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Introduction. 

Let H be an irreducible Hermitian symmetric space of 

compact type and let L be a holomorphic line bundle over M • 

We denote by nP(L) the sheaf of germs of L-valued holornorphic 

p-forrns on M. In this paper we study the cohomology groups 

Hq ( M, nP(L». Further, applying the results so far obtained, 

we shall consider the hyp~rsurface~ of M • 

The paper devided into three parts. §l is devoted to 

recalling basic notions and results which are necessary in the 

following. In §2, for the cases that M is an irreducible 

Hermitian symmetric space of compact type BDI, EIII or EVIl, 

we obtain the theorems analogous to the follo\,ling theorem of 

Bott [3] for M = Pn(C). 

Theorem. Let E be the hyperplane bundle over an 

n-dimensional ~6mplex projective space P (C). 
n 

Then the group 

Hq ( P (C), nP(Ek » vanishes except for the following cases: n 

(i) p = q and 

and k < P -. n, 

k = 0, (ii) q = 0 and 

where Ek ~ E€)···· ® E 

k > p, (iii) 

( k factors ). 

q = n 

1 

Further \'le shall discuss when the groups Hq ( M, nP (L) ) vanishes 

for any irreducible Hermitian symmetric space of compact type 

for p = 0, 1. These results are obtained by analyzing in detail 

structure of Lie algebras and their Weyl groups and applying the 
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generalized Bore1-Wei1 theorem. 

Let V be a hypersurface of M. Denote by 0 (resp. n ) 

the sheaf of germs of ho1omorphic vector fields resp. holomor-

phic functions) on V. In §3 we study the cohomo1ogy groups 

Hq ( V, 8) and Hq ( V, n) using the results in § 2. And \'le 

find that if M is BDI, E:III or EVIl, one has 

HO ( V, 0 ) = 0 

for the hypersurfaces V of M except for a certain sPecial 

case (Theorem 8 ). 

The auther would like to express his gratitude to Professor 

s. Murakami, Professor M. Takeuchi and Doctor Y. Sakane for 

their useful suggestions and encouragements. 

§1. Preparations. 

1.1. The generalized Bore1-Wei1 theorem. In this section "le 

recall the generalized Bore1-Wei1 theorem in a form convenient 

for our purpose. 

Let G be a simply connected complex semi-simple Lie group 

and let U be a parabolic Lie subgroup of G. Then the quotient 

manifold M = Glu is a Kah1er C-space, that is, a simply 

connected compact complex homogeneous manifold admitting a Kahler 

metric. Let g be the Lie algebra of G and h· a Cartan· 

·suba1gebra of g. We denote by t::. the root system of g 

with respect to h. We shall identify a linear form A. on h 

with the element H· A of h defined by-

A( H ) = ( HX' H ) for HE h, 

where ,) is the Killing form of g. ~'le fix a linear order 
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on the real form hO = { a € /1 } R of h. Le!: /1+ ( resp. /1 ) , 

be the set of all positive ( resp. negative) roots. Let ITl 

be a subsystem of IT. ~1e put 

9-
/1

1 
= { a € /1; a = i:::m. CI.. I m). = 0 for any a). t\= ITl } 

. 1 ~ ~ 

/1 (u) + = /1
1 

V /1(n ). 

Define Lie subalgebras 

~= 

9-
= Lm. a· I m). > 0 for some a.), ~ IT l } 

i=l ~ ~ 

+ 
and of by gl' n u g 

gl = h + > : go. 
ae-/1

l 

+ 5 : n = ga 
. ·ee/1 (n +) 

u = h + ~ : ga' 
aE/1 (u) 

where go. is the root space corresponding to a E !J.. Then 

+ ( resp. n ) is a reductive ( resp. nilpotent ) subalgebra 

gl 

and u = g + 
+ 

( semi-direct .) . We denote by U the connected n 1 

Lie subgroup of ·G with Lie algebra u. Then U is a parabolic 

subgroup of G, and 1-1= G/U is a Kahler C-space. 

yle denote by D ( resp.D
l 

) the set of dominant integral 

forms of g ( resp. gl ) . Let ~ E Dl and choose an irreducible 

representation ( 1 
P_~I W_~ ) of gl with the lm'lest \veight 

-~. We may extend it to ~epresentation of u so that its 

restriction to n+ is trivial, which will be denoted by 

Since any irreducible representation of u ( P _~' ~1_~ ). 

+ trivial on n., we m~y call the irreducible 

representation of u \V'ith the lowest weight -~. Horeqver 

there exists a representation of U which induces the 

is 
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representation (p_~, W_~) of u, and \'le de.note it by 

( P~ ~, W ). This representation 
-.,-~ 

( - W ) defines the 
P-~' -~ 

holomorphic vector bundle over M associated to the 

principal bundle G~M by the representation of U. 

For a holomorphic vector bundle~/over a complex manifold, 
~ 

we denote by neE) the sheaf of germs of local holomorphic 

sections of E. Let W be the ~veyl group of g and 11+ 
1 

the set of all positive roots of 11
1

, We define a subset: r'11 

of W by 

For any set S, we denote by #s the cardinality of S. The 

index n (0) of 0 E ~v is then defined by 

We denote by <5 the -half of sum of all positive roots of g. 

Theorem of Bott [3] ( c.f. Kostant [7] ). Under the 
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notations defined above let ~ e 0
1

, Then if ~+o is not regular, 

for all j = 0, 1, . . . 
If ~+o is regular; ~+o is expressed uniquely as ~+o = 0(1..+0), 

where A E 0 and 0 e wl , and 

E _ ) = 0 
-I; 

for all j ~ n(O), 

where (p- A' V_A) is the irreducible representation of G 

with the lmvest weight -A. 

We prove the following lemmas to restate this theorem in a 

form suitable 'for our parpose. 
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Lemma 1. Let ~ E Dl • If 

( ~+o , f3 ) ~ 0 for + f3 E 11 (n ), 

then ~+o is regular. 

Proof. be root of + Then we have ( ~,a ) ~ Let a any 11
1

, 0 

and ( o,a ) > 0, so that ( ~ +0, a ) > O. Since 11+ = 11+ VI1(n+), 
. 1 

we get 

( ~+o,y ) :\: 0 for + 
yEI1. 

q.e.d. 

Lemma 2. Let ~ e Dl • Assume that there are hED and 

o E wl such that ~+o = 0 ().,+o). Then 

Proof. Since 

By the assumption 

( ~+o,a ) = ( h+O, 0-
1

(0.) ) for a E 11. 

Since ).,+0 is dominant and regular, 0-
1

(0.) is negative if 

and only if . ( ).,+0, 0 -l·(a» is negative. The conclusion nmv 

follows from these obserbations. 

Theorem of Bott may be restated as follows by these lemmas. 

Theorem 1. Let ~ E Dl • Then if there exists a root 

a of 11 (n+) such that ( ~+o,a ) = 0, we have 

Hj
{ M, nE_~ ) = 0 for j = 0, 1, . . . . 

If there exists no root f3 of 11 (n +) such that ( ~+0,f3 ) = 0, 

we have 

Hj ( M, nE_~ ) = 0 for j \ q, 



and 

where q = iH 

M, nE .... ;; ) \: 0, 

+ f3 E l! (n ); ( ~ +0 , f3 

6 

) < 0 }. 

1.2. Kostant's results. We denote by T(M) the holomorphic 

tangent bundle of M and denote by T(M)* its dual bundle. 

Let L be a holomorphic line bundle over M. Then it is easy 

to see that nP(L) coincides with n( hT(M)*0L), \vhere ~T(H)* 

is p-th exterior product of T(M)*. Since any holomorphic line 

bundle over a Kahler C-space M is associated to the principal 

bundle G--7M by a representation of U (Murakami [8] ), we 

may put L = E 
-~ 

for It is known 

by the adjoint representation of U on g. 

product of + n has a U-module structure. 

+ n is invariant 

Hence p-th exterior 

+ Since n may be 

identified with the cotangent space of M at U, RT(M)*~M 

coincides with the holomorphic vector bundle associated to the 
p + 

principal bundle G--7M by the representation of U on An. 

From nmv on we assume M = G/U is a Hermi tian symmetric 

space of compact type. 

p ~ 0, put 

Then + n is abelian. For any ·integer 

Wl(p) = { a e wl ; n(a) = p }. 

p + 
Kostant [7] has proved that An is decomposed into direct sum: 

(1) 1n+ = ~l~ (An+)_(ao_o) (as U-module '), 
aEW- (p) 

+ where (n) _ (aa-a)· denotes an irreducible U-module \vi th the 

lowest Height -(aa-a). The following theorem follows easily from 

(1) and theorems of Bott [3]. 
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Let- H be a holomorphic U-module represented as follows: 

W= + ••• + W 
_ -';R. 

for 

Denote by E~~ the holomorphic vector bundle over M associated 

to the principal bundle G---7H by the representation of U on ~v. 

Proposition 1. Under the notations introduced above we have 

R. 
dim H

j
( M, nEw) = ~ dim H

j
( H, nE_.;. ) 

i=l ~ 
for j = 0, 1, 

vle recall -the results of Bott [3] which are necessary to proof 

the above proposition. 

Theorem A. Let S be a holomorphic U-module, and let V 

be a holomorphic G-module. If ES is the holomorphic vector 

bundle- over M associated to the principal bundle G~H by 

the representation of U on S, then 

multiplicity of v in g1' Hom(V,S) ») 
_ .. -- -------

j = 0, I, ... , 
where H

j
( u, gl' Hom(V,S» denotes the j-th relative cohomology 

group of Lie algebras u, gl~ with coefficients in the u~module 

Hom(V,S) . 

For gl-module T, TgI donotes the subspace of S annihilated

by all X E g1. 

Theorem B. Let F be a u-module which; considered as 

gl-module, is completely reducible. Then 

j ."+ 9 
dim H ( u, gl' F ) = dim HJ( n , F ) ~. 
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Proof of Proposition 1. Let V be a ho~omorphic G-module. 

Then by Theorems A and B, we have 

multiplicity of V in + n , 

for j = 0, 1, •••. Since W_~.' 1 ~ i ~ i, are irreducible 
-~ 

+ u-modules,the restrictions to n of the representations of u 

on W_~. and ~v are both triviaL Hence 
~ 

= dim ( Hj
( + n , 

i 
Hj ( L dim ( = 

i=l 
i 

Hj ( 1:: dim = 
i=l 

By Theorems A and B 

dim Hj ( n+, Hom(V,w_~.) )gl 
~ 

for j = 0, 1, ••• 

n 

+ 
Hom(V,C»0 W_~. n , 

~ 

+ 
Hom(V,w_~. ) ) gl. , 

~ 

t 
= 2:: multiplicity of 

i=l 

) gl 

V in 

q.e.d. 

The following theorem follows immediately from (1) and the 

above proposition. 
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Theorem 2. Let M be a Hermitian symmetric space of 

compact type. Assume that E-l;' l; E Dl , is a ~ine bundle over H. 

Then 

for q = 0, 1, •••• 

)' = 1 \ dim H
q

( H, n(E_(a6-8+l;» 
a e ~'l (p) 

Theor~m 2 shows us the importance of the study of the 

structure of HI for our.porpose. 

2. Vanishing of Hq ( M, nP(L) ). 

He retain the notations and assumptions introduced in the 

previous section. 

