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PREFACE 

Spectroscopic, thermodynamic, elastic, and crystallographic 

measurements have been carried out on polymer crystalS. The 

baSic theory for each measurement has been established, 

although often the theory is written for the simplest model 

such as monoatomic cubic crystal and is not quite applicable 

to polymer crystals. Accordingly, interpretations of 

individual data have been made but no consistent analyses 

have been carried out systematically with realistic structure 

models. 

All these data, however, are related directly or indirectly 
1 

with the force field of the crystal. Accordingly, in the 

present series of studies; available experimental data on the 

crystalline region of poiyethylene were systematically 

analysed on the basis of the force field of the polyethylene 

crystal. 

Before proceeding to numerical calculation, correlations 

of individual experimental data with the intrachaln and 

interchain force field and/or normal vibrations were theoreti

oally treated with the real structure of polyethylene crystal. 

For most data, theories for polymer crystals were written 
-out so as to be readily programmed for numerical calculations 

with electronic computers. It was also necessary to develop 

approxim~te method of calculations without affecting numerical 

values of interest • 

. In the present thesis studies, practical methods were 

finally worked out for systematically treating several 
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physical properties of polymer ~rystalsf namely 

Intrachain and interchain force field, 

Infrared absorption and Raman scattering due to lattice 
vibrations or interchaln vibrations, 

Splitting of infrared bands and Raman lines due to 
intrachain vibrations, 

Frequency distribution of crystal vibrations, 

Specific heat below 1500 K and especially specific heat 
below lOoK, 

Elastic and inelastic neutron-scattering cross sections 
and their anisotropy, 

Sound velo?ity and macroscopic elastic constants and 
Young t s moduli, 

Temperature factor tensor for x-ray diffraction intensity, 

Symmetry of crystal vibrations and frequency dispersion 
curves, 

Infrared bands due to combinations of crystal vibrations. 

The physical properties calculated, in the present studi,es, 

on the polyethylene crystal are in good agreement with 

corresponding experimental data. Various experimental data 

are now interpreted consistently on the basis of the intra

chain and interchain potential functions. The present foree 

field may also be used for estimating some new physical 

properties, for example, the frequency distribution curves 

of perdeuterated polyethylene crystal or elastic constants 

of polyethylene crystal. 

In the present treatments, various physical properties 

were treated with harmonic force field. However, 8S forthM 

coming projects, thermal expansion or temperature dependency 
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of vibrational frequencies and elastic constants are still 

left for theoretical treatments on the basis of anharmonlc 

force f1elds. Physical properties of disordered part or 

amorphous region of polymer material are left for next 

higher stage of theoretical treatments. 

Te 1zo K1 tagm'1a 
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ABSTRACT 

Chapter I NORMAL VIBRATIONS AND RELATED PHYSICAL PROPERTIES 
OF ORTHORHOMBIC CRYSTALS. 

The crystal vibrations are specified with phase-difference 
vectors of vibrational displacements, and accordingly 

I 

Cartesian symmetry coordinates of brthorhombic crystals 
were derived in a general form. A practical method was 
derived for calculating the frequency distribution, specific 
heat and Young's moduli along the direction perpendicular to 
the chain axis. 

As a preliminary study, polyethylene crystal was treated 
where methylene groups were regarded as single dynam~~ ~,~.~~ 

Since the experimental specific heat of polyethylene obeys 
the T) law below lOoK, the coefficient of TJ was derived 

analytically and ls found to be nearly proportional to 

p-J/ 2, where P is proportlonal to the interchain force 
constants. 

Chapter 11 NORMAL VIBRATIONS, INTERCHAIN FORCE FIELD, 
FREQUENCY DISTRIBUTION AND SPECIFIC HEAT OF 
POLYETHYLENE CRYSTAL. 

In the refined treatment, vibrational dlsplacements of 
hydrogen atoms as well as of carbon atoms were taken into 
account. The force fleld of Schachtschneider and Snyder 

'was used as the intrachaln potential function. Four 

hydrogen-hydrogen lnteraction terms as introduced by Tasumi 

and Shimanouchi were lncorporated as the interchain potential 
function. The force constants were adjusted wlth reference 

to experimental data on the specific heat below lOOK, the 

lnfrared-active lattice vlbrations and band spllttlng of

intrachain vlbratlons • 

. There are thirty-six branches of crystal vibrations, but 
only eight of them lie in the region below 700 cm-l. 
Therefore, a practical method was worked out for treating 
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low-frequency crystal vibrations only. The computer-time 
was drastically shortened, although calculated frequencies 
were accurate within 3 cm 

-1 . 

-1 
~ht;! f:requency distribution beloN 700 cm . ltlaS numerically 

calculated ~·.jith the root-sampling method, for treating the 
spec1f1c heat ot ~he crystalline region. 

The calculated results of the of'tl~[';ll:r··active lattice
v1brat1on frequencies, b'-'l.nO splitting of intrachaln vibrations, 
Young's moduli, freque'ncy distributlon ,snd spec ific heat 
agree closely \I)'i th corresponding experimental elata. 

Chapter ill ACOUSTIC PHONONS AND LO\~-rl'EMPERA'j~URE SPECIF'IC 

BENT' OF POLYETlfILENE CHYSTAL. 

The spec1fic heat below lOoK depends primarily upon three 
acoust1c branches of cl'·yste.l vib:r:.~tlorl.s. Accordingly, the 
dynamical matr1x for three acoust '_c phono!l8 v'lere derived by 

the second order per·turbation method. Interacti<:>ns Dmong 
acoust1c modes 1,'1ere thufl incorporated, and the constant
frequency surfaces were, in fact, d1.storted from ellipsoidal 
~urfaces. From the volume surrounded by those surfaces, the 
frequency distribution was obtatned !xnalytlcally end was 

found to agree well with the frequency distribution 

calculated from the root-sampling method. The specific heat 

calculated from the frequency distribution of' the acoustic 
phonons agrees closely with the experimental data by Tucker 
and Reese. 

Chapter DJ SY~1METRY OF CRYSTAL VIBHA'rrONS, DISPERSION CURVES 
AND INFRARED BANDS DUE TO COHBINATION VIBRATIONS. 

Frequency dispersion curves of the polyethylene crystal 
'were calculated on the surfaces of the first Brillouln zone. 
The symmetry properties of those branehes and the compati
bility of the dispersion curves were derived on the basls of 
k group of the space group. The irreducible multiplier 

corepresentation developed by Maradudln t<1as also applied to 
polyethylene crystal, and the degeneracy due to time reversal 
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symmetry was deduced. The theoretical degeneracy derived 
. from the group-theoretical analyses coincides exactly with 
the results of numerical calculation of vibrational 
frequencies. 

Combinations of crystal vibrations with +0 and of those 
with -~ may become infrared-active. The symmetry of com

bination levels is derived from direct product of the 
.irreducible representation of the k group. From the 
frequency distribution of combination vibrations, infrared 

-1 bands are expected near 240, 280 and 380 cm , in good 
correspondence with the bands observed near 240, 280 and 
340 cm-i. 

Chapter V ELASTIC CONSTANTS OF POLYET~NLENE CRYSTAL. 

Born's formulation of elastic constants is not necessarlly 
convenlent for treating molecular crystals. The matrix 
formulation by Shiro is much more useful for treating 

molecular crystals. Also symmetry consideration is readily 
applicable to matrix formulations. 
, For the orthorhombic crystal of polyethylene, the elastic 

constants of c 11 ' c 22 ' c 33 ' c23 ' c J1 ' and c 12 belongs to Ag 
species while c44' c55 ' and c66 belong to Bl ' B2 ' and BJ g g g 
species, respectively. These elastic constants of poly-
ethylene were calculated from the force field of the poly
ethylene crystal. 

Correlations of elastic constants with dispersion curves 
of,acoustic phonons are discussed. The dynamical matrix 

for the elastic waves of three-dimensional continuum is 

equivalent to the dynamical matrix for the three acoustic 
phonons. 

The Young's moduli along the a, b, and c axes of poly
ethylene were also calculated, in good agreement with the 

experimental results of the X-ray diffraction measurement 

by Sakurada et al. 
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Chapter VI A REFINEDME1' HOD FOR TREATING ONE- ANP NULTI
. PHONON NEUTRON-SCATTERING CROSS SECTIONS. 

In crystals containing ,hydrogen atoms, thermal neutrons 
are scattered primarily from hydrogen nuclei (incoherent 

scattering). For inelastic scattering, there is no selection 
rule related with symmetry properties of crystal vibrations, 
and accordingly the energy spectrum of inelastically scattered 
neutrons provides important informations on normal vibrations 

of crystals and polymer chains. 
The basic theory of neutton scattering has already been 

established, altbough the model used is too simple to be 

applicable to vibrational analyses on polyethylene crystal. 
In the present study, therefore, the dlfferential cross 

sections for one-phonon and multi-phonon scattering processes 

were derived from Fermi's pseudo potential and Born's first 
approximation. The concept of transition probabilities was 

used and the equations for cross sections were written GO 

as to be readily programmed for electronic computers. 

Multi-phonon scattering cross sections derived here are 
~ssentially identical w1th those deriv~d from time dependent 

correlation function, although the present formulation ls 
much more convenient for numerical calculations. 

Chapter VII NEUTRON SCAT1'ERING BY CRYSTAL VIBRATIONS OF 

POLYETHYLENE. 

As for polyethylene crystal, the differential cross 
se'ctions of neutron-scattering have been measured at various 
temperatures with both of the up- and down-scattering 
techniques. The anisotropy of the scattering cross sections 
has also been observed for unlaxially oriented target of 
polyethylene crystal. 

For theoretical analyses of these experimental data, 

the differential cross sections for one-, two- and three
phonqn processes were calculated from the vibrational 

frequencies and vibrational dlsplacements of hydrogen nuclei 

involved in crystal vibrations of polyethylene. 
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The anisotropic cross sections and phonon density curv€!s 
calculated for the up- and down-scattering experimental 
conditions are in accord with the experimental results on 
the scattering peak-intensit~es and anisotropy. 

Chapter VTII TEMPERATURE FACTOR FOR X-RAY DIFFRACTION OF 

POLYETHYLENE CRYSTAL. 

From the polyethylene crystal, x-ray is primarily 
scattered by electron clouds of carbon atoms. As the 

scattering angle is increased, lntensities of diffraction 
peaks are lowered because of thermal vibrations of scattering 
atoms. 

In the present study, the mean squared dlsplacements of 
carbon atoms were calculated from the vibrational frequencies 
and vibrational displacements of carbon atoms involved in 
crystal vibrations of polyethylene. 

The temperature factor tensor was calculated, in good 
agreement with the experimental data on the magnitude and 
anisotropy. From the numerical calculation, three principal 
axes of the temperature factor tensor 1'1ere obtained; the 
first one is parallel to the chain axiS, and the second 
and third ones are normal and parallel, respectively, to 
the skeletal plane. 
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CHAPTER I 

NORMAL VIBRATIONS AND RELATED PHYSICAL 

PROPERTIES OF ORTHORHOMBIC CRYSTALS 

1-1 INTRODUCTION 

Physicochemical properties of polyethylene crystal have 

been investigated in various ways and it is significant, 

at present stage, to relate them with one another 8elf

conSistently. Some of them are concerned with frequencies 

or atomic displacements of thermal v1brations and therefore 

may be treated systematically bn the basis of the potential 

function of the crystal. 

Wunderllch has measured the specific heat of pOlyethYlene1 ) 

and, referring to all the observed values2 ), has obtained the 

specific heat of .the crystal part of polyethylene with the 

use of extrapolation method.:3) It obeys T:3 law at the lot-lest 

temperature and ls almost proportional to T 1n the temperature 

region below 70oK. Stockmeyer and Hecht4 ) have studied the 

specif1c heat of an anisotropic crystal and have derived it 

as function of atomic force constants where the anisotropy 

has· been taken into account through force constants assumed 

in a tetragonal lattice. TarasovS) has regarded chain 

polymers as elastic rods which have weak interactions between 

the nearest neighbors. He represented the spec1f1c heat of 

polymer crystals with two Debye temperatures, namely, 91 and 

9
3

, which are one-dimensional and three-dimensional 

characterist tc temperatures, respectively. By ad ,just1 ng 

S1 and 9
3 

suitably, the experimental values of the specific 
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heat of polyethylene crystal may be represented in f?irly 

wide region of t~mperature.3) However, the model ~sed does 

not match the polyethylene crystal arid the physical meaning 

of 91 and 9
3 

is not always clear, because low-frequency 

optical modes of interchaln vibrations lie velow the cut-off 

frequencies of acoustlc branches and the frequency dlstri-

. bution might not be simple like Debye approximation. 

On the other hand, the intramolecular force field of 
. . 6 ) 

hydrocarbon molecules have been refined systematically. -9 

Also the general theory of molecular vibrations of chain 

polymers have been already established. 10- l1 ) Accordingly, 

it is now practical to treat the crystal vibrations of 

polyethylene on the basls of the intrachaln and interchain 

potential functions. 

Previously Wilson's GP matrix method 12 ) was applied to 

o·ptical active vibrations of three dimensional crystal,1 3 ) 

but Cartesian coordinate system is convenient for treating 

all vibrations including acoustic branches and optically 

inactive modes. Accordingly, in the present study, basic 

formulation of normal ~oordlnate treatment and a practical 

method of calculating the frequency distribution and specific 

heat were provided. Since the frequency of the internal modes 

of methylene group lie above 700 cm-1 and they contribute 

little to the specific heat below 150oK, methylene groups were 

regarded as single dynamic unit on the preliminary calculation 

about polyethylene crystal. 

I-2 NORMAL COORDINATE TREATMENT 

Normal modes of the orthorhombic crystals are specified 
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l'11 th a set of three phase d lfferences, S , bb' and 8 which a c 

are phase differences of vibrational displacement between 

two adjacent unit cells along the a, b, and c ax.es, respecti'rely. 

The travelling direction of a phonon is parallel to ({ vector 

(k , kb , k ) of the phonon, l'ihlch ls related vii th the phase a c 
difference vector as 8 =a k , 0b~b k. , and 8 =c k where a 0 a 0 0 c 0 c 
a ,b and Co are lattice constants. For a given phase o 0 

difference vector, there are 3n modes of crystal vibrations 

where n ls the number of atoms per un5. t cell. Accord ingly 

3n Cartesian symmetry coorulrmtes fot' a given phase dH'f'erence 

vector were derived as 

where S{S) is a Cartesian symmetry coordinate vector with 3n 

components, U(",8) is D nnltary matrix for symmetry transi'or

mation and X(p) is a Cax'teslan displaeement coordinate vec tor 

of f-th unit cell. The l<1netic el1erg:! (T) and potential 

energy (V) of crystal nre represented in a lli8trix form a6 
-." 

2T = S(O)MSSU)) (1. 2) 
........ 

2V = S(Q)fi'S(8)3(~) (L 3) 

where 

MS = U(p,~)Nxffip,&) 
..-- --FS(o) = U(p,S)B(p)fRB(p}V(p,o) 

MS is 3n dimensional diagonal matrix whose elements are maSS 

of atoms, FR iA the potential energy matrix of c:rystal based 

on the internal coordinate system and E(p) is a usual B 
12} matrix ,that is, n = Z B(p)X(p). FS(S) is the potential 

fJ 
energy matrix based on the Cartesian symmetry coordinate 

system, dimension of which is 3n. 



The Cartesian symmetry coordinates can be writ~en as 

linear combination of the normal coordinates, Q(o), of the 

crystal. 

( 1.4) 

With the use of normal coordinates, the kinetic energy and 

potential energy are represented as -2T == Q(S)EQ(o) 

2V == Q( S );\( 0 ) Q( 0 ) 

( 1. 5) 

( 1. 6) 

where E is unit matrix and 1\.(0) ls a diagonal matrix whose 
2 2-2 elements are eigenvalues (Aii==4n c Vi). The equivalence of 

two types of representat ions, that is (1. 2), (1. 3) and (1. 5 ) 

(1.6), lea~us to the secular determinant, 

Il'1s -lp S ( 0) - !\( ~) I = 0 ( 1. 7 ) 

The eigenvector matrix of I1S1l"S(S) is proved to be LOCo). 

Since a symmetric matrix is more convenient to treat, the 

dynamical matrix defined by (1.8) is used instead of 

0S{S) = 11 -~F (S)M -~ S S S 

-1 
[>1S F S ( 0) , 

( 1. 8) 
_,1, 

where I1S 2 is a diagonal matrix, the elements of which are 

inverse of square root of atomic mass. Then the eigenvector 

matrix of the dynamical matrix becomes unitary and is 

represented as LS(o). 

LS(8) = MS~LO(S) (1.9) 

The use of 5(S) reduces the secular determinant of the crystal 

vibrations into the corresponding blocks of phase difference 

vector, each of which is 3n-dimensional symmetric matrix, 

called Fourier transformed dynamical matrix. The incorpo

ration of the space symmetry of the crystal may reduce the 

dynamical matrix into smaller blocks. 

4 



1-.) SYHHETRY COORDlNATES 

n atoms in the unit cell can be classified into r>eyeral 

sets (B==l, 2", ••• ; ~1 ) of equivalent atoms on the bas is of the s 

space symmetry. For the S-th set with mS equivalent atoms, 

)n1(3 symmetry coordinates may be constructed for 0==0 and the 

Same type of symmetry coordinates can be applied to other 

sets of atoms on the equivalent sites. On the other hand, 

under thermal vibrations, full symmetry of the space group is 

not always kept. The symmetry of crystal vibrations is 
14) generally characterized by k group ,\..;h1ch is a subgroup 

of the po~.nt group of the space group. 'rhe dynamical mntrix 

0S(o) of the c:!'yetnl vibrations may possibly be factorized into 

symmetry species of the k group. Usually, on the surface of 

the flrRt B~illouln zone r some operations beside identity 

operation make the l{ vector invariant vlhile, at the inner 

points of the :;:one~ only the identity operation constitutes 

the k group. Accordingly, at the general pOints of the first 

Brillouln zone, symmetry transformations factorize the dynamical 

matrix no more and only numerical diagonalization yields 

the eigen-frequency of the crystal vibrations. Then the 

coordinates which talm the shortest time for numerical dia-

gonalizatton on e;eneral value of phase difference vector is 

the most suitable for the present treatment. Since the 

highest symmetry is satisfted at 0==0, the dynamical matrix 

may be factorized lnto the smallest blocks \<lith the symmetry 

transformation, each of ll1hich belongs to the irreducible 

representation of the point group of the space group. The 

compatibillty relation shows that symmetry coordinates at 

0==0 also belong yet to one of symmetry species of k group 

5 



on the adjacent surface of the Brlllouln zone. Besides, 

so-called time reversal degeneracy need not be considered 

for 8_0. 15 ) Accordingly, the symmetry coordinate at 8=0 

is used through whole the 8 space, which are derived below. 

A symmetryoperati6n, Ri of the space group consists of 

~otat1on, a 1 and nonprimitive translation ~i' a 1 is three 

dimensional orthogonal matrix and ~i is index vector. Both 

of p and ~ are represented as the set of a coefflcient with 

regard to the latt1ce constants. Supposlng pj(L) and ~~(L) 

( j=l, 2,···· m(3) are the 1ndex vector of j-th atom of 13th set 

of atoms in L-th unit cell and its atomic displacement vector, 

respectlvely, then 

~j(L) = (l/N)~LG ~j(o)exp[-ip~(L)oJ (1.10) 

where N is the total number of unit cells, ~j(o) ls the 

amplitude factor of j-th atom of (3th set and summation runs 

over N pOints in the reglon of 0~18 I , 18bl, 18 I~n. The a c 
lnverse. trunsformation of (1.10) provides 

~jun = (l/N)~LL'lj(L).exp[ll'j(L)&J (1.11) 

The irreduclble representatlon of the point group ( the ~ 

group at 0=(0,0,0)) associated with orthorhombic system 1s 

always one dimens1onal. Supposing the operation R
j 

trans-
(3 (3 forms Rl into Pj' the symmetry coordinate corresponding to 

~-th 1rreducible representation is given by 

S 11(?) ) (3= (m 13 N) _~~13 L ~( a j ) a j~~ (L) exp[ i (a l'~ (L) +~ jJ 0 J ( 1. 12) 
R

j 
L 

where rl1(a
j

) is the character of l1-th irreducible represen

tation of the po1nt group of the space group for operation Rjo 

Thus derived Sl1(0)13 is complex-number coordinate while real

number coordinate is more convenient for computation •. The 

6 



corresponding reai number coordinate may be derived w1th 

16-17} standing wave as, 

S lLc ( 0 ) /3 == ( 2/m(3 N) ~2: Zrll( a j ) • a ,'l(3j ( L) cos[(ajl'(31 ( L) +'t J Sl 
R L ' J .j J 

j (1.13) 

sl!6(0)j3=(2/m(3N)~Z Zyll(aj).a/lj(L)sin{[ajP~(L)+tj]~J 
RjL 

and then the atomlc displacement vector becomes 

'lj(L)=(2/N):~() ~~13(0)coS(p~(L)8J + ~~t3(o)sln[pj(L)OJ (1.14) 

wher~ the summation runs over N/2 pOints in half of the first 

Brillouin zone. By this transformation, the order of the 

dynamical matrix Is generally doubled as rOl(O)D;(o)l 

l02(O) °1(8) 
"" where D1(0) is symmetric matrix and D2(0) is skew symmetric 

matrix. 16 ) The method Qf dlagonaliz1ng the doubled dynamlcaJ. 

matrix has been establiShed. 16 ) 

Hhen center of inversion exists in the crystal (D2h ) t the 

operatIon changes 'l~ and 8 Into-~j, and -0 without nonprimlt;lve 

translation and therefore, both of SllC(S)t3 and S~(o)t3 become 

either symmetric or antlsymrnetric to inversion on any value 

of O. Accordingly, the existence of the center of inversion 

r.emOV8S the cross terms 02( Q) of two types of coordinates 

of Sllc(8) and SllS(8). Then the dynamical matrix of doubled 

order is reduced to ti'JO ident lcal real symmetrIc matrices of 

3n dimension. 

1-4 SYMr-1ETRY COORDINATES FOR POLYETHYLENE CRYSTAL 

The crystal structure of orthorhombic polyethylene has 

.been analysed by Bunn18 ) with X-ray diffraction method~ 
Two molecular chains pass along the c axis and there are 

four methylene groups per unit cell. Since methylene group 
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is regarded as single dynamic unit, all atoms are equivalent, 

that is, n=4, ns=l, m1=4. On the 1ncorporation of freedom of 

hydrogen atoms, n would become 3. The symmetry of the unit 
s 

cell is Pnam , isomorphous ~o point group D2h • Lattice 

constants at room "temperature are ao=7.40, bo=4.93 and °0=2.54 ~ 

and valence angle of C-C-C is 1120. The setting angle of the 

skeletal zigzag plane is reported to be 48.70 to the a axis. 

As shown in Fig. 1, unit cells are specified with three 

integers, h, k, and 1 instead of vector L of preceding section. 

h denotes the index of the unit cell along the a axis, k 

along the b axis and 1 along the c axis, respectively. On 

the pr1mitive transiation, one of the indexes varies by 

"whole number. Two molecuiar chains in a unit cell are 

specified' with the set of two indexes as (h,k) and (h+~",k+~). 

Two methylene groups in the same chain may be distinguished 

by the last index as (1+1/4) and (1-1/4). The index vectors 

of four methylene groups are as follows; 

R1(h,k,1)=(h,k.l+1/4 ) 

R2(h,k,1)=(h,k,1-1/4) 

P3(h,k,I)=(h+~,k+~,1+1/4) 

P4(h,k,1)=(h+~.k+~,1-1/4) 

a i and ~i for eight operations of polyethylene crystal are 

given in Table Al. The real symmetry coordinates derived in 

(1.13) are represented in Table 1, where summation about h, 

k and 1 and factor (2N)-~ are omitted. Because of the 

summation, apparent difference of sign of h, k, and 1 has 

ho physical meaning. For instance, (+h,+k,+1-1/4) is 

equivalent to (-h,-k,-1-1/4) and (h+~,k+~,1-1/4) is equivalent 

t9 (h~~,k-~,1-1/4). The components of ~j are written as X j , 

Yj and Zj in Table 1. Thus derived twenty-four symmetry 
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coordinates (twelve for S~c(~)t and twelve for S~(~)) are 

dtvided into t't'JO groups by center of inversion. After the 

operation of inversion, the foll0t1ing twelve coordinates are 

invariant; SC(A ), SC(A ), SSCA }, SC(B~ ), sC CB ; ), SS(B~ ), 
x g y g z u X Jg Y g Z JU 

SS(B 1 ), SS(B1 }, SC(B 1 ), SS(B2 ), SSCB2 ), S~(B2)' where x u y u z g x u y u ~ g 

the symbol in bracket denotes the symmetry at 5=0. These 

are symmetric and the others are antisymmetrlc to inYersiou. 

In D2h system, the irreducible volume of the first Brillouin 

zone is 1/8 of the first Brillouin zone and therefore 

0~8a,8b,8c~n is sufficient. V(1',8) of (1.1) for the po1y

ethylene crystal is given in Table 2. 

1-5 POTENTIAL FUNCTION 

Infrared spectrum and intrachain potential function of 

polyethy1ene have been studied in detail. 19-23) Norme.1 

frequencies of polyethylene single chainS) and of the crysta12h ) I 

have been calculated rigorously as function of"8c by Tasuml. 

It deduces that the maximum frequency of the sl{eletal bendlng 
-1 branch and the internal rotation branch lie near 500 cm . 

-1 and 200 cm ,respectively. 

In the present study, three types of intermethy1ene 

potential terms, Pi' P2 and P3 in Fig. 2, which are relatively 

in close contacts, are incorporated as well as the intrachain 

potential function. The equilibrium distances and the number 

of potential terms per unit cell are shown in Table 3. 

The potential energy of the crystal is written in a quadratic 

form of displacement, 

"2V=~ [K( 6r) 2+H( 60) 2+F( 6q) 2+y( 6t) 2+p 1 (6Pl ) 2+p 2( 6P2) 2+P3 (6P3 )2J 
where 6r is bond stretching, 6~ is skeletal bendir~, ~t is 
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internal rotation, and ~q is repulsion terms of nonbonded 

carbons ln a chain. ~Pl' !':.P2 and t.p) are change of inter

methylene distance. K, H, Y, F, Pi' P2 , and P3 are their 

force constants. Summation runs over the crystal. The values 

of K, H, Y, and F were chosen so as to reproduce the v-Bc 

curve closely which had been obtained in the complete treat

ment of polyethylene single chain. 8 ) The interchain force 

constants were adjusted on the basis of the specific heat 

below lOoK, where in order to decrease the number of para-

meters, Pi is assumed to be equal to P2 because of nearly 

same distances. 

1-6 LATTICE VIBRATIONS AND 'rHE FREQUENCY DISTRIBUTION 

Dispersion curves of low frequency crystal vibrations 

are drawn against 8 in Fig. ), where B and Bb are set to c a 

be O. If there is no interaction between adjacent molecules, 
-1 all of these eight branches would approach to 0 cm as Bc 

approaches to 0, and there would appear four doubly degenerate 

curves. At the limit of ~ ~O, three of these curves would c 

correspond to translations along three orthogonal axes and 

one of them would correspond to rotation around the chain 

axis. However, on account of interchain interactions the 

degeneracy is actually removed and the disperSion curves do 

not cross one another. Here, three of eight curves still 

-1 s:: approach to 0 (:m as Vc approaches to o. They are acoustic 

hranches of the crystal. The remaining five modes are 

optieal lattice vibrations whose frequencies and symmetry 

species are shown in Fig. 4. B1u and B2u vihrations are 

anttparallel translatory vibraticms along the b and a 

axes, respectively. They are infrared active modes. 
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There are two lattice vibrations of rotation around ,the chain 

axis. The mode, in which two chains rotate in the' Same 

direction, belongs to BJg While the other belongs to Ag • 

They are expected to be Raman active. The last mode, anti-

parallel translatory vibration along the c axis belongs to Au 

which is inactive both in Raman and infrared spectrum. The 

experimental value of this frequency is expected to be 

observed only in neutron inelastic scattering. 

For representative combinations of Oat Ob and 0c' 

DS(S) was derived and diagonallzed. All these calculations 

have been carried out with NEAC-2201 electronic computer. 

As the representative values of 0a and Ob' nine values (10°, 

30°, 50°, 70°, 90°, 110°, 130°, 150°, 170°) were adopted. 

For every set of ° and Ob' ten values of 0c (0°, 5°, 10° 
a , 

20° , 40° , 60° , 90°, 120°, 150°, 180°) were taken up. 

Variation of 0 or Ob provides small change of frequency a 
whereas that of °c shows great change. It comes from the 

fact that the contribution of intrachain force field does 

not vary with 0a or Ob but varies with 0c' For larger bc, 

all modes behave as the intrachain vibrations. When v varies 

sensitively with 0, 0 space should be divided more finely in 

order to obtain correct frequency distribution. ~ For this 

reason the dispersion curves against 0c were picked up for 

every set of 3a and Ob' and the frequencies were interpolated 

for intermediate values of 0c with the use of cubic curve, 

v = a +bo +C0 2 +d8 J (1.15) 

The co~fficients a, b, c and d are determined so as the 
- -

curve passes through four successive standard points. On the 
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real computation of interpolation, frequencies were obtained 

at 20' intervals of °c with the use of (1. 16) , which is a 

practical expression of (1.15), 

v== ( v 1 v 2 v) v 4 ) 1 1 1 1 -1 1 ( 1. 16) 

° 1 °2 0) °4 ° 
02 

1 02 
2 82 

3 02 
4 02 

03 
1 03 

2 03 
) 

0) 
4 

0) 

where vi' v
2

, v) and v4 are the frequencies obtained from the 

diagonalization of the dynamical matrix corresponding to ° 1 , 

02' 0)' and °4 , respectively. As for the small values of 0c 

(00<oc<5°), v is assumed to be subject to even function of 

0c as 
2 4 v = a' + b'o + c'o (1.17) 

where the coefficients were determined in the same way with 

(1.16). As shown in Fig. ), dispersion curves are fairly 

complicated for small values of 0e (oc< 60 0
) whereas they 

are relatively monotonous on large Qc' In order to reproduce 

delicate behavior of dispersion curves by interpolation, more 

points were taken as standard points for 0c<600
• It was 

confirmed for arbitrary set of 0a and Ob that the interpolated 

frequencies are coincident with those obtained by dlagonali

zation of the dynamical matrix within ±1 cm- l and therefore 

the method ls justified. 

Thus about 350,000 frequencies were calculated and 

collected. The frequency distribution below 600 cm-1 is shown 

in Fig. 5, where the fraction of the number of vibrations for 

frequency interval 5 cm- 1 ls plotted against the frequency. 

T -1 T wo peaks appear about 500 and 190 cm • hese two peaks 
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had been expected from the dispersion curves of po1yethy1ene 

single chain. They correspond to cut-off frequency of skele

tal bending and internal rotation branch, respectively. The 

existence of these hlO peaks has been confirmed by the 

experiment of neutron inelastic scattering.25-26) 

1-7 SPECIFIC HEAT 

There are four methylene groups per unit cell and eight 

branches lie below 600 cm-1 Therefore, in the frequency 

-1 distribution below 600 cm ,two degrees of freedom are 

contained per methylene group. On the calculation of the 

specific heat per methylene group, the frequency distribution 

function is normalized to 2, that is, 

2: g(v) = 2 
v 

(1.18) 

Since the specific heat due to the crystal vibrations is sum 

of the contribution of each OSCillator, it is derived as 

C /R = 2: g(v)x2exp(_x)[1_exp(_x)]-2 (1.19) 
v v 

where x=hcv/kT and v is regarded as the average frequency of 

the division of the frequency distribution. On the numerical 

calculation, the frequency distribution waB derived at the 
-1 frequency interval of 1 cm • The specific heat of the po1y-

et,hy1ene crystal is shown in Fig. 6, where solid line is the 

calculated value and the open circles are experimental ones 

which had been extrapolated to 100% crystallinity by 

Wunder1ich3 ). The contribution of the internal modes of 

methylene group is estimated as large as 0.002 at 1000K and 

0.038 at 1500K. 

'The specific heat below lOOK depends upon three acoustic 

branches which are concerned primarily with interchain force 
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constants. In order to adjust the interchain force constants 

from the observed value of the specific heat, the specific 

heat was derived as function of interchain force constants. 

Each element of the dynamical matrix is expanded into power 

series of 0 , Ob and 0 where higher terms more than second a c 

power were neglected. Then the expanded dynamical matrix 

was subjected to simllarity transformation with LS(So) which 

ls the elgenvector matrix of DS(G O) for very small value of 

phase difference, ~o. Since DS(O) is completely reduced to 

small blocks of each irreducible representation, the cross 

terms of 0S(G) between different species are very small for 

small S. Thereby, 0S(S) is almost diagonalized with the 

. similarity transformation of LS(G o ) near ~=O. A few terms 

which remain as off-diagonal terms after the transformation, 

are proportional to first power of phase differences and 

correspond to the interaction of acoustic branches and the 

overall rotatlonal modes. They have effects of lowering the 

frequency of acoustic branches. Accordingly, the cross terms 

were incorporated to diagonal terms with the use of second 

order perturbation method. The resultant diagonal terms 

corresponding to three acoustic branches are represented as 
222 A 02 + 2 C 02 4n c v

1 = BlOb + 1 a 1 c 
4n2 2 2 A 02 2 + C 02 (1.20) c v

2 = + B
2
0b 2 a 2 c 

4n 2c 2 v2 A 02 2 + C 02 = + B
3
0b . 3 3 a 3 c 

The coeffiCients, Ai' Bi and Ci are given in Table 4 in the 

function of interchain force constants. v3 is associated with 

the translation along the c axis to which the skeletal bending 

force constants contribute and C
3 

becomes large. But to the 
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eigenvalucs of 111 and 112 modes, the contribution of .the intra

chain force field starts from 0 4, which is proved by expandir~ 
c 

G matrix of the chain vibrations. For this reason, 113 

gets large sensitively in proportion to 0c but v
1 

and v
2 

do not. In Table 4, the frequency of v3 mode does not depend 

upon the force constant of Pl. Also P1 contributes to none 

of Cl' C2 and C3, while P3 contributes to none of A1, A2 and 

A
3

. These results are reasonable from the following consi

deration. Since Pi is situated in the ab plane as shown in 

Fig. 2, the stretching of the spring Pi is altered with neither 

the translation of the plane as a whole along the c axis nor 

the change of phase difference along the c axis, in the first 

order. As P3 is essentially on the bc plane, it is not 

concerned with the phase difference along the a axis. 

