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Abstract 

。llC o[ thc 1110SL �porLant qucsUon conccrnin巳 sLrongly conclaLcd clcctron 只ysLclns 只uc・h

as hcavy fcnnion systclnS 1S Lo cla1'ify bow t.hc: h1 巳h cncrgy incohcrcnも sLaLcs arc r('゚ccLcd 

in Lhc low cncrιy physics. Thc lllosL Lypical solution [01' this quc:sLion is Lhc 1くondo ('f[ccL , 

qucnchin巳 phCnOlYlCna o[ loca1izcd JYla巳ncLic lllOlllcnt. by sun・oundin巳 conducLion clccもron

Thc dcLails of Lhc way of quc:nching clcpcncl on Lhc aLOlllic sLrucLurc of illlIJUri Li c汚 anu Lhc 

hybridizaLion with ligand conduction clccLrons ﾜ1 gcn (,1'al 

Two-channcl Kondo problc111 has bccn in llluch intcrcst 1・cccnLly bccausc of i ts nonｭ

FCl'lni liqllid bchavior in contr鴈sL witb Lhc usual 1 くondo cITcctハ which cxhibiLs L11f' Fcnni 

liquid f�cd point.. Thc origin o[ t, hc n011-Fcnni liquid bchavior lics in t.hc fcaLurc尽 of

Lhc 1110dcl 駘S [ollows: (i) localizcd inL('rnal 巾巳rccs o[ fr('cd0 ll1 , and (ii) 11101'C t.han t.wo 

scatLcring channcls O[ conduction clcct.rons. Thcsc Lwo fca (，urc日 p1・ovi cJ(' t.hc l'r.pcaL('c! 

ovcrscrccning phcnolIlcna; Lhc local iスcd inLcrnal dcg1'ccs o[ [rccdOln cannoL bc qucnchcd 

cvcn at Lhc g1'ound statc. 

Thc sysLclns having thcsc fcaturcs in rcallncLals can bc candidaLcs [01' 1' ('ali ァ~ation o[ Lhc 

Lwo-channcl 1くondo lnodcl. 1n facL , it is sug巳csLc:d Lhat. th(' diluLc UraniuJrl b8Sc:d h('れvy

fcnnion SySt.ClllS and two-lcvcl SyStClll inLcracLing wiLh dcgcncl'aLc couducLion clccLrol1 

g8S can bc lllappcd int.o thc two-channcl Jくondo lYlodcl. Through Lhc sLlldy givcn in L11is 

Lhcsis wc proposc t.hat. anoLhcr candidaLc of Lwo-channcl Konclo 1ll0dcl is gi vcn [01' sL 1'on巳

couplin巳 clccLron-phonon sysLcll1s s¥lch as a c18.c;s o[ 八15 com j)ound汚. '̂'c also providゃ a

ncw JYlcchanislD t.o obLain thc nOl1-FCl'llli 1 iquid bchaviol' in t.hc 111a巳ncLic susc('pLibilit.y 

b é1ぉcd on Lhc t.wo-cbanncl 1くondo nlodcl. Thc l'csult.s al'C sUllnnarizcd a.'3 [ollows 

Firs t. , sLal't.ing frOJn thc nlﾍnill1a] IImnilLonian of clccLron-phonon 只 yS t.C lIl， Ein叫Cl l1

phonon int.cract.illg wit.h conclucl.ion clccLl'ons ぅ wc show t.haL iL is 1'(,I1ormal1zccl inl.o Lhc 

t v;o- ぐh é11\ llcl Jくonclo 1l1Odcl. IIcl'c t.hc 1'01r. of thc local izcd illL('ru a,] clr' 日l' ('cs of fnでdOl n lS 

~l t.t.l' ibu t.(マ 1 1.0 t.llos(' o[ iOll ic、 vihraLion ~'I nd t.11c CO t'l内pOl1 din広 pola 1' i万1 t. iOll 只 o[ ('Ol1d uct.ion 

clcc 叱1'011s 、 wllil(' Lwo 日caLLcl' Ìn巳 channcl s arisc [1'0111 cxisL(,Il CC u[ t.hc Spill dc広rccs of f1・ fでdOlll

111 



of conduct.ion clccL1'ons. Thc invcsLi広川ion of t.hc rC!lon nalizat.ion cvoll1 t.ion t.o Lhc gr01l1ld 

sLaLc p1'ovidcs us wiLh Lhc condit.ion whやしhcr t,11(' anollwlous b(、havior is obsc1'vablc or no (, 

Thc condit.ion t.o obsc1'vc t.hc 8.1 1011}れ1011S bcbavior i只日 ivcn hy t.haL t, hc (、 rossovrr cnrl 日Y

scalc , which plays 8.'3 a 1'olc of thc 1くondo 1.刊npcraLurc ， is 1 れ rgC' r t.han t.hr 1"('1101・HW1 i zrcl 

phonoll frcquc11c仏 which pl é1子s a rolr o[ t.hc f]cLi Liou只 1118.g nc t. ic f�ld in t.hc lan巳11 九店c of t.hc 

Lwo-channcl 1くondo lnodcl. It is shown that. t.his condit.ion is [avor駘blr t.o t.hc cOlnpound日

with stron巳 clccLl・on-phollon coupling ancl nanow b騁ndwicl t.h such (ì;ぢ^15 C0111 pounds 

Scconcl , wc illvcsti巴aLc Lhc cffccL on ! hc Lwo-channcl Kondo 11l0dcl o[ nrw inLrractions 

[01' conduction clccLrons which cxisLs in 1'('8.1 ll1 c! ,als but h8.':� bCC11 ncglcctccl so f8.1'. Thc 

rclcvancy of ncw intcractions against t.hc convcnt.iona1 f�it.c f�cd point is 叫udicd by 

thc nUlncrical rcnonnalization-group lllCthocl. This lcads Lo thc conclu幻on t.hat only 

thc particlc-holc a.'3ylnlncLric pc.1'Lurbation is rclcvanし AnalY7，in日 thc rcsulLant. f�cd poinL 

inLcracLion sug巳csLs that. thc channcl 只u只ccpLibili t.y cxbibit.s t.hc llon-Fcnni liquicl bchavior 

duc Lo thc localizcd channcl dc巳1・cc汚 of [rccdOln produccd by thc nれW iJÜCl ・ acLions. Thc 

calculation [or thc spccLral wcight o[ susccpt.ibility dirccLly shows Lhat it is rc九lly Lhc C8SC 

This i1nplics that thc lYl8ξnc t. ic susccpLibiliLy cxhibiLs Lhc non-F('nni liquid anol11れlic汚 ln

Lhc 1・calisLic Lwo-channcl Kondo lnodcl 

1V 
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Chapter 1 

Introd uction 

Thc f�1'sL stcp Lo dcsc1'ibc Lhc low cnc1'gy cxcit.ations in t. hc 札l'ongly inLc1'act.ing [cnllion 

SySLC111S is thc Fcnni liquid Lhco1'Y lnadc by Landau [1 , 2]. 1'h<: conccpt of Lhc Fcnni liquid 

thcory is bascd on Lhc assulnptio11 t.haL Lhc low lying cxciLaLions of a sYSLClll of inLcracLing 

fcnnions arc in 011C to onc COITcspondcncc wit.h Lhosc o[ non-int.c1'acting [cnnions. N8J ncly, 

Lhc low . lyi口氏 cxc iLatjons a1'c undc1'sLood a令 thc lnu ltiplc cxci LaL�ons o[ "qu8sipart.iclcll 

which is characLcrizcd by thc effccLivc mass 1 凡.. involving Lhc nw,ny-body cfIccL. Such 

COITcspondcncc ls val1d 8S [al' as t.hc cigcllst.at.cs in t.hc non-inLcracLin広 SYSLCl11 pro巳rcssivcly

Lransfonn into ccrLaﾜ1 cigcnstatcs of thc inLcracLing 円YSLClll whcn Lhc inLc1'acLio11 hcLwcCll 

しhc pa1't.iclcs is swi tchcd 011 adiabatically 

Evcn Lhough t.hc Pcnni liquid thcol'y W駘S ol'iginally [onnulatcd t.o cxplain t.hc bchaviol、

of liquid 可]c ， a ncutral Fcnni systcln , it h8S offcrcd us thc basis of our undcrstandin巳 o[

wl川 is going on in lDctallic systcll1s[3-5]. FurLhcnnorc) Lhc rcgion o[ 01..11' II吋crsLandillg is 

cxpandcd t.o Lhc highe1' cncrgy scalc wiLh Lhc hclp O[ thc COJllprchC'nsioll o[ J(ol1do cffccL 

Lhc l'cnonnal i 兄 aLion-g 1'oup cvoluLion Lhaし れ SYSLClrl of Ula巳nc t. i比C lJ日m日'j日pu山]日riLy i口山l日1比Lcr<れ"\'cLin巳 wi (比川(.川， 11i 

C∞O吋uc Lion clcd山1.1'01

conccpt o[ such 1'cno1'口' lDalizaLion givcs us an cxpl ar日1aL ion fo1' Lhc pcculiar propC'ltics of 

CcriUID bascd hcavy fcnnions: I clcc Ll・ons aもしhc Cc si Lc cxhi bi L chc localizcd cbaracLcr 

a1'ound thc 1'001D Lcmpcraturc う whilc bclow Lhc characLcriはic t.cIDpcraturc , ] 0 f'V 1001< 

thcy rcvca] t.hcir it.incr8.nL chm れc t.cr wi t.h 8noHlalo1..1の 1 8. 1 巳c c百CcLivc 1118SS[11] 

Thc cxistcncc of lllUlti orbiLals of I clcC't.rons proviclcs thc 1くondo LClll pcraLu rκLh(、

C'haU1c (・C I ・ is t. i C' cnれrgy of Tくonclo cf[C'cL '1 ;く. largη cnou日11 (() ¥Vin t.hc 111 日日!1(、t. lC、 ord('川、'n ll広

V引ia t.hc H.I(く I(Y in日1叫山LCl川acω山しいlω01日1 [い1 2計]. ' J口、1川'hc犯Cll tし， h児c bχ児c山〉

1.ll1 clc引rs叫sL心oocl 8お Lhosc o[ j川，h児c Kくondo c江「代代cL士土L 、 whilc、 t.hc low CllC1"gy bchavior汚 (l.1"C dc尽く、 ribt、d



Chaptel・ 1 . Inf,roduct,ioll 2 

by L山J品hc F、、'Clα1"1山1日山1i liq午u山I口id Lυho∞01'"‘y. Tndcωe町吋d う 1勺l川l日18瓜ada a川，nd 、Yos只幻i川d é1 é1川1刊l川)ηp汁11忙p代川d t.hc: pc刊付rLべ川川u川l口1'h川a川川t.iωon什thc∞ory

1.0 t. 1刊 pcriodic、 Andc1'son lnodcl[13]，川 cl showcd t.h�1t. t.}1c H's¥llt.n.nt. FC:l"llli liquid 山 Lr is 

clcsc1'ibcd by a quasipm・ t. iclc consist.ing �1hnost. of t. hr ぐomponcn t. of .f clccLrons ancl Ll l<、

dynanlical s L 1'on巳 corrclaLion proviclcs t.hc al1Ol11alously largc r[fcct.ivc 1l1�1SS 

Onc of thc 1110sL illlporLant qUCSt.i011 cOllccrl1ing s t. ro n巳ly conrla t,r c! rlrcLroll syst.clIls 

sllch as hcavy fC1"1nion COlllpouncls , which cxhihit. Lhc cxot.ic pllCl10l1H'lH�. such é1ぉ8.. 11 i soLropic、

supcrcond uct.ivi Ly and cxLrclllc1y wcak all Lifr lTolnagnc:t. i s ll1 、 i 只 how Lhc low CllCl・巳Y qll�1S¥ｭ

particlc sLaLcs arc fonncd , 01' how t.hc high cncrgy incohcrc11L s L川cs arc rcno1"1 11a1i 冗ccl inLo 

Lhc 10w cncrgy physics 

Noziむrcs and B1andin discusscd Lhc Tくondo c[cct in 1'ca1 1nct.a1s involvillg highc1・ crys-

t.all inc c1cct.ric ficld c百cc t.s[14] a.nd thcy poi川cd Ollt t.hc possihilit.y t. hat.しhc 氏rouncl s t.イ，é1，川a川).叫， L

has n01日1-F，アCαnni liquid p1'opラcrbcs 011 Lhc lx九1し州S引i汚 ofthc う cxcha川n巳c 1110dcl bcけ川1吋叱t.wccn Lhc in1日1pur、i Ly 

汚 p l11 α川I口ld t.hc conducLion clcct.rons i]1 lllu1Liplc scaLt.cring chれn11cl 汚 ßu t. I. hi 只 C8SC h8 ,C:; bccn 

in t.hc 8..CadClnic int.c1'cst. [01' a whi1c bccausc it. W8S considcrccl Lhat. t.hc rcal1sLic paralllct.crs 

always bc10ng t.o thc rcgion in which t.hc syst.crn is rcnorlllalizccl inLo FCrIni liquid f�cd 

pOlnt 

IIowcvcr Cox pl・oposcd thaC a 1n日lodcl [01' SO]11C di出1 \1けtれη Ur‘ Eθa川1.リ.1川11川1川川lれ川111 COlη川1日lp Ol日ll1 d s (' れan h ο 

山

KくO 巳a れ川nd Shi出bコa showcd C山ha叫L 1110αrc r、'ca叫li店s Li忙c t.rca以t. J壮川]口川11C引i川1叫L [01' t.}J児c cryst.all ilW clccLric 、 f�lcl 

nanows thc stab1c rcgion of t.hc tv.，ひcbanncl Ko吋o lllodrl [16]. TIowcvcr Lbc p川川]川CI

rcgions , in wbich thc low cnc1'gy propcrt.ics a1'c acLually dcscribcd by t.hc llsua1 Lwo-channcl 

Iくondo lnodcl , arc st.ill rClnained 

Although thc sLructure of thc o1'bita1s at thc ilnpurü，y 引 tc wac:; Lれkcn inLo れccoun t. ， 九

pc1'turbaLion to thc condllction c1ccLron part. i 只 a1汚o ÍlllporL川1L. Espcciall仏 Chc rClllaining 

int.craction [or chc conducLion clcctrons aL thc ilnpuriLy siLr JnighL bc a rclcv九nしいcrLur­

bat.ioll hccausc t.hc ori巳111 of non-Fcnni 1iquid bcl \éì,vior is duc Lo Lhr ovrrscrccnin氏。f t.llC 

impurity spin by thc conduction clcctrons at Lhc llnpul、 iLy sit.c 

T、11c1'c cxi同sL SOlIlC cxpコCαn口1nc11Ls il口ldi比caしl川11広 Lhat thc しwo-chm日111刊ncl Kく 01日1do cf汀fccL i民s obｭ

scrvcαωd 1 Ü川n L山，1品hc d出iluL旬c 1 Í1口山1日山1

Lrons どο~/'f' a山nd Lhc n昭ncLic suscrpLi bi1i t.y 入 il l1 p divcrgc logoxiLhmical1y clown Lo '/ ' 圃 o

Sincc 入 il l1j) is wcll scalcd by しhc conccnt.ration o[ U 1'8.n illlll ion :7:, t.hc 10巳aritb1nic divcrιcnc 

11一、)1(' 1 ・f ひX l 日 t srll1()( h(']" illt crpl・ct rll i Ol1 f()] ・ (lli :c;('xpcriIllClI(. ill ¥Vllicll (ltや 只 ys tClll J 1(1 只 れ 只作・ ())I C! ()J ・c! cr pl!rlSC 

tl・ ;l l lsi l. i() ll ;11 T ニ () ])CC;¥ll:C;C o[ th c 何)- ca ll刊 1 <jll(¥llLll111 cril icnl p!trl10111Cll�l. tllC (・ 0 1l 1 j) c t. itiOll hct ¥VCCll t hc 

nJ(lくY inlrrac t. ioll 川d (hc Jく olldo cfl"cct [J 7] 



Chapter 1. Jnt,Toduct,iol1 3 

SC'ClllS Lo bc 8ssociaLccl wi t.h t.hc i n1.ri I1 S1C 只1Jl日lc-S1 t.C' prop門1，y of uraniu111 iOI1. ThC' clccLrical 

r C'sisLivi t.yρa1so dccrc8scs 10gariLll1l1ic[dly 0.S L C' lllp C' ra t.un、 d C' cr C' 8SC'S (日cC' 1江 ] . 1)

T、hc anOl口111日1a1011s bchaviol工's obscrvC'、て寸cl in anothσ門門r ぐd:-η1お問只 of ぐOllìlい)ounds 八1.S h8，vC'、 日 i山111日山l口i 1七ar 九爪S-

pccL“s of U川

éì.S部汚OCl山aLω，(氾ccl wiLh t.hc doublc-wcll charact.cr of ionic poLC'llLial clrivcll by t.hc st.rong coupling 

1川wccn E引1ns附汚叶叫Lω，氾cin pbo∞n and c∞onduωct. iわ0 1日1 C'什I C'代川cL山Lro吋2幻川:1]. M山川1 れ a川川口山ncl Miy刊/η川Fηl.k恥くα匂c di目F只町町;花;c叩7

L山，hi的汚 I万)rob凶lc1 Yl [ωU1川Lhcαr on t.hc vi吋C肌w of analo巳向y wiLh t.hc hcavy fCr111ions[24]. Ilowcv凡 t.hc 

discussions 111Cnt.ioncd abovc wcrc 1'csLricLccl wit.hin a qualiLaLivc lcvcl and t.hc pcculi�:uiLy 

o[ Lwo-channcl Kondo problcJl1 W8S not. t.akcn i川o accou川2f t]

OIlC of thc purpo汚c o[ t.bis Lhcsis is Lo consLruct. a canoniぐれ1 1l10dd for 八]5 C01l1 pou nds 

ancl Lo i I1vcs Li日aLc t.hc proccss o[ 1'cn01"1 lla]izat.ion Lo i Ls g1'ouncl s¥.at.C' sySLC111�tLic811y wi ¥.h 

t, hc hclp o[ pcrturbaLional rcnol111 a]izれLion-日roup t.hcory. Th(; ot.hc1" 011C' is 1，0 叫\l cly t.hC' 

crrccL of a rcabstic pcrtuI七九t.ion fo1' Lhc conducLion clcc t.rons れgmnsしし 11(: cOl1vcntional 

two-channc] 1くolldo lnodcl 011 thc b8Sis o[ Lhc llUlllC 1' icη1 rcno1111aliァ:aLion-gr0 1.l p lllcthod 

This t.hcsis is organizcd 8.'3 follows. 1n chaptcr 2, wc inLI・oducc t.hc [ormaliSlYlS of Lhc 

mult.ip]icativc rcnonnali兄川lon-gro叩 l11Ct.hocl bascd 011 thc pc 1' Lurl川ion Lbc∞01'ρ5 ， 2GJ 

at凶 t.hc 川1nc1'ical 1'cnon口nali冗a川川山Li必川iわ悶OαI可1'0仇∞u叩l

Liほ巳れ川tc t.hc bchav入y川v吋rぺ10r、 o[ low cnc1'巴y cxci t.a川a川1，(叫山tiわons by cli11日11川i日na川Li山11巳 t,hc conL1' ibu t,jon of high 

cnc1'gy dcgrccs of fr・CCdOll1 of conclucLiol1 clccL1'ons. In chapLC'l' ~， [undall1cnt.al p l'opcr t. i内

of A15 cOlnpounds ar~ introduccd , and 0, Sil11pllf�.cd modcl , local phonon inLcrれct， in巳 with

conducLion clccLron ‘只 i白s dcr口ivcd 111 0，心1.日， 1山nLa引tl Dl日111巳 Lh児C 1日1Tl旧os札t. i1山l日lpOα)r l.él1口1L [c ('川1叫LLωu山l口rcsゴ苅S 1川l日1 low c引、九1 1<ο門門、"]'巳y 

cx対XCI引i し九川tio収0]. Thc刊cn

5引111日Ip汁1 i 日cd ll lO dcl 、 wc invcst.igaLc Lhc 1'Cll0l'111al i ァ:a t. ioll 一日roup cvoluLion and sbow t.hat. t.hc 

lllodc] is rcnol'lnalizcd int.o t.hc t.wo-chれnI1cl Kondo 1110c1d. III chapt.e]' /1, Lh C' ο汀ηcLs of il1-

Lcract.ions fo1' conduction clcct.rons on t.hc t.wo-channcl 1くon c] o problclll arc invcs Li日a t. ccl hy 

using Lhc nUlllcrical rcno l'lnali z,aLion-group 111cthod[30, 31 J. W(、 will show LhaL , of such ilト

しcracLion s ， tbosc brcaking pmticlc-ho]c sylnIllct.ry arc rclcv凡nL. Such pc 1' Lurb0,Liolls inducc 

t.hc channcl dcgrccs of [rccd0111 of conducLion c]ccLr、刀ons and 巴ivc thc chant口lcl Sl日l汚叩cc什、'1ρ)Libiけ1i Ly 

n01日l-FcαI口111i liq午u日id bch旧av吋fぺ10α1'. A s叩ul11ma1'y 1店S 広幻lvcn ]n 日n8.叫] chapt.Cl ・
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Fi巳urc 1.1: ExpゃTiJl1cnLal d at.a of si nglc TJ ran i U I n-si t.c prop<:rLirs of {J:7 Th 1 :r n .1l 2 日 i 2 ( :τ く
。 07):( 8.) Tc叩craturc dcpcll伽cc of t.hr. 5I -clccLronic spcci f�c hcaL r:-'Sj /T v汚 111 'f' ん1
,'J: = 0.07. Thc insct. shows t.hc cOlllparison bcLwccn t.hc X~llP da(.a for x ニ () .() 1

‘ scalcd 
by u叫 7;く = ]1.1Iく， (b) Mag川C 山cp t. i州y 山19 山 r:- axis pcr U寸nol ，オ i f1l p vs 
lげ， of 叫lc C l附1 ， ~; = (), 0.01 , 0.03 , 0.05 and 0.07. Thc in scL 叶1M 111cmlhiliROIl 
b山ccn Ll町T1f〉 似 a [01' .7: = 0.01 , s州CI by usingμ = 1. 7/1. }3 九nd 'l ìく = 11 . 1Tく刊行 so licl 
I incs in Lhc i II 汽c t.s arc t.hc ]'rs ul t.汽 O[ Lhc IltlJ ncrical 仁a1c lIla(.iolls bn.c;r;d 011 I.hc S 了 1/2 Lwoｭ
chan nrl J くO 附 ]川1日1 0αω山州(け巾州l c凶cl[2l]. (c.仁け: ) Tc川TCIllト'CIl川~ J川川lけ川川II川1ηlい) c 1' n川t. l川II (れ; d 叶r;p(~ lJ d川 ρη， ぱ 1し. hc 1 川p川m川川!日川川l日川l刊i川(.1川l日1 η n叶山山川lい~山;………仁け山山1.1.川lハlC
rρ円只 l 汽叶t. ivi (.y れ川I(り)11 巨 t.hc (ο1ト-れ X l S ， ρ vs JJ 日1 '1' ， fOl':1 ・ () , ().O 1) 0.0;)) 0.0乃 川HJ 0.07. Thc solid 1 irw汽
il1clicat.c (.hc C' lllJ 日1' i ca l f0 J'1 11ulaρf) I 11111 'j' , whcrcρo (1. 1 日 1 /1 a l. ρclc(.cr 11l ill crl by t.hc bcs し
f� t. t. i 11日 of Lh行川， é1， [01' c駘ch conccnl.rat.i�l bclow 7 1く (Froll� rcf.[20J) 



Chapter 2 

Renormalization-Group Methods 

Thc hcart of Tくondo problcln is t.hc logari t. hlnic 仁hvcrgcncc o[ t.hc coupling constant aL Lhr 

Fcrllli lcvcl duc t.o thc scrccni口氏 o[ local inLcrnal dcgrccs of frccdoln by Lhc conducLion 

clccLrons. Sincc wc arc int.crcstcd in Lhc low cncr巳y physics , wc clilninれしc t.hc high cncrgy 

proccss in t.hc scnsc of Lhc rcnonnalizaLion-group cvoluLion. 1n t.his chap t.cr , wc inLroclucc 

t.hc fonnalisms of Lhc 11lUILiplicativc rCllormab冗aLion-group on Lhc b8Sis of t.hc pcrLurbaｭ

t.ion thcory dcvclopcd by S�yo 叫25 , 2G] and Lhc nUl11crical rcnOl 山Lリ1 iγ7，刈川f孔川川1叶叫t. iの011刊1'Ol川1p (Nl代lG)

111日凹1cLh加1ぬodin川.1V刊cn川Lc吋db句y Wilso∞n叫1[9 う 27] 

2.1 Multiplicative Rellor1nalizati011-Group Based 011 

Perturbatioll Theory 

2.1.1 Formalism 

Thc ba.sic idca of rcnonnalizat.ion-group i汚t.haL a sct. o[ cqllivalcnt. IImllilt.oniall of similar 

[onn can bc found so as to rcproducc thc salllC physical propc1'Lics as し hc original 1 Ialllﾍl Loｭ

nian. T'hc coupling constanLs and oLhcr p�.lralncLcrs o[ thc HmnilLonians lll騁y bc diffcrcnL , 

buL thc SystCIDS should show thc SalYlC physical bchavior. If thcrc is a solvab1c lnodcl 

8.lnong t.hc cquivalcnt oncs , Lhc solut.ion o[ t.hc o 1' i 巳ina1 problれJn can れI so bc obt.aincd. H 

Lh子 rc is a nat.ural cu t-off, ]入 in 1.110 probIc lll 、 wc can usc t.hc procccJ urc 1,ha t. succrssi vcly 

rlilllinaLin日 cl れ日rccs of 叝f'(x!olIl llr�1l' t.hc clIt-off ill t.1w rCllo 1'1 llali ァ，九Lion-grollp [rn lllCWOl卜

t.0 f�l1 cl Lhc、 rffc、(、 t. ivr JI ~:l，] llil t.onian wltich dcsc、 1 ・ ihcs lOW-CllCl 日y phy日 lCS

5 



Chapt,er 2. HCJ1onnalization-Grouj) l¥1cl ]J od ,c; 

Two kinds o[ dilllcnsionlcss Gl・ccn 's [llllc t. ion人 .%'1 (1ncl .%'2 、 arr drf� llccl by 

σi ( 三、 V) - .%'1( ど、 V)(，'~()) (ω) J)' . / # , r , ])' • / ~ . 1 'J ) / , 

and dilncnsion1css ver 1,cx funcLion ， γis a1so dcf�cd by 

r(竺 ， V) 二 γ(三人 V)\ぺ
J) I I 1¥  J) 

(i -1, 2) , 

6 

(2.1 ) 

(2.2) 

whcrc V is a scL o[ coupbng consLanL aud C¥ れ川and σ (??O川) 川川C [ll川川II川叫11山l日1 (1川m口ncl b凶M川川f礼)，J'(: G1 ∞CCl山 fれ[Ul山II川10n 

rcs只 pcctivcly. 八l しhoughr dcpcnds on Lbc v(1riablcs o[ incOlning and ollLgoing parLidcs 、 wc

appl'oxﾏlnatc it. dcpcnds only on Lh(' variablr o[ Lo 1, a1 inC:Olning parLidcs in silllﾎlar scn叩

of T-lna1,rix . 

