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Introduction. Let A be a commutative ring with unity and
let A be the integral closure 6f A in its total gquotient
ring Q(A). An intermediate ring R between A and A will
be called a birational-integral extension of A. 1In this paper,
we are mainly interested in birational-integral extensions of
rings. A birational-integral extension of rings is closely
related with prime ideals of depth one, and, in section 1, we
study various properties associated with prime ideals of depth
one. Let‘ A be a noetherian ring satisfying the Sl~éondition
( i.e., the ideal (0) has no embedded prime divisor ) ,and
let p be a primé ideal with depth AP =1 and of ht p > 1.
Then such a prime ideal p is characterized by many equivalent
conditions, say, p is a prime divisor of a prinéipai ideal,

p 1is a divisorial ideal and so on. Among others it is proved
that if A is a finite A-module, then {p'€Spec A| ht p > 1
and depth Ap = 1} is a finite set. - |

Let R be a birational-integral extension of A and assume
that R is a finite A-module. For an element o €Q(A), we set
I = {aéA] aec €A}. I is an ideal of A and is called the

a
denominator ideal of @ 1in A. For a non-negative integer i,

we set F,(A,R) = {e ER| ht I, 2 i + 1}. Then each Fi(A,R) is
an intermediate ring between A and R, and FO(A,R) = R and
Fd(A,R) = A for some non-negative integer d. The subrings

Fi(A,R)'s play important roles in this paper.
In section 2, we mainly treat the seminormality and the glueing
of rings which appears in [6]. First, we prove in (2.1) that

the proof of seminormaiity can be reduced to the case of birational-



integral extensions. In (2.2), we give a criterion of relative
seminormality of A that A 1is seminormal in R if and only

if the conductor ideal ;@(Fi(A,R)/A) is radical in Fi(A,R)

for all i, 1 < i < d. As an application of this criterion, we
shall show the stability theorems of seminormality under the

étale finite extensions and, in case of an affine domain, the
separably generated extensions of the coefficient fields. On

the other hand, Traverso proved that if A is seminormal in R,
then A is obtained by a sequence of glueings of R with '
respect to a ceftain prime ideals of A ( c.f. [6]). Here, we
prove that A 1is seminormal in R if and only if A 1is obtained
by a glueing of R with respect to the prime'idgals in AssA(R/A).

For an integral extension R/A, let +A be the seminormali-

R
zation of A ( c¢.f. [6]). Then ;A is seminormal in R and
the seminormalization of A in ;A is equal to ;A. Hence, for

the study of integral extension, we divide it into two cases,
the case where A is seminormal in R and the case where R = _A.

In section 3, we treat birational-integral extension R of A

such that R = ;A. Such an extension is called a cusp type extension.

In section 4, we assume that A 1is a homomorphic image of
a regular ring and satisfies the sl—condition. For such ring A,
it is proved in [2] that A = {p&eSpec A| ht p > 1 and depth Ap
= 1} is a finite set. Let x be a non-unit of A and let R be



a birational-integral extension of A and assume that R 1is

a finite A-module. If x 1is a non-zero divisor and x &€ gq for
all ntAssA(R/A)L)A, we call such an element x a good section
of R/A. With the help of this notion, we prove that, for any

< ht P.

(AnP) =
Let A be an integral domain and let KX be the guotient

P € Spec R, depth A

field of A and let B be a subring of K containing A. We
call such an interrmediate ring B an over-ring of A. In the
paper [8], we studied the relationship between flat éver—rings
of a Krull domain‘and prime ideals of height one. Replacing a
Krull domain by a noetherian domain and prime ideals of height
one by those of depth one, we develop a similar theory as is done

in [8] ( c.f. 85).



1. Prime ideals of centh one

Let A be a noetherian ring which satisfies the Sl—condition
i.e., the ideal (0) has no eﬁbedded prime divisor. We denote:
the total quotient ring of A by Q(A) and the integral closure

of A in Q(A) by A. and the conductor ideal by {c(A/n) .

et R Dbe a birational-

Eioposition ~ definition 1.1.

intecral extension of A and assume that .R is a finite A-module. For

.

an element a€0(A), we denote the denominator ideal {z2€Af ac€A}

in A by I . For an integer i > 0, “efine Fi(A,R) = {a€R} ht Ia

> i+ 1}. Then Fi(A,R)'s are intermediate rings between A

and R, and F.(A,R) D F.(A,R) for j < i and F,(A,R) = R.

Define D, (A,R) = {pelt;(a)] p 2'{¢-(F_i—l(z\;_w’R)/A)} afzd D(A,lj)

=kJDi(AIR)r vhere Hti(A) = {peSpec A} ht p = i}. Then ht ngi_l

(4,R)/A) > i, sc each element of . Di(A,R) is a minimal prime divisor

of .§XFi_l(A,R)/A), There is an integer 4 ( 2 0) such that

Fd(A,R) = A, hence D(A,R) 1is a finite set.

Proof. Let o and B be elements of Fi(A,R). Since
Tyig 2 IgnIg and Ig 2 I,°I;, we have ht I .o, ht I,g2 1+ 1,
that is a+8,a86Fi(A,R). Therefore Fi(A,R) is an intermediate
ring between A and R.

Néxt wé‘show that EO(A,R) ;.3. Let o be an element of R.
“Then Id contains an element of A which is not zero-divisor for
fc.EQ(A).‘ Hence ht I, 2 1 for all o€&R. Thus xﬁe have F:_(A,R) = R.

Since A, is'ﬁoétherian and R is a finite A-module, the

submodule Fi_l(A,R) is also a finite A-module, say,‘Fi_l(A,R) =

A, + --- + Aa_. Then we have (C(F; ;(A,R)/A) = I_N-+- NI

1 ‘ n and



ht‘Ia > i for all j. Hence we have ht'E(Fi_l(A,R)/A) > i.
J

Thus each element of Di(A,R) is a minimal prime divisor of
From the sequence R = FO(A,R) 2 Fl(A,R) ;>°--, we have

a seguence of ideals /E(FO (A,R)/A) S"E(Fl(A,R)/A) € .-- . sSince

A is noetherian, there is an integer 4 ( > 0) such that

,_'G(Fd(A,R)/A) = c(F, ,(A,R)/A) = --- . Suppose that 'c{F4(a,R)/A)

d+1
# A. Then there exists a prime ideal p containing {EKFd(A,R)/A).
Let ht p = m. From the choice of d, p g’éka(A;R)yA), so

ht p > m by the above result. This contradicts ht p = m. Hence

.c(Fq(a,R)/A) = A, that is F4(A,R) = A.

From the definition of F, (A,R) and D, (A,R), the following

lemma is easily seen, so we omit the proof.

Lemma 1.2. Let R, and R, be birational-integral exten-

éions of A.If R, 2 R,, then we have F.(A,R;) 2 F.(A,R,) for

all i, i > 0, and Di(A,Rl) 2 Di(A'RZ) for i > 1. In particular,

if A is a finite A-module, we have D(A,R) Q.D(A,K) for any

intermediate ring R between A and A.




—

Let /(0) = pin~--(\pt. Since A satisfies the Sl-condition,
we have Q(A) = Ap X *** X Ap . Let p be a prime ideal of A
1. t
and let {e(1), ---, e} =131

A

j £ teand pgpj}. Then A,

is a subring of A X *** X A . Denote the projection;

' Pe(1) Pe (p) -1

A X <°** XA —_— A X **+ X A by ¢_. Then ¢

Py Py Pe(l) pe (p) P P
is a subring of Q(A) containing A.

(Ap)

Proposition 1.3. Let R bhe a birational-integral extension

of A and assume that R ~iz a finite A-module. Then we have

F.(AR) = F S gLy e v ‘-Es,ec1al1v we
?i(%'R)C Fie l(A R) ED (A,RY ¢p (A) for i > 1. e "

PR

have A = R

mpeDQQ,R) ¢ (A ).

Proof. pPut B = 1(A Rh«/\¢ (A ), D runs over D. (A,R)
Let GEF (A,R). From the aefe.ee;on, we have']ae' l( ). Let

né ht Ia > i + 1. Thus we have

[sH]

péDi(A,P) Then ht p = i

t

1s well known that if ; u---Uptup :>I then p 2 Ia or Pj

:p:é.I . Let. pl,°--,p ' be all ninimal prime divisor of A. It

I
a

nJ

for some i (c£.[31. 3£unu~¥l %&& ) : denbe ve have p~u--4\1p£tlp

1

21 .ife., there is a non-zero divisor x of 'Ia not contained .