On the other hand (1.20) states that the constant frequency 

surfaces of the acouet ic br.anches are three dimens ional ellip

soid in 0 space. Since the allowed values of phase differences 

distribute uniformly in the unit cell of reciprocal lattice 

under the cyclic boundary condition,27) the volume surrounded 

by the constant frequency surface is proportional to the 

number of acoustic phonons lying below the frequency. 

Supposing V(v) is the volume surrounded by the surface corres

ponding to the frequency 11 and the first Brillouin zone- then 

it is derived as 

(1.21) 

Since the total volume of the first Brl110uin zone is 8n 3 where 

four methylene groups are contained, the volume normalized to 

one methylene group is V(v)/32n 3• Then the fraction of number 
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of acoustic phonons betvJeen 11 and lI+dll per methylene. group 

ls g(lI)dll, where 

g(II)=nc 32: 
i 

g(v) is represented as 

( ) -~ 2 2 A
i

B
i

C
1 

'L' = plI 

Then the T3 law of the specific heat is derived as 

Cv/R = p( k/hc )3T3.[x4exp( -x) [l-exp( -x)] -2dx 

(1.22) 

(1.23) 

where x=hcll/kT. 'rhe dependency of the specific heat upon the 

interchain force constants is obtained by the substitution 

Ai' Bi and Ci from Table 4 lnto (1.22). It leads us to the 

result that C is nearly proportional to p-3/ 2 , where P is v 

the interchain force constant. 

On the other hand, the experimental values of the 

specific heat can be expressed approximately as follows. 

C /R1 ) = 1.90'10-5T3 
v 

C IR 28 )= 1.6S.10-5T3 
v 

Since Reese's value includes about 10% error28 ), the force 

constants were adjusted to give rise to the intermediate 

value of two observed specific heat. Thus the analysis yields 

P1=P 2=0.025 and P
3

=0.003 md/~ and the specific heat calculated 

from the set is 

C IR = 1.86·10-5T3 
v 

The contribution of each acoustic branch is estimated as 

C (a)=1.52, Cv (b)=0.31, C (c)=0.027 (Xl0-5RT3 ) v v 

where a, band c mean that the vibrational displa(~ement ls 

parallel to the a, band c axes, respectively. The acoustic 

phonons associated with the translation along the c axis 

contribute little to the specific heat. It comes from the 

fact that the constant frequency surface of that branch is 

very oblate ellipsoid and the volume is much smaller than how 
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o remaining ones. Above 10 K the experimental value of the 

specific heat deviates gradually from T3 law and then becomes 

nearly proportional to T. It means that the force field 

which controls the atomic motion is nearly three dimensional 

for lower frequency whereas it is really one dimensional for 

higher frequency modes. The excitation of intrachain vib

rational modes makes Cv proportional to T. 

1-8 YOUNG'S f10DULI 

Young's moduli perpendicular to the chain axis depends 

upon the interchaln potential. Then comparison of the 

calculated values of Young's moduli with the observed values 

is one of ways ~f examining the correctness of the interchain 

force constants. 

The potential energy of the crystal is represented with 

three coordinates, which are totally symmetric displacement 

along the a and b axes (~a, ~b) and overall rotation around 

the chain axis (9). The former two coordinates correspond to 

the external deformation and the latter corresponds to the 

internal deformation of the crystal under the condition of 

rigid molecules. 
,...., 

2V = {3 C J3 '1 = (L\a L\b L\8) { 1. 24} 

When the unit cell is lengthened by L\a with the external force 

fa' then at equilibrium state, fa is balanced with -(dV/~L\a). 

Accordingly the deformation of unit cell under arbitrary 

external force can be derived from (1.24) with the inverse 

matrix of C as 

L\a = s11 s12 s13 ~V/dL\a ( 1. 25 ) 

L\b s21 s22 s23 dV /aL\b 

L\8 5 31 s32 5 JJ av /aL\8 
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where Sij is inverse matrix of C and may be called as elastic 

compliance matrix. Since there is no external force corres-

ponding to overall rotation of molecules, aV/d~e is always 

zero. From (1.25), Young's moduli along the a and b axes are 

derived in accordance with the usual definition. 

Ea = ao/(bocos11) 

Eb = bo/(aocOs22) 
( 1. 26) 

where ao ' bo and Co are lattice constants. From the present 
11 2 potential they are calculated as Ea=0.9, Eb=0.3 (x10 d/cm), 

in good agreement with the observed value of E =0.4 and a 
Eb=0.3 29 ). Poisson's ratio is a ratio of relative deformation. 

Under the tension along the a axis, it is represented as 

(~a/ao):(~b/bO):~e = (s11/ao):(s21/bO):s31 

and under the tension along the b axis, it is 

(1.27) 

(1.28) 

Usually the si8n of sll and s21 or s22 and s12 are different 

from each other, because shortening appears in the perpen

dicular direction on pulling the crystal along one direction. 

1-9 DISCUSSIONS 

On the estimation oC lntermethylene force constants, 

Lennard-Jones potential of methane gas 30 ) was tried. The 

second derivative of the potential function is written as 

d2V/dr 2 = 2.00S.10 9r-14 _ 1.630.105r-8 (kcal/~2) (1.29) 

~.'Jhere :r:' is distance of two methane molecules ( i n ~). Since 

the values at the equilibrium distances may be regarded as 

harmonic force constants, putting r of the corresponding 

lntermethylene distances, 4.12, 4.18 and 4.51 R into (1.29) 

yields P1=0.018, P2=0.015 and P
3
=0.002 md/~, respectively. 
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o The specific heat below 10 K calculated from these force 

constants is slightly larger compared with the observed value. 

It suggests that the estimation of lntermethylene distances 

might not always be appropriate. 
24) On the other hand, Tasumi has incorporated four types 

of interhydrogen potential in the normal coordinate treatment 

of polyethylene crystal and determined the force constants 

from the observed values of the band splitting of methylene 

rocking, twisting and scissoring vibrations. The force 

constants seem to lie nearly on the Buckingam's potential 

function for hydrogen atoms. OdajimaJ1 ) has treated the 

elasticity of polyethylene crystal theoretically and found 

that de Boer's potential of H· .... H repulsion provides proper set 

of interchain force constants. The second derivative of 

de Boer potentialJJ ) is written as 

d2V/dx 2 == 150exp(-J.5Jx) (mdyne/R) (l.JO) 

where x is H····H distance. When we apply these funct ion to the 

present case, the intermethylene distances might be converted 

into the corresponding H····H distances of the Same van der 

Waals' contacts. Supposing the real intermethylene distance 

is r then a tentative H····H distance, r*, which gives the 

equivalent contact to those two methylene groups, might be 

given by 

r* ::: (rH/rCH )r 
2 

where rH and r CH2 are van der Waals' radii of hydrogen and 

methylene group, respectively. PaulingJ2 ) has estimated 

r H==1.2 and r CH2==2.0 R. Assuming x=r* gives rise to P1==0.024, 

P2=0.022 and PJ=o.OOJ md/R for the corresponding intermethylene 
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distances of 4.12, 4.18 and 4.51 ~,respectively. They agree 

closely with those of Table 2 which have been adjusted on the 

basis of the observed value of the specific heat below lOoK. 

The agreement su~gests that this kind of assumption ma~ be 

applicable to calculating configulational energy of complex 

molecules. 

Though the present calculation is preliminary, general 

feature of the frequency distribution became explicit. Two 

prominent peaks corresponding to the cut-off of the skeletal 

vibrations and a fe\'J \'Jeak peaks due to optical branches of 

lattice vibrations such as anti-parallel translational or 

overall rotational modes, are recognized. The cut-off of the 

skeletal bending branch is concerned mainly with the intra

chain force field and IJ-O
C 

curve, which depends little upon 
-1 0a and Ob' is almost straight line below 450 cm It leads 

us to the result that frequency distribution is nearly constant 

near 300 crn- i and the specific heat behaves as if Debye's one

dimensional elastic continuum3ll
) at proper'temperature region. 

Therefore Tarasov's characteristic frequency Vi might physi

cally correspond to the cut-off of the skeletal bending mode, 

whereas no peak is expected at Vi from Tarasov's theory. 

The other characteristic frequency v
3

, below which the fre

quency distribution is proportional to v2 , is not determined 

uniquely from Fig. 5, where several peaks due to optical 

-1 lattice vibrations are found below 200 cm . Accordingly, the 

frequency distribution predicted by Tarasov is unlike that of 

polyethylene crystal. 

Generally the specific heat is not always sensitive to 

fine structure of the frequency distribution, however, the 
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specific heat below lOoK is sensitive to the interohain 

potential function. Because it depends mainly upon three 

"acoustic branches and little upon optical branches. Then 

low temperature specific heat may be used for the adjustment 

of intermolecular force constants. 

Montroll et a1. 35 ) have studied the frequency distribution 

of crystals analytically. In the case of one-dimensional 

crystal, the frequency distribution is proportional to 
2 2_b 

(v -v) 2 near v where v is the cut-off frequency. While m m m 
for two-dimensional crystal, the shape of peak is logarithmic, 

that is, proportional to v-1log4(3V 2_v2)-1. In three-
m 

dimensional crystal, no peak appears but several disconti-

nuities exist in the derivative of the distribution function. 

Therefore edges might be expected in the frequency distr1-

bution. 35 ) The present calculation may be considered ~s an 

experiment from the view of theoretical frequency distribution. 

Since the peaks at 500 and 200 cm- l had been expected from 

normal coordinate treatment of isolated polyethy1ene chain, 

they correspond to one-dimensional case, in good agreement 

with the theoretical prediction. However, the theoretical 

prediction is not always reproduced below 180 cm-1 where the 

frequency distribution is expected to be associated with 

three-dimensional property of the force field. 

The approxim~tion of regarding methylene group as single 

dynamic unit might induce some errors on the estimation of 

vibrational frequencies. In the incorporation of the freedom 

of hydrogen atoms, the frequency of rotational mode would 

increase whereas that of translational mode would decrease. 
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The difference of the two models in which the interchain 

potential works between two methylene groups or between two 

hydrogen atoms, appears in the effective force constants. 

On the rotation of molecules around the chain axis, change 

of inter-hydrogen distance is much larger than the change of 

inter-methylene distance. Then the energy increment due to 

the identical rotation is larger in the former under the same 

force constant. In other words, the effective force constants 

would become larger in the former. This effect overcomes the 

effect of increase of moment of inertia and in consequence the 

frequency of the vibrational mode would get higher, whereas 

for the translational modes, change of inter-hydrogen dis

tance is smaller or, at most, equal to change of inter

methylene distance. 

On the other hand, if the electron clouds of hydrogen 

atoms were in van der Waals' contacts in equilibrium confi

guration, the potential energy of the two atoms might constitute 

the effective interchain potential function and acting point 

of the interchain forces really on hydrogen atom. Then 

the direction and magnitude of the interchain potential would 

vary from the present approximation. For instance, P3 is the 

smallest term in the present treatment whereas the corres

ponding term of H····H potential would become the largest term 

because of the smallest distance. For these reasons, compa

risons of the calculated values with observed values were not 

carried out in detail in the present treatment. The calcu

lated. values which are not influenced by the present approxi

mation were discussed, while for detailed discussion about 

numerical values, the improvement of model is indispensable. 
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However, from the present treatment, the way of treating the 

crystal vibrations and the related quantities systematically 

may be established. 

Sur1MARY 

The symmetry coordinates of the crystal vibrations for 

arbitrary phase d1fference vector were derived in general 

form and were really confirmed by the application of them to 

polyethylene crystal. The lattice vibrations, dispersion 

curves, frequency distribution, the specific heat and Young's 

moduli of polyethylene crystal were treated in regarding 

methylene group as single dynamical unit. The specific heat 

below lOoK were derived as function of 1ntercha1n force 

constants and it \'188 shown that the specific heat ls nearly 

proportional to p-3/ 2 where P ls proportional to interchain 

force constant. The lnterchain force constants adjusted from 

the specific heat below lOoK are Pl =O.025, P2=O.025 and 

P
3

=O.003 md/R, which are in good agreement with the values 

obtained from modified de Boer potential. 

In the present study, the practlcal method of treat1ng 

crystal v1brations and the related propert1es were established 

but the improvement is necessary in crystal model; the 

incorporation of freedom of hydrogen atom. 
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Table-l Symmetrl coordinateB in real number 8~ll~ 

S~(Ag} 

SC(A ) 
Y g 

S~(Au) 

SC(B .) 
x 3g 

SC(B
3 

) 
Y g 

S~(B1U} 

S~(B1U) 

S~(Ag) 

SB(A ) 
Y g 

S8(A ) 
z u 

SS(B
1 

) 
x u 

S;(B1U ) 

S~(B2U) 

S8(B
2 

) 
Y U 

S8(B
2 

) 
z g 

---

Pl(h,k,l)= (h,k,1+1/4) 

P2(h,k,1)= (h,k,1-1/4) 

-X2 +X3 -x4 COS(PtS) 

-Y2 -Y3 +Y4. COB(p28 ) 

+z2 -z3 -z4 C08(P3&) 

-x2 -x3 +x4 c08(P4S) 

-Y2 +Y3 -Y4 

-x3 -x4 

+Y3 +Y4 

+z3 -z4 

':i 
sln(pl~)1 

Sln(p2S)1 

sin(1'3& ) I 
Sin(1'4&j 

P3(h,k,1)={h+i,k+i,1+1/4) 

P4(h,k,1)=(h+i,k+~,1-1/4) 

In this representation, the factor (2N)-i and summation 

about h, k, and 1 are omitted. 

27 



Table-2 Transformation matrix for symmetry coordlnates.V(p~) 
",,~~~ • .erc'~ 

it 1< h, k ,1) .l2 ( h , 1< , 1 ) XJ(h,l<,l) 

- ___ ~7.~ 

l{l:,(:'k~ 
c c s(t)(1) c u 1 u2 uJ ull I 

5(2)(&) c c ..... c i u 1 u2 -uJ -u4 

s s s s ~ 
~u1 u2 -uJ ul~ I 

s(4)(5) 
f 

s S S S \' 
-u l Uz uJ -u4 @ 

! ~ ---,~ .. -"-... --...-.--..-~. '"'-.~~ 

o 0 1 u~ = [a i n{ Pl S) 
cOS{Pl&) 0 0 

o -aln(p.&) 0 
.L - _ 

o 0 U4= fCOS~f4S) 

l 0 

o 0 J u~= ,CS 1n(0'4() 
cOS(P4S) 0 0 

o -Bln(pl}&~ L 
Sin(P4Q) 0 , 

-C08(p4~·i)1 
.J 

P1=(h~k,1+1/4), PJ=(h~i,k+i71+1/4) 

'2=(h,k,1-1/4), P4=(h+i,k+i,l-1/4) 

Xl' X2, XJ and X4 are Cartesian displacement coordinate vector 

of foUr atoma in the unit cell(h t k,l). 
( ) .-~<r:' 2N ~(h,k,l) ls omitted in each term. 
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Ta.bIe-:; Fm:'ce CO;lErtantB and. the equilibrium C ~,sta.nce 

K 

H 

Y 

F 

nurn~ per unit cell force constant 

4 L~. 0 md/R 
Lt 0.59 :md·R 
4 080.4·7 md·R 
4 0.35 .md/R 
! , 

0~O25 'I' 

8 O~O25 

distance 

1.53 R 

4.1.2 

Tnble .... 4 The coefflelont of phalJ6 differences 1n ·the 

dynemlcal m~.tr~.:r fo!' a'JQu~tlc branches .. 

+O.0201P,.. 
.C; 

B1=O.014)Pl +O.0201P2 +O.0110P~ 
..... 

c1= "~O~0201P2 +O.OOOJF
J 

____ ~ ............... _ ........ -.,!'Io _~~_....,."".~ 'tIi!" ti,.~.,.. .. <kT~ ~IVG'_"'" ....... ___ ~ 4iIPt_ ""' ...... 1frOlII ....................... ~_"'~ .... 

B2=O~0035Pl +Oe0124P2 +O~0646PJ 

C2~ +OQ0124P? +O.0161PJ 
~ ............. ~ .... ~~~ q.._CiII!f'_~Cl9IWII (.'"1'0'~ 1IIIi"*'.oII ~""'-.-....,.,,~ .... ." -........,;:!>~ ~.;3I~~_ .,....,....,..-:.".. ......... ~ A ..... ~ .... 

VJ SJ= +O.OOJJP2 

B~= +O.0033P" ..; c. 

+O~003JP" 
t:-

+O.0056p"" 
.J 

+O.0014P3 +0.0620 

1J 1 't. V 2 aud "'] are o.cou8t~1.c br'anch(;8 Ellong the a, band c axes t 

respectively .. 
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, 
_(' (h, k+l ) 

', .. ,I 

" .-'" 
{ .... ' p 2 ( h , k, 1-1/4 ) 

,,'(h+l,k) 
(': 
.... .1 

Fig. 1 Representative atoms and their index vectors 

in the unit cell (h,k,l) 
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Fig. 3 Dispersion curves of vibrntlonal frequency against 

the phase difference along the c axis. 
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Fig. 5 The frequency distribution of polyethylene crystal . 

. The number of vibrat:'oYl..al modes per frequency interval 

of 5.cm-1 is plotted against the vibrational ·frequency. 
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Fig. 6 The specific heat of polyethylene crystal. 

Open circles are experimental values 1 ) and 

solid line shows the calculated values. 
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CHAPTER 11 

NORMAL VIBRATIONS, INrr'ERCHAIN FORCE FIELD, 

FREQUENCY DISTRIBUTION AND SPECIFIC HEAT 

OF POLYETHYLENE CRYSTAL 

II-l I Nrr1RODUCTI ON 

Polyethylene crystal is the simplest polymer crystal 

and the systematic treatment about the dynamical properties 

is of great interest slnce various kinds of the experimental 

results have been obtained. Wunderllch has deduced the 

specific heat of crystal part of polyethylene by the use of 

extrapolation method about the crystallinity referring to all 

the observed values measured by others. 2 ) Tucker and Reese 

have found that the specific heat of the polyethylene crystal 

ls proportional to TJ below 90 K whereas that of amorphous 

part has excess heat capacity corresponding to 9E=2JoK even 

at the lowest temperature. J ) Afterwards Wunderlich has 

confirmed his presumptlve value by measuring the specific 

heat of single crystal of polyethylene. These values seem 

to 11e nearly on the theoretical curve derived by Tarasov5 ) 

who regarded polymer chains as elastic rods with weak inter-

actions between the nearest neighbors. However, Tarasov's 

model cannot be used for analyzing other physical properties 

particularly spectroscopic properties of polymer crystals. 

On the other hand, infrared bands of methylene rocking 

and scissoring vibratlons in normal hydrocarbon crystals 
. 6-7} show band splltting due to intermolecular interactions. 

These band splitting have also been observed in high density 
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polyethylene and their polarizations have been investigated. S- 9 ) 

Now the intrachain potential functions about molecular 

vibrations have been systematically studied and reliable 

force constants are available. 10 ) Especially for n-paraffin 

molecules, detailed analysis of spectroscopic data have been 

carried out. l1 - i
;) The general theory of molecular vibrations 

of chain molecules has already been established. 14-16) 

Accordingly, it is practical to treat dynamical properties of 

po1yethylene crystal self-consistently on the basis of the 

interchain potential as well as the intrachain potential 

functions. 

General method of treating crystal vibrations and related 

solid state properties has been studied1?) and the method 

was confirmed in the preliminary calculation about polyethy

lene crystal, in the preceding chapter, where methylene 

groups were regarded as single dynamic unit. In the present 

treatment the Cartesian symmetry coordinates are applied to 

more realistic model and the frequency distribution, the 

specific heat, the lattice vibrations, the splitting of the 

intrachain vibrations and Young's moduli are calculated with 

the intrachain and interchain potential functions. 

IT-2 CRYSTAL STRUCTURE 

The crystal structure of orthorhombic polyethylene 

crystal has been analysed by Bunn with X-ray diffraction 

method. 1S ) There are four methylene groups per unit cell 

and two molecular chains pass through a unit cell along the 

. c·axis. Symmetry of the unit cell is isomorphous to point 

group D2h • The setting angle of the skeletal zigzag plane 
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with respect to the a axis (8 in Fig. 1) has been reported as 

48.7 0 by Bunn18 ) but the value seems uncertain. Teare 19 ) has 

obtained 47.70 for orthorhombic single crystal of CJ6H74 • 

Salem20 ) has assumed 440 on the calculation of the cohesive 

b t 1 ffi 1 1 Shearer and Vand21) energy a ou norma para n mo ecu es. 

has obtained 41 0 23' for monoclinic CJ6H74t while Smith22 ) got 

42 0 analysing the structure of several single crystals of 

normal hydrocarbon molecules. Snyder has measured the 

intensity ratio of polarized infrared bands which are Biu 
and B2u components of the band splitting and concluded that 

0-6) e should be smaller than 45 • This setting angle might 

depend upon temperature. Since, in the present study, the 

dynamical properties at low temperature are treated, the 

lattice constants at -196°C obtained by Swan2J ) were used 

and was assumed to be 45 0
• The structural parameters used 

are ao=7.155, bo=4.899, co=2.547, d(C-C)=1.54, and 

d(C-H)=1.09 R. The skeletal bond. angle ('C-C-C) is usually 

larger than the tetrahedral angle in normal hydrocarbon 

crystals and 'C-C-C=11i 0 47't calculated from the lattice 

constants, was used while 'H-C-H is assumed to be tetrahedral 

~ngle. 

ll-J POTENTIAL FUNCTION 

Schachtschneider and Snyder1J ) has carried out the 

force field calculation of normal hydrocarbon molecules from 

C2H6 to C14HJO and -(CH2 )n-' They obtained the force constants 

for valence force field which can reproduce 270 frequencies of 

fundamentals within 0.25% of the standard deviation. Since 

five coordinates of six valence angles around carbon atom are 
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independent, local symmetry coordinates were used. The 

definition is same with those used by Tasumi 12 ) whereas the 

transformation matrix is slightly modified as shown in 

Table 1 on account of the depart~re of the skeletal valence 

angle from the tetrahedral angle. The coordinates are shown 

ln Fig. 2. ~rHs ls CH 2 symmetrlc stretching, ~8 ls CH2 
. w 

scissoring, ~O is skeletal bendlng, ~a is CH2 wagging, and 
C 

~r ls skeletal stretching coordlnates which are in-plane 

vibrations. 
H r 

~r a is CH2 antisymme~ric stretching, ~a is 

CH2 rocking, ~at is CH2 twisting and ~t is internal rotation 

coordinates which are out-of-plane vibrations. The potential 

energy matrix for intrachain coordinates are shown in Table 2 

which was transformed from the force constants of valence 

force field except for that of internal rotation. Since 

internal rotation vibration in normal paraffin molecules ls 

so difficult to observe in spectroscopic measurements that 

the force constant is not definite. Accordingly the diagonal 

term of ~t waS adjusted as 0.075 md~ with reference to the 

observed values of the specific heat near 60oK1 ). 

Previously Tasuml and Shimanouchi24 ) have treated the 

lattice vibrations of k=V modes of polyethylene crystal 

incorporating four types of H .... H interaction terms. The set 

of force constants, determined from the band splitting, can 

reproduce the frequency of the infrared active lattice 

vibration. They correspond to the force constants at room 

temperature. The specific heat below lOoK calculated from 

the potential is slightly small. On the other hand, the 

thermal expansion has been found appreciable along the a 

axis, therefore the lnteratomic distances at low temperature 
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are different from those at room temperature. Then the 

effective force constants will vary with temperature. 

In the present study, the same interchain interaction 

terms were incorporsted and the force constants were deter-

mined with reference to the observed values of the specific 

heat below 10oK3), infrared active latt1ce Vibration25 ) and 

band splitting at _196°C 6 ). Thus adjusted force constants 

ahd equilibrium atomic distance at -196°C are shown in Table J. 

ll-4 LOW FREQUENCY CRYSTAL VIBRATIONS 

Derivation of basic equations for the crystal vibrations 

is provided in Chapter I and the same notation is useq here 

without notice. A practical method of treating low frequency 

modes of crystal vibrations are derived here. 

Crystal vibrations are specified with the set of 0 , o~ a L) 

and Qc' which are the phase difference of vibrational dis-

placement between adjacent unit cells along the a, b, and c 

axes, r.espectively. Since there are twelve atoms per unit 

cell, there are thirty-six vibrations for a given set of 

phase differences. Accordingly, thirty-six Cartesian symme+~ 

coordinates were derived from 

S(S) = ~p U(p,S)X(p) (2.1) 

U(p,S) is an unitary matrix for symmetry transformation, 

which is given in Table 4 and explained later. The symmetry 

coordinates are represented as linear combination of real 

normal coordinates of crystal 
~ 

S(S) = M
S

- 2 LS(o)Q(o) (2.2) 

LS(S).iS an eigenvector matrix of the dynamical matrix and 

is normalized to unity. The dynamical matrix and its eigen

value matrix are given by (2.3) and (2.4), respectively. 
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()s(&) MS -~P s (& )(vJS 
-~ (2. J ) = "-

-1\( &) = LS(&)OS«(t)LS(~) (2.4·) 

r;(&)LS(~) = E (2.5) 

Since the dimension of 0S(&) is 36, diagona1ization of DS«) 

for many values of & requires excessively long computati~n. 

hours. On the other hand, the preliminary calculation shows 

the vibrational frequencles change sensitively with 0c whereas 

the~ vary little with 0a or Ob. It comes from the fact that 

the intrachaln force constants are much larger than the inter

chain force constants, that ls, from the large anlsotropy of 

the force field of the crystal. Accordingly, the actual 

computation was carried out in two steps'described below. 

At the first step, the dynamical matrix corresponding to the 

intrachain potentlal was dla~~nalized. Then, at the second 

step, the interchain potential was incorporated and the 

corresponding dynamical matrix was diagonalized. 
M C Supposing FSand F'S are the potential energy matr-ices 

of the intrachain and interchain potential, respectively, 
M . C 

then Ps depends only upon °
0 

while' ~S depends upon aa' ob 
and 8 ~ The dynam ical matrices DSM( 8 ) and DSC (8 ,ob' ° ), c C B C 

M C 
corresponding to FS(Oc) and FS(Oa'Ob'Oc)' are derived in 

accordance with (2.J) as 

O ( ~) DM(~) + DC(~ ~ ~) S ~ = S °c S °a,ob'oc (2.6) 

where 

OM(8 ) = M -~FM(8 )M -i (2.7) 
s c s s c S 
C(~ ~ ~) -~ C( ~ ~) -k ( ) Os 0a,ob'oc = MS ~FS 0a,ob'oc MS . 2.8 

D~(8c) is faotorized at least into four diaeonal blocks 

d tIJ 
(8 ) (K=1···· 4) each of which is a nine dimensional matrix 

KK. C 
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and ls associated with the symmetry coordinate vector chara

cterized by SK(&) of Table 4. Since the following relations 

is relatively small and the eigenvectors of lntrachaln optical 

vibrations are little influenced by the interchain interactlons, 
M 

and therefore LS(Oc) ls almost identical with LS(Oa'Ob'Oc) 

for twenty-four modes above 700 cm-i. However, the remaining 

eight modes (acoustic branches of single chain) are strongly 
C influenced by 0S(Oa'Ob'Oc). Accordingly, the eight columns 

corresponding to low frequency modes are picked up and brought 
M into Ll(oc)' a new matrix of )6 rows and 8 columns. The 

; M 
similarity transformation of bS(8) with Ll(Oc) yields 

HS(Oa'Ob'Oc) = ~(oc)[b~U\~j + O~(Oa,~\,Oc)JL~(Oc) 
M ..... M· C '·M = 1\1(Oe) + Ll (5c )bS(ba 'Ob;oc)Li(Oo) (2.9) 

where 1\ ~( 6e ) is an El igerlv~ltH3 tnEitr'lx bf ltjw frequency 

lntrachain vibrations. Thus dirived Ils( 0a' ob' 0c) is a 

dynamical matrix for low frequency crystal vibrations. 

Supposing LH(Oa'Ob'Oc) ls the eigenvector matrix of HS(oa,8b , 

0c)' then the corresponding eight columns of LS{oa'Ob'Oc) 

are calculated from 

(2.10) 

where L~(Oa'Oh'Oc) ls ()6)(8) submatrix of LS(Oa'Ob'Oc) and 

1\ H ( 8) = r:; ( & )I-I S ( 8 ) L {/ () ) ( 2 • 11 ) 

L1I(8)LH(&) = E (2.12) 
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The {~()ord i n8tns, v,rh 1ch are shifted by 11./2 1 n phase angle from 

the present; symmetry coordinates, form degenerate pair with 

the prcocnt coordln.qtes while the existence of center or 

1 nverG lon removes Dr; (?)), the cross term betlt-leen tlt-10 types of 
L 

coordlnntcs in the doubled dynamical matrix (section 1-3). 

TherefoJ'c, 1 n this CQSC, the lIermi t ian matrix (complex 

dynamical IIlntrix) ls trnnsformed 1nto two identical rea1-

number :~ymrnetric ITl,qtrices. 'rhe other symmetry coordinate 

veL: tor 01' LIlO (lep;enerRte p,qir may be p;ivenbythe symmetry 

t.rans['opmat.lon D(p,i)). '1'hon the atomic displacement vector 

nr')t~()rnR in /Ytll untt cell is derived AS 
.__ 1 .-....I 1 

X(p) == ;~ U(p,(j)M;:f~Ls{:))')«)) + U(F,8H1~2LS· (o)Q(S) (2.13) 
~ ~ . ~ 

t:\r!JerF~ {~(;j) and (i( ()) nre deF~enerate pa ir of real normal eoord 1-

nnte vectors. In the present approximation, the atomic dls-

pla(~e:nenL due to low t'rc'1uency crystal v ibrat ions is 

represented as 

(2.1h) 

~'Jl1ere Q( (}) 11 and 0:( 0) 1I nre degenerate pair of vectors of eight 

norrn:ll C oord i na tes correspond t ng to low fre'1uency modes. 

The equation (2.1/.).) ls of' great importance in treating the 

neutron sl'ntterlnp; cross seetl.ons and temperature factor of 

X-ray dlffractl.on. 



ll-5 ~'~HHIjE'l'HY COOBIHNA'l'ES 

Symmetry coordinAtcs arc constructcd in accordance with 

the consideration Gf the prcceoinp; chapter (1-4). As n=12, 

ns:o::J, lTIBdt t ~1=H1 ' H?, C) 1 n this case, there are three set of 

tVJelve symmetry coordinates. Both of S( (}) [lnd X(p) in (2.) ) 

01'0. vec tors 0 f ut'r1e r 36 8.hr"1 thcy ::Irc re presented with 

subvectors 5 K (&) Rr~ Xj(p) of ninth !order, respectively 

;(?i) = [ ;?r Uj) ;,)2 ( >:) --;:3, <;:) ;i1 i ): )J ( 2 / ) ~ (I ." \. (J, ,) I," • 1 0 I 

Xcp) = [~(p) X;(p) X~)(p) X;/pU (?17) 

~, 11: ( <;: , t 1 . i t ( ) f S I, ( " , 1 J [' 1 1 •. ) u)!1 Wrl en ,8 0 eOlllpol1clL (kX,;r,'Z..O i)" S (0. no( nE; 

three component subvectol' by 
,,/ "..........., ....-...-.. /""'-' 

SK(8) ~r~K(~) 5 K(8) SK(a) J 
- x y z 

(2.18) 

,1'-..." ,- 11 1 J (' 
~; i< ( 0) = I s :~ ( ()) 1 S K ( 0) 2 s K Pi ) J J 

n '- '!Y ()' (/ 

l:Jhcrc (3 in 8 K (;))13 (~har8Gtel'lzes the type or atoms in the 
( y 

unH; cell ns indicnted in i"lg.1 nnd Yi denotes the type of 

SYflllfl()tr.y coord in.'1Les and cr reprcse nts tho Cartes i8.n component. 

'l'he index .i 1 n X.i (p) ls I~ 1 ven to e8(:h methylene p;roup and 

there fore X:
i 
(I') is ni ne (~OtrlpOHent veGtor 0 r Cartes lan 

d lsplaeement coord 1. nntos () r .i- th methylene group in p- th 

unit cell. 'I'hc index vec~!;or of atoms in the p-th unit cell 

is written simply ns fJ' 

PI - (h, k , 1 +1 / / lJ 

I'? - (h,k,l-J/h) 

PJ- (h+Lk+Ll+l/4) 

PI _. (h+ ~ , kt ~ ,1- 1 / I~. ) .,. 

nnc1 the cons t j Luont subve(: tors fJre I~i vcn by 

t\(y j (I') ::: G!(~,11 t\!f\l? I\I<{ J 
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where 6.a j (a=x, y, 7.) is the fX component of' atomic d lsplaeelllGut 

vector of 1.1.-th atom in the j-th methylene group. Each element 

of U(p,~) of Table 4 relates subvector SK«i)(Y with subvectoY' 

6.fi
j

, therefore each element denotes three dimensional 

constant matrix. 

II-6 RESUL'l'S 

1,Ior the set of 8 =8 b=8 =0, the symmetry coord i nate s 
a c 

belong to one of the irreducible representations of point 

p;roup D2h" 
, K 

'rhe symmetry property of S «() 0' and its spec les 

are shown in Table 5. Prequencies of k=O vibrational modes 

were obtained from DS(O) and the calculated band splittings 

are compared with the observed results6 ) in'rable 6, where 

branch number follows 'l'8sum i 's notation 12). 'r'he calcu18 ted 

band splitting of CIl2 scissoring, 11
2

(11.), and CH2 rockinp;, 

v8{n), are slightly smaller than the observed values at 

-196°c, since the observed value of the specific heat below 

lOOK has also been referred in the adjustment of the inter-

chain force constants" 1)5 is skeletal bend inv, branch and 

119 is internal rotation branch, ooth or which would be 

acoustic branches of an isolated chain. In the crystal, 

three or them, that :ls, 1I~(n), t'Q(n) and 1I
5

{O) are the 
) / 

limit of acoustic branches associated with three translations 

along the a, b ano c axes, respectively. '1'he remaining five 

modes are optiCAl modes of lattlce vibrations, whose 

calcula ted rrequenc ies nnd modes are shown in I"if!,. J. 8
1 

u 

and 8 2 are infrared active while {I. and 8 1 are Raman _u p; ~r.; 

active. Au is optically inactive mode. 
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, 
The dispersion curves of vibrational frequency against 

phase dlfference show drastic change aloYlfT, 0c whereas they 

chal~e little along 0a or Oh' As an example, the dispersion 

curves 8long 0c for 0a==Oh==O is shown° in 1"1p;. 4. Since, on the 

variation of On' the eight moaes chaYlf~e from pure lattice 

vibrations to the intrachain vibr8tions such as skeletal 

hending and internal rotation vibration, the dispersion curves 

along ° hecomes similar to those of isolated chain. On the c 

other hnnd, when & ==0, the interchain potential does not conc 

trihute to lhttice vibrAtions but the contribution of the 

lnterchain potentlal to lattice vibrations varies with 0a or Ob" 

'rherefore, the dispersion curves 8long ° and 01 are similar a 1 

to those of molecular crystals 26 ). All of the dispersion 

curves along the special direction tn the first Brillouin zone 

are calculatea and descrIhea in Chapter IV. 

