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Intrqduction;

Let M be an irreducible Hermitian symmetric space of

compact type and let L be a holomorphic line bundle over M.

We dencte by oP (L) the sheaf of germs of L-valued holomorphic
p-forms on M. In this paper we study the cohomology groups
Hq( M, Qp(L)). Further, applying the results so far obtained,
we shall consider the hypersurfaces of M;

The paper devided into three parts. §1 is devoted to
recalling basic notions and results which are necéssary in the

following. 1In 8§82, for the cases that M is an irreducible

Hermitian symmetric space of compact type BDI, EIII or EVII,

we obtain the theorems analogous to the following theorem of

Bott [3] for M =P (C).

Theorem. Let E be the hyperplane bundle over an

n-dimensional complex projective space Pn(C). Then the group -

HY( Pn(C), Qp(Ek)) vanishes except for the following cases:
(i) p=gq and k=0, (ii) g=0 and k > p, (iii) g =n
Ek

and k < p - n, where =EQ® '_',".‘®E ( k factors ).

Further we shall discuss when the groups Hq( M,'QP(L)) vanishes
for any irreducible Hermitian symmetric space of compact type
for p = 0, 1. These results are obtained by analyzing in detail

structure of Lie algebras and their Weyl groups and applying the



generalized Borel-Weil theoren. .
Let V be a hypersurfacé of M. Denote by © ( resp. @ )
the sheaf of germs of holomorphic vector fields ( resp. holomor-

phic functions ) on V. In 8§83 we study'the cohomology groups

Hq( V, © ) and Hq( V, € ) wusing the results in §2. And we

find that if M 1is BDI, EIII or EVII, one has

B0(v, 0) =0
for the hypersurfaces V of M except for a certain sPecial
case (Theorem 8 ).
| The auther would like to express his gratitude to Professor
- 8. Murakami, Professor M. Takeuchi and Doctor Y. Sakane for

their useful suggestions and encouragements.

§1. Preparations.

1.1. The generalized Borel-Weil theorem. In this section ﬁe
recall the generalized Borel—weii theorém-ih a form convenient
fpf our purpose. " | |

‘Let G be a simply connected complex semi;simple Lie group
and let U be a parabolic Lie subgroup of G. Then the quotieht
manifold M = G/U is a Kahler C-space, that is, a simply
connected compact complex homogeneous manifold‘admitting a Kahler
metric. Let g be the Lie algebra of G and h  a Cartan
"subalgebra of g. We denote by A the root system of g
with respect to h. We shall identify a linear form A. on h
with the élement Hy- of h deﬁined by

M H)=(H, H) for HEH,

where (, ) is the Killing form of g. We fix a linear order



on the real form h, = { ae& A }R of "h. Let At ( resp. AT )

0

be the set of all positive ( resp. negative ) roots. Let my

be a subsystem of . We put
={ o€ 4; o= E :mc.,m=0foranyaj§Hl}
A(n*) {Be ;B —Zm Oy mj > 0 for some anHi}

Au) = Al'v Aty .

Define Lie subalgebras 9y n+ and u of g by

gl=h+§ . 9y

aeA
+
n =_§E:::;: g
BeA (nT) B
u==h++ E Iy’
a€l (u)

where 9 is the root space correspondlng to o € A. Then =8

( resp. nt ) is a reductive ( resp. nilpotent ) subalgebra

Vand u =g, + n+ { semi—directg). We denote by U the connected
Lie subgroup of ‘G with Lie algebra. u. Then U 1is a parabblic
subgroup of G, and M =G/U is a Kahler C-space.

We denote by D ( resp.»Dl ) the set of dominant integral
forms of g ( resp. g; ). Let £ GEI%L and choose an irreducible
rebresentation ( pig, W—g } of 9 with the lowest welght
—E.» We may extend it to %%epresentatlon of u so that 1ts
4res£riction to n+‘ is trivial, which will be denoted by
( p_g, W—g ). Since any irreducible representation of u isb
trivial on nf, we may call ( p_g, W-g ) the irreducible
répreséntation of u with the lowest weight =-§. Moreover

there exists a representation of U which induces the



representation ( p;g, W_g ) of u, and we denote it by

g

holomorphic vector bundle E_, over M associated to the

3
principal bundle G—¥M by the representation 5_5 of U.

( 5_5, W__g ). This representation ( 5_5, wW__ ) defines the

. NS .
For a holomorphic vector bundle(over a complex manifold,

we denote by £(E) the sheaf of germs of local holomorphic-

sections of E. Let W be the Weyl group of g and AI

the set of all positive roots of Al. We define a subset W

of W by
Wl ={ o €& w; 0-;'(A1-) c at },
For any set S, we dehote by #S the cardinality of S. The

index n{(o) of o& W is then defined by

#( c(A+)/\ A” ).'

A n (o)

We denote by 6 the half of sum of all positive roots of g.

Theorem of Bott [31 ( c.f. Kostant [7] ). Under the

notations defined above let & & Dl' Then if €+6 'is not regular,
HY (M, RE_p ) =0 for all j =0, 1, *** .
If §&+6 1is regular; E&+§ is expressed uniquely as E+8 = O(A+0), -

where A€ D and o0 € Wl, and

BI(M, E_ ) =0 forall jXn(9,

aim 8w, E_) =aimv_,,
where ( p_,, V_, ) is the irreducible representation of G

‘with the lowest weight -A.

We prove the following lemmas to restate this theorem in a

form suitablé for our parpose.



- Lemma 1. Let § EDl. If

(£+8, B) %0 for BehAm),
theh £+ is regular.

Proof.  Let o be any root of AI. Then we have ( £,a0 ) 2 0
and (8,0 ) >0, so that ( g+§,a ) > 0. Since A" = a7 Ua@™),

we get

(g+6,y ) ¥ 0 for yea'.
g.e.d.

Lemma 2.  Let £ e Dl' Assume that there are A & D and

o EW' such that E+§ = o(A+§). Then

n(c) = #{ p<an’); (&+6,8 ) < 0 }.

Proof. _ Since G_l(AI);: A+, we have

n() = #{ 8€am®); o1y < 0 1.

By the assumption

( E+8,0 ) = ( A+S, o'l(a) ) for a € A.

'Since A+§ is dominant and regular, o L(a) is negative if

and only if ( A+6, c-l(a) ) is négative. The conclusion now

follows from these obserbations.
Theorem of Bott may be restated as follows by these lemmas.

Theorem 1. . Let £ e;Dl. Then if there exists a root

a of A(n+) such that ( E+8§,a0 ) = 0, we have

Bl(M, QE . ) =0 for j =0, 1, **-.

3

If there exists no root B of A(n+) such that ( &§+§,8 ) = 0,

we have

l( M, 9E_, )

i
(=]

£ for j X a,



and
r9( u, RE_; ) ¥ 0,

where q = #{ B Giﬁ(n+); (E+,8 ) <0 }.

1.2, Kostént’s results. We denote by T(M) the holomorphiél
tangent bundle of M and denote by T(M)* its dual»bundle.
Let L be a holomorphic line bundle over M. Thén it is easy
to see that Qp(L) coincides with Q( RT(M)*@L ), where RT(M)*
is p-th éxterior product of T(M)*. Since any holomorphic line
bundle over a Ki&hler C-spacer M is associated to the principal
bundle G—M by a representation of U ( Murakami [8] ), we

may put L = E for £€ D,. It is known n+ is invariant
-8 1

by the adjoint representation of U on g. Hence p-th exterior

prqduct of n+ has a U-module structure. Since n+ may be

identified with the‘cotangent space of M at U, KT(M)*——?M

coincidesrwith the holomorphic vector bundle associated to the

principal bundle G—>M by the representation of U on ﬁn+.
~ From now on Qe assume M = G/U is a Hermitian symmetric

space of compact type. Then n+ is abelian. For any integer

p 2 0, put

Awl(p) ={oe€ wl; n(oc) = pA .

: p . .
Kostant [7] has proved that An+ iz decomposed into direct sum:

(1) ﬁn+ = EZ:::t::(An+)-(66—6) ( as U-module ),

cEW (p)
where (n+)-(06-6)- denotes an irreducible U-module with the
lowest weight -(08—6). The following theOrem follows'easily f:om

(1) and theorems of Bott [3].



lLet W be a holomorphic U-module repreéented as follows:

-W=W"£1+_“. +w_€2 - for gieol.

Denote by EW

to the principal bundle G-—>M by the representation of U on W.

the holomorphic vector bundle over M associated

Proposition 1. Under the notations introduced above we have

dim HI( M, E_p ) for j =10, 1, *°°.
i=1 i

f.

dim HI( M, QE, ) =

'We recall the results of Bott [3] which are necessary to proof

the above proposition.

Theorem A. Let S be a holomorphic U-module, and let v
be a holomorphic G-module. If Eg is the holomorphic vector
bundle over M associated to the principal bundle G—>M by

the representation of U on S, then

multiplicity of V in HJ( M, QES ) = dim HJ( Us 9y Hom(V,S) )7

jpp—g

1' o-o'

ijor j=20,
where HJ( u, 9q/ Hom(V,S) ) denotes the j-th relative cohomology

group of Lie algebras u, gla with coefficients in the u-module’

Hom(V, S) .

For gl—module T, 91 donoteé the subspace of S annihilated -

by all X egl.

Theorem B. Let F be a u-module which, considered as

g;-module, is completely reducible. Then

- +

dim HI( u, gy, F) = dim Hl(n', F)91.



Proof of Proposition 1. Let V be a holomorphic G-module. .