R

in p. Eence xa€A and Xgén,'that is aeq)—l p).

A Converselv let u<5B and let p be a pllme ideal such that

A R),“:‘é I éi( (A R)/A), SO we” have

t r > 1, tnen we have nothln« t0 hrove. .

Se

AiAssume'that ht _¥ l.- Tnen ) eD (A k) 'hThus o e¢ 7)). Hence

s

..,\_:— CRE SO

we have’; ¢ I . ThlS contradlcts pz T .

B Remark 1.4. IffgbfﬁVEXR/A), then RC ¢_1(A ). Indeed, since
L Tosc T =T - PP



R is a subring of Q(A) and a finite A-module, there exists a

non-zero divisor in c¢(R/A) not contained in p. Thus R C ¢;l(Ap).

Let A be a ring. We say that A satisfies the Sk—condition

if it holds that depth A_ > inf(k,ht p) for all p € Spec A.

P
Progosition 1.2, A ia i satisfvin
the S,-condition. The ring A satisfies the S -condition if .

M 4ol
peHt, (2) °p
then D(AJRLA=4D1(A,R) for any intermédiate rind "R betweéen ...

and only if A = (Aéy. ‘If A’ satisfies the SzécénditionL

A-'and. A such that R is a finite A-module.
et = () 4) o sho
Proof Let B —Péﬂtl(A)¢P To show the

(Ap) . Then A _C__'— B.
inverse inclusion, 1let o« €B. Since a<5¢;l(AD) for all pcsHtl(A),

the denominator ideal Ia is not contained in a prime ideal of height

2—condition and I& # A,

~and let p .be a minimal prime divisor. of ‘Ia' Since

one. Suppose that A satisfies the S

I, is not contained in a prime ideal of height one, we have

ht p > 2. By the S,-condition, depth Ap > 2. Since p is a

2
minimal prime divisor of I,e IaAp is a priméry ideal belonging
to pAp. Thus there exists an Ap—sequence consisting of two
elements of Ia’ say, a and b. Since a, beIa, we have ¢ =
aa, d = baéiA,'so ad = bec. Since a, b L@:ww Ap—sequence, we
obtaj.n c€aA_. Thus we have aeAp, therefore Ia¢ pP. This

P
contradicts Ia‘; p. Hence we have I, = 2, that is o &€A.

>ConVeféel¥7let A =B and let p be a prime ideal of A.

If nt p=0Q, then depth A_ > 0 = inf(2,ht p). If ht p = 1,

p
~ then depth Ap ;_l = inf(2,ht p). Let ht p > 1 and let a be

C e L - a
LLTmE N

'~ a non-zero divisor conta

ined in p. If it is shown that p -is not




a prime divisor of aA then depth Ap > 2 = inf(2, ht p) and
we are done. In the following we shall show that p is not a

prime divisor of aA. Before proceeding further we prove a

Lemma 1.6, Lei:__a_he_a_ngn:zem_dlm_sgr_gi__zs_and__lei;

aA = g0t (\qt be an irredundant primary decomposition of aaA

and /fq_i=p.. When t = 1, put a=§. When t > 2, take

1

an element b of qg‘* -'ﬂqt not contained in gq, and put o =

b
a

Then the denominator ideal I is primary for Py -

Proof. When +t =1, we have I_ = g., so we may assume
t > 2. Let x be an element of I . Then we have bx € aA C qq-
Since b is not contained in q,r ve have X€Pys that is o
I, < py- It is obvious that q; ¢ I,r SO /Ia = P;- Let xy €I
and x & Pq- Then we have xybeadA & qq- Since x & Py and
be dynt N g, we obtain ybeqlr\-“ ng, = aA, that is 'y eIa.

Hence »I(1 is a primary ideal belonging to Pq-.

Assume that " pis a prime. divisor of aA. From the lemma
we see that there exists an element o €Q(A) such that -I. - is
primary for p. Hence Ia is not contained in any prime ideal of

height one. - Thus « 6(1);1 (Ap)‘ ‘for all peHt,(A). By our hypothesis

. A= B, we have.  deAl This contradicts I, € P

R




To prove the second half, we assume that A satisfies the 82-
conéition. Let ENEHtl(A). If p f’Dl(A,R), then p Z>c(F0(A,R)/A)
= c(R/A), hence F,(A,R) CRC ¢ T(A). If peD (AR), then

-1

Fl(A,R) C q> (Ap) by (1.3) . Therefore we have Fl(A,R) -

pth(}A)¢p (2,) = A. Hence D(A,R) = D, (A,R).

In (1.11) we shall see that the condition D(a,A) = Dl(A,K)

implies the S,-condition for A when A is a finite A-module.

Pemark 1.7. D(A,A) = Dl(A,i) implies that the prime

divisors of {é(i/A)- are all of-height one by the following lemma.

But the converse of this assertion is not true .in general.

Lemma_1.8. ILet R be a birational-integral extension of

A andg assuwe that R is a finite A-module.

. lal (i) -Let- a €Ry andqletnrp ~be a prime-divisor-of=' .- ‘Then..

i1are7exists4én‘elementﬁf'” ;f'qucn that Ig 1s prlmafy for p.

(ll)

"-VOTem wt of "R such that I is a

R e e als - =

RPN LD PR S

prlmary 1dea1 belondin& tO"p. Then ApﬁzD(A R) .-

(111) ‘Let. p be a'bfimefdivisor of - c(;/A) Then there is

an element whose denemmnator ideal is E;lmarygfor P, SO DED(A,R).

Rroof, Let a€R and let p be a prime divisor of Ia'
Let Ia = dndin” " A9 be an 1rredundant prlmary decomposition
vand /q = p. If t f“Q B hen -Ia = q 1is primary for, p. Assume
"that t> 1. Then there ex1sts an element b of - qln---{\qt

_not contalned ln' q. Let B = ba<sR; We shall show that IB
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is primary for p. Let x be any element of IB. Then bx‘sIa
C g. Since b is not contained in g, X€p. This prove that I,
C p. It is obvious that g ¢ IB;s Hence Q/Té.= p. Let xystB

and x ¢ p. _Then bxy €I g¥q. _éince 'x & p, by €g. On the other

}mnd'beqﬂ1°'°ﬂc

T Hence byeIa, i.e., . yB& A. Thus yeIB,.

Tiierefore IB is a primary ideal belonging to p. We ‘have (i).

Let o€eR  and ’Ia primary for 'p and let htp =1 ( > 1).

Then ht I_ =i for /T = p. By (1.1), o _e.Fi_l(A,R) , hence we

have p 2 I 2 C(F; ;(A,R)/A), so p€D, (A,R) CD(A,R), i.e., (ii).

To prove (iii), let R = Ag, + -+ + Aa . Then @©)R/A) =

1
I&1°~°Iﬂla . Since p is a prime divisor of @©(R/A), p 1is a
n . o
prime divisor of I =~ for some j. The rest.follows from (ii).

-In the;foilowing we shall study prime-idéals belonging to
D(A,i): under the éssumption that A is a finite A-module.
_VSpeaking Qf a primebideal of height one, the matter is réther
stimple._ In fact, if ' p :i§;a prime ideal of height one, then
| p €D (A,A) . if and only’-if P 2@(?&/1&), i.e., Ap is not integrally

closéa. We prove in the following that a érime ideal p of

height > 1 belongs to D(A,A) if and only if- depth'AD = 1.

N ‘A:For ﬁhe proof of this assertion we need the next two -

propositions.
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Proposition 1.9. Let R be a birational-integral extension
NWM—M

of 2 and assume that R -is a finite. A-module. ITet P be a

prime divisor of @©(®/2) in 2. Then PNA is an element of

D(2,R) .

Progf, Let p =PNnA and let @‘(R/A) = Ql(\---’f\Qt be
an irredundant primary decomposition in R and /b—i =Py Py =
PinA.' We assume that P=PpPy= """ =ps, and p;-‘pj, j > s.
Since {c{(R/A) is a ideal of A, we have c(R/A) = arn R EYa Qs
where q; = Qih A. Let g = q; N ---r\'qs. Then g 1is a primary
ideal belonging to p.