J"requenny cl istribut ion was made with the method deser ibed 

in section 1-6. As the representative vnlues of ° and °1 , a ) 

( 0 0 °0 0 0 0 0 0 0) nine points 10, 30 , 50 , 70 t 90 , 110 , 130 , 150 , 170 

(
00 0 0 060 and as those of 0c' ten points 0, 5 , 10 , 20 , 4o, 0, 

o 0 0 0) 90 , 120 , 150 ,180 were 8dopted. For each of these 810 

pOints, HS«i) was derIved I':md diap;onall;:ed. 'rhe vlbration8.1 

f'rerjuencies at the intermedinte points between the represen

t8tive points, were interpolat(3d at 20' intervals of 0" with 
v 

-1 
(1.16) and thus A.hout 350,000 froquencles below 700 cm 

were collected in the frequency (11strlbution. In a 

histop;r8m of J"lg. 5, the fraction of number of vibrational 

modes ls drawn af~8inst the frerjucTI<!Y d lv is lon of It -1 em 
-1 Two prominent pealm at 560 and 19() cm correspond to the 



cut-off of the sl<eletal bend in[!; and the internal rotat ion 

vibrations, respectively. These ~eaks had been anticipated 

. 12 ) 
from the normal coordinates treat~ent of isolated chain. -

From the present study, several new peaks are expected. 

-1 rrhe broad peRk near 150cm arises from in overall rotntory 

vibrations around the chain axis. -1 '1'he peak at 90 cm is dne 

to the antiparallel.translatory vibrations perpendicular te tLe 

chain axls. The broad peak near 60cm- 1 is associated with 

the antiparallel translatory vibration alon[!; the chain axis 

which is really invariant on the change of band bt but a l) 

varies rapidly with b. '1'he existence of these peaks have c 

been, 1 n fnc t, (~ont' i rmed hy the enerp;y spec trum of neutron 

27 ) inelastic scattering. However, the cross section of neutron 

inelastic scattering depends upon the atomic displacement 

besides frequency distribution, it is treated in detail 

in Chapter VI. 

The specific heat below 1500 K was calculated from (1.19) 

A.nd the f'rerjuency distribution where the distribution futletton 

used ls for every wave number and is normalized to 2 per CH
Z 

p;roup In !"lp;. 6, the c!3.lculated speeific heat Is compared t1ith 

the observed values. Solid line denotes the calculated value 

and open cireles represent the experimental values extrapo

lat8d to 100% crystallintty by Wunderlieh1 ). <iood agreement 

o Near 100 K the intrauhain optical 

modes bep;in to Gontribute to the spet~lrlr.~ heat and it is 

shown in Table 7. 

Younf~'s moduli perpendieular to the chain axis depends 



primarlly upon the lnterchain potential, because the force 

constants of the intrachain coordinates are much larger than 

those of the interchaln coordinates. Young's moduli were 

rlerj V8''l ] n the preeed inp; chapter (1-8) under the assumption 

of rjp;id molecule. From the present potential function, 

v t 1 1:1 dl 1 to the chain axis at -196°C J(llHJI~" s tnO(,U . perpen cu ar _ 

vJere cah:ulated as 

E :::: 7.0 
a 

10 2 (x 10 dyne/cm) 

and Poison's ratio were calculated as follows; 

(Aa/no):(Ah/bO):Q == 1.0 : -0.4 : -0.7 

(under tension along the a axis) 

(Aa/flO):(Ah/bO):Q = -0.5: 1.0: 0.3 

(under tension along the b axis) 

I'"l'cm the Po is on 's rat 10, the length of b axis becomes shorter 

Hncl the rnole(!ulnr chain rotates to the a axis when crystal is 

1 1 t l i .~nl{urhda et a"1.28a) have measured <. rnwn n. o III '; ,,18 a ax S. In cA 

t.he Young's moduli perpendicular to the chain axis with the 

UGe of X-ray dlffraction technique. The observed values 

were Ea =J. 1 rmc1 Eb =3.8. Becent1y the measurement has been 

carried out aF(ain on less branched polyethylene sample and 

t~lUG improved value is E =5.0 while the diffraction spot was 
n 

too 1tlG:=ll{ ['or El> to be observed. 28h) Muller29 ) has measured 

the linenr cOlllpressibiltty and obtained Ea==10 and Eb==9.0 Tor 

C.?J11hBo As Cor the interchain potential, normal paraffin ls 

nlrnost ident1cnl with polyethylenc and Muller's values are 

81so appl1cal)le to pol yethylene crystal. Younp;' s moduli 

calculnted ['rom the present potential is intermediate of 
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two observed values. 

JI-7 DISCUSS IONS 

Remarkable development in the present study lies on 

makinp; use of liS (~), the dynamical matrix of low frequency 

crystal vibrations. Great care was given to get correct 

M( ~ ) , LS () c and to lmow the lim1 cat ion of the exactness of the 

c3lculacerl results. As one of the examlnatlons of the 

present treatment, the eip;enfrequency of crystal vibrat10ns 

for arbitrary phase difference was obtained fiiom the dia-

p;onalizatlon of 0S(S). The eip;enfrequencles of HS(~) are 

compared It!i th those from DS ( ~) 1 n 'lIable 8,; As 0c p;ets 

M larger, Al(Oc) becomes larp;er and thert the perturbation 
C 

hy DS(S) has less effect upon AH(8). '['he deviation of the 

clgenfrequency of ~S(8) from that of VS(~) was conflrmed to 

be at most 3 cm- 1 Since the frequency of lattice vibrations 

of k=U modes is calcula~ed directly from DS(U), it Is exact 

though the peak position in the frequem~y distribution is 

justified within 3 cm-l. 

'rhe intrachain potentlal function obtained by Tasumi 12) 

Is very similar to Schaehtschneider's potential except for 

the sJ<e letal bend i nr; force constant. The former p;i ves the 

(~ut-off of the skeletal bending branch near .50ocm- 1 while 

the latter glves rise to the cut-off 8t S60cm- 1 • Schaufele JO ) 

has measured the frequency of aceordlon vibrations of various 

normal hydroearhon erystals with laser HaITIan spectrum and 

6 6 -1 . 
found the BaHlan lines ac 53 and 55 em for C94H190. 

'l'herefore the Gut-off oC the skeletal bend 11'1p: branch might 



be above 500 cm- l . Younp;'s moduli along the chain axls 

calculated from Tasuml's potential is comparable with the 

observed value 2 8a) . and that from Schachtschne ider ~ s le! a 

little larger. Since the complete single crystal is not 

used on the measurement of Young's moduli of polyethylene, 

the observed value mi~ht be the least limit. At the present 

stage, the observed frequency of laser Raman spectrum seems 

more reliable than the YoU!1f.?;'S moduli, the intrachain 

potential function obtained by Schachtschneider13 ) was adopted. 

1'he diagonal term of f',t is commonly set to be 0.10B mdl( for 

many hydrocarhon molecules. 'rhe vibration is optically 

inactive for planar zip;zap; structure and the presumptive 

value from C2H6 is not always appropriate to polyethylene 

crystal. On the other hand, the specific heat from 300 K to 

70 0 K is fairly sensitive to peak position of internal rotation 

branch. Accordi~ly, the force constant Was adjusted as 

0.075 md~ so as to reproduce well the specific heat near 

600 K with trial and error method. 

The calculated specific heat deviates from the observed 

o values above 120 1<. 'rhoup;h seven freedoms are left per one 

methylene group, the contribution of methylene symmetric 

and anti-symmetric stretchinp; vibrations are negligible below 

1500 K. Approprlate representative frequencies were picked 

up from the dispersion curves of isolated chain and their 

contribution to the specific heat was calculated. Thus 

estimated value is as large as 0.002 at 1000 K and 0.0)8 at 
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1500 K which are mainly due to methylene rock1ng vibrat1ons. Even 

if the contribution of optlcalbranch ls added to that of 

lattice vibrations, the calculated value is slightly smaller 

than the observed one. Anharmonicity of the potential 

function would induce the mutual interactionof normal coordi-

nates and also rnai{e the separation of vibrational enerr;y 

levels smaller. The additional heat capacity due to these 

two effects is proport1onal to T at relatively high tempera-

ture. Accordingly the incorporation of the anharmonicity 

might improve the calculated value of the specific heat. 

rr'he lattice vibrations for 0a=~\=8c=O depends upon the 

interchain force constants. 'rhe eir;envalues of five optical 

modes are given by 

A A. == O.1117 P
1 + O.1260P2 u z 

B
iu A = O.4127 P

1 
+ O.1100P2 + O.0408P

J Y 

B2u A. == O.0460P 1 + O.JJ/+JP2 + O.244 JP
J (2.23) x 

B 
3fT, 

A. .. rot-- 1.30J2P
1 + O.OJ 0 3P2 + O.lJ65P

J 

A A == O.OO16P
1 + O.9480P2 + O.4914P

3 g rot 

where A. is (4n2c2v2xl05/No)(No;' Avo~adro's number) and Pi 

1s the interchain force constant represented in (mdyne/~). 

When the settinp; angle (Q in I"ip;. 1) is altered, the coeffi

cients in (2.23) chanp;e a little. Schaufele31) has measured 

Raman effect of polyethylene with laser souree and found two 

Raman lines at 167 and 122 cm-l. 'rhey are not confirmed to 

be due to lattice vibrations of the crystal. The frequency 

of H
3

., calculated from the present potential ls in close g 

agreement with one oJ;' the observed values (122crn- 1 ), whereas 

the other is not in so ~ood agreement. Infrared active 
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lattice vibrations are calculated at 73CIlI-1([\lU) and 93cm- 1 

-1 (B2u ). Ono of them has .been really observed at 73cm 

(2980 io 32 ) and at 79cm- 1( iOOo K)25). It has been confirmed 

that the band Gomes from the crystal part of' polyeU~Ylene25) 

and that the band shows reasonable shtft by deutration33 ). 
. '1';' 

The polarization of the, band was measured to be parallel to the 

aaxis 3h ). Since BiU includes dipole moment along the a 

axis, the ass1gnment became confident. Dean and Martln35 ) 
. 

has found the other band at 109cm-1 at 2o K. 1I0wever, the 

band ls so weak that it is not definite, at present stap;e, 

for the band to be due to B2u lattice vibration~ 'I'hour;h 

we have measured the far infrared spectrum 6f hip;h density 

polyethylene at 700 K with thick sample, we could not find 

sharp absorption peak. Ifurther 1nvestigation is necessary t 

especially on the dependency of the band :intensity upon 

the crystallinity. 

'rasumi and Kr1mm36 ) has studied the reason of the 

weakness of the infrared band of B2u lattice vibration. 

'1'he possibility that only HIu band borrows the band intensity 

from '-\u component of methylene rockinp; vibration was 

concluded to be unlike. 'rhe assumption thF.it two bands overlap 

at 79cm- 1(at 77°K) lead us to unreasonable set of force 

constants. 

'l'he dipole moment of methylene group is so small that 

dipole-dipole interaction or -multipole interaction mip;ht 

not be s ignif ieant. 'l'asumi and Krimm36 ) has examined 1. t 

theoretically and shown that the frequency of lattice 
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vibrations is little influenced with dipole interactions, 

though there was some ambiguity about the posltion of dipole-

moment of methylene group. Accordingly van deI' Waals' 

potential seems suffic ient as for interchai n H,···H interac t ion. 

On the other hand, Ilarada and Shimanouchi 37 ) have treated 

the lattice vibrations of benzene crystal, assuming several 

types of intermolecular potential between carbon-hydrogen 

and hydrop;en-hydrogen •. '11he force constants adJusted with 

reference to the observed values of band splitting and 

lattice vibration lie on the reasonable curve with regard to 

the atomic distances. rrom the curve, the force constant 

for C· .. ·I-I coord inate In polyethylene is presumed to be at 

most 0.0028 md/~ for the shdrtest distance of 3.21~. As 

shown in ["ip;. 7, the atomie distances for C .. ··H is relatively 

large. Accord inp;ly the C· .. ·II potential might contribute 

little to the frequency of lattice vibrations. 

In the present study, any analytical {'unction is not 

used on the determination of the interchain force constants. 

In this sence, the Corcc constants obtained here are 

experimental. On the other hand, theoretical potential 

function of nonbonded h.vdrop;ens have been studied in various 

way.38 ) Since the rorce constant is the second derivative 

of the potential function, the values at the corresponding 

atomic distances in polyethylene erystal were estimated from 

these theoretical potential functions and are shown In 'rable 9. 

'rhe band splt tting fo!' methylene rocking and sc lssori ng 

vibrations and the frequency of [~lU lattice vibration, 
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calculated from the force constants, are also shown in Table 9. 

The sets of theoretical force constants provide commonly large 

band splittinp; for methylene rocki11f': whereas small value for 

methylene scissoring vibration. 'llasuml's set of force cons-

tants p;ives rise to good fit· to the observed values of band 

splittinp;s and 13 1u lattice vibration but the specific heat below 

lOoK calculated from it is slightly small. The result 

suggests that the unique set of interchain force constants 

is difficult to obtain and the least square method with 

reference to the reliable observed values mip;ht be practical. 

In our treatment, the band spllttlnp;s of methylene 

rockinp; vibrations for several values of b 6) were incor
c 

porated into least square calculation by the use of first 

order perturbation method. Taking many points of 0c for 

methylene rocking leads to put high weight on the vibr'ation. 

'llherefore the least square method involves some ambiguity about 

weighting. Hep;ardless of the \118 19ht, the analys is yields 

P 2 < P3 \'1hereas the interatomie distance is contrary. 

Several reasons may be pointed out. First, the uncertainty 

of the experimental value of setting anp;le (Q) mal\8s the 11·· .. 1-\ 

distances obscure. For reference, the inter-hydrop;en distances 

at -196°c for three settinp; anp;les and those at room tempera

ture for Q=42o(Smlth's mode122 )) are s~own in Table 10. It 

is obvious that the order of atomic distanee depends upon 

temperature and the settinp; anp;le. Seeondly, the electron 

cloud of composite atoms in molecular crystal is not always 

spherical, and the potential curve of nonbonded atoms might 
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depend upon the direction39 ); For instance, P3 term which 

is in outer side of methylene group might be more similar. to 

usual spherical H····H potent ial than P 2 term which passes 

inner side of methylene p;roup. Thirdly, extremely 

anisotropic thermal expansion is observed23 ),40-41) along the 

a axis and the order of the atomic distances might change 

even below 77°K. 
On the other hand the thermal expansion and temperature 

dependency of infrared band of B
1U 

lattice vibration suggest 

that anharmonicity of the potential function is not disre-

I garded at higher temperature. Theoretical development 

about the treatment of anharmonicity in crystal vibrations 

would be the urgent problem for the future improvement. 

SUMMARY 

The low frequency modes of lattice vibrations of poly

ethylene crystal were treated with the use of IlS(~) matrix. 

The approximation makes computation time much shorter than the 

straightforward method and the result is correct within 

the limitation of 3 -1 cm • 

As the intrachain potential, the force constants obtained 

by Schaehtschnelder and Snyder were used where the force 

constants of internal rotation was adjusted as 0.075 md~ 

with reference to the observed specific heat near 60oK. 

As for the interchaln potential, four types of H····H lnter-

action terms were incorporated. The force constants were 
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adjusted from the observed values of the specific heat below 

lOoK, the frequency of Blu lattice vibration and the band 

splitting of methylene rocking and scissoring vibrations. 

r -1 rhus the frequency distribution below 700cm , the specific 

o heat below 150 K, Young's moduli perpendicular to the chain 

axis, the frequency of lattice vibrations for k=O modes, 

and the band splittings of the intrachaln vibrations were 

calculated, in good agreement \,lith the correspondtw, 

observed values. 
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Table-1 Matrix Element of Symmetry Transformation 
_____________________________________________ . __________ __.1 a~ 
.. ~I"iii8 OIl ,"dZ;:;; _ . ,. 

6°1+1/4 

61 1+1/ 4 0.915317 -0.175597 -0.181218 -0.181218 -0.181218 -0.181218 

6°1+1/ 4 0 0.888666 -0.229278 -0.229278 -0.229278 -0.229278 

w 
6a1+1/4 0 -0.5 -0.5 

Y' 
6°1+1/4 0 0.5 -0.5 

t 
6a1+1/ 4 0 -0.5 0.5 

-------------------------~~ 

6r~:1/4 (1/2)& 

A~Ha (1/2)~ u';'1+1/4-
~WJ'.."..lI~ .• f"f!~:;:; aa:.r;._~~~ 
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Table-2 The Intracha1n potential Energy Matrix of polyethylene 
cea a4U:W:Z, 

lJ. He 
rl+3/4 

lJ.° l +3/ 4 

lJ.l1+3/ 4 
\t' 

lJ.ai+3/4 
C 

lJ.rl+~ . 

lJ. Ha 
r 1+1/4 

lJ.°1+1/ 4 

lJ.l1+1/ 4 

lJ.a~+1/1~ 
lJ.rC 

1 

-
lJ. Ha 
rl+3/4 

r 
lJ.al +3/ 4 

t 
lJ.a1+3/4 

lJ.tl+~ 

H 
lJ.rl~1/4 

lJ.af+1/4 
t 

lJ.a1+1/ 4 
lJ.t l 

==$W 

4.562 

o 

o 

o 

o 

o 

o 

o 

o 

4.530 

o 

o 

o 

o 

o 

o 

o 

0 • .575 

0.121 

o 

-0.117 

o 

0.008 

0.030 

. 0.029 

-0.117 

0.705 

o 

1.024 

o 0.627 

0.225 -0.261 

o 0 

0.030 -0.029 

0.122 -0.068 

0.068 -o.Ohl 

0.225 0.261 

0.659 

o 0 0.075 

o 0 

0.065 0.065 

-0.065 -0.065 

o 0 
.... " 
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b 

o 

o 

o 

4.427 

o 

o 

o 

o 

0.064 



Table-J The Interchaln Potential of 
Polyethylene Crystal 

2.879 

2.712 

2.505 

2.502 

P(md/R) 

0.0042 

0.01°1 

O.006l} 

0.011 2 

iTP I L 

n 

8 

8 

4 

4 

d; inter-atomic distance at -i96°C. 
P; the force cohatant of the inter

molecular potential. 

n; the number of the potential terms 
per unit cell. 
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Tlble-4 Unitary matrix for sy~~etry transformationU(p&). 

6x1 6Y1 6Z 1 6x2 6Y2 6z2 6XJ 6YJ 6Z J 6x4 6Y4 6z4 ---_._-_. -.------.--- ----- ------_._-----_ . ..-.-----_ ... .---.. -.. ---

S1(&)x +c1 0 0 -c2 0 0 +c
J 

0 0 -°4 0 0 

S1(&)y 0 +c 1 0 0 -C2 0 0 ",c
J 

0 0 +c4 0 

S1(&)z 0 0 -s1 0 0 -°2 0 0 -sJ 0 0 -134 

S2(&} +c 1 0 0 -c2 0 0 -cJ 
0 0 +c4 0 0 

x 
S2(&) 0 +c 1 0 0 -c 2 0 0 +oJ 0 0 -c!~ 0 

Y 
S2(&) 0 0 -s1 0 0 -°2 0 0 +B

J 
0 0 +84 z 

S3(&)x -° 1 0 0 -°2 0 0 -sJ 0 0 -84 0 0 

S3(&) 0 -s1 0 0 -82 0 0 +D
J 

0 0 +84 0 
y 

S3(&)z 0 0 +c1 0 0 -c2 0 0 +cJ 0 0 -c4 

S4{S) -s1 0 0 -32 0 0 +OJ 0 0 +B4 0 0 
x 

S4{S) 0 -s1 0 0 -82 0 0 ",oJ 0 0 -131 0 
Y 

.~ 

S4( &) 0 0 +c1 0 0 -c2 0 0 -cJ 
0 0 +c4 z 

c
j 

denotes three d1mans1onnl constant matrix of COD (p .1 &) • 

8.1 denotes three dimensional constant matr1x of aln(Pj1)· 

Table-5 Symmetry propert1es of Cartesian symmetry coord1nates at &=(1. 
E CB 

2 
cb 

2 
CC 

2 1 age bc) ag(ac) ag(sb) species 

s1un x,y 1 1 1 1 1 1 1 1 A 
g 

S1{S) . 
z 1 -1 -1 1 -1 1 1 -1 BJU 

S2(&) x,y 1 -1 -1 1 1 -1 -1 1 BJg 
S2(8)z 1 1 1 1 -1 -1 -1 ... 1 Au 

SJ(&) . x,y 1 1 -1 -1 -1 -1 1 1 B 1u 
SJ{S) 1 -1 1 -1 z 1 -1 1 -1 B 2g 

S4{S)x,y 1 -1 1 -1 -1 1 -1 1 B ZU 
S4(S) 

z 1 1 -1 ... 1 1 1 -1 -1 BIg 
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Table-6 The Splitt1ng of Intracha1n V1brat1ons 

branch symmetry and wave number t:.v cal t:.v b o s 
v1(0) Ag 287.3 BJg 2869 4 

v2(0) Ag 1441 BJg 1457 -16 (-24) 

vJ(O) B3u 1115 Au 118J -8 

v4(0) Ag 1130 BJg 1129 1 

v5(0) B3u 0 Au 54 

v6(0) Ag 2936 BJg 2940 -4 

v7(0) Ag 1167 BJg 1168 -1 

v8(0) BJu 1090 Au 1086 4 (6) 

v
9

(0) Ag 146 BJg 121 

v 1 ('It) B1u 2854 B2u 2856 -2 0 

v2(n) B1u 1482 B2u 1412 10 13 

v3(n) Big 14Jl B2g 1428 J 

v4(n) B1g 1079 B2g 107J 6 

v
5

(n) B1u 0 B2u 92 

v6( n) B1u 2917 B2u 2916 1 

v7(n) B 1g 1J14 B2g lJ18 -4 

va(n) B1u 122 B2u 112 10 1J 

11
9

(1t) B1u 72 B2u 0 



Tab1e-7 The specific heat of po1yethy1ene crystal 

Temp. (oK) Cv/R(oba. } C IR v (ca1c.) 
1att1ce lntrachain 

10 0.0162 
20 0.1129 0.0953 
30 0.2548 0.2322 
40 0.4045 0.3895 
.50 0.564 0 • .547 
60 0.703 0.692 

70 0.828 0.819 

80 0.939 0.929 
90 1.042 1.02,$ 

100 1.136 1.108 0.002 
110 1.228 1.18l 0.004 
120 1.298 1.2/-#-6 0.008 
130 1.376 1.305 0.014 
140 1.454 1.357 0.023 
150 1.525 1.404 0.038 

.-~-----.-- ._---- --.... ~-----.-'-----:---- ~-----. 

Tab1e-8 The e 1gen-frequotlcy for 0 =Ob=O =0.1 (cm -1 ) a c 

symmetry fAt 0=0 v_ fro~._ De_~_~_) _~ _!~om _~~_~________ _ __ __ ._ 

Ag 146 147 
B3g 122 122 
B1U 72 73 
B2u 6.0 6.1 

B3u 36.3 36.3 
Au 65 65 
B1U 4.6 4.6 

. _____ B2u _ ----_. __ ._- -.~.~ .-- ---. _ ~? _._-- -.-----------
DS(S) 1s the or1gina1 dynamical matr1x whose dimension lD ;6. 
HS(S) i8 the dynamical matrix for low frequency lattice 
vibrat10ns whose d1mens1on ia 8. 
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Table-9 The Intermolecular Force Constants from the 
Theoret1cal Potential Funct1ons. 

~ .. • !RE 

P1 P2 P; P4 lWrock 6vbend v(B1u ) 
I 

Barton 0.0021 0.0046 0.0120 0.0120 16 1 56 
H1ll 0.0006 0.0016 0.0053 0.0054 6 4 ); 
Eyrlng 0.00;9 0.0080 0.0195 0.0197 26 ; 75 
W1nste1n 0.0018 0.0042 0.0118 0.0120 15 1 54 
Hencirlckson 0.0026 0.0055 0.0144 0.0145 19 2 62 
Hencirlckson 0.0026 0.0057 0.0152 0.015; 20 1 6'; Bartell 
Barton 0.00;0 0.0066 0.0171 0.017; 22 2 a1 
Bartell 0.0059 0.0117 0.0272 0.0277 ;7 5 91 
MlUler 0.0061 0.0140 0.0;97 0.0400 50 2 98 
de Boer 0.0057 0.0104 0.0210 0.0220 ;1 7 86 
Tasum1 I 0.0045 0.01;; 0.0080 0.02 10 12 79 
Shlmanouchl 11 0.00;8 0.015; 0.0120 0.02 11 11 80 
Present Study 0.0042 0.0101 0.0064 0.0112 10 10 7) 

Table-1O The Interatomlc Distances (R) 
model Temp. P1 P2 PJ P4 
Q=42° 2980K 2.956 2.765 2.769 2.595 
Q=42° 77 0 K 2.877 2.625 2.599 2.5;4 
Q=45° 77°K 2.879 2.712 2.505 2.502 
Q".4So 77 0 K 2.884 2.804 2.417 2.484 
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Fig. 1 Interchaln potential in polyethylene crystal. 
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_,12 ,,~c c H 1H/4 
~ t+1I4 '- 1- !/4 '·'lH/4 2 

Fig. 2 The internal coordinates for intrachaln 

vibrations of polyethylene molecules 
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Ag 141 

e.u 73 

Bag 122 

Au 54 

Fig. 3 Frequency and symmetry of optical modes of 

lattice vibrations (8 =8b=8 =0). a c 
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Fig. 6 The specific heat of polyethylene crystal. 

open circles are observed values 1 ) and solid 

line shows the calculated specific heat per 

methylene group. 
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CHAPTEH ill 

ACOUSTIC PHONONS AND LOW-TEMPERATURE SPECIFIC 

HEAT OF POLYETHYLENE CRYSTAL 

IIT-1 INTRODUCTION 

There nre three acoustic b~anches of crystal vibrations, 

the frequencies of which approach to 0 cm- 1 as ISI approaches 

to O. At the limit of ISI =0, the acoustic branches become 

overall-trAnslations of the crystal along three orthogonal 

directions. In molecular crystals, the frequencies of acoustic 

vibrations depend prlmarily upon inter-molecular potential 

function. 

On the other hand, for extremely small value of I~J, the 

period of atomic displacement becomes lnflnitely large Bnd 

then the deformation due to acoustic vibrations would be 

rep;arded as homogeneous deformation. For instance, the 

lonp;itudinal acoustic vihrations along the a, band c axes 

correspond to CJ
1

, CJ2 and CJ
J 

of the elastic deformntlons, 

respectively. The atomic displacements in transverse Bcoustic 

vibrations are similar to those of CJ4 , a5 and CJ6 • Accordi~~ly, 

the frequencies of acoustic vibrations are represented with 

the macroscopic eInstic constants. 

The specific heat at the lowest temperature depends 

primarily upon the acoustic vlhratlons. Slnce, in the poly-

ethylene crystal, there is no free electron, the specific 

heat is proportional to TJ below 90K.]) The coefficient is 

determined larp;ely from the interchain force eonstants. As 



the experimental data are obtained from careful observations l ), 

the data of the heat capacity are possibly used to adJusting 

the interchain force constants. 

Debyets theory2) on the specific heat assumes that the 

velocity of acoustic phonon does hot depend upon the direction 

of travelling but depends on the type or modes, that is, 

transverse or longitudinal. This approximation ls not valid 

for highly anisotropic crystal such as polyethylene. 'l'he 

velocity of the longitudinal mode travelling to the chain 

axis much higher than the velocity of lo~~itudinal modes 

travelling perpendicularly to the chain axis. Previously 

Oda.1ima has treated the elastic constants and low temperature 

specific heat, assuming de Doer type interchain potential, 

where the specific heat is calculated from E~.(1.23) of 

Chapter I, and deviation of constant frequency surfaces of 

acoustic phonons from ellipsoid had been disregarded. 

In the present study, the velocity of acoustic phonons 

is calculated for various directions of travelling, from 

which the frequency distribution for acoustic phonons and 
o the specific heat below 9 K were calculated. The several 

sets of interchain force constants, deduced from the 
L~ ) 

observed frequency of the B
iU 

lattice vibration and 

the band splitting of methylene rocl<ing and scissorinp; 

vibrationsS), were examined and Ad.iusted so as to reproduce 

o the observed value of the specific heat below 9 K. Thus 

obtained force Gonstants 8re P1:::0.0042, P2=0.0101, P
3

=0.0064 

and P4=0.0112 md/Re The constant fre~uency surfaces of 

• 
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three acoustic branches are calculated under the incorporatlon 

of mutual interactions of the branches. 

TII-2 DyNAMICAL MATRIX FOR ACOUSTIC PHONONS 

The dynamical matrix for three acoustic vibrations can 

be derived in two alternative ways; the perturbation method 

about the dynamical matrix of whole lattice vihrations and 

the equation for elastic waves of three dimensional elastic 

continuum. 6 ) 'rhe former has first .been worked out in the 

present study and explained below in detail. 

The matrix elements of O~(Oc) and D~(Oa,Obt8c) of (2.6) 

are expanded into power series of Ca' Ob and 0c as 

OM (0 ) :::: DO + 2: D i (0 ) ( J • 1 ) 
S c m i m c 

D~(Oa,ObtOc) :::: D~ + t O;(oa'Ob'Oc) (3.2) 

where D~ and D~ include constant terms and D~ and D; include 

i-th power of phase differences. Supposing the eigenvector 

matrix of DSM( ° ) near c 
M 0 [ LS(O ) :::: L E c m 

° =0 is represented as c 

( 3.3 ) 

where LO is the ei~envector matrix of ° =0 and E is unit m (~ c 

matrix, then (3.4) is derived from the condition for LM(o ) S c 
M to be eigenvector matrix of ()S(Oc). 

P(OC)ii = 0 

P(OC).1k = -P(OC)k.l ::::~D~(Oc)L~J.ik/(A~-A~) (3.4) 

where o 0 M Aj and Ak are eigenvalues of ()S(O). Thus the dyn3mical 

matrix for low frequency lattice vibrations, Hc(o ,ob'O') ls 
,:I a c 

obtained in explicit form of 8 , ob and 8 from 
a. c 

I1s( ° 'Ob' ° )=[[:'0 -P( ° )Zo]rDs~( ° )+D~( t) ,bb' 8 jH L 
0 
-L op( 0 )] a c m c m ~ c ,:I a c~l m m c 

(3.5 ) 
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The interaction of acoust1c branches with intrachain 

vibrations has already been incorporated through P(bc ) and, 

1n next place, the interact10n of the acoustic branches with 

optical branches of low frequency lattice vibrations are 

introduced with the use of second order perturbation method. 

The matrix elements concerned with three acoustic bran(~hes 

are represented as 

HA(5)na :::: Acrba 2 
+ BaOb

2 
+ Ca bc

2 

HA(5)aB :::: d oB bcr8a 

( a=a, b, c) (J.6) 

where a denotes the direction of the atomic displacement of 

the acoustic phonon and d aa is concerned with the mutual 

interaction of three acoustic phonons. The coefficients, 

Aa' Ba' Ca and d na are derived as function of the Interchain 

force constants in Table 1. Since the potential term P4 is 

essentially on the bc plane, it does not contribute to the 

coefficient of 8a at all. As the potential term of PJ is 

assumed in ab plane, it contributes neither to the trans-

lational mode alonp; the c axis nor to the coefficients of 

Bc. Since the longitudinal mode alonv, the c axlS includes 

the deformat10n of molecule, force constant of the skeletal 

bending coordinate contributes to Cc 'IJhich Is shown 

numerically in 'l'able 1. 'rhus derived IIA (1)), the dynamical 

matrix for acoustic phonons, was confirmed to well reproduce 

the elgenfrequency of nrit~inr.ll dynamical rn8trlx of the 

dimension 36. The left column of Table 2 represents the 

eip;enfrequency obtained from the diav,onaliz8tlon of l\,(~) 
~) 

and the right column represents that from '-lA (I)), 'IJhere phase 
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difference is set to be 0 ~Ob~O =0.1 radian •. The deviation a c 
is at rriost 0.2 cm- 1 and therefore the present approximation is 

justified. 

On the other hand, macroscopic theory about elastle 

continuum leads to the identical dynamical matrix with acoustic 

branches. Supposing u, v and ware the atomic displacement 

along x, y, and z direction, respectively and X ,X and X x y z 
are external forces per unit volume along x direction on the 

surface normal to x, y, and z axis, respectively, then the 

equation of motion along x direct.ion is represented as 7) 

t· (dX fox) + (oX /'CJY) + (dX /;)z) ( J. 7 ) pu == x y z 
where p is density. rrhe elast ic deformation, defined by 

(Tl ~ au/~x , 0"2 ~ dv/ay, O"J ~ 'dw/~z, 

0"4 = (c;v /oz )+(aw/dY), O"r:. ~ (dU/'CJ Z )+(cntl/d x) 
:J 

0"6 = (au/;:) y ) + (ov /0 x) 

induces the restoring force which is in equilibrium with the 

external force. The external force, \,lhich does not p;i ve rise 

to overall-rotation of the crystal is represented as six 

component vector 

F == C'(J (J.B) 

whe~e C is the elastic constant matrix(c ij ). Then the 

equation of motion is rewritten as 

.. (2 2) 2 2) 2 2) pu=c 11 d u/Jx +c66(d u/~y +c55(~ u/oz 

+(c12+c66)(d2V/dXdy)+(clJ+c55)(a2w/axdz) 

.. 2 / 2 (2 / 2 2 2) pv=c66(o v oX )+c22 d v (J.y )+cl~4(~ v/C)'? 