Thc lIlultip1icaLivc rcnonnalizaLion is dcf�ccl by 1,hc L1'ansfol絜aLion [1'0111 (ρ ， V) 日ys­

LCln to (ρ" V') SystC1D 

Gi ( 三、 V) → W7CT(三 V) .，J)" / •• r. ~ r ，])， 

γ(三、 V) • W- 1 γ( ど士、 V) , 
]J I I "]J 

V • Wfl Wよ lwv? 

(2.3) 

(2.4) 

(2.5) 

whc1'c thc difIcrcnc:c bc 1,wcc11 t,hc origina1 and t.hc scalccl G 1'ccn冶 [uncLion and tll(: vcrLcx 

[unctio11 a.ssulYlCcl to bc takcn in1,o thc lIlU1 Liplicativc facLors , Wi. and H人出

ρ/ωω 

σi( ~" V') = WiC~\ , V)σi. ( ;" V) , 01' Wi = ぶ( ::" V') j丸(-:;-" V) , ρ ， . / ~ , . , ]J' . /' ，， ~ . . r # , r , J)'" / , # • ~， ]) 
]y ωωω 

W- 1 (一 ， V) = γ( ~ " V')jγ(- V)ol r(- Vf)=Wi l wj lr(一 ， V) , D'" /, l' J)' . /' ~~ ~ 'J)"' ,I . . J 

wherc 

(2.6) 

(2.7) 

刀， 1 • J)' . . J)' 
vf=14/l-l (- V)W l(- V)W(--V)V(28)  J) , Y } ,. ,. 2 ¥ J) , Y } r r ¥ ])  , 

It is ilnpo1'1,anL 1,0 110 1,c Lhat thc 111tdtiplicaLivc [ac 1,o 1's clcpcncl 0111y 011 Lhc rclaLivc changc 

of thc cut-off J)' j J). Thc scaling ('qu騁Lions 1'01' G i , r anu V can bc wriLLcll i11 a COl�1l1011 
fonn , thc so-callcd <<lIlU1LiplicaLivc rcnol111alizaしiOll 1'cl aLion" , as 

パ(三;?Vf) = WA(kv)A(三 ， V) , 
lノ/) I I 'J) 

(2.9) 

whcrc it. is 110Lcd t. haL しhc only onc variablc;ωis lcfし

L('(. 11S considcr Lhc ll0 I111ali只cd vcr(.rx fUJlcLion dcf� 11α1 (1行

G 1 (,'2Gf I (，f

2rωωω 
れい一 、 V) 二一 ~~ =- .%'1 ( 、 V)ん(- V)γ(~'\ ， V) V. (2.10) 
J)' I G

1
G
2 

'-" J)" /"-~' J) 、 J)'
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Thc nonnalizcd VCl'tcx 1S obLaincd as 
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Finally, wc can obt.ain Lhc scaling cquat.ion by usin広代1只

frOlll cq. (2.19) as 

(2.1~~) 川d (2.20) 01' dil川，ly

J-J =-fJJ241叩2 ，{'>
θ1n z 

(2.21) 

2.2 N uITlerical Rell0rlTIalizatioll-Group Metllod 

2.2.1 New basis of states and Haluiltonian 

1n thc 1くondo problclll t.hc C]l1ph8S1S is put on thc pl'opcrLics of thc conuucLion band 1'al.hcl 

than (.hc ill1puriLy itsclf. Thc C'X1汚 L C' llCC of Lhc ﾌ1u puri t.y 111akcs us rc巳九rd t. hηC011(1 ucLio11 

band as a 111ally-body SYSLClll. lL is ncccssa1'y Lo dcf�c a ncw basis o[ sLaLcs in thc 

cOllducLion band in such a way Lhat. thosc sLaLcs inLcracL dirccLly wiLh thc illlpuriLy aし

high cncrgy and indircct.ly aL low cncrgy 

Thc lllosL adcquaLc way to choosc Lhc basis of sLaLcs ﾚ3 Co 8dopL Lhc localiァ;ccl WannicI 

sLat.cs raLhcr t.han thc Bloch wavc sLaLcs as follows. Thc fìl叫 SL8Lc 1S choscn 8S a Wannirr 

sLaLc locali冗cd aもしhc ﾎlnpu1'i Ly si Lc, as loca1iァ;cd 8S possiblc �.Ullong tbc conducLioll band 

sLatcs. Thc rClnaining sLatcs arc dividcd inLo thc sLaLcs labclcd by 11. whosc wavc f¥lllctioll 

only cxisLs in cach sphcrical shcJl尽 with widLh All/2 8S shown i11 fig.2. 1. Thc in ぐ rcnsc of 

widt.h fo1' n shcll 111CanS Lhat Lhc rcsoluLion o[ t.hc conc吋)onding sp a.ci l1巳 of lI10111CnLulll 

sLaLcs inc1'c8Scs 8.'3 wc approach thc Fcnni lJloIYlcnLu lIl , in oLhcr word爪 Lhc ('11(; 1・巳y SC�dr 

dccrcascs likc r-v八一 11 /2 [01' Lhc n-Lh sLaLc. 1n this basis , chc sLatcs of cOllducLion clccLron汚

boLh Lhosc [ar away f1'0111 Lhc il11rコuriLy il1 1'C8.1 Sp8.CC 8.ncl Lhosc f8.1' away f1'Ol11 Lbc Fcnni 

lcvcl in 日11101日11C]

PracLical日l仏 i口1n ordcαr Lo cons引LrucL 九 ncw b九写引is of sLa川Lcs民， wc disc引‘' U円問S しh l; IIéれ川u山111リl し以oηl1Jal1 , 

which cons別]旧sts of Lwo part.s; thc kiく<i ncLic CllCl 巳y of conducしi011 clccL1'Olls cl 8ssif�cJ by t.hc 

対aLLcring channcl l , and Lhc inLcracLion !I ]oca] 日 L ﾏlnpuri Ly si Lc , 

H/ J) = [引ilf川 (2.22) 

whc!'c 11]oc;1] i s 、 fo 1' cxal叩lc ， Lhc sccond LCl'lll in (2.1/1) for 1,-channcl KoncJo 1110 
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~ ~ kr 

Fi巳urc 2.1: Ncw bぉis of statcs fo1' 1くondo prob1cJrl. Thc sLatcs o[ conducLion clccLrons 

arc dividcd inLo Lhc staLcs labclcd by n whosc wavc fUllcLion cxisLs in cach sphcrical shclls 

with width An/2 

Firs t ぅ wc discrcLizc thc conducLion band in a 1 0巳aritbmi c sc九1c as shown in Fi巳 2. 2

wiLh a sLratcgy as lYlcnt.ioncd abovc; so Lhat t.hc crcaLion opcraLor8 for Lhc di8crctizcd 

conduction clcctrons a1'c dcfincd as 

( Aj /2 • 

α↑ _ J V1 -A -1 o,.il ' 
kl - � î/2 .. 
lJ1-A-lb;l 

(八一 (j -t 1) く ん く ^-.7) 
(2.23) 

( - A- .1 く ん く _A - (.i l l ))

whcrc A is thc discrcLizaLion pa1'mYlc ter , which is usually choscn aぢ 八 二 2 rv 3. Thcn , thc 
discrctizcd 1七日niltoni an for Lhc kinct.ic cnC1・gy parL is wriLLcn a:ぢ

HK = j(1 + A- 1)乞日叫 (2.24) 

Thc crcaLion opcrat.or [or thc locali 只cd conduct.ion clccLron is a180 dcf�ccl in Lhc d i scrc Li 兄cd
rcprcscnLation as 

パJ 士 LIMAl ヶ 訂コ「乞 A U2(fl J l l bL ) (2.25 ) 
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Fi巳Ul・c 2.2: Thc discrcLizaLion o[ Lhc conducLion clcct.rolls in a logari し hlllic scalc. 

NcxL , WC lllakc a transfonnaLion frolll t,hc opcraLors Ojl and ".il Lo a 11CW opcraLor .f7l1 
as 

んl = 乞(? Iポil 十 V7l .i lJ}l) (2.26) 
J 

First wc dcf�c .fol Lo bc Al i Lsclf 九pcut [rOln a n01・ lllali スaLion f ac t.Ol・， I. C. , 

j= eγt
2 

(2.27) 

Th民 Lhc kinctic part , (2.24) arc changcd as 

ε A一吋1刊(α;μIρ内内α句旬7戸l 一 b司;l九山lJj句lJjlう与切j〆il)ド二 乞 A-一 7 乞(叫α4仏ψ;hレl日1川1'11川11町tけ7 一 bイふい;bl

二 2乞二ンAγい一つ吋7代(α4οJ;レlρ?η川L (2.28) 

Thc coefficicnt of .fOl is orthogonal to .fOl so LhaL wc choosf' i L as .fl¥ aparL frolll Lhc 
nonnalization facLor , i.e. , 

(2.28) = とoA-mfJIんl -ト乞 A-.7 (α;lTL!? - 14I1l lj)fll 十 non- .fOl ， Jll Lcnns , (2.29) 

whcre 
(1-A-3¥l/2 Il-A-111/2 

日lj =-U13 = (2)A叩， and ぐo 二 I ~ = ~ -,1 1.  (2.30) 

Wc dcnne .fll such that the c∞ocff百ffic i陀cn川L 0ぱf .fん、}いII cq中u山ωE山L
can obtain バ十刊1 ，l q叩1山 S叩i口llD凶1
(代ご乙ふι九ト川t←一→lA一ベ(n卜川ベ一斗叶1り)ν/ρ2 バι一斗lし，1+ と川A 一ベ(η川川+刊lり)/ρ2 .r.バ7JL!L+刊1.1) . Thc11 iL Lurns 0∞u凶t， th川a叫L wc cal日1 obコ t. a川川，a訓川a山叩川1.J山山i日J11 ana川均Iy戸刊仰y判刊山Lí児c : 
cxprcssions fo1' ﾇ71' ? l，η.i and VlI.i for a11 n and j as 

ご71 で (1 -A -(lI-j 1)) (1 一 八 一 (わけ 1) ) ー l/2(1 - A(271叶
1
0
 

、
i
&T
K
 

iο7 ,. I 
71, 11 j 二 ( - 1)川: FUJん ( z )

Iz= 
(2.32) 



Chaptcr 2. RClloT1nalization-Group j¥Iet hocls 11 

whc1'c 

/1 一 八 一 (21叶 l)¥ 1/2 I 1 ¥ 

仏(z) 二 ~ - 2A…-1)/2) \1 二 Kふ

(71 }J/2 1 - 八 1 / 2 4 2 1' z

日) 1 -A 1/2121 こ， (n C¥'(11) , 
(11 .3)/2 1 _ A :~ / 2 1 21' Z 
11 l' ~: 1/ 万 - ， (17. odd) 
日ト A :3/2+21'Z 

fina]ly, wc obLain thc IImniltonian in t.hc llCW oasis of sLat.c汚 as

whc1'c 

1-1 = 2二乞Ç，11. A - n/ 2( バI ん + l ,l 1-Ilt 1 1,1 fllt) -1 ! ftc叫

β J [Iocal (A l • V2 Iol) 
-

IOC駘.1 - 十八一 1)/2 

1n p1'acticc, WC dcal wiLh thc finit.c si冗c IImniltonian dcf�cd as 

[[N = A(N - l)市三;八刊LI -l い) -1 J-flocal 

(2.33) 

(2.35) 

(2.36) 

whcrc Lhc n-dcpcndcncc of ﾇn is ignorcd and wc approx�atcd a.sぐ11 = 1. This IIamilLonian 

satisfics Lhc rccurrcncc rclation , 

JfN+ 1 二 八 1/2HN + 乞(J~l .fN+l ， l ート .f~+I ，l.fNl) (2.37) 

Thc hopping lnaLrix clelncnt Lo thc cxtra shcll is Lhc s九111C fo1' cach N and Lhc C11Cl・gy scalc 

[01' Lhc lowcst staLcs is of thc ordcr o[ unit.y duc to t.hc cxpand [act.or A(N J)/2 1n t.hc 

othcr po匤t of vícw , cq. (2.37) is rc句仁
2 し 11c 1'cal spacc wiLh thc smYlC si以冗c bccausc Lhc 1cn広th Ul日山1日i比t i目円 fれ川1リI so cxpandcu li川iけkくC A(N Iけ)ν/ρ

Thc succcssivc rcnornw.lizaLion-group transfonnaLioll givcs 1.1S Lhc way Lo cα1culat.c 

thc Lhcnnodyn8山c propcrtics , such 8:3 しhc i口汀r叩u山l口iLy s凶

Lωcn叩Cα1' a川しurc ra時c down Lωo'}'、 二 O[ロ27可]. Thc i山山日mpu山Ly su凶scαc'叩...，、 l例)刈凡山州Li川， ilルiけib九刈iはliLy i店S givcl1 bコ巧yy 

「 刀 打 (0) 1 
(9jj,B)2 iTIV F一九 11N l}S~， z (' 一向 [{'N'

p(T) =一一一 liIIl| 』 N ，1 一 一 l 
kBT N→∞ I 1ì・p βN JI N T1'(， 一向 1I ~) l' 

whc1'c S N ,z is t.hc z-componcnt of Lota1 spin [01' thc N 叫c 1日1a川川川川tl山山川l口山川叫l日川l口i1山μi1Loμ凶川Lω川川，θ訓Oαi日山lllél

(2.38) 

t. h叩cHれ川111日11はlLω01山1日lal1 Wl吋比川thOl川lt . t.hc i山i口111日lpU日江山r口' 1川Ly. 1'hc s 仁f∞、'COl日1d t♂αcα~nl山l日1 1山お Lo subLracL thc C'ont.ribution 

o[ Lhc concluct.卲l1 c1ccLro11s. (JN i.s dcf�cd ac; 

(JN = A一 (N - I)/2/ 人 : 13 '1' (2.39 ) 



Chapt.er 2. R.e I1 ornla.li~a tioll-Group ]¥!cf llod8 12 

If wc sc t.ょう }3T 士 人: n 'l N = 八一 (N-1 )/2 , wC can dC't,cnninc t.hc susc叶)!.ibllit.y wì t.b 氏。ocl (1代llracy

bcca.usc Lhc cxci しcd sLaLcs wiLh Lhc cncrgy (3 N 1 f"J 1, whichωnLribuLc dOlninれnt.l y i11 Lhc 

Lr t1cc, a1・c calculaLcd with good a.ccuracy by NRG 111れthod.

8i町c wc ca.n obtain Lhc cigcnst.山!只 (wavc funcLions) whosれれ川氏lCS 乱rc or Lhc ordcJ 

of ^ - (N 一 1)/2 Lhrough しhc succcssivc proccdurcぅt.hc dynalll ica1 propcrLics 、 S11Ch as Lhc 

11叩U川y susccptibiliLyχir川ω) ， also can bc ca1c山 !.cd <1S follows[2R]. T11(' in 1él巳 inary pa.rt. 

o[χ11川

χ;;1p(ω) = π 乞 I(α1SOz 10'0) 12 c5 (ω-/九仏 (ω> 0) , (2.40) 

whcrc (¥'0 rcprcscnts Lhc ground statc ， ο， Lhc cxciLcd sLaLc尽 wi1.11 Lhc cxci LaLion cncrgy ，~οo 

ancl 80z is Lhc ÏlnI川rity spin. 1n t.hc acLual calcula.Lion , Wc れpproxilllatc t.hc dc1t.a funct.ion 

8.'3 Lhc Ga.ussian fonn 

c5 (ω - Jj;α0) → J)('((ω) 一 一工- cxpl - (ln(ω/'九0) -172/2)2/1]21 , (2./11) 
α - Jw l J 

whcrc 1]'is t.hc width of thc Gaussian. Thc sU1l11na.Lion is ll1adc ovcr Lhc rctaincd sLaLcs 

and Lhc cncrgyωis choscn aL thc discrcLc po�1Ls [01' cach i t.cr;:�ons N 8 ,<) 

ω=ωN 八一(N一 J)/2 (2.12) 

Loca.l propcrLies , such a.s Lhc chargc susccpt.ibili t仇しhc 011C-body SpοcLral wcighL , and t.hc 

T-lna.trix c回sociaLcd with thc currcnL opcrator can bc obt.ainccl by t.hc sﾌlnilar proccclurc. 

2.2.2 N un�rical diagonalization 

RG calculat.ion is pcr[onncd by thc succcssivc dia.gonalizaLion wiLh t.hc hclp o[ 1・ccuncncc

rclaLion , cq. (2.37). 1n othcr words 、 wc lllakc 1'ccursivc rcnorma.lizaLion-group Lrallsforｭ

nmt.ion fr01TI Lhc high cncrιy rcgitnc to t.hc low cllcrgy onc. IIcrc wc show Lhc pl・occdurc

o[ Lhc succcssivc di a.gonaliスaLion of thc Hanlﾎlt.onian cq. (2.3G) in dcLail 

Wc cxprcss thc eigcnsLatcs of Lhc IImnilしo山m H N as I(ノ，IN ; 1')N , whcrc ()ゐN dcα110叫LcωS 札

‘は3cL of c∞:冶O凶cr、V刊v刊/氾αCαd qu川川aωtl山もtics a吋 th児C lab児cl 7' dcgcncl 

8n山ncl t.hc 11川1口ix ClCl口nCl

l旧s pcαr[oLl llC仁d 8S [ollows 

(i) ConsLn1cL t.hc b鴈Sis of sLatC's [01' (/V , J )-siLC' sy叫Clll
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Tbc basis o[ sLat.cs [or (N 1ト一 l)-s引S訂i t.c 尽旬ys引LωLCl♂，C11引叩I日111 �U(' 巳何lV刊VClαn by a以刈ddl昭 (JV 1川1) c∞，θon町nch川， 1ぬiのon cl山1cα~ct 1'on

wiLh しhc channcl l as 

CYN ト 1; 1'，人: ) f3 三 {.r~ ト 11)kkt);?)N て AW)ll|ffr)N3 (2.43) 

whcrc k spccifics thc way to apply .f~ ¥ 1.1 Lo thοCl貯MMcs|(73) γr)N ; [01' cXéullpl(' ，八日)1l -

1?AGLl 二 r~ -t 1 ↓ 1AQL1 = fL1l ， 17 八日)|i = fL11fL1lJ[011tile 只inglc chan川 Iくonclo

1nodcl. 

