.3)
AL ET ¢

TG Jﬁfaﬂﬂmﬂn‘ﬁ@}!w (4.4
En-BctBHRy B Ex+BieR? '

JH= <l

Here the term gij//§ is the statistical factor for the final two
electrons and two neutrinos, i. e., eij==l//5 for i=3 and eij==l
for i% j. The full R-matrix for the (BB)2v mode can be readily

obtained in the same manner as for the (BB)Ov mode.

Now we use the approximations (i) and (ii) introduced in §3
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and take only the S-wave contributions from the electron and
neutrino wave functions. Under these assumptions, the nuclear

MV can be simplified. It is easy from the similar discus-—

part J
sion in §3 to confirm that the 0+-+J+ (J >3) transitions are

forbidden.

(4-a) The 2n-mechanism
The R-matrix is obtained from the RW—matrix by the replace-

ments, NOL-+NA and N6-+NB.

, + o+ .
(1) The 0 -0 transition

After straightforward calculations, we obtain

A 0509 = Qup/m)/ pepeC-FAD] R0, 49

where
44nd
sy (2% ELJ Ue;,UeJ‘ >4 gtv, ’ (4.6)
d25= F(Z,20FZ, 2 RNT R IRl K Rs
- O (PR + RS Tke +Mp=My ) deos o dpodn®dRI RS (4.7)

C' = JFCUR= KL B IME - 23,03 KL R(MeMeh) + 591 (KKL+L)] M

(4.8)

D = 3 KLIME- 2329 (K2+KL+B)Qe(M;M;‘r)Jr%gﬂ'(2K2+5KL+2E)[M;[2.

(4.9)
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Here F(Z, po) is defined in Eq. (3.11l), and M_ and M. are defined

F GT
similarly to Eq. (3.25). and
. 4 - '
K = [KED-Ma+B k] + [KEn> - My +R2+ k) | (4.10)
3
50, 1.0 = ) o4
]__ = [< Eh>—MA+Ez+k1] + [< En>=Mp+R+ kl] . -1

The primed sum in Eqg.(4.6) should extend over all energet-
ically allowed neutrinos in the final state. Rigorously speaking,

the neutrino masses mj in kO and ko should be taken into account

1 2
in this primed sum. If all neutrinos are allowed to contribute
and the replacement of kg by [ﬁil is permissible, then
(2.2 ¢ .2|U .]2|U .]2) = 1. The factor 1/4 in a. 1is to represent
1<j 1) el ej : 2v

the statistical factor for the case of Uej:=6eﬁ'

To perform the phase space integration, we neglect the masses

[}

of neutrinos and assume the following replacement (within a few %

errors) ; pg-+kg -> <pg-+kg> ==(MA-MB)/2. Then K{=L==2(u0me)_l.

Now the straightforward calculations lead to
2h, + At 1 4 a4 r (2,2
d 9y (0—0 ) ’:(azv/me)(%A/éO){(%v/?A} M;‘ Merr[ Ho
o 2 o 0\ .
(ﬁ fz“ﬁ'ﬂ)(MA‘MB‘?ﬁ?ﬁ dﬁaw , (4.12)
where

A0y = F (2,8 F(Z,B) [BIf] deosodpedp? (4.13)

The inverse of the half-=life is

[ —[—;jfl(_0+—>0+)]—1_—_ l (%V/?A)QMIF — MéT IQ H;_‘) Fo (T) : (4.14)
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where

F2 (T) = § 4 (0 38) L6omd) (REF R M- Ma222Y (s, 15)

T being the maximum kinetic energy release in units of m . i.e.,
T = (MA--MB--Zme)/me

Primakoff and Rosenls) have.derived Eq. (4.5) in the limit of
Uej:=6ej’ Note that their result has a few misprints and also

*
is four times larger than ours. Concerning this overall normal-
ization, our result in Eq. (4.12) agrees in this limit with that
. . 30)

by Konopinski.

. . + +
(ii) The 0 + 2 transition

For this transition, we have

e

2 (652) = (Qas/md)(58/0) (MESMEN(K-L T ) 42y,

(4.16)
jsle| Pq ) 3 pag* .pPg
where (M , M ) = 3, p,a=1 M2 M2 with
Pl Pa
= AUREL(
M2 < n Ym > . (4.17)

To evaluate the term (K-—L)2, we use the approximation
0 0 0 0 . . ,
o~ > = - —-— a
pi+-kj <pi+kj (MA MB)/2 only in the denominator of K- L an
. _ 0__0 0_.0 -3 . . . .
obtain K-—L-—2(pl p2)(kl k2)(u0me) . This approximation is

valid within several % errors for My >4, After the phase space

integration, we get

* See footnotes on page 28 and Eqg. (60) of Ref. 15). Greuling
1)

and Whitten3 give results four times larger than ours.
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2 (6552 = (Ba/MS) (3 /a20) (MIE MIY) 8

AR (RO £ Y (Ma= M- )7 dfRas (4.18)
The inverse of the half-life is given by
[ THem0] =M MIDE R () | (1.19)
where |

E(T) = gdﬂ\gy (’ﬂo_ﬁo)a (ﬂoﬁo‘*%ﬁ‘ﬁ ) (Qqy 3:')/(420mé5) . - (4.20)

c s . + + .
(iii) The 0 -1 transition

Similarly, we obtain
dl2, 05 1%) =00 /m3 X G393 /4) (M, M)
(K-L) (RB+383) day | e

3 *
p Py-3% ¥% pT P ..
where (Ml, Ml)__Jz p=1 Ml DH_ with

M4F: < U—nF>_ | | (4.22)

Note that the transition formula given above is exactly the
oAttt - Co
same as the one for the 0 -+2+ transition given in Eq. (4.16),
aside from the overall normalization. Therefore, the decay rate

can be read off from the one for the 0+-*2+ transition.
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Before closing this subsection, we would like to mention

2)

the work by Molina and Pascual3

. + __+
who estimated the 0 -+J

transitions. We found several errors in their foumulae: (i)

2n , .+

They showed that sz

(0 -*l+)==0, while we get the non-vanishing

rate as given in Eq. (4.21). (ii) Their decay rates of the

+ 4+

0o -0 , 2+ transitions for thev(BB)Zv mode are twice larger

than ours.

(4-b) The N*-mechanism

*
The R-matrix element for the N -mechanism is obtained from

Eq. (B.3) in Appendix B by substituting the RW—matrices corre-

sponding to the NA._-+NB and NA-+NA++ transitions shown in Figs.

3¢ and 3d. The hadronic part of the amplitude for NA_-+NB-F2e_

-+ﬁ;3+ﬁ; is expressed as follows;

§erdg (Tt = K {8a(ggis igomi + S ad(griphugriei MR

(4.23)
where K, Mg and Mgk are defined in Egs.(B.12), (3.80) and (3.81).
In order to express the origin of the Mz and Mzk terms

clearly, we retain Iy and In explicitly, ‘but we
hereafter.
By using the factorization hypothesis, the

obtained in the following form;

dré:fk: (azv/mg )12 (}3' P(A)l<§fl§i>l2‘
(K=L ) (ReR+ 53R IR |

-4]1-

take Ip =9y

decay formula is

(4.24)



where both the NA_->NB and NA-+NA++ transitions are included
according to the argument given in Appendix B. It is amusing tb
observe that the above formula is exactly the same as the one for
the O+'+2+ transition in the 2n-mechanism aside from the overall
normalization.

The inverse of the half-life is

[T =96 POKEES ™ o’ FalT), (4.25)

where F2(T) is defined in Eqg. (4.20) and a is in Eq. (4.6).

2v
We would like to note that this formula is completely

52) This is due

different from the one obtained by Picciotto.
to the fact that he used a crucial approximation* for the R-
matrix, instead of taking the spin sum explicitly. However,
his approximation can not be ragarded as reasonable. Note also
that he has neglected the Mgk term (gi term) in Eq.(4.23) which

% .
turns out to be dominant in the N -mechanism for the (BB)Zv mode.

* Picciottosz)

ngA(gUO vk-Fgukgvo)MkuO_l. We have evaluated the spin

used the approximation {E Juv-(p ++rp.)} «
HV 1 2
sum exactly.
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§5. The general properties of various transitions

In the previous sections, we preéented the formulae of the
0" 3" transitions both for the (B8) 5, and (BB), modes. The 0" oY,
l+ and72+ transitions are only allowed in the double B8 decay
within our approximations introduced in §3. We also found several
interesting "selection rules" as given in Table I: (i) If A=x=0
(no right-handed interaction), the N*-mechanism does not contribute
to the (BB)Ov mode, whether neutrinos are massive or massless.
(ii) If A=«kx=0, the O+.-+l+ and 2+ transitions of the (BB)Ov mode
are forbidden and the O+-+O+ transition is only allowed in the
Zﬁ—mechanism. We emphasize that these selection ruleé for N*—
mechanism do not depend on the factorization hypothesis. The
selection rule (i) seems to nullify the neutrino mass bounds
derived by Halprin et al. in the N*—mechanism.Sl)

In the following we shall investigate the general properties

of various measurable quantities in some details.

(5-a) The decay rate
We first discuss the relative order of magnitudes of the

decay rates for various processes in both two modes.

(5-a-1) The (BB)gv mode
*
Let us compare the yields from the N - and 2n-mechanisms

+ and 2+ transitions. We obtain the half-life

to the 00 0", 1
formula in the following parameterized forms from Egs. (4.14),

(4.19) and (4.25);
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P / /
[ T, (050 = B, 101 (Gv/8.)Mi~ Mér 2 10/
+ B_‘z'103'P(A>[<§3’-I§L>P(lo/}lo)6 ) (5.1)

[ T0=)] = B;10 (M{% M) (10/p)°
t B0 P@Y K& (10/p)° . 5.2

Here unknown quantities which are related to the nuclear structure

are normalized so that the coefficients Bi's give us a rough idea

-

about the contribution from each term. The numerical values of Bi's

for some typical nuclei are listed in Table II. The .first and second

terms in Eqs.(S.i) and (5.2) come from the 2n- and N*—mechanisms,
respectively. Concerning the quantities in the N*—mechanism,
P(A) is the probability of producing A(1232) per neutron inside
the nucleus and <®f|®i> means the overlap between the initial
and final nuclear states. (See Appendix B for the detailed
discussions.) |
According to Primakoff'and Rosen who‘introduced the idea of

* 27)

N -mechanism, we shall consider that P(A) and |<®f'®i>|2 for

* - -
the N -mechanism are order of 10 2 and 10 l, respectively,

. *
The comparison of the yields from N - and 2n-mechanism can
be easily made from Egs.(5.1) and (5.2). By assuming |Mg| < IMéTl

and taking IM(';.TI 20.01, we conclude the followings: (i) The contribution
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* . + - .
from the N -mechanism to the 0 -*0+ transition is at most 0.1 %.