2 2 
+(c12+c66)(~ U/dXdy)+(c 2J+c 44)(d W/dYdZ) 
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Under the cyclic boundary condition, the atomic displacements 

are represented as plane wave such as 

u = uoexp(iwt-ip~) 

v = voexp(iwt-ip~) 
w = woexp(iwt-ip~) 

where w is angular frequency, p is index vector and & is 

(3.10) 

phase difference vector. Substitution of u, v, and w from 

(3.10) into (3.9) yields the secular determinant for elastic 

waves. 

T 
a 

'r b 

T c symmetriu 

{c 12+c66)OaOb 

aobo 

(clJ+c55)oaoc 

aOc O 

(C 2)+c44)ObOc 

bocC) 
(3.11) 

'rhe eigenvalue of' ().11) is pJ- and aa, bo and Co are lattice 

constants. Ta' Tb' and 'l'c denote that atom le displacement 

is parallel to the a, band c 8xes, respectively. 

When reliable values of the elastic constants are 

available, the equation (3.11) is of v,reat use as it is, but 

'lA/hen potent ial funet ion is reliable and cl j is not ava lIable 

as polyethylene crystal, the equation ().6) mny be applicable. 
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][-3 SPECIFIC HEAT BELOW lOoK 
8) 

With the use of spherical polar coordinate in' 0 space t 

the phase differences are written as 

8 = 101 sinQ·cos0, 0b= 10/sinQ-sln0, 8 = 10lcosQ a c 

t"1here I 0 I is lenp;th of phase difference vector. For very 

small values of phase difference vectors, the frequencies of 

acoustic phonons are proportional to the magnitude of phase 

difference vector, that is, 10\. Supposing vOi is the 

frequency of i-th branch at ° = 00 , then the velocity of the 

h ( ~2 / 2 ~2 Ib 2 ~2 I 2)-~ t P onon is given by VOiC uOa aO+u Ob Oc+uOc Co and he 

phase difference which gives vi is represented as 

/ov/= (vlvOi)lool 
-1 'rhus the constant frequency surface corresponding to 1/ cm 

may be obtained from the diagonalization of the dynamical 

matrix for various direction of 80 , Tn Pig. 1, the constant 

-1 frequency surfaces for v=1.3 cm-of three acoustic phonons 

of polyethylene crystal is drawn in ~ space, where the axis 

of 8 is perpendicular to the paper and the iso-frequency 
c 

contours for various values of B are projected to B B cab 

plarie. 
o The ~olid lines are drawn at 0.5 interval of 8 and c 

other lines are for intermediate values of 8 , written beside c 

the contour lines. 

surrounded by the constant frequency surfaces is 

V(v) = f Jnl2Jnl2JOv 10 ,2SinQ.dB.dQd0 
i=l 0 0 0 v v 

80 
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Then the number of mode between v and v+dv is 

g( v)dv = [av( v)/all] dll = av2 (3.14) 

where the coefficient, "a" is calculated by replacing the 

intef,ral in (3.13) with summation as (3.15) 

3 ~Tt ~n 
a = (1/4n3) ~ ~ ~ (/0 0 //11 i)3s1ng~e6~ (3.15) 

i Q ~ 0 

where the factor (1/4n3) is introduced so as for g(v) to 

represent the frequency distribution per methylene group, 

because the irreducible volume (one-eighth) of the first 

Brillouin zone is n3 in which four methylene groups are 

included. Then the specific heat is derived as 
DO 

(Cv/H) = a(k/hc)3TJj x4exp(x) [exp(x)-l] -2dx 
o 

(3.16) 

where x=(hcv/kT). The upper limit of integral is conveniently 

regarded as infinite because the integrated value is almost 

constant at low temperature for proper v • m 

Since the frequency is altered sensltively withOc ' 

but little with 0a or Ob' ~8=n/90 and 6~=Tt/36 were adopted 

on the calculation of (3.15). Finer division was confirmed 

to yield almost same value. The computation of the formation 

of the dynamical matrix from the interchain force constants 

and of its diagonalization, is short enouv,h to examine 

several sets of the interchain force constants deduced from 

the least square analysis with rer;ard to other observed 

4'-5 ) values • As described in .I -7, the coeff lc ient, "a" of 

(3.15) is nearly proportio~ql to (-3/2)th power of the inter-

chain force constants. The relation ls also of use to adjust 

the lnterchain force constants. 'rhus determined values are 
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'l'he spec if ic heat, calculated from above potent la1, ls 

(C IR) = O.971.10-5tr3 
v a 

(Cv/R)b = O.366.10-5T3 

(C 18) = O.049·10-5T3 
v c 

where the suffices indicate approximate direction of atomic 

displacement in acoustic branches. Because of mixing of 

modes, the definition is not always precise. The contribution 

of acoustic branch along the a axis is the largest in" 

accordance with the largest volume of constant frequency 

surface in Pig. 1. 

The most recent value of the observed specific heat 1 ) is 

C IR = 1.35·10-5T3 
v 

while Wunc1erllch's value 9 ) is 1.90xl0-5T) and Reese's 

previous value 10 ) is 1.67xlO-5T). Since the extrapolation to 

100% crystallinity haR not been carried out in the latter 

two experimental values, it ls reasonable that the calculated 

value is in good agreement with the most recent value. 

1lI-4 DISCUSSIONS 

Prominent difference of the present treatment from Debye~ 

theory lies on the representation of the frequency distribution. 

As long as frequency is proportional to phase difference in 

three dimensional crystal, the fre~uency distribution is 

proportionl11 to 1.,2 and therefore '1') law is derived. lIovlever, 

in Debye theory, the coefficient, "a" of (1.14) is determined 

from normalization about freedom and the specific heat includes 

adjustable parameter QD' 
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00 

(Cv/Ill = (9'r3/9D3{x4eXP(Xl[eXP(Xl-l]-2 

whereas, in the present study, the coefficient is determined 

uniquely from the 1nterchain force constants and the specific 

heat includes no ad,justable parameter. Dependency of the 

specific heat upon TJ law is shown in Fi~. 2 where open 

circles are obberved values 1 )9). Solid line denotes the 

coefficient of TJ calculated from (J.16) below 90 K and from 

(1.19) with the frequency distribution (Fig. 5) of the 

preceding chapter above 90 K. As temperature is raised, one 

dimensional property of the disperSion curves of the crystal 

vibrations begins to take dominant effect upon the specific 

heat and dev1ation from TJ law becomes remarkable. Then the 

specific heat gets proportional to T and apparent magnitude 

of the coeff ic ient of 'I,J becomes smaller. This tendency of 

the calculated results is in good agreement with the observed 

results. 

For the calculation of the specific heat at the lowest 

temperature, the frequency distribution in the lowest fre-

quency region is necessary. In this region, root sampling 

method does not provide sufficient frequency distribution 

unless a great number of points in ~ space are incorporated. 

The frequency distribution from 14,580 points in 0 space 

( -1 ) about 120,000 modes below 700 cm is shown in right histogram 

of Fig. J. As the division of ~ space gets finer, the fre

quency distribution approaches to the analytical one. '1' he 

frequency distribution from 1,180,980 points in & space are 

drawn in left histogram of Fig. J where solid line. ls calcu-

lated from (J.15). Accordinp;ly the specific heat calculated 

8J 



from the frequency distribution of root sampling method is 

smoothly connected with the value from the analytical 

expression of (3.16). 

Since the intrachain potehtial contributes to HA(?l)cc' 

but not to HA(Q)bb and HA(?l)aa' the latter two diagonal 

terms are commonly small and therefore the off-diagonal term 

of HA(S)ab becomes comparable with those diagonal terms. 

'l'hough HA(S)ac and HA(?l)bC are as large as HA(?l)ab' the effect 

is small because of the large value of HA(?l) and the constant cc 

frequency surface of the translational mode along the c axis 

becomes apparently oblate ellipsoid along ° t the volume of c 

which becomes small. While remarkable departure of the cons-

tant frequency surface from an ellipsoid is found in Ta and Tb 

modes, which results from the mutual repulsion of two acoustic 

modes which enters through HA (S) Db. As shown in 'lIable 1, the 

potential term of P4 does not contribute to HA(?l)ab whereas, 

Pp P2 and P3 contribute to it, thereby the repulsion is out

standinp; in the intermediate direction of 0a and Ob axes. The 

increment of volume of the lowest branch due to the interRction 

is larger than the decrease of the volume of other branches and 

the resultant specific heat becomes larger than the value 

obtained from the ellipsoid of diagonal terms which is esti

mated from (1.23) as 

(C /R) = O.S87x 10-5,1') 
v a 

(Cv/R)b = o. 387x 10 -Srr3 

(C /R) = O. 097x 1 0-5'1'3 
v c 
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In consequence it became evident that the mixing of acoustic 

modes has the slgnificant effect upon the low temperature 

speciflc heat. 

SUMMARY 

The dynamical matrix for acoustic vibrations were derived 

with the use of perturbation method. The resultant matrix 

is equivalent to that derived from the elastic waves. On the 

calculation of low temperature specific heat, acoustic phonon

phonon interactions were incorporated, which led to larger 

specific heat than without the interaction. The frequency 

distribution derived from the constant frequency surface 

was in good agreement with that of root sampling method. From 

the present treatment, the interchain force constants were 

adjusted as Pl=o.0042, P2=O.0101, P
3

=O.0064 and P4=o.Ol12 md/~. 
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Table-l The coefficients of Q for the acoustic branches 

Aa O~bb29Pl + O.0209P2 + o.0153P
J 

Ba O.0029P1 + O.0209P2 + o.0153P
J + o.bo07P4 

Ca o.b550Pt + O.o620P2 + 0 + o.bo07P4 

Ab o.0258P1 + O.0069P2 + O.0026PJ 
Bb O.0258P1 + o.oo69P2 + O.0026P

J 
+ O.0521P4 

Cb o.0258P1 + O.029 1P2 + 0 + 0.o68JP4 

O.0070P1 + O.0079P2 
O.0070P1 + O.0079P2 + 

O.008JP1 + O.O~02P2 + 

o 
o 

o 

dab O.0172P1 + O.0240P2 + 0.0125P
J 

dac O.0245P1 + o.oJ67P2 + O.0020P
3 

+ O.0185P4 

+ O.bo68P4 + 0.0775 

dbc 0.0280P1 + o.02J5P2 + O.0008PJ + O.0544P4 ._-_._---- ---

Table-2 

mode 
Comparisons of the calculated frequency. (cm- 1) 

v from DS(Q) v from HA(O) 

4.6 

6.0 

J6.3 

& is set to be ° =ob=8 =0.1. a c 
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4.6 

6.2 

36.4 
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Fig. 2. Dependency of the spec1fic heat upon TJ law. 
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CIIAP'l'EB IV 

SYMME'I'BY OF CRYS'rAJ, VWHNl'lONS, DISPEHSION CURVES 

AND I NI"HAHED HANDS DUE '1'0 curVJIHNA'l'lON V IBRNl'IONS 

IV-l INTHOUUCTION 

Hel~nuse of' the trnns1at lona) syrnme try of the cry stal, the 

WAve funutlons or the nrystn1 1s expnnded in Fourier series of 

rccipro(~n1 v0l~\;ors, 1tJharc two WRve functions eorrespondlnp; to 

(11 f f'ercnL k vae tors Rre orthor;onRl. 'l'hen the !ll1mil tonian of 

the erystnl 18 sbeeit'ied with 1< veetor. When n atoms are 

(~ontn 1. ned per unit; ccl1, there are 3n v ibrat ions for 11 IT, 1 ven 

k V8(:tor, r.md thnre fore t. h~re nre 3n brnnche s of cry s tal 

vibrntions. 

l n n s:' mple (TY stn 1 1nt t lees these brrmc hes are I1pprox i-

mately (~lnssif"e(l with respect to ntomic: displacements. l.Jhen 

the ntorn1.(: cl lBplnnernent 1 G pnrn1le1 to k ve(~tor', thc modr; 1s 

(:a 1le(1 lQfl;':l tud t nf-l1 but when the d lsp1FlCement 1. s peT'pend le u ~Hr 

to the 1< vf~c:Lor, the mode nI'S cnl1ed transverse. 'l'his tlOt:-:d;ion 

is or I':pcnt fH1Vf':mtnl~c to nn lootropic ioni(: erystals sur:h as 

NaC1, be(~nu.se photons (e1ectl'ornnp;net'\r: ('ield) tnteract only 

wIth t.J·nmwcrse modes. 1 ) llowever, for hIp;hly anisotropiC: 

poly('~thy lAnc (~f'.ysLnl, tho tl'nnsverso modes ror n I~lven I{ vector 

8I'O not nlw8ys Bepnrnhl(! {'room thn lonp;ttwllnnl modes and the 

(:18ss 1. {,h:.'ltton 1s not "nl '(1. 

In the present: study, thn dispersion curves of -(CH2 ) -
" n 

nnd -( CL'? ) n - po] ,Yothyl(mn <:ry stn 18 wore f:nlCulnten 8 long l~ he 

symmetry !11T'o(~t.'()ns of' l-,ho llrlllouln 7.one f-lnd thoy 111'8 



classified in accordance with their symmetry properties. 

The dispersion curves of -(CD2 )n- crystal are expected to be 

obtained directly from the experiment of the coherent 

inelastic scattering of neutrons and, in fact, King et al. 2 ) 

have recently observed the dispersion curve along bc~ On the 

other hand, from the dispersion curves of -(CH2 )n- crystal, 

infrared combination bands may be expected in the frequency 

6 -1 range of 150- 00 cm • Since polyethylene crystal is consl-

dered to be transparent for infrared radiation in this fre

quency region with respect to fundamental bands, thick samples 

were examined and several absorption bands were, in fact, 

observed. 

IV-2 le GROUP 

An ensemble of the space group operations which make 

~ vector invariant is called kgroup which is a subgroup of 

the point group of the space group.)) The effect nf the space 

group operation Rh upon exponential function is defined by 

(4.1) 

where S is phase difference vector and {J ls index vector. 

~h and th are the rotational operation and the relevant non

primitive translation, respectively. Since nh is an orthogonal 

matrix, (n~)S is equivalent to p(nh- 1S).5) Accordingly, the 

k group is defined as the ensemble of operations which satisfy 

nh- 1S = 0 + 2nm (m; integer). (4.2) 
16 4) 'l1he space group of the polyethylene crystal is Pnam (D2h ) 

and the corresponding point p;roup is D2h . Symmetry operations 

of the polyethylene crystal are shown in Table Ai of Appendix I. 

For 0=(0,0,0), all of eight operations satisfy Eq.(4.2) and 
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then the ~ group is D2h • When the value of 0a varies keeping 

0b=oc=o, Eq.(4.2) is satisfied only with four operations which 

are R1=E(identity), R2=C~(screw axis along the a axis), R7= 

cr (ac)( glide plane normal to the b axis) and R8=cr (ab) (glide g g 

plane normal to the c axis). Accordingly the k group is c2v • 

While for S=(n,O,O), the remaining four operations which are 

R3=C~(screw axis along the b axis), R4=C~(screw axis along the 

c axis), R5=i(inversion) and R6=ag (bc)(glide plane normal to 

the a axis), again satisfy Eq(4.2). It results from the 

equivalence of (n,O,O) and <-n,O,O). 'rhe ~ goup again becorne3 

D2h but the irreducible representation is· different from that 

for (0,0,0). All k groups of the polyethylene crystal are 

derived in the present study as shown in Table 1, where the 

symbol of the special point in the first Brillouin zone 

follows BSW notation. 6 ) 

For a given phase difference vector, the k group includes 

only identity operation and the crystal vibrations corres

ponding to the inner points of the first Brillouin zone are 

merely factorized into two groups, symmetric and antisymmetric 

to inversion. 'rhe real dynamical matrix of dimension 3n is· 

not. endowed with any symmetry property, and 1s not reducible. 
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IV-J IRREDUCIBLE REPRESENTA'l'ION OF k GHOUP 

Dispersion curves along the symmetry directions of phase 

difference vector belong to one of the irreducible represen-

tationa of the k group. If the irreducible representation 

were ailTailable, the symmetry cool'dlnates corresponding to 

each species could be constructed and the modes could be 

drawn!schematically in terms of the atomic displacement. 

SlaterJ ) has derived the irreducible representatlon for 20 

space groups but the Table for the space group Pnam ls not 

lncluded. Accordlngly the irreduelble representations and 

base functions are derived with the use of Slater's method)). 

On successive application of the point group operations 

to the wave function, the resultant effect is equivalent to 

one of the point group operations, whereas for the space 

group operatlons the sltuation ls different with regard to 

the effect of nonprlmitive translatlons. Supposing Rj is 

operated on the exponential funetion after Rh' then 

RjRhexp(ip~) = Rjexp(iahP&)·exp(ith&) 

= exp [tuh{a jf+'t,1 )~J .exp( l'thG) 

= exp( iUhal'~) .exp (H ah't j+'th H)] (4. J) 

The multiplication table about a ls identical with that of 

the point group operatlon. However, even though (Xh(XJ is Ok' 

ah 1: j +'th is not always equal to "t1{. With the use of to def ined 

by 

the effect of two suecessive opepatlons can be represented wlth 

one of the space group operations as 
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RjRh ~o = exp(i~o&)Rk·~O (4.5) 

where .eSo :::: exp( ipl)). Thus the multlplicatl.on table for P nam 

were derived as shown in Table A2, where the first operations 

are written in the first I'm'! and the second operations in the 

first column. From the table, the irreducible representations 

and the base functions were derived. All the irreducibls 

representations of the space group Pnam are shown in from 'rabIe 

A3 to 'l'able A20. Some of these are pie ked up and expln 1. ned i ~J 

detatl here but the reml.linlr:g ones are proved in the sar;>c <;my. 

For l)=(Oa,Oi/O) we have four operations, E1 , t1?, E7 and 

RS ~lhlch helong to k group. Multiplicatlon table for these 

are shown in Table 2. Since R2 and R7 are accompanit:::d wlth 

phase factor, the following type of base functions occur to 

our minds. 

The application of the operators to 0'1 lea<'i3 us to 

R101 = (R 1R1+R 1Rg + exp(-iOa/2}(nlR2-1il1n7)J,~O:= 0 1 

R201 = (R2Hl+R2RS + exp(-i8a/2)(R2B2+H£~R7)J0o 

(h.6 ) 

:::: [R 2+R 7+exP(-loa /2;exp( 18a)(Rl-1nB)J~o = exp( 1\/2i0
1 

8
7°1 :::: [B7+H2+exP(10a/2)(B8+H1)]00 :::: exp(1t)a/2)~1 

R801 = [RS+Rj+exp(-l8a /2)(R7+R20 6o = ~1 

Then ~1 is a base funct lon foY' one cl lmcns :tonal r'epresentat i011, 

Remaining three functions, derived from the l'ep;ulal' reore-

sentatlons, Arc as follows. 

iZ52= [R t +R 8 -exp( -18a /2) (11 2+11.7 D p50 

03= [R 1-·R8+exp ( -16 a/2 ) (H2-B 7 )J ;60 

P4= [R1-B 8-exp( -16
a
/2) (112 -R7 )] 00 
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and the resultant function after the application of symmetry 

operations are represented as 

Rl~2=~2 R2~2=-exp(iOa/2)~2 

Rl~3=~3 R2~3=+exp(iOa/2)~3 

Rl~4=~4 R2~4=-exp(iOa/2)~4 

R7p2=-exp(iOa/2)~2 

R7~3=-exp(iOa/2)~J 

R7~4=+exp(iOa/2)~4 

R8r62=~2 

Rg03=-r63 

R8r64=-r64 

Thus one dimensional representation of the k group at 2 waS 

derived and is summarized in Table A3, where ~l' 02' 03 and 

~4 are base functions of Ll , L2' L3 and ~4' respectively. 

With the use of the usual point group notation of C2V ' L1 , 

~2' ~3' and L4 correspond to Al , B2 , A2 and Bl , respectively. 

The multiplication table for (0 ,n,O), (0 ,O,n) and a a 

(0 ,n,n) are proved to be identical with Table 2. Accordi~sly a 
the irreducible representations for these points are common 

to that of (0 ,0,0). On the other hand, the nonprimitive trans
a 

a b c lations accompanied witr. C2 , C2, and C2 are different from each 

other, therefore the irreducible representations for (o,8b ,o) 

and (O,O'Oc) are not simple permutation of Sa' Ob and 0c in 

the representation for (Oa'O'O). For (O'Ob'O) and (n,ob'O), 

the multiplication tables are common but different from those 

for· (o,ob,n) and (n,ob,n). The irreducible representation of 

the former is one dimensional whereas that of the latter i8 

two dimensional. The irreducible representations for (O,o,Sc) 

and (n,n,oc) are one dimensional but those for (O,n,oc) and 

(n,o,oc) are two dimensional. As the example, (O,n,oc) is 

picked up. The multiplication table for (o,n,oc) is shown 

in Table 3, where Rl , R4 , R6 and R
7

belong to the l( group. 

Table 2. is symmetric about diagonal line whereas Table 3. 
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is not symmetric. In the same way with Eq(4.6), proper linear 

combinations of regular representations such as 

~l = [Rl+R7 + exp(-ioc/2)(R4+R6 )] ~O (4.7) 

were constructed and subjected to symmetry operations. Ri 

and R4 give rise to the same type of the functlon, whereas R6 

and R7 yleld dlfferent type of functlon, ~2' as 

R695 1 = [R6(Rl +R7 ) + exp(-ioc/2)R6(R4+R6)]~0 

= [R6+R4 - exp( iOc/2) (R7+Rl )] 950 
= exp(ioc/2)'~2 (4.8) 

Accordingly, the irreducible representation becomes two

dimensional. 

On the surface of the first Brillouin zone, the k group 

is always Cs and the dynamical matrix is factorized into two 

blocks with the symmetry transformation. For the example of 

(n,o,o), the symmetry operations of the k group are Ri and R6. 

As they are not points of high symmetry, the"re ls no BSW symbol 

whlle the lrreducible representations for these faces are 

shown in Tables All-A13. At the corner of the zone, the 

symmetry becomes D2h again and there appears degeneracy of the 

lattice vibrations. The corner of degeneracy does not ahlay 8 

coincide with the dimensionallty of the irreducible repre

sentation. Two typical examples of the irreducible represen

tations for D2h are derived below and the relation of the 

dimensionality with the degeneracy of energy level ls treated 

later. 

The multiplication table of the k group at (n,n,O) is 

"represented as Table 4, where operations are rearranged from 

Table A2. Suppos1.ng that group of operations, A includes Ri' 
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R4 , RS and R8 t>lhile group B includes R2 , R
J

, R6 and R.
7

, then 

the multiplication table is simply represented as 

A B 

A A B 

B B -A 

where the operations in the first column are applied after 

those in the first row. If we select the base functions as 

"l=(A+B)~O and ~2=(A-B)~o' then the resultant functions after 

the symmetry operations are as follows; 

Therefore the representation is real and two-dimensional. 

For the group of order eight, there should be two types of 

two-dimensional irreducible representations. On the other 

hand, if we 'take complex functions such as ~l=(A+iB)~O and 

~2=(A-iB)~O' then the symmetry operations yield 

A~l = ~1 A~2 = ~2 B~l = -i~l B~2 = i~2 
and the representation becomes one-dimensional. Since four 

independent linear combinations are possibly made within the 

group A or B, eight base functions can be constructed. Thus 

derived one-dimensional representation is shown in 'l'able A17. 

The situation of the k group for (n,n,n) is fairly 

different from (n,n,O). As shown in Table S, multiplication 

table is neither symmetric nor skew symmetric. If the repre

sentation is written with real number, it becomes four 

dimensional, where the base functions are 

~1 = (Rl+R8+R2+R7)~O 

~2 = (Rl+R8-R2-R?)~o 

~J = (R
S

+R4+R6+R
3

)po 
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~4 = (R5+R4-R6-R3)~0 
On the other hand, theorem of group theory states that the 

sum of square of the dimension of the representation is equal 

to the number of operations?), therefore four dimensional 

representation is impossible for the group of order eight. 

Using complex number in the coefficients of base functions, 

we can obtain two-dimensional representations which are shown 

in Table A20. 

IV-4 DEGENERACY OF ENERGY LEVEL 

Dimensionality of the irreducible representation does 

not always coincide with the degree of degeneracy of the 

energy level. A transformation matrix corresponding to symmetry 

operations of the k group keeps the dynamical matrix invariant 

and then complex conjugate of the transformation matrix also 

commutes with the dynamical matrix. Supposing T(~,Ri) is the 

transformation matrix of symmetry operation, Ri' and T*(S,R i ) 

is its complex conjugate, then 

T(&,Ri)DS(~) = DS(O)T(o,R i ) 

T*(o,Ri)OS(o) = DS(o)T*(o,Ri ) 

where 0S(O) is dynamical matrix for arbitrary phase difference 

vector and satisfies the secular equation of 

(4.10) 

where Aj(O) and Lj(O) are j-th eigenva1ue and the corresponding 

eigenvector, respectively. Multiplying (4.10) from left by 

T(o,R i ) and T*(o,R i ) yields 

DS(O)T(O,Ri)Lj(O) = Aj(o)T(o,Ri)Lj(O) 

DS(o)T*(o,R 1 )L j (O) = Aj(O)T*(o,Ri)Lj(o) 

It shows that both of T(o,R 1 )L j (O) and T*(o,Ri)Lj(O) 

(4.11) 

are elgen-

vector of 0S(O). If T(S,R i ) and T*(S,R i ) are inequivalent 
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two eigenveotors beoomes inequivalent and then two linear 

independent veotors belong to the same eigenvalue. In other 

* words, lf T(&,R l ) and T (&,R l ) belong to different speoies, 

then extra degeneraoy appears. 

Haradudin and VOSko S ) havestudled the symmetry of 

orystal vibrations by the use of multlplier oo-representation 

method and derived a simple rule about degeneraoy due to time 

reversal symmetry. 

=-g 

:= 0 

a type 

b type 

o type 

(4.12a) 

(4.12b) 

(4.120) 

~(&,A,R) is a multiplier representation of thespaoe "group 

operation defined by Eq(4.13). 

~(S,A,R) := exp[-i(S + A-l'&).'t(RD (4.13) 

R is an unitary type operation and A is an antiunltary type 

operation. For example at point~, R1, R2 , R7 and RS are 

unitary type operations and R
3

, R4 , RS and R6 are antiunitary 

type operations. Ao is an arbitrary operator of A type. In 

the oase of the polyethylene orystal, it is oonvenient to 

regard AO as inversion, beoause inversion aots always as 

antiunltary operator for all k groups. 

a oharaoter of S-th irreduoible representation for the 

operator AoRAoR. When Ao is inversion, AORAoR is always equal 

to identity operation for all R in D2h system. Summation runs 

over all operators in k group where g is order of k group. 

"Suppos~ng the dimension of the irreduoible representation 

is fS' then energy level is fS-fold degenerate for a type, 
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whereas2fS .. fold degenerate for band c type. B) 

In Table 6, !6(~,AoRi,AoRi) are deriiTed for all.operators 

of the space group Pnam • At each point represented in Table 1, 

the corresponding value of phase difference is substituted for 

0a' ob or 0c. Thus the type of time reversal symmetry were 

derived and shown in Table 7. The extra degeneracy due to 

time reversal symmetry appears at points of A, C, E, G, Q, F, 

S, U, and R. At points of Q, S, and R, in particular, the 

dimension of the irreducible representation is two, therefore 

the resultant degeneracy of energy level becomes four-fold, 

'which is rarely seen in the molecular vibrations. 

IV-5 DISPERSION CURVES AND COMPATIBILITY RELATIONS 

Dispersion curves of the frequency of crystal vibrations 

were calculated and are shown in Fig. 1 - Fig. 8. The 

corresponding curve of -{CD2 )n- polyethylene crystal were 

calculated with the same force constants and are shown in 

Fig. Al- Fig. A6 of Appendix I. Since eight modes corres-
.. ' . -t 

ponding to low frequency lattice vibrations below 700 cm 

were treated here, four curves appear for doubly degenEn~ate 

cases and two curves appear for four-fold degenerate cases, 

in accord with the theoretical prediction of Table 7. 

Along (0 ,0,0) there are eight lattice vibrations v-lhich a 

are classified into four groups (2:
1

, 2:2 , 2:J , and L4) 1n 

accordance with the symmetry property about the k group 

operations. Even for very small values of ° , the classifi
a 

cation is valid and therefore the symmetry property of the wave 

function changes continuously on the change of phase difference 
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from (0 ·,0",. ° )" to (0, 0, 0 T'~ Then the irreduc ib1e representat ion a 
of the k group changes continuously with the change of phase 

difference. Substitution of 8 ~o for the irreducible repre-
a 

sentation of Table A4 shows how the base functions of l: point 

behave at (0,0,0). It is represented in Table 8. When,the 

element of Table 8 ia identical with the character of the 

irreducible representation for (0,0,0), these two species 

are compatible. For instance Ag and Blu have identical 

characters with 2:1, therefore lattice vibrations which belong 

to A or Bl at (0,0,0) are connected with g u 

L1 branch on (Oa'O,O). This relation is called compatibility 

relation which is derived from the characters of the irreducible 

representations, and thus derived compatibility diagram for 

polyethylene crystal ls shown in Tab1e-A21. 

lV-6 COMBiNATION BANDS OF THE INFRARED ABSORPTION 

On the interaction of phonohs with photons, ·tota1 ~1ave 

vector is always conserved, Since the wave vector of infrared 

radiation is extremely sma1i oompared with the principal vector 

of the rec iproca1 space, a photon interacts "'/i th a phonon of 

almost k~O. When a photon interacts with two phonons 

simultaneously, the conservation law requires that one phonon 

corresponds to +S and the other to -So 

On the other hand, intensity of infrared absorption band 

depends upon both the number of infrared active combinations 

and the squared magnitude of each transition moment. Although 

a few combinatlons on the edge of the first Bri110uin zone are 

deduced to be infrared inactive, all combinations on the inU(~r 
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. pOints of the zone are possibly infrared active and the 

number of modes is extremely large~ inside of the zone than 

on the edges. Then the infrared spectrum might be 

qualitatively compared with the number of combination vib

rations. Accordingly, the frequency distribution of the 

binary combination modes were calculated and compared with 

,infrared spectrum, observed at 77°K, in Fig. 9. The infrared 

band at 79 cm- 1 is B1U fundamental band which is associated 

with antlparallel translatory vibration perpendicular to the 
. . 10-11) '. chain axis. Three peaks are expected in the frequency 

distribution. The calculated peak at 230 cm-1 is primarily 

associated with the combination levels of the overall rotatory 

vibrations (-150 cm-1 ) with the antiparallel translatory 

vibrations perpendicular to the chain axis (-80 cm- 1 ). 
-1 .. ,. .... . 

. The peak at 280 cm is due to the combInation of two rotatory 

vibrations which really belong to infrared active combinations 
. -1' '. 

( L:l x L:2 or A 1 It!l4) • rrhe calculated peak near 380 cm is 

associated with internal rotation branches.' Since the 

combination of b. 1
x b.3 belong to infrared inactive species, 

these peak might possibly be obscured in infrared spectr~m, 

tn.good agreement with the observed results. Accordingly 

the observed bands below 400 cm-1 are reasonably explained 

as combination bands, however the band near 560 cm-1 is not 

assigned reasonably in terms of combination tones. 
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IV-7 DISCUSSIONS 

As discussed in Chapter nI, there is no infrared active 
, '~1 

fundamental band below 700 cm except for B1u and B2u lattice 

vibrations. Dean and'Martin12 ) have measured the infrared 
o ' -1 spectrum at 2 K and found weak absorption at 109 cm • They 

have assigned it to the B2u lattice vibration. Accordingly 

the weak absorptions observed in the region of 200-400 cm-1 

are not due to fundamental lattice vibrations. Since the 

band intensity becomes stronger,as temperature is lowered, 

the bands cannot be d1.fference combination bands. On aSSigning 

these bands to combination tones, transition-moment associated 

with the transition has to be finite, \lJhich is equivalent to 

state that the product of the initial and final wave 

functions includes one of the symmetry species of dipole

moment. Supposing the crystal is initially at ground state 

and two vibrations ~a(S) and ~~(-S) are excited by onequantum 

number on the interaction with photon, then the infrared 

absorption 1Bpossible only when ~a(&)p~(-S) includes one of 

the symmetry species of dipole moment, where ~a(S) is wave 

function of a-th crystal vibration for,S. Since the ~~(-&) 

is B complex conjugate of Pa(S), the character of symmetry 

operation for ~~(-S)is also complex conjugate of Tables 

represented in Appendix I. Thus symmetry of ~a(S)~B(-S) is 

derived from the direct product of the symmetry species. 

In Table 9. the direct product analysis for (Oa'O,O) is shown 

as an example. This table is common for the point A, C, and E. 

In point group C2v ' dipole moment along the a, band c axes 
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belong to A1 , 8 2 and Bl species, respectively. Therefore the 

combination levels corresponding to ~lX~3 and ~2X~4 are 

infrared inactive. In the same way, the transitions to 

combination levels corresponding to 6. l
x 6. 3 , 6.2

X 6.4 , '\X"3' 
A2xA4 , and FkxFk are proved to be infrared inactive. For other 

combinations, direct product includes at least one of the 

infrared active species. 

The frequency distribution for all the infrared inactive 

combinations was made and is shown in Fig. 10. The combination 

tones which are infrared inactive on the faces of the Brillouin 

zone would be weak even though S is altered. Then combination 

bands corresponding to peaks in Fig. 10 might be weak even if 

they correspond to the peak in Fig. 9. In fact infrared absc)r-

-1 t ption near 380 cm is It!eak. However, for the quanti ative 

discussions, band intenstty has to be estimated theoretically. 

13} Maradudin has studied the infrared absorption of a 

defect or disordered crystal. He proved that th~ peak of 

frequency distribution is possibly observed as infrared 

absorption band in such crystals. Since there is a stro~~ 

peak at 560 cm- l in the frequency distribution of the poly-

6 -1 ethylene crystal, the infrar'ed absorption band at 5 Ocm m1ght 

be associated with the skeletal bendlng mode, \,lhich appeared 

in the infrared spectrum because of the disorder. Theoretical 

development about the disordered crystal ls highly 

desirable. 