(ii) Classi[y Lhc statcs with thc S8.lYIC scLs o[ conscrvcd quanLiLics CN ト l

Thc sLaLcs with thc S8.111C scts o[ conscrvcd quanLitics CN-t 1 ぐれn b(' classif1cd in ord(']" (,0 

pc1'[ol1n Lhc block-diagonaliァ~aLion. Thc si只c o[ block-IIcunilLonian is 巳iVC Jl by thc llllln])('l・

o[ difIercnt scts (1', k) all10ng thc SalllC C N -¥ 1 statcs 

(iii) Calculat.c 111 aL以

Thc lnaLrix clCll1CnLs o[ Lhc block-HalllilLonian arc calculatcd hy using Lhれ ltlaLrix c!c;lllcnL 

(CN (l) 〆 1 .f~lIC八r;r-)N as 
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whcrc ・， (k' ， k;l) is defincd 8.'3 

s(k' ,k;l) = (-1)川 II(OI( J\~'川 (2.45) 

and 77.k is Lhc n1l1nbcr of crcation opcrators included in Lhc opc1'aLion h: and 77.k' > nk is 

a.SSUlllCd. s ( 人;'， k; l) can bc dCtCl山ncd 110 1, conccrni月 Lhc i LcraLi vc calcul aLion 

(iv) Block-diagonalizatioll 

Thc block-diagona1ization givcs us Lbc cigcnstatcs and cl1crgics [01' /1 N+l as [ollows: 

I CN+ 1 ; 円)N+ l = 乞 UC:N1 l (何 7' ， k)ICN t 1; 1', /';)H , 
(1' ,k) 

/!)N+l(CN+ 1 ; α) , 

(2.46) 

(2.47) 

whcrc UωI 1 (ぺ 71 人;) is an orthogonal JllaLrix 

(v) cl�'uncaLc high cncrgy sし叫cs
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Wc Lruncatc thc high cncl'gy sLat.C8 in orclcr !,() k川) t.bc nUl111)('l' of s t. n t.円 1('88 t.ban t.hc (・ 11t.ｭ

off nUlllbcr NC¥lt which d('pcncls on thc st.Ol'agc of ぐ0111puLcl' in L}lC' act.ual calculat.ion. All 

dcgcncracics ancl c1osc-scL SL8.LCS within thc CllCr巳y-spacing f"'J ().O! 8h01.l1d bc lc ft. , bCC (1，U只C

Lbcsc st.atcs scnsi Li vcly affcct Lhc CigcllsLaL('s Lo bc obtaillcJ in Lhc llcxt i Lcratiol1. Thc 

Cl広cnvalucs in t.hc high cllcrgy rcgion arc 1l0L rcliablc 0α'allsc t.hο11ighれ1・ cxciL('cl st.aLcs 

i11 Lhc lasL i tcration havc bCCl1 Lrunca.!.ccl 、 whilc !.hosc in t.h(' low cncrgy rcgion at・(' not. 

r('liaolc hCCaU8C t.hc pcrしurbaLion of COl1ducLion clcct.rol1S wit.h low('r ('ncrgy 118S not. bccn 

includcd yct. Largcr Lhc N仁\1 1 ， wC Lakc , bcLLcr thc accllracy fo1' t.hc ci広cn叫at. cs il1 t.hc wiclc 

cncl 巳y rcgion at. cach NRG intcracLion wc ool.ain 

(vi) CalculaLc Lhc lllaL以 clCIllC山 of I~ ， 1 ,1 

Thc lllaし1口ix clclncI 

i山11 thc diagona!ization proccdurc (iv) as 

(CN+1 (l); αl .f~+lバCN+ 1 ;ß)N+l
三二 UCN11 (l)( α; 1,1, k') UCN 11 (゚; T , k) (--1 t k-' , I s(k , k'; 1)仏 (2.48) 

(山) Calculatc 3.n cxpcctation valuc of localizcd qua山t.y

H wc can calculaLc an CxpccU1,Lion v九lu(' of t. hοlocalizcd qllanL j(,ics , ^1o , which con日目 L of 

t,hc 10calizcd opcratol只 such ruぢ fOf ， localizcd ilnpuri!.y and so on , wοC凡n a180 obL (1,ln t.hcsc 

quanti Lics i tcraLi vcly; 

(CN+ 1 ; α| 八グüICN+l; グ)N+l

乞 UCN -l 1 (0' ; γ/ ? 人:/) {/CN l l (Pi 71l;)(CC)i7flMolcc)i7)N61k(249) 
(7" ， k') ， (7山)

Now , wc can pcrfonn もhc proccdlll'cs (i) (vii) itcrativcly as 1nuch as wc nccd 八 sc (， of 

conscrvcd qua山Lics C N , 1118,trix clCIYlCnts [01 川瓜f and 八ん 1 や門i巴伊gClαi川a川Lcs 0ぱf Jf九o ， opcα1'8.山Lい10日

パ ;?k)a凶 Lhc ta油blc .$州(人:ゾf7 ん; /.り) dcpc凶 on Lhc !仰c of n∞dcl. Pl 日cLical日1y仏，t.l品，hc刊c procc山rcωs (れiv)
al吋(トV1刈fぺiけ) rcqui日rc lnosL of CPU t. i白lllC

bοの]日1C日tcd cITcctivcly by thc vccLori冗C仁:1 cOlnpu LaLion 

2.2.3 Analysis of the fixed point 

八代ordi昭t.o t.hc discussions in t.hc 1(1;;;1. sccLio凡 Lhc cigc川ccLors 1 1ジN) of Lhc Ilalllilt.olli8.1l 

11 N in thc low cllcrgy rcgioll incrcascs Lhcir rcs01 uLion in cllcrgy spacc as Lhc i LcraLion 
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procccds. Nalncly, 

)iIn (O'N 11 J N I fJN) で (川 .1 in1 f!NI/f) 
l V ー→ 00 IV 、

(2.50) 

whcrc 1 州) is consLrucLcd by Lhc lincar cωoω)丸l日川I

Cαl問巳y， a川and I(け}'*沙づ) d仇ωlC J引l川c;s thc 汚 Lれ川川tcs只 れ t LhC' f1 xC'代吋cl pOl1川1吋t. VVC' cal1 f�nd (hc ο ff州， ) \中 IIalll i 1 ton i;111 

and Lbc cITcct.ivc basis of Lhc sLaLcs at. t.hc f�xcd poi n(. 、只o a.s Lo sれし is fy Lhc rclation 

中山IHふ I ß;rr) = (川 )iln 11 N 1ft) 
I V • 00 

(2.51) 

lL 1S 11101'C app1'opl'iatc Lo usc t.bc cITccLivc llalnilLon1an and iLs COlTcspondiJ1g h九弓 I S 111 

ol'dcr Lo dcsc1'ibc t.hc low cncrgy physics , sincc thc shrinkagc of SOll1C' dc広 1' C'cs O[ fJ れCdO Jll

01' thc rccovcry of sOlnc sylnlllct1'ics llw,kcs t.hc c[fccLivC' IIalll i 1 Loni鴈n si lllplcr 

Wc can cxprcss thc lnat1'ix clcll1cnt.s of t.hc Ilaalﾌltonian bcLwccn thc ori巳inal b8SCS 

around t.hc fixcd poinL as 

(αNI 1I N I (JN) = ( O'~rrIJfN ， e rrl (J;fr) ， (2.52) 

whcrc Lhc c百cc t. ive lIarniltonian /{ N 川 con t. ains two pa r t.s , 

/j N ,cff = H;仔 十 HN， ir叫 (2.53) 

whcrc thc inclcvanL part H N.irrれ I vanishcs 8S JV approachcs Lhc f�C'd poinL. Thc irrclcvanL 

par(. dcscribcs Lhc thcnnal propc1'Lics around t.hc fixcd point 

Ilcl'c wc discuss thc f10w d僘graul of t.hc low-lying cxcit.at.ion cncrgy and thc f�cd poinL 

by using thc single channcl 1くondo JYlOdcl as an cxamplC'. Thc s in日lc channcl 1くondo JllocJcl 

lllodified fo1' NRG calculation is givcn by 

| • ,1 N-I I 

HN = 八(N - l) / 2 I L 2二八一行 /2 (仏ん十 1 ，けー ん 1 ，(1ん) I- .} 乞ル♂山んσ 斗 (2.51) 

whc1'c J is rclaLcd t.o thc origin叫 cxcha時c coupli昭 .J as J -2J /1)(1 - 1 八 一 1) 

Thc flow d iagrmn of Lhc cxci tation cncrgy [01'八 二 2 . 0 and J ニ O.J is shown in Fiι2.3 

Duc Lo Lhc cvcn-odd altc1'nation wc draw thc flow lincs [or cvcn (いsolid 11川I日1刈 れan町nd odd ] 

(永dわo Ltcd hnc吋7オ) i t.cαr 8.札山tions ， rcspc河(仁Cω:う:

quanLitic ‘S令只， i .C. , Lhc total nUlnbcr of clcct.1'ons ω う thc JnaglliLudc and Lhc z-cOlnponcnL of 

(.oLal spin 月 ancl ,S"'z 8S shown in Tablc. 2.1. Thc toLal 1l11mbc:r is H1れ凡surcd frolT1 LhC' 

日 111巾cr of clcct.rolls aL ha][ fì l1 i叩 Thc rxci t.日 Li on C' l1 C J 日 i cs j n Lhρ SJY lél.l] JV (8 rv 22) rcgioll 

call bc C'xplaincd by t.lw pcrLurbaLion t.hC'ory wiLh rrspccL t.o .J 、(1，弓 「れr {1S t.hc {~xchan日c:

coupling is wcak 八fLc 1' N ニ IH] L11c lrvcl SChClllC o[ Lhc cxci t.aLion cllcrgics ch a ngcs ‘ a ud 
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Figurc 2.3: The flow diagraln of thc cxcitation enc1'gy [01' ^ = 2.0 and J ニ 0. 1.

Q S Enc1'gy (N:cvcn Q S Enc1'gy (N :odd) 

。 。 。 。 。

士 1 0.6555 土 1 。 。

。 。 1.311 。 1.297 

。 1 1.311 。 1.297 

士2 。 1.311 土 1 。 1.297 

土 1 1.967 土 1 1.297 

士 1 1.976 士2 1.297 

TablC' 2.1 Low-1ying cxcit.cd s Laしcs nca1' Lhc ﾍlxcd poinL o[ s i l1日1c chan ncl 1くondo 11lOdcl 

(2.5/1). Each st.;:�s arc spccif�cl by Lhc LoL;_� ])Ulllbc1' o[ clccLl'ons Q ) しhc (.0 (,8.] spin .s' wit.h 

(σ2 .'-，' -1-1り)-[old dcgc伊Cαnc凶Cαω1Cωs. Encα1 巳伊1CS (l川rc g引1V刊附CαI口1 bコ巧Y t山hc rcs印ul t. a川し jV ニ 78 [01' cvcn i比tcωtcrααJ九汀rは' é)，ω山Liωon

and N 二 79 [01' odd oncs. 
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X 

Figul'e 2.4: Schclnat.ic picturc of Kondo singlcL gl'ound statc. 

thcn it approachcs fixcd onc aftcr N 70 iLcrabons. 1n othcr words , thc cigcnvcct.ors 

arc approaching thosc of thc fixcd point. Thc wavc funct.ion o[ thc 巳round st.aLc at t.hc 

f�cd point rcprcsents thc so-callcd 1くondo cloud 8.'3 SChClna t. ically 月hown in Fig.2.4. Thc 

llllpurit.y spin fonns singlet with Lhc conduction C]cct.l'OnS and it.s spaLial cxt.cnL is o[ Lhc 

orcJcr of ~ = 附/T1く ， WhCl'C lJF and '/ìく arc Lhc vclociLy 8.L FCl� 11 1 lcvcl and t,hc billding 

cn円gy of singlct fo 1'1na t. ion , rcspcct.ivcly 

Sincc thc sLatcs o[ conduction clcctrons insidc ~ al'C uscd t.o qucnch Lhc lmpurit.y spin 

and Lhosc ouLside ~ contributc to もhc low-cncrgy cxciLaLion , wc can l' cpro仁lucc Lhc lcvcl 

SChCl1lC of Lhc cxciLaLion cncrgics at thc fixcd point. by Lhc [ollowing cITccLivc IIalllilLollian , 

HJTJl)/2[25r叩 (2.55) 

whcrc t.hc c庁cctive cxchangc coupling at t.hc fixcd poinL Ji' =- ∞ ， so LhaL Lhc cfTccLivc 
IIalllil しonian l'cduccs Lo that of thc nOll- in LcracLin巳 SYSLCll1 ， i.c. , 
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(2.56) 

II( ,]'c LllC cfTcct.ivc ba.sis of s t. a t. cs ， に ;(7 ' c!cscri bcs Lhc qUéì.s i-1川 Liclc st.at.cs rat.hcr t.llan t.hc 
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original b8.sis o[ sLaLcs. Thus , wc can cliagonaliz(' I.h(' II日llliltonian (2..lG) ('X8,cL]y 鴈.S 

N/2 

L乞 111 (glag;σI hLhia) (N : CVCll) , 
(2. ,S7) れ汀 (N 1)/2 

字削jg04Z71;(ル (N : odcl) 

1fcrc gJa is tbc c1'cat.ion opC1"at.o1" [01" Lhr. quc�.c;i-pa1't.iclcs wit.h t hc i-Lh posit.ivc cllcrgy 7h 01 
7'; é1,ncl t.hc spinσThc holc stat.cs c1'caLcd by thc opcrat.or h;a -.rJiσhéìS t.hc Sé1,lll(' CIWl 巳y

val ucs bccausc of t.hc parLiclc-ho1c syl111ncLry. Thc acLua1 vれ1ucs o[ cncrgy dcp('nd on 八

Fo1' ^ -2, for cxmnp1c , thcy can bc obt.aincd nUlllcrically a.s 

η1 = 0.6555 , 172 二 1. 976 ，・ 1m = Az - 17

ηj 二 0 ， 11~ = 1. 297, 17; 二 2827? 174 二 八.; 1/2 

(2.58) 

(2.59) 

a吋 thc 凶aLion bctwccn {ル} a.nd {qiσ ， hia } is givcn by 

N/2 N/2 

fん で 2 - (N -- l )/11 玄 01(qtσ 斗 h1o)， ル = 2 .1(N-l)/11 L γi. (.r;ia -hJa) , 
1
 

• • (2.GO) 

(2.61) 

(2.62) 

(\'1 二 0 . 588 ， 0'2 = 0.629 , 

γ1 = 0.386 ， γ2 二 1. 243 ，

?α~ 二 (yA (7 1)/2 0' = 0.4307 , 

7γi - γ^ 1(i-l )/2 γ = OA307 

[01' cvcn N. Thcn ぅ wc can rcproducc Lhc cnc1'gy 1cvcl schcrnc aL t, hc fixcd point. hy lnca.ns 

o[ Lhc Jllult.iplc sing1e-pm'Liclc cxcit.aLions o� qua.sipmticlc as shown in 'Ta.blc. 2.2. Wc 

can 801so cxp1'css thc c百ccLive HmnilLonian around Lhc f�cd poinL in Lcrms o[ Lhc 1c九di 口氏

irrelcvant. opcr 8o Lo1's , which 80rc proport.ionaJ Lo A-- (N- l) , as 

/刀f一 AげA(N- l)山(仰併山川…Nル山川川一斗叶州1り州)ν/2 [入 午pv(υ川fバ山:

whcrc 入 れれ川，nd 1η7 c80n bコ c dcLcαr口'11口111口山i日ncd bコY fìtし，ゐti 1口1巳 t.心o Lhc nunlcri比C∞a1 rcsultし，s [0 1'司 tb悶(η; [cw 10w-lying 

Cl月cnva1ucs of f-{ N. Actually, a.s t.hc rcsult. o� Lhc c8olcu1aLion [01' ^ -2, J 0.048 aL N -= 

132, wcωlobLain 入 = -7.015 x 10 < 11 X 2G(j /2 J2n lγ1 and 17 -J.3.850 x 10 -1 X 2GG /2 J2イ

and iL is Lurncd ouL t l川 Lhc ratio 77/入 is il1dcpcndcnt o[ .J buL dcpcnds on A and it Lakcs 

thc valuc -3.7/19 [01' A = 2. This facL 1・cflccLs t.haL Lhcrc is Lhc only onc charactcrisLic 
cncrgy 汚ca1e '11<. 

1'hc susccptibili t.y 入 i 1ll p ancl t.hc spC'cif� hc九 L (.fi1llp fo1' t.hc il11purit.y spin arc obL8inC'd 

hy Lhc f�sL orclcl' pC l' Lu l'bat,ioll wiLh rcspccL Lo Lhc inclcv8..nL Il an lÎ l し0111an (2.63) 鴈S 

日 111113 =-fhfu fi-1立~~)
')ln2" \ ~ 1n2 入 j (2.64) 
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一一ー 一一一一一一

10) G 。 。 |σ。) o 。

<7 rσ10) ， 17,LIO) 土 l ル()lao) 士 l o o 
(gﾎ1hL -gL 17,l1)IO)/ V2 。 () 2711 <7raQOan 1σ。) 。

q r 111,! 1 1 0) , 9 r L 11, ! 1 1 0) , 。 2711 17， 1 σ リOaoσ。 o 
<7 ;1 gLIO) ,17,l117,L IO) 士2 o 2ηl (.q ﾎ 11 J) -g L 1•)) /-/2, 土 1 o 
qhdillじ |())?91σ 17， 1 1ht1 10) 土 1 3171 g111 •), gLI J) , h1 11•) , 土]

<7t 10) , h~a 10) 士 1 772 qlwqjdo|σ0) ，ん，Lq(川σ0) 土2

τ'ablc 2.2: Thc cxcitabons o[ Lhc IIlUltiplc singlc-pa1't.iclc cxcitat.ions of quasiparLiclc co1'ｭ

rcspollcling Lo thc cncrgy SChCll1C aL Lhc fixcd poinL 

Cimn = -~π22T2ryγ mD 二 一 一~ k~l'~ '~ Iλ 
ド 3 リ 1n2 (2.65) 

Thus , thc Wilson ratio can bc obtaincd 3.S 

l? ==主主imp _ 3.Q2 / J，~ 1 仁 0"'3/吋 η \ 3 Q 2 ，店1 ~qP1i af、
- Cimp 二 可刊 - 1n'2'~ ) =同 x 1.002 ~可 (2 , 66) 

which Lu1'ns ouL to bc twicc Lhc valuc o[ non-inLc1'acting sys しCln bccausc o[ Lhc conL1'ibuLion 

froln もhe intcraction bctwccn Lhc qU 3.sÍpa1' ticlcs , sccond tCl'lY1 in (2.63) 



Chapter 3 

T-wo-Channel Kondo Model as a 

Fixed Point of Local 

Electron-Phonon Coupling System 

1n Lhis chaptcr , wc proposc Lhc 1nodcl dcscl'ibing thc 10w tClnpcl'aLul'c physics in a S Ll・ongly

corrcl餃Lcd 10ca1 clcct.ron-phonon sysLcln such as /115 cOl11pouncls. Appl yin巴 thc fOl'lIlalisll1 

o[ V1ad疵 and Zawadowski Lo t.hc ulOdcl of an EinsLcin oscillat.ol' inLcracLing with clcct.l'on 

g~ì.c;， wc show t.haL Lhc SYSLClll is rcduccd Lo t.hc two-channcl Koudo lllOdcl undcr ccrLain 

condiLion. Thc crossovcr LcmpcraLurc 7;く a川nc吋dハt.hc rcnor口'lnalizccl p凶〉汁honon frcqucαncy ム:r a川1'c
C似xp仰)丸rcs部悶S印cd 山 t.cαn日l11S

れ川I吋 Lhc C'什巾1ccLro川コbon∞on c∞oα)汎1叩li叫 g/ 'υj人， J) hci刊)Cl山i日!暗 h川刈a川Lリlf しhc hanclwidt.h of condt川10n ゎ~ I cc­

(.1'ons. Thc a1101na10us bchaviors 8.ssociatcd wit.h Lhis l'cnol'l llaliァ;ation can bc lllcasu1'ablc 

if thc condi ti011 7� >ムT. is fu1日 llcd

3.1 IntroductioIl to A15 Compou]l1ds 

PundmnenLa1 propcrtics of thc sLl'ongly coup1cd 10ca1 clcctron-phonon systcrn , A15 , is 

11山 oduccd in Lbis scction. Thc ̂  1.5 cl'ysLal struct.urc (cubic spacc 巳1'0叩 P I凶n) 八九 13

C01叩ound is shown in Fig.3.1. ^ is a trallsi tiOll 111ct.a1 (V , Nb cωiしJC . ) 01日1 Lhc cubc [日ccs

fon日山11山山i口]口1明広 Lhrcc ort山110巴ona1 lincar cha引山口山1l1 sa川nc吋d 13 i民S a n01日1- L引しいranS l汚幻叫5九iLiol1 口山)cL凶ωa叫lリ1 ( 円仙1 ， 。ぞ~ ， 8n , c し c.) 
川， t.hc bcc S1 Lcs 

Thcsc COlllpOll nds 円ho\1o/ (1.110111 日。10 \l s ly s Lroll日 t C111 j) r l'a t. ll ]，(、 d C'pcnclrl1仁C of ('1<::cLronic 

pl 叩cr('ics sllch �1S Lhc 1くO lT l同a consL餃nL 1/,I 'J'I ' (J /,/ \ bcill 巳 Lhc 10]]巳 iLud i1叫 llU c] C (.'l.l

20 
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f 
A 
e: B 

Figure 3.1: A15 cl'ysLal SL1'llCLurc of A.'3B cOlnpound 

rclaxaLion l'atc) [32] , thc 1rW巳ncLic susccpLibility X[33 ], and so 0叫22 ， 23]. Jn pal' ticular , 

Lhc susccptibi1it.y shown in Fig.3.2 show thc logaritlunic incrc8sc a;ぢ Lhc LClllpcraLurc dc-

crc8Scs 

St.udics of Lhc spccific hcat indicat.c that. Lhc dcnsiLy of sLaLcs aL Lhc Fcnni lcvclρト、

is largc ,' c.g. in V.3Si , Lhc cocfficicnL of t.hc lincar Lcnn in Lhc spccific hcaL ， γ A.J 52.8 
1n.1 /1no1. 1く 2[34]

Thcsc anOlnalics can bc cxp1aincd by 8SSUlrling 8,n cxisLcncc of cxt.rclncly shal'p pcak 

in t.hc dcnsit.y of staLcs , of a11 ol'dcr of 10 A.J 102K, around thc PCl1nﾌ 1cvcl. Such a sharp 

pcalく should arisc Lhrough thc lIlany-body cIIccL bccausc Lhc posi t.i011 of Lhc pcalく a l ways

sLays 1'ight. aL Lhc Fcnni 1cvcl indcpcndcntly of cithcr cOll1poncnLs o[ cOlnpounds or dcgrccs 

of stoicl�lnetry[23] 

Thc indicaLion of st.l'ong c1cct.rol1-phonon coupling 01' lal'gc anhanlloniciLy o[ ionic 

O只cillaL i ons is cxhibi t.cd , for cxmnpl仁\ 1 8.S CX t 1'C III cly 1 at 巳(' Dcbyc-Wallc1' f(l,cLo 1' aL 7.C1'O LCJllｭ

j 対raLurc liln汀m山nit比川1.川， [3お判5司] and a ∞ 日山山)é1，叫山10仇∞u凶l

pcα1'aしu山1'c久， whcα1'C t.hc 1ncan frcc pコaLh of cOllducLion clccLron is COl npal()九lblc to Lh叩cづ~ laLL心しLicc]

C∞0 1 川a1 叫23司]. Jn Lhc clast.ic consta 川 ( 仁11 -('1'2)/2 of V ぷ í, sofLcnin 巳 lS SCCα11 W l比Lh dcc1'c ルé1S1ぢ勺i口11氾巴
Lω凶川Cα山l日叩l

Lhc lnarLcα日孔1エ‘吋i比c t1'ansi tion Lo Lct川， 1心1口悶a巳伊gOlαna1 s叶t， lぺ川1引1削'礼川川u山i日1'C (scc Fig.3.4) occu1's at vCl'y low Lcmpcrｭ

川L川~ C/ ~ II A.J 2] K in V1Si). FurLhc l"lllOrC , t. hや~ 1aL し iぐc displ 日ωlllC1ltS �1.c;sociaLcd wi Lh Lhis 
Ll 日nsiLio11 a1'c quit.c sln8.11 , lcss t.han 0.0] ^ 
Thc Supcl'conductin日 t， ransitiol1 OCClll'S bclow 'r ~ lI' C.g. '/> A.J 17 K 1n V.1Si. '/ ~ o[ 

ì\ b:\Gο 、 231くう had bccn tbc highcst. l"('corcl-ho1dcr bcfol'c t.hc 11i日11-7 ~. cu praL内 wcrc discovー
やl'cd. 1n addiLion Lo high r/ ~. ， Lhcsc COlllpounds 11 日vc cxLl'aordill�1rily high cri Licα1 ln 8,gncLic 
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χ = A + B In [1 /(C+ η] 

A = 851 
B = 94.3 

C = 25.2 
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Figurc 3.4: The 1na山nsitic Lransition frolIl (a) cゆic Lo (b) LcLragonal sLn川U1

日cld lfr2. Tbc anisotropic pairing is strongly indicatcd by thc f8ct thaL thc tClnpcraLurc 

dcpcndcncc of thc nuclcar rclaxation raLc '1', and Lhc spccinc hca も ()C) 尽引叩ubtracLin氏 Lh恥1背c, 

ph凶1旧ol1on cωOωI山 ibコu山Liわon叱1 ) 1山n t.hc 尽引刊u叩I

As f，おor thcsc ano1nalics) Andcl・son and Yu prop08cd a nlOdcl in which a singlc aLOIIl on 

I.hc chain intcracL8 sLrongly wiLh a fcn日1111

h8.1 日l川I日)01日山l口i比c poLωCl日川1吋ti山81 wcll dcfoαr口î川I日]只 III川1叶Lω'心o a doα11山blcユ wc仁οd州!下4引、4引l日1 c1uc Lo tυ山， J品hc 只引叩l日1m口IC仁~ I汀('門、可n川1廿Lly la川l.r‘又巳c clcα( 、'(.r刀O印11-

phonon couphn巳 ) sincc Lhc rC8 Lori11広 [orcc [or Lhc ionic displacclllcnL is wcalくcllcd bccaus 

o[ Lhc scrccning o[ ionic poLcnLial by Lhc c1cct.ron c1oucls. rJ 、hC I1 ， it. W<ì只 aLLcmpUて1 LhaL 

t.hc anomalics lllay bc atLribuLcd Lo t.hc coupling of clccLrons wiLb Lhc doub1y dcgrncrat. 

stab1c posibons of ion. 