Assume that M is an irreducible Hermitian sywmetric space 

of compact type. Then G is simple and there exists a. E IT 
J 

such that IT = IT - { a. } . Let { wl ' • •• , ·w t } . be fundamental 
1 J 

weigh ts \-d th respect to IT = { aI' . . . , at} . Then any holomorphic 

line bundle L . over M is isomorphic to E k. - w. for some integer 
J 

k, since any I-dimensional representation of gl is induced by 

a representation of the centor of gl. 

2.1. The case that H . is of type BD. I i. e. a complex 

quadric Put dim M = n. The Dinkin diagram of IT ~s as follows: 

@>--o-- ... -0 0) 0 if n = 2t - 1 ( t ~ 2 ), 
a l a 2 a t - 2 a t - l at 

if n = 2t - 2 ( t >·3 ), 
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Eat CL. =<0 
where rJ.{iiJ show; r. Let {E i i i = 1, ••• , R,} be a basis of 

hO which satisfies (E., E. ) = cS. • • Then, \-le have: 
~ J ~J 

~ 

IT 

w. 
~ 

26 

{ 
{ ±(E.±E.)i 

~ J' 
= 

{ ±(E.±E.)i 
~ J . 

{; CL. = E. -
~ ~ 

= 
CL. = E . -
~ ~ 

E • i 
J = {{{ EEll ± 

± E. i 
J 

= El' 

{ (2R, - 1)E1 
= 

2(R, I)E1 

An element ae.N 

1 :f i < j < R" 

1 ~ i < j ~ R, 

Ei +1 i 1 ~ i ~ 

Ei +1 i 1 ~ i ~ 

+ (2 R, - 3)E2 

+ 2(R, 2)e: 2 

acts in 

} , 

R, 

R, 

+ 

+ 

E . i 1 < i ~ R, }, if n = 
~ 

if n = 2R, - 2, 

- 1, CLR, = ER, }, if n = 

- 1, CLR, = ER,_1 +E~ 
-

· .. 
· . . 
aE. 

~ 

Cif n = 2R, - 2,-

if n = 2R, 1, 

if n = 2R, - 2, 

+ ER, if n =2R, -

+ 2ER,_i if n = 2R, -

for 

2,Q, - 1, 

2£ - 1, 

1, 

2. 

where a in the index is a permutation of {I, 2, , R, }. 

We represent this element a Eo ~'1 by 

2 ••• 

±a(2) • • • 

Then 

· .. R, ) 0 < i2 < •• • <iR, ~ III -... -
i R, ,- s (a) = ±1 - , ) 

----~-.. ------r if n = 2£- 1 

t-=- I;; tS(~)i 
2 · .. 

S(:)iJ 
o < i < ···<i ~"Jr -1 2 R, -

a = 
i · . , s (a) = ±l -

2 
Cif n = 2R, - 2. 
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An element a E ~vl is determined by i an~ s (a), and its 

index n(a) of a is as follows: 

r' 
n (0)= 

{ 

i - 1 

n - (i - 1) 

if s(a) = 1, 

if sea) = -1. 

Furthermore for 1 a E W , the values of ( 00, 2S) . f 
(S , n ).. are a: ~lOWS. 

( S E ti (n ) ) If n = 2R, .- 1, 

sea) = 1 sea) = -1 

ti(n+) ( 00, 2S ) 
(S,S) 

11 (n +) ( 
26 

) ao,(S,S) 

El - E2 - (i - 1) El - E2 - 2R, + i 

El - E3 - (i - 2) El - E3 - 2R, + i + 1 

· .. · .. · . . · . . 
El - E· ':"1 

~ El - E. - 22 + 2i - 2 
~ 

El - Ei +1 1 El - 2R, + 2i - 1 

El - Ei+2 2 El - Ei +1 - 2R, + 2i 

· .. • • • · .. .... 
El - ER. R, - i El - ER, -R, + i - 1 

El + ER. R, - i + 1 E.1 + ER, - R, + i 

El + ER.-l R, - i ;. :2 El + ER,-l - R, + i + 1 

· . . · .. · .. · .. 
El + Ei +1 

2R, - 2i El + Ei +l -1 

El 2R, - 2i + 1 El + E. 
~ 

1 

El + E . 2R, - 2i + 2 
~ El + E. 1 2 

~- . 

...... · . . · .. · . . 
El + E2 2R, - i El + E~ i 1 ~. -
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r If n = 2t - 2, 

s(O") = 1 S (0") = -1 

1 ~ i < t i = t 

fl(n +) ( ~ 28 
O"o'(8,e) ) fl (n +) ( 

28 
O"o'(S,S) ) fl(n+) ( o 2B 

a '(S,B) ) 

£1 - £2 - (i - 1) £1 - £2 -2t + i + 1 El - £2 - (t - 1) 

£1 - £., - (i - 2) 
.:J 

£1 - £3 -2t + i + 2 El - £3 - (t - 2) 

· .. · . . · .. · . . ... . --
£1 - £. 

~ 
-1 £1 - £. 

~ 
-2t + 2i - 1 El - £t-1 -2 

£1 - £i+1 1 £1 - £i+l -2t + 2i + 1 El - £t 1 

£1 - £ i+2 2 £1 - £i+2 -2t + 2i + 2 El + ·£t -1 

• •• · .. · .. • • • El + £t":l 2 

£1 - £t t - i £1 - £t - (t - i) £1 + £t-2 3 

£1 + £R, t - i £1 + £t - (t - i) . -. ... 
£1 + £R,-1 t - i + 1 £1 + £t-1 -et - i - 1) £1 + . £2 - 1 

• • • • • • • •• · . . 
£1 + £i+1 2t - 2i - 1 £1 + £i+1 -1 

£1 + £ . 2t - 2i + 1 
~ £1 + £. 1 

~ 

£1 + £. 1 2t - 2i + 2 
~- £1 + £. 1 2 

~-

· .. · . . · .. · .. 
, 

El + £2 2t - i - 1 £1 + £2 i - 1 

Furthermore we have 

{ k if 8 ± 2 < j < t, 
k . 28 . = £1 £ . , 

( w1 , (13,8) ) = J 

2k if 8 = El-
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Then, ,,;€; obtain the follmving by Theor~ms 1 and 2, 

Theorem 3. Let ,.~ be a complex quadric of dimension n, 

n ~ 3. Then the group Hq( M, nP(E_kw ) ) = 0 except for the 
1 

following cases: (i) q = 0 and k > p, (ii) p = q and k = 0, 

(iii) p + q = n and k = 2p -n, (iv) q = n and k < p - n. 

2.2. The case M is of type Elll. The Dinkin diagram is: 

et l et 3 Ct 4 ets et 6 

~ 

, where et l @ shows that et j = etl in this case. We have 

\'7e express by 

( ml m2 m3 m4 mS m6 ) . For cr of wl , '-le put cro = ( n l n 2 n3 n 4 
6 26 

nS n6 ) if cro =2::n.et .• Then vle give the values cro'(S,S) i=l ~ 1. 

for cr E wl and S E l1 en +) by Table 1. From Table I, Theorems 1 

. and 2, we obtain the follovling theorem. 

TheoreI7l 4. 

Lof typeJ 

Let M be 1 EllI. 

vanishes except for (p, q, k 

Then the group HqC M, nPCE_kW .) 
J 

listed in Table 2 •. 
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, where 08, 0 E w1 , and B e ~(n+) are expre~sed as fc11c~s: 

00 0 ( 1 1 1 1 1 1 ' SI ( 1 0 0 0 0 0 ) 

01 0 ( --1 1 2 1 1 1 ) 

02 0 ( -2 1 1 2 1 1 ) 

03 0 ( -3 2 1 1 2 1 ) 

B2 ( 1 0 1 0 0 0 ) 

B3 ( 1 0 1 1 0 0 ) 

04 0 ( -4 3 1 1 1 2 ) S4 ( 1 0 1 1 1 0 ) 

04"0 ( -4 1 1 1 3 1 ) 

05 0 ( -5 4 1 1 1 1 ) 

05"0 ( -5 2 1 1 2 2 ) 

B5 ( 1 1 1 1 0 0 ) 

13 6 
( 1 0 1 1 1 1 ) 

06 0 ( -6 3 1 1 2 1 ) B7 ( 1 1 1 1 1 0 ) 

06"0 ( -6 1 1 2 1 3 ) 

07 0 ( -7 2 1 2 1 2 ) 

07 "15 ( -7 1 2 1 1 4 ) 

Ba ( 1 1 1 1 1 1 ) 

B9 ( 1 1 1 2 1 0 ) 

0 8 15 ( -a 1 1 3 1 1 ) 13 10 
( 1 1 1 2 1 1 ) 

08 "15 ( -6 2 2 1 1 3 ) 

08 .... 8 ( -7 1 1 1 1 5 ) 

09 0 ( -9 1 2 2 1 2 ) 

B11 ( 1 1 2 2 1 0 ) 

13 12 
( 1 1 2 2 1 1 ) 

09"15 ( -a 2 1 1 1 4 ) B13 ( 1 1 1 2 2 1 ) 

010 0 ( -9 1 1 2 1 3 ) 

010"0 ( -10 1 3 1 2 1 ) 

011 8 ( -11 1 4 1 1 1 ) 

B14 ( 1 1 2 2 2 1 ) 

1315 
( 1 1 2 3 2 1 ) 

011"'8 ( -10 1 2 1 2 2 ) B16 
( 1 2 2. 3 2 1 ) 

012 8 ( -11 1 3 III 2 ) 

012'" 8 ( -10 1 1 1 3 1 ) 

013 0 ( ~11 1 2 1 2 1 ) 

014 0 ( -11 1 1 2 1 1 ) 

015 0 ( -11 2 1 1 1 1 ) 

016 15 ( -11 1 1 1 1 1 ) 
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Table 2 

p q = 0 1 ~ q ~ 15, (a,b) shows q = a and·k = b q = 16 

0 k > -1 k < -11 

1 k > 1 (1,0) k < -11 

2 k > 2 (2,0) , (14,-9) k < -11 

3 k > 3 (3,0) , (15,-10) k < -11 

4 k > 4 (4,0) , (12,-6), (15,~9), (15, -10) k < -11 

5 k > 5 (5,0), (3,2) , (15,-8) , (15,-9) , (15,-10) k < -11 

6 k > 6 (6,0),. (3,3) , (2,4) , (10,-3) , (14,-7), (15,-8) k < -10 

(15,-9) 

7 k > 7 (7,0), (1,6) , (2,5) , (14,-6), (15,-8) k < -9 

8 k > 8 (8,0) , (1,7), {2,5} , (2,6) , (14,-5), (14,-6) . k < -8 

(14,-7) 

9 k > 9 (9,0) , (1,8), (2,6) , (14,-5), (15,~6) k < -7 

10 k > 10 (10,0) , (1,8), (1,9), (2,7), (6,3) , (13,-3) k < -6 

(14,-4) 

11 k > 11 (11,0) , (i,8), (1,9) , (1,10), (13,-2) k < -5 

12 k > 11 (12,0) , (1,9), (1,10) , (4,6) k < -4 

13 k > 11 (13,0) , (1,10) k < -3 

14 k > 11 (14,0) , (2,9) k < -2 

15 k > 11 (15,0) k < -1 

16 k > 11 k < 'l ... 
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2.3. The case N is of type E VII. The Cinkin diagram of IT . . 
is: 

tkQ.t 
, where 0. 7 <Q> shows A o.j = 0. 7 in this case. 

and #~'ll = 56. ~'le express 

in a similar way as in 2.2. 