First, suppose that g 2 qs+lﬁ-° * Ng,. Then ic{R/A) =

s5+1
contained in Qi,' 1 <i <s. Since ag C Qn-- th = (S(R/A) g A,

DRI V l\ . é : - -
dgp10 Ng, - ALet o be an element of Q _(\Qt pot Z

we have q ¢ I . We shall prove that I C p. Let x be an
element of Ia' Then} xa er+l(\-- . (\Qt,\ A = qsﬂ-lf\ *rengy =
c(r/n) C Q;n """ 0Q- If x £ p, then x 1is not contained in
Py, **°, P, SO we have a€Q,n"-" nQS, it contradicts the choice
of a. Thus g ¢ Iac= p, that is '/—I-a = p. Hence p is a
prime divisor of I,- By (1.8), we have peD(A,R).

' o ' .o m i ;

NexF suppose thfat q 2 gy (\qt- Then p is a prime

divisor of G(R/A). By (1.8), we have peD(A,R).
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A prime ideal p of A with ht p > 1 and depth Ap = 1

is characterized by the following eguivalent conditions.
Therefore such prime ideals are special one in Spec A and the

set of such prime ideals is a finite set.

Proposition 1.1C. Assume that. A’ :satisfies the-Sl—condition.

Let  p &Spec A and ht p > 1. . Then the following are equivalent.

i Depth A+ = 1.
(i) Dep 5

(ii) For any non-zero divisor ae€ep, p is a prime divisor

of aAaA. -

(iii) There exists a non-zero divisor a of A such that

'p is a prime divisor of aA.

(iv) p is a prime divisor of I~ for some element a€&Q(A).

(v)'”Théré-éxiééé'aﬁ élement a of O(A) such that I, =P.

(vi) p 1is a divisorial ideal over A, i.e., p=A : (A : p).

(vii) p is a prime.divisor of a certain divisorial ideal.

Mofeover,if ‘A is a finite A-module and ht p=1i > 2, then

the following are eqguivalent o each other and to the above conditions.

———————

o (viii) There is an element a €A of I, = p, hence -p<EAssA(§/A).

(ix) .There exists an intermediate ring B between .A. and

A_ sfch'that {CYB/A) =Tpy . . .0

" (x) There exists an intermediate ring B between A and A&

such that p is a prime divisor of - <c(B/A).

) iﬁii}f:bm'ig‘én;éiéméht of Di(A,E).

First,we prove

T hresE.

() » (11) » (iii) + (iv) » (v) > (vi) » (vii) » (i).




U lvii) T+ (d) i Let
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(i) » (ii): Let a be a non-zero divisor of A and let aAp

= g;n -t Nag be an irredundant primary decomposition in Ap.
Assume that /E;{%‘pAp for all i, that is p is not a prime
divisor of aA. Hence there éxists an element bcspAp such

as b éf/&l for all i.. Then a is a non-zero divisor of Ap
and 'b is a nqn—zero divisor on Ap/aAp. Therefore we have
depth Ap > 1. This is a contradiction. Thus p 1is a prime

. divisor of aA. ]

(ii) - {iii'): Since ht p > 0 and A satisfies the S,-condition,
there exists a non-zero divisor in p. Hence (ii) implies (iii).
(i1i) » (iv): It is proved in (1.6). - - | |
(iv) =+ (v): Let o be an element of Q(A) 'WhQSe-dénominator
ideal Ia is primary for é. Then tﬁeré exists a positive

integer h such as ph € I, and ph—lzz I,. Let x be an

h-1

element of p not contained in Ia and B = xa. Then IB 2> p.

Let a be an element of Tg- Then ax&I . Since I is a
primary ideal -belonging to p and x & I, we have a p. |
Therefore 'ié=.p

(vf > (vi) : Let o be an element of -Q(A) -such as Ia = p.
Then A : A+ As=1I =p. Since A : (A : A+ Ra)) DA+ Ax, we
have A : A + Aa 2A : (A : (A : A+ Ac)) ;>A : A + Aa. Thus

A ; A+ Ao = p 1is a divisorial ideal over A.

b(viYi;T]Gii)_:; This is obvious.-

o be a prime divisor of a divisorial ideal

P

" 3.7 Then "A :'J is .a finite A-module, say, A : J = An, + - + Ac .
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Hence we have J =A : (A : J) = Iaf\'°°/WIa . Since p 1is a
1 n
prime divisor of J, p is a prime divisor of Ia for some j.
' 3

For a convenience we put a = aj. Let Ia = q(\qlr\---(\qt, /q = p,
be an irredundant primary decomposition and let x rbe an element
of qlr\'-°{\qt not contained in q and let B8 = xa. We show
that /I_B=p. Let aéIB. Then‘aeraCz'. g. Since x 1is not
contained in q and q is primary for p, we have a€p. Hence
we have /fé = p.

~ Assume that depth Ap > 1. Since p = YI,, there exists an

Ap—sequence a, b€ IB' Let B = g g in Q(A). Hence ad = bc. .

‘But a, b is an Ap-sequence, =1e) we.have BGEAP. AThis'contradicts
IB‘E p. Therefore depth Ap =1 , that is {i).
Thus the first half of this theorem isrproved. Next we

assume that A is a finite A-module and ht p ='i > 2 and

we show that
(v) -~ (viii) + (ix) - (x) = (vii) and (viii) + (xi) » (x).

(v) ~» (viii) : We have to show that there exists an element of
A whose denominator ideal is equél to p.

First’assume that A is an integral domain. Since A is a
noétherian domainﬁénd A is a finite A-module, A is a normal

domain. Let o be an element of Q(A) .with I, =7p and let

ia be the denominator ideal of a in A. If I, = A, then

a €A. Assume that fd #»i. »Since A is a normal domain, the

~ denominator ideal has an irredundant primary decomposition and

each prime divisor has height one, say, ia = 61F\°°'(\5t and



A

:ffﬂ‘i: Now, we shall show

qvhﬁ_é

 height

Y 5j =_§j. Since Ia(i ia' we have §jf\A D p. Suppose that
§j“ A ;>p for all j. Then there exists an element x of
élr\---rxétr\A not contained in p. Let B = xo. Then BEA

and I, = p for x & p. Suppose that §j{\A = p for some j.

B
If p 2 c(A/A), then we have AP = Kﬁ . This contradicts 1 =
_ - -3 _ -
ht Pj < ht p. Hence Pj:2 P 2%§XA/A). Since ht Pj =1, Pj

is a prime divisor of (G(A/A). From (1.9), we have 13ij =pe

D(A,A). Since ht p=1i, p is a minimal prime divisor of

@(Fi_l(A,ﬁ)/A). by (1.1). By (1.8.(i#) and the first half of
this theorem, our assertion is proved in a domain.

Next,we pass the general case. Let a be an element of

o(a) of 'Ia = p and let ia be the denominator ideal of ‘@ in

15

A. Let (O) = qif\---[\qt be an irredundant primary decomposition

in A and /G; =P Since A satisfies the S,-condition,
the ideal (0) has no embedded prime divisor, so Q(a) = Ap X *e
. . 1 A
. Then A. = A/g. 1is a subring of A and. A, X *** X A
37 A9y J P 1 St

Py :
_ _ 3 o
is an intermediate ring between A and A. Let ‘Aj _be the

x A

integral closure of Aj in _Ap . Then A = il X *** X ﬁt. By
_ : A _ : J — :
our assumption that A 1is a finite A-module, each ‘Aj is also

- a finite Aj—module, so ij is noetherian. Let a = a1'+ cee + oy

X *°* X A
i - P _ ?_Pt _ _ _
a prime divisor of Ia" Since P is a prime ideal of A = Al b4

and ‘I, = {a€A.| ac.€A.}. Let P be
J J J J

Seee X it’ there exists ah-integer k, 1 <k < t, and a prime ideal
6_ ig Kk suchiés V§ = Al X *** X Q X °°-'x>§

. TTITILLIITIO - t. ThEIll ht P .=

and Q is a prime divisor of ik’

that each prime divisor of fu has

one in ~A. Bv the above discussion,-it's enough to show
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the proof under the assumption that the nilpotent ideal of A
is prime in A. |

Denote the residue class of a in Q(A)/nil(Q(A))rby a. Lét
be a prime divisor of -I-a and assume that ht P > 1. From the
first half of this theorém, there éxists an-elemeht BeQ(a) of
I, = P. Then we have Iz = {a<i/nil(A)] aBe€i/nil(@)} 2 B/nil (R)
and ht P/nil(A) > 1. Since A/nil(A) is the integral closure
of a noetherian domain A/nil(A) and a finite A/nil(A)-module,
we have Eef\/nil (A). Hence there is an element Eei éuch that

B8 - Eenil(d), so B is integral over A, that is B€ A. This

contadicts I, = b # Z__i. Thus we have ht P = 1.