M atsuura and Miyalくc poinLcd out. thaL siInilar an01na1i cs 九rc cxhibiLcd il1 "hcavy 

[cl111ions)) whcrc t.hc conduction clcct.rons and 九n array of 10(' (1.]i ァ;cd spi n8 form 日 cohcr­

cnt qua.siparticlc band with cxLrclYlCly narrow bandwidLh bclow !.hc cohcrcnt tC11lj)craLurc 

7'0) and Lhcy dis_cusscd t.hat Lhc parallc]jSll1 bcLwccn Lhc "hcavy fcnn i011S)) and Lhc 八 15

C0 1叩ounds is qui tc wcll[24]. They a1so discusscd LhaL in 0凶-;r Ll川 such sysLcln i8 rcno1'ｭ

ma1izcd into the Kondo 1nodc1 as in hcavy fcnnions) wc havc t.o kcep Lhc clccLron-ion 

co叩ling co川a.ining at lcasL quadraLic Lcnn wiLh rC'spcct. 1,0 Lhc i011 d叩lacclllCI11.[ 23 ， 24] 

Thi8 is occau尽c �t. is sl1ch a. l.('lTn t.hat. givc只t.h(' hopping h C' !.wゃれ 11 t, hc (,W() s !. (ì,blc j)o8it.ioIlS 

111 1.118 douol('-wcll concsponcJ in巳 Lo Lh(、 只 pin - flip 汚ca t.t.rring iJI t.hc I(olldo pl・ob1 ゃl1l which 

'8 incli8p (, llsao1c Lo obt.ain 1.1)(' 1 く ollclo SC<.11 in巳

Thc qucsLioll addrcsscd in chis chapLcr ﾎs whcLhcr chc dc.fonnaLion o.f Lhc ionic poLcnLial 
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Lo Lhc cloublc-wcll is occuncd by t,hc 1くolldo 町、ali口氏、 1 11 (TC (lS(、 of t.hc clcc(.rol1-phonoll 

couplin店、 wit.houL 8Ss1llning t.hc cxis t. C l1ぐC o[ dOllbl('-W(、 11 bllt. 011 Lhや ll lO dcl o[ an Eil1st.('ill 

oscillato1" inLcracLing wit.h ('lccLron g(l.'). 八日 a 1"('slIl t.、 i t. i只只ho\Vn t.]l�1t. t. h(、 TIalllil t.onian

would bc al ways 1'cnonllaliヌcd int.o thc fOl� of 1くondo moclcl if t. hc 氏、aling s (,<, p W<'1"C no(. 

inLcnupLcd by t.hc rcnorm ali冗cd lcvcl s pliL 1， in巳 o[ 10n osci l1川 1 01問、ムフ、 whicb plays れ1"01('

of an cxt.crnal PScudo-lna巳l1cLic f�ld acLing on (.h(' pscudo-spin 

3.2 Model Hamilto11ia11 

3.2.1 Local phonon II10del 

Wc considc1' an Einstcin oscillaLor inLcrac Lin日 wiLh couducLioll clcc (,rons. This simulaLcs 

an opLical phonon in A15 cOlnpounds whc1'c t.hc LransiLion HlcLal 10ns 111騁inLain allllosL Lhc 

aLomic naLu1'c. 1n such a siLuaLion , an clccLrost.atic rcs t.o l' in巳 forcc tcnds 1,0 bc scrccncd 

hy 1,hc cloud o[ clcc1,1'o11s. This incrcascs t.hc anhal1nonici t.y of ionic oscillations and can 

1118.kc thc adialコa 1， i c potcntial fo1' ion displaccl1lCnt bc cvcn doublc-wcll likc i[ thc clcctronｭ

phonon couplin巳 is sufficicnLly s 1， 1・on g. 1n orclcr to vcriか such a sccnario , wc sLarL wiLh a 
IIatnil 1,onian givcl1 as follows 

H ニ J!el+ Hph -1-Hcp , 

liel = 乞と叫σαkσ
k ，σ 

H凶 = fl (山 D ，
Hcp 二 五 f 仁川J U-:-Q5) cxp[?:(k' - J:: ) 叫ん?

wν hc1'c ι a 吋 bυ↑ de臼叩n削1

(3.1 ) 

(3.2) 

(3.3) 

(3.11 ) 

V や代cLo1'喝 lん~ and Lhc 只pll1 σ and [or もth児cE引Jns叫t氾Cα11日1 phonon wi比Lh th(れ; cnc1 巳y D, rc~汽ì pccLivc lオly ごk 

l S只 Lhc kinctic cncrgy lnc8.surcd [ro111 t.hc FCUJli lcvcl 

Thc c]cc山tユrost a.t乱山t.i民c pot.化i芯C山aι] (.υ) in (ρ3 .1Jめ) 1山S 8SS汚SSl叩SUl山1n凶1

l店只 cxpコcc Lcd Lo bc vcry s叶hortιL of thc ordcαl' of atし， 01I山i日lC 1 九dius a:ぢ 1 Il日1 C 1日1tioncd abコovc:

v(i:;' -Qi) ~ -g叶r-Qi ), (3.5) 

\vhcn、 Q is t.hc displ駘cClucnL o[ Lllc ion <11011 巳 z-axis ancl .r; i月九 cOllpling CO llsLéìnL 、 which

lS pOSl Li vc and O[ t.hc ordcr of a bれJl cl¥Vid Lh hccausc i Ls origi 11 is t.hc COUlOJllb aLLractioll 
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bcLwccn clc、cLrons and 

Hcp = -g 乞乞州市(k~ -kz )Q]ηLルσ (.3.6) 

3.2.2 Sﾏlnplification of the l11.odel 

八s it. wil1 bc shown bclow , thc int.c;ract.ion bcLwccn i011ic vibr<t(,ions <tlld ('lcc、 tron只I1ca1' (, hc 

FCDni lcvcl incrC鴈SCS logari Ll uni児cal日ly 8S c1i 1川I日川l日川inatin巳 hiほ巴hト-('川""ncαl 巳y proccss只C 只 Na1川I日1('什ペ、イ十1 ，)仏V

clcctし， 1' 01日1汚 in t.hc viciniLy of t.hc Fcrn山l口i lcvr什、，1 i 汚 仁口1'1日lci8]; so Lha t. Lhc; pO]éれ1.1日]

clオlccL 1'ol日1S ， wl�h is cxp1'csscd in t.Cl'lns of di1'cct.iona1 dcprnclcncc of Lhc wavc vcct.or k ncm 

Lhc FCl111i lcvcl, p1ays a crucial ro1c 

Thcrcforc , wc firsL inLroducc t.h(' sphc1'ical wavc 1' cprcscnt川iO I1 fo1' thc c1'r 8,(, ion opcrél (,or 

of conductio11 clcct1'ons as follows 

α;lmσ = (イ (3.7) 

whc1'c )~.m is tbc sphcrical hannonics and l? dcnoLcs (, hc radius of thc 汚YS (， Cll l. With th 

usc of 8. 1i 凹a.rizcd di8pCl'sion for conduction clcctrons，ふ rv /，;，、(/.日 一 人 ; ,.' ) /11 /, , k F h恥hri川?什叩i日I昭 Lhc

F民FC1αl 山 wavcαn1.川1U山1刀1山c1' and 771, thc 11188S of conducLion clccLron , fI什 巳ivcn by (3.2) i 日 rcducccl
L。

fJc1 二 ρ日!l 山;川い (~.8) 

whcre thc bandwidth J) of conducLion clccL1'ons is givCI1 8S 

'J = 笠E-
7 n.π 

(3 , 9) 

Scc∞on吋dl砂y， wc l11akくc a 8 1口n叩1i泊白 ca川山t10∞11 of t.hc p凶〉汁honol1 p川川a凱rL IIp凶〉汁山h ， (伶3.3め). T、
hc di吟S印p凶〉刈laccnlc日

Q and 1 Ls cal10ni比ca叫1 11101nCn しu山1111 F 8.l'C rcpコ1'C 汚問cnLcd 1n Lcnns o[ Lhc phol1on opcraLors , {J • 
and b, a.s follows: 
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(3.10) 

(3.11) 

whcl'c q 三 ゾ 1/2 八 [0.， J¥1 bcin日 thc ll18.ss of t.l H、 iO I1. Si11(:(' L]日 low-cl1 c1'gy phonon staLC's <1.1'(' 
llllporLant・， wc rcsLricL thc l Ii lh crL 叶)，1，(，(' of thc phOnOJl in s11ch 鴈. way t. h 九し only Lh C'汚 Lat('s
wi Lh 17 ご (bt {J) 了 o 01' 1 arc incl吋cd in t, bc 
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Thcn、仏 (3.10) ， and P , (3.11) , arc l'Cpl 問、nLcd in t.h is l'CS t. ric (,cc! II il bcrt. Sj川、c as 

Q -= q乞 bj17;JJ71F 1 ω2 q2 2二日 ( 2(\'11' -T;レ )hll ， , (:3.12) , 
l
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whcrc T
1 

(i = コ';， 7J , z) is t.hc i-th COJll ponc川 o[ Lhc Pauli opcraLo l' , aJ口lcl bぱ; iおs t.hc p苅問只cu川吋仁c1 o­
f(允h川cα叩~ l川I口rm山nIO

只叶叩jJ J川!η1 con、TCS斗ponding Lo thc pコhonon dc 巳rc仁、C 汚 of frc、CdOll1 I日l 

ILi汚 noLcd U川 (ω) 2 ヂ (Q2) and (1 )) 2 ヂ ( [J 2 )汚incc (Q2) and (fJ2) inchル virt.u a.l 

2-phonon proccss. lndccd , 1.hc lnaLrix clcJl1cnt.s o[ (22 arc 日ivcn a.S [ollows 
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(3.14) 

(3.15) 

(3.16) 

whcrc I バ) dcnotcs thc 7印h0110n sLatc. Thcsc lnatrix C1ClnC川s arc cqui valc川 Lo Lhc 
cxp仰r司-cωSS l幻ion (3.12). Onc can show tl山J品haL Lhc sa叩a剖l日nc a剖rg♂引1リl日I汀I

For 、 Lhc latcαr 司 discussion‘S雪 ， it is 1n01・c cOllvcnicnt Lo inLroducc Lhc alLcrnat.ivc b8Sis [Ol 

t.hc reprcscntaLion of phonon staLcs a.s follows: 

b! =訓 - h!) , � = 古いt) (3.17) 

T'hcn Lhc non-vanishing 1nat.rix clc1ncnts o[ Q arc givCll as 

(• IQI •) = - q, (• IQI •) = + q, (3.18) 

whcrc I 1) dcnoLcs 山 sLaLc hi I vac) , I vac) bci昭山 va山111l 山Lc ， allcl so 011 
1n Lhis 

Q= -q乞見合bβ 1
αβ 

h よを払b川句
】γ 作β

Q2 ニ r/ 乞 ó:'t (2Ônß -1 T~:β )bβ7 (.3.19) 
αβ 

fJ2 = 宇佐 b~ (26nβ| カ)óβ ?
ﾁ'f nβ 

(.3.20) 

日 nd Ilpb , (3.3) , can bc writ.Lcl1 in 1.h(' l'cst.l'ict.('d Ililbcrt. spacc 8S 
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(3.21) 
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Thi 1'clly, wc s Ìln Jコ lify thc clcc t.ro川コhonon inLcrac t, ion !1('p. (;3. l). 8i町c t.l叩 CXI川1cnt of 

rxp[i( 人:f - k ) 司 in (3.4) is of t.hc ol'd 仁Cα‘叱r o[ 1，ト川、 1 ，卜.' (2 r-v 人んhん. 1冶ヤW川l卜ド川川.'バ吋、イ吋(/r-v(い?円lI /川/八'\1η)1/ハ1 << J上、 wc cぱXIい)川川a川川1.1l cl I.h(' (、

C似閃X刈ponc1

wc obコ Lair口寸11 

/{凡fιηp♂= 一 Y2ε=2乞二 乞 ηレレJ'k'σa 1 '2乞: im4《公!hbνい正ρ〆川JJ~凡J4Lγ;ふ川βポ川hβ川i十- 竹り川13;い，パJ)川1
kk'σr作γβL i J 

日r =-j(に ー がz)2khht()7 日 一叫 一川F<7，
1公， 二 1 -(ι -ι)2 k~ {j2 

(;3.22) 

(3.23) 

(3.24) 

IL is noLcd Lhat Lhc inLcracLion V{fパ (3.23) ， ariscs f1'01n Q2-t.cnn and 巳 ivcs Lhc pscudo叩ln

日 Ip scaもt.cring w hich is t.hc hcarL o[ 1,hc 1くondo c江cc t.[6]

1n ordcr t.o trcaL thc problc1I1 in Lhη sphcrical rcprcscntaLion , wc inLroducc t.hc int.c1'ｭ
acLion lnatriccs VlI' dcfincd by 

l公， = 4π 乞 7;lf -lh(ん) )~:O (k') \I~;， (3.25) 

IL is notcd tbat. t.hc phonon vibraLion a10n日t.hc z-axis inLcract.s only wit.h t.hc COlllponcnt. 

o[ '/77，二 O. ]L is convcnicllt Lo inLroducc t.hc b é回 i s of c�duct.ion clccLron COlTcsponding t.o 

Lhosc o[ thc phonon , (3.17) 、ぉ follows

α 一一一 回一 1-n.:.., 1 klσ j2 \lt.].;OOσr- u'klOσ} , 

一 一 … 一 一.

U'kJσ 一 花川()()σ - (('klOa;' 

仏σ ニ α;20σ

(3.26) 

(3.27) 

(3.28) 

WiLh thc usc of (3.7) and (3.25) ぅ Lhc sill1 plif�d Hanlﾌl Lonian is gi vcn 8S 

H/J] = Hel + H凶 ー ト !-1cp 

ι仇1 午詳宇L山μμμl;〉〉〉〉l〆y川川dωωωω仙l人んμ、~;l

H叫4的p凶凶〉汁h = '2ε; :ε乞ム11川J4jLfペア令;ふμβポf句)初β?

(3.29) 

(3.30) 

(3.31) 
7 代β
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F''a (3.32) 

¥¥'hcrc / 1 11 ，三 -.q~; ， arc thc clrct.ron-phonon couplings which arc dimc!1sionlcss and ム I is 

a GcLiLious 川氏ncLic Dcld acLing 011 t.hc pscudo-spin ~ヂ 'l'llc 仰lici t. [onlls 
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i J.l Lhc ncw basis arc gi vcn 邸 follows

)X = ~ Ji}q21 
¥ -l/v'1O 

心ν 二 0 ，

o 
-l/v'1O 

o ¥ 

() 1 , 

o I 

- 1 /行川

- 1/何百| (;).;)3) 

(3.3/1) 

ムム
Q

一刀

1
i

一-q
L

一一
ム

(3.35) 

lL is noLcd tl川 thc pscudo叩1n デ appcal 日 in Lhc IIan伃tonian (3.20) rcprcscnLing thc 

p11onon dCgl・cc of frccd Oll1, whilc iL do('s 110(. in thc clcct.ronic clCgl・ccs of frccdolll at Lhc 

bcginnillg buL iL is induccd by thc l'cnonnalizabon gl'Ol1p cvolut.ion as di 汚cuss('d hclow. JL 

is also notcd Lhat thc poLcnLial scaLLcri時 is JlcglccLcd in (3.29) , alLhough it will bcshown 

in chapLcr 4 that thc potcntia1 scaLLc1'ing is rc] cvanももo discuss thc lnagncLic propcrt.y 011 

t.hc ba.si~ of thc pscudo-spin 111ode1[31] 

3.3 Derivatio11 of Scali11g Equatio11S 

T、hc 11a川川u山1日I凶l

scrccαn1n巳 of 10cal i口n叶t.crna1 dcgrccs of frccdol川l日1 by t.hc conducLiol日1 clccけ付Lぺ1'0日S 九弓 discu 只問汚cd by 

Vlad疵 and Zawadows汰ki[ロ37]. Sincc wc arc i川crcsLccl in thc physics ncar Lhc FCl'lni lcvcl , wc 

cli lllinaLc Lhc high cncrgy proccss in t.hc SCllSC of Lhc 1'('llonnれli 冗ation 巳1'oup cvoluLion. To 
t.his cnd , wc a叩pply thc lnu山11 t. iゆi中p凶li比ca川山tiv刊c rCI 

]旧n 82.1 , wit.h hc1p of t.hc Abrilくosov pscudo-fcrlllion rcp 1'cscnL川iO I1 o[ Lhc pscudo-叩 i11 [7] 

FirsL , wc int.roducc t.hc Matsubara Grccn funct.ions [01' t.hc clcc(.ron れnd Lhc psclldoｭ

fcnnion rcprcscnt.ing thc phonon dcg1'cc of frccdolIl T dcf�cd as 

G = _ 1 
ω -ﾇk) (3.36) 

and 

QO'ß 二 7， ( 一 入 ーム1' T(~γβZJyF (.)..37) 

rcspccL ivC'旬、 whcrc ωand ( dCl1oL(' t.hc Mt�.t.subara f'rcql1cncy. Thc ('1 1(' 1 日y 入 i s inLrod \1('代 1
111 orc](']' Lo !'('pn's('nL t.llC' pS0.11clo-spin T ( 1計 九 fìcld opcl'駘Lor �l11d it. is é1ぷ引 1]'(、 cl (haL 11011-
phys i cal 叫aLcs arc clﾌlll inaLcd i [入 →∞ fo 1' LhC' vcrLcx po.rt.. Thc clccLron sclf-CllCl'gy 
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('oIlL�1ﾍns a closcd pscudo-fcrJnion loop 駘ncl il Lcncls Lo Z('1'O a.<.; 入 、 1. h11凡 t. h(、(' l(、('1.1' 011

sclf-cncrgy is ignorcd ぅ i.c. {;{Ij 二 1 (Scc cq. (2.6)). lt. i8 I川α1 t.ll�ﾜ ç れnd t.hc scl f中川氏Y

2 ~ fo1' Lhc pscudo-fcnnion arc lllaLriccs in t. hれ p只clldo-spin 只pac(' clllC' 1.0 t. hοps('udo-s pi n 

f1 ip もC l'l ll Ifph. Bccausc of Lhiへ WC C駘l1 lloL �1pply dil 代、 t. ly t.}H、 fonllal i 8 111 which i 8 日 IV(、 n III 

cll8.pLc1' 2, and SOlllC 1Ilodif]catiollS arc ncC'(lc'cl Lo involv(' t.hC' phollon C l1 crgy ム

T、1百'hc児c 111111 し lp凶凶li ca川山t.ivc rc川p刊]∞I 口山i 礼1 i 兄m川川a川叫1.10n刊1'0 叩 t.川川1日1'[11剖1日11 S

as 

\
、

E
I
E
I
/
ノ

ム
ー

\
1
1
1
1
/

ノ

内，
，
.

内1，

υ

コ
J

ノ

j

一
1
ノ

L

一てつ
.
E
l
l
.
，
I
l
，
1
I
，
，

j
.
I
J

μ

一τ
7
.，F
F
.
，
，
.
，
.
，

l.,l .l ι
 

/
/
/
/
/
'
|
|
l
i
\
\

、

/
/I
l
|
l
\

n
μ
'
 

け

・
7

M

G
J

ぺ
I

\
‘
・1
1
1
1
/
一

7

M
u
-
-
1
1
1
1
1
1
」

り

\
1
1
1
1
/

y

ソ

1
1

I

I

i

l

 

/

I
l
l
-
-
\
Vノ
一川ノ

、
ι

，

I
J

一
一

i
I

W作

/
/
l
\

二

川

¥
l
l
/
r
i
l
l
-
-
L
 

ム

二

ー
れ

\
l
l

ノ

グ

f

叫

ん
と刀
ω

一昨υ

i
I
1

/
/
1
1
1
\

、、

n
μ

'
 

向日

1
1

G

前

(3.38) 

(;).39) 

,u 
、
1

・

E
Aa
 u;;， 二 W21z;iAj;l'T (3.40) 

whcrcγ[" is thc nonnaljzcd vcrLcx rcl atcd t.o Lhc vcrLcx r�.ll' as 

r1" ご γ;l ， u;i (3.41) 

Thc ncw sca1ed coup1ings Vfl, and paralncLcrs ム17， arc labclcd by prill1C. An 日lLc rnaLi vc
川ltiplicativc 1'cnonnali冗山on rclaLion fo1' t.hc vcrLcx i汚巳ivcn by Il ndLiplyi時 cq. (3.:30) 
by 1必

日(五川 (3.12) 

Thc 111ultiplicative factor [01' 6 is noL silnplc and it will bc givcn only along Lhc dcLailcd 

calculation bclow 

In ordcr to consLrucL Lhc scaling cq uatioJls , iL is convcJllcnL Lo usc a ncw b郡山氏lVJng
6_ Z ヂ 0 ， which is obtaincd by thc roLaLion by しhc anglcπ/2 around thc y-axis , 鸙sLcad of 
t.hc basis whcrc ムr ヂ() and Lz ニ O. In t.his ncw rot8Lcd rcpl・cscnLaLi on ， Lhc couplings 
8ncl thc f�cti Lious lllagnctic ficld arc l'claLcd �.lS vT = υぺ vν ごー vY ， UZ _ - v :1:, and 6T ー ムZ 1
ム11 = 6Jヘムz 二ームペ rcspcctivcly
1'hc vcrLcx corrccLions of firsL and sC'conc1 ordcr [l.l'C s h仰n in Fig.3.5(η) ， :3.5(b) and 
Fig.3.5( c) , l'cspccLivcly. Thc�' ana1yLi c川 cxprcssions arc givcn as [ollows (Scc Appcndix 
A) 

17)=-21Z(1117JA)llJJA 1112-
|ω l ' 

(3.43) 
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(a) 、
、
.
，I

h
u
 

，
，a
E
、
、

(c) (d) 

fi日urc 3.5: Thc FCyl1lnan d1agraJns conLribuLing to Lhc scaling rquaLiolls up Lo Lh11て 1 ordC'l 

of 1/: (a) and (b) Lhc vcrtcx corrcctions of []rsL ordcαr ， (c) Lhc v刊VClα~rLc似xc∞O山~ction of 旬悶C∞on
ordcr町、 ， a吋 (d) thc sclf-crαncrgy of thc pscuclo必nnion o[ scconcl OrdCl 

and 

rt(II)FI.1ly  w 二 η 乞 1 21ì'(山P)vll ， -1ì'(山 7) iJ;III1n ニjL 11 ¥ ， O t. ' . J--- ，ω ， ' 

whcrc n rcprcscnLs a dcgrcc of frcedolll of spins of Lhc conduction clcctron , i. c. n -2. 
The sclf-cne 

(3.44) 

A) 

23 = -77|ω 乞 Tr(1;ti)1)川-乞{2 Tr ( ? / v-i ) ムLrfl(7117j7) ム i} 叫 in2(345)
1117L  jρI -_.. ， ω| 

l札L í旧s c∞O仙1nc

C邸c 0ぱf 1η7，-channcl Kくon凶do lnodcωcl (2.14川4め) i正f wc sct ム 1 _ 0 and v1 ()J (Jl/4 ， σ1， bcing Lh 

1-COlnponcnt of Pauli lnatrix 

IL is notcd that Lhc sclf-cncrιy contains thc off-diagonal tcnns which arc pl'oporLional 

Lo 官庁 and 子ふ LcL us dcfinc 6 ,t such LhaL Lhc rCJlonnali兄aLion facLor W2 is indcpcndcnL 

of 61. ExpliciL cxprcssions of ム， 1 ancl \!V、 arc gi vcn by 

ム， t ム7 トベ['1'r(1/ 1)) ム 7 - 1ì川 (3.46) 

同 =1 卜 11 乞 Tr(引1117)1112
t jjf 

(.3.47) 
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lL will bc shown ]a(.('1' t.hat.ム:T and ムνω，J1日lways h(、 c]il TlinaLcc] hy a rO!.鵈ioll aro¥lJ1d Lhc 

y-axis and :r;-axis in t.hc pscudo-spin spa.cc. 1n Lhc ('8S(' ム7 ー ムZ九 1 Eq汽(~.45) and (;3.t16) 

al'C rcwri Lt.cn as 

ひ 二一十戸(げのい - 26ZTr(v:T州
1 _ 1) 

-2ムマ'l' (i/lil)T~β ームZ '1'1'(山)Z _ '[)X1):T - 1戸川 ~ß 1 
n゚  J 111 I ω | 

ム， 7，二 日百川1113(t= り'J) , 

Îi., Z = ムZ r 1 -2nTr('Ux'Ux 1-'UY'ﾏJY)]n ::,1 
L I J)' I 

rcspccLivcly. 