. + c e .
(1i) As for the 0 -+2+ transition, both mechanisms have equally

2 -3
|

important in contributions if we assume P' (A) I<<I>fl<1>i>' = 10 and

2

. . . + + c s .
in comparison with the 0 -0 transition. (iv) As for the 0+-+l+

- + - . .
(Mpq ,ng)==10 l. (iii) The 0 -+2+ transition is not important

transition, we shall not consider it because there is no l+ level
near the ground state of the daughter nucleus for the some typical
nuclei which we shall deal with later.

In summary, we conclude that in the (BB)zv mode, the 0+-+0+
transition in the 2n-mechanism dominates over all other transi-
tions. It is expected that this fact simplifies the analysis of

data, especially those obtained by the geological method.

(5~a-2) The (BB)OV mode
The half-life formula for the 0+->0+ transition is given in

*
Egs. (3.57) and (3.88). The numerical values of the GOi and G?

for some typical nuclei are listed in Table I1I(a). In the following,

the next simplifications are employed: (i) Only the second order
_ . . 2 _ 2 '
terms of mj, A and Kk are retained, i. e. ijA-mng, GAEA ~

A(gi/gA) gi . and neglecting X, term. (ii) The nuclear matrix

P MT' MQ and MS appeared in the 0++O+ transition

are neglected in order to simplify the discussions. This approx-
15)

elements M

imation for MT is good for the spherically symmetric nuclei.

(iii) The potential terms <H(r, m u0)> and <rH'(r, m,, u0)>

v’
are replaced by their values at mv==0 and are taken to be real

. quantities. This replacement is valid for the terms like
ZUejVéj<H>’ because the potential behaves roughly as a constant
for mjsilMeV and decreases rapidly from mjin)MeV as shown
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in Figs.lla and 11b. The above replacement for the term
Znﬁ U§j<H(r, mj, p0)> corresponds to assuming that the mixing
angles between the light mass neutrinos (ng <1 MeV) and the heavy
mass neutrinos (HH > 10 MeV ) are sufficiently small so that the
contribution from the heavy mass neutrinos can be safeiy neglected.
Here we consider only this case and a detailed discussion is given
in Appendix C.

According to the above simplifications, we shall express the

half-life in the following parameterized forms,

[Tt T = { ¢ [T (ng/me) Uy |

~ C, (X=x0) lz(mj/maue'} HXUejVey | cos ¢

+ Cy LK) 1 ZUeVe [ 10 Mer

{0 G080 e HE U O ROKEIEA 6.5

where A' -A(gv/gv) and

G = ar%(ZmJUeJ ZUQJ\/eJ) : , (5.4)

The coefficients Ci are defined by

C, = G (<HORY 34410 » (5.5)
Cy = { GuelHIRT+(2 &°‘+€m Gog )CHISRLIHOR /7}%;\*10 (5.6)

Ca={ Gt a3 Gog ~ Gog)KHORYY2 |
+(2 Qo +Gro ) IHOR<HIR /9 + (&01—3605)(<H>R)2}3:'-16j (5.7)
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C,= G (<riona ) §10°, | (5.9
Cy= G &rina) 107, : (5.9)
C¢= { Gy K I’H’>AQ>2 — Grjk(GH'&Q)«HZ\Q) + G—f((H}AAa)Q }g\‘}'io- 3; (5.10)

*
where G, and G, are defined in Egs.(3.58) and (3.89).

The numerical values of Cl--C6 for some typical nuclei
are listed in Table IV. In obtaining these coefficients, we used
the numerical values of the average potentials as follows. (See

Appendix C for the detailed discussions)

48,  76., 825, 128, 130, }soNd
<H>R 0.65 0.68 0.68 0.55  0.53 0.67

-<rH'>R 0.78 0.80 0.80 0.72  0.71 0.81
<H>,a 0.94 0.95 0.95 0.91 0.90 0.95

-<rH'>a 0.99 0.99 0.99  0.97  0.97  0.99

It is easy from Eq. (5.3) to conclude that if A %0 and/or
*
k%0, the N -mechanism for the 07 » 0" transition gives 10 ~ 200
times larger contribution in comparison with A- or k-term in

-3 This

2n-mechanism, provided P(A)|<®f|®i>|2==10

dominance may come from two reasons: (i) The neutrino exchange
*

potential in the N -mechanism (-<rH'> ~1l/a where a is the size

of A) is enhanced by the order of magnitude relative to that in

. *
the 2n-mechanism (<H> ~ 1/R). (ii) In the N -mechanism, the

._4'7._



transition of the single constituent of nucleus triggers the
double B decay like a single B decay so that the nuclear matrix

elements are expected to be enhanced by the order of magnitude.

Once the half-life (Tl/2)0v is given, it restricts three
2 '
parameters |Z my U |, A (9y/9) Uos Vo3 | and |k Z Uoy Ves | to

the domain which is determined by the ellipsoids as seen from

Eg. (5.3). We consider the typical cases; (1) A >»|kland (ii) A «|x].
In these cases the allowed domain is, in principle, surrounded by
two ellipses in mv-—A (or k) plane, where these ellipses correspond
to the no-CP-violation case (cosy =211). If CP-violation phases
are known (|cosy| <1), the allowed values should be restricted to
be on one ellipse. If the lower limit of the half-life is only
knowﬁ from the experiment, the allowed domain becomes the indide of
ﬁhe ellipse. Since the contribution from the N*—mechanism dominates
over the one from the 2n-mechanism and no interference between these
two mechanisms is assumed, these two ellipses overlap practically. :

Later we shall present some examples which will be shown in Fig. 9.

As for the 0+-+2+ transition, the half-life is-given in

N

. *
Egs. (3.65) and (3.88). The numerical values of G and Gi are

+2
listed in TabléLUI(b). If the nuclear matrix elements and
P'(A)|<<I>f_[®i>'|2 are assumed to be some appropriate

values given in §6 -d, the following are concluded: The
contribution of N*—mechanisminthe0+-+2+ transition is as important
as that of the A- or k-part in.the 2n-mechanism of the 0++0+
transition. Note also that the half-life of the O+-+2+ transition
depends only on X and k. |

+ + e, . .
The 0 > 1 +transitions are not considered here because for

the nuclei listed in Table VI there are no l+ levels near the

-48-



ground state of the daughter nucleus.

(5-b) The angular correlation

For the (BB)Zv mode, the angular correlations are given
from Eqs. (4.5 ), (4.16), (4.21) and (4.24). The 07 +0" transition
in the 2n-mechanism dominates over others as discussed in §5-a-1.
Therefore the angular correlations are governed by 1 -cos 6.
Those behaviois are shown in Table V. |

For the (BB)Ov modé, the angular correlations are given
from Egs. (3.36), (3.59), (3.67) and (3.82). The behaﬁiors of
the angular correlations are somewhat complicated because of the
existences of many nuclear matrix elements. We shall only consider
the O+->O+ transition by using the same simplifications stated in
§5-a-2. The angular correlations of the 0+-+0+ transition are

shown in Table V. Here we only consider the case’where[pg'“pgp>me.

(5-¢c) The single electron kinetic energy spectrum

The typical single electron kinetic energy spectra for the
(BB)Zv mode are plotted in Figs.6a and 6b. For the (BB)OV mode,
the 0+-+0+ spectra are plotted in Fig. 7 for three cases;(a)
A=k =0 and m,, ¥0, (b)Ax0 and k= m, = 0 in the 2n-méchanism,

*
(c) %0 and k=0 in the N -mechanism.

(5-4) Tﬁe sum energy spectrum

The spectra for the kinetic energy sum of two electrons are
shown in Fig. 8 both for the (BB)Zv and (BB)Ov modes. Note that
as the energy sum tends to its maximum energy value T, the spectra
for the (BB)Zv.mode die away rapidly in contrast to the (BB)Ov

. . . 15),31)
mode where the yield appears only at T as shown in Fig. 8.
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§6. The data analysis

There are two different approaches to measure the half-life,
the geological method and the counter (chamber) experiment. 1In
the geological method, the half-life is estimated by measuring
the abandance of the decay product (the daughter nucleus) in the
geologically old ores with the use of the mass spectrometer.
The.geological experiment has some advantage because the decay
products are accumulated for a long period. However, there may
be the ambiguity of measuring half-lives mainly due to the evap-
oration of the decay product (noble gas). In addition, it is
inherently unable to distinguish directly the (BB)2v and (BB)Ov
modes. The transitions tothe final excited states also contribute
to the half-life measured in this method, too. This type of

measurements has been made for the total half-lives of 82Se,54)'55)

128, 26) 130, 56)~59)

and On the other hand, the counter

experiment can distinguish not only the two decay modes but also

the various transitions in principle. The lower limits of (T1/2)0v

for 48Ca,23) 76Ge,60)’61) 828e,62) 150N '63) 48 a23)

a and of (T for C

1/2)2v
have been measured. Recently, Moe and Lowenthal reported the

observation of the (BB)zv mode for 825e by using the cloud

chamber.24) All those data are listed in Table VI .