On the other hand, it is interesting to confirm the 

existence of four-fold degenerate vibrations in terms of 
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symmetry coordinates which may be derived for the speclal 

value of () from the base functi?n represented in Appendix I. 

For convenience sake, C\ defined by (4.14) was used instead 

of Riexp(l/S), where x j ' Yj and Zj are atomic displacement 

of j-th methylene group. 

u1 = [ :JXP(1P1 &) "2= [ x!,ex
p
( 11')&) eT; = [-Xj' exp( 11'4 &) 

-y; Y4· 
-z -z 

"4= [X2rxp( 11'2&) "5= [x~,exp( 11'2&) eT6= l:~,exp( 11'4") 

-Y2 -Y2 

z2 -z 

"7= [ x)rxP( 11')&) "8l~rxp( 11'1 &) 
-Y3 (4.1./-}) 

z; 

'1 = (h,k,1+1/4) 1'3 = (h+~,k+~,1+1/4) 

12 = (h,k,l-1/4) 1'4 = (h+~,k+~,1-1/4) 

According to Table 7, the energy level ls doubly degenerate 

at point U, though the dimension of the representation of k 

group is one. Substltution of O'i for Ri in Table A17 provides 

symmetry coordinates for the k group at point U as 

Ut X1-X2+iX3-iX4' Yl-yz-iY3+iY4 

U2 X1-X 2-iX;+ix4 , y1-y2+iy;- iY4 

U
3 Zl+Z2-iz3-iZ4 

U4 Zl+Z2+iZ3+iZ4 
(4.15) 

Us zl-Z2-iz3+iz4 

U6 zl-Z2+iz3-iz4 

'U 
7 Xl+X2+iX3+1x4, y1+y2-iy;- iY4 

Us x1+X 2-ix;-1X4' Y1+Y2+iY3+iY4 
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Two coordinates included in the pair of U1 and U2 , UJ and U4 ' 

U5 and u6 ' and U
7 

and US' are, 1n fact, degenerate. U1 and 

U
2 

correspond to rotational vibration around the chain axis 

and skeletal stretching modes. The former ls connected 1Ili th 

G
1

, G4 branch along (n,bb'o) as shown Fig. 1 and Tt1ith A1 , A2 

along (ba,n,O) as shown in Fig. 2 \"1h1le the latter lies above 

700 cm-1 and is not treated. U
3 

and U4 are translatory 

vibration along the chain axis. The phase of (h+~,k+~) 

chain is. forward or backward by n/2 from (h, ld ehain, end 

then the vibrational frequency for U
3 

and U4 should be 

identical. 'l'hey are connected with G2 , G.3 along (n,Sb'O) 

or A
3

, A4 along (ba,n,O). U5 and U6 are intrachain vibrations 

while U7 and Us are associated with the translatory vibrations 

perpendicular to the chain axis. 

On the other hand, at point H, the irreducible represen-

tations are two-dimensional. Substitution of a i for Ri in 

base functions represented in Table A20, yields the symmetry 

coordinates for (n,rt,n). 

~1 = (zl+ 1z3)exP(lrt/4) 

~2 =(-z2- iz4)exp(-in/4) 

The energy corresponding to 01 of Rl and ~1 of R2 are equal 

for the same reason with the case of U
J 

·snd U 4' Then, four 

functions of (4.16) belong to the same energy level .snd the 

existence of four-fold degeneracy may be understood. 

The functions, which provide the identical characters 

with Table A20 but different matrix elements, are also base 
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function of the k group. For instance, (h.17) and (4.18) are 

proved to be base functions of the irreducible representation 

of Rl and R20 

~l(Rl) = (R 1-iB2-1R7+R 8 )exp(ipo) 

~2(Rl) = (R5-iR6-iRJ+R4)exp(ip8) 

~1(R2) = (Rl+iR2+iR7+R8)exp(ip~) 
~2(R2) =. (R5+iR6+iRJ+R4)exp(ip8) 

(4.17) 

(4.18) 

Substitution of a i from (4.14) into Ri from (4.17) and (4.18) 

leads us to the symmetry coordinates about x and y as 

;'s1(R1 ) = (X
l
+lx

3
)exp(ln/4) ~l (R l ) = (Yl- iY J)exp(ln/4) 

~2(Rl) =(-X2-ix4 )exp(-in/4) ~2(R1) =(-Y2+ iY4)exp(-in/4) 

~ 1 (R2 ) = (x
l
-ix

3
)exp(in/4) ~1 (R2 ) = (Yl+ iY3)exp(in/4) 

~2(R2) =(-x
2
+ix4 )exp(-in/4) ~2(R2) =( -y -iYL )exp( -in/4) 2 ~ 

Thus the conclusion from time reversal symmetry ls really 

confirmed in terms of symmetry coordinates. 

The dispersion curves of -(CD2 )n- crystal were calculated 

from the same force field with -(CH2 )n- crystal and are shown 

in Appendix. 

SUMMARY 

Irreduc1ble representation and base function of the I{ group 

of the space group, Pnam were derived with Slater's method. 

Dispersion curves of crystal vibrations of normal and 

deuterated polyethylene crystnls were calculated along the 

symmetry directions. The symmetry of combination tone W8S 

analysed on the basis of the symmetry of dispersion curves, 

and infrared absorption bands recognized at 240 and 280 cm- 1 
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\'1ere aSs igned to combinat lon bands. Simple rule about 

degeneracy of energy level due to time reversal symmetry, 

derived by Maradudin and Vosko, was applied to polyethy-

lene crystal and the theoretical prediction VIaS confirmed 

by the numerical calculations. Symmetry coordinates for 

point U and R were derived, and two-fold and four-fold 

degeneracy were really examined in terms of symmetry coordinateS, 

respectively. 
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Table-l k group of the polyethylene crystal 
~1!":l!IIi\!~_ 

point (O 'Ob' ° ) a c k group operat1ons 

r (0,0,0) D2h Et a C2, b C2 , c C2 , 1, 0" g (bc) f O"g(ac), O"g(ab} 

}; (Oa'O,O) C E, C~, O"g(ac), 0". (ab) 2v g 
(0 ,n,O) C2V E, a O"g(ac), O"g(ab) A C2 , a 

C (Oa,o,n) C2v E, C~, (J (ae), O"g(ab) g 
E (O ,n,n) C2v E, a 

0" (ac), 0" (ab) C2 , a g g 

(o'Ob'O) C2V E, b er (be) r 0" (ab) A CZ' g . g 

(n,ob'O) C2v E, b 
(J (bc\ er (ab) G C2 ' g . I ~ g 

H (o,ob,n) C2V E, Cb. e- (be), (J (ab) 2; g g 
Q (n,ob,n) C2v E, b 

(j (be) t (Tg(ab) C2t g 
11 (O,o'Oe) C E, e O"g (be) , a (ae) C2 ' 2v g 
D (n,o'Oe) C2v Et e C2 , O'g (bc) , (]g(ae) 

B (o,n'Oe) C2v E e 
0" (be), 0" (ae) C2 , , 

g g 
F (n,n,oc) C2v E, c (J'g ( be) , er (ae) C2 , 

g 

(Oa,~\,n) C E, 0" (a.b) 
8 g 

(0 ,n,o ) C E, C"g{ ee) a e s 

(n,ob'Oe) C E, ag < be} s 

(Oa'Ob'O) C E, O"g(ab) B 

(0 ,0,0 ) C E, a (ae) a e 8 g 
(O'Ob'Oe) C E, a (be) 

B g 
X (n,o,O) D2h E, a b c 

0" (be), a g ( ae ) , (] (ab) C2 ' C2 , c2 ' 1, 
g g 

Z (O,n,o) D2h E, c~, Cb e 1, a (be), a g (ee ) , O'g(ab) C2' 2' g 
Y (O,O,n) D2h E, a Cb CC 

(J (be), O"g(ae) , 0" (ab) C
2

, 1 J 2' 2' g g 
U (n,n,o) D2h E, a b c a (be), O"g(ae), ag(ab) C2 ' C2 ' C2 ' 1, 

g 
T (O,n,n) D2h E, c~, b C 

1, er (bc), ag ( ae) , a (ab) C2 ' C2 , 
g g 

'S (Tt,O,n) D2h E, c~, b c 
0" (be), a (ae), 0" (ab) C2 ' C2, 1, 

g g g 
R (n,n,n) D2h E, a b c 

0" (bc), 0" g (BC) , a (ab) C2' C2~ C2' 1, 
g g 
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Table-2 Multiplication table of k group operations for (8
8

,0,0) --------..-,..-e· ---~-~-'I"P _~'4'DMIl~~~---~ hS 

....... . _ .... 

Table-J Multiplication table of k group operations for (O~~ 60 ) --------..;;...·TRl ···~"RG'-n-11;--~-p-" - _._,-
-----_-.--'--_. .....--.-,-,-.--------.--~~.~~.........-. ... ....,...~~ .... -."" 

RI RI R4 R6 R7 

H4 Rl} 

R6 ! R6 

______ R..;.,.7_1 R7 

c c 
e RI C R7 R6 

c c 
-e H7 -0 Ri 

-R6 -HI} 

------_.----------------------
Table-4 Multiplication table of k group operations for (n,~,O) 

....;;..;..;;~~ ___ -:;-. __ . _____ ..-__ ---.-.,." .. _x_~ .... ~ _____ I_.'~,"", ~'!!"~~.ew> 
___ -t~_R..,;;1~_ .. 1_~:4_,_5_~ __ HO R2 H~ ~.u._.~~6 __ .R7 _. ___ ._ 

R1 R1 R4 . R5 RS R2 HJ R6 R7 

R4 Hl~ H1 Ha R5 RJ R2 R7 H6 

R5 R5 Ra R1 R4 H6 R7 R2 8] 

.Ra Ra R5 R4 R1 R7 R6 R] R2 

H2 R2 R] R6 R7 -RI -R4 -RS -Ra 

RJ H] R2 R7 R6 -R4 -R t -Ra -H5 
R6 R6 R7 R2 R] -R5 -Ha -RI -R4 

__ ,_R_7_1I--_,..."R...,.,?-.. R6 _._R J ___ ~. ____ -__ ~_~ __ -~~~RI: _~~. .~_ 
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Tablc-S ~1ultlpllc&tlon - I 
.... ,n:«MWI 

Ri Ra n 
I 2 

.... '*'-"' ...... ~--

Ri Rl Ra R2 

Ba Ra Ri R7 

R2 R2 R7 -R. 
l. 

R7 R7 R2 -Ra 

RS RS R4 R6 

R4 R4 R5 R
J 

R6 R6 R
J -HS 

R3 R
J R6 -R4 
_t~ 

R6 (~:>~t~) 

R7 (li,~,d) 

Ra (o,Or~) 

R~ 
1 

(o,o~o) 

R2 (~,~,~) 

R3 (~,i,O) 

R4 (o,o,~) 

table of k group operations for (n,n,n) 
:oa~ ~ 'ttt'Vn ,- l! •. ~. ¥_ ..... ~~~~ .... -

R7 RS H4 R6 R
J ..... ,~_ ...... __ ~ .. ~~~.,..~~~1~2""" 

R7 RS 
RZ -R4 

-RS -R6 

... Rl 113 
R

J Rl 

at: 
iJ '8[18 

",,3.L~ , -R
2 

.... R
5 H7 
~_.1<--~~tt' 

(O,20b ,20c ) 

(2oa~O~20c) 

(20a ,20b ,O) 

(20a ,20b ,20c ) 

(20 ,0,0) a 
(0120b "O) 

(0,0,20c ) 

R4 

-RS 
•• R

J 
R6 

RS 

-H l 

-B.7 
Hr, 

I..-

o 

8 a 
0. o 

s c 

R6 

-RJ 

RS 

-R4 

il2 

.. B".-
{ 

Rl 

-Ra 

RJ 
... R6 

R4 

-R.5 

R7 

-11 2 

no 
-H 

1 
._ ........ -.s#~.~~ .. ~ 

1 

exp( -10 ) 
a 

exp( -iOb ) 

exp{-loc ) 

1':{AOR,,) ls repreaanted &:3 coefflcient vector of (uo,bo'co) l1hich 

ls a primitive translation. 
1; =, [&+( AOR1) -1 &] 
~S{k,AOR1.AoRl) = exp[-1&.1!(AoR1~ 
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Ta.ble",'? The degeneracy of dlsperfllon curveD due to time 
l'averGnl e vmmatry~--=. ____________________ -. 

~~""''''~:~~'UI''Df''' __ ~';'''';';'~_ 

point g ;e(~~,E) l:R
1
,,(t{,A6Rl,AoR1 )· type 

~~Io ____ ~'" 

r (O~OfO) 8 1 8 a 

1. (8 ,0,0) L;. 
e. 

A( 0 a " Tt , 0 ) 4 

c (5 ,CL;-.) 4 a ., 

E {o ,n,Td l~ a 

r, {o, bb ' 0 } 4 

G (it) bb' 0 ) l} 

H (0, ob ~ it ) 4 

Q (r., ob ' ~ ) h 

U (o~O,Sc) l~ 

B (O,n,o) i+ 
c 

D (r.:,O,o) I~ 
c 

F (It,t;,o) 4 . c 

X (;'$0,0) 8 

Z (o.n,O) 8 

Y (o,O,lt) 8 

S (it.O,it) 8 

T(O,1t,n) 8 

U (n,1t,O) 8 

R (:t~Tt,1t) 8 

1 

1 

1 

1 

1 

1 

2 

2 

1 

2 

2 

1 

2 

2 

2 

2 

2 

2 

2 

4 

o 

o 

o 

l~ 

o 

2 

-2 

4 

2 

2 

o· 
1l. 

4 

° 
l~ 

o 

o 

c 

c 

c 

c 

a 

b 

a 

a 

a 

c 

a 

a 

a. 

c 

a 

c 

c 

1 

1 

2 

2 

1 

2 

1 

2 

1 

1 

1 

2 

1 

1 

1 

2 

1 

2 

2 

fa total 

1 1 

1 

1 

1 

1 

1 

1 

2 

2 

1 

2 

2 

1 

2 

2 

2 

2 

2 

1 

2 

1 

2 

2 

2 

1 

2 

2 

4 

1 

2 

2 

2 

2 

2 

2 

4 

2 

2 

4 
~~~~--,-----.-~--------------.----------------------------------ts ls degeneracy due to time reveroal symmetry. 

f~ ls degenoracy due to space symmetry. Total degeneracy ls t .r . 
.., B a 

/tD{ktE) 19 a character of k group for identity operation. 
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'l'able-B Symmetry property 01' the bt).B8 functions fop 2.: Ht (o~o,o). 
~~ ... ~_::;w_~~ ___ ~~~~~....-..-_:-~~.,~~~~ft~~ .... ,,~.t'''''~~ 

------~-.-

}"; 
1 

2:2 
l:1 "' .... /..4 

R1 R2 R7 Ra 

1 1 1 1 

1 

1 

1 

-1 

1 

-1 

... 1 

-1 

1 

1 
_1 .. 

__ •• _,.-.-w _______ ·_ ....... ____ • ___ _ 

rrable-9 Symmetr'Y of \'J8Ve functlon of' binary comblnv.tion~ 

(Jp~cles in C 
2'1/ ~(-S). f1c/+a) Ri 

·ft ------~--~> .... --- . H2 __ 2 .. ~ .. Ba ------............ ,-~ 

~1 x L2 1 .. 1 1 .... 1 B" 
!l;. 

* )~ 
'< '"' 1 1 -1 ",·1 l'l. 

'~1 6") .l. 2 .i 

* 2:1 x 
<;' 1 .'" 1 f:UJl 1 El L·Z} 

.J>. 
oc:'- x ,~ ~ ,,·1 ... 1 . 13

1 
1..,., L.) l 1 

c.. 
'"'.~ 

l:l~ 1 1 -1 .... 1 ,. 
l. X 4"1.,.) 2 c... 
... * 2: 1 -l 1 • B,~ '. X L.-, 4 -1. 

-' ,C 
'::1' 

2: J x ~ .1 1 1 1 1 f. 
''\.1 

.r6.~~t_·...-....'«,. ,,~""".~_lJ'i_ 1I'MIUil ... »_~. __ ~~:R>G_.tl~ 
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Fig. 9 Comparison of infrared spectrum (at 77 oK) with 

the frequency distribution of binary combination 

tones. 
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Fig. 10 Frequency distribution of infrared inactive 
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Table-Al Space grbup operatlons of polyethylene crystal (Pnam ) 

~ "e1 

Rl E U ° ~ 
(0,0,0) 

1 

° 
R2 Ca 

U ° -~ 
(~,~,~) 2 -1 

° 
RJ 

cb n ° -~ 
(i,i,o) 2 1 

° 
R4 CC 

tg ° ~ 
(O,o,~) 2 -1 

° 
R5 1 

tg ° -~ 
(o,o,o) 

-1 

° 
R6 Ug(bC) 

rg 
0' 

~] 
(i,i,i) 

1 

° 
R7 Ug { ac) [g ° ~] 

(i,i,o) 
-1 

° 
Ra ug(ab) [g ° J] (6,0,i) 

1 
0 

~1 ls nonprlmltlve translatlon vector whlch ls represented 

as the coefflclent vector for prlmltlve translat10n vector 

(ao,bo'co)· 
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Table .. ·A; Irreduclble representation of the k group (0,0,0) 
- -

Rl H2 R; RI.,. HS R6 H7 Ha 
==---~ ---- :.> 

r 1 (Ag) 1 1 1 1 1 1 1 1 

r z (A ) 
u 1 1 1 1 ... 1 -1 -1 -1 

P3 (B3g ) 1 -1 -1 1 1 -1 -1 1 

r 4 (B
Ju

) 1 -1 .. ·1 1 -1 1 1 -1 

Ps (B 1 ) 1 . -1 -1 1 1 -1 -1 .L 
--g 

r"6 (B
1 

) 
•. U 

1 1 -1 -1 -1 -1 1 1 

P7 (B \ . -1 1 -1 1 -1 1 .~ 1 
2g' .1. 

r 8 1 -1 1 -1 . .. 1 1 ··1 1 (B2u ) _ ...... .-.-_---...". ____ ...... _!'n'_ .................. WI!'_._.--_~'* -... .--~~~- .. ~~ 

Table-A4 H9.trlx 310rnentB and characters of 
18 9 'o:-(ITnr;n:oTr~f-;· 0 , ~'Tro-', Tt , Tt J ~ H 
~1 __ . __ ,.. .... __ ,J:}_ . 0 _____ ...1l 2 

--.--= 

'" A1 Cl El 1 N l~.#; 
.\ 1;1 

2:2 " C, .. E2 1 -\" ;1.2 
I'.. '8 

~ AM C
J E3 1 tol uJ ) c~. 

2:,-:- " r'I P- 1 '-\,1 t11+ \"h ·.,Jl~ 8 
~----.---- ....... .-

'11 :: cxp( 10 /2) a a 

p 1 ::;: [< R1 +RS ) +exp( -10 a/2 ) (R2 +H7 )}exp( lp8) 

;)2 "" l( R (;.R g ) -3Xp( -18
8

/ 2 ) (R2+R 7 )}exp( ipS) 

'oJ = [(Rf-R8)+e;tp(~10a/2)(R2-R7)}exp( if~) 
e54 ' == ~Hl ... R8 )"'13}~p( -lo

a
/2)( R

2 
... H

7 
)Jexp( 11'0) 

Table-A5 NUtl'lx elements and characters of 
-- C07Ob~"01""Tn;O;;or 1i 

.. 1. ~ .~ 

1 ~i3 6 ~.----~. . - -_ .. 
Al G

1 1 l'lb wb 

A2 G2 1 .... ·H 
b Y1

b 

A3. G
3 1 'l'l b _foil' 

"b 

Ah G4 1 -\,/b -l'lb -- ~- .. ---
l'lb = eXp( H\/2) 

128 

le group (O--o·..-::.it) 
-~~-'ii7 1.( 

'·8 

l'T 1 16. a i. 

-N 1 152 a 
-'il .. 1 r5J a 

t-l a 
~1 ItS!} 

i< group (O-:~~_ 
Ha -.. -~ 

1 ~( 
...... 1 

-1 ,02 

-1 P-SJ 
1 p.Sh 

.!8 .. ___ ~~ 



Table-AS continued 

~1 = ~ Rl +Ra )+exp( -lob/2) (B J+R6 )}exp( l!'S) 

P2 :: BR1-Ra)-exp(-lob/2)(RJ-R6)}eXP(ij'8) 

tS; = ,IT Rl -H8 )+exp( -lob/2) (ll
J

-R6 )}exp( ipGi) 

154 = ~Rl+R8)-exp(-lob/2)(R3+R6)}exp(1f'S) 

Table··A6 f1etr:ix elements and characters of ~{ group (0 <ob <: 1t) 
l I_~*"",,_~ __ II'T! _-----.-.... ..... _.. .--..~ 

(O~<:\,1t) (n,Ob,,1t) ill R
J R~ 

.. I 
Ra 

e.t "~""' __ -'''_'f'l"'>"''' __ ... l~_~._·"'-"""""---~ ;: .... -~;.." 

(H t )11 (Ql ) U. 1 .. , 0 0 ·"\.1" 

'J 

(H1 )21 (Ql)21 0 0 "'Wb 1 

(H 1 )12 (Ql ) 12 0 :) TfY 
b 1 

(H1 ) 22 (Ql)22 1 ... t'!. 
0 

0 0 .-..-__ r~_ -- --",.-, . .,-~ .. . ..-..... l!l •• 

~: ( H1 ) ( ~1 ) 2 () 0 0 

-~~,.~IJ·R·1~:fl;;·;;;;;( -'18~/2) (B;:'H
6 
)j:-;;;(";:;;~)--' -.----.--... - .. ~ 

,)2 = fl n 1. +flg ) -<?,;-:p{ c~10b/2 )( RJ '1 R6 )}e:cp( 1('&) 

Table-A7 ~'!ltrlx elements Emd characters of ~{ group (0 <0 --"It) 

-- ro'7o;g;r= ' .. ~ R~;- R6 nR7_s~---, ~-

6. 1 ~J N 1 
.!. C 0 

6
2 1 -l'1 l"1 -~ 1 c 0 

t:.3 1 \,1 
C 

-\" '0 -1 

N = exp(lo /2) c 0 
~ ~ 

pS 1 = !( H1-f'R7 )+exp(""10 c/2 )( Rl~+R6 U' exp( ipS ) 
~ rt) i1 'P2~ r~ R1,,,R 7 oc. exp{ ... 10

0
/2) (R4 -R6 )J.exp{ 1008 ) 

~3= B I1 1-H7 )+exp(-lo c/2 ) (H4 -R6 )}exp( 11'0) 

f5 4= ~ H1 +R7 ) -exp( ... H3 0/2 ) (R lt+R6 )}exp( 1[>&) 
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Table-AB Matrix elements and characters of k group 

~7t,o.Sc} Rl R4 fi 6 R? 

(°1)11 1 Wc 0 0 

(°1)21 0 0 Wc 1 

(°1)12 0 0 Wc -1 

(°1 ) 22 1 -\,1 
C 

0 0 
.---

X(Ol) 2 0 0 0 

,s1 = [( Rl +R? )+exp( -10c /2)( R6+R!~)J.exp( 1J'5) 

$62 = [<Rl-R?)+exp(-10c~2)(R6-R4)}exp( ~~G) 

Table-A9 Matr1x elements and characters of i{ group 

{o,7t,g~r Rl R4 "R6 R7 
(B1 )11 1 Wc 0 0 

(B 1 )21 0 0 -w c 1 

(B 1)12 0 0 \,1 
c 1 

(B 1 )22 1 -w c 0 0 

It (8
1 

) 2 0 0 0 

'cl = [(Rl +R? )+exp( -10c /2)( R4+R6 )}exp( 1"S) 

. P2 = ~Rl+R?)-exp(-10c/2}(R4+R6)Jexp(1pS) 

(0< ° <Tt) 
Q 

(0 <OQ< Tt) 

-

Table-AlO Matr1x elements and characters of k group (0 <0 < ,t) 
--~----~--~~~------------____ u _ Q ___ 

( Tt , Tt , 8 c ) B 1 R4 ' R6 R 7 

-w c 

-hI 
C 

+lw c 

1 

-1 

-1 

F4 1 -w -iw i c c 

.01 = [( Hl-1R? )+exp{ -10c /2) (R4-1R6-)j·exp( 1"S) 

P2 = [(R l +1R?)+exP(-10c /2)(R4+1R6 )].exp( l"S) 

tS3 = [(R1+1R?)-exP(-10c /2)(R4+1R6 )}exp( 11'8) 

P4 = [( RI-1H? )-exp( -10c/2)( H4-1R6 )}exp( 11'8) 
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Table-All Characters of k group (0 <. 8a!.~<~) 
~~a,8b'0) Rl RS base function 

1 1 ~ :: (R 1+RS )exp(lpo) 

1 -1 ~ :: (R
1
-RS)exp(ipo) 

Table-A12 Characters of k group (0<8a,(\<n) 
Rl RZ base fUhctlon 
1 wa ~:: (Rl+expt-18a72)R7)expt~prr 

_________ l __ -w_w~a _____ ~-::__.!~l-exp( ~_~~~2 )Rz}exp(2~~_ 

Table-Al3 Characters of k group (0 ~_n_) ______ _ 

(O'Ob'Sc) Rl Rq base funct:on . 

Table-A14 Matrix 
(n,O,O) Rl 

(X l }ll 1 

(X 1 )21 0 

(X1)12 0 

(Xl),Z 1 

7(X ) 2 
. (x

2
1

11 1 

(X2 )21 0 

(X2 )12 0 

(X,)22 1 

7(X2 2 

1 t-1bc ~=[R1+exp(-1(Ob+8c)/2)R6Jexp(lf~) 
1 -\'lbc ~==[Rl.:exp(.~1(0b+OC)/2)R6Jexp(lf')~} 

elements and characters of I{ group at point X. 

R~ R
J R4 L R6 RZ RS 

0 1 0 0 1 0 1 

1 0 1 1 0 1 0 
-1 0 1 1 0 ... 1 0 

0 -1 0 0 -1 0 1 
...... -~ 

0 0 0 0 0 0 2 
0 1 0 0 -1 0 -1 

1 0 1 -1 0 -1 0 
-1 0 1 -1 0 1 0 

0 -1 0 0 1 '0 -1 
0 0 0 0 0 0 -2 

~'1 (Xl )=(R l +R
3

+R6+RS ) oexp( ipS) 

~2(X1)=(R2+R4+~5+B7)oexp(ipS) 
~1(X2)=(R1+RJ-R8-B6}·exp(1pS) 
62(X2)=(R2+R4~R7-R5)·exp(lp&) 
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Table-A15 Matrix elements and characters of k group at ~lnt z. 
(O,lt,o) H1 H2 H3 H4 HS H6 R7 - Ra ..... -
(Z1)11 1 1 ° ° ° ° 1 1 

(Z1)21 ° ° 1 1 1 1 ° 0 

(Zl)12 ° ° -1 1 i -1 0 ° 
(Zl)2~ 1 -1 ° 0 ° ° -1 1 

;(.(Zl 2 ° , ° ° ° ° 0 2 

(Z2)11 1 1 ° 0 ° ° -1 -1 

(Z2}21 ° 0 1 1 -1 ... 1 0 0 

(Z2)12 0 0 -1 1 -1 1 0 0 

(Z~) ~T 1 -1 0 0 0 0 1 -1 
2 ° 0 ° 0 0 0 -2 it Z, 

aaa41~~ 

~1(Z1)~(Rl+Ha+H2+R7}exp(lpS) 

~2(Zl)=(R3+H6+H4+HS)~xp(lp8) 

~1 (Z2 )=( R1-Ha+R2-H7)-exp( if'S) 
~2(Z2)=(R3-H6+H4-RS}exp(ifS) 

Table-A16 Matr1x elements and characters of ~c group at point Y. -- :- .. ~~ 
(O,O,lt) Hl H2 R3 H4 HS H6 R7 Ra 

(Y1)11 1 1 0 0 ° 0 1 1 

(y 1) 21 0 0 1 1 1 1 ° 0 

(Y1)12 ° 0 1 -1 1 -1 ° 0 

(Yt)Zf 1 -1 0 0 0 0 1 -1 
2 ° 0 

_ • .JI' 

It Y
J ° 0 0 2 0 

(Y2 )11 1 1 0 0 0 0 -1 ... 1 

(Y2 )21 0 0 1 1 -1 -1 ° 0 

(YZ)12 0 ° 1 -1 -1 1 0 0 

(y f) Z.2 1 -1 0 0 0 0 -1 1 

2 ° 0 0 0 0 -2 0 it Yzl- , . 
~1(Y1)=(Hl+R2+R7+Ha)~Xp(lp8) 

~2(Y1)=(H3+H4+HS+H6)~xp(lpS) 

~1(Y2)=(H1+R2-H7-Ha}exp(lp&) 
~2( Y 2)= (H 3+R4-H5-H6 ).exp( 1p8) 
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Table-Ai7 Hatrlx elements and chnre.ctera of le group at po1nt U. 
• ,... '"'~~~ ilL. .... Z • ~I!' .... 

(n,n,O) Rl R2 R) R4 BS R6 R7 Ra 
____ .~~ ... _ ...... ~~.AO!--...u::lO'!_~-';~ ___ ~~_~ __ -~" __ --"~ _____ _ 

U
1 

1 1. 1 1 1 1 1 1 

U~ 1 -1 -jl 1 1 -1 -1 1 
~ 

U
3 

1 1 1 ~ -1 -1 -1 -1 

U4 1 -1 -1 1 -1 1 1 -1 

Us 1 i -1 -1 1 1 -1 -1 

U6 1 -1 1 -1 1 -1 1 -1 

U
7 

1 1 -1 ~1 -1 -1 1 1 

Us 1 -1 1 -1 -1 1 -1 1 
~ ......... ~ ..... _;eil'"1!il",,," .. ,...,!,........,,~t..-~ ___ ........... -...~ ___ ~~..c;· _____ ~-'·~~JI'}I~~~1P!lr<" 

~1 ~ (Rl-1R2~1R3+n~+R5~iR6-iR7+R8~exp(lpS) 

~2 = (Rl+1R2+1H3+H4+hS+1B6+1R?+Ra}e:p(lp6) 
~3 = (Rl-1R2-1R3+R4~RS+lR6+iR7-n8)~xp(ip&) 
~4 = (R1+1R2+1RJ+R4-B5-1R6-1R7-R8~cxp(lpS) 
$65 == (Rl-1R2+1R3-RJ~+RS-13.6+tR7~R8~exp( 1,S) 
~6 :::: (H 1 + in2-1HJ-Rl~+B5+ tR6-1H7 -.flg }exp( 11~S) 
,17 = (R

1
-1R

2 
-+ lR

3
-R4, .. R

5
+ ifl6-1H7+u8 }e;~p( lpo) 

Ps ::: (R1{-lR2-1R3 ... rr/rRS-lR6+1Ri"na}e::p( 1p(;) 

1 1 ° -1 ~1 ° 
° 0 ~·1 

0 
'"'--0-

1 

1 

° 
° 

IJJ 

"ilMlin.~'" 

0 

0 
... ~~.;.<. 

-1 

-1 

° 0 



Table-A19 Hatrlx elements c:md characters of ~\ group at point S. ____ .~ .. .... _-.r____ ....--.u.~ _________ . ____ _ 

(n,O,n) Ri R2 RJ R4 R5 86 87 B8 
---~ .... - .~.-'" ;-- =-

(S1)11 1 1. 0 0 0 0 1 1 
(S. ).'1 0 (i l 1 1 '- 0 0 

.i. Co 
(Sl)12 0 0 -1 -1 1 1 0 0 

(S4) 1 1 0 0 0 0 -1 -1 
·-Xrs~-f-~2---~2-1 0 0 0 0 '-0 0-
___ -=-...-... t~.__..r~,~ __ ~_~~_~_ iLi2I ,,",_~ ____ ~'~"_~~ __ _ 

(S \ 1 _1 0 nJ· (,;' 0 -1 : \ 2'11 -- -
(S ... ) ~, 0 0 -1 1 '1 ... 1 0 

.::. '::'.i. 
o 

(S2) 12 0 - 0 i ··1 .i -1 0 0 

~~f'rL.,~~._~ _._. '~';i~-~---' ~---~,-,-.~-,~-,,--~--.: ~-.. -
~~~~-... _.4,___ .,.,.... ____ Jl ___ ~_ 

~1(S1) - [U1+Re-l(Bz+R7 }Iexp(lp5) 
P2( Si) _. [n!~+R5-l( ~:f;·R6 )}o~'~p{ lr.'()) 

~\(S2) .- [Rl':-RB+l(R2+H7)l-e;~p(\p~) 
62(S2) .- (Rl}tR5+1{R

3
+R6 )}exp(lp<,) 

Tabler.·A20 !1e.trlx c,lc,oenl.;s and cilf;\r;;ckn's of ~{ group at polnt R. 

(~~~~:~ -to }:':-~--:I~~-~;---:;"_~~L~'~?='--'-= 
(11 1 )21 0 t) 1 -'1 1 -1 0 0 

(R 1 )J2 0 0 1 1 1 1 0 0 

(n i" 0 0 0 0 1 1 
-;,;(~t~~7---~--;'~ 0 ·~O --0- '0"" 21 ~O::O---"""""-
-'TH~~ 1 . 1--1---0---'-o'-"~o---~O"'''' -'-'::.'-1---,..-1----"-.. 