Tbc rc∞r口nn口lna叫liη:0cd c∞oup凶lin時g?67f;し{ ' J店s obta九aJ l1

[ollows 

ル ニ ル - 2tz(がわた)llF14 - q[T1川

(3.118) 

(3.49) 

(.3.50) 

(3 , 51) 

Al t.hougb Lhc rcnonnalizaLion-g1'oup Lransfonnat1on gcncraLcs Lhc paralIlC tc 1's ム，:T九nd

ムf\L11cy C九n bc c]�inaCcd by thc 1'otaLion a1'ound chc x-andυ-axcs . Thc anglcs of Chc 
1・otaLìons a1'c 

J) 
h 二 2nTl'(i) Y iJ Z ) 1n 万

αν = MUFF)lnz 
Thcn，ム， 7， is transfonned to 

r、u川i

!S."X 二 ぷ"ν = 0, 

ぷ"Z = ~z 11 -2汀1- (ÚT. 1)X _ト DY 'u Y ) 1n :~， 1 
L I J)' J 

v'川y戸乃f?;lyF 二 Uルf?;
υ 

l)i'~， = v'~ ， + 2n [Tl'( ii':1jZ ) υTl， + T1' ( ?jY 1/)?引!日立
J)' 

(3.52) 

(3.5:3) 

(3.54) 

(3.55) 

(3.56) 

(,3.57) 

Coαlr山i山n山山11時 t， hc恥hc児C 1印(仁cうJa孔川山tiOllS (ρ3.51り) ， (，3.56) 、 and (3 .57) , wc obLain Lbc sca1in広 代lllaしions [01 

Lhc couplillg ij's as 

か;lr =-q川J 71F)llr ー ベpw
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-j Tr(j';j,Zhi,], (i 川川川1) (3.58) 

土吋 ニ 一匂♂戸川内1片k(れlド山川，.7内~ゲ川州7勺iv ^引州1υv k内川j戸戸川kり: )

一 Tr 川ψ 一 百舌町川酌W、イ引か付(わい付川1りμ1戸1 (3.59) 

and thc scaling cquation [or thc f�t.it.ious lll a巳nct ic fìcld ム Z aぢ

主ムZ = - 211:n川山 (.3.60) 

Thcsc scaling cquabons can bc rcprcscnt.rcl in Lhc oril gin九1 basis o[ pscllclo-spin , i .c 、

ﾚ1 tcnll汚 o[ v's and ム冶 without bar , if t, hc pscudo-spin axis is roLaLcd back around thc 

y-axis by thc anglc ーπ/2. Thcn , t.hc scaling 問uations arc givcn 鴈S follows 

去士v心 土 」芸?デ?仁♂♂z勾1汁削k

一 百(川υψ十;ふト，-一4百町川(わ川?

t士?心 二 -2tZC71k(1J1uk)Il 一 h叶"[倖何[昨阿写早(什T川1

+刊百 (いυ山川川川?、γ川υ♂川のzつ引)1叫l何必川;九バ件，1↓l卜， (i = y ， z斗) > 伶

土かか~:ゲ止xτ = 一h川~T瓜Tr川 + VZ山N川υf川zつ)凶ム忽 伶

3.4 Rellorlnalizatioll-Group EvolutiollS 

1n this sccLion , sol vi時 Eqs . (3.61) (3.63)ト， wc 仁dcLω凶Cαl口I山l

?K_, which characterizcs Lhc crossovcr bcLwccn wcak and sLrong couplin広 rcgil Yl C ， and t.hc 

rcnonna1ized fi川 cxcitcd cnergy of phonon ムX(:r: ) , bclow which thc Lhc rcnonnalizationｭ

group LransfonnaLion cannoL bc procccdcd furthcr. Thcn , t,hc typical ca'3CS o[ inLcrcsL will 

bc discusscd. 

3.4.1 Solution of scaling equations 

Firs t ・ wc cliscuss t.hc casc IvTí, I, 11ふ 1 << 1か which appcars れt. thρiniti川 S t.8伊 of rCJ )ol1l1alｭ
l ス8 Lion-grollp 仁川'olution of t.hc prcsC'nt prohlclll. In (,bis C8SC', WC can lincarizc Lhc 只(、九1i 11店

内ua t.ions (3.61) and (3 , 62) with 1ρsprc t. Lo I'ìí , �1ncl ?ιTbc 
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t.]lr、 sca叫山)，リ出山，1品，1i 1日n昭1巴 CqUél川tiぬ川iわ101αn眠1

去 1υjト 一27:川J lf' 一川υ山山刊川Z7' Z川1引f川州川}戸弓小巾刊zつ小引判)7知川1り吋j抗; | 4心付川川川7η什川州川l汀川川r日、1}

tbbかか1Udφj必札:九F 二一一2i判刈仲2i [VZぺ小恥i [V ZドいV川?りμj戸z
d 
マ- vι = O. 
QX  

Thcsc cquations al'C valid in thc rcgioll o[ .T wh('rc 11九(:1')、 'l'lj ，(;7:) << l'九 (0)

(3.64) 

(3.65) 

(.'3.66) 

Wc havc vcrificd by nUl11Crical c�1lculat.iolls thaL t.hc lasL Lrnn in E巾 (.3.6 /1) and (3.65) 

餃l'C ncgligiblc
1
. Thcn , i[ wc choosc thc rcprcscnt.ation whcrc ?の， is diagonal , 7: ・ e. 7 '~' 

1'�ﾔl/' , Lhc scaling cquat.ions abovc ran bc solvcd SCpal'at.cly wiLh Lhc boundれry condi t.ion 
vl~ ， (0) 二 () in Lhc followi時 fonn

ゆ (:τ) = V!i, (0) cosh(2['I.ポ ( 0) -?'t(O)].r) CXp( - 2n1ì- [? iZ (0)?/ (0)þ;), (3.67) 

7Jl~ ， (.7;) = 内心 (0) sinh(2['I'~(0) -?'t(O)�;) cxp( ~2n市 [VZ(O)VZ (0) ]1;), (3.68) 

Vlt ,(:r;) = vt( O) c5U1 • (3.69) 

Tbis 'rcsul t indicatcs that Lhc cou p1i昭S ?i[i, and vJj, wit.h Lhc co凶コinat i on o[ l and l' , 

[01' which IUﾍt(O) -lI�(O)1 Lakcs Lhc largcst. va]ur , incrca.scs lllosL 1'(1， 1九 dly a.s T incl'ca.scs by 

t.ltc l'cnonnal i スaLon-g l'oup sLcp. Thcrcfo1'c, wc arc lcft wiLh only thc 2 x 2 subs p九CC 111 

l.11c 3 x 3 spacc of lnaL1'iccs 'I.) 1l' 冶; i .C. , wc can cITccUvcly dcscri 1)(' Lhc pol al'izaLioll dc巳1'(，(，s

o[ frccdo1l1 o[ conducLion clccLro11s also by Lhc pscudo-spin o[ 1/2 , i.c. , l 二 ! 日nd 1, afLcl 

thc rcnol'll1 aliァ~atio11 cvol u t.ion is procccdcd cnough ・ 1n Lhc SlI bspacc, Lh(ο、 solu LioJ日lS ca山l日lbρ
1' C \V川l川]此比ttゐ川t忙ω川，c心，Clα~n 1山n LωCl口1日l11S

U8幻81n口ng Lb刊cs印c s01u山tio眠 wc can c∞on凶{白ln口nn もhat tけh刊C 18.'3州お刈刈iしJ も比tClα1口nn in Eqs. (3.64) and (3.65) can bc 

ncg1cctcd 

I も i s notccl that thc rcnonnalizat.ion 駘S abovc ariscs on1y if wc もakc inLo account. thc 

c lccLro叩honon (ion) coup1ing 日パ (3.2幻羽3め) ， i町口町c山，

Lo thc i011 diおsplaccαlllCαnt bccausc 汽引uch a しcnn givcs Lhc ps旬cudo-spiリ川]口1ト- 日Ip 只問caLtぺLcα]']1日1広 wit川chl 
condu c tゴt. ion clccLrons whi比ch iおs thc bcart o[ t.hc 1くondo rcnonllalizaLion 

Thc 2 x 2 subspace is wcll-dc日 ncd in a rc広ion x > :r1 , whcrc .7; 1 is d(、 Lcnnincd by t.hc 
conditions 

内1 ) て υdρ川川州7ν吋咋叩/ぺ怜巾(心わ川:コI

lυ♂川j戸ぺzぺ(わフ♂川;斗lけ) 二 7' Z戸Z (卯0)

(;3.70 ) 

C3. 71) 
I Tltcsc t. C rJl1只れ1'C l1 q~]付 t . c cl in ncf.p7] cluc to I l! c 日只只 1 1 1l 1pti()11 1,1/. 1/~ << 1,1:. Tlli只 élSS lllllp l. ioll. ho¥VcVCJ 
IS Ilot va l icl ぅ tl l1lS it is llot t.riviRl if t.hcsc tCJ'm can hc Ilcglcctcd or JlOt. ¥ViLltOllt cxplirit CRlcll]('t!,iOJl 
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111 t.hc l'cgion :r; > :J; 1, t.hc pscudo-spi 11 C]r巳lα、日 o[fnで<1 0111 f01'ぐolldu c t. ion ('l(、川1'011只 b付Olll何

cxplicit. as Lhc anhannoniciLy o[ ion vih1'aLions grows. Thus 0111' cl('cLrOll-phonon 1llodrl 

C(1,l1 bc lnappcd Lo an anisoLl'opic Lwo-channれ1 l(ol1do 1110仁1r 1 

cxL , wc discuss thc rcg明巳即10n '1υjぺτ吋) 一一町寸1υμ川)!川1ν叩/

cm日1 bc s幻impli白cd a:邸$ 

土去1りj日川 一ベど4心何州州州t 77川州?η叫吋耐7，[ボ削[(怜(の1引νげげJ'戸戸‘汀~;τ;

去去去か1り'lf戸z 二川[1 一 h加加川川1υfパj戸ぺZつl
土ムゲ忽 = 叫忽勺v刷[(怜恥v川(かいゲ川?り♂川j戸川1つツ引引)2 _円2久2+一→+川|卜一

(3.72) 

(3.73) 

( ~).74) 

As wdl bc shown in Appcndix B, Lhc soluLions of t. hcsc 汽cali昭 cquat. i o爪(，).72)-(3.74) 1 

arc gi vcn by 
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which is. an ilnpliciL cquation [01' 1) 2川j戸ぺZぺ(刈 a 凶 υv:1 

following rclaLion 1 

♂ (7; ) = ([♂ (z ) 12 - lf (0) 12 1 - 2nU3111/2 
¥L ¥ /J L , " /J 1 _ 2nvz(O)) (3.76) 

1'hc crossovcr tC1npcraturc lK is givcn so 8.'3 Lhc condit.ion 7JZ(:r;)jvZ(O) >> 1 is snt.isf�cd 

fo1' J)' く kイIK ' whcrc thc la.'3L LCl'Jl) in 叫 (3 . 75 ) can hc igllorcd. Thc11 sol v i何 cq . C3.75) 
wit.hout. Lhc lasL tcnn , wc obta.in 7K 8.'3 follows 

k゚7K ( '1ぺ0 ) ¥1/tl7I
Z

(�) 

K 二 一一 = ( 一一:;\ ) [VX(O)?/(O)r'/tI 
1) ¥4vz(0)) (3.77) 

]n thc crossovcr rcgion , t.hc scconcl ordcl' Lrl'lns o[ t. hcβ-f unc t. ion , i .c:. , t.hc right.-hancJ sidr 

of Lhc scaling cqua tions , bCCOlYlC cOlnparahlr t.o LhaL of h1'St. Ol'dC l ・ Thus Lhc hi巳hC1・ o rdr l・

Lcnns o[ rcnonnalization UlUSt bc t九kcn int.o accounL [01' lowcr c:ncrgy pl'OCCSS in gcncral 

é11ncly, t.hc pc1' Lu1・baLional rcnonnalizaLioll-group t.hCOfy can noL bc applicd bclow 'J ;く

1lowcvCI・， i t has becn known Lhat. thc Lwo- ch凡nncl KoncJo nlOclcl h8.'3 thc J1on-l.l'ivial f�cdｭ

poült, which js locatcd in Lhc inLcl111CcliaLr. coupling rcgÌlnc 巳 l vcn 鴈.S 

X.  1J>!' ,. i: 1 
'1) - 7 1 '" τ ? ,-

2n 
(3.78) 

日()、 1 'Z docs nol. cli vC l 巳r rvcn bclO'w '/ ; く i l1 COl1(.rasL wiLh ch c、 CO ll VC I1 t. i olla l s in日 Ic~ ( ・ han ncl

l(Olldo pl'oblclll. 1n Lhis scnsc 、 '/K gi ¥'cs Lhc Cll crιy scalc whcl'c t,hc crossovcr frOlll wcak Lo 
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inLcl'uはliatc coupli昭 occu 1's 八1'0川d thc fìxぱ poi川、(，8.78) 、t. h(' cffccLiv(' II�l.1lliltonian 

dcscrihing Lhc low-cncrgy physics is cxp仁、(・ Lccl 1.0 bc givc!1 hy t.haL o[ ��.11 isot.ropic Lwoｭ

channc1 1くondo 1nodcl 

3.4.2 Renorrnalizatioll of phollon excitation 

Thc firsL-cxciLcd cllcrgy o[ ion vibrat.ion円、ムペ is rCn0I111 al iz('cl by t.hc scal i ng c:quat.ioll 

(3.63) :ムT sofLcns 8.'3 thc rcnα' 1 na}jzat.ioll proccss is proccc巾d bccatlsc Tr(7JY?JY I VZUZ) > () 

This ariscs f1'01n 1,hc sclf一cnc1

of sp1'ing consLantし， of ion vibコ1'aLion by th仁e、 conducti01日1 c1イ1ccLrons. Such a加I日1 cf江IccL causcs 

thc ar日lhannonici L勺y of Lhc ion vibl'at.ions 10 巳an札札it礼Lhnlica1日1y so 10n 巳 a.:川βぢ t.hc C01日1仁diLion T く

I日川川l日川川11川川l日山n刊巾巾[ド伊l!日川1( ρ /μkn日正n rTηI

Thc sof孔t心，cnα∞nn廿i時 of ム:7: is causcd 山tinly by Lhc co叩li昭 with '1'ZVZ in cq. (3.63) , bccausc 

?)Z is Lhc la1'gcsL coup1 in巳 Lhroughou t. Lhc r(' l1 onna1i 7,aLion s t.cps 日0 ， Wれ csLi InaLc i L II 只 ll1日

t.hc scali同 cquaLion (3.74) wi しhouL t.hc tCl� (1)T)2 , i.c 

去か1n川n叫ωw山(仏ぱムゲ的忽勺)ド= 一の伽似州川4n(vZパ巾7， ( V Zイいμ(いVυVZ

T可hc solut山tion of t.叶山出;h川his cquat.ion is givcn by (Scc Appcndix 13) 

(3.79) 
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Sincc Lhc al1lOunt o[ cnergy ム :r:(x) is rcquirccl Lo cxcl川崎町 01' f1 ip , t.hc pscudo叩in dynanト

ically, iL looks 8.'3 if thc pscudo-spin associaLcd wiLh pbonon dc広1・ccs of Ü・cccJ 01n is qucnchcd 
fo1' Lh仁e、 似

O叫thcr words , thc rcnonnalizaLion evoluLio11S givcn by Eqs. (3 . 61) ー (3.63) al'C ・sLoppccJ t.hc1'c 

3.4.3 Scaling for typical cases 

ow wc discuss whcther or noL thc sC鴈ling propcrL ics , discussc;c] in Lhc ])1・cccdin宮町f、 Llons ，

arc rcally lnca.'3ul'able as a crossovcr phcnolllCllon 

Thc barc couplings and phonon cnc1 月y arc CXpl'CS只cd in t.cnns of thc ori巳111日 1 parallト

ctcrs spccifying our lnodcl as follows: 

=土L - l jlCl m(γ 
-/3 ":Fq ー は石川~八f (:3.81) 

。~立~(竺)1/\2 C3.82) 
J) 8"， 八fο
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(a) (b) 
100 100 

10-2 0.014 g/O 
10-2 0.014 

(m/M) 114 一一一一 0 .5
10-4 0.012 1.0 

1100 64 J一一/一// q 一 0_012 一一一一 0 . 05

10-6 1.5 0.07 

0.10 0.010 3.0 
10-8~ /r 0.010 ・10-8 

0.20 
10-10 0.008 10・ 10 ~ / 0.008 

|トア 10-12 ド
戸、

lドl( 10・ 12 l .'
〈同コ 0.006 0.006 10-14 10-14 

0.004 

10-18 
0.002 0.002 

10-20 

10-20 2 
05 0.10 0.15 o A00305 0.10 0.15 0.20 2003」

f一一一一一一一-
0.5 1.0 1.5 2.0 2.5 3.6 --ﾖ.5 1.0 1.5 2.0 2.5 3.0 

(m/，問 114 (m/I問 1 14 g/O g/O 

Figurc 3.6: (a) (m/M)1/4 and (b) g/ J) dcpcndcncc of 11<. and ム汚 (7K )

- 9 b 二 一 .
D' (3.83) 

wherc EF is the Fcnni cnergy of conduction clcctrons. Typical valucs of paramcLcrs arc 
α ("v 10-2-10-J and b ̂-' 100. The crossovcr LClnpcraturc 71<. , (3.77) , and the f�st-cxciLcd 
cnergy �. X (T'v.) , (3.80) , of ion vibraLions in thc crossovcr rcgion arc cxprcsscd in tCl'1ns of 
these parameters ぉ

T'tく = 2- 1 /2nbαpn/4) +{ 1/仙)b71/2 F

�.X(TK) = 2 - (7ゆ+1)α川十2 1

wherc we have assulned vZ(TK) << ] in cq. (3.80) 

(3.84) 

(3.85) 

lK and �.X(TK) dcpcnd scnsitivcly onαand b, a吋 Lhci l' dcpcndcnccs arc shown in 
Fig.3.6( a) and (b) , respectively. An anOlnalous behavior of physical quantitics arc ob得
scrvable for sufficicntly large 7K_ and slnall �. X (TK ) , which a1'c rca] izcd [or approp1'iatcly 
l叫e values boLh of nl/Mf and g/IJ. I11 othcr words , i比L iおs p戸rω、CfCl祉Cα町rrc
phono11 coupling iおs la創rge and もhe bandwiほdt山h i店s s訂ma叫11. Such s幻i もωua叫Liのon 1おs cxpコe伐ctωj氾cd to occur 
l川ndι-bコ丸加a剖I吋 lnet同凶i冶刈a叫Is wi th narrow bコa 凶width such as A15 and C15 cOlnpounds[23 , 38] 
It is ﾎlnportant to not“c tha叫t thc 1'c句旬g♂iωon kI日正3ピ3 7ηl

]ηzationト-gr局刀oup cvolution if the paralnctcα1'S providc us wi比Lh t叶hc cαrossovcr tcαlYlpc1'atu 1'c 71<. く
6T (xτ ) . It is beca凶c thc 悶101'口nn江lna叫liza叫山もtion giving divc1'gc伊C臼]
cut by t山he 日cti比刷i比凶tio凶 lnagneti氏C 日h削eld a飢cting on thc pseudo河川 at around 1)'/ D = ムX (x )
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ηpl Cωa叫I C8お伺cs of 只旬sc[α8川1叶山l iI口l昭 川C 只叶山11ωown 1川l日1 1ド~~ iほ江s . 3.7円; (心i寸 η川I削 IIη川山10肌)バus bcl児刈ch川れ九爪川川入y川，Vぺ叩iのO印l ぐ川a川I日1 bο 011い)ト-

S民悶cα::rvcd ， (仏例b吋): Lhc 日rsL-cxciLcd cncα1 巴y of io川l日1 vil 川t.iOll is qUC'l1cltcd bcfoJ'(' anoll1alou 只 bchavｭ

ior scLs i11, and (c): 7�< is CXLrclllcly SJl川 l

3.5 COllClusiollS alld DiscussiollS 

Wc havc discusscd Lhc sL1'uctllrc of 1・cno rlll ali zat i on-gro llp cvolutiol1s of Lhc sLrongly C01lｭ

plcd clcct.1'on-phol1on sysLClrl. Thc phonon dcg1'ccs of frccclolll havc bcぞn dcscri bccl by Lhc 

Ei nstcin oscillator. J n o1'clcr Lo in \f(:s t. i g川C t.llC l ow-cncl・巳y p hys ics , t.hc Il il bれr L 只p a('(' �f 

phonon h3.'3 bccn rcsLricLcd in such a waゲ t. h at Lhc sLat.cs wit.h lnorc than Lwo phonons ar 

prohibi Lcd though such sLat.cs dct.cnnﾜ1C Lbc algcbra of t.hc rC'st.ricLcd phonon opr raLol・S

Lhrough Lhc inLcnncdiaLc 01' vi1'Lllal s しaLc汚; al1d Lhc conducLion clccLrons arc rcp1'cscntcd 

by sphc1'ical hanl10nics o[ k VCC LOl・S on Lhc Fcnni surfacc bccausc t.ltcir rclcvant. dο巳 1'ccs

o[ [rccd0111 is t.hosc a1'ound Lhe Fcnni lcvcl 

Thc 円 implificcl Il aln il t.oni れn haぢ t. hc pscudo-spi n dcgrccs of frccd01Yl f1' o l れt.hc l)('gi 11-

lling duc t.o ph0110 11日 in t.hc 1'csL1'ict.cd llilbcrL sp九cc ， whilc Lhc dccL1'ollS havc o llly 九 l 凡­

Lcn L fcaLul・c of t.hc pscudo-spin which JnanifcsLs itsclf Lhrough t,hc 1'cnormali ァ~a Li o n 只 Lc ps.

Nall1cly, t.hc scaling cqua Li o l1s , which 1S dcrivccl by Lhc lllultiplicaLivc 1'cnortnalizaLiol1-

group lncthod at Lhc two-loop lcvcl , shows LhaL thc polarizaLion of conducLio11 clrcLrons 

con・csponding to Lhosc of thc phol1on arc sclcc Li vcl y 広1'own up at chc iniLi 九I sLagc of 

thc 1'cnonnalization-group cvolution. Thus , Lhc cffccLivc Il餃lllilt.onian fo1' Lhc l ow-r llcr巳y

physics arc rcduccd to Lhc anisoLropic Lwo-channcl 1くondo ulOclcl wiLh rcnornw.l izcd f�cLﾎｭ

tious ln8gnctic f�eld acLing on t.hc pscudo-spi 11 

111 Lhc anisoLropic Lwo-channcl Kondo 1110dcl with magnct.ic fìcld , Lh c おcaling rquat.ions 

pl・ovidc us with Lwo cha1'acLc1'isLic cncrgy scalcs , Lhc crossovcr LClllpr.raLurc rl l<, bcLwCCll thc 

wcak 川ld strong coupling rc巳 i on and Lhc rcnol'malizcd f1 1' S し-cxc iL代1 r llcrgy ムT of pholloJ1s 

whicb is Lhc f�ctitious lnagnctic f�cd ac Lin巳 on t.hc pscuuo-spin. Thc anomaly 飩ssociaLcd 

vvi th two-channcl Kondo c百cc L is obscrvablc whC'n rf[く > ~.X which is 1・ ca1i zcd if thc Jnass 

ratio !v[ /川 and thc clccLro川)hOn011 ('0叩11刊ワ/J) arc b.rgc cnough. H i 日 間)ccL吋 t. 1 1éìL 

such a siLuaLion is 1'calizcd in Lhc tra ll只 iLi on lncLal compouncls wit.h 11arrow b�1Jldwidt.h 

including A15 and C15 cOlllpounds. 