Then by Theorems A and B, we have

multiplicity of V in HI( M, QE ) = dim HI( nt, Hom(v,w) )91

ht

A

for j =0, 1, ***. Since W;gi, 1 i 2, are irreducible

u-modules, the restrictions to -n+ of the representations ofi u

on W_gi énd W are both trivial. Hence |
dim B3 ( o, Hom(v,w) )91

( B¢ r;+, Hom(V,C) ) @ w )91

dim

2 - - 3
=2 __ aim (# (0", Hom(v,cH®W_; )%
- i=1 ' i

P

2

dim B ( n”, Hom (V,W_, ) )91.
k )

By Theorems A and B
. + L
dim H)( n", Hom(v,w_g ) )91 =
' i i=1

for 3 =0, 1, °°-, i
g.e.d.

The following theorem follows immediately from (1) and the

above proposition.

multiplicity of V in HI( M, E_g )

i



Theorem 2. Let M be a Hermitian symmetric space of
compact type. Assume that E_g, Eé&Dl, is a line bundle over M.

Then

dim HI( M, QP(E_g) ) = : dim HY( M, Q(E-(od—6+£)) )

ce W (p)

for q = 0’ l' ovo.

Theorem 2 shows us the importance of the study of the

structure of Wl for our porpose. -

2. Vanishing of HI( M, P(1m) ).

~We retain the notations and assumptions introduced in the
previous section. |

Assume that M .is an irreducible Hermitiap symmetric space
of»compact typef Then G 1is simple and there exists ‘aj e n
bsuch that I, =1 - { oy }. Let { Wyr **0s Wy } - be fundamental

weights with respect to 1 = { al{ cee, az} .. Then any holomorphic

line bundle L over M is isomorphic to E_1u for some integer

~ k, since any l-dimensional representation of 9 is induced by

a representation of the centor of gy -

2.1. The case that M 'is of type BD.I i.e. a complex

quadric Put dim M = n. The Dinkin diagram of 1 is as follows:

 ©——0— -+ “0—0=3=—0 if n=20-1(8&22),

%1 %2 Op-2 %g-1 %y

O ' o “p-1
- . .o—(< . if n
1 %2 %g-27° %

29 -2 (223,




that. a,j = al

wherepl(© shows

h0 which satisfies (

{ i(eiiej),
A:
+ .Xe.);
{ 2(e ej)
: { ¢ = 81 -
L=<
{ ¢y T &4
+
N { gy ¥ ej, 2
A(n‘) =
{ € + sj, 2
Wy = €54
(28 - 1)8l
- 28 =
2(2 - 1)eg

An element oceW

. Let { €y i=1, -+, 2} be a basis of

ei, €. ) .= Gij' Thgn, Wé have:
1< j = 2, €7 1£isf2}, if n=22 -1,

Y j £ 81}, if n =22 - 2,
€417 < i g 2 -1, 0, = € }, if n = 22 - 1,
€5 417 151582 -1, ) = 62—1 %-EE_iL:)

Cif n=20 - 2,

£j<% e}, if n=20-1,

£ 3£ 2}, if n = 2% ; é,

+ FZR -73)82 4+ eee + €y if n = 24 - if
+2(8 - 2)e, + v+ +2¢, o if n =:22 - 2.
acts in hy by og; = e 4) for 1 < i érlh

where ¢ in the index .is a permutation of { 1, 2, <+-, 2 }.

We represent this element

1 2 |
0 (1) £0(2)

Then

ce W; o

og&eW; o

-1

-1

oeW by

')
0 (L)

.

Cif n=20-1

0 < i < ooo<i é 2,

2 2
, s(o) = %1

Cif n = 20 - 2.




1

An element o & W is determined by i and s(o), and its

index n(c) of o 1is as follows:

i-1 if s((o) =1,
n(c) =
n- (i-1) if s(g) = -1.

1 28 ) ,are as follows.

Furthermore for o & W, the values of ( o8, E8)
: . ’
If n=20 -1, - - (pe an) )

s{(c) = 1 . s{og) = -1

+ 28 . + 28
A =P

(n") (o8, ey ! A7)} (08, 7ey )

€y ~ 82 - (i_- 1) €, T &, - 22 + 1
€, ~ €5 - (i - 2) €, ~ €5 - 22 f i+ 1
€, " &4 ' -1 . €4 - €5 - 28+ 2; - 2
€ ~ €441 1 : €y - 22+ 2i - 1
€1 T €540 2 €1 T €541 - 2% + 21-
el - gy 2 -i _ el - 82 ) -2 + i -1
el + 52 2 - i+ 1 ;l + el - 2 + i-
e tep |2 -1+ 2 e, teg -2+ 1+ 1
€ + €441 22 -A21 , e, + €541 -1

€4 | 22 - 23 + 1 gl + Ei "l
€1 + €4 22 - 2i + 2 €9 + ei_l_ 2
'el + 52 22 - 1 el + ez | i -1




T
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If n = 22 - 2,
s(og) =1 s(o) = -1
1£i1i<28 i=21
+ . 2B + 28 +. 28

A v 8 = § =2

(n) | GO0 3R Any |08, gy | A 0% ey )
€1 ~ €y - (i -1 el - g, -2 + 1+ 1 €y = 52 - (L - 1)
ei - 53 - (i - 2) €, ~ €5 =22 4+ i + 2 | €y ~ 83 - (L - 2)
ey ~ &4 -1 €, = &4 -2% + 21 - l, €] ~ €94 -2

- 1 - - . ‘ -
El €i+l 1 El i+l 20+ 21 + 1 81 €y 1l
€1 7 Ej4g 2 E) " €i42]-20 + 21 + 2| F1 1 & -1

e e e se e s e X [ + Ez;l 2
€, ~ €y 8 - i €y - € - (£ - 1) €, + €92 3
E.' +€R, gl-l €l+€2 - (z—i) LIS oo e
e, t €44 2 -1i+1 e, 52_1 -(2 - i-1) e, t g, -1
€1 + €i+l 22 - 21 -1 el + €i+l -1
€. +e. |20 -2i+1 €. + €. 1

i . i
€, te; 4 2% - 21 + 2 €, t e, 4 2
El + 82 28 -1 -1 sl.+ 62 i~ 1
Furthérmore we have
. k if B=¢, te., 25322,
. 2B . 1
( ko778, 8) '
’_, 2k
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Then, we cbtain the following by Theorems 1 apd 2,

Theorem 3. Let ™ be a complex guadric of dimension n,

nlg 3. Then the group Hq( M, Qp(E;kw ) ) =0 except for the
1 ,

following cases: (i) g =0 and k >p, (ii) p =g and k = 0,

(iii) p+g=n and k=2p-n, (iv) g=n and k < p - n.

2.2. The case M is of type %EII. The Dinkin diagram is:
¢y %3 &y %5 g
¢2

, Where ay © shows that aj = ay in this case. We have

sA(nt) = 16 ana Wl = 27. we express B = E m, o QiA(n+) by

( m; m, m m4 m5 m6 ). For o of W ' we put 06 = ( n;, n, n, n,

3
n, ) if o8 = 56 a Then we give the values ( o8 28 )
s Mg o= Mific El : *(8,B)

for o e wt anda B GA(n+) by Table 1. From Table 1, Theorems 1

"and 2, we obtain the following theorem.
of type
Theorem 4. Let M be )EIII. Then the group Hg( M, Qp(E_kw )
' ' ‘ J

vanishes except for ( p, q, k ) 1listed in Table 2..



HmvHo 1

12

Values ( QQ~Awmmv ) for o e EH and B mp>Ab+V ( type 'E III )
B 8 B R B R B B B B B8 4] B B B B the number which does not
o5 mw 2 3. "4 5 6 7 8 9 10 "11 *12 13 Y14 T15 "16 appear in the sequence
066 1 2 3. 4 4 5 5 6 6 7 7 8 8 9 10 11
016 -1 1 2 3 3 4 4 5 5 6 7 8 7 9 10 11 0
G20 -2 -1 1 3 2 4 3 4 5 6 6 7 7 8 10 11 0, 9
036 ~3 -2 -1 1 1 2 3 4 4 5 5 6 7 8 9 11 0, 10
o046 -4 -3 -2 -1 1 1 2 4 3 5 4 6 6 7 8. 11 0, 9, 10
04”8 |-4 -3 =2 1 -1 2 2 3 3 4 4 5 7 8 9 10 0, 6
050 -5 =4 =3 =2 1 -1 2 3 3 4 4 5 5 6 7 11 0, 8, 9, 10
os°6 |5 -4 -3 -1 -1 1 1 3 2. 4 3 5 6 7 8 10 -2, 0, 9
066 -6 -5 =4 -2 =1 -1 1 2 2 3 3 4 5 6 7 10 -3, 0, 8, 9
og”6 |-6 =5 -3 =2 =2 1 -1 2 1 4 2 5 5 6 8 9 -4, 0, 3, 7
076 -7 -6 -4 -3 -2 =1 -1 1 1 3 2 4 4 5 7 9 -5, 0, 6, 8
07”6 (-7 -5 -4 -3 -3 1 -2 2 -1 3 1 5 4 6 7 8 -6, 0
g6 -8 -7 -4 -3 -3 =2 =2 -1 1 2 2 3 3 4 7 8 -6, -5, 0, 5, 6
cg"S8 |-8 =6 =5 =-4. -3 -1 =2 1 -1 2 1 4 3 5 6 8 -7, 0, 7 _
ce”“8|-7 -6 -5 -4 -4 1 -3 2 =2 3 -1 4 4 5 6 7 0
090 -9 -7 -5 -4 -4 -2 -3 =1 -1 1 1 3 2 4 6 7 -8, -6, 0, 5
0g°6 |[-8 =7 -6 -5 -4 -1 =3 1 -2 2 -1 3 3 4 5 7 0, 6
0106 |9 -8 =6 =5 =5 -2 -4 -1 =2 1 -1 2 2 3 5 6 -7, -3, 0, 4
G010 6{-10 =7 =6 <-4 -5 -3 =3 =2 =2 =} 1 2 1 4 5 6 -9, -8, 0, 3
0116 |-11 =7 =6 =5 =5 -4 -4 -3 =3 =2 1 2 -1 3 4 5 -10, -9, -8,.0
0117 6{-10 -8 =7 -5 -6 =3 -4 =2 =3 =1 -1 1 1 3 4 5 -9, 0, 2
0126 |~11 -8 =7 =~6 =6 -4 =5 -3 -4 -2 -1 1 -1 2. 3 4 -9, -10, O
012°6[-10 -9 =8 =5 =7 -4 -4 =3 =3 -2 =2 =1 1 2 3 4 -6, 0
0136 |-11 -9 -8 =6 =7 =5 -5 -4 =4 =3 -2 -1 =1 1 2 3 -10, 0
0146 |-11 -10 -8 -7 =~7 -6 -6 -5 =4 -3 =3 =2 =2 =-1. 1 2 -9, 0
0156 |-11 -10 -9 =~8 =7 -7 -6 =5 -5 =4 =4 ~3 =3 =2 =1 1 0 ,
0166 {-11 =10 -9 -8 -8 -7 =7 -6 =5 =5 -4 -4 =3 =3 =2 -1