Let ia = flf\ cee nfn be an irredundant-primary decomposition

in A and I.=P.. Let p. =P.NA. Then I €I C5,,
J J J J . o= o= 7]

hence p< pj for all j. If p % pj for all j,' then there
exists an element x in faf\A not contained in p and let
‘B = xa. Then BEA and I =p for x & p.  Suppose that
p=p; for somé j. Then Ej is lying over p and 1 = ht B,
<ht p. If p 2 {(a/a), then Aé = Z_kﬁ., so .ht p = ht ﬁj = 1.
This contradicts ht p = i > 1. Hence,J l_)j 2 P ?__@(K/A) . Since
ht 1‘»3. =1 and nt@(E/A) 21, f>j is a prime divisor of C'(A/A).
By (1.9) we have pé€ Di(A,Z_\:), so p is a prime divisor of |
&(F,_;(a,K)/a) by (1.1). From (1.8.(iii)) and the first half of

.this theorem, we see that there exists an element B €A of

I, = p. Hence we have (viii). .

P
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(viii) = (ix) : Put B = {Beil BpcAl. We show that B 1s a ring.

Let B be an element of B. Since BE€ A, there exists some

: n n-1 -
elements al,---, anEEA ‘such that B + alB + + an = 0.

Let X be any element of p. Then we have (xB)™ + alx(xB)n"1 +
cee 4 xnan = 0. Since xB €A and x €p, we have (xB)ne P, SO
xB e p. Hence if o, BEB then o + B, aBE€B_ i.e., B is a
subring of A. By the assumption (viii), there exists an element
of A whose denominator ideai'is equal to p. Henc? B ;’ a

and ©(B/A) = p. Thus we have (ix]).

(ix) - (%) : This is obvious.

1x) > (vii) Let B 'be an intermediate ring between A and

A. Then EXB/A) = A : B. Since A : (A :B)"g B follows in general,
A:BCA:(h:(A:B)SA:B, so A:B=E)NB/A) is divisorial.
(viii) » (xi) : Let « be an element of A with I, = Pp-

Then ae;Fi_l(A,i) by the definition. Hence we have
@(Fi_l(A,i)/A) € 1, = p- Thus péDi(A,zX).

(xi) » (x) : -If p is an element of Di(A,K),'then p is a

prime divisor of (gXFi_l(A,K)/A) by (1.1). Hence we have (x).

T_. - .Corollarv 1.11.  Assume that A is a finite A-module. If

2

D(A,A) = Dl(A,i), then A satisfies the S_-condition.

Proof. For the proof, it suffices to show that if ht P >Al,
P~
then dépth’Ap > 1. Let peSpec A of ht p= i > 1 and assume

 that depth A, 1.7 If depth A =0, then htp=0" for A

HA

- Satisfies'the-Si—condition; Hence depth Ap =1 and i > 1.



By (1.10) péED.(A,ﬁ). This contradicts D(A,A) = D, (A,3).
/ i 1

Corollarw 1.12. If A is a finite A-module, then the set

ef embedded prime divisors of a principal ideal of A is a finite

subset of Spec A.

Progf. Let p be an embedded prime divisor of aA. Since
A satisfies the Sl—condition, a is a non-zero divisor. Hence
ht p > 1, and peAssA(zi/A) by (1.10). "If A is a finite -

A-module, then AssA(K/A) is a finite subset of . Spec A, hence we

are done.

Progosition 1.13. ILet B »e a kirational-inteagral ekxtension .

of A 2and assume that R is a finite A-module. Then we have

o(a,R) = ASSA(R/A).

Proof. Let p be an elemént of Di(A,R), i> 1. Theﬁ P
is a prime divisor of {?XFi_l(A,R)/A), hence there is an element
o in Fi_l(A,R),g R such that I,=7p by (l.é) and (1.10).
Therefore we héve-;peaAssA(R/A). )

Conversely, let p éAssA(R/A) and let ht p = i. Then
there is an element a of . R_.wicse denominatpr ideal is equal
to p. Since R is a subring of 0Q(A) and a finite A-module,
" there exist§ a non-zero divisor x in iEKR/A). Hence I =P 2
@(R/A)a x. Thus ht p =1 > 1. By (1.1) we have aéFi_l(A,R).
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Hence p = I_ Q-.’E(Fi_l(A,R)/A). Thus peD, (A,R) C D(A,R).

2. A criterion of the seminormality

We recall the definition of the seminormalization and the
seminormality in [6] : Let R be a ring containine -a rino A
and assume that R 1is integral over A. The seminormalization

of A in R 1is defined by

+ - .
" A= {ac€R} a_eA + JT(R for all prime ideal of
2= e R aen, + I, pri P
A}, where J(R) 4is the Jacobson radical of R!

- -+ - - . . .
If A= _A, then we say that A is seminormal in R.

Proposition 2.1. Let R/A be an intecral e:xtensicn _of comains

and C = Q(A)n R, where O0(A) is the quotient field of A.

Then we have

ZA, and

(ii) A is seminormal in R if and only if A is - &also

(1) fa=

‘seminorral in C.

Proof. Let p be a prime ideal of A. We show that
J(Cp) = J(Rp)f\Cp. Let M be a maximal ideal of Rp and let
m = M/\Cp. Since'rRp is integral over Cp, m is a maximal

Aidealof C.. E ha J(C C J(r C_.
tdeal of C,. Hence we have J(Cp) T I(RING,
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Conversely,let m be a maximal ideal of Cp. Since Rp
is integral over Cp, there exists a maximal ideal of Rp lying

over m, that is m = M(\Cp. Hence J(Cp) 2 J(Rp)f\ Cp. Thus

we have J(Cp) = J(Rp)ncp. Let B be an element of éA. Then

BéAp + J(CP) g Ap + J(Rp) for all pe Spac A. Therefore we

+ +,

nave A A.
v gt
Since (0) is a prime ideal of A, we have ;\A - A(O) + J(R(O))

= Q(A). Hence ;A € Q(A)NR = C. Let B be an element of ;A
and let p be a prime ideal of A. Then there exists an element
a el such as - a&J(R_). Since o &C - 0t E€J(R C

D B ( p) :r B o’ B ( p)ﬂ D
= J(Cp) . Therefore we have BéAp + J(Cp) for all p &Spec A.
Thus we nave (i).

It is ohvious that (ii) follows from (i).

In [1] it is proved that the seminormality is equivalent to
the (2,3)-closedness, i.e., if a€R and az, a3e A, then o €A.
By using our notaion we have another criterion of the seminormality

when R is birational integral over A. and a finite A-module.

Theorenm 2.2. Let A  be 2 noetherian éomain and let R

-

be a birational-integral -extension of A and assume that =

~ is a finite Z-module. Then the following are equivalent;

(i) A 1is seminormal in R.

(ii) A is seminormal in Rp forball pGD(A,R).

(iii) The conductor ideal {8(5 (A,R)/A) is a rééical ideal

_in F,(aA,R). for all i>o0.
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Proof. (i) =+ (ii) and (i) - (iii) are proved in [6].
AN
Since A = RN A A (ii)} implies (i) by the (2,3)-

‘peD(A,R) “p’

closedness.
We shall show that (iii) implies (i). For this purpose
' + . . +
it suffices to show that gA & T, ;(A,R) implies A C F; (A,R)

fAC F._;(A,R) and 1lét pé€

i\ =

for ’Fd(A,R) = A by (1.1). Assume that

R
Therefore o = x + B for some b d eAp and B eJ(Rp). Since

Di(A,R) and let o be an element of +A. Then a<EAp + J(Rp).