(6-a) The nature of the neutrino:
. 128 130,,
We shall analyze the data on the ratio of the Te to Te
. ' 26 ” .
half-lives measured geologically by Hennecke et al. ) Their

result is
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ex

(PT)QXP: [77/2('281;)/77/2('3"72)] = (159 0.06)-10°.  (6.1)

The much longer half-life of 128Te than that of 130Te comes from

the fact that the available phase space is considerably smaller

128 130

for Te than for Te, because the maximum kinetic energy releases

are 1.7 and 5.0 for 128Te and 130Te in units of mg, respectively.

This smaller phase space gives us the following expectations:

128

The branching ratio of the (BB)OV mode for Te is considerably

enhanced relative to the case of 130Te because of the phase space

difference between three-body and five-body decays if there is the
(BB)Ov mode. In other words, if the half-lives of the (BB)Ov and

(BB)Zv modes are denoted by TOv and T2v’ we can expect,

mg(_r.‘lv/—rov) > 130 (.TQV/TOV) ‘. ' (6.2)

Let us rewrite the ratio RT in terms of the half-lives for

the (BB)Ov and (BB)Zv modes,

o= o ly 1t P(Tay/To)
T lBO—I'Zv 1 + IQQ(T:V/ _EV) ) ‘ (6.3)

Note that when there is no (BB)Ov mode (T0v==W), Eg. (6.3) reduces

12 130T

to the trivial relation R_ = 2v

m 8Tz\)/ . .If there exists the

(BB)Ov mode at all, the inequality

QT < ::29—[—;”/130-—,;) : . | | (67.4)
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should bé satisfied as we can see from Egs. (6.2) and (6.3).
Therefore, the accurate theoretical evaluation of the (86)2v
mode is essential to answer whether there exists the (BB)Ov mode
or not. Fortunately enough, we have demonstrated in §5 that as
for the (BB)Zv mode the 0+'+O+ transition in the 2n-mechanism
dominates over the other transitions as well as the contribution

*
from the N -mechanism. Thus we obtain from Egs. (4.14) and (5.1).

o P Me- Ma /) ]
130 Y / ,
e = (M- M /1) [

(6.5)

rzv} = FO(E.O)'/ F, (7)) = 5.66-103. (6.6)

Here FO(T) is the kinematical factor for the 0+-+0+ transition
in the 2n-mechanism which is defined in Eq.(4.15).
Following the above argument and using Eqs.(6.l),(6.4)~(6.6),

we cbtain the (sufficient) condition for the existence of the

(BB)Ov mode for l28Te.
( RT)QX P

Im([(%"/g’“)aM‘;_MéT]/W) lz S T~ 0,29 (6.7)
([ (3v/%F ME-Méx] 7o) | hy : |

Since 128Te and 130Te are neighboring isotopes and their nuclear

matrix elements are expected to be similar, the above inequality

is considered to be well satisfied. Thus the existence of the

128

(BB)Ov mode for Te is suggested and neutrinos are likely to

be Majorana particles.

* See next page.
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The above argument is supported by the theoretical estimate

64). , |M%.1%=0.32 ana

Te, and IMéT]2==O.25 and My =25.0 for 130Te.

The Mg is neglected in comparison with MéT.lS)’65)’67)

Thus it is concluded that the experimental data on the ratio

1 .
of the 28Te to 130Te half-lives by Hennecke et al. strongly

~ of the nuclear matrix elements by Vergados

n, =23.4 for 128

suggest that neutrinos are likely to be Majorana particles. it

should be noted that the above conclusion depends on both the

66)

reliability on the data by Henneke et al., the closure approximation introduced

in §3 and the evaluation of nuclear matrix element as seen form Eqg. (6.7).

* Althouth the estimate of Yoy given in Eq. (6.6) is considered to

be very good, we shall argue that this value is "at least" the
minimum value. Let us consider the following two -effects which

might change the value of oyt (i) The phase space integrations

for the (BB)Zv mode are carried out by ignoring the neutrino
masses. If there were neutrinos with masses around 1 MeV , the

kinemétical factors should be modified. However, this inclusion

because the available phase space for 128Te

2V
is much smaller than for 130Te. (ii) If we take account of the

only increases r

contributions from 0+-*l+ and 2% as well as the transitions due
to the N*—mechanism,.they also increase oy because their
common kinematical factor F2(T)bdefined in Eqg. (4.20) gives
F2(5.0)/F2(l.7) =8.6°107 which is much larger than FO(S.O)/F0(1.7)
= 5.6 103 .

The.fact that the value of oy is the smallest gives a
further support to our conclusion that neutrinos may be Majorana.

That is, the above effects work only to loosen the condition

given in Eq. (6.7).
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(6-2) The neutrino mass and the right-handed interaction:

Before going into the detailed discussion, the following
remarks are in order:

For the (BB)Zv mode, it is sufficient to consider only the
0+-%0+ transition in the 2n-mechanism as discussed in §5.

For the (BB)Ov mode: (i) When there are ho right-handed
interactions (A =k =0), there is only the 0++0+ transition in
the 2n-mechanism and its decay rate dependsonmj p MGT and MF'
(ii) When there are right-handed interactions(A %0 or k% 0), the
6+—+l+ and 2+ transitions in the 2n-mechanism are allowed in addi-
tion to the O+-+O+'bﬁrﬁitﬁxhvaiialsothe 0+->0+, l+ and 2+ transi-
tions in the N*-mechanism should be taken into account. (iii)
T,he,0+-+l+ transitions are not considered here because for the
nuclei listed in Table VI there are no l+ levels near the ground
state of the daughter nucleus. (iv) The 0+-+2+ transition is
not also taken into account in the data analysis because nuclear
matrix elements are not well known. -(v) For the O+-+O+ transition,
the matrix elements MF,MQlN% and MT are neglected in evaluating
A and k. Thus the estimates of A and k give only the order of

magnitudes, although the estimate of the neutrino mass is more

*
reliable. (vi) As for the N -mechanism, P(A)|<©f|®i>|2 is taken

to be 10_3. (vii) The nuclear matrix elements MF and MGT for the

(BB)OV mode are assumed to be equal to Mg and MGT for the (BB)zv

mode, respectively.

Let us derive the constraints on the neutrino masses mj and
the relative strength of the right-handed interaction A and k by
using the Vefgadoé' estimation of nuclear matrix elements for

128Te l30T

and e. We obtain from Egs.(6.1), (6.3)~(6.6),
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(T, /T,,) =144 +244 2(T/ Ty) 2144, .0

It should be noted that the yield of the (BB)Ov mode is more

than 58% of the double B decay for 128Te.

It is clear from Egs.(3.57) and (4.14) that when A=k=0,

T2v/T0v depends only on uo because the nuclear matrix elements

2 2 2 2 1 .
lgv M, -9y MGT] and IgVMF -gAMGTI are canceled out, if we assume

*
these nuclear matrix elements have the same value. Thus we obtain

IKJL,_YTWJ‘UQJ2 |~ 32 eV (6.9)

for A=x=0. If there is no mixing among neutrinos, the above
limit on neutrino masses is the constraint on the mass of the
electron neutrino.

When A% 0 or k%0, Eq.(6.8) restricts three parametérs
ij |, AI(gé/gV)EIUej Ves | and | KEZUej‘VejI to ﬁhe domain
which is determind by the ellipsoid. We derive the relations among

| Zm, U
J

them as shown in Figs. 9a and 9b for some special cases.

From these figures,. we get the following values.

)x[(ﬂlv/%v)JZUeJ\/eJl - 1.6 - 10_5 ‘ (6.10)

for A >» |k| and m, < 1lev,

lKZUej\/ejl =~ 1.5 - 107° (6.11)
J
for A « |k| and m, < leVv. If there is no mixing among neutrinos,

2

* We assumed that 2i§j€ileei|2erj|2 =1 for the (8B), mode.
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and U(z) ==V(l)==0, the limits

o 25, v®) o : :
ej+n  ej

e €1 Vg 31’ Yej+n

i1’
on A and Kk become meaningless because zthivej becomes zero,
but one may still assume that mixings remain in Véi) from the
phenomenological point of view.

If the contribution from the 0 +2° transition to the (BB)Ov
mode is taken into account, the smaller values of A and |k| would
be obtained. Note that the above estimates of A and |k| are much
smaller than the bounds obtained from various weak interaction

40 |

processes,)but'they are much larger than the ones expected from
the grand unified theories discussed in §2.

So far, we only discussed the data on the ratio 128T A/l30T

! 1/2 1/2

by Hennecke et al..26) In order to see the consistency of our

130

argument, we evaluated the half-life of Te where the (BB)Zv

mode is expected to dominate over the'(BB)OV mode. In Table VI ,
we give the predictions for 130Te, which are a little smaller than

the measured half-lives>?) ™29

(6~c) The analysis on other double B decaying nuclei:*

48 . 48

(6-c-1) Ca Ti-+2e_(+23;)

By using the experimental lower limit of (Tl/2)2v by Bardin

et al.23) in Table VI and the numerical values in Table II, the
inequality [MGT/u0|2< 7.3 lO'-4 is obtained. 1In the following
we adopt the estimatesjn(Vergados,64) IMGle = 0.012 and Mg = 12.7,

which well satisfy the above inequélity. Note that this wvalue

of |MGT|2 is considerably smaller than the other theoretical

estimates.Gs)’67) Bardin et al.23) reported the lower limit of

(Tl/Z)Ov for the 0+-+0+ transition. This gives the restriction

* [] —
Hereafter we assume MGT MGT'
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on the neutrino masses, A and k from Eg.(5.3). The allowed
domain is the shaded area in Fig. 9. From these figures, we

obtain lZnH Uijl < 640eV for X = k = 0. We also get
-5

1 : '
M A(gy/9y) TULLV_ . | <3.3 - 10 for A > |x|, |«kzuU

ej ej
< 2.8:107° for A< |k|.