(R2 )21 0 0 -1 -1 1 1 0 
(R 2 )12 0 0 -1 1 1 ~1 o 
(R ) ~ o -1 

o 
o 
1 \ ?'2~ 1 -~ 0 0 0 

~.~"S .. 'C......_ ..... .-_.____ _ ____________ .. ~_~ 

;<"(R.,) 2 0 0 0 0 0 -21 0 
,---~~--~-.--------,.-~.-------------

:::(Rl+1R2,·lR-r-RO)-9Xp( if&) 
=(R5+1R6~lRJ-R4)EXp(lp&) 

=(R1-1R2+1R7-Re).cxp(l,O) 
== (RS-iR6+ l.R.,~R'1 ).exp( 100.) .J I,.,. • () 



The compatibility raletions of the dispersion curves of 
the lattice vibrations 

~~~.,.....-~~~~ _"""'i!W~"1lC"~~~~~"""'~,",,, __ .n>.oe"~"""'~A,~~r-,-~~~n~W'ft~'" 
~"Y'W"~w~~~_"", .. ~,,~~~ .. ,~~,-';,,~~j:\~>i-~~--"'-F:I;~~..r~"-~_,:c'.,._~:tJ",,'Ir."..t~.b.~"''' •• ~~ 

(o,OpO) (0,8
1 

10) (O~~fO) (5 ,~,c) (~,~pO) ...-____ ~,~ ___ , __ ,_t~.,~~_._~_._. __ ~ ____ ~ __ "'~,.·~ __ ._ .. .., 

(o,o~o) (o,Or8c ) (O,O,n) (n,n,O) (n1n~8c) (R.n.n) 
~~'--'-T-""-!'I"''''~''_~!lo.''''''.,f:!;.~$4lI'~·_~_''''~''-I::'J''f:·.;'Q><G __ ~_~ __ ''·~~~;<"~~:!l 
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(o,o,n) (0 ,0, n ) a .. (n,o,Tt) (Tt,O,o) 

--_______ ~~ ___________ .__ ....... ..,..-"_T __ ~ ____ _ 

---~--____ l __ ' .. _ _.~iit( --= ______ ~~, __ _ 

(Tt,O,Tt) (n,ob,n) (n,n,n) (8 pTt,n) (O,n,n) 
_______ .... ~~~~_, _ .. _ ... ~~,~~_"""rtrIIr'r ___ ..... 
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CHAPTER V 

ELASTIC CONSTANTS OF POLYETHYLENE CRYSTAL 

V-l I}flRODUCTION 

Elasticity is a macroscopic feature of dynamical 

properties of crystal, which also originates in interatomic 

potential function. The observation of elantlc constants 

provides good informations about the atomic force constants. 

Born and Huang have accomplished the basic formulation 

about elastic property of crystal. 1 ) The theory has been 

successfully applied to crystals of high symmetry such as 

diatomic ionic crystals. 

In molecular crystals, elastic constants depends 

primarily upon intermolecular potential function. The 

experimental information abou~ the intermolecular potential 

may be obtainable from the measurements of elasticity as well 

as optical spectrum, specific heat and neutron scattering 

cross section. On studying the force field of the crystal, 

it is advantageous to refer to all the experimental results~ 

Shi'ro has improved the Born's formulation and incorporated 

the elastic constants into the least square analysis of 

force constants on treating normal coordinate problem of 

inorganic crystals. 2 ) The method is characterized with the 

application of the direct product representation to external 

deformation which would enable us to use the point group 

symmetry of crystal easily. Although the experimental values 
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of elastic constants are not obtained yet on polyethylene 

crystal, it is significant to calculate them from t~e present 

potential funotion, which reproduces other kinds of observed 
',! , 

values in goodftt._ 

Accordingly, in this chapter, the elastic constants are 

treated generally with the use of the Cartesian symmetry 

coor~inates derived in (2.1) and then c1j of polyethylene 

crystal is represented explicitly in terms of the interchain 

force constants. Also the relation of elastio constants with 

the frequency of acousticphonons is derived. The elastic 

constants calculated from proper dispers10h curves of crystal 

vibrations are in good agteemettt with those from the 

straightford calculation. 

V-2 THEORY 

When crystal lattice is subjected to arbitrary external 

force, theun1t cells are assumed to take homogeneous 

deformation. Supposing r(l,k) and ~r(l,k) denote the equili

brium position and the displacement from it of the k-th atom 

in the l-th unit cell, respectively; then the external nefor

mation 6r(1.k) is represented with tensor {u ' as 1 ) . as} 

~r(l,k) = ~x(l,k) = uxx uxy uxz x(l,k) (5.1) 

6y(l,k) uyx Uyy uyz y(l,k) 

6z(1,k) uzx uZy Uz z(l,k) 

which may be rewritten in the form of direct product2 ) as 
-

6[' ( l, k) = W ( 1 , k ) • U 

where rnat~lx·W(l,k) and column vector Uaredefined as 
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o o 

o o o o 

-

o 

o 

o o o 

(j 

o 

o 

o x(lk) y(lk) z(lk) 

(5.3) 

u = (uxx uxy uxz uyx uyy uyz uzx uzy uzz ) (5.4) 

In the case of mono-atomic unit cell, this deformation ls all 

which appears. However, if there are several atoms contained 

per unit cell, the external deformation is not the most stable 

deformation and it is assumed that, after the external defor

mation, the constituent atoms further change their relative 

position in the unit cell so as to minimize the energy incre

ment due to the external deformation. Thus, p(k), the atomic 

displacement associated with the internal deformation, is 

represented uS a vector measured from the atomic position 

after the external deformation. Therefore, p(k) depends only 

upon the type of atoms bu1, does not depend upon the cell number. 

Then the ensemble of I'(k) (k::::1,2,····,n) is common to all unit 

cells and becomes equival:lnt to the atomic displacement of 

crystal vibrations for &=0. Total Cartesian displacement 

coordinate vector of (l,~) atom is sum of displacement due to 

twq types of deformationE, that is, 

X(l,k) = p(k) + ~ril,k) 

Since the 'external defornation may be considered as super

position of limiting mod3s of acoustic phonons to ~=Ot the 

displacement X( 1, Id alse cOr'responds to the atomic displacement 

of 8=0. Accordingly, the Cartesian displacement vector is 

transformed into internal displacement coordinate vector with 

the use of B matrix3 ) corresponding to &=0. 
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where 

and R is internal displacement coordinate vector for o=(). 
Since the external deformation parameter includes the rotation 

of crystal as a whole, pure elastic deformation (a) is 

separated from the rotatlon (i,v) 

r £7] :::: Z U 
LW 

by 

where Z is an or'thogonal matrix and the inverse transformation 

provides U in terms of C and 

(5.8) 

The individual elements are represented as follows; 

U :::: u
1 u :::: ( (J6+VJz ) /2 u = «J5-wy)/2 xx xy xz 

u = (J2 uyx 
:::: «J6-wz)/2 uyz 

:::: «J4+wx)/2 yy 

u -- (J3 u = ( (J 5+wy ) /2 u :::: «J4 -wx ) /2 zz zx zy 
The second term of (5.5) denotes the internal displacement 

induced by the external deformations and is written as 

[) U :::: DZ -1 ~ J :::: 0 (J€T + DkJW ( 5 • 9 ) 

Since there ls no internal displacement due to the rotation 

of the crystal, ~ becomes null matrix. 

Supposing w is the energy increment per unit volume 

on the elastic deformation, then 

W :::: -- -(1/2v)(8 " + D 10")' F· (B fJ + () 0') ,- (J (J 

= (1/2v) (7 if) f!FR8 
lV(JF BB 
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where PR is e potential energy matrix for &=0 and v i8 the 

volume of the unit cell. Since both of the internal and 

external deformations sat1sfy the symmetry at &=0, they are 

class1.fied in accordance with the point group of the space 

group. With the use of Cartesian symmetry coordinate vector 

defined by (2.1), as 

S(&) == T(kJQ)p(k) 

then (5.10) is transformed into 

where -- ..-
i-Ipp - T(1c,U)B(k)i<'RB(k)T(k,O) 

which is equivalent .to PS<O) of Eq(1.3) and _. 
H == T(k O)B(k)P 0 

pa ' R a 

Supposing Nk is the mass of the k-th atom, the matrix elements 

of Hare eas1ly obtained from the dynamical matrix 0S(&) 
pp 

of (2.8) as 

(5.12) 

As described in Chapter I, 0s(O) has already oeen completely 

factorized into symmetry species of D2h • On the other hand, 

from the definition of a i provided in Chapter ill, the symmetry 

of a l is isomorphous to the symmetry of the product of two 

translations of the crystal. 

na
l

) = r( x )x T( x ) 1'( (4) == 1'( y ))( 1'( z ) 

r( (52) -.. r( Y)I( r( y) r( (
5

) = r( z )x r( x) 

r( 0'3) :::: re z ) xr( z) r( (6) = r( x)x r( y ) 

Iia
i

), r(x), 1'(y), and r(z) are characters of group operations 
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, ,: " 

for al , x, y, and z, respectively. In D2h system T(x), r(y) 

and r(z) are all one dimensional and therefore T(ai ) is 

irreducible. In other words ai is symmetry coordinate as 

it is. In polyethylene crystal, ai' a2 and a
3 

belong to A g 

species and a4 , a5 and a6 belong to Bl ' g 
B2g and B3g , 

respectively. Hpa which results from the correlation of the 

internal and external deformation, has finite value only 

when Sand rr belong to the same symmetry species. Accord lnp'l '! 
,.~ ,I 

(5.12) ls represented as sum of small matr1ces wh1ch belong to 

each -irreducible representation, as 

w = (1/2v)l: (5'11(0) ;l1)[HIl Il pp 
Hl1 

ap 

When a crystal has center of inversion, elastic deformation ls 

always symmetric to invers10n whereas the translation of the 

crystal as a whole is always ant1symmetric to inversion. 

Therefore, in such crystalS, H;p of gerade species has 

unique inverse matrix. 

On the other hand, the external force per unit volume, 

f k , which caused the external deformation a
k 

is now balanced 

with the restoring force -(~w/aak)' and atoms have already 

been displaced so as to have no internal stress inside the 

unit cell, that is, fk = (aw/~ak)' and (dw/~Sj)=O. If the 

external force per unit volume is represented as f, the six 

component column vector, then the condition of equ11ibration 

is written as 

(l/V )[H pp 
H ap 
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In polyethylene crystal, there is center of inYer8ion and 

with regard to the symmetry speci~s concerned with elastic 

constants, the coefficient matr1x of (5.14) has unique 

inverse matrix. The inverse transformation of (5.14) yields 

pp Y[H 
H 

ap :::fl: J 
The subrnatrix of (5.15) gi yes r1se to er in terms of f 1< aB 

where Sjk is elastic complianbe constant. Ih orthorhombic 

system, all terms except for sll' s22' BJJ , s44' B55 , s66' 

s12' 8 23 , and s31 are zero. Young's moduli along a direction 

(r)'; x,y,z) is a ratio of the external force to the elastlc 

deformation which is represented as 

The deformation, realized in the measurement of Young's 

moduli, is different from ai' a2 and aJ on the allowance of 

shortening in the direction perpendicular to the external 

tension. Poisson's ratio is a ratio of deformat10n, which 

is derived as 

(6a/ao):(6b/bO):(6C/C O) ~ (sllfa+s12fb+slJfc): 

(s21fa+s22fb+s2Jfc):(sJlfa+sJ2fb+sJJfc) (5.18) 

where aa, bo and Co are lattice constants and fa' fb and fc 

are the a, b, and c axis component of the external tension, 

respectively. 

'I'he elastic stiffness constant matrix is given vilth the 

inverse transformation of Eq(5.16) as 

(5.19) 
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The elements, c ij ' are directly derived from Eq(5.14) as 

c 11 = (H 11 _ H 11 H 11 -lH 11 ) 
ij aa ap pp pa ij (5.20) 

V-3 RESULTS AND DISCUSSIONS 

From the present potential, Young's moduli along the a, 

band c axes are calculated as 

E = 6.9, a E = 316 c (X10 10 dyne/cm2 ). 

When polyethylene molecule ls assumed to be rigid, Ea and 

Eb may be given by Eq(1.26) and thus calculated values are 

Ea=7.0 and Eb=9.6 which agree with the values obtained froQ 

above. Thereby the Young's moduli perpendicular to the chain 

axis, in fact, depends upon the interchain potential. 

Sakurada et al. 4 ) have observed the Young's moduli of 

polyethylene crystal with the X-ray diffraction method. The 

observed values at room temperature are Ea=3.1, Eb=3.8 and 

E =235. On the other hand, recently the measurement has c 

been reexamined on more crystalline polyethylene and the 

observed value is revise~ to Ea=5.0,5) which became closer 

to the calculated value. Because of weakness of diffraction 

spot, Eb could not be observed. Since the present potential 

function corresponds to that at low temperature, the calcu

lated Young's moduli may be compared with the observed value 

of low temperature. It is reasonable that the present 

calculated values are slightly larger than the observed 

values of room temperature. r1Uller6 ) has measured the linear 

compressibility of C23 H48 , from which Young's moduli are 

derived as E =10 and Eb=9. 
a· 

The elastic stiffness constants are calculated from 

the present potential as 
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c ll=8.38 

c66=4.69 

c22=11.6 

c 12=4.10 

c 33=3 17 

C13=1.48 

c44=4.69 

C23=2.81 

°55=3. 45 
10 2 (x 10 dyne/cm) 

The symmetry of c ij and the lntrachain potential terms 

associated with it are shown in Table 1. c
33 

is particularly 

large in polyethylene crystal. It results from the fact that 

the deformation corresponding to a
3 

is accompanied with 

deformation of molecule itself. Since the force constants 

of c-c stretchlng is so large that C-C-C valence angle 

undertakes the deformation. Then c33 depends primarily upon 

the force constant of Skeletal bending potential. While c11 
and c22 depend mainly upon the inter-molecular potential. 

Elastic deformations are partly realized in the acoustic 

phonons travelling along special direction. The dynamical 

matrix for three acoustic branches was derived as (Chapter llI) 

T 
c-

aobO 

(c13+cSS)babc 

aoc O 

symmetric 

c66 2 c22 2 c44 2 
2 ba+2bb+-2bc 
a o b O Co 

(c23+c44)bbbc 

boc o 

where aO' bO and Co are lattice constants and Ta' Tb and Tc 

mean that the atomic displacement is parallel to the a, b, 

and c axes, respectively. The eigenvalue of above dynamical 

matrix is pw2 where p is density and w is angular frequency. 

-As shown in Fig. 1, the atomic displacement in the mode 

of T (b ,0,0) is equivalent to a1 of the external deformation, 
a a 
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( ~) 2 ( ,,21 2) and the eigenvalue of Ta ua,o,o is given by pw = c11 0s aO • 

Tb(O'Ob'O} is the longitudinal vibration along the b axis 

and its eigenvalue is derived from (5.21) as pw2=(c220~/b~). 

The dispersion curves of Ta(Oa'O,O) and Tb(O'Ob'O) are ~1 

and Ai of acoustic branches in Fig. 1 and Fig.2 of Chapter llI, 

respectively. In Fig. 2, some of transverse acoustic modes 

are drawn sch~matically. Ta(O'Ob'O) indicates that phonon 

travella along the b axis and the atomic displacement is 

parallel to the a axis. The eigenvalue is derived as 

p~=(c660~/b~) from (5.21). Tb(Oa'O,O) is transverse mode in 

which phonon travells along the a axis and the atomic dis-

placement is parallel to the b axis. The dispersion curve 

corresponds to ~2 of Fig. 1 of preceding chapter and the 

eigenvalue is given by pwf=(c660;/a~). Since both eigen

values are commonly associated with the elastic constant, 

c66' the similarity of the modes are expected. In Fig. 2, 

the atomic displacement in the shear deformation of ab was 

also shown. Ta(O'Ob'O) and Tb(Oa'O,O) seem to compose the 

one side of the elastic deformation. Therefore, the depen-

dence of the eigenvalues upon c66 is reasonable. However, 

homogeneous deformation is not a simple superposition of 

be realized simultaneously. The mixing of Ta and Tb is 

possible only when phonon travells to the intermediate 

direction of the a and b axes. In the case of 0c=O and 

(Oa/aO)=(ob/bo)=ko' the eigenvalues of Ta and Tb modes are 
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given by 

pt.} = {c 11 +c 22+2c66) + 

which shows that the eigenvalues depend upon c 12 , c 11 and 

c 22 besides c66. Therefore, the atomic displacement is not 

exactly identical with ~6. Accordingly, it may be stated 

that the eigenvalues of transverse modes along the a, b, 

and c axes depend upon shear modulus such as c44' c 55 and 

c66' whereas the elastic deformation cannot be exactly 

realized by acoustic vibrations. 

On the other hand, for small value of phase difference, 

the frequency of acoustic vibrations is nearly proportional 

to phase difference. If arbitrary dispersion curves were 

observed in the experiment of inelastic coherent scattering 

of neutrons, the experimental values of the elastic constanw 

would be obtained. Accordingly the coefficient of v-181 

line was derived for individual case and is summarized in 

Table 2. Since the theoret ical d ispers ion cu!'ves are available 

the elastic constants were calculated from the inclination of 

those curves shown in the preceding chapter. Thus obtained 

values are as follows; 

C 11=8.4 c ,= 
22 11.2 c

33
=3 17 c 44=4.7 c55=3.5 

c66=4.7 
10 ' 

c 12=3. 2 c = ? c 13=3. 2 ( xl ° dyne/cm' 23 

The diagonal terms ar:,ree closely with those obtained directly 

from the potential function. Althouv,h c 12 , c 23 and c 13 are 

to be calculated from the dispersion curves along (0,0,0), 

(0,0,0) and (0,0,0), respectively, these off-diagonal terms 

actually cannot be determined precisely from dispersion curves. 
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Because these terms influence on the eigenvalues of acoustic 

phonons in second order together with shear modulus. 

The partial derivative of elastic constants with 

respect to force constants are derived in general form, 7) 

which may be of great use especially for inorganic crystals. 

Regarding to the po1yethy1ene crys~a1, the intrachain" 

potential is fairly reliable and contributes little to the 

elastic constants except c33 • Accordingly the elastic 

constants were derived as function of the interchain force 

constants with the use of second order perturbation method 

described in chapter .rIT, and are shown in Table 3. Thus 

calculated elastic constants are as follows; 

c
11

=8.44 

c66=4.80 

c 22=11.1 

c 12=3. 88 

c33=3 14 

c 13=2.04 

°44=4.73 

°23=2.82 

c55=3.53 
10 2 

(X10 dyne/cm) 

If the experimental values of the elastic constants were 

available, the force constants of interchain potential would 

become more definite. 

The measurement of the velocity of sound wave also 

provides the experimental values of the elastic constants. 

The velocity of longitudinal acoustic phonon which trave11s 
! 

along (Oa'O,O) is equal to (c 11 /P)2 while the velocity of 

transverse acoustic phonon along the a axis are given by 
! b 

(c66/ P )2 and (c55/ P )2. Since the experiments about the 

sound velocity or coherent scattering of neutron requires 

fairly large single crystal, elastic constants have not been 

obtained yet on po1yethylene crystal. However, it is very 
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desirable to obtain the exact experimental value of elastic 

constants for the study of inter-molecular potential. 

SUMMARY 

Elastic constants are derived in the proper form to 

molecular crystals with the Cartesian symmetry coordinates. 

The relation of frequency of acoustic phonons with elastic 

constants were derived and the elastic constants were 

calculated from the dispersion curves of the preceding 

chapter. The elastic donstants were derived as function 

of the interchain force constants. The calculated values 

from these three methods are in good agreement with each 

other. 

The Young's moduli along the a, band c axes were also 

calculated, in reasonabie agreement with the observed values. 
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Table-1 Symmetry of the elastio oonstants and the 
associated intrachain potential terms. 

symmetry R 

N a 

N p 

R 

is 

ls 

011,022,033 

°12,023,c 13 

the dimension 

the dlmension 

3 

1 

1 

1 

of 

of 

1-111 • 
aa 

1-111 pp. 

6 

3 

3 

6 

is the internal coordinate. 

C-Cstr. CH2antisym.str. 

CH 2rook. C-C-C bend. 

CH2wag. CH2twist. C-Cstr. 

CH2wag. CH2twist. C-Cstr. 

CH 2sym.str. CH 2scissor. 

C-Cstr. CH2antisym.str.* 

CH2rook.* C-C-C bend. 

(sym.str.=symmetrio stretchl~ 

antsym.str.=ant1symmetrio stretch1ng, str.=stretchlng, 

scissor.=sclssor1ng, rock.=rock1ng, tw1st.=twlstlng, 

wag.=wagglng, and bend.=bend1ng) 

The coordinates marked wlth * do not contribute to 0a" 
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Table-2 The 1nc11nat1on of 1.1-8 curve at the limit of IlU+O 

direction symmetry mode 1nclinat1on 

(8 ,0,0) ~1 T (LA) (1/2nc)(cl1/pa~)i a a 

l:2 Tb (TA) (1/2nc)(c66/pa~)i 

l:4 T (TA) (1/2nc)(c55/pa~)~ c 
(0,8b ,o) "1 Tb (LA) (1/2nc)(c22/Pb~)~ 

"2 T (TA) (1/2nc)(c44/Pb~)~ c 

"4 T (TA) (1/2nc)(c66/Pb~)~ a 
(0,0,8 ) L)1 T ( LA) (1/2nc)(c33/Pc~)~ c c 

L)2 T (TA) (1/2nc)(c55/PC~)~ a 

L)4 Tb (TA) (1/2nc)(?44/Pc~)i 

(LA) means long1tudinal acoustic mode and (TA) means 

transyerse acoustic mode. 
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Table-3 Explicit representation of the elastic constants with 
interchain force constants. 

C11 PNoa~'10-13(o.287PI+2.09bP2+1.527P3-155.6P22-58.9P32 

. -4.67PIP2+2.88PIP3+19i.5P2P3) 
2 -13( 6 . . ~ 6 2 4 4 2 c 22 pNobo·IO 2.579P1+O• 88P2+o.255P3+5.2~2P4-0.4 PI -7 • P2 

-14.3P32.0.35P42.il.7PlP2+5.12PlP3+0.S0PIP4 

+65.3P2P3+10.3P2P4-4.5P3P4) 

c33 PNOC~'10-13(O.829Pl+1.024P2+0.027P3+0.681P4+7.745) 
c44 PNoC~'10-13(2.579Pl+2.908P2+6.832P4) 
c55 PNo8~'10-13(o.698Pl+o.787P2 +o. 008P4) 

2 -13( . 2 2 c66 pNObo·l0 O.287Pl+2.090P2+1.527PJ+o.067P4-59.2Pl -7.23P2 
2 -23. 8P

3 +41.4PIP2+75.0PIP3+1.04PIP4-26.2P2PJ 

-o.66P3P4-0.J6P2P4 ) 
-13( pN08 0b o'10 1.722Pl+2.397P2+1.249P3) 

-13( 6 pNoaoco ·10 2.447P
1+3. 73P2+0.202P3) 

-13( c23+c44 pNobocO·10 2.804Pl+2.352P2+0.082P3+5.439P4) 

NO ls Avogadro's number. 

c 1j is represented in (dyne/cm2~ If the force oonstants are 

given in (mdyne/R), lattice constants in (R) and p ln (g/cm3 ). 
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0 ~ Q--) 6 
o· ~. e 

0 0. C>-) ~ 0 0 0 0 

Ta (Sa'O•O) Tb (O,Sb'O) 

Fig. 1 The atomic displacement in two longitudinal 

acoustic vibrations. T (0 ,0,0) and a a 
Tb(O'Ob'O) correspond to Ll and A1 of 
dispersion curves, respect1vely. 
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Ta (O.6b,O) Tb(Sa'O.O) 
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~ ~ c/' // 

? I' I 
d" I I I 

0 0 6 1 I 
cr6 

Fig. 2 The atomic displacement in two transverse acoustic 

vibrations and shear deformation a6. Ta (O,8b ,O} and I 

Tb(Oa'O,O) correspond to ~4 and L2 of crystal 

vibrations, respectively. 
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CHAPTER VI 

A REFINED METHOD FOR TREATING ONE- AND MULTI

PHONON NEUTRON-SCATTERING CROSS SECTIONS 

VI-1 INTRODUCTION 

Recent development of neutron scattering has made it 

possible to measure the inelastic scattering cross section 

and to determine the dispersion curves of crystal vibrationEl 

experimentally.l) Energy analysis of incoherently scattered 

neutrons fromhydrogeneous compounds has also been current 

subject because of, no selection rule for neutron specroscopy. 

The basic formulae about the scattering cross section of 

t 2-4) neu rons have already been derived and up to date, the 

observed results have been commonly explained on the basis of 

the theory. However, the object of that theory are rnonoatomic 

crystal lattices such as metal crystal, and the observed 

results from molecular crystals have not been always analysed 

su~ficiently. Although the use of time dependent correlation 

functionS) provides the straightforward representation of the 

scattering cross section, the concept of correlation function 

regarding to atomic displacement, does not necessarily lead 

us to concrete image of its physical meaning. 

On the other hand, the scanning region of far infrared 

spectrometer has been extended to fairly long wavelength 

and also laser Raman technique has been developed considerably. 

Now the optical spectrum is of great use to investigate the 
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l~tt+Q@ v4qr~tlo.npt A+sp th~ar.et~ca~ ~reatment of ~olecular 

v1brat1ons has been advanced6 ) and the ass1gnment of v1b-

rat10nal frequency obtained from the 1nfrared and Raman spectrum 

became reliable. 7 ) Generally the resolution 1s higher 

in infrared and Raman spectram than in neutron spectrum. 

However, the information from neutron spectroscopy 1s un1que 

on the observation of the frequency distribution. Therefore, 

on the study 6f lattice vibrations, both experimental results 

of optical and neutron spectram should be reasonably referred. 

The scattering cross sectlon of neutron by crystal vib-

rations may be derived on the basis of stationary state and 

the formulat1on would be easier for spectroscoplsts to get 

acqua1nted w1th neutron spectrum. Accordingly, 1n the 

present study, the incoherent scattering cross sect10n of 

neutrons is derived in general form on the basis of transition 

probability. The result ls same with that from the time 

dependent correlation function, while the present derivation 

would have analogy to that of optical spectrum and is relatively 

convenient for numerical computation with electronic computer, 

especially for multiphonon scatterlng cross section. The 

present result has been successfully applied to the analysis 

of the experimental results from polyethylene crystal, which 

~ould be described in next chapter. 

VI-2 THE CONCEPT OF TRANSITION PROBABILITY 

For arbitrary phase difference vector ~, normal vibrat10ns 

are doubly degenerate and therefore, the atomic displacement 

associated w1th crystal vibrat10ns are represented with 

degenerate pairs of two real normal coord1nates as 
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( 6.1 ) 

vlhere u
ll 

is the, atomic displacement vector of ll-th atomS), 

N is total number of unit cells in the crystal, f1 is the 
11 

mass of ll-th atom and Llll is the polarization vector of ll-th 

atom due to i-th branch of lattice vibrations. Summatlons 

runs over all branches on N/2 values9 } of 0 in half of the 

first Brillouin zone. Because of the symmetry, the irreduci

ble volume of the first Brillouin zone ie reduced to 1/8 of 

the first Brillouin zone in the case of polyethylene crystal, 

that is 

( 0 , 0,0 ) ~ (0 a' ob' ° c ) ~ ( 11: , 11: ,11: ) 

With the use of the matrix elements of symmetry transformation 

matrix, U(R, &) of Eq(2.1), the polarization vector ls written 

L~i (S) :: Ap.lcos(PllO) + Bllisin(Pllo) 
(6.2) 

[, ~i ( () ) =-A lsin(1' (j) + B lcos(" S) 
II II II II 

vlhere p is 
II 

the index vector of ll-th atom and All1 and E lli 
are vectors of order three which is subvector of elgenvector 

of the dynamical matrix. Numerical value of Alli and E lli are 

calculated with Eq(2.13) from the corresponding eigenvector 

of l-th branch. 

In nOTh~agnetic crystals, the interaction of neutron with 

crystal lattice has been represented as sum of Fermits pseudo 

potential. 10- 11 ) For the scattering of low energy neutron 

from nuclei, Born's first approximation ls practical. Then 

the differential cross section for incoherent scattering is 

represented as 

(6.3) 

as 



(6.4) 

where kl and k2 are wave vectors of incident and scattered 

neutrons, respectively, and s is the bound atom incoherent 
II 

cross section12 ) of ll-th atom and IMi~T is temperature 

average of transition probability for the crystal vibrations 

to change from tl to +2 together with the change of wave 

vector of neutron from kl to k2' where tl and t2 are the 

initial and final wave functions of the crystal vibrations, 

respectively. Under the harmonic approximation, the wave 

function of the crystal vibrations is written as product of 

wave function of each normal coordinate as 

t = ~ (-Ql ) ~ (Q2 ) • • • • • ~ (Qi) • • • • • vi v2 vi . 

where, for simplicity, the suffix i distinguishes both of 

phase differences and branch number.(then i=1,2,3,···,)nN/2). 

This independency of normal coordinate lets the matrix element of 

Eq(6.4) be represented as product of the matrix element of 

each normal coordinate as 

Mi2 =IT~v,(Ql)lexp(iF"iQi)J~v (Qi) (6.6) 
i i ~ i 

where vi and vi are initial and final quantum number of i-th 

normal coordinate and F i -is a scalar product of the atomic 
1..1. 

displacement vector of ll-th atom due to Qi by the momentum 

transfer vector of neutron. Since each component of the 

degenerate pair of i-th normal coordinate is mutually linear 

i .independent, the wave function rDv (Ql) is againly expressed 
i 

as the composite of two wave functions. 
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FUl of ,Eq(6.6) le derived from Eqs(6.1), (6.2) and 

'F~~. = (2/MllN)(kl-k2)(AllicOS(PllO) + I3 UiSin(Pllo)] 

Fb .= (2/M N)(k1-k2 )[-A isin(n &) + B icos(fJ·O~ lli U II rU II U U 

(6.4) as 

(6.7) 

Supposing Iv+A,v is the matrix element of exp(iFQ) with 

regard to two quantum states, v and V+A, where Q is arbitrary 

nondegenerate normal coordinate, then I is derived in V+A,V 
general form as 2 ) 

. v 
IV+A v = l: [(V+A}f vD ~ 

. , r=O 
(6.8) 

where t=i ~-~F, '6= UJ/11 and w is the angular frequency of Q • 

. The proof Jf Eq(6.8) is given in Appendix 11. 

Then the thermal average of transition probability for 

the normal coordinate is given by 

J . = l: w 1* • I V+A,A v=o v V+A,V V+A,V 

where Wv ls the occupancy probability at initial state, ~v(Q), 

Which results from Bose-statistics. 

w =(l_x).Xv 
. v 

where 

x = exp( -hw/l<T) 

(6.10) 

Then the transition probability of the crystal, 'Mi~T is 

represented as product ofJ +~ of the constituent normal v 1\, v 

coordinates. 

VI-3 THE TRANSITION PROBABILITY FOR ELASTIC SCATTERING 

In the elastic scattering, momentum of neutron changes 

without the change of energy. Crystal accepts the momentum 

transfer of (k1-k2 )t whereas quantum number of crystal 

vlbrations is not altered at all. The corresponding matrix 
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element is 

r = exp(t2/4).[1 + vt2/2 + v(v-l)t4/16 + ••• ] v,v 

and the thermal average of the square of the r is v,v 
approximately represented as 

(6.11 ) 

J = ~ (l_x)xv .r* ·r . = v,v v v,v v,v . exp[t2 ( 1+x)/2( 1-xD 
(6.12) 

Since the vibration is degenerate, the transition probability 

fo~ l-th pair of normal coordinate is written in the product 

of two terms corresponding to Q~ and Q~, as 
. . 

J V,V(Ql) = exp[(t!+t~)(1+xi)/2(1-xiU (6.13) 

l--~ a )o-! b ( 6 ) whe~e ta=io F~i and tb=io F~i. From .7 and the 

definition of t, the exponent of Eq(6.13) is transformed 1nto 

t; + t~ = (~2t/M~NW {{I~oA~i)2 + (KoB~i)2J (6.14) 

where KO = k1-k2 , 1s momentum transfer vector for elastic 

scatter1ng. Then the transition probability of the crystal is 

/Mi212T = exp[-2vJ~(Ko)] (6.15) 

where 2W (K ) is Debye-Waller factor of ~-th atom and 
~ 0 

'represented as 

2W~(Ko) = t (ll/M
l1

NW i ) [(KoA~i)2+(KoB~i)2J(1+xi)/(1-xi) 
(6.16) 

where summation runs over all branches for N/2 pOints in 

half of the first Brillouin zone. Thus derived 

De~ye~Waller factor is used in terms of the temperature 

factor for X-ray diffraction. 

Accordingly when momentum transfer vector is parallel to 

the atomic displacement, the transition probability for no 

energy transfer diminishes and the peak intensity of elastic 
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scatter1ng cross section becomes low. In other words, 

under such circumstances energy is also apt to be transferred 

bes1des momentum. 

VI-4 THE TRANSITION PROBABILITY FOR INELASTIC SCATTERING 

A) SINGLE PHONON PROCESS 

On the collision of neutron with crystal, neutron may 

lose (down-sca~tering) or gain (up-scattering) energy corres,

ponding to the separation of vibrational energy levels, 

or to the contrary, the crystal gets or emitts the corres-

ponding energy. These inelastic scatterings are conveniently 

classified in accordance with the transferred phonon number. 

When a-th component of j-th normal coordinate is eX9ited 

from v to v+l (down-scattering), the energy, Et and momentum, 

Kt l1 which neutron gives to crystal is 

Et = ( 'k1, 2 I k21 2 )t//2m = T!w j (6.17) 

Kt = kl - k2 (6.18) 

where m is mass of neutron, Wj is the angular frequency of Q~. 

'.The transition probability associated with this process is 

represented as 

/Mi212T = J v+1 v(Qaj ) IT J v v(Qi) 
, i:\=ja' 

From Eqs(6.8) and (6.9), the transition 

is derived as 

= ~ ~(1-X)Xv·(v+l).exp(t!/2) 
v 

(6.19) 

probability about Q8 
j 

X [t + vt3/4 + v(v-l)t5/48 + .... ]2 
(6.20a) 

(6.20b) 

Substitution of J v+1,v(Qj) from Eq(6.20b) into Eq(6.19) yields 
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(6.21) 

For the b-th component of j-th normal coordinate, the same 

amount of energy and momentum is transferred. Accordingly 

the transition probability of j-th degenerate pair of vlb-

rations becomes sum of the constituent terms, which is 

derived as 

IMi212T = (t/M llNWj ) [( KtAllj) 2+( KtE llj) 2Jexp ~2VJ II (Kt ]/( i-x j) 

(6.22) 

where 2VJ
ll
(Kt ) is Debye-Waller factor for ll-th atom and 

represented as 

In the case of up-scattering of the same energy transfer, the 

corresponding term J is derived aB v-l,v 

J v_1 ,v(Qj} = x j J v+1 ,v(Qj) 

and the transition probability becomes 

IMi 212T = (t/M llNWj ){ (KtA llj )2+( KtB llj ) 2J.exp [-2W II (Kt )].x j/( 1-x j ) 

( 6 • 2/} ) 

The factor Xj results from the lower population of phonons at 

higher state and therefore, at low temperature, up-scattering 

cross section becomes much smaller than the corresponding 

down-scattering cross section. 

B} TWO PHONON PROCESS 

Two phonon scattering includes all transitions in which 

vibrational quantum numbers are 'changed simultaneously by two 

units on Single collision. The cross section is classified 

in accordance with the notation of spectroscopy, that ls, 



overtone, summation combination and difference comb'.nation. 

The transition probability for overtone band ls derived as 

J v+2 •v = ~ (1-x)xv .(V+l}(v+2}.exp(t2/2) 
, v=o 2 

x[t2 + vt4/6 + V(V-1)t6/96+ •• • •• ] 