Rp is 1integral over Ap, we have q(Rp)r\Fi_l(A,RXF= J(Fi—l(A'R)p)'
‘Since p is an element of D, (A,R) and zé(Fi_l(A,R)/A) is a

- » ) . . ) ) . v . — C- .
radical ideal in Fl_l(A,R), we obtain J(Fl—l(A’R)p) pAp - Ap
Therefore B is contained in Ap. Hence we "see that ;A,Q-Fi(A,R).

Corollary 2.3. Suppose that A satisfies the Sz—condition.

Then A is seminormal in R if and only'if ©(R/A) 1s a radical

ideal in R.

In [7] it is proved that

F. (A[[X1],RI[X]]) = F, (&,R) [[X]],
F, (A[X],RIX]) = F, (a,R) [X],
@F, (ALIX]1,RIXI/ALIXI]) = €(F; (A,R)/R)ALIX]]

and  Z(F; (A[X],R[X])/A[X]) =€(F; (A,R)/A)AIX].

Using this result and (2.2), we have the following;
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Proposition 2.4. Let A Dbe a noetherian cdomain and let
O\ o A i N NI

R bhe a birational-integral extension of 2 and assume that

R is a finite A-module. If A is seminormal in R, then AI]

is seminormal in R{X] and A[[X]] is seminormal in R[I[X]1].

In the following proposition (2.5» we give a useful result

to prove that A is seminormal in R.

Proposition 2.5. A is seminormal in R if and only if

Fi(A,R) is seminormal in Fi—l(A’R) for all 1i.

Proof. If A is seminormal in R, then Fi(A,R) is
seminormal in R for Fi(A,R) = R{jpEDj(A,R)»Ap’ j £ 1. Hence
Fi(A,R) is seminormal in Fi_l(A,R). Next, suppose that Fi(A,R)
is seminormal in Fi_l(A,R) for all i. By (1.1) there exists

an integer d such that Fd(A,R) = A. From ([6], Lemma 1.2),

we see that A is seminormal in FO(A,R) = R.

Theorem 2.6. Let 2 be a noetherian domain_and let Rﬂ

be an intermediate ring between A and A and assume that R

dis a finite A-module. ILet B be a ring and étale (unramified and

flat) and finite over A. Suppose that REB is a domain and the

canonical nomomorphisms of rings; B ——e—Rggg and R ——e-Ré%B are

injective, hence we may assume that B and R are subrings of

[e)]

,R@%ér 7Then A is seminormal in R Aif and only if B 1is semi-

normal in R&B..

e BT -

Proof. To sée the seminormality, we have only to show the
II2L. . Ehe 10

’_n-(2,3)jc;>losedr:<—:f_s;s..i ﬂét.-‘_»'aﬁ-ljfa'nd "dﬁz,:a3ér_A._ Then -a €& R%B and

‘a2, ale B. If. Bmiié'éeﬁinorﬁél‘in RG%B, then o€B. Since P and

-~
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B are linearly disjoint over A, RMNB = A. Hence we see that
if B is seminormal in R@%B then A 1is seminormal in R.
Suppose that A 1is seminormal in R. We prove that B
is seminormal in RG%B. By (2.2) it is enough to prove this
assertion when A 1is a local ring. Let A be a local ring.

Then B is a free A-module. Let sttty e be a basis of

B over A. For a convenience we denote R%\B by RB.
First,we show that Fi (B,RB) = Fi(A,R)@\B. Let. o be an -

elemente of Fi(B,RB) and Ia,B = {a B} ac. €B}. Then ht Ia,B

i+ 1. Let a=Blel+---+Bnen for BjGR. Since B is

flat and integral over A, we have ht Ia B(\_A = ht I > i+ 1
, =z -

Itv

(I4]. Theorem 20. p.8l). Let x be an element of I A A.

Then xo = xBle cee + xBnené Ael @ - D Aen. Hence we have

l+

xBj €A for all j, 1 <3 Therefore

HA

n. Thus Ia,BnAgIBj'
ht IBj >1i+ 1, so we have BjEFi(A,R). Hence o€F, (A,R)@B.
Conversely, let o = Blel + eee + Bnen’ for 31, cee, B €

i+ 1.

hwv B

F.(A,R). Then ht I, > i + 1, so we have ht I_n *-- NI
Since B 1is flat and integral over A, we obtain ht (IB(\ RN Al
1

I, )B>1i+ 1 ([4]. Theorem 19. p.79). Since I B:=> (Ism...f\
1

Q,

)
Bn

IBn)B, we have ht Ia,B >1+1 Hence aEFl(B,RB). Thu

F; (B,Ry) = F'i(A,R)é%B.

Since 'Fi (B,RB) is a free Fi (2,R)-module, we see that
@'(Fi(B,RB)/B) = 'c';'(Fi(A,R)/A)Fi(B,RB). Since A is seminormal
in R, {(F,(A,R)/A) is a radical ideal in F.(A,R). Since B
1s unramified over:_‘ “VA,”Fi(A,R)‘X’AB is unramified over Fi(A,R) .

: Therefore Q(Fi (A,R.)/A)E“i (B,RB) is a radical ideal in Fi(B,RB).

Hence B is seminormal in Ry by (2.2).



Let A be an affine domain over a field k and let K
be a field separably generated over k. Suppose that A andv K
are linearly disjoint éver k. Since K 1is separably generated
over k, there exist some transcendental elements tl' e, tné K

over k such that K 1is separable algebraic over k(tl,--°,tn).

Rroposotion 2.7. Let A be an affine domain over k and

let K be a field separably generated over k and let R be

a birational-integral extension cf A and a finite A-module.

If A 'is seminormal in R, thenA'A@iK_ is seminormal in Réiﬁg_

Proof. Let A be seminormal in R. By”(2.4) A@ik[tl,"°,tn]

= A[tl,---,tn] is seminormal in Ré%k[tl’."’tn] = R[tl,-‘-,tﬁ].'
Let S = klty,---,t 1\ {0}. Then S is a.multiplicatively
closed set and S_lA[tl,---,tn].= Aﬁik(tl,---,tn) and
STIRIty,c-+,t 1 =Rk (ty, +,t ). Hence AQk(t;,=+-,t) is
seminormal in RGkk(tl,'-?,tn). Since A@iK is étale finite .
over Aéik(tl"..’tn)’ we have that A@LK is seminormal in

0.
R kK.

In [6], Traversc defined a glueing of R with respect to

one;ﬁiiméfidea;hgﬁ“A ‘and proved that if.. A  is seminormal in

R then 2 is obtained by a sequence of glueings of R. We
~shall define a "glueing” of R with respect to a finite subset
Aof Spec A as follows. If the subset consists of only one prime

~ideal of A, then the definition of Traverso and ours are the

" same.



Definition 2.8. Let R be an intermediate ring between A
NN ANNAANS W
and A and let Pyr ***, P, be prime ideals of A. Let P ;, ---/

P be all prime ideals of R 1lying over ;- Denote the

ie (i)
residue field of P; by k(pi) and the residue class of an element

f with respect to a prime ideal p by £f(p). Let

all i}.

Then G(pl,---,pt;A;R) is a subring of R which will be called a

glueing of R over A with respect to Pyr **°r Pg-

Lemma 2.9. Let G = G(p,,"*°*,p,:;A;R). Then P.,NG = +s=
AAAANTANA T T N -

< —_— ' l [ ~ . L » 5 ] »
Pie(i)rwG = Pi, hence Pi is. the only prime ideal of G lying
S 3— R | - '
over © p., and we have k(pi) vk(Pi)'

Proof. Let o be an element of G. Then a(Pil) = e =
a(Pie(i))EEk(pi). Hence we have Pilr\G = eee = Pie(i)r‘G and

k(P}) = k(p,)-

Using these notations, the result given by Traverso [6] 1is

stated in the following form;

Theorem 2.10. Let A be a noetherian domain and let R be a

.birational-integral extension of 2 and assume that R is a finite

A-module. Let Ass,(R/A) = {pys***,p,}. Then A is seminormal in

"R__if and only if A = G(p1,'°',p+;A;R).

25
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Proof. We shall show that if 2 = G(n.,***,p,;2A;R) then
PAAANNARA ) -1 [
A ‘is seminormal in R. 3By [f], the seminormalization is

characterized by .the fcllowing ;

;A -is the largest subring B of R such that :
(i) for any prime ideal p of A, there is exactly one prime
ideal p' of B above p.

(1ii) the canonical homomorphism k(p) + k(p') 1is an isomorphisnm.