8§, ce W, and B €4A(n’)

expressed

13

as fcllaows:

, Where

006 ( 11111
018 (-112111)
0268 (-211211)
038 (-321121)
048 (-431112)
0s”86 |[(=411131)
056 (-541111)
gs°6 J(-521122)
0g6 (-631121)
ge”8 |(-611213)
G768 (-721212)
07°8 | (=-712114)
Gsb (-811311)
ogs 6 (-622113)
gg”"8 | (-711115)
0s6 (-912212)
09”8 (-8 21114)
0108 | (=911213)
G10”6. | (-1013121)
01106 (-1114111)
611786 | (=101 212 2)
0126 (-11 13 111 2 )
0126 [ (=10 1113 1)
G138 | (=1112121)
o1s8 | (=-1111211)
G158 | (-1121111)
o166 | (-1111111)

o =

L T
T S = T I S

o

S

N

0000

0.

1

T

e

0

1
1
1
1
1
1

e R

0

0

(39
o
Al

=

-
N T = - T
S

=
e

o
S
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Table 2
p |ga=0 |15q515 (a,b) shows q = a and'k = b q =16
o |k >-1 K < -11
1 lxk>1 (1,0 Kk < -11
2 |x>2 |(,0, (14,-9) kK < -11
3 | k>3 (3,0, (15,-10) kK < -11
4 | x >4 |(a,0), (12,-6), (15,-9), (15,-10) k < -11
s |x >5 |(5,0), (3,2), (15,-8), (15,;9), (15,-10) k < -11
6 |k >6 |(6,00, (3,3), (2,4), (10,-3), (14,-7), (15,-8) | k < -10
(15,-9)
7 |x>7 {(7,00, (1,6), (2,5), (14,-6), (15,-8) k < -9
8 |k >8 |(8,0), (1,7), (2,5), (2,6), (14,-5), (14,-6) | k < -8
(14,-7)
9o [k >9 |(9,00, (1,8), (2,6), (14,-5), (15,-6) k < -7
10 |k > 10 | (10,00, (1,8), (1,9), (2.7), (6,3), (13,-3) k < -6
(14,-4)
11 | x > 11 {(11,0), (1,8), (1,9), (1,10), (13,-2) k < -5
12 |k > 11 |(12,0), (1,9), (1,10), (4.,6) k < -4
13 {k > 11 |(13,0), (1,10) Tk < -3
14 |k > 11 |(14,0), (2,9) k < -2
15 |k > 11 {(15,0) k < -1
16 [k > 11 | k < 1
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2.3. The case M is of type E VII. The Pinkin diagram of I

is:

that "
,where oz./.@ shows/\aj = o, in this case. We have #A(n') = 27

J*Wl = 56. We express B of A(n+) and o6 for oewl

and % =
in a similar way as in 2.2. Then the values ( UG'T%EEY } for
14

e Wl and B EEA(n+) are as in Table 3. From Table 3,

Theorems 1 and 2, we obtain the following.v

Theorem 5. Let M be .of type E VII. Then the group

Hq( M, Qp(E = 0 except for ( p, g, k) 1listed in

—km.) )
: J
Table 4.
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Table 3

E VII )

type

(

and Be& A (n+)

O = Wl

)} for

28
B.B)

values

( qﬁ,(

(o]
~[] OO
<] 11987766656564564553443333222114.121...12.._;lvzn%ﬂla%ﬂ«ﬂ.ﬂﬁ_a%n_aﬁw.ﬁf“u—_/n_lo_o
N : .
— : ,
[+ 9877767655544334234123&12%11&&11&41&43—.«%%4Jqdun_u..n_aﬁ_arﬂ_.ﬂurﬂrwr_o__/n_/__/__/owo_o
o 99876655545453443342232121&1%142424%ﬂ%%%%%%%ﬁ%rﬂpﬂﬁrwﬁrwn_/oﬂoﬂnﬂ
. . . [} |
™ e
— : .
o 9988545454332321211211_.,_2l.....ll.ﬂl...u..ﬂ:ﬁﬂlaﬂﬂlnﬂ.ﬂlﬁﬂﬂﬂaﬂﬁ_’ﬂ—ﬂﬁﬂsrﬂrﬂqo—onﬂnﬂ
|
2 N . . ‘.
i ) o
(s o} PV OVNNNILLTOIITOMANNDTANAANNHANNFFMONNOOOMTOSEINTIINNWNOYO OO0 NN
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, where a6, 0o

M
T
o}
o
jo))
™
m
>
=
_t

are expressed as follows:

' B (0000001)
God (1 111111) 1
016 (111112-1) 8 (00000 111)
028 (111121-2) 2 . :
038 (111211-3) 8 (0000111)
0,8 (122111-4) 3 | , .
058 (231111-5) 8 (0001111)
o5t | (222111 -%) 4
Oe ( 2 , -6 ) ’ 11
"8 | (141111-6) Bg [ (01011 11D
G468 (132111-7) 8 (0011111)
SR SRR e
Og - 111
e [(irrizio S DR
Og (1 . - .
2% (33 i-i f % _g ; Bg (1011111)
0'9”6 (51 =
°’°55 ( 2 1 i i f % ’iS ; Bg (0112111)
0'10’ (2 - - 1
clo;'a (611111 _il)) Bpo | CE LT | )
011 (112131~
61176 | (3112 12 -1 ; Bjp | (O 12211
611776 (5211 - , 1
G126 (111141-12) Blg | (1B L2 0 ,)
c12°6 { (212122-12) B (0112221)
0127786} (411211 -i% ; 13 :
G136 (211132~ 211
013776 (312121- 111
0146 (112123 -14) frs | (P22 L)
01476 | (31 1131-13) B (1112221)
g1s°°6} (213112 -13) 16 ,
G156 (114111-13) 8 (1122211)
015”6 | (212122 -ig ; P17 .
Gy5°76] (111214 - 221
G166 (113121-14) B1g (11i2 2_ )
01676 { (211213-15) 8 (1123211)
o16”°6| (121115 -16) 13 -
9178 (212212-15) B (1123221)
61776 | (221114 -16) 20
0177761 (111116 -17 ) B (1223211)
0186 (111311-15) 21
018”6 { (122113 -16) 8 (1123321)
018°76] (211115 -17) 22 - -
18”6 | (112114 -17) ©23 -
0206 (131121 -16) 8 (1223321)
02078 | (111213-17) 24 ,
0216 (141111 -16) 8 (122 4321)
0621°6 | (121122 -17) 25 ,
0226 | (111131-17) 26
G236 (121121=-17) 8 (2 4 1)
T248 (111211=-17) 27
0258 (112111=-17)
0266 (211111 -17)
0276 (111111-17)
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Table 4
—;7 qg=20 l1<qg£26, (a,b) shows g=a and k =D g = 27
0 |k > -1 k < =17
1 {k>1|(1,0) kK < -17
2 x>z | (2,0 K < =17
3 |k >3 | (3,0), (24, -14) k < -17
4 |k >4 | (4,0), (25,-15) k < =17
5 |xk>5 | (5,0), (25,~14v-15) , k < -17
6 |x >6 | (6,0), (4,2), (21,-10), (25,-14), (26,-16) k < -17
7 lx>7 | (7,00, (3,4), (4,3), (24,-12), (25,-14), (26,-15v-18)k < -17
8 [k >8 | (8,00, (2,6), (3,5), (24,-12), (26,-140-16) k < =17
9 |x>9 | (9,0), (1,8), (2,7), (3,5 6), (18,-6), (23,-10), k < -17
> (24,-11v-12), (26,-13v-16) o o
10 |x > 10| (10,0), (1,9), (2.,8), (3,6), (24,-11), (26,-12v-16)| k < =17
11 |k > 11 (11,0), (1,10), (2,8v9), (3,7), (7,3), (22,-8), k < -16
(24,-10), (25,-12), (26,-121-15) | ,
12 |x > 12| (12,0), (i,11), (2,8v10), (3,8), (7,4), (15,-2), k < -15
| (22,-7v-8), (24,-9), (25,-11), (26,-12v-14)
13 |x > 13| (13,0), (1,11~12), (2,9v10), (5,6), (22,-7), K < -14
(25,-10n-11), (26,-120-13) _
14 |x > 14 | (14,0), (1,12~13), (2,10vil), (5,7), (22,-6), k < -13
" (25,-9v-10) , (26,-11v-12) |
15 [k > 15 | (15,0), (1,12~14), (2,11), (5,7+8), (3,9), (12,2), | k < -12
(20,-4), (24,-8), (25,-8v-10), (26,-11)
16 |k > 16 | (16,0), (1,12015), (2,12), (3,10), (5,8), (20,-3), | k < -11
(24,-7), (25,-8v-9), (26,-10) S
17 |x > 17} (17,0), (1,12~16), (3,11), (24,-6), (25,-8), (26,-9) k < -10
18 |x > 17 | (18,0), (1,13%16), (3,11v12), (4,10), (9,6), k < =9
19 |k > 17| (19,0), (1,14~16), (3,12), (24,-5), (25,-6) k < -8
20 |k > 17 | (20,0), (1,15016), (2,14), (3,12), (23,-3), (24,-4) |k < =7 .
21 |k >.17 | (21,0), (1,16), (2,14) (6,10), (23,-2) ' ' k < -6
22 |k > 17 | (22,0), (1,16), (2,14~15). kK < =5
23 |x > 17 | (23,0), (2,15) k < -4
24 |k > 17 | (24,0), (3,14) k < -3
25 [k > 17 | (25,0) k < -2
26 |k > 17 | (26,0) k< -1
27 1k > 17 k <1
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2.4, Other cases. If M. is of type A YII, D III or
C I, it is not known cémpletély when the groups Hq( M, QP(E) )
vanish. -in this section we consider for the case when p is
equal to 0 or >l.