= J t 4/8( l_x)2 (6.25) v,v 
For the up-scattering process, the correspondlng trans1tion 

is v~v-2 and the transition probabillty ls derived as 
2 

J = x J (6.26) v-2 ,v . v+2 , v 
Because of low population pr~portlonal to x2 , overtone peek 

ls rarely seen ln the up-scattering cross section. 

Combinatlon-tone corresponds to the process in whlch 

vibratlonal quantum numbers of two different oscillators 

are changed slmultaneously by one unit on slngle collision. 

For summation combination, both of j-th and k-th nondegenerate 

normal vibration change from v to v+l and the corresponding 

transition probabillty is 

IMi21
2 

= J v+1 v(Qj)JV+l V(Qk) IT J v v(Ql) 
T , 'i~j,k ' 

(6.27) 

\ and for difference combination, it is 

IMf212 = J v_1 v(Qj)JV+l V(Qk) IT J v v(Qi) 
T , 'i~j,k ' 

(6.28) 

where j-th vibration ls as~umed to change from v to v-l. 

Because of degeneracy of each normal coordinate of 

crystal, overtone of j-th normal coordinate includes three 

types of transition 

1) v~v+2 for Qa 
j 

2) v-+v+2 for Qb 
j 

3) v~v+l for Qj and v~v+l for Q~ 

The energy transfers are common to these transitions and 

given by 

170 



Et = (\k l I
2 

- Ik212Y112/2m = 2hwj 

The difference combination of Q~ and Q~ gives no energy 

transfer and it does not contribute to inelastic scattering 

at all. From Eqs(6.20) and (6.2S)t 

JV+2,v(Q~)Jv,v(Q~) + JV+l'V(Q~)JV+i'V(Q~) -I- Jv,v(Q~)JV+2tv(Q~) 

= J (QS)J (Qb)·(t4+2t2t~+t4)/8(1_X)2 (6.29) 
v,v j v,v j a a 0 b j 

Accordingly the transition probability in the crystal ls 

represented as 

\Mi2\ 2 T = ~(n/M l.tNW j)2 ( i-x j) -2[ (ICtl\llJ )2+( KtB llj) 2]2 exp[ -2W ll( f\ ~ 
(6.30) 

Regarding to the summation combination of j-th and l{-th 

vibrations, there (
aB, are four types of combinations; Qj,QkJ} 

( Q ~ , Q~), (Q ~ , Q~ ) , b b and (Q j' Ql{) t-lJhlch gives common energy transfer 

Et = (wj 

With Eqst6.20) and 

+ Wk)t (6.31) 

(6.27), the transition probability of the 

crystal is derived as 

I l.t (2 _ ~ [(KtAu.1)2+(i\BU.1)2}[U\AuJ5)2+(KtBuk)2] [ 11 v ~ 
M12 - 2 2 exp -2N}"~t~ 

T Ml.tN W
j

W k (l-X j )(l-X
k

) 

(6.32) 

As for difference combination, in which Q
j 

changes from v 

to v+1, there are also four types of transitions. The transl-

tion probability is derived from Eqs(6.24) and (6.28) 

x jt2 [( Rtf.\. 11.1) 2+ (t\tB 11.1) 2l[O\A uk ) 2+( KtB ltk) 'XP[-2VJ (Et ~ 
= - 2 2 l.t ~ 

MllN Wj W k ( i-x j) (l-Xk ) 

and the corresponding energy transfer is given by 

Et = (lk1/
2 

-lk212rt2/2m = (wk-wj)h 
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In the same way, the transition probability for overtone 

of down-scattering is derived as 

\Mi2\2 T =( x jl1/MllNWj ) 2 ( 1-x j ) -2 [O\A 11j ) 2+ (l<tB llJ ) 2Jexp [-2V1
11 

(Kt D 
(6.35) 

C) THREE PHONON PROCESS 

On this scattering process, vibrational quantum number 

changes by three units simultaneously on single collision. 

When three different normal Joordinates, Qj , Qk and Ql 

participate iri the scattering, the transition probability 

ls derived in analogy wlth the combination tones of two

phonon scattering as 

IMll1212 = ('i1/M N)3 IT ~KtA )2+{Kt B )2]exp[-2W (KtU /W (l-A) 
T . 11 -J 1 llK 1lK 11 K K K- , , 

(6.36) 

and the corresponding energy transfer is 

(6.37) 

In the case of difference combination, in which p-th 

normal vibration changes from v to v -1, Eq(6.36) has to be p p 

multiplied by the population factor of xp. 

When two different normal coordinates tal{e part in the 

scattering, the transition probability is represented as the 

product of the corresponding terms of overtone process by 

where Q
j

. is assumed to perform overtone process. 

When one pair of degenerate normal vibrations are 
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concerned with three phonon scattering, the composite 

transition of eight set& of combinations are possibly classified 

into four types of the set; (Qj,Q~tQ~),3(Q~,Q~,Q~)t 
3(Qj;Q~,Q~:, and (Q~,Q~,Q~). From Eqs(6.S) and {6.9), Jv',v 

is derived as 

(1_X)XV.(V+1}(V+2)(v+3)(t2/2)3exp(t2/2} 

[1/6 + vt2
/ ltS + 

::: J (t2/2)3/6(1_x)3 
v,v 

V(V-l)t4/960 + ...•• 1 2 
.... 

(6.39) 

Then the transition probability for three phonon process of 

one pair of degenerate normal vibrations is represented as 

INi21 2 
T ::: (1/6) (n/M llN( i-x j )Wj ]3 [( KtAllj ) 

2 
+( KtB v-j )

2J3 

(6.40) 

In the case of three phonon up-scattering, the population 

factor X3 is multiplied with Eq(6.40). 

VI-5 SETTLEMEt~ OF THE REPRESENTATION 

So far the transition probability in one- two- and three-

phonon scattering processes has been derived Hith regard to 

individual normal coordinate. In the crystal, there are 

so large number of normal vibrations that several transitions 

give rise to almost same amount of energy transfer. On the 

computation of the scatter1ng cross section, it is more 

convenient to represent the transition probability regardlr~ 

to the energy transfer. Accordingly, new function H(K,w) is 

defined by 

H
ll

(Kt ,W
j 
):::~w (n/NllNwj )( 1-X

j 
)-1 [(Kt A

llj 
)2+(Kt B

llj
)2 ] (6.41) 

j 

where summation is performed for all the normal coordinates 

within the frequency diviSion of ~Wj which could be taken 

173 



i~bl~~~~llt in ~ccordari6e·with the expe~i~erttal resolution 

et> the nUinber of points talten up in the first 

Br1lloi.lin zone. 

Then the differential cross sectlon of ~-th atom for 

orie phonon transition is represented as 

d
2

cr/dndE =( 1/4nN )(k2/k1 ) ~ s II H~ (Kt, Wj )exp[ -2W II 0\ )] (6.1+2) 

wher-e 2W~(Kt) ls Debye-Waller factor, obtained from Eq(6.2J)f 

f\ is momentum transfer for the scattering angle e i1hlch is 

given by 

1(\1 2 = 11<1/2 + Ik212 -2It<:11·/1<:2Icosg 

and the correspondlng energy transfer ls 

(6.44) 

For two phonon process of down-scattering, the differential 

cross section of overtone is united with that of summation 

combination as 

d 20/ dfi.dE =( 1/4nN)( k2/kl ) ~~s J.l H ~ (Kt' Wj ) H~t({\ ,w1<: )exp [-2W ~ (Kt D 
(6.45) 

where the energy transfer ls 

E = ( Ikll 2 -/k 2 1
2 rh2/2m = (W j +Wk )1i ( 6. 1:6 ) 

The down scattering cross section for difference combination 

is represented as 

d 
2 0/ dO.dE =( 1/ 4n N)( k2/kl ) LS J.l (x j /2) H ~ ( i\uJj ) H~ 0\(1)1\) exp [-2Vl

l1 
( l\t B 

~ 
(6.it?) 

where W
k 

is assumed to be larger than W
j

• The correspond1ng 

energy transfer is 

(6 .1~8) 

On the up-scattering process, the population factor XjXk is 

multiplied with Eq(6.45) as same with Eq(6.35). 

174 



The differential ,cross section for three phonon down

scattering process is a composite of the following three types 

of energy transfer. 

For energy transfer of E=(Wj+wk+wl)t (6~49) 

d 2 a/dO.dE = ( 1/41tN)( k2/kl )( 1/3 f}!s l-t H (KtW 1 )H (Kt'Vk ) 
]l ll. "ll. 

XH ll. (Ktwl ) exp [-2W ll. (Kt)] (6.50) 

For energy 

d2a/dndE 

transfer of E=(Wj+wk-ui)n 

=( 1/4nN)(k2/k1 )2:8 (x l /3!)H (Ktu,'~)H (t\Wk ) 
ll. 11 ll..j ll. ' 

x H ll. ( 1\ cuI) exp [ -2W ll. «({t )] (6.52) 

For energy transfer of E=( W~-HJk-«i)11 (6.5:3) 

d2a/dndE =(1/41tN)(k2/k1 )!S (xkxl /31)H (KtWj)H (Kt"\) 
]l 11 ll. ll. 

XHll.U\wl)exP[-2Wll.(Kt)] (6.5h) 

VI-6 DISCUSSIONS 

In evaluating multi-phonon scattering cross section, 

Placzeck13 ) has used the expansion about M- 1 because of its 
ll. 

) -1 rapid convergence. Since the Hll.(Kt,W includes factor M'Il' 

the expansion is essentially same I-'lith the present treatment" 

t f "'r-n however present expression provides the coefficien 0 I"ll. 

in explicit form. 
c: , 

With the use of time dependent correlation function.)! 

G s (r, t) = <:xP [iKCq ( t)J exp [H<Cq ( t)] > T 

where C ls polarization vector of normal vibration and q(t) 

is time part of normal coordinate, the differential cross 

section for energy transfer of E is represented 88
4 ) 

(~ 
d2o/d!l.dE = ! (s /4nN)( k2/2nk1 )exp [-z ( O)J 18XP [-iEt+Z ( t]d t 

ll. ~~ 
( 6 .55 ) 

where 

Z(t) = 2: j (f{cll.)2-t1(e-iWjnt + xjeiWjnt)/2Mlll#j(1-Xj) (6.56) 
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Z(O) is Debye-Waller factor which is coincident vlith Eq(6.2J). 

When expDz(tU is expanded into power series of Z(t), the 

first term provides elastic scattering cross section 'Nhile 

the second term yields one-phonon scattering cross section. 

The second power of Z(t) gives rise to the two-phonon 

scattering and third power of Z(t) contributes to three-phonon 

scattering cross section. Since Z(t) has time part in the 

exponent ial funct ion, thus expanded Eq (6.55) 1 ncludes Dii.'tl,c' r 

8 function about energy transfer. If non-vanishing terms cIf Eq 

(6.55) with regard to the 0 function ~'J8re picked up, they 

are exactly coincident with the p~esent result. The equation 

(6.55) seems apparently simple, hovlever the numerical 

evaluation ls fairly complicated because of the 0 function. 

Accordingly the representation introduced in the section 

VI-5 is realistic, at least, on the estimation of two- and 

three-phonon scattering cross section. 

In X-ray crystallography as well as neutron diffraction 

study, Bloch's theorem 1s generally applled to estimate Eq(6.6), 

that is, 

( 6.57 ) 

where Q is an arbitrary non-degenerate normal coordinate and 

< )T means the thermal average of the expectation value. 

Debye-Waller factor was classically introduced from Eq(6.57). 

Certainly, the thermal average of I from Eq(6.8) is exactly n,n 

transformed into 
00 v v 2 r 2 
L L (l-x)x (t /2) exp(t /4)v!/(v-r)! r!r! 

v=O r=O 
(6.58) 
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and Eq(6.57) is derived. If the elastic scattering intensity 

were proportional to I ,the application of Bloch's theorem n,n 
m1ght simplify the calculation. However, the transition 

probab1lity is proportional to square of matrix element, and 

thermal average of 11 12 has to be treated. v,v 
On the other hand, when the left side of Eqt6.12) was 

transformed into simple function such as ri~ht side, 

appropriate approximation was adopted. To examine the correct-

ness of the approximation, the left side \'laS -numerically 

calculated with incorporation of v till 84 at 100oK. Arbitrary 

pOlarization vector of hydrogen atom in the acoustic branch of 

polyethylene crystal was picked up and fixed through the 

frequency range. The result is shOt-m in Pig. 1 t'lhere solid 

l1ne denotes the exact value of Eq{6.12) and open circles 

denote the right side of Eq(6.12). Small deviation is found 

below 15 cm- l • As represented in Eq(6.23), 2W(K) is an in~~:~~J __ 

quantity of all vibrations and the number of vibrations below 

15 cm-1 is much less compared with the total number of crystal 

vibrat1ons. Accordingly the approximation incorporated at ~Q 
16 ) (6'.12) may be admitted. Since the experiment on poly-

ethylene crystal has been carried out with fixed final energy 

of 30 meV of neutron, the same type of calculation waS carried 

out for the optical branches with varying temperature and 

initial energy and ls summarized in Table 1. As temperature 

is raised, the approximation becomes worse especially for 

higher initial energy. However, for low initial energy, the 

right side of Eq(6.12) well reproduces the exact value. 
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On deriving the transition probability, a proper 

approximation was incorporated between Eqs(6.20a) and (6.20b). 

The calculated values from Eq(6.20a) are compared with those 

from Eq(6.20b) in Fig. 2, where solid line denotes Eq(6.20a) 

and open circles denote Eq(6.20b). On the exact calculation 

of Eq(6.20a), v was incorporated till 84, where the experimental 

conditions of k2=30 meV, Q=90o and the polarization vector 

of hydrogen atom in the acoustic branch of polyethylene crystal 

were used. On account of the. approximation, the inelastic 

scattering cross section is estimated to be relatively small 

below 18 cm-l. It results from the fact that, for low frequency 

motion, F defined by Eq(6.7) becomes sq large that higher 

terms in power series of Eq(6.20a) influence the results. 

On the other hand, the experimental resolution is not 

. sufficient for separating the inelastic scattering of such 

small ene~gy transfer as E=20 cm- l from the elastic scattering. 

Generally this region is treated 8S the quasi-elastic scattering 

for which the incorporation of proper analytical functions l ) 

might be suitable. The same type of examination was carried 

out .on optical branches. The result ls shown in Table 2, 

which suggests that the approximation is sufficient for 

optical branches. 

Accordingly, the present formulation is justified unless' 

very small energy transfer becomes the subject of discussion. 
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SUMMARY 

Incoherent scattering cross section of neutrons was treated 

on the basis of transition probability. Thus derived result 

is coincident with those derived previuusly from time 

dependent correlation function. 

From the atomic displacement due to crystal'vibrations of 

polyethylene, Debye- WaIler factor was derived as function 

of momentum transfer. The approximation, included in the 

present derivation, was examined numerically and confirmed 

to be allowable. 

To calculate the transitioh probability for arbitrary 

energy transfer, new function H(K,uJ) was defined, with 't'lhlch 

one~ two- and three-phonon scattering cross 'sections were 

represented in convenient form to computation. 
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Tgble 1. Comparisons of the approximate values of Eq(6.12) 
with exact values. 

k,=30meV (A= 1. 65~) T=100oK 
( -1) mode 11 cm . left right 

rot. 146.4 0.936 0~9J5 

trans. (...L) 91.4 0.973 0.973' 
trans. (If) 54,j .. 0.918 . 0.916 

1 t ,t t. 

I' .. 11' :.. .. 
"' , 

'. k j == i 04theV, t~=o ~~ 8~~) T=100oK 
t ." • *1 

left right mode '. v( cO! . ) 
rot. 146~4 0.863 0.861 
tran~.CL) 9L4 0.942 0.941 
trans.(/J) 54.; 0.829 0.822 

Table 2. The examination of Eq(6.20b) 
T=100oK 

mode 1I(cm- l ) (6.20a) (6.20b) 
I , 

" ! i 

rot. 146.4 0.05.56 0.0556 
trans. Cl,,} 91.4 0.0229 0.0229 
trans. (If) 54.) 0.0549 0.0549 

Final energy ls set to be )OmeV. 
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T=298oK .. 
left right , 

0.861 0.857 
0.912 0.910 
0.791 0.779 

T=298oK 
: left right 
0.727 0.708 
0.818 0.810 
0.617 0.572 

(6.20a) (6.20b) 
0.0886 

. 0.0521 
0.1i06 

o .0881~'-" 
0.0~20 

0.1098 
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Comparison of the approximate value of Eq(6.12) with 

exact value. Solid line represents the left side and 

open circles represent the r1ght side of Eq(6.12). 
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F1g. 2 Comparison of numerical results from Eq. (6. 20b) with 

that of Eq(6.20a). Solid line represents Eq(6.20a) 

and open e1rcles represent Eq(6.20b). 
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Appendix IT 

Proof for 

~ exp(iFQ)~V>- ~v+~ rvl ( __ )r+~ 2exp (+--) ~] ~ v () t 2 / t2 

v+~ (v+~)/ v! r=O( v-r)! (~+r)! r! 2 4 

~ (Q); wave function of normal coordinate, Q, at quantum statc;v. 
v 

a- = (wit) , w; angular frequency of normal coordinate. 

Since the wave· function of normal coordinate 1s represented 
1. ) . 

wi th Hermi te polynomial of Z= r2Q, 1 the integral ls written as 

I +~. =1~ +~(Q)exp(iFQ)~ (Q)dQ (A-i) 
-.,. 1.. l. 

v (\ , V - V (\ . v f . 
=( v+~ 1 V)2 exb(-i2)~ +~(z)H (z)exp(l~-~Fz)dz 

Tt • 2 ( v + ~ )' 2 v , -110 V v 

=( HI' • )~ [;xp(-z2+tZ)H H(z)H.(z)dz (A-2) 
rt'fv (v+A)!2v v/ -00 v v 

where t=1~-2F. With new variable, y, defined by (A-J), 

y = z-(t/2) 

the exponential part of (A-2) is written as 

exp(-z2+tz ) = exp(_y2+ t 2/4 ) 

and the integral of (A-2) becomes 
00 

exp(+t2/4)jeXp(-y2)HV+A(y+t/2)Hv(y+t/2)dY 
-Co 

With the use of the eenerating function of Hermite 

(A-J) 

({\ ... -:) 

') ) 
polynomial; 

the Hermi te polynomial of order v is a e oef fie ient of v-th 

power of variable x. 

exp(-x2+2X(y+t/2)]= ~ Hv (y+t/2)xv/vl (A-6) 
v=o 

After development of left side of (A-6) into power series of x, 

putting the coefficient of v-th power of x to be equal to right 

side yields 
. l!O 

H (y+t/2)=~ H (y)trvl /(v-r)/ r/ 
v r=O v-r • . 

(A-7 ) 
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Substituting of H
v

(y+t/2) and H
V

+A(y+t/2) from (A-7) into 

(A-5) lead us to' . 

exp(tt 2/4)2: 2: (V+A)f vI t s +r e-y H ('y)H (y)dy V+A v f 2 
s=o r=O ( V+A-S )! sI (v-r )/ r! V+A-S v-r 

~ (A-8) 

Orthogonality of Hermite polyhomials of (A-9), 

E
oo 

2 n 1. 
exp(-y )H (y)H (y)dy = 2 n/n 2 8 

n m • n, m 
(A-9) 

simplifies (A-8) into (A-lO) 

~ (v+A)/vf e (+t2/4)t2r+A2v-rn~ 
r=O ( v-r )! ( r+ A I rl XP , 

(;\-10) 

Substituting (A-10) for the integral part of (A-2) lead us to 

the final equation and the proof is completed. 

I _ ( 1 ) ~ v . (v+A)J vl t
2 

r+A/2ex t 2 4 
v+A,v-l(v+A)!v/Jr~o (v-r)!(i\+r)!r/(2) p( /) (A-ll) 

" n 1) E.B.Wilson, Jr, J.C.Decius and P.C.Cross, Molecular vlbratlo;18 

McGRAW-HILL, New York (1955). 

2) H.Margenau and G.M.Murphy, ··The mathematics of physics and 

" chemistry D. VAN NOSTRAND COt1PANY (1943). 
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CHAPTER VII 

NEUTRON SCATTERING BY CRYSTAL VIBRATIONS 

OF POLYETHYLENE 

VII-l INTRODUCTION 

Since high density flux of thermal neutrons became 

available, great interest has been taken in the observation 
, 1 ) 

of frequency spectrum of polymer crystals. Especially 

on polyethylene, many experimental results have been accumu-

lated up to date, which is summarized firstly. 

Danner et, al. 2 ) have measured time of flight of neutrons 

and obtained the freq'uency spectrum of normal hydrocarbon 
,.J 

crystals as well as polyethylene by the use of up-scattering 

of cold neutron. King et al. 3 ) have applied down-scattering 

technique of warm neutrons to the same sample of polyethylene 

with Danners,2). The frequency distribution, obtained from 

two different types of experiments, were like each other. 

Two prominent peaks near 550 cm- 1 and 200 cm- 1 , which had 

been expected from the normal coordinate treatment of poly

ethylene single chain4 ), were assigned to the cut-off of the 

skeletal bending and internal rotation branch, respect1vely. 

Besides these two peaks, there were several weak peaks, which 

were aso1gn~~ to lattice vibrations with reference to the 

. calculated frequency distribution of polyethylene crystal. 5 ) 

Summerfield6 ) has pointed out that the peak intensity 

of the neutron spectrum depends upon the amplitude weighted 

frequency d istribut ion and thereby, ~lyers 7 ) has measured t:18 
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anisotropy of scattering cross section on the stretch oriented 

po1yethy1ene sample by the use of triple axis crystal spectro-

meter. When momentum transfer vector of neutron is parallel 

to the chain axis (parallel case), two peaks were recognized 

near 190cm- 1 and 525 cm~l. When the momentum transfer vector 

is perpendicular to the chain axis (perpendiculnr case), the 

additional peak was found near 150 cm-1 while the peak at 

525 cm- 1 was not found. The peak intensity of 190 cm- 1 of 

parallel case was almost one half of that of perpendicular 

case. Trevin08 ) has also measured the anlsotropy of the 

scattering cross section independently by the use of time of 

flight spectrometer, and confirmed the result previously 

obtained by Myers~ The observed anisotropy were qualitatively 

in good agreement with theoretical expectationsS). However, 

the quantitative discussions were postponed to future study 

and two peaks at 240 and 340 cm- 1 as well as the shoulder 

at 380 cm- 1 were left unassigned because existence of these 

peaks ~laS not deduced straightforwardly from the frequency 

distribution of the crystal vlbrations. 

On the other hand, the lntrachain potentla14,9) and 

interchain potentia1 10- 11 ) of the polyethylene crystal has 

been studied in detail and general method of treating the 
12-13) 14) chain vibrations and crystal vibrations has been 

established. A practical method of calculating the inco-

heren~ scattering crOBS section of neutron from hydrogen 

atom by crystal vibrations has been developed in the preceding 

chapter. It is now practical to analyse the observed 

neutron spectrum on the basis of the theoretical treatment 
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of the crystaQ vibrations. And also 

thorough calculation about the polyethylene crystal not only 

provides the assignment of the observed neutron spectrum of 

polyethylene but also will serve the analysis of other 

experimental results with regard to estimation of the relative 

intensity of the multiphonon scattering and its anisotropy. 

Accordingly, In the present study, the differential 

cross sections for one-, two- t arId three-phonon scat terl ne 

were computed 1t-Jith the method described in the preceding 

chapter. The calculation was carried out on two cases in 

which the momentum transfer vector ls parallel and also 

perpendicular to the chain axis. 

VII-2 RESULTS 

A) DOWN-SCATTERING 

On the measurement of anlsotropy of scattering cross 

section, r1yers 7 ) has applied down-scattering technique to 
o the uniaxially oriented polyethylene kept at 100 1\, where 

final neutron energy was fixed at 30 meV and scattering 

angle ~'ias set to be 90 0
• Since the scattering from hydrog(.m 

atom is predominant in polyethylene crystal, the differential 

cross sections of two types of hydrop.;en atoms (Hi and H2 in 

Fig. 1 of Chapter il) were calculated. 

When momentum transfer vector is parallel to the chain 

axis (parallel to the z axis), z component of 11 j and B j 

contributes to the scattering. 'l'he funct ion H( l't ,w) def inec! by 

(6.41) for parallel ~ase is represented as 

( 7 .1 ) 
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1/ 2 2 2 
2W (1\) = 2: (n/f1Nwi )!1\1 (Ai +Bi )(l+X i )/(l-X i ) 

i Z Z 
(7.2) 

where N is total number of unit cell in the crystal, M Is 

mass of hydro~en atom, Wj is the angular frequency of j-th 

normal coordinate and xj=exp(-tWj/kT). On the calculation of 

one- and two-phonon scattering cross section, 6W
j 

was taken 
-1 to be 1 cm while on the three-phonon scattering cross 

section, l\W.1 was t.aken to be 5 cm- 1 to shorten the computAtion 

time. Summation about 1 runs over all branches on N/2 pOints 

in the unit cell of reciprocal lattice. D2h symmetry of 

polyethylene crystal reduces the independent sets of phase 

differences to 

( 0,0 , 0) ~ «() ,bb' b ) ~ ( n , Tt , n ). a e 

Since the sample material Is uniaxially oriented along 

the chain axis, random Gonfiguratlon of micro crystals around 

the chain axis has to be averap;ed. Supposing the directlon of 

momentum transfer vector Is along a from x axis, fixed in 

the micro crystal, then 

«(\li)2 == 11\1~2(A2cos2a + A2s1n2J3 + 2A A sinJ3cosJ3) x y x y 

and the averap;e of random distribution of a leads us to 

where A /and A are x and y component of polarlzat ion vector, x y 
respeet lvely. 'l'hen, II( Et ,w) correspond lnr; to perpend icular 

case is represented as 

HJ..( Kt ,c.u
j

)= 2.: ~(t/t1Nw.) (l-x. ) -1 11\ 12(A, 2+Aj2+Bj2+B 2) 
/\w .) ,1 .1 x Y x j Y 
. J 

(7.4) 
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Ai' 8 i and tui were celculated for humber of representative 

points of () space~ and also the l.nterpolati.on of I\i' 18 1 and 

Wi were performed with the use of equation (1.15) at the 

interval of ~ 0 of 8 Since the scattering angle is 1. . 
C 

at 90 0
, the momentum transfer is given by 

1(\/2 
") 

2k2 
£.. + 2mclJ/h = 

where m is neutron ffi[}SB, C is light veloclty and v is 

number corresponding to the energy transfer. In this 

experiment, final energy is fixed at 30meV. 

fixed 

(7.6) 

TtlaVe 

The calculated Debye-Waller factor for above experimental 

condition is sho~n in Fig. 1, where exp[-2W(K
t
D is plotted 

against the energy transfer. The solid l~ne represents 

parallel case Hhile broken line denotes perpendicular case. 

The contributIon from intracha!n vibrations is also included. 

As energy transfer gets larger, 2VJ (i\) becomes larger and 

therefore, the transition corresponding to higher energy 

transfer is suppressed in proportion to exp[-2VJ(K t )]. 

Experimentalists usually assume eXP[-2W(Ht D to be equal to 

unity on the analysis of neutron spectrum. However, this 

assumption ls misleadit18 the relative intensity. As 2\tHKt ) ls 

nearly proportional to temperature, scattering intensity becomes 

smaller as temperature is raised. It Is, in fact, confirmed 
1 ,.. ) 

1n the recent. experiment. ) 

Eq(6.15) states that the peak intensity of elastic 

. scatte.ring depends primarily upon Debye-v.laller factoI'. 

Accordingly, 2WO<t) and exp[ -2W(t\)] for the elastic scattering 

are shoTtm in Table 1, where 'interchain' and 'intrachain' mean 
-1 

the contribution of the crystal vibrations below 700 cm and 
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of chain vibrations above 700 cm- i , respectively. 'The 

contribution from the intrachain vibrations cannot be neg

lected even at 100oK. The perpendicular component of 2W(Kt ) 

due to interchain vibrations is especially large because 

the frequencies of the acoustic branches whose atomic dis

placements are perpendicular to the chain axiS, are relatively 

low and the mean squared atomic displacement gets large com

pared with the acoustic branch along the chain axis. Therefore, 

the perpendicular component of total value of 2W(Kt ) is 

larger than that of parallel component. In fact, the observed 

peak intensity of elastic scattering is reported to be weaker 

in perpendicular case than in parallel case7 ). 

The differential cross sections for one-, two- and 

three-phonon scattering processes were calculated with the 

use of Eqs(6.47)-(6.54). The calculated results are shown in 

Fig. 2. The one-phonon cross section for perpendicular case 
1 ' -1 is so large below 200 cm- but so small above 200 cm that 

the contribution of two-phonon scattering is recognizable 

-1 above 200 cm • To the contrary, the one-phonon cross 

-1 section for parallel case is relatively small below 200 cm 
-1 but not so small above 200 cm ,that the contribution of 

two-phonon scattering is not remarkable. The three-phonon 
-1 scattering cross section is recognized above 400 cm only 

for perpendicular case whereas it makes no distinct peak. 

Accordingly, the three-phonon scattering might appear weakly 

as a back ground for perpendicular case. 

The composite differential cross section is shown in 

Fig. 3, where histograms of values of (d 2rr/dndE) per 
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-1 frequency division of 10 cm are drawn against the energy 

transfer and the scale unit of the ordinate is (s/4n)(s; 

bound atom incoherent cross section of hydrogen atom). This 

figure may correspond to the intensity" distribution directly 

observed from the neutron spectrum. 

Since the experimental results are represented as 

phonon-density defined by 

G(w) = (4nN/std W ( 1-x)( k1/k2 ) IKtl-2( d2 o/dndE) (7.7) 

Originally, in the formal representation of G(w), Debye-

WaIler factor was canceled from the cross section. However, 

on the transformation of the observed cross section to G(w), 

Debye-Waller factor is usually assumed to be unity. Then the 

real quantity is equivalent to (7.7) and therefore G(w) 

includes Debye-Waller factor. And also (d2a/~dE) might 

include multi-phonon scattering. Accordingly, the resultant 

phonon denSity function may not always represent the amplitude 

weighted frequency distribution. 

The calculated G(w) is compared with the experimental 

one in Fig. 4, where solid lines represent parallel case 

while broken lines represent the perpendicular case. The 

calculated histograms of the lower figure of Fig. 4 may be 

compared with the experirr;erltal curves as given in Fig. 4 of 

ref. 7. However, the experimental curves for parallel and 

"perpendicular cases have been tentatively adjUsted7 ) to 

-1 provide equal peak heights at 195 cm • The true experi-

mental curves may be obtained from the published curves by 

multiplying the ordinate of the parallel curve by 56%. 
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These experimental curves, which are reproduced in the upper 

figure of Fig. 4, may be compared with our calculated results. 

The perpendicular peak calculated at 195 cm-1 is twice 

as high as the corresponding parallel peak, and the peak 

56 -1 . near 0 cm is almost completely parallel whereas the peak 

-1 at 150 cm is almost perpendicular, itl good agreement with 

the experimental results. These peaks originates from Qne-

phonon process of the internal rotation, skeletal bending 

and overall rotatory vibrations around the chain axis, 

respectively. The weak perpendicular peak calculated at 

90 cm-1 is recognized as the fine structure of the experi-

mental curve, which is due to optical branches of the trans

latory vibrations perpendicular to the chain axis. 

Two weak perpendicular peaks calculated near 240 and 

340 cm-1 are associated with the summation combination tones 

of the antiparallel translatory vibrations (~90 cm-1 ) plus 

the overall rotatory vibrations (rv150 cm- 1 ) and the internal 

rotation (~190 cm-i) plus the overall rotatory vibrations 

around the chain axis (-150 cm-i), respectively. The 
-1 perpendicular cut-off calculated at 380 cm corresponds to 

the overtone of the internal rotation branches. The relative 

intensity and anisotropy of these three peaks, associated 

with two-phonon scattering, agree closely with the experimental 

results. 

The differential cross section due to the intrachain 

vibrations were also calculated. As shown in Fig. 5, two 

-1 prominent parallel peaks are expected at 1080 cm and 
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1 ~20 cm-l hil di 1 kit d t J W e one perpen cu ar pea s expec ea 
-1 720cm • Because of large 2W(Kt ) for perpendicular case, 

the perpendicular cross section is strongly suppressed and 

th 4 -1 erefore no peak seems to exist at 1 70 cm • 

One-, two- and three-phonon scattering cross sections 

at 2980 K were calculated as shown in Fig. 6. As temperature 

is raised, the scattering intensity through one-phonon 

process decreases whereas two- and three-phonon scattering 

increases, especially in their difference combinations. The 

resultant cross section seems to get larger for small'energy 

transfer but smaller for large energy transfer as shown in 

Fig. 7. It may be expected that apparent peak width of the 

elastic scattering becomes broad on account of the increase 

of inelastic contribution of small energy transfer at higher 

temperature. Besides it, the peak of inelastic part becomes 

relatively obscure compared with that of low temperature(Flg.J). 

This tendency agrees with the recent experimental results 15 ) 

in which the measurement has been performed at 4.2 oK, 77°K 

and 300 0 K with the use of the time of flight down-scattering 

technique. Previously, King et al. 3 ) have measured the 

differential cross section of unoriented polyethylene at 

2980 K with the same experimental condition with Myers'. 

The result is reproduced in the upper figure of Fig. 8 for 

comparison. The average of two calculated histograms of the 

lower figure of Fig. 8 may be compared with the experimental 

results. 



B) UP-SCATTERING 

Since the combination of beryllium crystal for mono-

chromatizing filter plus time of flight analyser utilizes 

neutron beam most efficiently, many experiments on neutron 

spectrum have been performed by the use of the time of 

flight spectrum. Beryllium crystal kept at 770 K has fairly 

sharp cut-off at 5 meV, therefore the measurement has been 

carried out about the neutrons accelerated by the crystal 

vibrations. Trevino8 ) has used time of flight method to 

measure the dichroism of neutron spectrum of polyethylene 

but the assignment explained there is not always appropriate. 

To make definite assignment of the observed spectrum, we 

h~ve calculated the one-, two-, and three-phonon up-scattering 

cross sections, using the equivalent condition with the 
o 0 experiment, that is T=298 K, Q=90 (scattering angl,e), k1=5. 2 

meV. The calculated Debye-Waller factor is shown in Fig. 8, 

where exp(-2W(KtU is plotted against the energy transfer. 

Because of small energy of the incident neutron, the elastic 

cross section is expected to be relatively large compared 

with Myers' experiment. 

The calculated one-, two-, and three-phonon differential 

cross sections are shown in Fig. 10 (a), (b) and (c). ~he 

composite differential crOBS section is compared with the 

experimental results in Fig. 11. The calculated histogle.m 

-1 is plotted against the frequency division of 10 cm of energy 

transfer whereas the experimental results is published as 

time of flight spectrum, in which the division of energy 
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transfer is based on neutron velocity and is getting larger 

in proportion to Et~. Therefore, apparent intensity of time 

of flight spectrum seems stronger than the corresponding 

differential cross section for large energy transfer. 

The contribution of two-phonon scattering is expected for 

perpendicular case above 200 cm-1 and is, in fact, recog

nized in the time of flight spectrum. 

Phonon density from up-scattering cross section is 

defined by 