.V .
e] ej
(6—-c=2) 76Ge-+76Se-F2e-(+23;)

Only the data on the lower limit of (T
0) |2

l/2)0v by Fiorini

6 . . .
et al. is available. By assuming IMGT =0.1 and p, =10, we

obtain the outer boundary ellipse in Fig. 9. From these figures,

. 2 1 -5
Z = = .
we obtain Ijng Uejl < 430 eV for A=k=0, Al(gv/gv)gt%xjvejl <9.7°10
-5
for A>» |k| , |k ZUéj'Vej[ <8.4 +10 7 for A« || .
(6-c-3) 825e-+82Kr-F2e_(+23;)
By comparing the total half—life54)’55) with the lower limit
of the half-life for the (BB)Ov mode62) in Table VI , we conclude
that the-(BB)Ov yield is at most 10%, i. e., Tl/2::(Tl/2)2v' By
using the data on Tl/2 by Srinivasan et al.55) and the above
*
relation, we obtain
,h4GT//Po‘ ~ g5+ 104, (6.12)

. 2 . . '
By assuming u, =10, IMGT' = 0.085 is obtained. Then the lower

limit of (T

62)
1/2)0v by Cleyeland et al. leads to the outer

* We obtain |M |2=1.7-1073 and 2.3 1072 from the data by

ar’ Mo
4)

Kirsten et al.5 and Moe and Lowenthal,24) respectively.
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boundary ellipse shown in Fig. 9 which gives*

IZ}Wkal < 280 oV for A=k=0 (6.13)
J
/
A97790) %UQJVQJ' | < 4.3-1075  for A« (6.14)
and
lK %;\Jej\ﬂﬁ l'< 3.6 -107° for X «|x|, (6.15)

* If the nuclear matrix element derived from the data by Moe
, 24
and Lowenthal’®) is used, |§n5 U§j| < 54 eV is obtained.
However, their half-life for the (BB)zv mode is 10 ~ 20 times

54) ,55)

larger than the others and the much larger nuclear

matrix element IM [2 = 2.3 is required. Recently, Haxton

GT
et al.66) estimated the values of nuclear matrix elements;

VIMFI < 0.02, py(F) = 21.9 (20.2), IMGT] = 1.88 (2.56),

uO(GT)==19.7 (18.4) for the (BB)Zv mode in 828e (76Ge), respec-

tively. They showed that these estimates are consistent

with the data of 828e by Moe and Lowenthal.
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(6—d) The predictions:
. . +  + + .+ .
To estimate the half-lives of the 0 -0 and 0 —+2 transi-

tions for the (BB)ZV and (BB)Ov modes, we used the following
*

values:
48, 765, 824, 128, 1305, 1504
2
IMGTI 0.012 0.1 0.085 0.32 0.25 0.1
o 12.7 10 10 23.4 25.0 10

" The nuclear matrix element M for the (Bs)ov mode is

GT
for the (BB)Zv mode.
-3

assumed to be equal to MGT

2 .
For the 07 +0' transition, P(A)|<®f[®i>| = 10 is used.

+ + . N _—
For the 0 -+ 2 +transition, we assume the following values:

pa Pa, . ol o 2 4,-1
. 4. -1
A >» |k| case, (Ngq , Ngq)(KZ 9) ~ 0.1 and
(Ngq ' Ngq)(4K2 gé gi)—l = 0.1 .for the A<« |k| «case,

12 -3

P'(8)]<oglo;>" % =107 and uy0" > 2%) zu (07> 0"). The predic-

tions for the (BB)Ov mode are presented in three cases; (i)

2

=xk=0 and | Im. U°.
J €]

| =32 ev, (ii) |x| <« A% 0 and mjﬁO,
(iii) A « |k| %0 and mg ~0. In Cases (ii) and (iii), the values

in Egs. (6.10) and (6.11l) are used for A and kx, respectively.

82

76 Nd, and Mo for Se

150

* The numerical wvalues for Ge and

M. and M_, are

Mpr My s

are the assumed ones in this table. MF’

neglected.
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§7. The summary and discussion

The O+->J+ transitions for both (BB)Ov and (BB)Zv modes in
the 2n- and N*—mechanisms are investigated by using the general
effective charged current interaction Hamiltonian which is
motivated by the grand unified theories.

The condition is proposed to determine whether neutrinos
are Majorana particles. This Majorana condition Eq. (6.7) is

derived through the. fFollowing steps in order:

(i) If there exists the (BB)Ov mode at all, the branching ratio

130Te

of the (BB)Ov modefor'lZSTe is larger than that in . In

128 130

other words, the inequality (T2v/T0v) > (T2v/T0v)' Eq.(6.2h

should be satisfied. _ e

(ii) From the inequality in (i), the ratio of the total half-
12 130, ﬂ<128

. 130
lives, R Te 'T2v/ T2 ’

8Te)/T v

o 1/2°¢

Eg.(6.4). This is the condition for neutrinos being Majorana

should satisfy RT=1?1/2(

particles. 1In order to evaluate this condition, it is sufficient
t6 know only the theoretical estimate on the (BB)ZV»mode, once
the data on RT is given.

(iii) Concerning the'(BB)Zv mode, the 0+-+O+ transition ‘in the
2n-mechanism is proved to dominate over all other transitions in
both the 2n- and N*—mechanisms. In evaluating the half-life of
this 0+->0+ transition, there is no ambiguity except for the
nuclear matrix elements I(gv/gA)zMé-MéT|2/u3 , Eq.(5.1).%

(iv) Thus, the Majorana condition is expressed as the inequality

between the nuclear matrix elements and the experimental data

on RT as given in Eqg. (6.7).

* The information on <E > and M may be obtained experimentally

. GT
by examining giant resonances, as pointed out by H. Ejiri.
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The data on the ratio of the 128Te to 130Te half-lives have

6) If we take this value of the

been reported by Missouri group.
ratio seriously, we conclude that neutrinos are likely to be
Majorana particles. This conclusion comes from the observation
. 128 130 . . . .
that, since Te and Te are neighboring isotopes, their
nuclear matrix elements are expected to take similar values and
thus the Majorana condition is satisfied. In fact, Vergados'

64) of these nuclear matrix elements in the shell model

estimates
confirm our conclusion. As seen from the Majorana condition
Eqg. (6.7), our conclusion is not altered even if the experimental
value on R is changed by factor 2.

The data measured by the geological method contain the
uncertainty which is due to. the evapolation of the dauéhter
nucleus (noble gas) from the ore. It is desirable to compare

the results obtained from samples of various ages and at different

locations.

So far, only the theoretical analysis on the (BB)zv mode‘has
been used. Now let us consider the (BB)Ov mode. From this mode
it is possible to obtain the information on the neutrino mass and
the magnitudes of A and k, if the experimental data on the half-
lives of this mode are given.

If A==k==0, only the O+->O+ transition in the 2n-mechanism
takes place in the (BB)Ov mode. Its decay formula is proportional
2 |2

to the square of the neutrino mass in the form of IZIn.Uej

the square of the nuclear matrix elements | g‘zi M, —gi Mo [2 as seen

and

from Eq. (5.3). We have used the assumption that Mg and Mo in the
[} L}

F and MGT in the (BB)Zv mode, respectively,
64)

and then taken Vergados' estimates for them.

(BB)Ov mode are equal to M

By using the data

128Te 130 26)

on the ratio of the to Te half-lives, the mass of
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neutrino is estimated to be | Znﬁ Uij]ZBZEﬁl. If there is no
mixing among neutrinos, the above neutrino mass value should be
interpreted as that for the Majorana electron-neutrino. As an
example of the finite mixing, we considef the maximal mixing case
discussed in Appendix D. As shown in Eq. (D.12), this result can
be expressed as

% |’m.2+ My + 2 MM, oS24 IV2 ~ 32 &V, (7.1)
where Bl stands for the CP-violating phase in the leptonic sector
of the Majorana neutrino system. If Bl==0, the obtained mass
value means the average of two masses %(m144m2), while if Bl==ﬂ/2,
it corresponds to the half of the mass difference, %[ml-mzl.
It is interesting to compare this value with the recent experimental
results for the (antineutrino) mass mﬁ obtained from the 3H decay..

The result obtained by Lubimov et a1.13is

g

14 < My <46 eV (99%CL) . (7.2)

and the other by Bergkvist et al.68)is

m; < 60 &/ (90% C.L.). o (7.3)

In the single B decay, the neutrino mass effect appears in the

phase space part F(mj). If there is the neutrino mixing, we have
the combination %|U .|2
J° €]

2
Z
|jn3 Uejl for the double B decay.

compare nk;withl Zna Uij | directly, if there is the mixing.

F(mj) instead of the simple form like

69) Thus, it should be careful to

66)
Thereforg, ms can not be expressed in a simple form of mj'S and
the mixing angles. Note that the CP-violating phases characteristic
to Majorana neutrino systém ao not appear in the single B decay.
When A% 0 and x %0, the constraints on mj, A and k are
obtained frqm the data on the half-lifé of the (BB)Ov mode as
shown in Fig. 9. The values of A and k are estimated only by the

order of magnitudes, because there are various kinds of nuclear
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matrix elements in this case and some of them are not well-known.

When we . estimatedvk and Kk, we neglected all other nuclear

matrix elements evcept M We obtain the values of A and k as

GT*
' . . 1a=5 : =
M (gy/9) 2 Uej vejl =1.6 * 10 for A > |k| and m = 0, and
l«kz U .V .|=1.5- 107> for || > A and m_ =0. These values are
ej ej Y
considered to be the upper bounds if m ¥ 0. We would like to
\Y

mention that the above values of A and |k| are much larger than
the predicted ones in most of the grand unified theories as
discussed in §2.
+ + s .
The 0 + 2 transition occurs only if A% 0 and/or x¥0, so
that the measurement of this transition gives the direct informa-
+

tion on A and K. Note that in the A ¥ 0 and/or k% 0 case, the O+-+2

' transition may give the comparable contribution with the 0% + 0

transition.