We denote by K the canonical line bundle of a complex

N

manifold N. There exists an integer . A such that Ky = Ekw .
' ' -
Further we know

A= 2 EE::::: gr @ )/ aj; a. )

 +
gen(n ) ] ]
( Borel-Hirzebruch [2] ). Abplying~this formula, we may calculate

A for each type and get the following table.

A IIX SU(m+n) /S (U(m)*xU(n)), A=m+ n,

D III SO (2n) /U (n), ' A=2n - 2,
cI Sp(n)/Uin), A =n+ 1,
BD I  SO(n+2)/S0(2)xS50(n), ‘A = n,
E III  Eg/Spin(10)xT', A= 12,
E VII E7/E6le A = 18.
Theorem 6. Lét M be an n-dimensional irreducible

Hermitian symmetric space of compact type. Then the group

Hq(‘M, QE_kw ) = 0 except for the following cases: (i) g =1

and k 2 0, (ii) g =n and k £ -)X.

- Proof. By the theorem of Bott, we get

(2.1) BO( M, RE_, ) ¥ O © if k 2 0,
(2.2) CE( m, 9, ) =0 for j>o, if k20,
J
(2.3) - w%m, oE ) =0 if k < 0.
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By serre’s duality theorem, we have

.

. d, . — As n-q . _
dim H*( 14, QE—kwj ) dim H ( M, Q(RMQEkwj) ).

Hence we obtain,from (2.1) and (2.2)

(2.4) H (M, E_, ) %0 if k £ -2,

J

(2.5) Bl (M, QE_ =0 for j <n, if k g -A.

kw. )
] .
We note 'E—kw is positive if k > 0. fThen by Kodaira’s

- vanishing theorem, we see

(2.6) B)( M, @E_, ) =0 for 3 >0, if k> -X
’ 3

The conélusion follows from (2.1), (2.3),(2.4), (2.5) and (2.6).

Remark. If M is a Kahler C-space whose 2nd Betti
number is 1, we get the same conclusion in the same way as

above.

Theorem 7. Let M be an irreducible Hermitian symmetric

' space of compact typs. Assume that M is not Ph(C),_-Sp(Z)/U(Z),

SO(6)/U(3) or SO(8)/U(4). Then the group HI( M, Ql(E_kw ) )
i} R J
except for the following cases: (i) g =0 and k > 1, (ii) g

and k = 0, (iii) ¢ = n and k < -2 + 1.
Procf. We may assume that M 1is of type A III, C I or
D III by Theorems 3, 4 and 5. '
It is known
-n(o) =min { k; ¢ = Ta; ---Iai T I} V:ﬁor »G (=t
| 1 k > )
, Where Ty denotes the symmetry with respect to o & A.

.Therefore by the definition of WX (1), we have .
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Since T, § =6 - aj, we have by Theorem 2
j .

(2.7ldim Hq( M, Ql(E__.J ) ) = dim Hq( M, Q(E_,, ) )

IS . k O
j (koo y)

for g=20, 1, -,
1. The case M = SU(&+1)/S(U(j)xU(L+1-j) for 1 < j < %.

The Dinkin diagram of I 1is:

%1 “3-1%5 %941 %,
s . . L+1
‘We may assume that h0 is the set of points (xi)EEII
241 +1
such that x; = 0. Let {g;}, ] be the natural basis of
: i=1 - :
R£+l. Then.
¢. =€, €.
J J j+i,
§ = 261 + (2—1)52 + oo 252_1 + g

An®) = {e -c1SsSj<tsenh

'It follows that

- 28 -b' A + ::'. - , o'c; .
Further if B ELA(n+) satisfies (6"“j'?%§§3) = -1, then

B = Qj . Therefore the conclusion follows from Theorem 1.

2. The case M = Sp(2)/U(%) for & 2 3. The Dinkin
diagram of I is:
O—o0— - - - —;c:¢:g9
@ %2 . %1 %
}. . be the basis of
i=1

hO which satisfies (eg.,e€.) = 6... Then
, i ] 1]

,Where - aQCD means _aj = o,. Let {ei
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Gg = 284
@l = ei +'62 +oct gy,
§ = Esl + (2—1)62 + e + 282_1 + €y,
o= e.; 15i<4 % . 1538
A(n’) = {Aei + ey 12i<j=22%,2,;1=1i S L},
‘Hence we have _
{ (6-0,,8); B € b(n") } =4 {-2,1,2,+++,2 -1,2} if L > 3,
' {-2, 1, 2, 4, 5, 6} - if & =
Further if (B EEA(n+) satisfies (6-&2,8) = -2, then B = Gy .

Since (ka,B) = 2k, Be& A(n+), the conclusion follows then
from Theorem 1.
3. M = SO(22)/U(2) . for & 2 5. The Dinkin diagram of

is:

, where o/ means aj = o,. Let {gi}i=l be a basis of hj

such that (e.,c.) = 6... Then
: i’73 ij

+ €

% T Fp-1 T Far

I

1/2(81 te, t oo +€,) .

“e
8 é (g—l)sl + (2—2)&:2 + T-- + 62—1'
An®y = { e, +e.; 15i<3 S o).
. N l ]
Hence we have »
{(_6'_-0“2,18_)‘7' B & A(n+),“} = { -1, 1, 2, ***, 22‘3}:
(sz,B) = k for any B eA(n+).

Further, if BGEASUﬁ] satisfies>i(64a£,8) = -1, then B = Oy .

The conclusion -follows then from Theorem 1.
' g.e.d.
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Remark. Assume that M is one of the following Hermitian.
symmetric spacesof compact type. Then the group Hq( M, QP(E_ké.f)
= 0 except for the fo;ldwing cases:

Sp(2)/U(2) (i) g =0 and k $71, (ii) g =1 and k = 0,

(iii) g = 2 and k = -1, (iv) g = 3 and k < -2,

S0(6) /U(3) (i) g=0and k >1, (ii) g=1 and k = 0,

(iii) g = 3 and k < -2, |

SO (8) /Ut4) (i) g =0 and k >'1, (ii) g =1 and k = 0,

(iii) g = 5and k = -4, (iv) g = 6 and k < -5.

3 Hypefsurfaces of Hermitian symmetric spa¢es-of‘compact type.
We retain the notations and assumptions introduced iﬁ the
previous sections.
Let V be a hypersurface} that is, closed codimension 1
complex submanifold in a Kidhler C-space M. Taking é suffiCiently

fine finite éovering_ {Uj} of V, V is defined in each Uj

by a holomorphic equation - sj = 0. Je associate with V the
complex line bumdle {V} over M determined by the system

. f 3 v - i i 13 i V i - ' - = »
{sjk}_ of non-vanising holomorphic fungtlons sJk sj/sk on
There is an integer 4 such that {v} = E—éw . Since
- {v} has a holomorphic section, d > 0. ¥e call d the degree

anUk.
of V. If M= P (C), this definition coinsides with the usual
definition of degree. We denote by 0 ( resp. &) the sheaf
of germs of holomorphic vector fields ( resp. holomorphic
functions ) on V. we spall compute the dimensions of Hq( v, ©)

and Hq( v, ).
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By Serre’s duality thebrem, we have

.

aim #0( v, 0 ) = ain H( v, 9N (k) ).
‘Denote by EIV the restriction to” V of a holomorphic vector

bundle over M. Since K = (KME{V})IV, we haYe
| .0 0\ = i ph 1 ,
(3.1) dim H-( V, © ) = aim B ( V, Q7 (E_ g )y Iy -

Let us recall the following vanishing theorem of Akizuki-Nakano

[(11. If L is a pesisive line bundle over a compéct complex
manifold N. Then we have |

(3.2) HYI( n, 9P@) ) = o for p+q 2 n+l, if L 1is positive.
~Therefore we get

O — - 3 ’ .
H(V, 0) =0 if a > A,
by (3.1).°
Theorem 8. Let M be an irreducible Hermitian symmetric

space of compact type BD I, E III or E VII, and let V be

a hypersurface of M whose degree is d. Then we have
0, . :
H(V,0) =0 : if 4 =z 2.
The following lemma follows from Theorems 3,4 and 5.
: (2-dimensional; -
Lemma 3. Let M be an!irreducible Hermitian symwetric
-space of compact type BD I, E IIT or E VII. Then we have

59( u, QP (e = 0, Hq+¥(UM, 0P

cxw ) ) E(x-q)u.) ) =
23 S 3

for p+g=n+2, k=pd -2 if 2<¢ pg<n and d 2z 2.