Thc abovc 1'csu 1 L uw.y b(' i n t.c rpl・cLccl in LCl'll1S o[ chゃれdiη ]) él t. i( ・ po LcnLial しhc iOll [r.f']日爪

follows. As cliscl1sscd i11 rr fs.[23~ 24J , s t. ro何 r l剛氏h e l川1'011白川)O ll On coupling 111 れ lく内 !.lw

ltarJllonic poLcnt.ial o[ individllal Ei n引ρin oscillaLor bοflaLLcllrcl and finally d�blc-wcll 



Chaptcr 3. Two-Chan11eI [(ondο j\lodeJ AS θ Fixccl Poinf o{ LocaJ EJcげ r011 - Phο11011 ... 38 

ち〉

(a) (b) 
100 0.35 

一一一一- V' m/M1/4=0.10 
(m/，問1I4=1 . 0x10 . 4

一一一一- vヌ

0.3 • Vy 10-1 g/0=3.0 
g/0=1.0 
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Figurc 3.7: Typical ca.scs of scali時: (8.) ano山110us bchavior can bc obscrvcd , (b) t.hc f�sL 

cxcitcd encrgy of ion vibration is qucnchcd bcforc anomalous bchavior scts in , (c) 7ﾌ< is 

cxtrclncly slnall. 
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Figlll"C 3.8: Schclual.ic shapc of <tdial川Licpol.cnl.ial of iOI1: (れ) f01" Lhc c日間 wiLholl l.ゃlcc t. ro l1-

ph011011 coupli 刊 01 しbc hi 巳h-cncrgy p1'o ω sscs , and (b) f 01' t. hc、 日xccl p刀川Oαi日n川1叶1. T口1 <t 1れ川川11川1

thc lowι一Cαncrgy proccsscs 

只hap r. in. gcncl"8.l. N8.1ncly, Lhc acliabaLic poLcnLial is dcforInccl <tS ShOW11 只ChCJll川ICα11y in 

ド i巳 3.8 八s a r円1..1 1L ， t.he f�sL-cxciLccl cllcrgy of ion vibraLion只 is sofLcncd ('onsidcJ れhly cl 1H、

(.0 t.hc Lwo-channcl Kondo con、claLion of pscudo spi ns 

^ sa.licnl. [caLurc of thc a.bovc rcsulL is t.b鰤 thc clcctron-phol1on couplil1g suff('rs COIlｭ
sidcrabl(' rcnonna]jzation duc Lo t.hc pscudo-Jくondo cITccL. Ncl.lllCly. Lhc so-callccl Migd;11 

approx佖ation is 110L va1id in this casc bccau日c t.hc hi日hcr ol'cl('r LC l"I ns 日ivc 10広<t ri t. hJlli­

cally divcrgcnt. conL1'ibuLions [01" Lhc vcrLcx conccLion. Thi日 laLLcr siLuat.ioll l1lay havC' 

hccn ovcrlookcd in thc 0.1・gUJl1 cnt of p1'oving a validiLy o[ thc l¥1igclal <tpproxilllaLioll. So 

t.hc way t.haL Lhc l¥1T iιdal app 1' oxi111川iOll is brokcn down in t. hれ prc汚 ('11t L1lC'0 ry (l p pr.ars (.0 

br sO lIlcwl川 diITcrc川[1"0111 t.J川 discu sscd by Vanllれl38]， 駘.Jld S uzuki and Mo l. iï, llk i [~30l i 11 

�hich LhC' facL t.haL thc conで1aLio J1 lcn巳t.h of CDW L1'ansiLioll is vcry sho1'(, is Lhc origill o[ 

i Ls brcakdown 

It is wcll 1・ ccognlァ;cd Lha.L thc spin susccpLibi1iLy is not. 1'cn01・ Jl lalizcd by Lhc clccLroI1-

phonon inLcraction as [a1' 8.'3 Lhc Miιda1 叩proxi Jll aLion is va1id [38. 110 , tJ J]. IIowcvc1' , i L 

sccms Lo rCIJl<tin sLil1 8.'3 a conLrovcrsy wl!cL}Jcr t.hc brc<tkcJown o[ thc Migdal approxilllaLiotl 

dirccLly illlplics Lhc cxisLcncc o[ rCl1 orllla1iヌaLion of t.hc spin 引 lsccp t. ihil i Ly duc 1,0 r] ('c (， rOlト

pbonon ('oupli叫23 ， 38 , 39]. T、hc p孔jrcs

c、01日lJ凶〉汁1i川lη〕 ι ('an刊nJ日10 し 礼江Oαrd t.o コ r、'cnor口‘11日18.l jzc Lhc s叫pl川I日1 S引1日I ~汽引:代cχ~cp ljhiけ1i川t.し勺うy whi忙ch corrrρ、汚pon cJ s Lo t.h(' 

challllcl su scでpLibiJjLy in our f�cd-poillL Lwo-chanl1cl 1くondo Jllodcl. 1n ord(']' Lo obLain Lhc 
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cllhanccnlCnL of channcl suscC'pLibility in LhaL IIlOdcl , wc nr.cd しhc pC'rLurbations brcaking 

t.hc parLiclc-holc syllu IlcLry, sucけh 8.'3 Lh(' わ Co印UlOlIlb rC'什p汎川l口11 只幻lon (.れ川ì.l川I日1 0l日1ι concluctしLio !η1 clいやcLroll 円

Oαr pコ刈刈〕氾刈oLω川川'心α叩Cα∞n山1

1.0巳cLhcαr witし， h Lしhc COUlOlllb rcpulsion étlllong ぐonducLion clccLro民t.hc int.cracLion (;~.2 . 1) ， 

rcprcscnLing しhc poLcnLial scaLLcring, lllay bc ﾍlnporLant. Lo discuss a possiblC' anOlllれl y

of しhc (rcal) 只pin SllSCCpLibilit.y. It. is in t. Cl 川 i同t.o 1川(' LhC' logari Llll11 ic t.CIll j)('!山 lrc

dcpcndcllcc of spin susccpLibiliLy obsC'l"VCcl in V~~Si is consist.C'nL wit.h t.hc sぐcnano prr.sれ llLcc!

in Lhis chaptcr. (Sce Fig.3.2) 



Chapter 4 

E百ect of Particle-Hole Asymmetric 

Perturbation on Two-Channel 

Kondo Model 

Two-cl18:nnc1 Kondo problc111 haぢ bccn rcvivccl duc Lo Lhc possi bili ty o[ ocing a canonical 

llloclcl d('scribing SOlllC anolnalous propcrt.ics in l'cal 1YlcLal.s sllch a.c; Ul'n,niUln bascd hcavy 

fCrlllion , Lwo-lcvcl SySLCHl and Lhc sLl'ong coupling clccLron-phonon SYSLClll as discusscd in 

t.hc 1<:凶 L chapt.cr. In this chap忙し wc show Lhaししhc pcrLurbaLions brcaking Lhc part.iclcｭ

holc synllllcLry, which havc bccn ncglcct.cd so far , arc rclcvanL pcrL U1・bations �-1.gainst tふれ

convcnbonal Lwo-channcl Kondo lnoclcl , and thcy providc us wiLh Lhc anolnalous bcbavior 

in t.hc channcl susceptibility 

4.1 Illtroduction 

Thc lnult.ichanncl 1くondo problclll has bccn discusscd by Nozi�cs and I31andin in J 080 

Lo i山cs t.igaLc thc 1くondo cffcct in rcal lnct山 in a lllOrc gcncral poin し of vicw[l!J.]. Thcy 

concludcd that t.hc lnost. iInportant par九lncLcrs in t.hc lllOdcl arc Lhc spil1 S o[ Lhc impuriLy 

and Lhc nUlnbcr 11. of thc scatt.cring channcls of conducもion clccLrons , and (, hc 1くondo rrfccL 

dcpcnds scnsi tivcly on Lhc rclation bcLwccn t.hcrn. Espccially, in thc C鴈SC n > 2爪t.hο

11l0clcl cxhibiLs Lhc clisLincLly ncw fcaLurcs duc Lo inLcnncdiaLc cOllp ]j n巳日xcd point arisillg 

[1'o1n t.hc 1・cpcaLcd ovcrscrcenillg of Lhc ünpurity 汚pl l1

'1、his physical picLurc is givcn by Noスièrr.s 鴈nd l゚alldin wi Lh chc hclp o[ scalillg れp­

proach 鴈S follows[42-44]. 1n thc pcrt.urbat.ion o[ chc onc-loop orclc l', t.hc a山[clTOlnagncLic

41 
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(a) (b) 

十

S S' 

Fi日urc 1.1: Thc possiblc pc1'turbaLions aL chc sLron広 coupli l1巳 1ﾌ1ni L o[ t,llc cxぐhan巳C COl1-

pling: (8.) [01' 11 く 2 ，S and (b) [01' n > 28 

cxchangc couphng scalcs into Lhc sL1'ong coupling fixcd poinL irrcs pcc t, ivc o[ n and 8 whcrC' 

Lhc impuriLy traps clccLrons wiLh Lhc spin opposiLc Lo ,c.,' 8.'3 Jllany as poss iblc . 八月 a 1'csulL , 

Lhc u ncom pcnsatcd spin S' S -1ρ デ o is 1cft [01' thc ca.c;c n デ 28. . FOl 口 = 2 ,'-,' 

C8SC , hOWCVCl・， Lhc cOlnplcLc C01npοnsation is rcalizcd aL thc ground staLc and t.hc stron巳

cOl1pUng f�cd poinL is sLablc WhCl・c thc usual Fcnni liquicl Lhcory can bc applicablc. FOl 

n く 28 ， Lhc ﾌlnpuriLy spin can not bc qucnchcd by chc sll lToundill巳 conduction clccLrons 

complcLcly lcaving thc spin 8' > O. Thc cffcctivc cxchan巳c inLcr餃cLion ariscs [1'0111 t.llr 

virtual hopping bctwccn thc spin ,S" and Lhc conducLioll clrcLrons arouncJ iL. This inLcrｭ

acLioll is fcrr0111 a.gnctic , bccausc only a condllction clccLron ll('arby wiLh thc parallcl spin 

Lo thc 叩in S' > 0 can jun1p inLo thc ill1purity siLc a.s 尽hown ill Fig.rJ.1 (a) 日 ill cc Lll<、

[cnom8巳ncLic cffccLivc cxchangc scalcs to zcro 、 iL is concludcd thaL thc sLrong C'oupli l1日

f�.xcd poinL is sLablc. Por 17, > 28 , on thc oLhcr hand ， しhc silllilar ar日UIYlCnt as shown in 

Fiι4. 2(b) lcads Lo Lhc a山fcrronw，gncLic rffccLivc i川cra<っ し iOll . 1n Lhis C8.SC , Lhc s Lrol1日

coup]ing f�cd point is unsLablc , bccausc this induccd anLifclT01nagncLic couplin巳 sca]rs

Lo sL 1'on巳 coupling lcading Lo Lhe ovcrCOlllpcns礼Lion of S' again. Thu汚 it is concludcうd しha川L � 

t.hc no川nv凶 日xくcd poi山n川も cxist:匂叫a川δ司‘S司s[43 ， 4叫叫4]. T、hc cxpliciL n川uu叩ncωa1 1'cnor口nn汀1n8叫山liza叫仙tt.叫山{しt.1心刷lω101α11ト-氾groll

ca叫比1cu叫山1a乱山Lions flお01" 8 = 1/2 and 17 二 2 havc bccn pcrfonncd by Cragg alld Lloyd 九nd iL 1w.<1 

hrcn co凶rnlCd Ll叫しhc co吋ccLurc o[ thc 品川c coupling f�cd poinL is VD.lid[4 .5 , !lG] 
Thc c1'i Lical cxponcnt.s arc calcul aLcd hy 11lcans of t.hr J3ct hr anS8 t.z S0111 t. ion 凡nd t.br 

ぐOnfO l"l lla l f�.cld Lhcory[21 , 47-40]. According t.o Lhcsc j山CSLig鴈 LiO!1S 
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Thc l'csisLivit.y is 8,1so obt.aincd hy t.hc confol・ lllal Gcld t hCOl'y ;'1ぷ

日 4 川J2/(" 
(d.2) 

NRG cωa叫比lcu叶山lé_1川川山t.川， 1ωoα)1口1 1 旧vc c∞O 凶1川111日lCd th川川tれ川1叶t. L ]l(れ; cα山ri t比川Lícぐm刊川a川.1 b('刈('什仙山、4七llé日川f

1101オ1ds [01' n = 2 and ，守 ご 1/2[28 ， 31りl 
Rcccn t1 y, t-, hc rcalistic C8SCS fo1' thc Lwo-channcl Iくondo 1rloclcl l!騁C; b (,(, 11 puL forward to 

dcsc山C SOlllC c01npounds such 8.'3 U-l川町d hr.avy fcr ll1 ion[ 1 句、 Lwo-1cvc1 SyStClll i口川川1叶I.cα川l印n付山l川l口1

W川l川t.h c∞onducLion clcc∞ctrons[50]トヲ S叫山Lro削yc∞O叩1c伐吋仁d C'什山lcct山tro川〉汁由hOll Ol口1 尽y凶s tしω川'心訓Cαl川I

(刈ヲ7? 5臼叫2判]. 1口Jcαrc wc di旧S沢似Cα: u ss thc qlけ] ωI 叩O山lじ孔川1，1' Kく匂ωOα]凶011肌lcl p孔川1日(叩O汚叩削cα~CJ hy COX 8.<; 芯 a山川l日1 ('X，川 plい(' 、

o[ rCé刈tリJis

P<:I，y戸i山l日1巳 n川tLcn比山bOl日1 tωo t.hc [仏act 1.h 乱L a 汚幻山i打l口1巴1c U1'ι乱an山11山Ulll日1 1口山]日川n川1刊puriLy wi比仁叶h .rρ2 conf� 日urat.lon 

lws a d r.ιcncracy o[ nOll-lIW巳nctic oriι11しl. c. quad l' upo1凡 r JYl o1ncnL , Cox dcrivcd LhC' 

quaclrupola1' Kondo 1110dcl sLarLing frOlll Lhc cxLcndcd 八nclcrson 11lOdrl wi Lh L}1(' followi ng 

rcalistic 1'csLrictio11S: 

1. For .r2 c011figuratio11 , IIund-rulc 巳1'ound sLaLc of J -=-4 wi t.bin t.hc LS' coupli ng 
SChCl11C is a.SSU111Cd. 

2. Thc J = 4 111u1tiplct is liftcd by thc crystallinc clcct・ric ficlcl wit.h cubic syHullct.ry 

and n011-1く1' a111c1's 1'3 doublcL ground sLate is 1'calizcd aL cnc1'広Y 仁 f

3. 1くl'8.lncrs 1'7 doublct i11 .r1 co凶g山tLion lics abovc Lhc r 1 lcvcl by jc J 1; all oL}Jm 
c011figurations al'c ncglcctcd 

4. Thc.7 二 7/2 pa 山a1 wavc st.aLcs o[ c∞onclu収ctiωon clc けd山， 1"ons れ川r印'C nc 巳lcα∞cω: Lωcd bcca剖1l山cう o[ 

largc spin-01'bi t int.cracLion 

八cco 1' ding to 1,hc poinL g1'oup thcory, thc rClnainÏJ唱 I 、7 sLaLc of .f J confi広uration and r:~ 
sLaLc of .r2 conf�u1'aLion nlﾌx only via t.hc 1'8 parLial wavc sLaLcs of conducLiOJ日1 ('什、'lccL l' oll S

W川i t山hi山n j = 5/2 p川川a凱I山t1 w川av刊c s山Lωa川t加cs. A仲Plμ〉汁社均州1旬y戸y引]日昭広引Lhc刊c Scl山hri山nωcfl汀爪恥y(恥?ミ、-c 1'-う

t.hc rcs叫LぺJ川r川' icLccl Andcrsor口1 1口111日lωodcl ， an c汀CcLivc cxchangc ÎnLC'1' ac、 Lion bcLwC'cn Lhc quadrupolar 

IllOlUcnLs alld Lhc conduct.iol1 clccLrol1s is obLaincd a.s 

fI cx 二 J 2_二三九J川1.: '1110' γ ((1. 3) 
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1 17. σ SLaLc (.J z) (2)f; -J(.J 1 1)) 

() I~ 

Ir3 - ) ニー1 2) -1-1 -2)) () -8 

|日士 2) = ¥1 ~ 1 士別) + ~~I 干糾 11 
土 士 ー ー18

G 

Ir8 士 1) = 1 土 1/2)土 士 一 -8 
2 

Ir 7士)J| 干料作|士 3/2) 5 
士G () 

Tablc 4.1: Cryst.al f�.c1d sLaLcs undcr cubic sylnmcLry 

whcrc ヂ is a pscudo-spin Pauli lnaLrix rcprcscnting Lhc r~3 quad1'upolar lllOlncnts and 

α ん (rn = +, 一 ? σ = • 7 • ) dcnotcs t.h(' r、8 P仰閃花川川a削川tl川Lial wavc sta瓜山tc円 of c∞COl 凶L叫iOl1 clcct.ぺ川lω1'01α11S
C∞01'、Tcspondcαncc bctwccα11 L山bc pscudo一-sp刊111 rcp刊〉刀rcs叩cn川1吋La叫山tion and t.hc o1' i収広 i山na1 011C is s hown i 11 

Tablc 4.1. It is notcd Lhat two idcnLical scatLc1'i11g chan ncls arisc [1'0111 t.hc [acL LhaL chc 

pscudo-spin is originaLcd [1'0111 the n011-1くramcrs cJ oubJct , whilc t.hc concluct.ion clοcL 1'ons 

havc cxLra dcg1'ccs o[ f1'ccdo1l1 duc Lo t.hc Lﾍlnc-rcvcrsa1 sy1nulCLry t.ogcLhc1' wit.h ql1ad1'upoｭ

lar 1n0111cnLs. 111 thc pscudo-spin Lwo-channcl Konclo 1l10cJ cl , chc pscudo-spin is ascr兊ccl 

to Lhc clccLric polari冗a.Lion ﾜl a fon1) or al1othc1' aL t.hc loca1 si Lc ancl t.hc chal1l1rJ Lo (, 11c 

clcgcncl 日cy o[ LﾍlllC-rcvcl'sal syllllllcLry o[ conJucLion clcctl'ollS i n 巳('l1c 1' al

1n Lhc pscudo-spin Lwo-channcl Kondo 1l1 odcl 、 iL is a sL l' aiιhtJ orwarcl conclllsiol1 LhaL 

Lhc pscudo-spin susccpLibility shows t.hc 11on-F('1'1ni liquid bchれV1 0l・ SillCC thc psrudoｭ

spln susccpし ibi li t.y is rclated to t.hc clccLl'ic polariァ:a t. ion l'aLhcr than t.hc 1'cal spin , i t. j 只 noL

scl f-cvidcnt w hcthc1' t.hc lnagnctic su月ccpLibili t.y show~弓 Lhc S騏nc �1110Jnaly. It is sug巳csLcd

that Lhc sysLcln Th j 一
S 凶ccpμ凶tibi凶九刈ili t七切川y川y[20]ト， can bコc cxpla凶a山L日i凹d h乃y thc q ω 仁d1' u叩po18凶8川1，1' 1くondo c 汀cct i ，口1 (，心，cLω山1.1ぺ1'<1.巴伊伊Oαi川l げ叩IIト

l川nctrιry ， wbcrc boLh Lhc quadrupolar 1110lncnt in t.hc c-planc and Lhc llla広ncLic mOIrl CηL 

0.10時t.hc r-axis can bc Lakcn 8.C) thc pscuc1o-spin[J 5]. IIowcvc l' , [01' {,hc Lwo-lcvcl sys {,rlll 

or thc s t. ro時ly cou plcd clcctro川コ11ono11 sysLc叫22 ， 33 , ,37 , 50-52], a lnagnct.兤 dcgl'cCS of 
frccdOlll cannot hc invol vcd in Lhc pscuclo-spin 

Thr qucs Lion aclc1l'csscd in L11 i 日 Ch8ptCl' is whcLhC'1' III れと 11川 ic llllollla!ics 8.1'ρ l'r]alρcl Lo 

(, 11(' 8.pl川1 日町子 o[ localizC'd ('118.n11c1 (n川Ilr!.ic) d情l'CCS o[ f1川10111 ， i.c. "111叫Il r {， ic s pi l1 、

III a 11101'C gcnc1'al scnsc. Thc CXLCllSioll Lo Lhc Lwo-channcl 1110clrl such as thc rcpulsioll 
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Figurc 4.2: Thc lncchanisn1 for thc appcarancc of thc localizcd lllagncLic spin duc to Lhc 

pc山rbaLion to Lhc co吋ucLion clccLrons at Lhc Íl叩urity sitc: (a) tbc ovcrscrccning fo1'ｭ

mation without thc perLurbation , (b) Lwo ゐld dcgcncracy appcars i 11 thc ch川川a山nn
of frccdo1Yl d uc to Lhc peαrtur七baLion.

bcLwccn conducLion clccLrons or thc potcntial scaLLcring at t.he inlpuriLy sitc is cxpccLcd 

inducc thc localizcd magnetic spin 31おs s民chc児Cαm山)la川山しLi比Cωa叫tl ly shown in F匂、

i口山l日1吋tcractions arc intr刀oduced in ncxt sccLion 1 

4.2 Extellded Two-Cllall1lel KOll(!O Model 

4.2.1 Extended two-channel Kondo lTIodel 

Thc csscnce of thc two-channcl 1くondo problclD is LhaL thc ovcrscrccning of Lhc impuriLy 

spin by thc two channcls of scatLcring conducLion C 1CCtl・ons is occulTcd aL し11c impuriLy siLc. 

Thus , thc intcracLion such as thc rcpulsion bcLwccn conducLion clccLl'ons 01' Lhc poLcnLial 

aL t.hc ilnpu1'i Ly siLc is cxpcctcd もo a[[ccL t, hc ovcrscrccning. BoLh Lhc ncw inLcracLions arc 

rcalistic but havc not bccn considc1'cd so far 

First , we inLroduce Lhc rcpulsion beLwccn conducLion clccLl'ons aL Lhc �puriLy siLc 

given by 

If「 ;541ん仏パl1Ú.T+ ---;:: ハσ仏Aんんん7η111.ηtσιU ~【「

2 とプ
(4.!l) 

whr]'c Lhc loca}jァ~cd conduct.ion clccLrons {爪 σ) 日 j

t.hc COUlOlllb rcpulsion w01'ks lllOst cfTccLi¥'cly bcLwrcn conducLioll c]ccLrons wiLh LllC salllC 

polal' izaLion 、 i.c. pscudo-spin , Lhc l110sL dOlllina.nL rcpulsiOl1 i s 日ivcn by thc firsL LCl111 of 



Ch♂pt，er /1. EfTcct of Palticlc-I101e ASyl1lJne t.rÚ、 Prrturl)� jο11 011 ' 1 、1γルClw1111C1 I(on c1ο 11G 

C'q. (1.4) , which is anisotropic in tlw pscudo-spin 只pacc . 1汀[ v.中 只伺州州pれけ川~t. lυ} =ア一 lJ 、 t.l叩 H'什叩lい〉孔川川l日lけl引S IV

i山l日lLcαraction bCCOl日111日lCS isotropic in t.hc pscudo-只p1山n 只p 礼C 。ι. '} 'his rr什Plll s幻101日1 ] 汽 rでοR 礼川rdc代d 鴈S t.hc 

rcsidual int.cract.ion bct.wccn qU8sipmticlc凡 i11 which t.hc COUlOlllh inLcrarLion hC'Lwrrl1 

conduct.ion clcct.rons is inc1udccl. Thus 、 t.hc 鴈.lllOU 11 L of t.he rrplllsion i ぉ o [ t.hr ordrr of I.l1r 

rcnonnalizcd bandwidLh of conducLion c.lcct.rons. 

Ncxt , t.he potcntial scat.t.cring is int.roducccl as 

Jlpo t. 二 V 乞 ALσ/\mσ? (11. 5) 

whcrc t.hc t.wo scaLtcrin巳 channcls should bc idcnLical bccausc of Lhc Lﾌlnr-rcvcrsal symｭ

mct1'y as wcll as t.hc cxchangc Lc1'm (4.3) 

4.2.2 Model for NRG calculation 

Now wc t.rans]at.c t.hc cxtcndcd two-channc] Kondo lnodcl int.o t.hc suiLablc [onn t.o pcrform 

JRG calculat.ion [ollowing t.hc proccdurc as 111cnLioncd in 82.2.1 

守 二「 (4.6) 

whc1'c 

H札i汁nt ゴ/ 2ぶi バι心η川7na'悶ぱσゲんF

+4引;引(zPPト?η川川凡川7{句恥oわ).7
whcrc 17.0 ，171，σ ニバ川 ん，ma' He1'c wc havc 1吋cfincd t.hc parau川crs as follows: 

1+J¥-1 

2 
J) 4{J, V} , ( T 171 _.__] 8{U ,U} 
)• {J, V} , and f''-' - , (1 + J¥ -1 ) J) . l'/ , Y J' uu  u (1 + ̂  -1 ) D {U ,lJ } (4.8) 

It is convcnicnt. t.o int1'oducc t.hc following opcrators in ordcr t.o c1assify t.hc cigcnsLat.cs 

o[ I-JN 

N 噌

QN 二 乞乞(九t ,17La J7I ， 771 σ 一;)? (4.9) 

1 N 
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(']1n])( cr .1. Er[cc( of Pθ r( ic le-J 101ρ ノ\ sγlJll11 e( ric、 p(、r( II 1'1 >(1 (ﾏ()lJ Oll Tn 'oー CIWllllcl Iピollclυ ... ， j7

CJ N c}('llo(.cs t.hc; l.oLal llU1l1bcr o[ clcc t.1'on日 \.\'hi ぐ 11 is ll H'[lSll 1'(マ 1 f 1・0 111 I.hat. o[ ゃ 1 (、 C(.!'O I1只é1t.