Predictions for the O+-+0+Aand 0+-+2+ transitions of the
(BB)Zv and (BB)Ov modes are made by using some appropriate
valués given in §6-d. For the (BB)Ov mode, three extreme limits
are considered: m, X0 and A=k=0; m =0 and A » |k|; and m =0
and |x| » A. The results are given in Table VI. Note that these
predictions give us only the order of magnitudes, because the
theoretical estimates of the nuclear matrix elements in the 2n-
mechanism and the parameters in the N*—mechanism are not yet well-

known.
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Appendix A : The quantization of the massive Majorana field

Let us review shortly the quantum theory of the massive

Majorana field N(x) following the treatment by Case.70) The
free Lagrangian is given by
1 — . .
LG = 5 Neo (LY u-m)IN®) (A.1)
with the constraint of
NE(x) = Noo . | (8.2)

Because of this constraint N(x) and N(x) can not be treated as
the independent quantity in contrast to the Dirac field case.
Therefore, it is useful to express the Majorana field in the Weyl
representation by using the two-component spinor field n(x) as

follows,

_'LU'Q Q*(I)
NG = (A.3)

Q(x)

.where 02 is 2 x 2 Pauli matrix. This N(x) satisfies the condition

)

(A-2) automatically.

In terms of n(x) the Lagrangian becomes

L6 = L0 rhn + £ m (e - ra’y) a4
The field équations.forn(x) are given by

(9, (rbbh ) Q(x) = —m T¥eo , (A.5)

k X, _ |
(0o +T ) Ty ) = m oo (A.6)
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Note that from Egs. (A.5) and (A.6) the two-component spinor

field n(x) satisfies the Klein-Gordon equation,

(O+m*)h&)=0 (A.7)
From the above Lagrangian, the canonical conjugate field of
. nix) is in+(x) The quantization of the field is performed by

imposing the equal time cannonical anticommutation relations,

{neo, Pk, = S
{QCO Q('EP}I o~ {Q(x) Q(g)}l' =

go

(A.8)

(A.9)

The quantized form of n(x) is

o) = (m SGPV_ 2 { Q P, UQ(P»S)G St Cf,mr.z ) o }

(A.10)

where the creation and annihilation operators a+(p, s) and a(p, S)

s . . . .
satisfy- the cannonical anti-commutation relation,

{ acp,9) , AFCFSH } = o SCPp7).

Then,

(A.11)

the quantized form of N(x) is obtained from Egs

and (A.lQ0)as follows

(A.3)

1 -1pX tpx
N(x):szdﬁf%g [aenues e raipuase }

(A.12)
where W€ =Cu’ with the charge conjugation matrix C.
The propagator of the Majotana field can be calculated
straightforwardly by using Egs. (A.1ll) and (A.12),
KOl TN, NepT o> = i Spa-y). (2.13)
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Note also that we obtain |
<ol TN, NWTTloy =i SpeepC, (a14)

The latter is only possible for the (self-conjugate) Majorana
field and makes the (BB)Ov mode possible.
As defined in Egs. (2.27) and (2.28), current neutrinos Var,

and véR are the superpositions of massive Majorana neutrinos Nj'

We obtain from Egs. (2.27), (2.28) and (A.14) ,

COIT D@, Iep] [ 0> = i3 Ug T Seeey €T

d43 . E{;&(xrg) 1_7% - ‘
Lzm Ue W Q m+).€ (2 )C y (8- 15)

(OT o gllo> = 1 3 Uy 5% Sy )"

— d* Keﬁ‘”’ 14
N L§UEJ%JS(2Rﬁ q*-m +ie )C

(A.16)

The other propagators are obtained similarly.

I
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*
Appendix B : The brief description of the 2n- and N -mechanisms

(a) The general description

Let us consider the NA%-NB-fl transition, where NA(NB) is
the parant (daughter) nucleus, and £ stands for either 2e  or
2e~-+25e depending on the (BB)Ov or (BB)Zv'modes, respectively.

*
In order to deal with the N -mechanism, the following

effective Hamiltonian is considered,

F4B¢ = Hw *+ Hs

where HS represents the effective strong interaction for the

transition N+ N++A + N by the exchange of m, p, """ .

(B.1)

>

In the 2n-mechanism, the double g decay takes place through

the 2nd order perturbation in H

W

and the 0th order in HS as shown

in Fig. 3 and the R-matrix is

R*™ = <Ng, Ul Rw I Ns> (B.2)

where RW represents the R-matrix due to ﬁhe 2nd order weak
interaction.

In the N*—mechanism, the double B8 decay occurs through the 2nd
order in HW and the lst order in HS as shown in Fig. 3.*. Then the

*
R-matrix element for the N -mechanism may be expressed in the

following form;

There may be the third possible combination of H_ and H_ such

W S
as the sequence Hw--HS--HW in contrast to the HW-HW-HS in
Fig. 3.. Since this contribution is expected to be small, this

is not considered in this thesis.
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R = 5~ {<Ng, U1 RN g < Macl Hs N>

A

+ < Ng [ Hg | N+ m+<NAH1QW| NAD }, (8.3)

where MA(MB) is the mass»bf NA(NB), and EA‘(EA++) is the energy
of the intermediate nucleus NA‘(NA++) which includes A_(A++).
Note that the nuclear state N,-(N,;.) has the same ¥ as N, (Ng)
has.

Let us consider, for definiteness, the NA_-+NB-+2e~

transition. The nuclear states NA‘ and NB are expressed in the

following forms;

INE> = 18D ® 15, ® | Ry, (B.4)
INB>:IP>3®IP>L®IRB>, | (B.5)

I

whére.s and L in the hadronic states stand for the intrinsic
(spin and isospin) part and the orbital angular momentum part
with respect to the center of the nucleus. Here ]RA_> and |Ry>
represent the remainders of the nuclear states. It should be
understood that there is some appropriate sum with respect to

the angular momenta. The nuclear matriX'elements in Egs. (3.25)-

(3.32) can be written in this notaﬁion as follows;
<Nl OINg> = {Rel® KPIBKPI O 18% &% ® R, 3.6

where O represents one of the nuclear tensor operators appeared in

AN ) k k
MF ’MGT s M7, 0 ,Pl ,Pl and Qg .

Let us discuss what kinds of nuclear tensor operators change

quark states inside the hadron. Obviously} the operators T

. j .
and c n guarks. As for r and r some cautions are
n(m) @ t on g nm +nm ’

n (m)

~ A
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necessary. Consider the following decomposition of the position

operator for the n-th quark; ;n==;G-k;é where ;G is the position

operator of AT measured from the center of NA_ . The relative
->1

coordinate r, changes the orbital angular momentum of quarks

around the center of the hadron. Thus we conclude that the relevant

G 3 ¥' and ¥' . With

operators for quarks in A~ are T_°
’ n(m)’ “nm +nm

n(m)’
this caution, the nuclear matrix elements are calculated in the

+ +

% ) and the nucleon N(% ) are assigned to

their S-state. The nuclear tensor operators contributing to the tran-

SU(6) quark model where A(

->1

+ +
sition A(% -+N(%-) should be of rank 0 with respect to r and

nm
?;nﬂl,andof rank 1 or 2 with respect to the spin part. We conclude
from Egs. (3.25)-(3.32) that MF and MGT do not contribute to this

transition. The Q2 ,PQ, sz, sz and Mg take the follcowing forms;

Q' =2 ¢ f6 (Thad )~ Ga€r (Tux@n) Y (e 1)
- {PIN % <RpIR& | (B.7)
PQ == '% G_ £ VmQ"'U—mQ >g < PlA—>L<RBIRA'>) (B.8)

PU¥= % 16, eyl + e TITE ) A RelRey (2o

3 L

0k

Q=2 ¢ iG eay@(Ton Hm) % £PIAX <RelRap, (220
MQ = % 8 U“nQ“‘V"w? >.s CPIA R <RelRay ’ (B.11)

In the SU(6) quark model, we get Qz==Q2k==O which may be understood

. . . L
from the following argument. Note that the spin operators 1in Q
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and sz are antisymmetric under the interchange of quarks so that

it is expected that the spin part of S<Pl§an+Tm+[(on£-om2)—
i(gn><gm)£] etc. is also antisymmetric. Since the spin wave
function of ]A_>S is symmetric, QJZ'==QQ’k =0 is concluded. Therefore,
sz ,M2 and Pg contribute to the (BB)Ov mode. The same argument
also holds for the N, >N,,,+2e transition.

The similar argument applies'to the (BB)Zv mode. Of cogrse,
it should be noted thét K in Eq.(4.10) should be modified

as follows;
K= [KEn>~ B o0+ kS ]-1 + [{End—Ex +B+ ke ]_1 (B.12)
)

and similarly for L.

(b) The factorization hypothestis
As we have seen in the previous subsection (a), the RW—matrix

may be written in the following form;

{Np 0l RwiNseD = P UIRwIA 3 PIAS <RplRa> (8.13)

This is valid under the approximations (i), (ii), (iii) introduced
in §3 and in the framework of the SU(6) quark model. The "factori-
zation hypothesis" means the approximation that the amplitude

S<p,£|RW|A- > is modified by the following replacement,

| i / Yo :
(PUIRMES = ¥ Y Plgp,mﬁwm—gm’ (5.1

where the primed sum means the spin average with reSpect to A

Under this replacement, the R-matrix is rewritten as follows;

/ by ‘/2
R¥= X [P URWEXF ]z Pa) <zl 8>,

SQPS&

where
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Vo PCA)yg<§+l§L {PI& <Rgl Ra> e.‘P_ <;‘J4AA1P§NA>

<N Bl He | Nare>
Mg — Ept+

&' (Ra+[Rad LRI, (B.16)

Here we used the relation

Y lntiRla P = Y K& EIR I [ 5.17)
Qvgf’z gAz,gyz

The factors P(A) and <®f|®i> are introduced to give some -

*
physical images of the N -mechanism. Let us assume the decomposition

NarlHgINg > == <A~lelm><QA—IRA>. (B.18)
Now the probability admixture P(A) may be defined as
1 <2§'P15[h>> 2 |
A) = =" (B.19)
P( ) Nn gA‘ Ex—Ma I,

where Nn is the number of neutrons which can contribute to
the double B decay and the sum of n extends over all those neutrons.
In other words, P(A) is the probability to make A~ per neutron.