Proof of Theorem 8. Recall the pair of exact sequences

( Kodaira and Spéncer (61 )



HN (v, 9t (s,
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‘kw.) ) 3‘

ceeyn®T oy, 2P 1) ) —u%n, 2P
o J : J.

14

HQ( M, Qp(E—kmj) ) —F oo

-,..‘.—>Hq( M, Q.,’p(E"kmj) )_9Hq( v, Qp—l(E—(k—d)wJIV) )—%

atl, y oP .eo
H (M, & (E-(k-d)wj) ) =

, Where Q"p(L) ~is the kernel of the canonical map of Qp(L)
onto QP(LIV) for a holomorphic line bundle L over M.

We see from the above pair of exact sequences and Lemma 3 that

Bp-1 ' R * :

-p- P/n . . . -P : oreP

H (v, @ (“'(Pd‘l)wjlv) ) —>H (b, @ (E_(pd_l)wj))———>0,
W B W o
X +2 X_pfz

“P reP p-1
H ( M, 0 (E—(pdf'?\)wj))_)H (v, Q (E—((p—l)d-}\)wjlv)) —

0 L ]
: w
X-p+l P _ . .

Thus H (v, Q (E—(pd—l)wjlv) ) = 0 implies

Rp*l oy | ‘ N
H (v, @ (E—((p—l)d—k)wjlv) ) = 0, while we have

1 X n _ : ~ -3
H.( v,Q (E—(nd~A)wj|V) )fO by (3.2). Hence we gb;aln

(d-k)wjlv) )=0.
g.e.d.

Remark. The above pfodf is motivated by Kodaira and

‘Spencer [5].

Let N be a complex manifold and let W—3N be a holomorphic

vector bundle over N. Assume that V is a hypersurface of N.
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We denote by ﬁ(WIV) the frivial extension of .Q(WIV)' to N.

Then we have the following exact sequenée ( Kodoira and Spencer [6]
(3.3) o-——;ﬂ(wx{v}’ly——észun-——;ﬁ(wlv)———9o .«

Assume that V is a hypersurface of M with degree d.
It is easy to see that the normal bundle of V is equiValiant
to '{V}lv; Hence, by Kimura [4], the nullity of V as a minimal

submanifold of M is given as follows:
(3.4) | n(v) = dimH (v, Q({v}] ) ).
Denote by C the trivial line bundle over M. Then, by (3.3),
we have the exact sequence:
o———aQ(C)———99({V})——~9§({v}lv)—;—9o.
: 1 |
Since H ( M, Q(C) ) = 0,
.0 .0,
dim H (v, Q({V}],) ) = aim B (M, @({Vv}) ) - 1.
since {v} = E_gy,.'r ¥e get

.0 . |
dim H™( M, ({V}) ) = dim V_g
4 _ b |
by'the theorem of Bott. Therefore,

» 0, e o '
(3.5) _qlm H (_v,Q({v}IV) ) = aim V_g, = 1,
and by (3.4)

- 1).

n(V) = z(dlmv-dwj
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We prove the following lemma.

Lemma 4. Let :* be an irreducible Hermitian symmetric
space of compact type of dimension > 3. Assume that M ' is

not Pn(C), Sp(2)/U(2), SO(6)/U(3) or S0(8)/U(4). Then for
a hYpersurface Vv of M, we have

dim ®%( v, 2(r(|y) ) = dim 1O ( M, QT (M) ),
1 " -
HO( v, 2Tl ) = o.

Proof. We have the_exact sequence:
e — 3 9, Q(T(M)@Edw ) ) —> a9 1, aT@) )
, 5 _
—> 13V, arenly) )—> -
by (3.3). On the other hand, by Serre’s duality theorem
cwd A _ as n-j 1,
dim H-( M, Q(T(LQ@Edw_) ) dim H (M, Q (E_(d_l)w”) ).
J , -]
Hence, since HI( M, QT(M) ) = 0, j = 1, 2, the lemma follows
from Theorem 7. V

From this lemma we get the following.

Thebrem 9. Let M be an irreducible Hermitian symmetric
space of compact type of dimension > 3. Assume that M 1is not

P (C), Sp(2)/U(2), SO(6)/U(3) or S0(8)/U(4). Then for a
hypersu;face \Y Aof M, we have

aimB'(v, 0) =aim 8% v, {v}|y) +ain8%( v, 0)

- ain B0( 1, oTQD) ).
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By Theorems 8, 9 and (3.5), we obtain the following.'

Thebrem 10. Let M be an irreducible Hermitian symmetric
space of compact type: BD I, E III or E VII, and let V be
a hypersurface of M. Assume that dim M > 3 and the degree
of V 2 2. Then we have |
‘aim BN (v, 0) = aim V_

a - dim HO( M, QT(M) ) - 1.
LL)J _ .

Finally the following theorem follows frbm[Theorem 6.

Theoren 11. Let M be an n-dimensional irreducible Hermitian
symnetric space of compact type, and»let' \% be a hypersurface
of M with degree d. Then the group Hq( V, 2 ) vanishes except

for the following cases:

g=0 or n-1 - if d Z 1A,
g=0 if A < A.

Proof. By Serre’s duality theorem we have
- . q o n-l-q, ., ' ,
(3.7) dim H*( V, @ ) = dim H (v, Q(B_(d_k)wjlv) )
for g=0,**+,n-1. On the other hand, by applYing (3.3), we

 obtain the exact sequencé: | |
...(3.8)‘ __>HJ( M, _S?(ij)' ) __>_Hj( , -Q(E—(d—k)éj) )'U'
—> ¢ v,'Q(E;(de)wjlv) )-—9-;«.
It followé;from Theorem 6 that:
1Y ( ﬁ, Q(E#w.)*) = o, _fori_q =0, 1, **+, n-1,

B (M, 0By, ) ) ¥ 0,
J
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ud( M, UE_ g-2)w.) ) =0, for-any -q, if d < A,
: 3
HY( M, UE_ (4.2)0.) ) = O for g > 0, if a2 A,
j - :
50( M, o ) ) %0, if dz A
! —(d—k)wj ‘ ! =

Hence the theorem is obtained by (3.7) and (3.8).

" Osaka University
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- ON THE HYPERSURFACES OF HEPWITIAN SYMMETRIC

AT N A e T S e e e e N T T e R e S
SPACES OF COMPACT TYPE II
N D i e Dol e Sl
YOSHIO KIMURA
R U U W S N PR N

( Received November 20, 1978 )

1. Introduction.
WA IR A NSNS NN S
"Let M be an irreducible Hermitian symmetric space of compact
type and let L be a holomorphic line bundle over M. Denote by
@?(L) the sheaf of germs of L-valued holomorphic p-forms on M.
In the previous paper [l] we have studied the cohomology groups

#3( M, §P(L)) of M. if M is of type BDI, EIII or EVII. This

note is the continuation of [1], and we retain the notations

introduced in [l1]. 1In this note we study the cohomology groups
59 ( M;\ P(L)) of M of type~AIII, CI or DIII and show'the following
theorem. '

Theorem. Let M be an irreducible Hermitian symmetric space

= - /f’ﬂ
of compact type but not a complex pro;ectlve space or a complex

| quadrlc of even d1m0n51on. Let V be a hypersurface of M whose

degree > 2. Then

w2 ( v, @) = (0)
S ~-————«—Yii‘§’

where\gj;s the sheaf of germs of holomorphic vector'flelds on V.

The auther would like to express his gratitude to Professor
S. Murakami, Professor M. Takeuchi and Doctor M. Numata for their

useful suggestions and encourragements.



2. _Proof of the .theorem.

R N W g L LA MR ey e e~ N . .

Theorem 8 and Lemma 3 in the previoue paper [1] is incorrect.

The followings are true.

Theorem 8. Let M be an 1rreduC{ble Hermitian symmetrlc space

= A7
of type EIII, EVII or a complex quadorlc of odd dlmen51on ( resp.

a complex quadorlc of even dlmenSLOn ), and let V be a hypersurface

of M whose degree is d. Then

PRSI SU RSNSOI U G

H(VO)=(0) if d3 2 ( resp. 3 ).
'fi?—

- Lemma 3. Let M be an _ n—dlmen51onal 1rreduc1ble Hermltlan

symmetrlc space of compact type EIII EVII or a complex quadorlc

of odd dimension ( resp. a complex quadorlc of even dimension ).

_ Then

HI( M, @p(E_']@j)) = (0), ®¥l(y, @P(E-'(k-d)@j)) = (0)

"

for p+g = n+l, k = pd=)\ -

X, if 2 ¢ p < n-1 and d 3 2 (resp. 3 ).