6 of 6(n+) .and 

Then the values 

We have + 
#~(n ) = 27 

GO for er E ~ll 
26 

( ero, (S, B» for 

er E: \~1 and 6 E 11 (n +) are as in Table 3. From Table 3, 

Theorems 1 and 2, we obtain the following. 

Theorem 5. Let H be of type E VII. Then the group 

Hq ( N, nP(E_kw .) ) = 0 except for 
J 

Table 4. 

p,. q, k listed in 



Table 3 16 

Values for 0 E w1 and SED. (n +) ( type E VII·) 
.; 

~ SI S2 S3 S4 Ss S6 S7 S8 S9 S10 Sll S12 S13 S14 S15 S16 

00 0 1 2 3 4 5 5 6 . 6 7 7 8 
. 

8 9 9 9 10 
U1 0 -1 1 2 3 4 4 5 5 6 6 7 7 9 9 8 10 
02. 0 . -2 -1 1 2 3 3 4 4- 5 5 7 6 8 8 7 9 
03 0 -3 -2 -1 1 2 2 3 3 5 4 7 6 8 7 7 8 
04 0 -4 -3 -2- -1 1 1 3 2 3 4 4 5 5 6 -7 7 
05 0 -5 -4 ~3 -2 1 -1 2 1 2 4 3 5 4 6 6 7 
05 "'0 -5 -4 -3 -2 -1 1 2 2 3 3 4 4 5 5 7 6 
a6 0 -6 -5 -4 -3 -1 -1 1 1 2 3 3 4 4 5 6 6 
06' 0 -6 -5 -4 -3 1 ;..2 2 -1 3 3 4 4 5 5 5 6 
070 -7 -6 -5 -4 -1 -2 1 -1 2 2 3 3 4 4 5 5 
07' 0 -7 -6 - -5 -3 -2 -2 -1 1 1 2 2 4 3 5 5 6 
08 0 -8 -7 -6 -4 -2 -3 -1 -1 1 1 2 3 3 4 4 5 
0 8 " 0 -8 -7 -5 -4 -3 -3 -2 1 -1 2 1 3 2 5 4 6 
0 90 -9 -8 -7 -4 -3 -3 -2 -2 1 -1 2 2 3 3 3 4 
09 '0 -9 -8 -6 . -5 -3 -4 -2 -1 -1 1 1 2 2 4 3 5 
U9'''O -9 -7 -6 -5 -4 -4 -3 1 -2 2 -1 3 1 4 4 6 
0 10 0 -10 -9 -7 -5 -4 -4 -3 -2 -1 -1 1 1 2 3 2 4 
0 10 ' 0 -10 -8 -7 -6 -4 -5 -3 -1 -2 1 -1 2 1 3 3 5 
010 .... 0 -9 -8 -7 -6 -5 -5 -4 1 -3 2 -2 3 -1 4 4 5 
011 0 -11 -10 -7 -6 -5 -4 -3 -3 2 -2 11 ~1 2 2 1 3 
011" 0 -11 -9 -8 -6 -5 -5 -4 -2 -2 -1 -1 1 1 2 2 4 
011 ''''0 -10 -9 -8 -7 -5 -6 -4 -1 -3 1 -2 2 -1 3· 3 4 
012 0 -12 -11 -7 -6 -5 -5 -4 -4 -3 -3 1 -2 2 2 -1 3 
012 '0 -12 -10 -8 -7 -6 -5 -4 -3 -3 -2 -1 -1 1 1 1 3 
012'''0 -11 -10 -9 -7 -6 -6 -5 -2 -3 -1 -2 1 -1 2 2 3 
013 0 -13 -11 -:-8 -7 -6 -6 -5 -4 -4 -3 -1 -2 1 1 -1 3 
013"0 -13 -10 -:9 -8 . -7 -5 -4 -4 ~3 -3 -2 -2 1 -1 1 2 
013 ..... 0 -12 -11 -9 -8 -7 -6 -5 -3 -4 -2 -2 -1 -1 1 1 2 
014 0 -14 -11 -9 -8 -7 -6 -5 -5 -4 -4 -2 -3 1 -1 -1 2 
014"0 . -13 -12 -9 -8 -7 -7 -6 -4 -5 -3 -2 -2 -1 ·1 -1 1 
014 ...... 0 -13 -11 -10 -9 -8 .,;6 -5 -4 -4 -3 -3 -2 -1 -1 1 1 
015 0 -13 -12 -11 -10 -9 -6 -5 -5 -4 -4 -3 -3 -2 -2 1 -1 
015"0 -14 -12 -10 -9 -8 -7 -6 -5 -5 -4 -3 -3 -1 -1 -1 1 
015 ..... 0 -15 -11 -10 -8 -7 -7 -6 -6 -4 -5 -3 -3 1 -2 -2 2 
016 0 -14 -13 -11 -10 -9 -7 -6 -6 -5 -5 -3 -4 -2 -2 -1 -1 
016 "0 -15 -12 -11 -9 -8 -8 -7 -6 -5 -5 -4 -3 -1 -2 -2 1 
016 .... 0 -16 -11 -10 -9 -7 -8 -6 -7 -5 -5 -4 -4 1 

, 
1-3 -3 2 

017 0 -15 -13 -12 -10 -9 -8 -7 -7 -5 -6 . -4 -4 -2 -3 -2 -1 
017" 0 -16 -12 -11 -10 -8 -9 -7 -7 -6 -5 -5 -4. -1 -3 -3 1 
017'''0 -17 -11 -10 -9 -8 -8 -7 -7 -6 -6 -5 -5 1 -4 -4 2 
018 0 -15 -14 -13 -10 -9 -9 -8 -8 -5 -7 -4 -4 -3 -3 -3 -2 
018"0 -16 -13 -12 -11 -9 -9 -7 -8 -6 -6 -5 -5 -2 -4 -3 -1 
018 .... 0 -17--12 -11 -10 -9 -9 ~8 -7 -7 -6 -6 -5 -1 -4 -4 -I 
019 0 -16 -14 -13 -11 -9 -10 -8 -9 -6 -7 -5 -5 -3 -4 -4 -2 
019" 0 -17 -13 -12 -11 -10 -9 -8 -8 -7 -7 -6 -6 -2 -5 -4 -1 
02.0 0 -16 -15 -13 -12 -9 -11 -8 -10 -7 -7 -5 -6 :-4 -4 -5 -3 
02.0"0 -17 -14 -13 -11 -10 -:-10 -9 -9 -7 -8 -6 -6 -3 -5 -5 -2 
a2.1 0 -16 -15 -14 -13 -9 -12 -8 -11 -7 -7 -6 -6 ·-5 -5 -5 -4 
02.1'0 -17 -15 -13 -12 -10 -11 -9 -10 -8 -8 -6 -7 -4 -5 -6 -3 
02.2. 0 -17 -15 -14 -13 -10 -12 -9 ;"'11 -8 -8 -7 -7 5 -6 -6 -4 
022."0 -17 -16 -13 -12 -11 -11 -10 -10 -9 -9 -6 -8 -5 -5 -7 -4 
02.3 0 -17 -16 -14 -13 -11 -12 -10 -11 :-9 -9 -7 -8 -6 -6 -7 -5 
024 0 -17 -16 -15 -13 -12 -12 -11 -11 -9 -10 -8 -8 -7 -7 -7 -6 
025 0 .-17 -16 -15 -14 -13 -12 -11 ...,11 -10 -10 -9 -9 -8 -8 -7 -7 
026 0 -17 -16 -15 -14 -13 -13 -12 -11 -11 -10 -10 -9 -9 -8 -8 -7 
027 0 -17 -16 -15 -14 -13 -13 -12 -12 -11 -11 -10 -10 -9 -9 -8 -8 
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, where a 6 I • a E ~,;rl, and 

+ . 
B E 6. (n) are expressed as follmvs: 

aoo ( 1 1 1 1 1 1 1 ) B1 ( 0 0 o 0 0 o 1 

0'1 0 ( 1 1 1 1 1 2 -1 ) 
0'2 0 ( 1 1 1 1 2 1 -2 ) B2 ( 0 0 0 0 0 III ) 

0'3 0 ( 1 1 1 2 1 1 -3 ) 
O'lt° ( 1 2 2 1 1 1 -4 ) B3 ( 0 0 0 0 1 1 1 ) . 

aso ( 2 3 1 1 1 1 -5 ) 
O's"o ( 1 1 3 1 1 1 -5 ) B4 ( 0 0 0 1 1 1 1 

a6 0 ( 2 2 2 1 1 1 -6 ) 
0'6"0 ( 1 4 1 1 1 1 -6 ) B5 ( 0 1 0 1 1 1 1 

0'1 0 ( 1 3 2 1 1 1 -7 ) 
01"0 ( 3 1 1 2 1 1 -7 ) S6 ( 0 0 1 1 1 1 1 

O'a o ( 2 2 1 2 1 1 -8 ) 
0'8"0 ( 4 1 1 1 2 1 -8 ) B7 ( 0 1 1 1 1 1 1 

09 0 ( 1 1 1 3 1 1 -9 ) 
09" 0 ( 3 2 1 1 2 1 -9 ) S8 ( 1 0 1 1 1 1 1 

09""'0 ( 5 1 1 1 1 2 -9 ) 
a10 0 ( 2 1 1 2 2 1 -10 ) S9 ( 0 1 1 2 1 1 1 

a10"' 0 ( 4 2 1 1 1 2 -10 ) 
010 ...... 0 ( 6 1 1 1 1 1 -9 ) B10 

( 1 1 1 1 1 1 1 

011 0 ( 1 1 2 1 3 1 -11 ) 
a11"'0 ( 3 1 1 2 1 2 -11 ) Sll { 0 1 1 2 2 1 1 

a11 ...... 0 ( 5 2 1 1 1 1 -10 ) 
a1Z o ( 1 1 1 1 4 1 -12 ) S12 ( 1 1 1 2 1 1 1 

a1Z"' 0 ( 2 1 2 1 2 2 -12 ) 
01Z'" "'0 ( 4 1 1 2 1 1 -11 ) S13 { 0 1 1 2 2 2 1 

0'13 0 ( 2 1 1 1 3 2 -13 ) 
a13"0 ( 1 1 3 1 1 3 -13 ) B14 { 1 1 1 2 2 1 1 

0'13"'''0 ( 3 1 2 1 2 1 -12 ) 
01lt O ( 1 1 2 1 2 3 -14 ) 815 

( 1 1 2 2 1 1 1 

01lt'" 0 ( 3 ·1 1 1 3 1 -13 ) 
allt""'o ( 2 1 3 1 1 2 -13 ) B16 

{ 1 1 1 2 2 2 1 

alSO ( 1 1 4 1 1 1 -13 ) 
O'lS"'O ( 2 1 2 1 2 2 -14 ) B17 

. ( 1 1 2 2 2 1 1 ) 

alS ...... 0 ( 1 1 1 2 1 4 -15 ) 
016 0 ( 1 1 3 1 2 1 -14 ) B18 ( 1 1 2 2 2 2 1 

016"'0 ( 2 1 1 2 1 3 -15 ) 
016""'0 ( 1 2 1 1 1 5 -16 ) 819 { 1 1 2 3 2 1 1 

a17 0 ( 2 1 2 2 1 2 -15 ) 
011"'0 ( 2 2 1 1 1 4 -16 ) B20 

1 1 2 3 2 2 1 

011 ...... 0 ( 1 1 1 1 1 6 -17 ) 
0180 ( 1 1 1 3 1 1 -15 ) 821 

( 1 2 2 3 2 1 1 

018"'0· ( 1 2 2 1 1 3 -16 ) 
al 8· ...... 0 ( 2 1 1 1 1 5 -17 ) 822 

( 1 1 2 3 3 2 1 

alSO ( 1 2 1 2 1 2 -16 ) 
019"'0 ( 1 1 2 1 1 4 -17 ) 823 . ( 1 2 2 3 2 2 1 

020 0 ( 1· 3 1 1 2 1 -16 ) 
020"'0 ( 1 1 1 2 1 3 -17 ) B24 ( 1 2 2 3 3 2 1 ) 