Now <o |®.> may be written as

<a;fl§§t> LPIA DL <Rs| Ra> < Rec| Ray == <<P115 <:RBIFQA>

Here we used <R

(B.20)

A‘IRA>::6RA_RA. In this way, the <¢.[¢.> may be
interpreted as the overlapvbetween'the initial and final nuclear

wave functions.
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Appendix C: The properties of the "potentials" due to the

- neutrino propagation

Let us discuss the porperties of the "potential"-like
function due to the neutrino propagation defined in Egs. (3.21)

and (3.35),
[e0]

’

2 % Aim(an) |
H, mu,w-——&?idﬂ L+ oMe) e

where the parameter r is the distance between two neutrons

(quarks),which participate in the double B decay. In this
Appendix, we shall evaluate the expectation values <H> and <rH'>
by using the nucleon-nucleon (or quark-quark) correlation func-

. > ' . . 35)
tion p(r) as the weight function:

{H -'—:Sd?P(T"‘)H(r,mx),p;), | (C.2)
<y = [dF PO 1 dH (rmy, po) /dr (. 3)

(a) The averaging scheme

Two types of correlation functions are considered.

" Case S (the spherical shell distribution in 2n-mechanism) :

This case corresponds to the assumption that both neutrons are
located on the surface of the nucleus as shown in Fig. 10.
This scheme is condidered reasonable because neutrons which
actively participate in the double B decay carry the large
principal gquantum numbers so that they are considered to be
located in the outer shell. We remind that the weak decay must

. + + . .
occur at two different neutrons because Tn'nl==0. This is taken
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into account by imposing a cut for 6, i. e., 6 <nw—6c with

ecfrl/Rxmn. Thus, we assume the following form,

AF) =41 r20-32) T8 (r-aRcoser2)) B (e~ @Q—e), (. 4)

1/3 -13

where 06(x) is the step function, R=1.2 A + 10 cm and

£=sin(6_/2). For A=48~130, R=(1.1~1.6) - 10"2/me and

£E=0.11~0.16, respectively.

*
Case A (the quark correlation in the N -mechanism) :
Suppose that there is a potential which confines quarks
within distance (2mﬂ)_l and does not provide any hard core

repulsion. According to Halprin, Minkowski, Primakoff and

1)

Rosén,5 the following form of’pA(r) is considered,

PP = (¥ exp-ar/a) (c.s)

where a=0.7 '10_l3cm.

/

~

(b) The global features of the average potentials

The numerical integrations are made and the m,, My and A

dependences of <H>, and <rH'>i with i=S and A are shown in

Fig. 11 for some typical values of m,, My and A.

(b-1) The uo and A dependences

The A dependence of <H>S and <rH'>S comes in through the

1/3

nuclear radius R (<A ). As we can see from Fig. 11, the

dimensionless quantities R<H>S and R<rH'>S are almost independent

of A. Of course, <H>A and <rH'>A are independent of A.
The uo dependence of <H> and <rH'> is not important either,

because the average of nuclear energy level difference M, seems
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to be in the range of 5MeV < uome £ 15 MeV for typical nuclei.
As we can see from Fig. 11, <H> and <rH'> are almost independent*

of My in this region.

(b-2) Them Y dependence
Contrary to A and*u0 dependences, the neutrino mass depend-
ence is much complicated. As shown in Fig. 11, there are essen-

tially two distinct regions: One is the light neutrino mass

: *
region (mv $1MeV) where <H> and <rH'> behave like constant.

The other is the heavy neutrino mass region (mvz.lGeV), where

35).

<H> and <rH'> are rapidly decreasing functions of m,. " ‘More

precisely, for mvsiLMeV, they behave essentially like Coulomb poten-

. 1] ~ ~ - 1 ~—
tial, <H>g and <rH >S-XS/R, <H>A-(1 XAA)/a and <rH > A (l+XAB{/a

where xi‘s are independent of m,, and depend weakly‘on Uy and A.

For HR)ZJ.GeV , the average potentials behave like Yukawa
potential, i. e., <H>S = Eexp(—ZEIR)R)/R and <rH'.>S =

. 2,.-1 . . . -2 -3 '
exp(2£m\)R)(2m\)R) and <H>A~—<rH >A—4m\) a ~.

The following remarks are in order; (i) From Fig. 11 we
observe that —a<rH’>A is greater than R<H>S in the light neutrino
méss region (nk)ﬁl.MeV). This difference is due to the average
distance which neutrino propagates. We remind é/R"l/lO. (ii)
The milder damping on m (m_2 dependence) for the case A is

v \%

traced to the assumption of no core repulsion among quarks.

* This may be understood by the fact that the momentum of the
virtual neutrino which mainly contributes to the potential

is larger than 20 MeV so that u m, ( <15MeV) and m,, ( <1 MeV)

0
may be neglected.
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(c) Application to the decay formulae

In the decay formulae of the (BB)Ov mode, the average

. . 2
potentials appear in the forms of Znﬁ Uej <H>S p ZUEEj Vej <H>S,A

S,A )

Since <H> and —-<rH'> behave like almost constants at the

and XU .V . <rH'>
ej] ej

region m,, $1MeV and the mixing among light' and heavy neutrinos is
considered to be small, the following approximation is allowed

to us;
[%:Uej\/ej<H(r;mj,po)>] ~ (H(r,0 ,}Ao)>[JZUeJ-Ved'] , (C.6)

and the corresponding approximation forZUejVeEj <rH'> .

2

For the term Znﬁ Uej <H> the situation becomes com-

S 14

plicated. In the analysis in §5 and §6, the contributions from

the heavy neutrinos (n\)zli)MeV) are neglected and the equality

[sz. Uej CHmmy, o) > ] = <H 0, po)>[ij Ug ] (€.

is used. Rigorously speaking, the values of [ Im. l obtained

J eJ

in §6 should be understood as those of[ZrijU§j<thmjﬂ%9>/QNr,04%

In the following, we discuss some cases where the equality

(C.7) becomes invalid. We present the approximate formula, 5)
Z e—u?’nhk)
m; Ut R<HY = >_ m; Uet Xe@ me{a)-&-mhueh (C.8)
d 4M@’ VS l% 2m, R )
where

Ks (p) = -2[1(-3?) ff{ [~2 002 +[2 coszp) +3 Paingp) ] CLGEP)
+ [2 AmER) ~3PCosGPISiGE) — [3=1tms] | (o)
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Note that among heavy neutrinos, the lightest one (denoted by h)
will mainly contribute as a result of the presence of the exponen-
tial damping factor. For definiteness, we restrict our attention

to the data analysis of tellurium. Note that when A=x=0,

2

lzlightnﬁ Uejl ~ 32 eV is obtained. In order that the heavy

neutrino contributes equally, m, = 2.3 GeV is required, even if

h
U, =1 is taken. Therefore, if m :§3GeV, the heavy neutrino

eh h
contribution may well be neglected. If the masses of some
neutrinos happen to be in the range of 1 MeV <nk)<J_GeV, a
careful analysis must be made. Here we shall not discuss this
cése to avoid the complexity. We would like to mention that the

masses of heavy neutrinos are much larger than 1 GeV in most

grand unified theories as discussed in §2.
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Appendix D:.. The CP-violation in the leptonic sector
Let us first consider the case where only two generations of
Majorana neutrinos mix strongly. We assumed Case (iii) where both the left-
and right-handed neutrinos, the Majorana mass terms and the Dirac
20)

mass term exist. 'Then the mixing matrix is described by a 4 x4

unitary matrix. We start from the following 4 x 4 unitary matrix,7l)

t o 0 0\(y o o6 oYfc s © o)
'X‘* o | 0 O 0 G -s, o =S, N QS 0
- 0O 0 ¢ -g|lo S G o o 0 €' o
-S . .
0 O _5s, C‘J L0 o 0 € z, Lo o o |
o0 o o)(f 6 o o)Y[{ o o o)
1 1
o |\ o 0 o C3 Ss O o | O 0]
0 0-5¢Jloo o&dloo-sc) oD

where si==Sin ei and c; = cos ei . Note that there are three phases,

51, 62 agd 63 . The angles 62 and 63 give the mixings between the
L-type neutrinos (Nl, N2) and R-type neutrinos (N3, N4). The most
general form of a 4 x4 unitary matrix is obtained from Eqg.(D..1) by
the replacement

X’k - i (5 + Q)
J E

Xik., £

which supplies. seven nontrivial additional phases. Among total
ten phases, two phases can be absorbed by the redefinition of two

charged lepton fields. We choose Xll and X22 to be real and the

matrix becomes

’L(?é—fx*q—h*m)x for j = 1, 3,

ik

for 3
><’k, | J

g

i(ﬁ - f} + %k f 53)

63 d

4. {D.3)

Il
N
-~
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Thus, there remain eight CP-violating phases, Gl, 62, 63, Bl=
§37 810 Bp=pP37py s B3= ey =Py By=05-0p and Bg=0y -0y -

As an illustration, we consider the case where the R-type
Majorana neutrinos N3 and N4 are heavy enough so that they do not
contribute to the BB decay. In this case, we only need to consider
‘ | (1)*

the 2 x 2 submatrices U(l) and V which are defined in Eq. (2.23) as

) <)
U U U
* * *
v \Vau Ve - (D.4)

Since the mixfngs between the L-type and R-type neutrinos would be
weak, we.keep only.the first order term with respect to 92 and 63.

*
Now the matrices U(l) and V(l) take the forms

' o S, eiﬁl
Um = -3 (D-S)
-5, e LA ¢, Iy , '
, . N
(sae® [ag -G sse®)]
* LB+
\/m ~ 82 O A+A) |
s, @ PP [os, - Ls, et oo s e
k ~e+fa .6
where S, = 62 =~ 0 and S5 = 63 = 0 . As a typiéal example for the
maximal mixings , we take el= 8.4= 65= O¢ = 1/4 and assume
6, =60, for simplicity. Then we obtain |

2 3
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if
| l €

? (D.7)

and

i s, LR R
-e*f (,‘—.ﬁ —eg‘)eﬁﬁ

S eI (et e
’ (D.8)
Note that there are five complex phases (61, 62, Bl, 82 and 83) in
agreement with the case of n=2 in the general formula n(3n-1)/2 .
The remaining three phases are included in u(?) ana v(2* |
For Dirac heutrinos (Cése(i)), U(2)==V(2)*==0 and also U(l)
and V(l)* should be unitary,- If we consider the case of th gener-—

(1)

atiohs, three complex phases in U can be removed by the redefi-

nition of two charged lepton and two neutrino fields, but three

phases in V(l) remain. Thus we obtain
C s
=-S5 G, (D.9)
and
idz ‘;dS
V& = ™
_Sz € C; €
’ (D.10)
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Let us discuss the combinations of the mixing matrices

appeared in the double B decay.