11 a1 f f� 11 i 11 民 日 nd ,c.,'N 1.11(' t.oLnl ps('ucl川)1 1\. .JN (，()I' I 川川1\CI i 11 日 (0 t I1 c 、 ('h~)l lI H'川('川、イ1 <!(υ伐引、'gl日山l 川 O

[rr.れ刊附~Cρ川川c代、て叶CI川1 :::只叶; houけ山ω]c_川ιd 1)(' 、 l れ巳a川，1 恥CI 川 t“勺' J nn叩哨1市W日仰l日1('け川州t.ic 只叶印lρ)1打11'、引、 只日叩川l日川l日l刊 / i入1\.'円:- ( I川I t -一- 1川1 . ) / '2, 7η1 ，川1川，1>川川川(れ川山:ゴ川11刊 1. 11刊(、

(.0 1. η1 1ll1l1lbcr of ('lcct・ 1' O I1S i 11 cl lé1,J1 11cl 1 灯、1'('j)1'('S('11 1.お I. hc、 111ilglH 、( ÌC ・只 pinift ]J c 、(']J n11 1]('1 I ( ー )

! 日 j'('gal'clcd 0.') t.hc llla叫明巳伊I凹tic Up (付down吋) 只叶印p川 ω 「代∞('01α川〉丸11山ct山t.iね1Cω1011

T、' }1c i山n川Lcα1' 8れ川，cε，cLιLion (4.7) can bc c以叫X刈!川汚ss(釘fσ吋、

八p問コ乃p児川Cαl吋iはx C) 

•] /�2¥ , ] 1 I /'¥2 , Ll 
flillt. = 2J( ，守トポ + ~Q~) I iUIQ~ 十ず八(2srL: S (Ï z --j(~z j(\z ) I ¥l輙QO I e, (,1.] 2) 

w川V叶h川('、可nわ、 1,hc i店IS0ωotro叶plC l'CpU叫ぢ引切iω01日1{)ん1 三 (U I 20)/.)札う ch(' れ川111S0ω叫山(.1'0 1刊3ηlC rcpl川刈lリ川lけls幻S10ωoα)11 lJノ八 三 {υ/ 一 { J 、

1. 11叩c p戸仰O t.い川'氾，C1αn山1

a川lο l日山l日II此山t.rcひoduccd. Thcsc inLc1'acLiolls , .J 、 [)l , U八 れ nd v(ト il.lひ 1110n、 prillliLivc Lhal1 {J , (J 

and V. 1 L lS not.cd t. h川t.hc pot.cnLial sca t.l.crin巳 LC l'l 11 V() i 11cl udc日 Lhc c汀cc t.日 bot Jt of 

(.11(' l'('pu1sioll bcLwcCll conducLion c1c('t.l'ons and Lhc poLcnLial. Thc1'c[o1'c , Lhc ('OllSCrv(、 CI

CjllanLiLi('s O[ Lhc lI allli1Lo山1.11 11 N 、 (fL G) , 川 C (QN ， )Nz ぅ 九'N z ) in Lhc (のおれ u八 メ ()れnd

(QN ,.7N,..7 Nz , /3 N, ,c.,'N z) ﾜ1 Lhc cnsc U八 て 0 ， 1'cspccLivcly. Si町行t.hc poLcnLia1 汚仁川 Lcr in日

tcrlll Vo bl'caks thc particlc-holc synnncLryぅt.hc clcgcncraLc cigcnst.al.cs dcnoLccl by L q N 
aro. spliL in 巳o.nc1'<1 1 C駘..SO.S \I() ヂ 0

4.3 Al1alysis 011 Result of NRG Calculati011 

4.3.1 E百'ect of new interactiollS 

F勺、

1へν10. 1日l店sc Lho. d出lS叩C1 仁e、叱ti:冗ろC仁d pa川1'a引l日111日lC Lcαl'^ == 3 and Lbc low一 l切'y 1口山i日l収巳 日叫叫lし， é札川a川L叶t.ο何只 up t.ぺ心o N，川 rv GOO れ!'('

IcfL aL c鴈ch rCllonnaliァ;a t. ion sLo.p Lhl'ougbouL (.his Ch餃pt.CJ'. Tllc flow clia日J' a111 of cxci !.nt.ioll 

cllcrgics [01' J =-(). 2 is shown in/l. 3 (a). Thc ('oLlscrv('d quanti Lic 、S (QN ,.iN, SN) 札口、九LLacllC c!

aL thc l'ighL sidc of cach lincs. Thc lcvcl schcll1c of cx('iLαLion cncrgy is l'('J1onn 九. Iiス代 i

Lo Lhat of t.hc non-Fcrnli liquid f�cd poin t. , which can bc dcscrib('d by Lhc ollly onゃ

いれ1'a111c(.c1・ j す but cannot bc undcl'sLood 0.'3 Lhc 11l1l1Liplc cxぐ iLa(.ions o[ non-inLcrad， in日

sysLcJn. Thc non-Fcnni 1iquid f�cd point ariscs [1'0111 t.l川 t， hc 日round sLaL(' (0 ,0, 1/2) h;.).') 

t.hc clcgcllcracy of Lhc p日cuclo-s pill cluc (.0 thc OVC1'SCl・CCl1l口氏。 f Lhc i ll1 pUl'i t.y psclldo-spi 11 

Thc lcv('] SChClllC of Fig ,'{.,3( 日) l'cp1'oduccs しhc nOI1 一I 「勺，'C1αlïn川n川li liq叩中lド刊u日icl fì日IXCα吋:文cl poi日川i日l叫L 山C ωt汀氾cωJ

p川川川I'c.引W川V川川f川lωO川 只山山t.l川u吋仁c1 icや内sH5 ， ， 16司] I and Lhc cOlllpal'ison of confonnal f�ld t.hcol'y and Nnc: J'(，S山，s

W[lS P児)Cl引rfon口111C
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J U1 l!八 V() U1 lJ八 Vo 
一ー一 一回一一

(a) 0.2 。 o () (c) 0.2 () () 。 l

(b) 0.2 0.2 () o (f) 0.2 0.2 o 0.1 
(c) 0.2 。 0.3 。 (巴) 0.2 o 0.3 0.1 
(d) 0.2 0.2 0.3 。 (h) 0.2 0.2 0.3 。 l

Tablc 4.2: Init.ial parmnct.crs for NRG calculaLions shown in Fi日 11. 3

NcxL , wc invcsLigaLc Lhc c百ccL of ncw inLcracLions. Thc il1it.ial paranlCt.crs for cach 

C8SCS arc lisLcd in Tablc 4.2. For Lhc cascs t.hat. Lhc rcpulsions arc f�iLc wiLhout. Lhc 

poLcnLial scaLtcring Lcnn ぅ t.hc now d出i れ巳即l れ川，Ill旧汚 of low-l ‘yわ/ぺIII市巳 cx訂('刊、' ]川lし， <1川t. iω011 (ρ川、ηnCl 広 iいρ~s a山r c: 円叫hωOWI1 1川I日1 
fig./1. 3剖(い仏例b川)オ) (付刈dめ). Thc lcvcl s以町ωCJ山:オhc児c叩!

iし山.1心h a川t. fo1' Lhc C駘SC in l.hc abscncc of rcpulsions , Lhc C8SC (n,). IL 叩ans LhaL boLh of thc 

rcpulsio l1!町 U1 and U八 arc inclevanl. pcrturbaLions 八s a rcsulL , Lbc roLaLional sylwnctrics 

boLh i II Lhc 1n8εncLic spin and pscudo-spin spaccs (1,1'C 1・ccovcrcd as thc rcnol'l naliァ;aLioll­

日1'0 叩 cvoluLion is procccdcd (SCC Lhc cnscs (c) a 吋 (d)). 1n t. hc叩cう pコ1'c 只問則Cα]問coぱfれt.hc叩c poLcαcn川山1吋t. i(1，川i川凶礼川l 

S氏Cωη川Lt“tC1α1'1時 t化Cαl川lη山I日1 Voゐ , thc flow d出1ag♂ra川川，1江l汀111 1店s s叶110\

dc 只cncαl 九川Lωc s坑té川l叶.tcs dcうnotcd bコy 土QN a剖1'c S叩pμ1i 1. kccping Lhc avcragc of Lhri r cllf'rg� 何 t.hc: 

salllc as LhaL of Lhc ca.sc wiもhouL \~). Wc concludc t.hal. thc poLcnLial scat.Lcring L('r111 is 

a rclcvanL pc1'LurbaLion buL docs not. a[[ccL Lhc cxchangc coupling aも thc f1xcd poinL .J ψ 

Thc conclusion Ll川 boLh Lypcs o[ 1'cpulslOns (U
1 
and lJ八) 日1'c ir l' clcvれ川 is sLill valid fOt 

Lhc casc of vn 戸 O. (Wc conf�ll Lhis f1'o山 Lhc calcul川ions showl1 in FigA. ,')(f) (11)). TI1 11へ

Lhc inLcra.ction aL Lhc fixcd poinL can bc cxprcsscd ~ぢ

Hi~lt 二 2 .J* (勾2 十元2 I A Q ~ 2) I Vo* ( J, \令 )Q~
2 

(L1. 1 ;3) 

VVc 110Lc Lhat Lhc cxchange coupling J常れL t.hc f�cd po:inL is indcpcndcnL boLh of t.hc 

initial pa1'alnctcrs J and Vo. Wc cxpcct t.h8,t. particlc-hole aSyllllncLric pcrLurbaLions [1!'C 

rcno1'maliスcd into a pcrLul'bation of Lypc of potcnLi 8,l scatLcring tcnn in gcncral 

4.3.2 Fixed point and Ground states 

日m仁c t.hc rcpu lsions LUl'ncd ouL Lo bc Llw inclcvanL pcrturbaLion , wc discuss thc fixcd 

p011lt lllorc dctail rC'strict.ing our invcs t. i広口 Lioll wiLhin Lh(' cxchan広c couplin広 J alld t.hr 

POl.cnLial scatt.cring i.cnn ¥!(). Bcca.usc Lhc aLt.r�1cLivc poLcntial CDSC V()く() is cqui\叫cnL Lo 
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(a) J = 0 .2 , Vハ= 0.2 (b) J = 0 .8 , V
o 
= 0.2 
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Figu1'c 4.4: COlnparison of thc low-lying cxciLaLion cnc1'gics 1刈wccn (a) J =-0.2 and (b) 

J = 0.8 fo1' \も = 0.2 

Lhc casc V(J > 0 in t.h1'ough thc parLiclc-holc (,1'ansfonna t. ion ) Qo • - Q() , (,0 t,hc inLeract.iol1 

(/J .12) , wc discuss only Lhc casc \も > 0

Thc ilow diag1'alYlS [01' J 二 0 .2 and J = 0.8 kccpi阿川 - 0.2 arc ShOWll in Fi g .ll /l(α) 

�1.l1d (b) 日 incc t,hc 騁lllounL of 叩liLt.ing aL N 二 ぬ l刈WCC I1 日 rs L and scconcl cxci La川川山Li川川川， 1ぷ川川i日ω川(りω)川l

C J日lcrgy fo1' J = 0.2 is largc1' than Lhat fo1' J = 0.8 , Lhe 1'cn()nnali~cd poLcllLial dcpcnds 011 

Lhc cxchange coupling J and in this ca.'3C, Vo*(O.2 , 0.2) > し~*( O. 8)0.2) 

Wc now cJ c L北北LCl 日山山i日lnc刊C もυh児c q中3主刊u泊川a加Lは山川11

l川nL化c1' n口九川，疋d山cL仙Liわ01口1 (μ4. 13め) 1 which can dcsc1'ibc thc fil 叫 scvc1'a] ほci LaLioll cncl ι ics bc ω USC o[ t,hc 

lllCk o[ t.hc cffccL of hopping. 'Thc ursL scvcJ'al cxciLaLion cl1('rgics a1'c 巴 l VC J日1 in T、'ablc; ! 

ll..3 8 口nd \咋~)i< d白cpμ〉児Cαn凶1C仁dCl1 cC ofれLhc児cln 1おS ShOWl日1 1山I日1 Pig.4.5. Wc Cal日1 C白S叫山{しLilr山r

( i吋C叩p児C∞I日凶1d仇cn川L 0ぱ[ J al吋 Vo削4ゐω)) b切y u山US1幻111叫g しLh児C 白血1's叫L c以xcαi L凶a叫山もtiOl日1 cncrgy ln しhc 1'csulL [01' ¥!() 一 () 
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Figurc 4.6: Thc J and \ゐ dcpcndcncc o[ Vo* 

(Scc Fig.4.3( a)). Thcn, wc can dcLcnninc \~t ( よVcJ) such t]川 thc 日 rs t. cxci taLion cncrgy 

cquals Lo J* -Vo* fo1' Vo* く J * ， Vo*守一 jす [01' J "t守く %η7 く 2J*オ*， 3 ./ *オ 一 l咋乍 [01αr 2 J "t く Mη; く 3.r令

and so 011. Thc刊c J an川nd Vo令仁d仇lcpμ閃Cω11吋1吋dcαncc of \咋4♂;a1印c s油ho仰W111山n F日i巴1. .6. Onc ca川11 SCC L山ha川L し山hc

l印仁cs叩1沼S幻iduωf川1叶1 pコ)otcn

Sil1CC t.hc charactc1' o[ t.hc fixcd poinL is dcLcnnincd by Vrt , t.hc cquivalcnL liucs ill 

para1ncLc1' spacc [or scaling a1'c obtaincd []"0111 Vo* (J , V()) ::::-consL 臥pcciall仏 [or Vr)* .r 
(t.hc sobd linc in Fig.4.6) , thc cquivalcnt. Iinc is c∞Oα叩1日ncidcαI川 wi(μ川仙t.l山.1品h Lhc boundary bcLwccl1 

(0 ,0, 1/2) and (- 1, 1/2, 0) ground sLaLcs , bccausc Lhc fi 1's し cxc itat.ion cncr日y is 7,C1'O f01 

Lhcsc couplings. 

Thc naもU1・c o[ ground stat.cs [or va1'ious ¥.oupling .J c=tnd Vo arc sbown in Fig.!I.7. Thc 

solid linc is givcn by Yc�* = J*. Tl1C rcgiol1 of (0 ,0, 1/2) ground sLatc is cxpandcd as 

COl1lparcd w�t.h thaL cxpcctcd for thc Cé出c in t.hc abscncc o[ t.hc hopping bCtwCCll localizcd 

clccLron at t.hc il叩1山Ly si tc and Lhc c∞O吋l川ion c1ccLr01 

d批命州lcた川c (、→叱Lαcα;1川l口川Hl日lincd by \令 二 .} , wh日ich is ShOWll bコ乃y しLh児c d品a.s寸i町ì 1 il日nc in Fiば巳 4.7η). Tいs c川a川!η1 bc 

\1川l日l c] Cα~1'sLood 0.'3 [ollow 円日. T、hc (れ、ncrgy 巳n ins fo1' oVCl'scrccning [ot111at.ion aL t.11C ﾍll1 puri (.y 

SI Lc 81'c CI uc t.o boLh しh(' cxcbangc .J 鴈.lld t} IC、 kinc Li c cn C l 日y 8,c;sociaLcd wit.h (.}10 hopp ill 巳

/) ("J 1). w hilc Lhc cncrgy 10ss ariscs Lhrough し 11c poLc山
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Figul'c 4.7: Thc na1,urc o[ grolJlld s 1,aLcs in Lhc initial pal'a ll1 c1,cr sr泊cc. Thc bound九l'y

(solid lü刈 of 1,wo Lypcs of g1'ound s 1,a 1,cs is clctcnnincd by Va* で J". Thc dashccl linc is 

t.hc boul:dary tbaL is cxpccLcd [or thc C8.SC without thc hopping o[ conduction clcctrons 

bct.wccn 0 and 1 sites 

of ovcrscrccning. Consequcntly, thc boundary is rou巳hl.y dctcnnincd by Lhc condi Lion 

iも "-l lnax( J, J)) 

4.3.3 Dual nature between pseudo-spin and magnetic spin 

八lLhough 1,hc scvcral Lypcs of ground s 1,aLcs arc rcalizcd 8.'3 Vo" incrc8.scs , such l (1 l 巳c 1' Vr;' 

IS not 1・Cれ}js t. ic onc. Thus lct us considcr Lwo sysLclns wit.h cliffcrcnL ground s t. aLc 巳 Ivcn

by 1,hc potc山als at thc fixcd poi民げ(1) れnd V
O
"'(2) (Vo*( 1) < .r ancl .r くげ(2) く 2.J"，

i .c , Lhc SyStCID (l) hお thc ground statc (0 , 0, 1/2) and Lhc SYSLCIYl (2) t, llc grou吋 sLaLc

(-1 ,1/2,0)). Whcn thc two SySLClTIS havc Lhc rcla1,ion 

げ(1) +げ(2) 二 2Jぺ Q~)+Q日) =-IF(7t

t.hc cxcit.騁Lion cncrgics of t.wo SyStCJllS 8. 1 ・ ccoincidcnL wi 1,h cach ol.hcr. This is c鴈.si ly vcrif�d 

[01' N 二 00ほg∞ 1'1 1昭 thc c∞OαI吋u閃ction c山lCC t. l川川lω1'01αns of N > 0川) by lncans of thc in川tcαrc舵tC忙川cLio∞n(I.13)

80 WC 8.SSUIDC LhaL this coincidcncc is valid cvcn if Lhc conducLion clccLrons of N > 0 arc 

t.akcn inLo aCCOl川 AcLu8.l 1仏 i 1，s validiLy is conf�ncd (f01' at lcé)..S1, 4Sth cxciLcd sLé1 Lcs , 

¥v hosc CllCl 町内日l'C lcss 1,h8,n "-l :)め) by a p刊川l口i日l日l川 cxa川日川11川I

F、" ig .4 .8 ， in which 1,hc coincidcIlCC o[ Lhc cxciLa 1,ioll cncrgics fo1' J 0.2 and \~) 0.28 



Chapter 11. E汀cct of Par{ j ぐ lc- IfoJc 八 s，rnll11C{ric Prrt ur!n]{ ﾍOll 011 Tn'o-Clwllllcl [(()1J(/0 . . 九ら

(\~; -0 .5 .Jつ and fo1' .J 二 0.2 ancl 比 一 ()り 5 (町 ~ 1. 5 ./ づ O('('11]'S a[Lcl' 2R i C門川 iOllS. W(、

ll駘.ve (.0 はぐhan日(' t.hc 1'01c of t.h(' 11川広1川， 1(' 只叶叩S j) lい刊〉η川i日n (('什山h al川al1l1('川ド什1) ;汁川川川1け川川11川1< 1 t.I Jμ( 、 lい州附只引('門川、刈u c! c川!い)lIl ， (け!ρ内川円叶lい) 1川tc1 
1川h叩C 1山日山(.C l'éL、

ο刊l日1 C J 広1CS 駘.l'C 1日lYl叩仁cru凶L店SII 1'Cd fl'OlIl日1 t.WO diffcrcnL gr0l111cJ 只 t . a t. cs. Nall l<' !y、 t.llC' dua1 nnLurc b( 、 (.w何 II

t.!w 11 l<.ì日 llcLic spin and Lhc、 pscudo-spin l' c f1(、(、 t.s Lh( ~ ll鴈Lllr(' o[ t.WO Lyp( 、氏 η f 日rO l.l ncl 叫;1 t.ρ円

Fl'Olll this coin cidcncc , iL is s LraightJol'Wれrd t.O con C'l lld(、 t11a(. t.hc 'f'-d(' j) C'll c! ellCρof 

L]Jc llw.g ll cLic 叩in (chann('l) susc叩t. ibili t.y for t.l1(' sy只 t. C111 (1) ('OillCiclcs wit.h Lhosοo f t.l1(' 

!附udo-spin [01" t.hc SYSLcHl (2) , whi('h 118S hccn knowll ns anolll al ollへ川lくl 川C VρrS~l 

日uch a llCW 8ぉpcc (. of t, hc Lwo-chanllCl Konclo problclll al' isC'只t. hrough (.hc pal'Licl('-bolC' 

(l,<.jYJ lllllC t. 1・ i c pcrt.urba.tion whicb has 1101. hccn (.akcn int.o aCCOl.ln(. so f日1・. ¥NhC]l Lh(' illlpuriLy 

叶) i11 is lllagnct.ic i 11 ・s t.cad of pscudo-spin il1 t.]W alLc1'na(.ivc t.wo-ch九nnれ1 1く onclo Jl IOdρ1 ， Lhi汽

CJ ual naLu rc � n p]jcs LhaL Lhc pscudo-spi 11 susc('ptibil i t.y shoulc] hc anO ll1 o， lO ll 只 Lo日付hc r wit.h 

t.hc In 8召nctic onc 

VVc invcsLigaLc Lhc spccLral wcighL ()f Lhc dynalllical sl1sccpLibilit.y bot.h fo1' thc lll t昭一

川 i c spin (channcl) o[ cond l川iOl1 clcct.l'ol1S aL t.hc illlPUl'iLy siLc ，入 f(ω) and [01' 1.]1(' i1l1-

plll'1Ly Pちゃlido-spilh x? (ω ). Thc J'csu1Ls (J.rc ShOWll in 1均 11. ~)、 which al' C はIc ulaLcd by I.h(' 
p l'O何du l' C ll1clJt.iol1cd in ~2.2. 1. 1n 1.11(' [\. 1川町c O[ t.hc poLc山口 1 \I()， 入 j(ω) shows I ヤ l'l rl1
1 iquic1 b(' hav iol、 , l.C') α ω 以叫J ω rv 0, wh川11リl c 1i 1川1
\~イ七). T

、

h川1J S汚 l'C只烈叩u川11 し lS CωO 山 a山ry Lo t. h川川aL ob刈Ln川，n川川九川川11凹cl by L 吋W1ほ巳 a川l1 d 八 [日川日恥I cα(け:オ氷k [十いfイ州lω川9川lト， who け山れ川川川j日山川!日川l日1 Lh 川
l 刈h tl品hc 入; ( ω ) れ川al1吋1d Lhc χ : ( ω ) al'c an∞Oαl Yl a 
Iη1 0 1日1一 F勺cJ'J lli liquid bcbaviol' incspccL of thc cxistcncc of Lhc pot.cnt.ial scaLLcring 1.('1'111 ¥lrl 

Wc 11oL(' 、 ho\入!cvcr ， t.}川t.hc potCl1 t.ial SUPI万csscs t.hc int,cllsi Ly of バ(ω rv 0) 
Thc pot('山a] ¥10* (> 0) dCCl'C8.'3CS th(' nUlnbcr of clc('tl'ons at. Lhc "ilnpurit.y" siL(' r1'OI11 
llllit.y in c8.ch channcl , whilc Lhc cxchangc ,r WOl'ks Lo hold !Jl(' ov刊 SCl'('C'J)ing fonll aLiol1 

Sllch a COJr収t.ìtiol1 ind uccs Lhc ch川川日山o，n口nn

I川l日l旧問S引1川]日1 lS 只ChC1口1 Il a しLi cally 汚叶hOWl日1 in Fi 巳 4. J n. Th(' inc吋dl日1 CC、て寸d 111日l é'lι 11('け川Li町(、 s p仰)刀川1J山l口1 1民S 8.川).札.l so QV ο円l'S肘(' rrη~('川F門11('代dl 
;:1 巳a川ill by COl日lducLion clccLrOllS wi th Lwo chall ncls , i .c., LllC ps('uclo-spin dc巳rccs o[ fllヤー
c10111. ^只九 rcsul L 、 thc lllagncLic susccpLi bili t.y cxhi bi Ls Lhc logari Lhlllic d i VCl'gCllCC 1. Sincc 

t.hc pscudo-spin dcgrccs of f1・CCdOlll c(111noL bc COlllp C11Sれtcd p行rfcc Ll y unlcss Lhc poL (,llLial 