From the above theorem we may assume that M is of type AIII,
~CI or DIII but not a complex projective space or a complex quadoric.
If we prove the following proposition, we get the above theorem in

the same way as in the proof of Theorem 8 in [1].

Proposition 1. If 4 > 2

v

#A( M, @P(E_~)) = (0, 5T (m, & (r-ayg,)) =)
, _ 3

)

for ptq- > ntl, k = pd{iﬁ



By Theorems 1 and 2 in [1], we get Proposition 1 if we prove

the following inequalities:

HEeBEN: (G+an@-Dgy &) <01 < milml@),

B ( g8+ (an(@-a-D@., B) <0} < n+2-n(Q),

#{\g) 5 (B

for @ewl and d_z_ 2.

Since ((@.,®) > 0 for é\é@(g) , we only have to prove
the inequalities in the case of d = 2. Recall that &(ﬁ = n.

We can restate the inequalities, in the casé of d =2, sa follows:

Propos:.tlon 2 For @ewl

#{@e@(@?‘); (g B) 2 ((-2n@)@;, BT > n(@) -1,
HEBESEE: (@8 E) 2 (@r2-20@@y, B} > 0@ -2.

In the following we shall proée Proposition 2 in each case.

. 2.1. The case that M is of type AIII but not a comolex pro-

N e T N TR Serna, o TN NN e N\ T e e e e e

jective _space, that is M= SU(2+1)/S(U(])XU(2+1 ])), z >3 and

R e T R P VL et o
~ . el >t el s

2 < j < 2 l We immedietely see that n = J(2+l—3) and l'— £+l

The Dynkln dlagram of @ is as follows. '

o_____—o_ 28068 o O 000 — QD
) C a0 Yy
& ) @)j So-1 &y

Let '{@i° 1<ig 2+l } be a usual basis of ¥l Then we



A

2+1
=1
€ ~ &
(o - n =0
@ { £y T Eyy 5}2 &5

B
i

&
+
.

(©
|

< i

- (.‘) L ] /-.‘ = ;’ﬁ _.‘ J”T;
&3/ ’ gz ,\8«2 \€2+1 }’
hy

j<k<g2+11,

\_.13
2+1

2+1 iﬁltgi.

i

(2 = 4)Ey + +=+ = (L - 2)E, - L&

2L+1

An element @e W acts on gL by @i =®(i) for 1 < i

£ + 1, where (6) in the index is a permutation of { 1, 2, -+-,

+ 1 }. We represent @ by

- '
K EANEFL



1 2 s 2+1 )
@) @) -+ G | -
Then
T 1 osee el ) @@ << )
W =<ig€W; 0:° = 1 o1 s _1 3 .
| @ (L)~ G T (%1)] G T (GHL) < o<E T (241)

The index n (@) of @e Wl is given by

n@ = D 2JeE i) -i )

( Takeuchi [2] ). We see easily that

(68 €5, ) =@ %) - @) for 1gi, kg il

Therefore we have to prove that the following two inequalities

. o Ty 1
are true for any :gyé:w

(1) #0 (@R dgigyksiel, @,Tl(k)-@.‘l(i) > +1-2n(d) } > n(9)-1,
(1.2) #{ (1 K); l<1<3<k<2,+l (k) (i) 2 #3-2n(@ 1 > n()-2.

First we prove the inequality (1.1).

Lemma 1.1. - Let (E}e'w;. If nlo) > 2+1 the 1nequallty (1 l)

e A e s e

. : ’f Sy
is true. S A

Proof. Since n(@)_g +1, 2+1—2n(§) 2 -{2+1). Thergrexiste

no pair (i, k), i # k, which satisfies

Gy -5 @) < (1)



Therefore

.

#E(1,k) 5 1gigi<ker+l, @ (k)G (1) 2 2+41-2n(E)} = n.

From the definition of the index nQ@) < n, it follows that’

n > n(g)-1. :
Q.E.D.

Sof{l) # 1 and

et e ——————
e —— g e gm o

Lemma 1.2. Let (@& wl. Assume that

' - A7
©2+1) £ 2+41. Then n(@) 2 2.

ggQQQ, By the-assumption;ﬁfl(j) = 2+1 and é@rl(i)—i 2 1,

1< i ¢ j. Therefore

] =

| T
@ = 5] (@ (i)-1 )
1

=&t G6) -5+ | Hertar-i)
T

L

v

(2+1-3 ) + ( j-1)

= 2.

L_em_xgg__l_:.vB. Let @ewl. Assume that ©(1) # 1 &and g)(a+l)

~

'# 2+1. Then the inequality (i.l) is true for (g“).»‘

ae)

roof. By Lemmas 1.1 and 1.2 we assume that n(@) = 4.

—— LT

Then such an element @ is' unique and given byv

-1 1 eee 3=1 3 3J+L 3+2 +ee g+l
&yt = :

2 oo 5 g4l 1 4L eee g

}'32, + 1, which satisfies

The pair (i, k), L ¢ i< 3 <kg
hrl(k) —7“:1(') < 2 + 1 ; 2n{c) = 1 - &
g % W gt =

is ( j, j+1 ). Hence



#(1,0); leici<kes+l, GF T (k)87 (i) > 12} = n-1> n@)-1.

Q.E.D.

peimtrlemd Y ]

Lemma 1.4. If J = 2, the ineguality (1.l) is true for any

Proof. From the definition of n@@)

—

(1.3) 0@ =g +@ @ - 3.

If n{g) = 0, the inequation (1.1l) is clearly true. Let n(g)

= 1. Then @ (1) =1,51(2) =3 and
r\"l “i ~
@) +l) =@ (1) =2 >4 +1- 2n(g)).

It follows that tﬁe inequality (1.1) is true. Let n{g) = 2.
It is easy to see that the inequality (1.1l) is true.

"By Lemma-1l.1 we have already seen that if nqa) >+ 1
the inequality is true. Hence we only have to show that (1.1)

is true uhder the following condition:
=1y =L ,
(1.4) 5<( (1) + 0} (2) < 2 + 4.
By (1.3)
L+ 1 =-2n(d) =2 + 7 -'2(6f1(1) +& 2
g = = 4 ’
since o (k) > k - 2 for 2 <k < 2 + 1,

-1

#{ kf_2<k§z+1,4§?1(k)§@ (1) > e+7-2(G T +g T (2) }

> min{gt(1) + 25712 -7, ¢ - 1},

Similarly



C#{ ki 2<k<R+l, (} (k) Li2) > 247-2(§ (1) 12y}

> min{ q) (1) +& Yy -7, 2 -1 7.
.VTherefore

{ (i,k) ; l<i<2<k<2+1, &9 (1) 2 2+1-20 (@)
> minl 3(@ (M@ T2 - 14, p+2g W5 2)-8, 20-2 ).

It is easy to see that 3(9 L(1)+5 T(2))-14, 2+28-1(1)h@rl(2)—8
and 2¢-2 are both larger than n(o) -1 —’”‘ (1)+c‘ (2)—4 undefv

the condition (1.4).
Q.E.D.

We get the following lemma in the similar way as above.

;gmmgz}Lﬁ If J«Zn&wI,}. the 1nequallty (l 1) is true for.
= l 4_/ ,

We shall prove that the inequality (1:1) is true for any-
@6 Wl by uéing- induction on . If & =3 so that j = 2;
it follows, by Lemmavl.4, our assertion is trué.
| Let ¢ = 20 > 4. We can assume that 3 e jO < 24 - 2
and whether (3(1) =1 or (@) y+1) = 24+l by Lemmas 1.3, 1.4
and 1.5. - |
Case 1: ()(l) = 1. Défine the element (:) of WY, which is

considered for 2 =2, -1 and j = j, - 1, by

as an elament of Wi

O PN P
o mt@- @e- e g e -1

We immedietly see thaty n(r) = n(g). By the assumption of the




induction,

1/4?_*/\ T3 . - o |

" Hence

(1.5) #{ (1K) 2cic3 g<ked o+l @G0 -G D) 2 2,20 @)} > nE) - 1.

For any k, 30<k<20+l if there existes i, Zéiéjo, which satisfies

the following:
_l -‘-l . o~
@ (k) =g T(i) = 2,- 2n(3),
such an integer i 1is unique and
0

G0 @MW 2t 1 - @)

Hence (1.5) leads to (1.1).

Case 2: §320+1) = g +1. Define the element {E}G Wl,which

0
is considered|for ¢ =g, -1 and j = jor bY
aa o 2amank of W
ST
@yl(l)... @rl(%)
Then n(ﬁ) = n(8) By the assumption of the induction,

(1.6) ¥{ G, lgigigketyr @ L)L) 22,720} > n@ - 2.

For any i, léiéjo, if there existes k, 30<k<20, which satlsfles

the following:

Gl -gtu) =2, - m@,

0

such an integer k is unique and

+ 1 - 2n(3).

~—-1 o _~rl
’?) (2ot1) -5 (1) 2 2,
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. Hence (1.5) leads to (1.1).
Thus weprovedthat the inequality (1.1) is‘“true for any

le Wl. 'Tfm,\z

’\
=)

C

In the following we shall prove that the inquality (1.2) is

SN 1
true for any @-'ew .

| Lemma 1.6. Let (gjegwl. If n(@) > 2+1, the inequality (1.2)
e A Uiy e e e e - L= I et e e v e e
A7

is true.

Proof. Since n(g) o+l

v

£+ 3-2n(@ <1- 2.
'If there existe évpéir (i, k), i * k, vhich satisfies
@l -E i <1 -,
'such a pair is unique. Therefére
0 (4,K); lgigi<ksa+l, @ T ()46 T(i)22+1-2n(@ } 2 n-1 > n(@-2.