2 .
U .|° comes in.

For the (BB)2v mode, the term 2.2 e? |u Izl e

iy ij'"ej
From Eq. (D.7) or (D.9), we obtain

L2 2 2 _
ng Eg Vel |Ugl =1 | (D.11)
both for Dirac and Majorana neutrino cases.

For the (BB),, mode, two terms |§1n.U2 for Case (ii) and

J ejl

(iii), and Igtkﬁlvejl for Case (iii) appear. By using Eqgs. (D.7)

and (D.8), we obtain

Yo
l%: mJ' Uej-z l = 15 l m,2+m§+2m1mg COSQqu ; (D.12)
_5 §-4;
‘%UQJ\/QJ l :-V'E_'.lc-os(.—_tz—g)‘ . (D.13)
As seen from Egs. (D.12) and (D.13), ]%ng Uijl becomes Iml-+m2|/2

or ]ml-m2|/2 depending on Bl==0 (no-CP—violation) or Bl==n/2,
and IZIUej'Vejl==62//5 or 0 dependlng on 61-62==2nﬂ or Gl—sz(2n+l)ﬂ.
Thus the CP-violating phases play important roles.

-81-



References
1) P. A. M. Dirac, Prqq: Roy. Soc., Al126 (1930), 360;
Proc. Camb. Phil. Soc.,ég{}l934), 150.
2) E. Maﬁorana, Nuovo Cimento, 14 (1937), 171.
3) G. Racah, Nuovo Cimento, 14 (1937), 322,
4) W.vPauli, Noyaux atomiques, Proc. Solvay Congr., Brussels
(1933), P. 324.

5) .E. Fermi, 7%. Phys., 88 (1934), 161.

6) F; Reines and C. L. Cowan, Phys. Rev., 92 (1953), 830;
113 (1959), 273; C. L. Cowan, F. Reines, F. B. Harrison,
H. W. Kruse, and A. D. Mcquire, Science, 3213 (1956), 103.

7) C. S. Wu, E. Ambler, R. Hayward, D. Hoppers and R. Hudson,
Phys. Rev., 104 (1957), 1413; 107 (1957), 641.

8) T. D. Lee and C. N. Yang, Phys. Rev., 104 (1956), 254.

9) W. Pauli, ﬁuovo Cimento, 6 (1957), 204. :

10) F. Glirsey, Nuovo Cimento, 7 (1958), 411.

11) C..Ryan and S. Okubo, Nuovo Cimento Suppl., 2 (1964), 234.

12) H; Georgi and D. V. Nanopoulos, Nucl. Phys., B155 (1979), 52;
M. Gell-Mann, P. Ramond, and R. Slansky, Supergravity, ed. by
P, Van Nieuwenheuzen and D. Z. Freedmaﬁ (North-Holland, 1979,
Amsterdam) ; T. Yanagida, in Proc. Workshop on the Unified
Theory and the Baryon Number in the Universe (KEK, Japan, Feb.
1979); R. Barb;eri, D. V. Nanopoulos, G. M. Morchiorand
F. Strocchi, Phys. Lett., 90B (1980), 91; E. Witten, Phys.
Lett. 91B (1980), 8l. |

13) 'V. A. Lubimov, V. Z. Nozsik, E. G. Novikov, E. F. Tertyakov,
and V. S. Kosik, Phys. Lett., 94B (1980), 266.

14) W. H. Furry, Phys. Rev., 56 (1939), 1184,

15) H. Primakoff and S. P. Rosen, Rep. Prog. Phys., 22 (1959),

121; Proc. Phys. Soc., 78 (1961), 464.

-82-



16)

17)

18)

19)

20)

21)

22)

23)

24)

25)

26)

27)

28)

29)

30)

31)

32)

L. Kisslinger, Phys. Rev. Lett., 26 (1971), 998.

B. Pontecorvo, Zurn Eksp. Theor. Fiz., 53 (1967), 1717
(Sov. Phys. JETP., 26 (1968), 784.)

H. Primakoff and S. P. Rosen, Phys. Rev., D5 (1972), 1784.
M. Doi, T. Kotani, H. Nishiura, K. Okuda and E. Takasugi,
Phys. Lett., 102B (1981), 323.

R. Davis Jr, Phys. Rev., 97 (1955), 766.

M. Doi, T. Kotani, H. Nishiura, K. Okuda, and E. Takasugi,
Osaka University preprint OS-GE 81-34 (1981).

S. M. Bilenky, J. Hosek and S. T. Petcov, Phys. Lett., 94B
(1980), 495.

J. Schechter and J. W. F. Valle, Phys. Rev., D22 (1980), 2227.

R. K. Bardin, P. J. Gollon, J. D. Ullman and C. S. Wu,

Nucl. Phys. Al58 (1970), 337.
M. K. Moe and D. D. Lowenthal, Phys. Rev., C22 (1980), 2186.

E. Fiorini, CERN/EP/Phys 78-33.

'E. W. Hennecke, O. K. Manuel, and D. D. Sabu, Phys. Rev., Cll

(1975), 1378.

H. Primakoff and S. P. Rosen, Phys. Rev., 184 (1969), 1925.
A. K. Kerman and L. S. Kisslinger, Phys. Rev., 180 (1969),
1483; ©See also H. J. Weber and H. Arenhavel, Phys. Rep., 36C
(1978), 277:

M. G. Mayer, Phys. Rev.( gg'(l935), 512.

E. J. Konopinski, Theory of Beta Radioactivity (Oxford Univ.
Press. London, England, 1966).

E. Greuling and R. C. Whitten, Ann. Phys., 11 (1960), 510.

A. Molina and P. Pascual, Nuovo Cimento, 41 (1977), 756.

-83-



33) D. Smith, C. Picciotto, and D. Bryman, Phys. Lett., 46B
(1973), 157. ; Nucl. Phys., B64 (1973), 525 ; Phys. Lett.,
46B (1973), 157 ; Phys. Rev., D8 (1973), 342.

D. Bryman and C. Picciotto, Rev. Mod. Phys., 50 (1978), 11.

'34) M. Doi, T. Kotani, H. Nishiura, K. Okuda, and E. Takasugi,
Phys. Lett., 103B (1981), 219.

35) M. Doi, T. Kbtani, H. Nishiura, K. Okuda, E. Takasugi,

Prog. Theor. Phys., 66 (1981), No. 5 in press.

36) J. C. Pati and A. Salam, Phys. Rev., D10 (1974), 275.

37) H. Georgi and S. L. Glashow, Phys. Rev. Lett., 32 (1974), 438;
A, J. Buras, J. Ellis, M. K. Gaillard, and D. V. Nanopoulos,
Nucl. Phys., B135 (1978), 66.

38) H. Georgi, in Particle and Eields, ed. by C. E. Carlson,

AIP Conf. No. 23, New York (1975); H. Fritzsch and

P. Minkowski, Ann. Phys., (N. Y.) 93 (1975), 193. ;

M. S. Chanowitz, J. Ellis and M. K. Gaillard, Nucl. Phys.,
B128 (1977), 506. ; H. Georgi and D. V. Nanopoulos, Nucl.
Phys., B155 (1979), 52.

39) R. N. Mohapatra and J. C. Pati, Phys. Rev., D11 (1975), 2559;
G. Senjanovic and R. N. Mohapatra, Phys. Rev., D12 (1975),
1502.

40) M. A. B. Beg, R; V. Budny, R. Mohapatra, and A. Sirlin, Phys.
Rev. Lett., 38 (1977),‘1252.

41) S. M. Bilenky and B. Pontecorvo, Phys. Reports, 41 (1978), 226.

Lett. Nuovo Cim., 17 (1976), 569.

42) T. Yanagida and M. Yoshimura, Prog. Theor. Phys., 64 (1980),

1870.

43) M. Kébayashi and T. Maskawa ,. Prog. Theor, Phys., 49 (1973),

652.

-84-



44)

45)

46)

47)

48)

49)

50)

51)

52)

53)

54)

55)

56)

57)

S. Weinberg, Phys. Rev. Lett., 19 (1967), 1264 ; A. Salam,
Elementary Particle Theory ed. by N. Swartholom, Stockholm
(1968) ; S. L. Glashow, Nucl. Phys., 22 (1961), 579.

V. Barger, P. Langacker, J. P. Leveille, aﬁd S. Pakvasa,
Phys. Rev. Lett., 45 (1980), 692.

R. N. Mohapatra and G. Senjanovic, Phys. Rev. Lett., 44
(1980), 912; Phys. Rev., D23 (1981), 165. |

R. Barbieri, J. Ellis and M. K. Gaillard, Phys. Lett., 90B
(1980), 249.

E. Witten, Phys. Lett., 91B (1980), 81.

R. H. Hulme, Proc. Roy. Soc. London (A) 133 (1931), 381;

See also H. Behrens and J. Jénecke, Numerical Tables for
Beta-Decay and Electron Capture, ed. by H. Schopper
(Landolt-BO6rnstein, Group I, Vol. 4), (Sspringer-Verlag,
Berlin, 1969). | |

R. J. Blin-Stoyle, Fundamental Interactions and the Nucleus
(North-Holland, Amsterdam, 1973).

A. Halprin, P. Minkowski, H. Primakoff, and S. P. Rosen,
Phys. Rev., D13 (1976), 2567.

C. Picciotto, Can. J. Phys., 56 (1978), 399.

S. P. Rosen, Proc. Phys. Soc., 74 (1959), 350.

T. Kirsten and»H. W. Muller, Earth Plaﬁet Sci. Lett., 6
(1969); 271.

B. Srinivasan, E. C. Alexander Jr., R. D. Beaty,

D. E. Sinclair and O. K. Manuel, Econ. Geol., 68 (1973), 252.
M. C. Inghram and J. H. Reynolds, Phys. Rev., 78 (1950), 822.