G(w) = (4nNf'1/sn)w( l-X)x-lll\I-2(kl/k2)(d2cr/d.o.dE) (7.8) 

From the calculated differential cross section, the phonon 

density curve was derived and shown in Fig. 12. The average 

of two histograms may be compared with Fig. 4(b) of ref.2, 

in good agreement with the experimental results, where the 

-1 peak height at 550 cm is almost one half of the peak height 
-1 at 200 cm and the shoulder due to two-phonon scattering is 

observed near 250 cm- 1 • 

The composite of one-, two- and three-phonon up

scattering cross sections calculated at 100 0
h is sholtm in 

Fiv,". 13 and the corresponding phonon density curve ls 

derived in Fig. 14. As temperature is lowered, exp(-2W(Kt~ 

becomes larger whereas the population of the phonons at 

exclted level becomes smaller, and therefore the resultant 

cross section gets smaller. Since the measurement by Danner 

et al. 2 ) was carried out on polycrystalline sample, the 

avera~e of two histo~rams in Fig. 14 may be compared with 

-1 Fig. 3(b) of ref. 2. Two peaks calculated at 150 cm (over-

196 



all rotatory vibrations) and at 195 cm- 1(internal rotation) 

are, in fact, resolved in the experimental curve. The 

contribution of two-phonon scattering is expected to be 

centered at 300 cm-1 while pretty definite peak is recognized 

in the experimental results. The calculated peak intensity 

56 -1 (' . -1 at 0 cm ls weaker than that Oi 190 cm . whsreas the 

intensity ratio of observed peaks ls the opposite. 

16' On the other hand, Trevino et sI I have attempted to 

obtain the frequency spectrum of intrachaln vibrations of 

polyethylene and measured the anisotropy of the crOS3 section 

for lar~e energy transfer (k 1; 234 meV). They have found one 

6 -1 peak at 7 0 cm for perpendicular case \'lhile t1tl0 peaks at 

-1 -1 1080 cm and 1320 cm for parallel case. For comparison, 

the amplitude weigh~ed frequency distrlbution was calculated 

and shown in Fig~ 15, where solid line is associated with 

the parallel component of the mean squared atomic displacement, 

and broken line is for perpendicular components. The perpen~ 

-1 dicular peak calculated at 720 cm is due to methylene 

rocking vlbration, \llhlle hlO parallel peal{8 calculated at 

8 -1 10 0 and 1320 cm are associated with methylene twisting 

vibrations. These three peaks are in close a~reement with 

16) the experimental results. 'l'he perpend icular peak expected 

4 -1 at 1 70 cm is due to methylene scissoring vibration which 

is not recognized in the experimental results. 

VII-J DISCUSSIONS 

Experimental estimation of Debye-Waller factor includes 

some ambi~uities because the observed cross section of t.hE:; 
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elastic scattering is not apparently separated from that of 

the inelastic scattering. Surnmerfield et al. 17 ) have 

evaluated the elastic scattering cross section by subtracting 

the extrapolated inelastic cross section from the apparent 

elastic cross section and obtained 2W#=0.024 IKI2 and 

2WL=0.027 IKI2 at 77°K. Myers 15 ) has estimated 2W#=0.0153 IKI2 
2 -

and 2W~=0.021 IKI at 77°K with the same extrapolation method. 

From the present treatment, they a~e calculated as 

2WII=0.021IKI2 and 2W.J.=0.034IK/2 at 1000 K which might be within 

the limit of the uncertainty of the experimental values. 

The ratio of 2Wfl/2WL of the calculated value is 0.61 while 

the experimental value is 0.73 from Myers' and 0.89 from 

Summ~rfleld's. Since the crystallinity of the sample used 

is 80"'90% and besides the orientation of the chain axis by 

stretching Is not complete, it is reasonable that the 

calculated anisotropy is a little larger than the observed 

values. 

The weak peaks observed at 240 and 340 -1 cm which were 

not expected from the frequency distribution of crystal 

vibrations of polyethylene, were considered as due to the 

disordered part such as 3-5 methylene ~roups of planar zigzag 

structure between two gauche linkages. 2 ) Recently Safford 

has given again the same explarmtion to these peaks. 1 ) 

To investigate it experimentally, Boutin et al. 18 ) have 

measured the inelastic cross section of the single crystal 

grown from solution. It became confident that these two 

peaks are associated with crystal part of polyethylene. 

Then, Trevlno8 ) has assigned the peak at 240 cm- 1 to one of 

198 



two cut-off frequencies of the split branches of the 

internal rotation vibrations. On the other hand, from the 

dispersion curves shown in Chapter IV, the splitting may be 

expected certainly in the dispersion curves along (o,o,oc) 

whereas no splitting is found in the dispersion curves 

along· (n,n,O). The magnitude of the splitting varies 
c 

continuously with 0a and ob' therefore only one peak, in the 

frequency distribution, is expected as the cut-off of the 

internal rotation branches. The peak width may depend upon 

the magnitude of the splitting. 

'l'he relative intensity and anisotropy of the two peaks, 

calculated from the present study, are in good agreement with 

the experimental results. Therefore these peaks are reasonably 

assigned to the multi-phonon scattering.19) 

Hecently the identical assignment was proposed by Summerfleld, 

who made the amplitude weif':hted frequency distribution taking 

2 ( '" }17) simply 00 points on the dispersion curve along O,O,oc • 

Because of the limited mImher of vibrations incorporated, 

the relative intensity of the frequency distribution may 

indlude somewhat uncertainties. ~or instance, the anti

parallel translatory vibration along the chain axis does not 

make definite peak from the dispersion curve of (o,O,Oc) while 

-1 the peak is expected at 50 cm from the dispersion curves 

-1 alonp; ~\l. and ob. '],he perpend icular peak near 50 cm in the 

scatterinp; cross section (rig. J) results from the acoustic 

branches whose atomic displacements are perpendicular to the 

chain axis. These peaks are expected from the dispersion 

curves along (n,ob'O) and (Oa,lt,O). 'l'wo overall rotatory 
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vlbrations around the chain axis splits into 147 and 122 -1 cm 

at (0,0,0) whereas they are dep;enera te on (Tt, Sb' 0) and 

(8a ,Tt,0). Since the derivative of the vibrational frequency 

with reRard to phase difference (av/aS) approaches to zero 

near zone houndaries, the dispersion curves alonp; the edp;e 

of th~ first Brillouin zone is most significant to estimate 

the peak intensity of the frequency distribution. 

Chang and Summerfield20 ) have measured the rnulti-phonon 

scatteriUf, cross section with hip;h energy incident neutrons 

(191 meV). The contribution of multi-phonon process to the 

inelastic scattering is fairly large at hip;her temperature, 

which may be probable, because II(Kt,w) becomes larger in 

proport ion to IKB2 and higher terms of' power series of H ( Kt ,w) 

contribute to the cross se(:tion. In such a situation, the 

approximatlon incorporated in Eqs(6.12) and (6.20) becomes poor 

and then the present type of calculatlon would not be advan-

tap;eous to analyze the the inelastic cross section. 

Sai' ford et al. 21) have measured the neutron spectrum 

with hlgher resolution I1nd found peaks at 550, 200, 167, 147, 

-1 
11h, 67 and 39 cm • In addltion to them, ten weak peaks 

were found at 620, 445, 360, 330, 310, 285, 255, 230, 140 and 

c:. -1 't 9~ cm ,which were let, unexplained. Unfortuna.tely the 

numher of points, taken in the first Brillouin zone in the 

present study, is not enoup;h to decompose the broad peaks of 

the calculated phonoD density curve into their component 

peaks. lIowever, the existence of these weak pealm are not 

15 ) always confident, since Myers et al could not find them 

even in the careful experiment with the use of time of fli~ht 
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plus down-scattering technique at 4.2 oK. 

There is a discrepancy among the reported frequencies 

ahout the peak position of the neutron spectrum. Danner et 

al.
2 ) observed five peaks at 570, 340, 200, 130 and 60 cm-1 

at 100 oK. Although King et al. 3 ) used the identical sample, 

the reported frequencies are slightly different as 500, 340, 

275, 200, 160, 95, 66 and 50 cm-1 Myers et al. 7 ) have 

reported in their first paper the peaks at 550(1/), 195(1., /1) 

-->-0--

and 150(L) ahout stretch oriented polyethylene. Boutin et al~8) 

has obtained six peaks, from the analysis of Single crystal 

-1 of polyethylene, at 500, 300, 200, 120, 80 and 40 cm while 

rrrevino8 ) has found two peaks at 530(//) and 250(1.) cm- 1 

about the oriented polyethylene. Myers 15 ) has performed the 

000 measurement at 300 K, 77 K and 4.2 K. The observed frequencies 

0** * * at 77 K are 524 , 201 , 186, 161, 133, 119 , 97 , 79 and 

* -1 * * 45 cm for the parallel case and 387, 340, 197 , 165, 125 , 

* * -1 97 , 73, 52 and 32 em for the perpendicular case, where 

the mark -I~ ind ieates the frequem~y of fairly definite peak. 

These fre~uencies are not always coincident with those 

21) reported by Safford • Accordin~ly, the comparison between 

the caleulated Rnd observed spectram with regard to details 

is mean1~~less till the definite frequency of the neutron 

spectrum will he provided. 
15 ) Myers has discussed, from the experimental results 

from neutron spe(~ trum, that the cut-orr of' the sKeletal' 

bcndinp; branch is not hif~her than 536 r~rn-l. However, 

S ir f' 1 2 2 ) t 1 1) i Cllau e e hFlS , in fan , f'ounCl 1aman 1 i nes due to [lccord on 

vibratlon of C
9

1.j,1I 1(,w 8t.S36 81H1 ).56 Gm- 1 1n the laser excited 
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Raman spectrum. It su~gests that the cut-off of the skeletal 

bendlng- branch 11es above 550 cm-1 and therefore supports 

the preseht calculated results. 

Sineje the bound atom incoherent Gross section of carbon 
12 13 . atom (C ;0.01, C ;1.0 barn) is much smaller than that of 

hydrop.;en atom (80 barn), the scatterinp; from carhon atom ls 

not recop.;ni~ed except for the case ln which the peak intensity 

of amplittldewelghted freqUency distribution of hydrogen ls 

extremely weak whereas that of carbon ls fairly stronp.;. As the 

amplitude weighted frequency di8tlrb~tion of carbon given in 

the following chapter, is similar to that of hydrop;en atom, 

any peak due to carbon atom would not be expected in the 

neutron scatterinf~ of' polyethylene. 

Lynch 17 ) has obtained the frequency spectrum of 

deuterated polyethylene. 

165 cm-1 and 105 em-1 • 

Two prominent peaks are found at 

"'rom the (Uspersion curves f~l'Ten in 

Appendix, the peak due to internal rotation branch ls expected 

near 160 cm- 1 from the l~urves alont~ (0'?)1 ,n) or (b ,O,n) ) a 

and the peak due to the overall rotatory modes is expected 

-1 near 105 ClIl . from the curves along «()a,lt,O) and (n,ob'O), 

in p;ood agreernfmt wit.h the ohserved results. The hro8.d peak 

-1 observed at 270 (~J1I mlr~ht he cornhtnatiol1-tone of the internal 
1 -1 rotation (165 ern- ) and the overall rotational modes (105 em ). 

. -J 'rhe eut-off 0[' the slwlet8.1 hcndinf~ modo is expected at 500 cm 

while the eXperiment8.1 phonon density eurve is available 

only below 4J.j.o em-i. The weaJ{ shoulder observed at 70 cm-1 

mip.;ht 1)(:) asso(~iated with the translatory vibrations perpen-



dicular to the chain axis. 

Recently, King et al. 23 ) has observed the dispersion 

curve itself alone (0,0,0 ) from the analysis of coherent c 

scattering of neutron from deuterated polyethylene. 11he 

maximum frequency of bending branch lies relatively low 

compared with the calculated dispersion curves. 

SUMf"1ABY 

Neutron scatt!':ring of polyethylene crystal waS treated 

theoretically. Debye-VJaller factor for elastic scatterinp; 

was calculated as ?VJ'/=0.021I1q2 and 2VJ.l=0.034IK/2 at 1000 {<:, 

which are in reasonable agreement with experimental values. 

The differential cross sections for one-, two- and three-

phonon down-scatterln~ processes were calculated with the 

method developed in the preceding chapter. In the calculated 

phonon density, several prominant peaks at 560 (If) , 1 95 (J., I{) , 

145(.1.) , 90(.1) and weak shoulder at 50(J..,1/) -1 expected, cm are 

in good agreement with the experimental results. They are 

due to the skeletal bendinp;, the internal rotation, the 

rotatory modes around the e.ha1.n axis, antiparallel translatory 

vibrations perpendicular to the chain axis and that parallel 

to the chai.n nxis, respectively. 

l -1 Three hroall pea \{s, observed at 240, J ~O, and 380 cm 

were shown to be assoeiated with tVJo-phonon scatterinp;. 

Accordinp;ly all the olJserve(l pea\{s were reasonably assigned. 

'Ihe cross section ('or up-scattcrinr~ process was also 

calculated and phonon dr:!llsiLy curves '.'Jere derived at 100
0

K 

and 29SoK. '1'he calcula tcc1 results are in p;ood ap;reement 
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with the observed results. 

Peak position expected from the dispersion curves of 

deuterated polyethylene agreed with th~ recent experimental 

results. 
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Table 1. Oebye-Waller factor of hydrogen atom 

tn polyethylene crystal. 

(/ f) CL) (/ J) (.1. ) 

2W(I<) tntracha1n 0.370 0.318 0.373 0.325 
2W(I<) 1ntercha1n 0.243 0.683 0.543 1.726 

2W(I<) total 0.612 1.001 0.916 2.051 

exp[-2W(lO] 0.54 0.37 0.40 0.13 

I< :: k
1
-k

2 
and k1=k2=30meV 
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-2\V e 
0.5 

DOW~J SCATTER~NG 
f( 11 C 

P"."" a1' Le ~t .. VJ 

Flg. 1 The calculated Debye·-1tJaller factor, exp[-2W(Kt )]· 

The flnal energy 1s fixed at 30 meV and the scutterlrl;d; 

angle ls set to be 90°. 
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DOV/~~ 
0.04 o T D 100 K 

K I1 C 
0.03· 

0.02 

\F1g.:3 The compos1te of the differential cross sect10ns 

for one-, two-, and three-phonon scatter1ng. 

The h1stograms of d2a/dndE per frequency d1vision 

of 10 cm-1 are drawn against the energy transfer." 

The scale un1t of ordinate 1s (s/4n). 
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Fig. 4 Comparison between the observed and calculated 

phonon densities. 

the upper figure; the observed result7 )(see text) 

the lower figure; the calculated results. 
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Fig. 5 The calculated d1fferential cross sectlon for intrachain 

vibrations. (d2a/dndE) per frequency div1sion of 20 cm-1 

on f'tlyers' exper1mental cond1t1on?) are drawn aga1nst 

energy transfer. 
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T. 298°K 

- KIIC 
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, ·-~-M&~-R __ """'_ 

I i ,- i . 
300 400 000 600 

WAVE NUMBER ( cm-' ) 

Fig. 7 The composite of the differential cross sections for 

one-, two-, and three-phonon scatterlng. 

The hlstograms of (d 2a/&QdE) per frequency dlv1sion of 

10 cm-1 are drawn against the energy transfer. The 

ordinate scale ls (s/4n). 
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Fig. 8 
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T m298°K 
K 11 C 

.... - ,"< J. C 

300 400 5, 0 600 
NUMBER . (cm-I) 

Comparison between the calculated and observed phonon 

densities. 

the upper figure; observed result on unorlented samPle)) 

the lower figure; calculated result 
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0.1 UP SCATTERING 
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o+:----~-------------------------, , , L r , , 
o 100 200 300 400 500 600 

WAVE NUMBER (cm-' ) 

F~g. 9 The calculated Debye-Waller factor, exp[-2W(KU. 

the 'incident neutron energy; 5.2 meV 
the scattering angle; 900 
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Fig. lOa The calculated differential cross section for 

one phonon scattering process. 

The incident neutron energy is set to be 5.2 meV 

and the scattering angle is 90°. 
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F1g. lOb The calculated d1fferent1al cross section for two-

phonon up-scatter1ng process. 

the upper f1gure; d1fference combinat1on. 

the lower f1gure; summat10n combination. 
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The calculated d1fferent1al cross section for three-

phonon up-scattering process. 

the lower f1gure; summation comb1nat1on, (6.50). 

the upper figure; difference comb1nation, (6.52)+(6.54). 
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Fig. 14 The calculated phonon density from up-scattering 

cross section at lOOoK. 
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CHAPTER vm 

TEMPERATURE FACTOR FOR X-RAY DIFFRACTION 

OF POLYETHYLENE CRYSTAL 

vm-l INTRODUCTION 

X-ray diffraction utilizes the periodicity of the atomic 

position in crystals~ If atDms rest at their equilibrium 

position, scattering intensity along Bragg angle would not 

depend upon the scattering angle. In real crystals, thermal 

vibrations disturb slightly the periodicity of the atomic 

posltionand decrease of the scattering intensity is recog

nized for large scattering angles. This phenomenon was 

studied theoretically by Debye 1 )' and Waller2 ) and has been 

incorporated into X-ray diffraction analysis as a temperature 

factor. The absolute value of the observed temperature factor 

gives originally the thermal average of mean s1uared atomic 

displacement. However, the effects of various kinds of 

crystal defects or disorder upon X-ray diffraction have not 

been established and therefore, the experimental value of 

temperature factor includes all the effects of the disturbance 

of the periodicity. 

Previously, we have treated the thermal vibrations of 

polyethylene crystal with the interchain as well as intrachain 

potential functions. 'rhe atomic displacements of hydrogen atoms 

were calculated on many points of the reciprocal unit cell 

and, from the thermal averav,e of the mean squared atomic 
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displacement, differential cross section of neutron inelastic 

scattering was derived. The calculated anisotropy and relative 

intensity were in close agreement with the observed neutron 

spectrum. Debye-Waller factor of hydrogen atom for the 

elastic scattering of neutron was also calculated and it 

agreed closely with the experimental results on its absolute 

value and anisotropy. 

On the other hand, X-ray is scattered by electron clouds 

around the nuclei while neutron ls scattered by hydrogen 

nuclei. Then the scattering from carbon atom may be predominant 

in X-ray diffraction of polyethylene crystal. Accordingly, 

in the present study, theoretical value of temperature factor 

for X-ray diffraction was calculated from the thermal average 

of mean squared displacement of carbon atom and was compared with 

the experimental results. 

v m-2 'l'HEORY 

Since the extent of electron cloud of individual atom ls 

as same order as the wave length of X-ray, scattered waves 

from different part of isolated atom might possibly interfere 

with each other. However, Bragg reflection is based on the 

interference of the scattered X-ray from other atoms, therefore 

apparent cross section of k-th atom for X-ray is simply 

represented as f k. 'l'he lntensity of scattered X-ray ls written 

as 3 ) 

I = C2:1tk,2:ik f:f k , exp[ll«r~:-r~)] ( 8.1 ) 

vlhere C is constant factor which is not concerned with the 
k atomic displacement, r i is the position vector of k-th atom 

of i-th unit cell, and Kh is momentum transfer vector defined by 
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(8.2) 

where kl and k2 are wave vectors of incident and scattered 

X-ray, respectively. 

Since the energy of X-ray is extremely higher than the 

vibrational energy, the absolute value of kl and k2 are 

almost equal unless atoms are electronically excited on the 

scattering. If the wave lengths of incident and scattered 

X-ray are commonly equal to ~, then the magnitude of momentum 

transfer vector is given by 

IKI= 4nsin(g/2)/~ (8.3) 

where g is scattering angle (twice of diffraction angle). 

The position vector of the atom may be decomposed into 

r~ = Ri + r k + vt (8.4) 

where Ri is the position vector of the i-th cell origin and 

r k is the position vector of equilibrium position of the·k-th 
k atom from the cell origin. U i is the atomic displacement vector 

of the k-th atom in the i-th unit cell due to thermal vibrations, 

which is derived from Eqs(6.1) and (6.2) as 

u~ = (2!MkN)!} Akj [Q~coa(l'tk&) - Q~aln(l'lk& il 
+Skj[Qjsin(Pik a) + Q~cos(l'ik&il 

where Mk is mass of k-th atom, N is total number of unit cell, 

f>ik is the index vector of k-th atom of i-th unit cell, and 
a b & is phase difference vector. Qj and Qj are degenerate pair 

of j-th normal coordinate, the polarization vector of which 

'is' represented as Akj and ekj • Since real number normal 

coordinates are used, summation runs over all branches on 

N/2 points of half of the first Brillouin zone. 
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Substitution of r~ from (B.4) into (B.l) provires 

I = Cl:i fk,l:ikF~*F~' :<exp[U{(Bi .-Ri )].exp[lK(u;:-u~)J (B.6) 

where F~ is atomic structure factor defined by 

F~ :: fkexp(iKrk ) 

The exponential function of (KR i ) becomes Laue function \'1h1.ch 

is nonvanishing only on the reciprocal lattice pOint. The 

expectation value of the final factor gives rise to the 

temperature factor. For harmonic vibrations, the thermal 

average of exponential function of normal coordinate ls 

exactly equal to the exponential function of thermal average 

of squared normal coordinate, that is, 

(exp( Q)T :: exp{ ~(Q2)~J:I J 
where Q is normal coordinate. This relation ls derived froT; 

Bloch's theorem. 4) Since the atomic displacement Is linear 

combination of ~ormal coordinates, Debye-Waller factor VIas 

introduced originally from 

(exp( iKut)T = exp{-~(O\ut)2>T}= exp[ -Wk(K)] (B.7) 

Where Wk(K) is Debye-Waller factor for k-th atom. However, 

the expectation value of the final factor of (8.6) ls not 

exactly equal to the product of two fun:Jt ions of (8.7), be<;Ill.H!e 

of the correlation among the atomic displacement. 

Since the atomic displacement ls relatively small com-

pared with the wave length of X-ray, the final function of 

(8.6) is expanded into power series of (KU~) as 

. (ex·p [iK( u~: -u~ )l>T :: ([1 + lKU~: -~O\U~:) 2 • • • • J 
X f1 - i Kuk _ ~ O\U k ) 2 • • ~ • ] \ L 1" i IT 
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=[1 - <i(Ku~:)2>T·····][1 - <i(Ku~)2>T"· ] 

+ <((\U~:)( I\u~) >T (8.8) 

where < >T means the thermal average of the expectation value. 

If there is no correlation in the atomic displacement, the 

second factor of (8.8) vanishes. Debye-Waller factor may 

be regarded as the approximate value of the first factor 

of (8.8). 

1 -(~(Ku~)2>T •••• 

Then the scattering intensity is represented as 
k* k' ~ 1= CL i 'k,2:lll o Fo exp[-Wk(K)]exp[-vlk,(lO]exP[iK(Ri,-Ri)J 

+2:i'k.2:ikCF~*F~ t ~Ku~) (Ku~: »Texp[iK(R1.-fli)] 

(8.9) 

where the first term gives Bragg reflection and the second 

term yields thermal diffuse scattering which may be observed 

as the w1dth of Bragg reflection peak. The decrease of Bragg 

reflection due to thermal vibrations is compensated by the 

increase of thermal diffuse scattering. 

On the other hand, the representation of (8.1) is 

equivalent to Born's first approximation incorporated on the 

neutron scattering. Then the scattering intensity may be 

derived in the same way with Chapter VI. The first term 

of. (8.9) comes from the matrix element for elastic scattering 

and the second term corresponds to single phonon inelastic 

scattering. Therefore, Debye-Waller factor is obtained in 

the same way with (6.16), 

2Wk0<) '= 2: i ('h/M
k

Nw
1

) [(I\Aki )2+(lffiki )2]( l+x i )/( i-xi) (8.10) 
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where Xi =exp( -tll.oi/kT), Wi ' is angular frequency of 'i-th normal 

vibration and summation runs over all branches on N/2 points in 

the reciprocal unit cell. Since in the X-ray diffract10n 

analysis, temperature factor tensor Bas is defined by 

2Wk(lO = L 2Bas tSin( Q/2 )/A] ~in( 9/2 )/A) S (8.11) 
a J3 

then BaS is represented as 

Bas= L (8n2
1\/MkNWi ) [(Ak1)a(Bki)a+(8k1)a(Bki)S] (1+x 1 )/(1-x1 ) 

1 
(8.12) 

on the numer1cal calculation, dynamical matrix was 

d1agbnal1zed about the representative sets of phase differences 

and then; with the use of the interpolation method described 

in (1.16), wi ' Ak1 and Bki were obtained at the interval of 

10 of 0c for every set of (Oa'Ob). 

VTII- 3 RESULTS AND DISCUSSIOWS 

Thus the mean squared atomic displacement of carbon 
-1 atom was calculated for about 120,000 modes below 700cm 

and collected in Fig. 1, t'1here the histogram of amplitude 
.'.. .', 

weighted frequency distribution are shown against the frequency 

interval of 10 cm- 1 ,and solid line represents the parallel 

component of the atomic displacement to the chain axis, 

while the broken line r~presents the average of two com~o

nents perpendicular to the chain axis. Two prominent peaks 
, -1 -1 . appear at 90 cm and 190 cm in perpend1cular case t VJh1ch 

are due to antiparallel trans,latory vibrations perpendicular 

to the chain axis and the internal rotation, respectively. 

The atom~c displacement ofc8I;'pon atom and hydrogen are 

: identical in the translatory vibrations whereas, in the 

rotatory modes around the cha1n axis, the atomic displacement 
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"pf carbon at'om ls smaller than that of hydrogen atom. 

Therefor'e,' the perpendlcular peak at 150 cm -1 whlqh results 

from bverall rotatory vlbrations around the chain axis, is 

weak ln the Case of carbon atom compared wlth the corresponding 

peak of hydrogen atom.' As for the parallel component, there 
, -1' ls a peak at 560 cm ,~h1ch lS associated with the skeletal 

bend1ng modes. The contr1but1on of the skeletal bend1ng 
. . : -1 
branch seems constant above 50 cm • It may be expected 

from the dispers10n curve~ a10ng 0c of Chapter IV, where 

optical branches of the skeletai bending modes start almost 

a1ways from 50 cm- 1 It is noticeable that, in the case of 

hydrogen atom, the peak of parallel component of the 1nternal 

rotation vibrat10n is recognized at 190 cm-1 whereas there 
i 

-1 1s no peak at 190 cm in the case of carbon atom. 

In Fig. 2, the amplltude weighted frequency distribution 

of oarbon atom due to the intrachaln vibrations are plotted 

against the frequencydlv1sion of 20 cm-l. The perpendlcular 

\ peak above 2800 cm- 1 is assoclated with C-H stretchlng 
-1 vibrations. Near 1000 cm region, the perpendlcular peaks 

, ' -1-1 are' weak and broad. Two weal{ peaks at 720 cm, and 1470 cm 

are 'due to methylene rocking and scissoring vibrations, 

respectively. 

are reCogTIized. 

As for the parallel case, ,four prominent peaks 
-1 The strong peaks at 970 and 1080 cm are 

associated with skeletal stretching vibration while the peaks 

at 1430'and 1490 cm-1 are mainly due to methylene wagging and 

scissoring vibrations. Vibrational displacement parallel to 

the chain axis (solid line in Fig. 1 and Fig. 2) reduces the 

intensity of Bragg reflection from the plane normal to the 
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chain axis, which is used for the determination of fibsr 

period of polymer single chain. 

Recent development of the growing technique of single 

cryst~l would iliake it possible to observe each element of the 

temperature factor tensor on polyethylene single crystal, 

although the exact experimental value is not available yet. 

Accordingly theoretical v.alue of temperature factor tensor 

was calculated. The calculated results are shd~tl in Table 1, 

where a, band c mean the components of tr.e scattering vector 

(uni t vector along momentum transfer vector) along the 8. f b 

and c axes, respectively. 

The value of temperature factor along the chain axis ls 

relatively small compared with the values perpendicular to the 

chain axis, in good agreement with the experimental results.)} 

On the analysis of X-ray diffraction from monoclinic singlE: 

crystal of C36H74 , Shearer and Vand6 ) have obtained the 

isotropic temperature factor of B=3 ~2f at room temperature. 

Bunn has assumed the perpendicular components of temperature 

factor as B =5 ~2on the structure analysts of polyethylene. 

Therefore it is reasonable that the calculated value of the 
q2 temperature factor at room temperature i6 3 [1. for perpend icular 

1 
02 component and A for parallel component. 

Chlba et al. 7 ) have investigated the temperature dependency 

of the anisotropic temperature factor and found that the 

. observed values lie on the straight line, drawn between two 

calculated values of 1000 K and 2980 K. Since, from the 

expansion of (8.10) into power series of (nW/kT), BaS is 
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nearly proportional to T at higher temperatures t the experi

ment proved that the anisotropy of the coefficient of the 

calculated temperature factor against temperature well 
" " 

reproduces the observe~ results at low temper~ture. 

On the other hand, the space group of ' the polyethylene 

crystal includes mirror perpendicular to the chain axis, 

therefore two cross terms of the temperature factor tensor, 

B and Bbc' are always zero. Then, one of the prlclpal ac 
axes of the temperature factor tensor is p"arallel to the chain 

axis and ot'i1er two axes are in the ab plane. As mentioned in 

Chapter 11, the setting angle of the skeletal plane to the a 

axis is ~et to be 45 0
, the~~fore the calculated value of B aa 

is almost 'equal to Bbb • Numerical calculation about principal 

axes led us to the result that one of the pricipal axeD is 

~imo~t co1~6ident with the normal of the skeletal plane Bud 
. ,": .. : ., ; 

the other is in the skeletal plane. Two principal values 

perpendicular 'to the chain axis are given in Table 2, where 
".' r ~. : . , .' 

~ut-of-plane component of the principal values is larger 

than the in-plane component. The result may be reasonable 
.>,,'; ".-

because,arri6ng low frequency crystal vibrations, rotatory 

vibra't'lons around the chain axis contribute toout-of-plane 

component while only the translatory vibrations contribute to 

.in-plane component. In fact, the projectlon on (O,9~l) plane 

of contours of electron denSity becomes more round as 

-temperature is raised8 ). 

In Table 3, the temperature factor is represented as 

composite of the contribution of each modes. The contribution 

from acoustic branch ls twice as large as the contribtition from 
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the antiparallel translatory vibrations. Since the lattice 

modes vary with phase difference, the notation of ~he branch 

is not always exact. 

With the use of Debye approximation, Debye-Waller factor 

for isotropic monoatomic crystal is represented as 

2W
K

: (3lKI2t2/MKk8D)[1/4 + (T/8D)~(eD/TD (8.13) 

where MK is mass of Kth atom, 8D is Debye's characteristic 

temperature and 

(8.14) 

This approximation may be applied to more complex crystals if 

the frequency of optical branch of lattice vibrations is so 

high that the contribution from optical branch might be 

neglected such as in graphite. However, in polyethylene 

crystal, the contribution from optical lattice vibrations is 

not negligible even at 1000 K. Bas due to acoustic branches 

are almost proportional to T as shown in Table 3, whereas the 

temperature dependence of Bas associated with optical lattice 

vibrations depends upon individual mode. The contribution from 
-1 intrachain vibrations above 700 cm may be disregarded in this 

temperature region. Accordingly, the approximation of (8.13) 

may be insufficient when several optical modes of lattlce 

vibrations l1e below the cut-off frequency of acoustic modes. 

SUMMARY 

The temperature factor for X-ray diffraction of polyethylene 

crystal· was calculated from the thermal average of mean squared 

atomic displacement of carbon atom. The calculated values at 

room temperature is comparable with the experimental results. 
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The anisotropy and temperature dep~ndence of the tempera:ture 

. fact,or was in' good~greeme~t \~ftn the observed' results. 

The amp11tude:we1ghted 'frequency d1stribution of carbon 
. . 

atom was calculated and discussed in compar1son with that of 

hydrogen atom. 
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Table 1. Temperature factor tensor of polyethylene crystal.(R2) 

1000 K a b c 2980 K a b c 

a 1.11 -0.20 0 a 3.31 -0.54 0 

b -0.20 1.10 0 b -0.54 3. 00 0 

c 0 0 0.37 c 0 0 0·.84 

Table 2. Principal values of the temperature factor tenBor.(~2) 

in-plane component 0.85 

out of plane component 1.36 

Table 3. The contribution of each branch. 

mode B aa Bbb 

1000 K rotatory 0.09 0.09 

trans.('l) acoustic 0.72 0.65 
trans. (jJ optical 0.35 0.31 

trans. (/f) acoustic 0 0 
trans • (/ /) optical 0 0.01 
intrachain modes 0.04 0.04 

298 0 K rotatory 0.19 0.19 
trans. (jJ acoustic 2.26 1.94 
trans. (jJ optical 0.80 0.81 

trans. (/ /) acoustic 0.01 0.02 
trans. (/ /) optical 0.01 0.01 
intrachain modes 0.04 0.04 
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Fig. 1 The distribution of mean squared atomic displacement 

of carbon atom, for low frequency crystal vibrations. 
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