Let o be any element of ;A. There is exactly one prime
. . +
ideal p: of RA above p; - Therefore Pil' 'Pie(i) are

exactly all prime ideal of R above p! and k(p.) = k(p!).
i i i

= * s e = ‘1 —_
Hence we have a(Pil) = o (P ))é;k(pi).. k(pi). Thus

ie(1i
aesG(pl,---,pt;A;R) = A by the definition (2.8). Therefore

EA = A, this means that A is seminormal in R.

Next we show the -converse of this theorem as the following

lemma.

Lemma 2.11. Assume that A is seminormal in R and let
/\/vwvvww

kéésA(3/A) = {piit ht p;5 = 1s 1 <3 <n(i)}. Let G, = G(pij;

~

i5§ u ;A;R) for an integer u > 0. Then G =F (A,R).

Proof. We show this lemma by an induction on u. If u = 0,

then G, =R = F,(A,R). Suppose that G = F (A,R). Let «a

0 u-1 u-1
Fu(A,R)zi_Slnce_ﬂFu(A,R) - Fu—l(A’R)' aé{Fu_l‘A,R) = Gu—i' Let

p = pun_;forran'integér“n and let P ., Pv' be all prime

1"
ideals of R lying'oVer"p. ‘Since aeiFu(A,R) and p = p

a
un

- Du(A,R), we have aEEAp by (1.3). Thus there are elements a
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and b of A such that a=§ and a & p. Then aééPl,“',Pv

P _
b("k) , :
b =. . Ml . -
and u(Lk.) ——a(Pk) Thus we have oceGu Hence F (A,R) € G,
Let a be an element of G_.. Since aeG_. C G =
u u = “u-l
Fu—i(A’R) , it suffices to show that aéAq for all quu(A,R) .
Let g be an element of Du(A,R) and let Pl’ e, Pv be all .
prime ideals of R above g. Since aéGu = G(pij’ i< qu,‘R)
and g = Pun for some integer n, there is an element g of Aq
- - _ b - b

such that a(Pl) = = a(Pv.) = a(qu). Hence o ae(Pl(\ an)Rq

= J(Rq) . Therefore we have aéAq + J(Rq) . Let p be a prime

ideal of A properly contained in gq. Then ht p < u.' Since

,. O‘€>Fu—l(A’ R): - we have aéAp, thus ae;Aq. By the seminor-
mality of A, Aq is also seminormal ip Rq._ therefore we have
a EEA = a . Hence Gu = F'u(A,R) . By (1.1) ,"we“ have A= G.

qq

Remark 2.12, Let Pyr " /Py be prime ideals of A and
S.C
G = G(pl,---,pt;A;R) and let Pij' 1 <3 =% e(i), be all prime

ideals of R above pP;- By (2.9) we'see that "P. = -Pil-n G".;= -

. .~'=.-..Pie(i){:]...G(.'} is the only prime ideal of G above P, and

k(pi) = k(Pi)' Hence we have G = G(Pl,'”,Pt;G,'R) and G 1is .

seminormal in R.
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Prooosition 2.13. Let Pyett*yPy be prime ideals of A

and G = G(plL---,pt;.g;R). For this ring G, we have

D(G,R) = Ass,(R/G) - {Pl,---,Pt}, where P. = P..NG.

Proof. In the above remark we have G = G(Pl,~—-,Pt;G;R) .
We may assume that G(Pl,---,Pi_l,Pi+l,---,G;R) ? G for each
i=1,*++,t. Changing the notation, let {Pl,~'-,Pt} = {Pijl
ht Pij = i, 1 21i<a4, 1= j £n(i)} and G, = G(Pij, i < u;G;R).
We- show that (P EASSG(R/G)l ht P = u} = {P q,"",P }

un (u)

inductively. Suppose that {P€Ass_(R/G)| ht P < u-1} = {Pij’ i < u-1}.

Then we have G _, = Fu_l(G,R) by (2.11). We show that @(Fu_:-L'
(G,R) /G) = iz@ Piy- Let xeigu P;s and feF, ,(GR), For

a proof of xf €G, let PE{Pij}, say, P = Pnj' l1<n<d and
. let Ql,---,Qm be all prime ideals of R 1lying over P. First,
let n < u-1l. By our assumption, PGAssG(R/G) and ht P =n < u-1,
hence we have Fu_l(G,R) - Gy, by (1.3). Since xf éFu_l(G,R) - Gpo
we have - xf(Ql) = eee = xf(Qm) €k(P). Next, let n > u. Then

(—~ (-\ C C L S | = L 4 = —
Xci;uPij = P C Ql(\ f\Qm. Hence xf(Ql) = x£(Q_) 0.

Therefore we have xf€ G, that is xe@(Fu_l(G,R)/G) .

Conversely, let x¢€ ©(Fu—l(G’R)/G) and suppose that x & P

nj
for some integers n(> u) and j. Therefore X(Pnj) £ 0.
Case (i) : there is exactly one prime ideal Q of Gn—l above Pnj'
If k('Q) = k(Pnj) , then we can omit Pnj ﬁrom the set {Pij}' but

I LR T R S R LS

:G:R) ; G. This is a contradiction.
Hence there is an element f of Gu-l éuch that f(Q) & k(Pnj).

" so we have‘ x£(Q) & k(Pnj) for x(Q) ék(Pnj) and x(Pnj) # 0.

‘:-[‘hvus xf & G, it ié At:"oht‘l"-a’ry—"to th@('Fl'l;l (G,R)/G).
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Case (ii): Let Ql’ e, Qm, m > 2, be all prime ideals of Gn—l
lying over Pnj' Then there exists an element £ of Gn—l such
that f;&Ql and fEQZ. Hence we have xf(Ql) # 0  and xf(QZ) = 0.
This contradicts xf €G.
; = A Bv (1.1) and

Therefore we have ‘?(Fu—l(G’R)/G) izu Pij' v ( )
(1.13), we have {PE?ASSG(R/G)] ht P = u} = {Pul’.."Pun(u)}'

3. A cusp type extensions

If ;A = R, then we call that the extension 'R/A is a cusp type.

From the characterization of the seminormalization, R/A 1is a cusp
type if and only if the canonical map Spec R —— Spec A is
bijective and the corresponding residue fields are cqihcident.

The following elementary results-are-easily seen by the above

fact, so we omit the proof.

Proposition 3.1. (i) _Let S be a multiplicatively closed

set in A. If R/A is a cusp type , then R /A_ 1is also .

(ii) Let R/A js a cusp type and let p be a prime ideal of A.

Thus there exists a unique prime ideal P of R 1lying over p,,

then the extension (R/P)/(A/p)___is_a cusp type.

(iii) If B/A and R/B are cusp types, then R/A is also.

(iv) _Let B be an intermediate ring between A and R. If R/A

is a cusp type, then B/_A___‘a_nd. __R/B__are also_cusp tvpes.
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A criterion of a cusp type is given by the following;

Proposition 3.2. Let A be a noetherian domain and_let

FE _be a biraticnal-intecral extension of A and a finite A-module.

Let D(A,R)= £D1, oee . Dt}' Then R/A is a cusp type if

and only if there exists a unique prime ideal P. of R above

p, for all i=1, ---, £, and k(p.) =k(p,), and (R/P;)/(2a/p,)

is a cusp tvpe.

Proof. We prove the."if part": by an induction on t.
PIANAPr— .

If - t =0, then A = R, by”(l.BL. Hence R/A: is a cusp type. Let

t>0 and p=p a minimal element of D(A,R). Put B = Rf\Ap-

t
Then D(A,B) ¢ {p1,°~-,pt} by BC R and (1.2). If p = Py €

.D(A,B), then there is_an element of B whose denominator ideal is

primary for p, but B ¢ AP. Thus -D(A,B) C {pl,'- } and

TrPpo1
B - satisfies-the:nécessary condition. By the inductive hypothesis,
B/A 'is -a cusp type. Wé show that R/B:.is a cusp tvye.

