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ABSTRACT. Singular means here that the parabolic equation is neither in nor-
mal form nor can it be reduced to such a form. For this class of problems we
generalizes the results proved in [4] introducing first-order terms.

1. Introduction. Let 2 be a bounded open set of R with smooth boundary 9f2.
Let

n n
£==3" Dy(ai;@Ds)+ Y ai(e)Ds, + aolx) (1.1)
ij=1 i=1
be a linear second-order differential operator such that a; ;, a; and ag are real-valued
functions satisfying

Q; 5 EC(Q), ijai7j,ai,Dmai,aoELOO(Q), i,jzl,...,n,

B (1.2)
{a;,j(x)} is a positive definite symmetric matrix for each = € Q,
for which there exists a positive constant ¢y such that
D ai(@)&E > colé?, forall z€Q, £=(&,...,&) R (13)
ij=1

As is well-known, there is a large literature concerning analytic semigroups gen-
erated by realizations of —L in LP(Q), p € (1,400), when —L is endowed with
different boundary conditions characterizing the domain of the realization (cf., e.g.
the monographs [6, 8, 10]).
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This approach yields suitable regularity properties for the solution to the corre-
sponding Cauchy problem.

In addition to this we stress that much attention has been devoted also to singular
parabolic Cauchy problems, i.e. to problem of the form

Dim(x)u(x,t)] + Lu(z,t) = f(z,1), for all (x,t) € Q2 x [0,7], (1.4)
Bu(z,t) =0, for all (z,t) € 9Q x [0, 7], (1.5)
m(z)u(x,t) — m(x)ug(x), for almost every x € 2, ast —0+4+. (1.6)

Singular means here that m is a non-negative function in L°°(Q2), which may
vanish, while ug and f are given functions.

If L denotes the operator with domain in LP(2) realized by (=L, 5) where B is
the linear operator corresponding to Dirichlet boundary conditions and M is the
multiplication operator by m in LP(£), it is shown in [5] that the resolvent estimate

[MOM + L) Y cr@y < CAL+ AP

holds for any A in the region ¥ = {z € C: Rez > —c(1 + |\|)} for some § € (0,1)
and ¢ > 0.

The previous assumption allows to develop a maximal regularity in time theory
for the solution corresponding to f € C?([0,T]; LP(2)) (cf. [5, Theorem 3.26]). The
basic point, however, is that the regularity decreases with respect to the non-singular
case, in the sense that in the first case we can show that u € C*#=1([0,T); D(L)),
with 8 € (0,1), while in the latter case we have 3 =1 and u € C?([0,T]; D(L)).

In the paper [4], making use of a result by Okazawa [9], we have improved the
results in [5], where the operator —£ is symmetric and B corresponds to Dirichlet
boundary conditions. In [1] we also showed that the index § can be improved to a
larger one, if m is p-regular, i.e.

m e CH(Q), |[Vm(z)| < Cm(z)?, for all z € Q,

for some p € (0,1).

The fact to have at our disposal a higher regularity for solutions plays an essential
role, e.g., in recovering unknown kernels in degenerate linear integrodifferential
equations.

The aim of this paper is two-fold. From one hand we want to deal with non-
symmetric operators £ and, from the other one, we intend to handle Robin boundary
conditions, too (cf. e.g., [1, pp. 206-207]). This will be the most delicate aspect in
the development of the present paper.

Concerning this aspect we note that L2-theory for degenerate integrodifferential
equations of parabolic type, with Robin boundary conditions and time-dependent
multiplication operator M (t) = m(t,-), was developed quite recently in [3]. Such
equations with Dirichlet and Neumann boundary conditions were dealt with in the
space L*(Q) in [2], where a treatment in LP(Q), p € (1,+0o0), is also given for
Dirichlet boundary conditions.

Finally, we will mention that inverse problems for non-autonomous degenerate

7

integrodifferential equations with Dirichlet boundary conditions are treated in [7].
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2. Dirichlet and Robin problems in L?(Q2), p € (1,+0c0). In this section we
make the following assumptions and suppose that all the listed functions are real-
valued:

1 n
a; e Whe(Q), i=1,....,n, ag—=Y Dypai>c1>0 in, (2.1)
i=1
be L>(09Q). (2.2)
The realization L of £ in LP(2), 1 < p < 400, is defined by
D(L) = W*P(Q)NWyP(Q),  Lu=Lu, ue D(L), (2.3)

in case of the Dirichlet boundary condition, and by

D(L) = {u € W2P(Q) : Z a; jVj Dg,u+bu =0 on 89}, Lu= Lu, wue D(L),
i,j=1
(2.4)
in case of the Robin boundary condition, where also the following assumption is
needed:

> ai(x)vi(z) >0, for z € OQ. (2.5)
i=1

We note that, when b = 0, the Robin boundary condition simplifies to the Neu-
mann one.

Finally, we observe that assumptions (2.1) and (2.1), (2.2), (2.5) guarantee that
operator L admits a continuous inverse L' under both Dirichlet and Robin bound-
ary conditions, respectively.

Let

b(x) +

D(Lo)=D(L), Lo=- Y Dal(ai;Dyu), weD(L),
i,j=1
be the principal part of L.
Consider now the identity

/ luP~2TLu da — / luP~2aLou da + / S (@) [ufP~2aD,,udz
Q Q o

—l—/ﬂ ap(z)|ul? dx. (2.6)

Observe now that

; lulP*uLude = — SJim, /Q ijzzjl 9p—2,5(w)uDy, (i j Dy, u) da, (2.7)

where
( (Jul? +€)9/? if g € (—1,0)
PR que if ¢ € [0, 400).