Q.E.D.

Lemma 1.7. Let @€ W'. Assume that (B(1) % 1 and @(i+l)

= N
¥ 2+1. - Then the inequality (1.2) is true.

Proof. By lemmas 1.2 and 1.6 we may assume that n(§b = 2.

Such an elementVGB is uhique and represented by

1 ( 1.oeee §=1 § G41 42 e-e 241 )
(o} = h » . .

2 s j 2,-*-1 1 j+l‘o-¢ 2

The pairs (i,k), 1<i<j<k<2+l, which satisfy
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Sl -@ 1) <2 +3-2n(8) =3 -3

are at most 2. Therefore

#{ (i,k); 1gigi<kge+l, oot > 4+3-2n(@1} >n - 2.

i

since n(§) = &, n(d) < n. It follows that (1.2) is true.

Q.E.D.

- Lemma 1.8, ~Li;_i_fuaLmzhgniaqu@%itymil{21,isﬁtrue for any -
(0}55W .

Proof, It is easy to see that (1.2) is true if n(g) < 3. By

Lemma 1.6 and (1.3), we only have to show that (1.2) is true under

the condition:
| -1 1 |
(1.7) 6 <@ (L) +{@@ T(2) < &4 + 4,

We get the following inequality in the same way as in the proof

of Lemma 1.4.

#{ (i,%); 1<i<2<k<2+1, @'l(k)—@"l(i)' < 2+3-2n(0) }

> min{ 3@ T ()48 t(2))-18, 2+267 (1) 465t (2)-10, 22-2 1.

It is easy to see that 3(F S(1)+& 1(2))-18, 2+25 T(1) +F *(2)-10
and 22-2 are both larger than n{g)-2 =<§f1(l)ﬁ§f}(2)-4 under the

‘condition (1.7).
‘ Q.E.D.

We get the following lemma in the similar way as above.

Lemma 1.9. Ifj =& - 1, the ineguality (1.2) is true for any

Qe w'. | w7
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From Lemmas 1.7, 1.8 and 1.9, we can prove that the inequality

(1.2) is true for any (@€ Wl in the same way as in the proof of

the inequality (1.1).

M= Sp(l)/U(SL)

%\ The case that {ﬂ 1s of type CI, that is

N A NV e - TN e 8 Tt N ™ e TR AT T Rl -
R I
S

2.
If 2 = l, M= Pl(C). If 2 =2, M is a complex quadoric of d1mensxon

3. Hence we assume tha# 2 > 3. /L_7 A‘iﬁ2<,



13

In this case n = }2(2+1) and &)= & + 1.- The Dynkin dia-
gram of @ is as follows:
o——0— ;v. .-
@ @2 &1 @y
where @@ ‘shows +that @j =~@9’. Let {@l, 1<iz<2} be

the basis ofC};'0 which satisfies +that ( @i’ @j ) =&, .. ~ Then

ij
we have:
@:{t@-lgléz,i@ii@j;1é1<3<z},

: N ’\ o . SN - ) >
g g (ce!, = 3 < <
An element \g)ve W acts on 0 by o€, ‘ 80(1) for 1 S iZ SZ,.,

where {0} in the index is a permutation of { 1, 2, *°- , % }.

We denote the element (0;& W by the symbol
l 7 2 v oo 2 ‘
g’ . ,2- o ®» v 0 ";
+:0i{l) +ig(2) * 10;(%)

P r r+l .o AN

2
Gl <5 L) - - -@‘l(m)

, v (—l f" =i | f:':—l‘
for 0 <r < &,igi (1) < ==° <y (r),\. (r+l) > ses >la T (R)
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The index n(g) of ('_c'_r}éwl is given by
n (@) ...
n(g) Z@' (1)=1) + p11¢C

( Takeuchi [2] ). We see easily that

(Cl /_B‘) = 2 for any CeAI(n)),
pe1-(gt if 1<icr
(68, &) = ( | fJ (1)) 212
RS -( 2+ 1 _5 (i) ) if r<ic<f.

Therefore we have to prove that the following inequalities are

true for any @é Wl

(2.1) #{L_,, B \g§‘, > 2(2+1) - 4n(g) } > ni@) -1,

(2.2) #{OG«AQ).( 8, ) 2 2(043) - 4n(@ } > n(@-2.

v

Since (@, @) > -24, @é@(:r}_\f) , we immedietely .see that if
n{@ > 4%+ 1 ( resp. £ + 2 ), the inequality'. (2.1) (resp.(2.2))

is true for any @'E wl.

Lemma 2.1. Let @E Wl. If n(o“) > L the 1nequa11ty (2.1)

T L AT A
— P i AT B LT B oS P P AT e

: A5
is true. ‘
_gggg& From the above notice we can assume that n(@) = L.

'In this case
2(2+1) - 4n(@ = 2 - 22.
:It is easy to see that

#{@é@(i})ﬂ; ( oé,u) <2-201} 2 2.
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Lemma ZiE: Let 6}§§W1. If p(@)»; 2, the inequality (2.2) is true,.

———— e I S e e e omme

——

N _
Proof. If n{o) > & + 1, the inequality is ture in the same way as

—

above. Therefore we assume that n(@) = 9.
=t . | .
Case 1 : 2 = 3. If r = 0, ngg) =6 + 3. Hence r > 0,
and U;is one of the following elements:
1 2 3 ) , ( 1 2 3 )
( 1 -3 -2 2 34
In each case (2.2) is true.

Case 2 : £ =4. Ifr <1, n«@) > 6 > 4. Hence r > 2

N

It follows that (@8, 2§), (@ @, +E&,) and ({8, 28

are larger than .2(2+43) - 4nQ§)== -2.

-On the other hand n(ép - 2 = 2. Therefore (2.2.) is true.

Case 3 : % > 5. If @é{@ (@+) satisfies

(G @)

v

A

2(2+3) - 4n(Q) =6 - 22,

@% is one of the following l2 elementsi

2@2' 532, + @:Q—l' @2, + '-E),Q,_z’ @Q, + ‘é\g_:;' é}z, +,»;'€':2Q,_4 r ;—:-iQ, '+~'§§,_5v'

~ h I,—} ./"\. .
28-1" -1 T & &g

On the other hand
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g+1C2 — 12 (2-2) .

1E2(2+1) - 20 -22})

=122 - 1 = 20)

1(2+4) (2-5) > 0.

The equality holds only in the case &2 = 5. But if & = 5,

@4:.@2’ +'@2_5 for@e {@(@*‘) . Therefore the inequality is true.

Q.E.D.
Lemma 2.3. Let (@ €W. If {0(1) #1, n(@ 2 &.
Proof. By the assumption, =~
(@) - i) > r.
1=l o
Hence
n(@ - 2
2T+ 514G - 2
= }(£-r-1) (2-1) 2 O.
Q.E.D.

We shall prove that the inequality (2.1) 1is true for any

@ﬁéawl by using induction on &. Let & = 3. If n(g) > 3.

the iﬁequatlity.is true by Lemma 2.1. If ,n(ﬁp = 0, the inequality

is also true for n(@) - 1 < 0. If n(d) =1 (resp.2),
- / - \ - .
@§=:(l 2 3 ) » resp. (1 2 3 ],r;;a’“(z.l) is true.
' .1 2 -3 1 3 -2 /) \ _
- _ — BT ' ,
Let & = 25 > 3. By Lemmas 2.1 and 2.3, we may assume that
{0(1) = 1. Define the element {fhg Wl, which is considered for
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L.-1

r-1 r 0

-1 ' )
© (@;1(2)—1 '--Qj_l(r)-l -(@fl(r+1)-l) .. Qj (2 )-1) 7

In this way we find

j % i, which satisfies

28 + 1 - 4n(é§. On

and ( j, i)

. ,‘\ .,:‘ ﬁ
induce the same elementlgi +‘§j'

We easily see that 'n(@p=;nl§). By the assumption of the induction,
. L A o
#{@i +0eh; 1 < i, 2%, L, (@-,@i{g'?i) > 2 - 4n(\13)} > n@) -1,

"‘"" - -— » . — s e |
where {§' = (20 1)€l +'(9,0 2)32 + + e&o_l. It follows, by

7 ' .

the fact that (8", (€} ;) = (£8, & ) for 2 <ig Los that
(2.3) #{ %, é}J 254,328, (( & O+s ) 220 - 4n(@1} > n@) - 1.

Lemma 2.4. Let

"" 17
s=#{E: 221220,38, 253 <25 §% i, such that
({08} +@j') =2% - 4n(@ or 2¢+ 1 - 4n(@ }.

Then .

4 ;7;

1"\.6 .. . 1 - A . v:": = - /\‘: -
#{‘Ei +-@%,.2 $i<3 g e, (\ggvaﬁl +i;j ) = 29 - 4n(g) or
20 + 1 - 4n(@} < s - 1.

Proof. Let (g%, 2 é.i‘é 20, satisfy the condition that
there exists ;é%, 2 <3< zd, j ¥ i, such that (:gdl, @§+- 5)
=22 -n@@ or 2! +1-n(§. For the element iéa,

(2.4) #{{E +(E.; 2 <3 <2, j&i (oaf/“'+e='=2z-4n(o‘)
Y Lrj' = = 0, T o= ~1 ] -
or 2& + 1 - 4n(g)} £ 2.