Sipce ACB = R(\APICAP, we have A, = Bps where P = pA NB.
Hence B = R(\BP. We show that D(B,R) = {P}. Let Q be a
prime ideal in D(B,R) and Q # P. Suppose that Q glP and
let g = 0NA. Then ¢ g;p for Ap = BP' Since p 1is a\
minimal element of D(A,R), q ¢>@xR/A) by (1.8). Hence we
have BQQAqQ R. Thus Q & D(B,R). Therefore Q< P. Since

Q0 €D(B,R), there exists an element o of R whose denominator

ideal I, is equal to Q. Then I =0 & P, hence we have

&£

'a<§BPf\R =B, so I =B, this is a contradiction. If B = R,



then D(A,R) = D(A,B) C {pl,-'-,pt_l}, this contradicts P, €
D(A,R). Hence B % R, so we have D(B,R) = {P}.

At last,we show that ;B = R Dby using the characterization
of the seminormalization. Let Q be a prime ideal of B.

Assume that Q » P. Since D(B,R) = {P}, ©(R/B) 1is a primary
ideal belonging to P, hence we have Q # ©(R/B). Thus BQ‘g R.
Therefore there exists a unique prime ideal Q of R above 0,
and k(Q) = k(Q0). Next assume that QDP and let Q be a
prime ideal of R above Q. Bytour hypothesis_thefe exists a
unique prime ideal P of R above p. Then P is a unique
prime ideal above P.. From (1.9) and D(B,R) ={P} we see that
c(R/B) 1is a primary ideal of R belonging-to P. Since @:JQ
>P DC(R/B), we have QDP. By our hypothesié; - (R/B)/(A/p)
is.a cusp type,.Q is a unique prime ideal of R above Q and
k(Q) = k(Q). Hence R/B. and B/A..are*cusp tvpes, so R/A is

a cusyp tvrpe by (3.1).

The "only if part" is easily seen by (3.1).

ollary 3.3. If D(A,R) = {pl,---,pL} and each residue
. [

ring A/pi' is inteqrally closed in it's guotient field, then

we have

+
RA‘ = G(Pll' i rptlAlR) .

Proof. Let B = G(pl,---,pt,A,R). Since B is seminormal
;A;_B. By (1.2) we have

in R and contains A, we have
D(A,B) ¢ D(A,R). Since B 1is given by a glueing at Pyr ""°r P

t

31
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over A, there exists a unique prime ideal P of B above Psir
for all i, and k(pi) = k(Pi). Since the residue ring A/pi
is integrally closed in k(pi), we have A/pi = B/Pi, hence

A/pP.

i is a cusp type in B/Pi' By (3.2) we see that A 1is a

cusp type in B. Therefore we obtain that ;A 2 B, so we

+
haVe RA = G(pll...lpt'AlR)'

Let R be an integral domain containing a field k. Let
P be a prime ideal and Q a primary ideal belongihg to P.
Then the total quotient ring Q(R/Q) is an Axtin local ring,
so a complete local ring of eguicharacteristic. Hence
Q(R/Q) has a coefficient field X satisfying the following

commutative diagram;

P
Rp/ORy T &
| Tll Py le P Pptl = Iy
_—>
R/Q T - % R/P -

Let F be an intermediate ring between K {énd. Q(R/Q)== RP/QRP'
and let F # Q(R/Q). Let AF = {f €R} £(Q) €F}, where £(Q)
is the residue class of an element £ in R/Q.v Then we have

thé following;

Progosition 3.4. Let R be a noetheriap domain_containing

E‘ilﬁla,and“;ggl,t _be a prime 1dea; of R _and let Q be

a primary ideal belonqing to P. Let K be a coefficient field

7

of Q(R/Q) and F -a“afbéér‘subrinq“éf JO(R/g) Such that F 3J K.

Let A - {f ERI _(O) é‘F} If_R/Q 'J'.:'s“:'i:nte'g.i:al:',éver‘ |

(P/Q)(\K then the Follow1ng holds,
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(1) R__is intecral over A ., hence over AF'
N

(ii) DpD(A_,R) = {PNA_}, and
T ¥

(iii) A_ is a cusp tvpe in_R.
Py

Proof. TFirst,we prove (i):- By'the'aefinitibP of AL,
we-have ?AK 2°0 fnd solweJeasélyjsee.that (R/Q) NK ='AK/Q.
Sirice "R/Q _is_integral over (R/Q)NXK,"R 1is integral ovet- AK.
Héence R is integral;over QAFA' .
. Next,we prove (ii). Denote AF by A and PF\AF by p.
By the definition of AL, we have @(R/A) 2 Q and OQ is a
primary ideal belonging to p. Let p' be a prime ideal in
D(A,R). By (1.1) we have p' 2 CXR/A)L;SQ“ p! ;>pf.QSuppOSe that
p"% p. Since p'eD(A,R), there exists an element o of R
whose denominator.ideal Ia is equal to p'. Since p' ;'p,
there exists an element x of p' npt contained in p. Then
x(Q) . is an invertible element of F. ;Oﬁ the other hand :xq'en
implies X(Q)a(Q)GEE._ Thgs weé have. a(Q)E?F.}’§§U£hé definition,” = °
ae A, this contradicts Ia # A. From the hypothesis F # Q(R/Q),
R # A. Hencewe obtain that D(AF,R) = {PF\AF}.
‘We prove (iii). Applying (3.1) it suffices to show that
A, 1is a cusp type in R. Since X is a field and (R/Q)NK =
AK/Q, Q is a prime ideal of AK. Therefore P(\AK = Q, hence
we have D(A.,R) = {0}, and _Q(A,/Q) = Q(R/P). ZLet P' be a
prime ideal of R above Q. Then P' 20 and - Q 1is a primary

ideal belonging to P, thus P' 2 P. Since R is integral over
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A, and P(\AK>= P' NA,, we have P = P'. Hence P is a unique

prime ideal of R 1lying over Q. Let £ be an element of.

R. - Then we have i°i2(f(P)) = i-iz-pl(f(Q)) = il(f(Q)) €

il(R/Q)f\i(K). Since (R/Q)N K AK/Q, we obtain f(P)GEAK/Q.
Hence AK/Q = R/P. Applying (3.2), we conclude that R/AK is a

cusp type, so R/AF is also.

4, -Good sections

-

In this section assume that A is a hpmomorphic'image of
a regular ring and satisfies the Sl—condition. In [z]’ for such
‘ring A, it is proved ~ that - A = {p;éSpec At ht p‘> 1 and
depth'Ap_:= l} is g'finite set. Let x- be a non-unit of A
and let R be an intermediate ring between A and A and
. assume‘that R is a fin.ite A—module.‘ If ié q for all q <
AssA(R/A) U 4, then we call ﬁhe element X a good section

of R/A; If depth Ap >'1, then there is a good section of' RP/AP.

Proposition 4.1. TILet x be a good section of R/A. If "p

is_ a D:ime_divisor of xA, then we have ht p = 1. Hence the:

nrincipal ideal xA has no embedded vrime divisors.

Proof. Suppose that p is a prime divisor.of XA and
ht p > 1. By (1..0) we have depth A_ = 1, i.e., pehA. 3But,

since x -is a good section, x € p.- This is a contradiction.

“ Proposition 4,2." Let x :be a good section of R/A. Then

'””XRfuxE'xi.afgff‘T“;gf]ﬁ;f;"z ;i;;g
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Proof. Let x be a good section of R/A and let =xA =
ANAANANT
oA ﬂqt be an irredundant primary decomposition and /q_i =
p;- Let y = xa€xRNA for some a<R. By (4.1), ht p; = 1
for all i. Hence,if p; 2{&(r/A), then p; is a prime divisor
of ((R/A), so piéD(A,R) = Ass, (R/A) Dby (1.%) and (1.19).

But- x 1is a good section of R/A, so we have x ¢ g for all

qéAssA(R/A). Thus we have P; # ©(R/A), that is Ap Q R for

1

all i. Put P, = p.A_ N R. ‘Then A_ = R_ . Hence we have
S 1 i Py -
Yy (:xRP = xA - . Therefore there exists an element a. of A
i i :

not contained in P; and a.y €xa for each i. Then a,y<q;
and a; & p;- Since gq; is primary for p., we have yegq;.

Thus y€xA, i.e., =XRNOA = xA.

Pg\R and J = Ql(\"'f\Qt. Then Qi 1s a

' primary ideal belonging to Pi and QinA = dq;. Hence JNA = xA,

Put éi = xﬁ

i.e., A/xA is a subring of R/J. Since ht Pi =1 for all i,

we have Q(R/J) = RPl/QlRPlX see X RPt/QtRPt= RPl/XRP X *** X

1
K R_. /xR = A XA X =+ X A XA = Q(A/xA). Therefore R/J
) p,/*Rp = By /xA p /Xy = Q(a/xR) /

is birational integral over A/xA.