021 0 ( 1 4 1 1 1 1 -16 ) 
a21"' 0 ( 1 2 1 1 2 2 -17 ) S25 ( 1 2 2 4 3 2 1 

022 0 ( 1 3 1 1 1 2 -17 ) 
a22"' 0 ( 1 1 1 1 3 1 -17 ) 
a23 0 ( 1 2 1 1 2 1 -17 ) 
02ltO ( 1 1 1 2 1 1 -17 ) 

826 
( 1 2 3 4 3 2 1 

( 2 2 3 4 3 2 1 
827 

0250 ( 1 1 2 1 1 1 -17 ) 
026 0 ( 2 1 1 1 1 1 -17 ) 
027 0 ( 1 1 1 1 1 1 -17 ) 
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Table 4 

p q = ° 1 ~ a f ... 26, (a,b) shmvs q = a and k = b q = 27 

° k > -1 
. 

k< -17 

1 k > 1 (1, 0) k < -17 

2 k > " (2, 0) k < -17 L. 

3 k > 3 (3,0) , (24, -14) k < -17 

4 k > 4 (4,0) , (25,-15) k< '-17 

5 k > 5 (5,0) , ( 2 5 , -14'" -15 ) k < -17 

6 k > 6 (6,0) , (4,2) , (21,-10) , (25, -14) , (26,-16) k < -17 

7 k > 7 (7,0), (3,4) , (4,3) , (24,-12) , ,<25,-14) , ( 2 6 , -15",-1 )k < -17 

8 k > 8 (8,0) , (2,6), (3,5) , (24,-12) , ( 2 6 , -14'" -16 ) k < -17 

9 k > 9 (9,0) , (1,8), (2,7), (3;5 6) , (18,-6) , (23,-10) , k < -17 

> (24, -11"'-12) , (26, -13,,-16) 

10 k > 10 (10,0), (1,9), (2,8), (3,6), (24,-11) , (26,-12"'-16) k < -17 

11 k > 11 (11,0) , (1,10) , (2, 8'v 9) , (3,7), (7,3), (22,-8) , k < -16 

(24,-10) ~ (25,-12) , (26,-12",-15) 

12 k > 12 (12,0) , (I,ll) , ( 2 , 8", 1 0) , (3 ,e) , (7, 4) , (15,-2) , k < -15 

(22,-7",-8) , (24,-9) , (25,-11), ( 2 6 , -12", -14 ) 

13 k > 13 (13,0) , (1,11",12) , (2,9'\1 10) , (5, 6) , (22,-7) , k < -14 . 

( 2 5 , -10'" -11) , (26,-12"'-13) 

14 k > 14 (14,0), (1,12",13) , (2,10",11), (5,7); (22,-6) , k < -13 

(25,-9",-10) , (26,-11"'-12) 

15 k > 15 (15,0), (1,12",14) , (2,11), ( 5 , 7'" 8) , (3,9) , (12,2) , k < -12 

(20,-4) , (24,-8) , (25,-8"'-10) , (26,-11) 

16 k > 16 (16,0) , (1,12"'15) , (2,12) , (3,10) , (5,8) , (20,-3} , k < -11 

(24,-7) , (25,-8"'-9) , (26,-10) 

17 k > 17 (17,0), ( 1 , 12'" 16) , (3,11) , (24,-6) , (25,-8) , (26,-9) }~ < '-10 

18 k > 17 (18,0) , (1,13"'16) , (3,11"'12) , (4,10) , (9,6) , k < -9 

19 k > 17 (19,0) , (1,14"'16), (3,12) , (24,-5) ; (25,-6) k < -8 I 
20 k > 17 (20,0) , ( 1 , 15'" 16) , ·(2,14), (3,12) , (23,-3) , (24,-4) k < -7 

21 k· > .17 (21,0) , (1,16) , (2,14 ) (6,10) , (23,-2) k < -6 

22 k > 17 (22,0) , (1,16) , (2,14"'15) k < -5 

23 k > 17 (23,0) , (2,15) k < .-4 

24 k > 17 (24,Or, (3,14 ) k < -3 

25 k > 17 (25,0) k < -2 

26 k > 17 (26,0) k < -1 

27 k > 17 k < 1 
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2.4. Other cases. If M is of type A Ill, D III or 

C I, it is not known completely when the groups Hq ( N, nP(E) ) 

vanish. in this section we consider for the case when p is 

equal to ° or 1. 

~'ie denote by K 
N 

the canonical line bundle of ~ complex 

manifold N. There exists an integer such that K = E • 
N . >"Wj 

Further \-le know 

, = 2 ( ~> ~: ~ )/( ",' ) 1\ .. -- Q, u.' u. ., et. 
, +) I-l J' J J 

SELlt n 

( Borel-Hirzebruch [2] ). Applying·this formula, we may calculate 

>.. for each type and get the following table. 

A III SU(m+n)/S(U(m)xU(n», >.. = m + n, 

D III SO(2n)/U(n) , >.. = 2n - 2, 

C I Sp(n)/U(n), >.. = n + I, 

BD I SO(n+2)/SO(2)xSO(n), A = n, 

E III E 6/SPin(10)XTl , >.. = 12, 

. 1 
>.. 18. E VII E7/E6xT = 

Theorem 6. Let M be an n-dimensional irreducible 

Hermitian sy~metric space of compact type. Then the group 

Hq ( H, r.;E = 0 except for the folloHing cases: (i) q = 1 -kw. 
J 

< and k ~ 0, (ii) q = n and k ->... 

Proof. By the theorem of Bott, we get 

(2.1) HO( H, nE :f ° if k ~ 0, 
-kw. 

J 

(2.2) Hj ( £.1, nE ) = 0 for j > 0, if k ~ 0, 
-kw. 

J 

. (2.3) HO( !-1, nE = 0 if . k < O • 
-kw. 

J 
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By serre'~ duality theorem, we have 

dim H
q

( H, QE_kw . 
J 

= dim Hn - q ( H, Q(KN0E
kw

.) ). 
J 

Hence we obtain,from (2.1) and (2.2) 

(2.4) H
n ( H, QE 

-kw. 
J 

) :\ 0 if k ~ -A, 

(2.5) H
j ( H, QE = 0 for j < n, if k ~ -A. -kw. 

J 

\'7e note E -kw. is positive if k > o. Then by Kodaira's 
J 

vanishing theorem, \ve see 

(2.6) = 0 for j > 0, if k > -A. 

The conclusion follows from (2.1), (2.3), (2.4), (2.5) and (2.6). 

Remark. If M is a Kahler C-space whose 2nd Betti 

number is 1, we get the same conclusion in the same \"lay as 

above. 

Theorem 7. Let H be an irreducible Hermitian symmetric 

space of compact type. Assume that ~1 is not P (C), Sp(2)/U(2), 
n 

SO(6)/U(3) or SO(8)/U(4). Then th~ group Hq ( N, n1(E_k~") ) = 0 
J 

except tor the following cases: (i) q = 0 and k > I, (ii) q = 1 

~nd k = 0, (iii) q = nand k < -A + 1. 

Proof. We may assu~e that H is of type A Ill, C I or 

D III by Theorems 3, 4 and 5. 

It is known 

n (a) = min { k; a = T ••• T , a. -E IT } for a 
a. Cl. 1. 

11 lk J 

, where Ta denotes the symmetry vii th respect to et Et:,. 

_Therefore by the definition of Wl(l), we have 

1 W (1) ={ T 
Cl. 

J 

}. 

E IV 
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Since T 0 = 0 

(1. 
- a., we have by Theorem 2 

J - • 
J 

(2.7~im H
q

( M, 

for q = 0, 1 .... , . 
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1. The case M = SU(1+1)/S(U(j)xU(1+1-j) for 1 < j < 1. 

The Dinkin diagram of IT is: 

0-- - - - -o-@--<>- - - - -0 

(Xl (Xj_la j (Xj+l al. 

~7e may assume that hO is the set of points 

1+1 

1+1 
(x.) E R 

1 

such that ex. = o. 
. 1 1 

Let +1 {E.}. 1 be the natural basis of 
1 1= 

- 1= 

Rl+1. Then 

0 = lEl + (1-1)E 2 + ... + 2Ei_l + El' 

Cl (n +) = { E -s i: t; 1 ~ s ~ j < t ~ 1+1 }-. 

It follows that 

213 - + 
{ ( C -(X j , (13 i B) ); f3 CC Cl (n ) } = { -1, 1, 2, 

Further if 13 E 6(n+) satisfies 213 
(0 -0. j , (S, (3» = -1, then 

13 = Therefore the conclusion follows from Theorem 1. Cl.. • 
J 

2. The case M = Sp(l)/UC1) for 1 ~ 3. The Dinkin 

diagram of IT is: 

,where- (Xl @ means _a j = al. Let {Ei }i=l be the basis of 

hO which satisfies (E . ,E .) = c. . . Then 
1 J 1J 
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0 = £c
1 

+ (£-1) c
2 

+ + 2C£_1 + c£, 

/1 (n +) < < < { c. + e: . i 1 < i < j £, 2c . i 1 i £}. = = = = 1. J 1. 

Hence \'le have 

6 E ~(n+) } = {{-2,1,2, ••• ,2 

l {-2, 1, 2, 4, 5, 6} 

-1,2} if 9.-

if 9.-

Further if 6 e~(n+) satisfies (o-a£,6) = -2, then B = at· 

Since 
+ . 

(kw£,6) = 2k, 6E /1(n), the conclusion follovlS then 

froD Theorem 1. 

3. M = SO(21)/U(£) for 9" > 5. The Dinkin diagram of 

is: 

, \-lhere C't9,,@ means C't j = C't£. Let {c.}. 1 b. e a basis of hO 
1. 1.= 

such that (c.,s.) = 0 ..• Then 
1. J 1.J 

Hence we have 
. . . + . 

{(o-0:£,6Ji BE /1(n ) } = { -1,1,2, ••• , 2x..-3}, 

(kw£,6) = k for any 6 E /1(n +). 

> 

= 

Further, if 6 E ~(~+) satisfies (0-':0:9",6) = -1, then 6 = Q.t. 

The conclusionfollm·;s then from Theorem 1. 
g.e.d. 

3, 

3. 
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Remark. Assume that f;1 is one of the Following Hermitian 

symmetric spacesof compact type. Then the group Hq ( i'1, nP(E_kw .» 