N. Takaoka and K. Ogata, Z. Naturforschg, 2la (1966), 84.

-85~



58)

59)

60)

61)

62)

63)

64)

- 65)

66)

67)

68)

69)

70)

71)

72)

73)

74)

T. Kirsten, 0. A. Schaeffer, E. Norton and R. W. Stoenner,

Phys. Rev. Lett., 20 (1968), 1300.

B. Srinivasan, E. C. Alexander Jr., and 0. K. Manuel,

- Econ. Geol., 67 (1972), 592.

E. Fiorini, A. Pullia, G. Bertolini, F. Cappellani and

G. Restelli, Nuovo Cimento, 13A (1973), 747.

E. Fiorini, Proceedings of the 1977 International Conference

on Neutrino Physics and Astrophysics, Baksam Valley (Nauka,

Moscow, 1978), Vol. 2, p. 315.

B. T.

A. M.

Cleveland, W. R. Leo, C. S. Wu, L. R. Kasday,

Rushton, P. J. Gollon and J. D. Ullman, Phys. Rev. Lett.,

35 (1975), 757.

E. Fiorini, private communication.

J. D.

V. A.

~A. H.

Vergados, Phys. Rev., -Cl3 (1976), 865.

Khodel, Phys. Lett., 32B (1970), 583.

Fayans and V. A. Khodel, J. Phys., G3 (1977), 359.
Haxton, G. J. Stephenson Jr. and D. Strottman,
Rev. Lett., 47 (1981), 153.

Huffman, Phys. Rev., C2 (1970), 742.

K. E. Bergkvist, Nucl. Phys., B39 (1972), 317. See also

J. J. Simpson, Phys. Rev., D23 (1981), 649.

T. Kotani, Soryshiron Kenkyu (Kyoto), 62 (1980), B60;

H. Nishiura, ibid., 62 (1980), B50.

K. M.

Case, Phys. Rev., 107 (1957), 307.

V. Barger, K. Whisnat and R. J. N. Philips, Phys. Rev.,

D23 (1981), 2773.

A. H.

Wapstra and K. Bos, Atomic DATA and Nuclear Data Tables,

19 (1977), 177.

H. Ejiri, private communication.

H. Ohtubo and A. Hosoya, private communication.

-86-—



Table Captions

Table I. Allowed transitions and relative orders of magnitudes.
Each parenthesis under the interactions indicates the possible
transition, and m, ., A and k represent the typical neutrino

mass and the relative strengths of the right-handed currents,

respectively.

Table II. The numerical values of Bi in (Tl/2)2v°
B.'s are the coefficients of various terms in the half-life
formulae of the 0+-+0+ and O+--+2+ transitions for the (BB)Zv
mode which are given in Egs. (5.1) and (5.2). T is the max-
imum kinetic energy release in units of m, and their values
are deduced from the data on nuélear masses by Wapstra and

Bos.72) These Bi's are related to FO (T) in Eqg. (4.15) and F2 (T) in

Eq. (4.20) as follows: B,=F, (T)-107>, B=F, (T)+10"°

BBy,
. : N*

rTable III. The numerical values of GOi’ Gzi and Gi in (Tl/2)0v'
GOi in Eq. (3.57) and G2+ in Eq. (3.65) are the coefficients
of various terms in the half-life formulae of the 0+-+0+
and‘0+-+2+ transitions in the 2n-mechanism for the (BB)Ov

* : *

mode. G? in Eg. (3.88) are those in the N -mechanism.

Table IV. The numerical values of Ci in T(l/2)0v'
C; in Eq. (5.3) are the coefficients of various terms in the
half-life formula of the 0+-+0+ transition for the (BB)ov~
mode.

. + + + +
Table V. The angular correlations of the 0 -0, 1 and 2

traniéitons for the (BB)Zv mode (Table (a)), and of the

0+-*0+ transition for (BB)OV mode (Table (b)).
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Table VI. The experimental data and the theoretical predictions
for half-lives.
The predictions are made by taking the values of the average
neutrino mass, A and k¥ which are determined from the data on
tellurium and also by using the parameters related to the
nuclear matrix elements given in §6-d. The indices (a) and
(b) correspond to two cases, namely Case(a) where A > ||
and Case(b) where A < |k|. The data in Refs. 23), 24), 60),
61) , 62) and 63) have been obtained by the counter (chanmbér)

experiments and others by the geological method.
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Figure Captions
. 130 . 48
Fig. 1. The level structures of Te (figure (a)) and Ca
(figure (b)).
Fig. 2. The schematic diagrams for the (BB)Ov mode (figure (a))

and for the (BB)Zv mode (figure (b)) in the 2n-mechanism.

The NA' N and Nn are the parent, the daughter, and the

B
intermediate nuclei, respectively.

Fig. 3. The diagrams for the (BB)Ov mode (figures (a) and (b))
*
and for the (BB)ZV mode (figures (c) and (d)) in the N -

mechanism. The N and N,+4 mean the intermediate nuclear

A_

states including A" and A++, respectively.

Fig. 4. The constraint on A and Kk in the left-~right symmetric
model. The )\c represents (Ml/MZ) 2. The Ml apd M2 are masses of
the mass eigenstate gauge bosons, Wl and W2 , respectively.

Fig. 5. The diagrams for the (BB)Ov mode corresponding to the
second order weak ihteractions. The wavy line represents
the weak intermediate boson which controls the left- or
right-handed weak interaction.

Fig. 6. The single electron kinetic energy spectra for the (68)2v
mode. € and T are the electronrkinetic energy and the
maximum kinetic energy release in units of m respectively.
Note that for the 0+-*2+ transition, the 2n- and N*—
mechanisms give the identical spectrum.

Fig. 7. The single electron kinetic energy spectra for the (BB)Ov
mode. Note that fhe N*—mechanism contributes only through

the A- or k- terms.
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Fig.

Fig.

‘Fig.

Fig.

Fig.

Fig.

8. The sum—energy spectra for the (SB)Zv and (BB)Ov modes.
€ is the kinetic energy sum of two electrons in units of m, -
9. The allowed domain for the neutrino mass and the relative

strengths of the right-handed currents A and kx from the data

on (Tl/2)0v‘ The allowed domains imposed by the data on 48Ca,

76 82

Ge and Se are inside the solid line ellipses (the shaded

128 130

areas). From the data on T Te) /T Te), the allowed

1/2¢ 1/2¢
domain is restricted to the narrow region surrounded by two
ellipses, corresponding to cos ¥ =*1, thopgh its difference

is too small to be shown. Figures (a) and (b) correspond

to the cases of A >> |k| and X << |k| , respectively.

10. The spherical shell distribution in the 2n-mechanism

(Case S). The neutrino propagates'the distance r from the
first decaying neutron n, to the second one N, both of
which are located on the surface of nucleus with radius R.
The angle cut ec is due to the size of the neutron n, .

11. The m, and Ho dependences of the average potentials.
The subscripts S and A indicate ‘two different tupes of

average described in Appendix C.

. Y k)
12, The diagrams for the (BB)Zv mode pointed out by Ejiri.

13. The diagrams for the (BB)Zv mode (figure (a)) and for

the (BB)Ov mode (figure (b)) which appear in the

. . 74)
additional mechanism pointed out by Ohtubo and Hosoya.
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(88)0\, mode [}
48ca 7sGe 3zse ].28,1:e 130Te ISONd
10713 10715 10714 10716 oo 10713
Sy 0.2932 2.936 1.291 8.139 2.024 0.9763
Gos 2.028 5.666 4.934 3.495 5.958 a.822
G03 15.73 52.90 40.08 55.71 48.99 36.01
Gy, 3.038 17.63 10.17 30.11 14.08 8.386
Gos 0.1531 1.654 0.6942 5.344 1.110 0.519%
Gos 0.2250 1.664 0.9060 2.331 1.373 0.7742
6oy 1.399 13.41 6.068 34.89 9.470 4.680
Gyg 0.1350 2.234 0.7700 9.429 1.361 0.5448
Sos 0.02607 0.7442 0.1954 5.097 0.3913 0.1269
10710 c10712 -10710 10712 10710 -107°

* .
o] 1.198 0.5089 0.4249 0.6178 0.6940 - 0.5774
“'
65 4.132 1.859 1.503 2.496 2.499 2.039

* - -
<) 0.2842 0.1092 0.09758 0.1005 0.1565 -0.11360
N*
< 0.5310 0.2436 0.2125 0.2474 0.3564 0.3073

*
G’; 2.660 1.096 0.9563 1.113 1.604 1.383

Table III (a)
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(88) Ov mode

-4
> 2°

48

76

82

128

130

150

Ca Ge Se Te Te Nd
TR B Tt S T DS U Rl BERE T Il B T e
G,, 0.6938 | 0.2234 | 0.1658 | 0.8587 | 0.2992 | 0.4072
G,_ 0.6059 | 0.1531 | 0.1314 | 0.2762 | 0.2286 | 0.3486
-107 1 10712 s107M | c107Y c107Y0 ] 1070
\I‘k
e} 2.735 1.109 049020 | 0.5215 | 0.2180 | 0.3377
N* ‘
cy 9.575 4.189 3.270 2.279 0.8022 | 1.201
N* '
e} 0.6312 | 0.2192 | 0.1971 | 0.05689 | 0.04690 | 0.7848
N*
¢} 1.329 0.5019 | 0.4390 | 0.1444 | 0.1089 | 0.1787
N*
ey 5.908 2.258 1.975 0.6497 | 0.4898 | 0.8040

Table III (b)
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Fig. 1a

Fig. 1b
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Fig. 11d
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