Corollarv 4.3. - Assume tnat A 3is a finite A-module.

Let x be a non-unit and non-zero divisor-of A. Then x is a

gdod section’'of “A/A 'if and only if XA NA = XA.

j Proof. It.is already proved that:if  x 1is a good section

of A/A then we have xANA = xA. .



Conversely, let ¥ANA = XA. By (1.190), we have A g Ass‘(ﬁ/A).
Hence it suffices to prove that x & g for all qezAssA(i/A).
Let g be an element of AssA(R/A) and suppoée that =xeq.
Since qeiAssA(i/A), there is an element acA with Ia = g. Let
y = Xo. Then Vv 1is an element of XANA = xA. Since x is a

s

non-zero divisor of A, we have o€ A. This contradicts Ia = q.

Theorem 4.4. Let A be a homomorphic image of a regular ring

and satisfv the SI:gondition and let R _be a birational-integral

extension of A and assume that R is a finite A-module.

Then, for any P €é€Spec R,it holds that

}

depth A, . < ht P.

npP

Proof. Let p = PNA. For this proof, wé may assume that
A is a local ring and p .is the onlv maximal ideal of A. If
ht P = 0, thén we have ht p = 0 for R is a suﬁring of 0Q(a), so
depth A = 0 < ht P. Assume that ht. P > 0. If depth A =1,

then 1

depth A < ht P. Suppose that depth A > 1. Hence there
exists a good section x of R/A. Then A/xA is a homomorphic
image of a regular ring and satisfies the Sl—condition. Let xA =

qln°f;qut be an irredundant primary decomposition and ti = P,

Then Api 2 R. Put P, = piApir\R and Q. = xRPiF\R and J =
Qlﬂ °"(\Q£. Then R/J is birational integral over A/xA and

a finite A/xA-module, and we have (P/J)N(A/xA)= p/xA.
- Applying the induction on depth A, we have depth A/xA =

depth A-1 é_ht P/Jné ht P - 1. Therefore we have depth A

A

"~ ht Pp.
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§5. Flat over-rings of an integral domain

- Let A be an integral domain and let K be the qguotient
field of A. Hereafter,we are mainly concerned with a subring
B of K containing A. We call such an intermediate ring

an over-ring of A. The purpose of this section is to study
the relationship between an over-ring - B and subsets FA(B)

(resp. FK“B})Zof Spec A defined by
F, (B) = {p e Spec A} APIZ)B} “and -
Ep*(B) = {p€F,(B)| depth A, = 1}

respectively.
In the paper [ §], we studied the relationship e
between flat over-rings over a Krull domain and prime ideals

of height one. Replacing a Krull dbmain_by a noetherian
domain and prime ideals of height one by those. of depth oné&, we

develop a similar study as is:done in [8],

Lemma. 5.1. _Any minimal element of Fﬁjﬁ) has depth 1.

_Hﬁnsé_Ihﬁ;ﬁubﬁﬂt_Qi__FA(B) consisting all minimal elements

| SEEa()iscontained i BN

" Proof. Let p be a minimal element of F_(B) and
T s s aal A

suppose that depth A, > 1. Then AP %f\Aqﬁ'Qj runs all prime
“*31ﬁi§¢§l§.pyoperlyichtqined'iﬁ_4p~ and depth Aq = I‘(cf;t31-7@gwmﬁ5 .

i T et e i ool . t90
:e;ement of FA(B),'we have 'qxé'FA(B)t_when

~Since . p .is'a -minimal

,f:f§ ii§'pfopéfinCdﬁéainéa:iﬁa!p.* Therefore we have A, =f7Aq
" DB, it contradicts peF, ().
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For a convenience we write down the following well-known

fact without proof (cf. [5]).

Lemma 5.2. Let A be a ring and B an A-algebra contained

in the total quotient ring of A. Then the following four

conditions are eguivalent to each other;

(i) B is flat over A.

(ii) B_ = B®A ' _is flat over A_ for any p€ Spec A.
P A'p P

(iii) AA{\P = BP for any P & Spec B.

(iv) _For every p¢&€Spec A, either pB =B or A_= B_.

Using this result we have the following;

Theorem 5.3. Let B be an over-ring of 'A. Then B is

flat over A if and only if either Bp = Ap. or pB = B -holds

for anv prime ideal o of A with depth A = 1.
P

Proof. From (5.2» it suffices to prove the "if part" of this
A rnd -
theorem. If q is a prime ideal of A not contained in FA(B),
then we have Aq = Bq by the definition of FA(B). Hence to prove
the theorem it is sufficient to show that for any g €F, (B) we
see gB = B. Let g be an element of FA(B). By (5.1) there
exists an element p of F,*(B) with g D p. Since Ap # B_,

. p
we have pB = B by the assumption. Hence we conclude that
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Remark 5.4. If pfé.FA(B), then we have . Ap = Bp' Hence
we see that - B is flat over A if and only if pB = B for

*
all pe FA (B)

. Prposition 5.5. Let A be a noéthérizn domain and let B

be an over-ring of A, If B is flat over A, then B is also

flat over A.

Proof, Let P be a prime ideal of A and let p = PNA.

If pé_FA(B) , then we have Ap2 B, hence (Ap‘)g B, so we have

-RP = EP’ If ~pe;FA(B), then we have pB = B, hence pB = PB = B.

Therefore B is flat over A.

In the following we see that if B 1is flat over A then

B is uniquely determined by the set FA*(B).

ProRosition 5.6. l1et B he an over-ringof A. If B is

flat over A, then B = 521 Ap, where A = {p e Spec A} depth A =1

and p & F,a*(B)).

Proof. Put R = ézk Ap. If pe€A, then p & FA(B). Hence
we have Ap:2 B. Thus we have. R.g B always. It is well |
known that B =(A\BM, M runs all maximal ideals of B. Let M
be a maximal ideal of B and let m = MnA. Then we have

By = A >by (5.2). Hence m é‘FA(B). By ([%¥1, 1.2) the set
FA(B) is closed under the specializations, therefore all prime
ideals of depth ohecontained in m are elements of A. Thus

. we sée thaﬁsjﬁﬁ_étA;.g R by ([2]. 9fbumJ2§.T70). Henge we

" have BDR. Thus B = R = M\ A .
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Let  a be a non-zero element of A', Then it is easily
seen that FAf(A[_i»]);= {pespec A} p is a prime divisor of
aA}. Let B be a finitely generated over-ring of A. Then
there exists a non-zero eleﬁent' a of A such that B is
contained in A] l]. Applying ([8], Lemma 1.4), we have

1). Hence the set F *(B) is a finite

I

FA* (B) C F *(A[

set. But the converse assertion does not hold in ceneral.

Here is a COunterexample 1‘flet.&k be a field and let "X, ¥y

Le indeterminants -over . k; ‘Let A = kl[x, v1 ‘and B = Al ; %
*=+ ].-.Then fFA*(B)Y= {xA}, but: B . is not finitely:generated

_over. .,A. Under an additional assumption, the following holds; :

;heérem. 5.7. Jet A be a noetherlan domaln and let

B be.an over- [lng of A, If B is fln;tely cenerakeg over A,

+hen F *(R) is a finite set, If we impose: an additional

assumption that B is flat over A, then the converse also

holds.
Proof. The first. half.iS'already proved. Let ‘B be
PO s
flat over A and F *(B) = {pl, ceoe, pt}. By the definition
of F *(B) , we have Ap # Bp .. Apllying'(5,4), we obtain
i i

'(pln'-°r\pt)B = B. Therefore there exist some elements

ay see, a. epln---npt and aq “',aueB such that
z a;o, f 1. Let ‘C = A[al,.---,au]. Then we have P; C = C,
_i'ikt.” Hence F *(B) C F. *(C) ~-On’ the .other hand we have

<R ..' pS

'fF *(B) :)F *(C) ~'J‘_fq::'_ C C-B _ mherefore FA*(B) = FA*(C). Hence

V?are flat over_ A. Since F,*(B) = FA*(C)'

Y

'we"see that B s

we have "B =C" by . sHehce B is finitely cenerated over A.
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