= 0 except for 
J 

the following cases: 

Sp(2)/U(2) (i) q = 0 and k > 1, (ii) q = 1 and k = 0, 

(iii) q = 2 and k = -1, (iv) q = 3 and k < -2, 

SO (6) Iu (3) (i) q = 0 and k > 1, (ii) q = 1 and k = 0, 

(iii) q = 3 and k < -2, 

SO (8)/UH) (i) q = 0 and k > 1, (ii) q = 1 and k = 0, 

(iii) q = 5 and k = -4, (iv) q = 6 and J~ < -5. 

3 Hypersurfaces of Hermitian symmetric spaces of compact type. 

We retain the notations and assumptions introduced in the 

previous sections. 

Let V be a hypersurface, that is, closed codimension 1 

complex submanifold in a K~hler C-space M. Taking a sufficiently 

fine finite covering {u .} 
J 

of V, V is defined in each 

by a holomorphic equation - s. = o. 
J 

\'Je associate ...... ' 
\'ll L.n 

u. 
J 

v the 

complex line bumdle {V} over M determined by the system 

{Sjk} of non-vanising holomorphic functions Sjk-= sj/sk on 

There is an integer d such that {V} = E , 
-c.:w. 

J 
Since 

{V} has a holomorphic section, d > o. 0e call d the degree 

of V. If M = Pn(C), this definition coinsides with the usual 

definition of degree. We dehote by G ( resp. n the sheaf 

of germs of holomorphic vector fields ( resp. holomorphic 

functions ). on V. \'le spall compute the dimensions of Hq ( V, 0 ) 

and Hq ( V, n ). 
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By Serre's duality theorem, we have 

dim HO( V, 0 ) = dim Bn ( V, nl(K ) ) . , V 

Denote by Elv the restriction to V of a holomorphic vector 

bundle over H. Since '~ = (KH0{ V }) I V ' \'le have 

(3.1) dim HO( V, e ) = dim Hn( V, nl{E_(d_A)w.IV) ). 
J 

Let us recall the following vanishing theorem of Akizuki-Nakano 

[1] • If L is a :::oGit~ve line bundle over a compact complex 

manifold N. 
~ 

Then we have 

(3.2) for p+q ~ n+l, if L is positive. 

Therefore we get 

HO ( V, e ) = ° if d > A, 

by (3.1). 

Theorem 8. Let H be an irreducible Hermitian syrnmetric 

space of compact type BD I, E III or E VII, and let V be ' 

a hypersurface of H whose degree is d. Then we have 

HO ( V, e ) = 0 if d ~ 2. 

The follovTing lenma follovlS from Theorems 3,4 and 5. 

Ln-d~mensionalJ 

Lemma 3. Let M be anI irreducible Hermi tian syn~7.etric 

'space of compact type BD I, E III or EVIl. Then \\'e have 

Hq ( H, nP(E ) ) = 0, Hq +l ( ',H, n P (E ) = 0 
-kw. - (k-d)w. 

J J 

for p + q = n + 2, k = pd - A if 2 ~ p ?: n 'and d ?: 2 . 

Proof of Theorem 8. Recall the pair of exact sequences 

( Kodaira a~d Spencer [6] ) 



-, 

... -1 Hq - l ( V I nP (E_
kw 

.1 V) ) ~ Hq ( N, n I I P (E--
kw 

.) )--7 
] ] 

-.....:; .... 
I 

.•• • ~ Hq ( N, n I I P (E )} ---7 Hq ( 
-kw. 

] 

H
q +1

( N, nP(E_(k_d)W.) }---7 ... 
] 

p-l 1 ' V, n (E_(k-d)w. V) }~ 
. ] 
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I where n"P(L} is the kernel of the canonical map of nP(L) 

holomorphic line bundle Lover M. 

We see from the above pair of exact sequences and Lemna 3 that 

'" I1-p-1 ( V, nP(t:" "I ) 
"':'-(pd-A}w. V 

] 

~ .f''2. . 

_~)HX-P( H, nllP(E_(Pd_A)W.».-;>O' 
. J 

o. 
'" 

Thus Ht-P+l( V, nP ( 1 )} 0 
E_(pd-A}W. V = 

J 
implies 

'"'+'2.. 
A-p p-l 1 

H (V, n (E_«P-l}d-A)w. V) 
J 

= 0, \'lhile we have 

HI( V,gn(E_(nd_A}w.1v' }=O by (3.2). Hence we obtain 
J 

H
n 

( V ,n l 
(E _ (d _), } W • I v} } = 0 • 

J . 
q.e.d. 

Remark. The above proof is motivated by Kodaira and 

·Spencer [5]. 

Let N be a complex manifold and let ~'1--7N be a holomorphic 

vector bundle over N. Assume that V is a hypersurface of N. 
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We denote by n 0'1 I v} the trivial extension of . Q O'll v} to N. 

Then we have the following e~act sequence ( Kodoira and Spenc~r [6] ) 

Assume that V is a hypersurface -of !-1 with degree d. 

It is easT to see that the normal bundle of V is equivaliant 

to {V} Iv. Hence, by Kimura [4] , the nullity of V as a minimal 

submanifold of N is given as follovlS: 

(3.4 ) 

Denote by C the trivial line bundle over M. Then, by (3.3), 

we have the exact sequence: 

° ~ n (C) ---7Q ({V}) --} n ({V} Iv} ) 0. 

- Since Hl( H, n(C) } = 0, 

Sihc~ {V} = E_dw .' we get 
J 

dim HO( M, Q({V}) } = dim V-dw . 
-J 

by the theorem of Bott. Therefore, 

(3.5 ) dim HO(V,Q({v}l v ) ) = dim v-dw . - 1, 
J 

and by (3.4) 

n(V) = 2 (dimv_
dw

. - I}. -
J 



\'le prove the following lemma. 

Lemma 4. Let ~. be an irreducible Hermi tian symmetric 

space of compact type of dimension> 3. Assume that M· is 

not P (C) I Sp (2) /U ( 2) I SO ( 6 ) /U ( 3 ) n 

a hypersurface V of N, we have 

or so ( 8) /U (4) • Then for 

dim HO ( V I n (T (~l) I V) ) = dim HO ( H, nT (N) ) I 

Proof. We have the exact sequence: 

.... ~ Hq ( H, rl(T(N)@Edw ,) )--.)H
q ( H, rlT(H) ) 

J 

---) Hq ( V, n (T (H) I V) )--7 

by (3.3). On the other hand, by Serre's duality theorem 

dimH
j

( N, n(T(M)&Edw ,) ) = dim Hn - j
( H, nl(E_(d_~)W.') ). 

J J 

Hence, since Hj ( M, nT(M) = 0, j = 1, 2, the lemma follows 

from Theorem 7. 

From this lemma we get the following. 
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Theorem 9. Let 1-1 be an irreducible Hermi tian syinmetric 

space of compact type of dimension> 3. Assume that 1-1 is not 

P
n 

(C), Sp(2)/U(2), SO(6)/U(3) or SO(8)/U(4). Then for a 

hypersurface V of N, we have 
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By Theorems 8, 9 and (3.5), we obtain the following. 

Theorem 10. Let N be an irreducible Hermitian symmetric 

space of compact type: BD I, E III or E VII, and let V be 

a hypersurface of N. Assume that dim H > 3 and the degree 

of V ~ 2. Then we have 

Finally the following theorem follows from Theorem 6. 

Theorem 11. Let M be an n-dimensionalirreducible Hermitian 

sym:l1etric space of compact type, and, let V be a hypersurface 

of N with degree d. Then the group Hq ( y, n vanishes except 

for the following cases: 

q = 0 or n-l if d > A, 

q = 0 if d < A. 

Proof. By Serre's duality theore~ we have 

q n-l-q I (3.7) dim H ( V, n ) = dim H ( V, n(E_(d-A)w.V) 
J 

for q = O,···,n-l. On the other hand, by applying (3.3), we 

obtain the e.xact sequence: 

(3.8) ••• ~Hj( N, ~(EAw.) ) --7 H j
( H,Q(E_(d_>.)w.) )' 

J ' J 

--4 H j 
( V, n (E_ (d-A) w. Iv) ) ~ ••.. 

. J . 

It follows' from Theorem 6 that: 

Hq ( H, n (E J.w . ) ) = 0, for q = 0, 1, . . . n-l, , 
J 

Hn( H, neE>. w. 
) ) \ 0, 

J 



' ... 
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Hq
( H, n(E_(d_A)w. ) = 0, 

] 

for·anyq, if d < A, 

H
q

( H, n(E -(d-A)w. 
) ) = 0, 

] 

for q > 0, if d 2 A, 

, 
HO ( M, n(E -(d-A)w. 

) ) =\ 0, 
] 

if d £ A. 

Hence the theorem is obtained by (3.7) and (3.8). 

Osaka University 
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ON THE HYPERSURFACES OF HER\UT1AN SYN!1ETR1C 
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SPACES OF CO~WACT TYPE 11 
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YOSH10 K1HURA 

Received November 20, 1978 ) 

1. Introduction. 
~~/'..,,-./"'~ .... -.----..., 

Let M be an irreducible Hermitian sywmetric space of compact 

type and let L be a ho1omorphic line bundle over M. Denote by 

~(L) the sheaf of germs of L-va1ued holomorphic p-forms on H. 

In the previous paper [1] 'we have studied the cohomology groups 

Hq (H, '.,~r (L) ) of M, if M is of type BDI, EIII or EVII. This 

note is the continuation of [1], and \'le retain the notations 

introduced in [1]. In this note we study the cohomo1ogy groups 

Hq ( H, :gP (L) ) of H of type AIII, CI or DIII and shO'vv the follmTing 

theorem. 

Th_ec~-;-~7ill: Let M .. ~~ an irred_uc~bl~ Hermi tian _ symmetric space 
1''9 

of compact type but not a complex projective space or a complex_ 
... ----"--- --"-- .,-.. ~--. ""--"--'. " . .,.-----.-

quadric of even dimension. Let V be a hypersurface of M \-lhose 

degree ~ 2. Then 
.~-.--.--'" .--:.. _._----_.-

HO ( V, @) = (0) 

__ ----=-C ;t-}:'~ 
\vhere ''0f'is the sheaf of germs of holomorphic vector --____ '\::,J .. - _____ -... ___ .. __ ----.:; ........ ___ ' ___ -____ .... -__ ... __ ._ ... - ......... ~ __ ~ .... "_ - ... --.'--- .- ___ .- - fields on V. 

The auther would like to express his gratitude to Professor 

S. Hurakami, Professor M. Takeuchi and Doctor H. Numata for their 

useful suggestions and encourragernents. 
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Theorem 8 and Lemma 3 in the previous paper [1]' is incorrect. 

The fo11owings are true. 

The~.!~m~ Let M be an -.i-E!-:~_du~J.~h~_..!l.~P.l.l.~.-t:~~J:?._!?y~et;:t:J~ .. §PCl.~~ 
;{'9 

of type EIII, EVIl or a complex quadoric of odd dimension ( resp. 
__ :. ____ "_ ••• _._ •••• ____ ~_~._ • _. ' ••• - ". __ • - - ____ • __ - 0"' ." •••• _. _____ •• .0' __ • ___ •• __ __.' 

a comp1e~_~u~.~?:~_c_~.~_~~~..:>: __ ~im~.n~~.~~J._~_._~~_:l_1~:t:_ .. -V .}>e a .hyp~rsurface 

of M whose degree is d. Then -------_._--_._-.---------_ ... --.--.-

if d > 2 ( resp. 3 ). 