\~)* - ∞， t.hc pscudo-spin susccpし ibiliLy is an0111alous fo1' any st.rcngLh of thc poLcnt.ial 

includin広川 =-= 0

ISllCh �) possibi]ify i只只 11ggrsfcd ill rd.[JG] [rolll a gC !1 Cl れ] POi111 ぱ Vl内川島J'011 j> 111('01'('1 ica] é1 rgl I1 11c llf 日
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Figurc 4.8: C01l1parison of thc low-lying cxcitaLion cncrgics bcLwccn J -0.2, Vfl 

(\lo*(J) 二 0.5J *) and J = 0 .2，同 二 0.95 (¥10*(2) = 1. 5Jつ
0.28 
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(a) 

pseudo-spin 

トキーー

4-『司‘h channel 
(magnetic spin) :> 

G'igurc 4.10: Thc IncchaniSln [01' thc appcれrcU1CCof thc channcl dCgl・cc円 o[frccdol11 LogcLh r- l・

wiLh t.hc pscudo-spin duc to thc potc山al V(). (a) only pscudo-spin clcgrccs of [1'cc仁10111

CX1St w川iL山ho∞u川lL LしU叶山}上hc児lC P卯0 1，ω旧CαI山a叫1 \1(凶凡ゐ々仏1 ，う (b川) ch川川a剖l日nn

thc i口lnpun比ty s幻iLe arc induccd 仁duc Lo thc COl口npコctiLion bcLwccn しLhc cxchaJ日19C coupli山n広 J

and thc potcnLia1 Vo. 
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4.4 COllClusioll 

Vﾝc h f-1,VC invc汚 Li 巳aLcd t.hc cfTccL of t.llC par t. iclο-holゃれおyllllllc t. ric pcrLurhat.iol1 S\IC、h [1ぷt.} H、

]'cpulslon bc (， w('cn ぐonclucLion cl('ct.rons and t.h(' pO t.(, llt ial sc川t.('ri n日 a t. 1.11(' 1111 j)\l ri t.y 只 1 t,(' 

n日日illst (, hc convcntional Lwo-ぐ11an11cl 1くonclo Illodcl. Th(' low-lyin巳 ('xci (.ccl 日t. at {、s at. t. h(、

日 xcd point arc dcscribcd noL only by Lhc f�iLc cxchangc cOllplin日 .r buL also hy t. h や

illl puri Ly poLc川ial ~)>t. .r is 111心prncl(' l1(， of (, hc illit.ial par 8. 111付刊へ .J allcl \~)， vvhilc \~/ 

dCj)cl1ds 011 hoLI1 of Lhcll l.八l1 alY7， ill広 L lJ c Ilxcd point. in(.crac t. io l1、 iL Lll rns Oll (, (.11(1.L fOl 

jψ く町く 3Jぺ Lhc lIlé1,gncLic spi Il dOll hl川氏round sLaLc is r('élli 7,cd in ぐonLras t. ¥vit.h t.ltc 

p問udo-叩in doublcL ground 汚LaLc fo1' \~;" く .r. As a rcsul L, Lhc L¥Vo t.ypcs of grOlll1cJ st.at.rs 

lρflccL Lhc dual naLurc of T dcpc、ndcnccof {.hc SllSぐcptibili t.y b('{.wρ(' 1) t.hc 111 日広ncLic、 spin and 

Lhc pscudo-spill. 八ppcarancc of thc llla巳ncLic dc日rccs of fl 仁~CclOlll C餠l bc c011f�llcd 11101'C 

vividly by Lhc facL (.h川 Lhc clyl1alllﾎcal cαlcu]a t. io l1 fo1' thc spc('Lral wciιh t. of Lhc ma巳ncLí ぐ

印in susccpLibility shows nOn-FCl'111i liquid bchavio1' whcn Lhc P (ì， 1 ・ Liclc-holc 8.'3yIlllllct.ric 

pcrLurbat.ion is swiLchcd on. Thus 、 jL is cxpccLcd thaL Lhc n18.巳nctic n011-FCl'llli ] iqu id 

bchaviol 只 obscrvcd in SOlnc Cotllpounds can bc undcrsLood hy Lhc Lwo-channcl J(oncJo 

1l10dc] LogcLhcr wiLh Lhc pmticlc-holc �1syl1ll11cLl'ic pcrLurbat.io11 



Chapter 5 

Summary 

Wo. havo. sLudio.d tho. Two-channcl Kondo problo.1Yl in ro.alnlcLals. Tllo. 1'o.sulLs in Lhis Lho.sis 

arc SUl11111arizo.d. 

ln chapLcr 3, it is shown 011 Lhc basis of もho. 111ultiplicaLivc rcnon11alization-group 

mo.しhod o[ Lwo-loop ol'do.r thaL Lhc 10W-CllCl 巳y efIo.cLivc IlatnilLonian o[ a stl・ongly couplo.d 

local o.lccLron-phonoll Systo.lll , such ét.S 八 15 COlllpound , is lnappo.d Lo Lhc two-ch日nn o. l

lく ondo lnodcl. A phonon is treaLo.d aぉ an Einsto.in oscilla t.or , which silnul 日t.o.s an opLicれl

phol1on in 八15 cOlnpounds who.l'c thc t.ra.nsit.ion l11cLal ions alJnosL lll�1.inLain t， hc 孔LOl Uic・

llaLuro.. Tho. phonon lIilbo.rt spacc is ro.sLr�Lo.d up Lo ono.-phonon pl・occss lllainLaini 口広

しhc Jcgro.o.s of [ro.o.doHl o[ ionic vibration. This phol1on inLo.l'acLs wi Lh t, hc polariz九tìon of 

conduction clo.cLrons , which is CXpl'o.sscd in LcnllS of dil'ccLionoJ dcpo.ndcncc of Lhc wavc 

vccLor k i 11 thc vicini ty of thc Fcnni lcvcl 

ﾟy clirninat.ing thc high cncrgy pl'OCCSS of conduction clccLrons , i t. is shown thaL a 

co.rtain cla.ss of coupling只 b o.two.o.ll ion vibraLions ancl Lho. polarizcd conducLion o.lccLrons 

is sclcc t. ively 巳rown up. RcstricLing our aLLcnLion Lo Lhc sub只paco. rclat.cd Lo thc scｭ

lrcLo.d couplings , wo. can o.fIcctivo.ly clo.scribo. tho. polarizaLion of condllcLioll clcct.rons [ì,.c; 

Lhc pso.udo叩in ] /2 a[Lo.l' tho. rcnonna]izaLion o.voluLion ilS procccdo.cl cnough 八s a ro.s¥ll t, 

t.llo. sys 七o.ln is ro.duco.d to tho. two-channcl Kondo HlOdo.l. This ro.sulL Hla.y bo. inLcrpl・o.t.C'd

Lhat Lhc adiabat.ic poLo.nbal t.ho. ion fccl 日 clcfonns inLo c1oublc-wcll shapc duc Lo t, ho. 1'('1101'-

11lalizcd s t.ron巳o.lccLron-phonon couplillg. Sllch れ doubl o.-wcll poLo.nLial allows only Lh 

dぞ巴rccs of frco.do1Yl of polarizaLion of condllcL�ll clccLrons bcing rcnollllaliíとcd iuLo thosc 

()f pso.udo-spi II 、 which dcscl'ibo. t, h c; scrc;c;nin巳 of lYl ovin日 1011

Thc Cl'ossovcr Lo.ll1po.l'aturo. 'f l<. 九ncl t.ho. rcnol'111al izo.d phoJlon fl・ρqU C' llCy ムア arc rxｭ

j)u'sso.cl il1 LC;l'!IlS of thc llla.ss rat.io 111.j八/、 7n and 八I bcing Lhc JllnSS of c; ]ρ c{ 1' 011 日M 川?

に
U
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F
h
u
 

れ吋 thc dccLron-phonoll coupli昭 q/I入 J) lwing hal f 1.11(' banclwidt 11 o[ conducLioll 山c­

Lrons. 1'hc a.nollwJous bchav�rs a,ssociaLcd wit.h t.his 1'C'nOrllléìli ア'， nt i 0 n (' a n b C 111 (' 8S U 1 日blc

� the condi t.ion 'JK > ム:1" is [ulf111cd. It is c]Clnollst.ratcd Lhat. suc、h ('011<1 i t,ion is sat.isf�d 

whcn 9 / J) is sullicic凶y largc but. in a rcali叶 IC l'é\昭や

1'hc 1'csul1. in chaptcr 3 illlplics t.hat. Lhc so-callcd Mi昨!日1 npproxilllaLio11 is not. val icl 

lコ代ausc t.hc hiιhcr ordcr tcnns givc 10日ari t,lllllically clivc l'巳c11L cont.ribl1t.ions [01' th(' ¥'C1'ｭ

Lcx C01・ 1 ・cction. Thc violation o[ Lhc Mi巳dal approxilllaLion clocs noL ncccssarily 111('(1.11 

t.hc rcnonnalizaLion o[ Lhc Spﾜl susccpLibilit.y duc Lo Lhc clccLron-phonon coupling. E只ー

pccialJ y, Lhc prcscnL rcsulL suggcsLs t.haL only Lhc dccLron-pho11on couplin巳 c a.nnoL aITord 

t.o rcnonualizc thc spin susccpLibilit.y which ('01'1'('只ponds t 0 t.h(' ch811nc1 su只c('p t. ibiliLy in 

OUJ' f�cd-poinL t.wo-channcl Tくondo nlodcl. Wc invcs t. i 巳èìLc t.hat. thc cnhanCClnCllt. of t.!](' 

ch日nncl susccpbbiliLy is providcd by t.hc cxLcnsion of t.hc p8rLiclc-holc éì,.syllu l1cLri c: pcrｭ

Lurb日Lion Lo tbc Lwo-channcl Kondo lnodcl in chaptcr 4 

1n chaptcr 4 , Lhc c百ccL of t.hc particlc-holc 8syll1111cLric pcrLurb日t.ions 】 nalllcly Lhc 

rrpulsion bct.wccn Lhc conduct.iOll clcc t.1'on只日nd t.hc po t.cnLia] 月caLLcring �1t t.hc illlpuriLy 

幻しC 守 on t.hc t.wo-cbanncl Kondo c百cc t. al'C invcsLigat.cd by t.hc nUJ11cl' i 仁川1'cno1'1n九1izaLionｭ

group JllcLhod. Thcsc pcr t.urbat,jons arc cbssif�.cd into Lhc pl'ﾌlniLivc Ol1('S and thc l'clcvancy 

ag�1insL Lhc convcntional Lwo-channcl 1くondo Jllodcl is sLudicd 八S 日 rcsulL ， Lh(' low-1yil市

内ciLat. ions arc dcscribed by Lhc rcnollllaliス代1 pot.cn Lial \イ; ;lS wcll n,.c; Lhc cxchan巳c COl1plin巳

.r which is known 8.'3 Lhc finiLc coupling � prcvious sLudics 
Analyzing Lhc f�ed point intc1'acLion , it t.Ul'ns ouL t.haL [01' J沙くし7J く 3.r ， Lhc 

magnct.ic spin (cha引叩川口nnclり) doublcL ground sLaLc is rcalizcd in co山川 wiLh Lhc rsc吋o-s叶Spl

doub凶コ刈lcL 広仰round s叫t. aLωC [01' vrイ; く .1'" サ I抗t j同s a心lso c∞on 日nncd t. h8，川L し山hο lcvcl s町ChCl口rrw of cxc引i Lcαω:(叶cl l 
R叫札La t. cs [or t.hc C8SC wi 七h In8 広nC't.ic spi n dOll bk t, 巳rouncl sLat.c is coinciclcnL with LhaL for 

Lhc pscudo-spin cloublcL 巳1 ・ound sLaLc 、 wh(ο刊、~I日1 Lhc p 口，r al日川i口1(; もC1 汚 ;九1， 11日lC川cl t.hc (ぐ.η01日] 汚叩crvcd qUéì川， 11吋t. it比山1.1μ(、羽勾
of t.wo 尽旬ys札t.cαI11S

(11日ml natur、'c o[ '1' dcpcndcncc o[ しhc susccptibil i Lics bcLwCCIl tbc pscudo-spin ancl Lh(' 

magncLic spin. lndced , wc vcrify Lh8L t.hc 1na巳ncLic su日 ccpLibili t.y cxhibit.s anoma1ous 

bchavior togct.hcr with t.hc pscudo-spin suscでpLibi I i t.y. Wbcn t.hc part.iclC'-1101c 8Syl nlllcLric 

pcrLurb�1Lions arc switchcd on ，しhc spcct.I'�11 wcighL o[ thc 1118召ncLic 叶 )ill susccpLi 1万 liLy 

show匁 dirccLly t.hc non-Fcnni liquid ])chaviol' cluc to thρ appcal'ancc of t.hc III日日!1c t. ic

c! c、g l'CCS of [rccdOlll ・ This 1l0n-FC1'111i liquicJ lllcchanislll poLf:n t. ially 日 lV何8.11 cxp 1 an aLioll 

[0)' Lbc ano1nalous bchaviors o\)s('1'\中d in SOlll(' cOlllpounds wl�c:h can hc dcscrib(、d by Lhや

Lwo-ch�1lll1cl 1くondolnodcl



バユ(ω ， T) = ~山生士 il L 
一/J' ' / 2 l 27' Jω 干ふ-乞i 6. i ァ;βI ib 

Thcn wc pcr[onn thc k-sulIllnation in cq. (A.l) [or T • o 8..'3 

乞(士~(w ，7') = =r- Iρ| fkα(ω ，7') 二 平Iln~ +付O(ω)I ôaß , 
ρ1---IωI ' ....-'--/1 

(A.3) 

Appendices 

A Detailed Calculatio11s for eqs. (3.43)-(3.45) 

Fi 1'st , wc dc1'ivc thc vcrtcx conccLion o[ fil'sL o1'dcl' rcprcscnt.cd by t.hc F(,ylllnan diagra.nls 

8.'3 shown in Fig.3.5( a) a.nd 3.5(b). Thcyal'c やれぽ~xp似1'css悶‘S叩g叩cd i川11 t(ω川Cα;1口l日lns一
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whcrc 

fj払 (iωグ) =-T乞 σ(叩" 仁川町ω +w' 平仁)

1 I Ll_ ﾇk 入 ート乞7 ムtT 1 1 1 
二 - lth- 士山一一一 I ';(" I , .1¥ -,- C ... ¥ , -- ^i_i' (A.2) 2 l 2'[' ----- 2'/' J i(ω+ω，) 干ふ 一 入 - LA17川

'0/c scL 入→∞a.nd thc analyLic conLinuation frOlIl thc discrcLc pointぉ in uppcr-half planc 

t.o thc rcal axis is carricd ou t as iω → ω+ 入十が ancl iωf → o ト iô ， i L bCCOlllCS 

(A.!J) 

whcl'c ε 1 A t 7戸1/ω << 1 i店s c∞onS1ほclcα1'c収ω仁d. Igε 1) onn昭g t.hc刊c llna姥矧glna.町L

戸J)ヤ (八 5)

\v九，vhcl' C \V問c 1 

Ncx刈L ， wc dcrivc thc vcrtcx concctioll of scco凶 ordcr pl'ovidcd as shown in 1" iι~3.5(c) 

乞 rj，II) ァ;β = -77.:2.二乞乞'1'1'(山111 )叫ん，;;;716(7ω 7 717;;7417Jβ
kk' i.，im γé1/ð 

(A.6) 

62 

一: プ一一一一-ー一一一一寸



/¥ ppcllcliccs つ
、
リ

ハh
u

whcrc 

ldifl行 (ω ， '/') -( _- '1' ) 2 乞 (;(0) (人ソ)乞(，'(叩γ)Q~~) (ω | 「/ - f)GP)(ω 1 (' - (). (八 7)
(' 

CaJ ・ I ・ yl l1日 ouL Lhc ana1yLic conLinuat.ioll :1,,) t.hc Sal11C a1>o¥'(' , \\!<、巳c t.

hJ.凡 (八 8)

whcrc 

P，~~ -=-~ _J~h~ -1日gt _1 ~~ 
川 4ω - (ふ: ._-~k') -Li 6iT:~!J 1 icS 

(八 D)

¥Vc pcrforln thc k and k' SU1Y1111aLiolls and lcavc (,hc 10広川 i t. bllll C (，('rJI1 S 、 1. 11れn wc 巴cL

乞 ldj715(ω ， 'r) -= - }n 立Ô'Ye\'t/l (1/ 
|ωI ' rζ jζl (A.IO) 

Thus , 

2二 FUrll) ァ;β 二 乞 ( 11 乞 r2Tr(引lv .7 ) ii/l' - 1ì' (vj v-i )川 11112 i TV¥ j L tt ¥ - / (( J ---IωI ) 叩 1
(A.ll) 

whcl'c WC usc thc l'clations 

(T71Lr
7Tl)()゚ = 乞(Ômf (\i -ト九九 一 /ìl .i (\m)T~β1- ic1η吋仙 川d 乞川1Tr ('/! 1 V m ) 一 o

(八 12)

Finally, wC dcrive LlJc sc]f-cncrgy of f�sL ordcr prcscnt.ccl by Lhc F，ηynlllan clia巳ram a.s 

shown i11 Fig.3.5( cl) , which is givcn by 

。 二一句Tl (7JV)5(戸l?kk' (川')T 1 ) ( β 3 (八 l~n

whcrc 

l?~f， (7:w , 7') = ( - 1')2 乞 G(O) ( /， ; パ)乞 G(O)(k' ， ( ' )Q~~](ω 十ど - () 

1- (th長 一 日11b -1 1) T刈
4ω- (~k - ~k') - 2二?ム77;βt 'iﾔ - L kk' (八 14)

八 ft.cr ん and h;' sUllllnation只 wc gcL 

乞l?~f， (ω ， '/') (ω川 - 2二ム1アん )ill /) 
-: rr/J I _. - Iω| (八 15) 

Using Lhc rclations (八 12) ， wc gcL Lhc cxprcssion (3.45) 
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B SolutiollS of eqs. (3.72)-(3.74) 

T'可-'hc sωolu叫山1比Lions of cquations (3.72) (;1.7 ど4) <1川rc 巳1vcn ('はX<1肘州℃け1し，] y れ川an凶1cJ t. h('引p刊('11口I 汽幻叩川11山山1日川l日lp凶凶3叶刈li 日吋 [01"1川11~只ì 1川11-

山山ld山i

Fir凶凶宅1叫S引t.， cq. (3.73) is rC8.rrangcd Lo cli1llin 

') dυ z /dx 
(fY= /4 
4(1 -2川z)

Thcn sul刈iLuti時 this inLo cq. (3.72) Jllultiplicd by 1 ぺ wc obLain 

1
i
 

n
υ
 

1 d I dvZjdD I d r (VZ) 2 1 
4 dx 1 (1 -2nvz)21 -dx 11 -2nvz 1 

IL is c3.'3ily intcgraLed Lo givc Lhc rclation 

(B.2) 

dz= 1 1 一一一-rl? 1 -

4 (1 -2nvz)[(vz)2 + 2nC2vz -_ ()2] '-<υ? 

whcrc Cf is dctcl"nlﾏncd by thc boundary conclition at x ニ コ: I a.s 
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C 二 f引ρ[ド?り州j
¥ 1 一 2 川Z(い仇Z町lけ) ) 

I3y inLcgrati時 (B.3) ， wc obLain VZ (x) as ar且1 1口n叫r

~r;一→.'[ 1 -一JJ!2!: ln|(1-27l,'lJ z)2 [7 )Z (;r; J)lufd?竺~Il - (,f21 
4---l(vZ )2 十 2nC2v z -()2 [1 -2ì7,'/) z (川1) )2 --I 

+_2?ηη7，2C2 卜 1 1,-, r vυj戸Z +
1n I 一一 -一一一一一一一 | 

8C ゾηη1，2()2 + 1 -_.. lいい1υ)Z 十 ηη'，Cf2 _十卜C ゾ?η]，2C2 + 1 1υv川j戸ペZべ(い:r:川川I打川川;斗寸1) 1 1η]，C2 一 C ゾη'，2C'f2 ! 1川| 
(8.5) 

(B.4) 

For thc cぉc VX (:1;1) << VZ ( ~r; t) "-J  VZ (0) << 1 ぅ kccpin巳 only t.hc singular Lcnns in righLｭ
han 
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Wc can also obLain thc cxplicit [onn fo1' J'I from cq. (3.70) 8S 
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(13.7) 

Th f' n 、 c li llli nat. i 昭1' 1 fr01l1 Eqs. (日什) ancJ (13.7) 、 wc ob t. aill 代1. (:3.75) fo1' 1ぺ了J; ) ， anJ t.lwll 

wc also obLaiu cq. (3.76) fo1' v:T(J:) [1'0111 Eqs. (13.1) , (13.3) and (l3.4) 



Appendices 

Sc∞C∞O吋) wc cll山I口1n1

cα;q刊ua叫山Lion can uc il川1吋tc巴伊1' aしωcd wi比Lh Lh叩c bコ011川]日l<l al'y c∞ondit礼川t.iわ0 1日1 a川t. :フl' ーo �1.'3 follows 

ムペコ，; ) (1-271.',V Z 
¥ 1/'2 

ムベ0) = ¥1-2nvZ(Q)) X 

×イ竺ユ刈 +αVn2C'1rt I[ T JT) ト刈 - ()nJ7片手I~¥ n(;0/2#市7
¥VZ +-川 - Cop乙741 11Z (川 一戸石弓PCJ -j 1) 
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(B.8) 

whcrc Co is givcn by subsLituting VX(.Tl) ancl VZCfl) by 1IX(0) and 7) Z(O) , 1' cspccLivcl仏 111

rq. (B.4). For thc casc ?/"(O) <<(!Z(O) << 1, kccpi昭 0叫! Lhc 只illgular Lcnns o[ Lhc original 
coupli月刊 wc obtain thc cq. (3.80) 
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C Derivatioll of Illteractioll (4.12) 

Thc int.cracLion (4.12) can bc dcrivccl il1 L廿川p刊I口川1日川1日l 只 ω L]1(' 1 11.川1

t.hc hclpコ of Lhc fお01日lowil日1巳 rcla叫Liol日1S広: 

乞 17，0 ，171，σ 二 Qo+ 2, (C.1) 
17M7 

(: ー10)
乞川1710 17，0 ， 11

(81 rnσ 

1 1-2 乞内711σ 17，0 ， 171 σ (C.2) I 8 8 0 I I .JO z .i(~ z 
71tσ 

111  E二 17，0 ， 171内 o 0 1) ¥ Q6 i-3Q() + 2 
711.0 

需 | 完 = 一 j拘拘Q侃ω;ι一+ト一
1(ﾕ2 1 -::'2¥ I 1/�2 11 (.s苛t + g克引JU) f = i訂(勾+ 定初)い+ 一一-Q () 一 -2' V './<)1 4VV  8 

(C.3) 

(C.4) 

Thc thrcc t.ypcs of rcpu1sions arc cxprcssed by using Lhc 川aLion (C.2) ぉ

三ン川tσ nO ，rll -8 l)() 111.σ .c;OzSOz 

E二 nO ，77I.0 17いδ 16 1 I I 7'~ ↓ (C..5) ]Oz.Jﾒz 
111. σ 

ヱ no，m. σ nO ，ñ1.ã -8 -8 1 } ¥ Q~ ト 3Qo 卜 2
71tσ 

Thus , cach intcracbons arc givcn by 

JZM品川1σr ヂ ニ 4 ，] [~(勾 な)+jQ; - :17 (C.6) 

(C.7) V 乞 nO ，mo 二 V(Qo+ 2) , 
71tσ 

;シU古守T芸P?????η叫nm山7η7

=ぺ;(U 一川川 一 叫)+ 一 (U 十リ川川2初川U川)(Q“
;+3幻Qo 1 2幻). (Cω8め) r 
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