.

at most 2s ordered pairs (i, j ), 2 £ ifg S0

2% - 4n( g) -or

Nmn

RECIYRCH |
the other hand the distlnct-palrs (i, §)

Therefore
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(2:5) #LE + 6 $ 2 (65 & +E) =20 - 4@ or

N
A
_

A
u
A

o~

28 + 1 - 4n(g)} ¢ s,
and the equality holds if and only if the equality in (2.4) holds
for any@i,'2 <igg,-

Define the integer i, ( resp.im) by

0
min ( resp. max ) { i; 2g2igy, 3, 2£3<8,, F¥i such that

/‘\ N - - -~
({8 E+E5 ) = 2 - 2n(e) or L + 1 - 2n(@) 1,

If the equality in (2.4)jholds, there exis%;theaintegers i and
bt £)
j such that %GL ¢ ond tm) o ‘

— .- . . .
(<E§7&§10 +(§j ) =& - 2n{g) or "2+ 1-2n{g),
//-.',5 f‘\ N\ - . I~
( @, @i +L§l )y =9 - 2n(9’) or £ + 1 - 2n (q) ’

m : , o
L4 sz
A1)
3 o % ;f) (‘
‘I?O < .'-l and (\]_,' < ;\'lm. Hence
(08, (& + B ) < (08, &+, ) - 2.
——r ~1 wlm = it - 0 j

This is impossible, and therefore the equality does not hold.

Q.E.D.

Let (gg satisfy that there exists <Sﬁ' 2 <] ¢ Ly j i,
I,Qécéﬁ_c/\ ‘ : - _

such that
I Y - _ Y A . =
(7ody (&} +a§5 ) = 22 4n(g) or 22 + 1 4n(g) .

For this element (g%,
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({08) &% +760 ) 220 + 2 - 4n(q),
in.all but the following case:

(@8 @, +(&p ) = 22 - (@ .

Therefore

\ . . 7,./\ ,/s, - ‘/‘~ .
#HGEL +@j7 11« 3z Ror ({08% & +{g5 ) £ 20+ 2 - 4n(g) }
> #{/e. +{EL;: 2 <i<j <2 (168, (3. +70.) < 22 - 4n(g) }
= \/’J' = = 0’ ek AR \9]' = °

There exis;;at most one element (Ei, 2 £ i< %,, such that
e . - - -

(@E& 2@1 ) 228 + 2 - 4nQ@).

Therefore the inequality' (2.1) 1is true.

Thus we have proved that the inequality (2.1) is true for
any (g €EW .

From Lemmas 2.2 and 2.3, we can proVe that the inequality

(2.2) 1is true for any @ewl' in the same way as above.



 I£ 2 =4, M is a complex quadoric of dimension 6. / 20

U e s

2.3. The case that M is of type DIII that is M = SO(29,)/U(,Q,)

\/\/\, NN TN i P T S, e o S

If & =3, M =‘P3($J“).LHence we assume that ¢ > 5. In this
g, =

FCORESH RN e Pt

case n = }2(s-1) and X, = 2% - 2. The Dinkin diagram of@

is as follows:

where @, © shows that . = @
i 0y i isfi ., & =75...

the basis of ‘\EO which satisfies that (‘éi’ Ey ) "‘S-ij Then

‘we have:

B={ &, +&;7 1 ci<igels

~'

e =- - = e, - o o = ,'—\} - -’4-“ \,QF = :"\ + .'/..'
IL=1{g =€y " &y Py g TEpoy Ty Tig, g Ty 1,
by e . ..
AE). = {gy +Eyr Lgi<] <2}
L= (a-L)gy + (2—2)5:2 toeee FE gy
W= %(gl toeee 4 'f.?g) .

An element g € W acts on h by ,;g;gi = iéé? 1) for 1 ¢ 1 < 2",

(
where &) ia-the-indewxis a permutation of { 1, 2, -+-, & }.

We denote the element @é W by the symbol

1 2 P 2
(1) 1T(2) -ee £E() [

Then
' |1 1 eee r | r+l  ee- 13
1 { ‘ -1 - | ,
W =4 € W; oo = ( - - - ; -1 ) !
, ~ T G- 1(1) L eee '—_: l(r) _@ l_(r.;.l) eee =5 (1)
- r is even, G 1(l) < see < l(r), g l(r+1) > eee > g: (2) }
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The index n(@) of @ewl is given by

nig = );l’, (Fha -4+,

( Takeuchi [2] ). We see easily that

(@2’,@) =1 for any BE@(VT),

A
-
A
[a

(/(;\ _ 2‘_@—1(1) if 1
O R A DI

\
D
e
]

A

.—l

A
o
*

Therefore we have to prove that the following inequalities are true

for any (E}E Wl.

(3.1 #H EBeB@): (& B) 2 22-2-2n@ 1) > n@-1,

nv

)

(w)

(3.2) #H BeBEhH: (58

g

v

29-2n(@} > nf@-2.

Lemma 3.1. Let /cf;‘c Wl If . n(@) > 22-3, the inequality (3.1)

—

is true. / o
Proof. By the assumption 22—2—2-n(@) < 4-2%. Let B be an -

element of ‘A(:)) which satisfies that
( @I @ ) < 4"ng
then @ =@),_; +(g,- Therefore

n-1.

HEsBED; ( GRONE 22-2-2n (@) }

v

If the equality holds, n(g) = 22-3 and n - n(g) = %—(z - 2)(s - 3) > 0.

Q.E.D.
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Lemma 3.2, Let{gd& W . If nf) >20-3, the inequality (3.2)

is true.

Proof. If nlg) 2 20,-2, the inequality is true in the same

—_—

way as above. Therefore we assume that n(@) = 22—3. The number

of the elements g@éﬁgﬁ@§+) such that

/\'3 Y - Sy = -
({0848 ) < 22-2n{g) = 6-2¢

is at most 4. Since 22 5,
- 1 1
(n-4)-(n@) —2),=§2(z—1)—4—29,-1_=§-5L(g—5).+1>0.
Q.E.D,

Lemma 3.3. If (& (1) > 3, then n(3d) > 20-3.

|

£ .
roof By the assumption

4

!"

7T, el . .
iZ.:l,—\‘("\qj (1) - 1) ;.21'.
1= - :

’

It follows that

n@ - (22 - 3)

liv

2r + Z—rCZ:- (22 = 3)

=%(2.-—r—_2)(52,—_r—‘3) > 0.

Q.E.D.
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We prove that the inequality (3.1) is true for all g e wl
by using induction on 2. If & =5, we easily see that the
inequation is true.

Let & = 20 > 5. By Lemmas 3.1 and 3.3, we can assume that

Ga-l(l).= 1 or 2.

Case 1. : F\_jl(l) = 1. Define the element vfr'e.e Wl, which is
g
considered for & = 20'— 1, by
..l l ® s e r—l h oy ' LI Y g‘—l
O (I I I | R :
G (2)-1 e+ 0 "(r)-1 -(o. " (x+l)=-1) ¢+ -(g " (2)-1)

Then n(T) = n(g). By the assumption of the indﬁction,

+E5) 222 -4 - 2@ )

Mgy + €55 221 <725 (GO Ey

> n(c}j) - 1.
Let
s =#le;; 2 ¢4 ;20,53§j, 227 f i gy, such that ® ({08, €; + €

=22 - 4 - 2n(o) or 22 - 3 - 2n(g) }.

Then, in the same way as in Lemma 2.4 ,we see that

. #{©l +*:€}j;.2 gi -<v'-j é'Q'ol ( 65:' ,él +_€~j ) =28 - 4 - 21’1(5’:) qr
20 -3 -2n(@®) } ¢ s - 1.
Let &, satisfy that there exists @5,'2‘§ j g Ly 3% i
_such’that '
(6s, € + §5 ) = 20 - 4 - 2n(g) or 22.- 3 - 2n(g).

- Then
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- (g@s, e; v ey ) > 28 - 2 - 2n(g)

in all but the following case:

(98, &, +&,) =20 - 4-2n(§) and & (2) = 2.

[Pd

The%?ore the inéquality is true.

Case 2: G T(1) = 2. By the definition of W

’\—l (l 2 oo e r r+l LI Y 20)
E = : . 1 .

(r) eﬁ-l(r+l) ces =1

Define the element G’ € wt by
-1 1 2 et F T+l T ol
(0:" ) Rane —“l -‘_l —""l ——_l .
1 G "(2) =+ g "(xr) -g: " (r+l)e-er -0 T (4;1) -2
Then n(3') = n(@) - 1. Define another element ;i e:Wl, which
is considered for ¢ = 20 - 1, by
/_\_l — v l s 00 r A r+l * e 2’0—1
L s | =-1 =1 : .
@ “(2)-1 «-- 0; (r)-1 -(c ~(r+1l)-1) -+ -1

Then n@)=rﬂy). |

Assume that the inequality (3.2) is true for (9. If we notice
that (57)—1(2) > 2, we-get'the foilowing inequélity in the same
way as i%%ése 1.

$ B EGE): (8'¢, B) 220 -2 - 20"} > nE"),

‘

Clearly

( gﬁ,ig.) > (xﬁ'élés ) - 2‘ ~ for any (? eﬂ@(g*).



Hence if @/Eé(g) satisfies that : .
('8, B:) 2 28 -~ 2 - 2n(3"),

then
(@3 B) 220 - 2 - 2n(y).

Therefore

25

HBe®EH: (5, ) 220 -2 - 2n(m} > 0@ - 1.

Thus we have proved that the inequality (3.1f is true for

any‘<§‘€EWl. We can prove that the inequality (3.2)

in the same way as above. "
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