Lemma 3. Let M be an n-dimensiona1 irreducible Hermitian 
-." • .. ---___ .'_""Jo ___ -_ • • _ . ____ , .. "'.0 _._ .• 0 __ • ___ . ____ " , ___ "._, ______ . ____ ............ ~_._____ . __ .. ' 

19 
symmetric space of compact type EIII, EVII or a complex quadoric 

,-. __ .. -. __ ... -.-.- ... - ."-0- .. _ ".- __ ._., .-._ .. _. __ ~-",_.~ ~ ... _.: __ :.~_-. "'0 :--" __ - _0_" -0. - -.': . 

of odd d~:r:..ens~~~ .~ .. ~~.~~ .•. _.,.~._.<:?~E~~.~9u~Cioric of eye:: .?-~mension ). 

Then 

Hq+1 ( M ~P(E » = (0) 
, \:!I -(k-d)@j 

for p+q =n+1, k if 2 < P < n-1 and d > 2 (resp. 3 ). 

From the above theorem we may assume that M is of type AIII, 

eI or DIII but not a complex projective space or a complex quadoric. 

If we prove the following proposition, we get the above theorem in 

the same way as in the proof of Theorem 8 in [1]. 

J:!:QE-Ql?i :t;:i.Q:I:L.!. If d > 2 

""-
for p+q > n+1, k = pd~~ 



r 

3 

By Theorems 1 and 2 in [1], we get Proposition 1 if we prove 

the following inequalities: 

o } < n+l-n(O) , 
' .... 

, ..... 
<' 0 } < n+2-n CO':) , .....,. 

for @ E. wl and d > 2. 

Since ;::-0 ..-- .'-;-..(~+) > 0 for ,8; = il~, n) , we only have to prove 
'-0' '-, '-" 

the inequalities in the case of d = 2. Recall that ~~Q}+) = n. 

We can restate the inequalities, in the case of d ='2, sa follows: 

prqp_q!:?J.,tJ.9TI _2 . -------------
1 

For @E ~v' 

# { (''' ... E (i:\(~+ .~-® tb \~. ) ; (~i, [~:) > 

In the follm-ling we shall prove Proposition 2 in each case. 

,2~1. The case that M is of type AIIIbut no~ a complex pro-
~.'-. ~ ___ .-~:. .'~._ ........ -- ___ -"';...~-_ ~ ... , ........... -"'-____ - • .i-•• ___ • ," .,......._ .... "' ..... rv~ ... ~ .............. __ .. _.r ... .-......... __ . --_- -._ -_ .... _--"""' ___ ~ .... 

jective space, that is M = SU(9.+l)/S(U(j)xU(i+l-j», '9. ~ 3 and 
.........-...........-...~- .... -""- ""--~~- --..... "-~ ... r"""~·~ ..... -.......- ....... ,-.. _ ... - ....... -- ...... ... "' .. --':-""'\-.. · ...• ~-~r "' __ '-_--'.>_ ...... ,; ........ -_. '."'''.' ......... ~_ .. .;.- .... " __ . ~ __ 

2 ~ j ~ 9.-1. ~A]e immedietely see that n = j CQ.+l-j) and ':5: = t+l. 
',. _.- -.-.- "'-'-- . ~ .... --' .-,-"", 

---' The Dynkin diagram of ® is as follows: 

01---0- ••• -0-

@l ''Ci'' '-'2 ~ 

Let {@.; 1 < i < 9.+l} be a usual basis of R9.+l. Then we 
~ 

have: 



< R. 

R. + 

R.+l 
~O = { ~ 

i=l 

.:::\ R.+ 1 
a.IE ... ER; 

1. .... 1. 

R.+l 
~ 
i=l 

a. = 0 }, 
1. 

o = {(£)1.' -;8 . 1 < i k < R. + 1, i -I- k } 
I.!::) __ ~"'k ' = ' = T' 

@ = ~.f) - {£I (Cl =:'2 " -J'1 -2' ~·2 '-2 
c< I::' . 

@C~/) =. {@i - %; 1 < 

_ :'Si ,/-, rE) . . . , = '~_'3 ' i~iR. ,-:. t 

i < j < k < R. + 1 

.-:"1 "'" ,..., "'\ 
2~'= ~1 + (R. - 2)~ + (R. - 4r~3 + .. .. -

. R.+1 
(§j" = (£)1 + ••• + ~ - --2-~ ~ 

...::. t.:::i. R.+ 1 ~1 ~'i . J 1.= 

r-- lE ' \..-t+1 

} , 

An element @EW acts on RR.+1 by @i =(9(i) 

+ 1, ~.,here @) in the index is a permutation of .{ 

1 }. We ·represent @) by .h i§ ~-r 
"'Z T, 1\ "'L < 

4 

}, 

for 1 < i = 
1, 2, ... 



. . . 1+1 ) . . . . 

Then 

( 

1 •.• 

@;'i"1 (1) •••• 

The index n (g) _ of @ E ~V'1 is given by 

- n (@) = 
>:::.I 

( Takeuchi [2] ). 

( -'0)' )6) ) = - /., 
V'J \!4 

( @' 
C1 ,-
If/' --C:i l. -

12 j'Tl ( IQ;l (i) -i ) 
i;:l;;"'\ 

We see easily that 

1 
.'-' -~, + 

for any ~j E: I-A (~ ) , 

~1 ",-1 . 
= ~/ (k) - ~/ (l.) for 1 < i, k ; 1+1. 

Therefore we have to prove that the following tvlO inequalities 

are true for any (a) E ~vl ......... 

.'" 

5 

@rl (k) _&;1 (i) 1+ 1-2n ca"'') } (l.1) ~H (i, k) ; 1~i~j<k~1+1, > > n (a) -1, = '., 

(l. 2) #{ (i,k); 1~i~j<~<1+1, --·-"""1 ( ) -1(") > 1+3-2n(:o) } > n(.~)-2. ~a; k -(J"- l. 
~,," ,.,..? = v y 

First we prove the inequality (1.1). 

Lemrna 1.1. n 1· ...... 
Let I~E W. If n(~) ~ 1+1, the inequality (1.1) 

"-" ...,. ----.. ---.------------- .--- ----- .... -.-.. --~.-. --- .... --- ............. ,'.- .~---....-... " 

is true. 

Proof. Since I" " n(!a) > 1+1, 1+1-2nf"a) > -(£+1). v = '-::. 
There existe 

no pair (i, k), i f k, which satisfies 



Therefore 

From the definition of the index n~) < n, it follows that 

n > n (~)-1. 
Q.E.D. 

Lemma 1._t ~_ Let @ EvIl. Assume that (1) f 1 and 
r;. - l' ::f;y----. --._- --- -- .- --.. -.- - .- -_.--------- -,-. ----- ----.---~--.. --. 
~.Q.+1) L1:+1. Then n @) ~ .Q.. -- ..... _---- ... ----_._-

1~ i ~ j. Therefore 

~ ( .Q.+1-j ) + ( j-1 ) 

= 2. 
Q.E.D. 

6 

keII\!!!§L~. 3. Let @ cC- w1 . Assume that. @ (1) f. 1 and :@(.Q.+l) 

I- R..+1. Then the inequality (1.1) is true for @. 

P..~.90~. By Lemmas 1.1 and 1.2.vTe assume that n(§l) = R... 

Then such an element @ is unique and given by 

-1 (1 .. · 
I(j) = 1....;:...1 

2 ••• 

j-1 j j+1 j+2 ••• 

j R..+1 1 j+1 ••• 

The pair (i, k ), 1 ~ i < j < k <R.. + 1, which satisfies 

~1 
~i (k) 

,--1(.) - !crl ~ < 
'--

is (j, j + 1 ). Hence 

R.. + 1 



,-

iH (i ,k); l~i;)<k~g,+l, @;-l (k) ~~-l (i) > I-t} = n-l > n @) -1. 

Q.E.D. 

,ke.F-!11.0.:."_4.... If j = 2, the inequality (1.1) is true for any 

@EVll. 

~qJ_. From the definition of n @) 

(1.3) fA)@)-1(l)+.r'-1(2)_3.' n0 =iO i!!) 

If n @) = 0, the i:nequation (1.1) is clearly true. Let n (~) 

= 1. Then ®-l (1) = 1, (~:j':-l (2) = 3 and 

_-1 -1 A l<V (g,+l) - ® (1) = Jl. > g, + 1 - 2n (.?J) • 

It follmvs that the inequality (1.1) is true. Let n (0) = 

It is easy to see that the inequality (1.1) is true. 

By Lemma, 1.1 \-le have already seen that if n(gJ) > g, + 1 

2. 

the inequality, is true. Hence we only have to show that (1.1) 

is true under the follo~·ling condition: 

(1.4) 
,..--,-1 . --1 

5 < ~ ( 1 ) + ~)( 2 ) < Jl. + 4. 

By (1. 3) 

-1 r.-l 
= Jl. + 7 - 2 (81 (1) + {Cri (2) ) • v V' 

Since cr-l(k) ~ k - 2 for 2 < k < 1+ 1, 

iH k; 2<k~Jl.+ 1, gl (k) -@-l (I) > Jl.+7-2 <~-l (1) +8)-1 (2}) } 

> min{?)-l (I) + 20-1 (2) - 7, g, - 1 }. 

Similarly 

7 



~H ki 2<k::.t+l, @-l (k) -§-l (2) ~ t+7-2 @-l (1) +&>-1 (2})} - -. 
. .·--1 -1 

> m~ n {~~ (1) + @ ( 2) - 7, t - 1 l. 

Therefore 

#{ (i,k) i 1~i~2<k~t+l, ®-l (k) ~-l (i) ~ t+1-2n@)} 

> rnin{ 3( @-1(1)-®-1(2»_ 14, t+2~-1(1)+~-1(2)-8, 2t-2 }. 

and 2t-2 are both larger than 

the condition (1.4). 

Q.E.D. 

We get the following lemma in the similar way as above" 

Cl ,:::. T,y l ~:I any ,a. __ n .' 
-·-·-··-·v ... -----

We. shall prove that the inequality (l~l) is true for any 

~E wl by using induction on t. If t =3so that j = 2, 

it follows, by Lemma 1.4, our assertion is true. 

Let. t = to ~ 4. We can assume that 3 ~ j = jo ~ to - 2 

and ~ ... hether @(l) = 1 or @(to+l) = R-O+l by Lemmas 1.3, 1.4 

and 1.5. 

casel:~(l) = 1. 

considered for t = t 
__ -_-" ...... _---...... 0 
o..s C01. elem~n.t of W' 

Define the element @ 
-land j = jo - 1, by 

2 
tV-I = ( 1 
\J ~-1 V (2)-1 

-'""' -1 iai (3) -1 
\J 

of Wl , which is 

8 

We immedietly see thaAn (,i~) = n @:). By the assumption of the 

(2 ~ j ~ t-2 an~ 
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induction, 

l1T 1: I'\, ~ '1"~ 

if (i, k) i l;,i~) 0 - <k;,t 0' (9-1 (k) ,2)-1 (i) ~to -2n (~)} > n Cc!) - 1. 

Hence 

For any k, jO~k~tO+1, if there existesi, 2~i~jo' which satisfies 

the following: 

such an integer i is unique and 

Hence (1.5) leads to (1.1). 

Define the element ;~ E Hl,vlhich 
~ 

is considered -""'-",--.---=-..:..u_ 1 and j = jo' by 

(.;:\-1 o = 

By the assumption of the induction, 

For any i, l~i~jo' if there existes k,'jO<k~to' which satisfies 

the follm.;ing: 

~-1 ~-l ~ 
f[!) (k) - i.:!J (i) = to - 2n (Q)} , 

such an integer k is unique and 



r 

Hence (1.5) leads to (1.1). 

Thus ~ovetl that 

(@ e w1 . . f:A1J'f., 
J . 

the inequality 

10 

(1.1) is"true for' any 

In the fo11m.;ing we shall prove that the inequality (1. 2) is 

,-, 1 
true for any 'g E ~v • 

is true. 

_Let ... @ E V7~ •... _ .~~. _. n: (g).~ ._~~ ~.~._ .. t_~~_._~r:.~~~~~~ ~~. _. __ <! .. ~.) 
.-19, 

Proof. Since n(@) > £+1 

£ + 3 - 2n (@) < 1 - £ • 

If there existe a pair ( i, k ), i f k, ~ .. ,hich satisfies 

-1 ,-,-1 @ (k ) - ~j ( i) < 1 - £, 

such a pair is unique. Therefore 

Q.E.D. 

LernrnE:=l..!.J_.. Let @E w1
• Assume that @(1) '" 1 (lnd @'(£+.1) 7."-9-'- -.-.' . - .-.-.. - ... .... .. -.' - .. .--.-- .-.' 

=\: £+1. The~ .. ~h.e ~n.~q~~~~~y .. J! .. :~L .~s. _1:.rue~ 
Proof. By Lenunas 1.2 and 1.6 we may assume that n(g,) = L 

Such an element @ is unique and represented by 

c . . . j-l j j+1 j+2 . . . £+1 ) -1 
CJ = . . . j £+1 1 j+1 . .. £ 

The pairs (i , k) , l~i~,j<k;;£+l , w'hich satisfy 



II 

are at most 2. Therefore 

#. { .. 0.-1 c.-I r:;- } (i,k); l~l~j<k~Q,+l, iQJ (k)~Q,l (i) ~ Q,+3-2nC~) > n - 2. 

Slnce n(§) = £, n~) < n. It follows that (1.2) is true. 

Q.E.D. 

. Lemma 1. 8 . --_ ... _------------- -1 
@EN • 

I f-,-.~_: __ ?_,_. __ '!:h.~ __ il'!eqt?:~.~iJ~Y .. J~.? t _ ~? __ :t_rue for. any., 
1·9 

Proof. It is easy to see that (1.2) is true if n(@) ~ 3. By 

Lemma 1.6 and (1.3), we only have to shm., that (1.2) is true under 

the condition: 

(1. 7) 
-1 -1 

6 < @ (1) + rs (2) < £ + 4 ~ 

We get the following inequality in the same way as in the proof 

of Lenuna 1.4. 

#{ (i,k); 1~i~2<k~2+1, @>l(k)-{~-l(i) ~ £+3-2n@)}. 

> min{ 3(~-1(1)+SD-1(2»-18, ~+ZW-1(1)+Q>1(2)-10, 2£-2 }. 

It is easy to see that 3(@-1(1)+$-1(2»-18, Q,+2:§:T 1 (1) +Qi-1(2)-10 

and 2£-2 are both larger than n@)-2 =@rl (1)+@1(2)-4 under the 

condition (1.7). 

Q.E.D. 

We get the follm1ing 1enuna in the similar \.,ay as above. 

~.rnaJ.9 .. 

@EWl . 

If j =£ .. -:.,1, the inequa~_~ t:~._J~.: .~) i ~_~!~~ for .. a_ny 
/'9 
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From Lemmas 1. 7, 1. 8 and 1. 9, He can prove tI;at the inequality 

(1. 2) is true for any (§)E: I'll in the same ,.,ay as in the proof of 

the inequality (l.l)~ 

2.2. The case that H is of type Cl, that is M = Sp(9.)/U(t). 
~...."...# ~"",~~_~"""'-""""'''''''''''_4'-~'''_"""""~_,_~~ __ ,,,,*:",,,-,_=,_,,,,_,_~ ______ ,,_~,:_ ..... ~· .. ;.-· ...... ~"''''.;~ .... - ..... -6.·:-=.,_ ••. _ ........... "' .. ~ __ ...... -r~_'; 

If i = 1, ~ = Pl(C). If t = 2, M is a complex quadoric of dimension 

3. Hence we assume that t > 3. 
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In this case n= P,(£'+l) d -0.- 0 +1 an :{:.i = }I.., .- The Dynkin-dia-

gram of ® is as follows: 
r 

where c;;-@ shows t:fiae @j - -a' Let -{(f.);; 1 < i < !l, } be ~.·~o - ~· ..... 2· ,-'~ = = 
the basis of &0 which satisfies that ( @i' C§\ ) ~~ Then = \.£.1 ••• 

~J 

we have: 

@= { +2@ • 1 < i < £', ±@. + .'"""'- • 1 < i < j < £, } , - -&., - i' = ~ J = = 

@= {1(0 =~ r;::.. 
@£,-1 =~~-1 _ I'£' l'~ = 2f) }, \-1 - ~~'2' , 

~/£,' ~- £, 'J~ 

+'@i, 

An element @EvI acts on@o by /"..-.., = + !'~. for 1 < i < .£, , .as:. - ,s~( .) 
'-...J~ - 0~ = = 

~ in the index is permutation of { 1, 2, ... £, } . where _ Co) a , 

We denote the element talE W 
~ 

by the symbol 

( 1 
2 .... 

±~(iJ ,-.. ,r.. 
± 1&(1) ± I.:g:( 2) •••• 

Then 

=1 = (@-l~lJ 
r r+1 £, \ 

w1 r::;. "--1 
,rq;-1 ( £,) ) 

i5lE W; {.gj -
.0-:-1 ( )- --\-1 • • • t.g;' r ""\0; (r+1) - ••• 

-.1 

for ('""-I o ~ r< £',.§ (1) - ~':;--1 c·-1 - c-1 J < ••• < \0 - (r) , \~; ( r+ 1) > • .-. > ~ ( £, ) 



The index n (~~) f .,--. E 1 
o CC!)-w is given by 

r 
= r~'(:G\-l(i)-i) + o+1-rC2 ~I\...I N 

J.=.J. 

( Takeuchi [2] ). We see easily that 

( et' rn] ) 2 for @ F-:'1C::\+) = any 8, E~iE) , .. ' 

= {-: 

£ 1 
':::::-1 if 1 i + - \5V (i) < < r 

( @, /tl, ) 
'?'. 1 .---J. £ + 1 - ;~.;- (i) if r < i < 9... 

Therefore we have to prove that the following inequalities are 
. 1 

true for any @ E: l'l 

(2.1) #{ ®E@(~r); (@), @ ) > = 2(£+1) - 4n@) } > ,-,,\ 1 
n l.(CV-' 

(2.2) { (B) .-:\ ~+ /~\.:-'>, 
# \~ E\,~(n ); ( (:!J;,~~} ) > = 2(£+3) - 4nc@) } > n@) -2. 

14 

. Since ..-.. - ~ > -2£ {Q;E {!1:'-rl') \Ore immedietely .see that if '& ... ~ "--I' , 
n(@) ~ £+ 1 ( resp. $1. + 2 ), the inequality (2.1) (resp.(2.2» 

is true for any @ E Wl . 

~~a ~=~. Let @E W
l

• If n(§) ~ $1., the inequality (2.1) 
----~.--......-..-~....-..."''- ...... :-'-..... -.-. 

is true. 
1~· 

!':r:.Qpf. From the above notice we can as sume that n (@) = $1.. 

In this case 

2 ($1.+1) - 4n(@) = 2 - 29... 

It is easy to see that 

# { (~iE @(~t) ; ( @', (§) ) < 2 - 2$1. } < 2. 
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Hence 

r 

Q.E.D. 

/'\ 1 /-\ h' .- (22)' Let :a/ E W. If n (g) ~ !L, t e 1.nequal1. ty • 1.S true. 
-:-.(§-._------------- ----- ---------------------------- ---------------

I:~QQ_;L If- n \9:) ~ !L + 1 ,the inequality is ture in the same way as 

Lemma 2.2. 

above. Therefore we lassume that n C§) = !L. 
~~ 

" Case 1 : !L = 3. If r = 0, n <g) = 6 t 3. Hence r > 0, 

and fiis one of the following elements: 

( 
1 2 3 ) . ( 1 2 3 ). 
1 -3 -2 2 3 -1 

In each case (2.2) is true. . 

Case 2 : !L = 4. If r < 1, n(@) > 6 > 4. Hence r > 2 
= = = 

It_ follows that 

are larger than -2 (!L+3) - 4n~) = -2. 

On the other hand n cg) - 2 = 2. Therefore (2.2·) is true. 

Case 3:!L > 5." If ®E @ (tFf) satisfies 

( @l,(g:) < 2 (!L + 3) - 4 n C'§) = 6 - 2!L, 

~ is one of the following 12 elements: 

On the other hand 
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R.+IC2 - 12 (R.-2) 

= ~ {R. (£+l) 20 -2£} 

= ~ (1. 
2 - 1. 20) 

= ~ (R.+4) (1.- 5) > o. 

The equality holds only in the case 1. = 5. But if £ = 5, 

for ® E !~(g.+). Therefore the inequality is true. 

Q.E.D. 

LeIITI.!lA~ .. l...· --_ ... --_-. 
A Let (0: E l'T. '-." If €i(l) t 1, 

. .:.::-~of. By the assumption, 

> r. 

Hence 

= ~ (£:-r-l) (2-r) > O. 

Q.E.D. 

We shall prove that the inequality (2.1) is true for any 

@~ w1 
by using induction on 2. Let 2 = 3. If n {O\} > 3. -' = 

the iriequatlity is true hy Lemma 2.1. If n (;,&\) = 0, the inequality 
';.J 

is also true for If n(:&') = 1 (reso.2) 
~ ~} 

€ (1 
0 '-1-

1 

2 

2 
( resp. ( ~ 2 

3 
3 )\~ -2 i,\and (2.1) is true. 

I) ...J c~H 
Let f = 20 > 3. By Lemmas 2.1 and 2.3, we may assUme that 

. 1 
Define the element ~}E W , which is considered for 

L· 

£ = £0 - 1, by 



r 
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r-1 r R- -1 ) o 
--1 ... -®. (R-

O
)-l) -1 co-1 @ (r) -1 - (:£) (r+1) -1) 

We easily see that . n (~) = n (§). By the assumption of the induction, 

# {@i + @j; 1 ~ i, j ; R- 0 -1, (~:, @i+1!j ) ~ 2 - 4 n <&)} > n~) - 1, 

where @: .= (R-
O

-1)£ 1 + (R- 0-2)£ 2 + •.• + @R-
o
-1· It follows, by 

the·fact that ( /~, 1'"",\ ) _ (a ,~ ) ,tu, , lE'. 1 - ,(ju, ,.£. 
--- ......., 1 - "-"" '-1 

for 2 ~ i ~ R-O' that 

(2.3) #{ ,~.+,,£!.; 2~i,j~R-O' (~, 0.+.'2: ) ~ 2R- ~ 4n@)} > n(9}) - 1. 
1 '- J - - ~' ~l ~-J -

Let --
1''/ 

s = # { @i; 2' ~ . i ; R- 0' :3 '%, 2 < j ~ to' j :f i, such that 

( @~ (5~ + @j ) = 2R- - 4n (@) or 2R- + 1 - 4n l~) }. 

2R- + 1 - 4nt@)} < s - 1. 
""" 

Proof. Let r'": 2 < 0=" , -_ .. - "1 

exists .?' j there ; £:. , 2 <. < ,.,] 

= 2R- - n(@) or 2R- + 1 -

( ~ ,.-, \(jo" 0 E'. 
--- . 1 

.''"'\ + 1£:. 
'.-'J 

i < R- O' satisfy 

R- O' j :\: i, such 

or 

the condition that 

r"':\ ;;:) _0,) that ( !(j0) , ,E.+ '£'. '-- --1 '- J 

n (e) • For thee1errient 
. ..:i-, 
~J. , 
'1 

(2.4) Jt{ 0 TT ,- .• 
"'1 +@';' 2 

J 
j j ~ < < R-O, T 

.,-.~ ·"'-1 i, ( (j 0..' £ '. + f £" 
I ........ ' ' ....... 1 ..... J ) "" = 2R- - 4n t,0) 

or 2R- + 1 - 4n (om)} <: 2. @ ...... ,J- ' , 

In this ,way we find at most 2s ordered pairs ( i, j ) , 2 ~ i ~ R- O' 

j':f i, which satisfies = 2R- - 4n <g) ,or 

2R- + 1 - 4n(@>. On the other hand the distinct,pairs i, j ) 

. and (j, i ) induce the same element (E\. + (2 .. 
'-.J 1 ... J 

Therefore 
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(2.5) #{(r:. +r£?; 2 =< i< J' < to' «(06', ,:2. +,'e;\) = 2t - 4nCo) or '-" ~ ~ J ............, '- ~ ~. '-J -' 

:2 t +. 1 - 4 n \S,)} ~ s, 

and the equality holds if and only if the equality in (2.4) holds 

Define the integer iO ( resp.i ) by -m 

If the equality in (2.4) holds, there exis~ the integers 

rEi~'lHCd Q e 

i 

j such that 

+ 0;--). ) = t - 2n (g.) 
~m 

:I Ss C~~l 
and i:D < 'i l

• Hence \_..... -- m 

f") or . t + 1 - 2n ~ , 

or t + 1 - 2n (,q.> ' 

This is impossible, and therefore the equality does not hold. 

Q.E.D. 

and 

Let @i~ that 

C1-& i § .Q~ .1 . 
there exists Q,o' j =\= i, 

such that ' c/ 

«(~ :~·I. + :~. ) = 2Q, - 4n (:.0;) or 2t + 1 --4n (8-) • ,--,' '-~ ".;J . v . ..,.; 

For this element @i' 



> 2R. + 2 - 4 n CO-) , -" 
in all but the following case: 

r, 
2R. - 4n (g") • 

Therefore 

........ ) + (f:J. 
'-') 

~ {a + ~ 2 . . If' (i0 ,"-'" + \,,;). > 1t ·$-i (§.~ ; < 1. < ) ~ NO' ',::u.., \-~i .7"] 

There exis~ at most one element i~~ 2 
e ,Si' 

< 2R. + 2 - 4n @) } 

< 2R. - 4n @) }. 

< i < R. O' such that = 

(@, 2£). ) = 2R. -
~'''1. 

4n(@) or 2R. + 1 - 4n@ . 

If such QYi exists, 

Therefore the inequality (2.1) is true. 

Thus we have proved that the inequality (2.1) is true for 
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From Lemmas 2.2 and 2.3, Tfle can prove that the inequality 

(2.2) is true for any @) E wl. in the same way as above. 



I If i = 4, H is a complex quadoric of dimension 6. / 20 

--~r--- J 

2.3. The case that M is of type DIll, that is M = SO(2i)/U(i) ;: 3 :::-;'~3 (~~~-l--~::~=-':~"~~~'~:~:"'~:~ -, -~.~"~- '-~'.- -';~ .~~~:~- -"---'-'-'~ If 
Ii""o I -

case n = ~i (i-l) and:}~, = 2i - 2. The Dinkin diagram of @ 
is as follows: 

{ ~:.; 1 < i < ~ } ," ~ = = be where ;gi @ shows -t:ha-t:- ~gj = €i. Let 

the basis of &0 which satisfies that 

we have: 

Then 

.'t;: = { ± re:; ± ,E'!.; 1 < i < j < i }, 
~' ~~ vJ = = 

A 1 t - Y.~ t h b .' - - +'" for 1 < ; < n n e emen ~ €; H ,ac s on Y \~:::"i - - ~a (i) =.... N , 

',' 
where ~ in the index is a permutation of, { 1, 2, ••• , ~ }. 

We denote the element @EW by 

( 1 2 . . . i 

±,~.(l) ±(f(2 ) . . . ±£(i) 
'-" 

Then 

= '( 1 
ia:;-l (1) 
-' 

the symbol 

) . 

r r+l, 

-1 -1, 
,~, (r) -:Q (r+l) 

. -.. 1 

_-1 
-~ 0.) 
-..~1 

i - r is even, C! .. 
~l(l) < ••• _-l() --1(' +1) .- <,cr\ r, (5': r > ••• >0" (i) 

--.:...' '--." .J 

) , 
} . 
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The index n (@) 
"...... 1 of i5!J E ~v is given by 

n (€) 
r 

= L (®-l(i) - i) + C 
~l ~-r 2 
~= 

( Takeuchi (21). We see easily that 

(@~, @) = 1 for any 13 E ('iJtfSt) , 

{ -1 if 1 i 
( r;;5;,(v, 

~-@ (i) < < r 
= = 

= - (~_a~l (i» '--' --l. 
if < i < L r 'Cl = 

Therefore we have to prove that the following inequalities are true 

- . 1 
for any (q)E: W • 

#{ '- (M + ~ 1'-. 2~-2-2n @) } nCW-l, (3.1) /13:E t,.@ ) . ( e, .. W ) > > \.:/ . V ' = 

(3.2) #{ @E@(nt) . ..,~ ............. , 
2~-2n @} n <® -2. ( {GO,:, ,13: ) > > .. \J I "--, '-" = 

Lemma 3.1. Let ·0)E wl
. -----.--- '......., If n@ ~ 2~-3, the inequality (3.1) 

- 1·:; is true. 

Proof. By the assumption 2~-2-2n @) < 4-2~.· Let 13 be an . 

':'\ + element of ~j(@). y7hich satisfies that 

(6),0)<4-2~, 

then CID = ®~-l + @~. Therefore 

If the equality holds, n ta.) = 2~-3 
'-' 

and n - ntcr:) = l(~ - 2)(9, -3) > o. 
-J 2 

Q.E.D. 
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is true. 

Pr9~~. If .n(~) ~ 2~-2, the inequality is true in the same 

'.'lay· as above. Therefore we assume that n@) = 2~-3. The number 

":"I'a-, + of the elements !~/E~@) such that 

( (-d5\ '-B' ) < 2~ -2n (0,) = 6-2~ 
'-./ •.•• - -.:;t 

is at most 4. Since 1 ~~ 5, 

(n - 4) - (n@) '- 2) = ¥ (1 - 1) - 4 - 2~ - 1 = ¥- (~ - 5)+ 1 > O. 

Q.E.D. 

~~ _~~ _I~ ~~l (1) ~ 3, then n @) ~ 21-3. 
,(~ -.-'---' .--- .. " ._ .. _-- _." .. - ;-- .. --_._--

Pr02.~_ By the-assumption 

_l:..-,. 1 . 
JL:l (,~- (i) - i) ~. 2r. 
-i=l· ... 

It follmvs that 

n C(q) - (21 - 3) 

~ 2r + C 
1-r 2 (21 3) 

= 1(1 - r - 2) (1 - r _. 3) > o. 2 = 

Q.E.D. 
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We prove that the inequality (3.1) is true for all .b E w1 . '---

by using induction on 1. If 1 = 5, we easily see that the 

inequation is true. 

Let 1 = 10 > 5. By Lemmas 3.1 and 3.3, we can assume that 

~-1(1) = 1 or 2. 

--1 Case 1. : \V (1) = 1. Define the element ~,e w1
, which is 

- ':/ 

considered for 1 = 10 - I, by 

-1 
.~ 
\ ..... ' = (--1 1 

.<2 (2)-1 

... 

... 
r-l r ." .. 1-1 ) 

1 - . 
- <2.- (1 ) -1) --1 - --1 

cr (r) -1 -lC!., (r+l) -1) 

Then n(I) = n(~). By the assumption of the induction, 

ff:{ iE'·. + .f::. i 2 < i < )' ~ - 1 0 , «(C1.6'/" :-.E. +:E. ) > 21 - 4 - 2n (0-... .> } 
-~ ---) _ ..... - - ~ - -) 

> n (6") - 1. 
~-

Let 

= 21 - 4 - 2n(cr) or 21 - 3 - 2n(~) }. 

Then, in the same way as in Lemma 2.4,we see that 

fH~i + '§:'j i 2 ~ i < j ~ 1 0 , ( ~4:, 'fi + Ej ) = 21 - 4 - 2n (g:) or 

21 - 3 -2n (Q» } ~ s - 1. 

Let· @i satisfy that there exists ~j' 2 < j < 1 0 , j ~ i, 

such that 

= 21 - 4 - 2n(g) or 21 - 3 - 2n(cr). 
".~. 

Then 



( ~? ' £ i + £ 1 ) ~ 2~ - 2 - 2n (6) 

in all but the following case: 

The/fore the inequali ty is true. e 

Case 2: @-l(l) = 2. By the definition of wl 

f~-l == ( 1 2 • • • r r+ 1 

'......-' 2 ~~-l (:2) ••• <<1.,-1 (r) "":,,!,-l (r+l) 

Define the element 0" E wl by 

2 

~-l (2) 

... 

... 

. . . 
~o ) . 
-1 . . . 
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Then n (Q.') = n (o') - 1. 
/' 1 

Define another element ~ E W , which 

is considered for ~ = ~O - 1,· by 

( 

1 

- --1 <£. (2)-1 

... r r+l . . . 

... . . . 

Then n (~) = n tq , ) . 

Assume that the inequa li ty (3.2) is true for @. I f ,'le notice 

that (a~)-1(2) > 2, we get the follm'ling inequality in the same 

way as i~ase 1. 

> 2£ - 2 - 2n (d')} > n {6.') . v __ • 

Clearly 

( 0 <5 ,(~ ) ~ (.cr' <5 , ~ B ) - 2 
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Hence if satisfies that 

2,Q, - 2 - 2n(a:'), 
'J 

then 

( @~, tit") > 2,Q, - 2 - 2n (~) • 

Therefore 

q~ , S,) > 2,Q, - 2 - 2 n C~)} > n C§) - 1 • 

Thus we have proved that the inequality (3.1) is true for 

I"'. 1 any '~E W. We can prove that the inequality (3.2) is true 

in the same way as above .. 
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