Integrating by parts, we easily obtain

|ulP~*TLoudz = lim I,(u,0) +77/ blu|P dS, (2.9)
Q 6—0+ a0
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where 17 = 0 or n = 1 according as the Dirichlet or the Robin boundary conditions
hold and

I,(u, ) :/gpfz,a(u) Z a; j Dy, uDy;ude
Q

i,j=1

+(p— 2)/ Gp—a,5(u)|u|u Z i Dy uDy;ulde.  (2.10)
Q

i,7=1

Then from the proof of a remarkable result by Okazawa [9], we deduce the in-
equalities:

(p— 1)00/ Vul(ul + 6)PD2dp i 1<p<2,
Q

ReI,(u,d) > (2.11)
co/ |Vu|?lulP~2 dz it 2<p<+oo,
Q
[Im I, (u, §)| < %Re I, (u,9), for all 6 € R (2.12)

Taking the limit as § — 0+, from (2.9)—(2.12) we deduce the following inequali-
ties, where y g denotes the characteristic function of the set E:

Re/ lulP~*uLoudr = lim ReIp(u,é)—i—n/ blu|P dS
Q 60+ o9

2 [(P = Dxa2)(P) + X240 (P)] Jim /Q gp—2.5|Vu|* dz +n /8Q blul? dS,(2.13)

_2|
I P25, d’: lim Tm 7, (u,d < P22 Rer )
‘m/ﬂ|u| uLoudz |6—1>I(§l+ m I, (u )|_2\/pTl6—l>%l+ ely(u,d)
lp — 2] / —2_ /
=———=(R P==uLoudxr — blulP dS'). 2.14
L2 (Re [ fup~*aauds —n [ sjupas) (2.14)

Let now u € W1P(Q), p € (1,+00] and £ > 0. Noting that

p — p
Dwi(|u|2 +€)p/2 = §(|u|2 +5)(p 2)/2Dwi(|u|2) — Dwigpﬁ(u) = §gp—2,€Dwi(|u|2)
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Re/ a;|uP~?uD,,udr = lim Re/ a;igp—2,6(W)UD,,u dx
Q Q

0—0+

= lim [ a;Re(WDy,u)gp—2,s(u)dx

1 -
= 5£%1+ 5 /Q a;i(WD g, u + uDgy,u)gp—2,5(u) dz

1
=5 dim [ 0D (uP)gyasta) de

1
== i iDa, d
Do, [ aiDeigps(w) da

1
i lim viaigp.s(u) dS — — lim Dy, aigps(u)de

P =0+ Joq p =0+ Jq

1
:ﬁ/ l/iai|u|pd5——/ |u|P Dy, a; dx.
b Joaq P Ja

Re(Lu, [uP~2u)

:Re/ |u|P—2UL0udx+Re/ Z ai|u|P—2ﬂDmudm+/ aplulP dx
Q Q55 Q

> 77/8Q (b +p ! Z Vl-ai> |ulP dS —|—/Q [ao —pt Z Dziai} |ulP da
i=1 =1

>c | |ul?dx.
Q

|3 aiupuD,uds| < o [ Valfuptdo
Q=1 @

= colim sup/ IVulgp—2)/2,69p/2,6 AT
0—0+ JQ

1/2 1/2
< ¢o limsup { / |Vul?gp—2.5 d:v} { / Ip,s dx}
s—o+ “Jao Q

glimsup{g/ |Vu|29p—2,5d$+ci€/9p76d$}
s—0+ 22 /g 2 Ja

_2 limsup/ |Vul?gp—2.5 dz + e |ulP dx
2¢ 50+ Jo 2 Jo

C2 [X(l,z)(]?)

<
2600

p—1

+ 25 [ |uf da.
Q

993

(2.15)

Hence we observe that, according to our assumptions (cf. (2.2) and (2.5)), the
following inequalities hold for all uw € D(L):

(2.16)

Then, using (2.13), we deduce, for any e € Ry and o = [[( Y1, [a:]?) 1/2||Loo(9),

AP s )] (Re [ 2agude =1 | bluf?as)

(2.17)
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With the aid of (2.14), (2.15), (2.16), (2.17) we obtain

‘Im/ |u|p*2HLudz’ = ’Im/ |u|p*2ﬂL0ud:c+Im/ Z a¢|u|p72ﬂDindu’C‘
Q Q Q=

<cs (Re/ |u|P~*T Lou dx — 77/ blul? dS) + %/ |u|? dx
Q o0 2 Ja

< c3Re [ |ulP~*uLudzr — C377/ {b +p ! Z Vi@i] lulP dS

Q 00 =
BE p C28 P
—c3 ap —p Z Dy, a;||ul? dx + - |ul? dx
Q Pt Q

< e3Re(Lu, [ulP~2u) — (6301 - Ci;) |ulP dz, (2.18)
Q

where

_p—2] Co [X(Lz)(p)
cs

21 + 2eco L (p—1)

Let € > 0 be so small that

+ X[2,+00] (p)}

cq4 = C3C1 —025/2 > 0.

Then (2.18) is rewritten as

’Im |u|P~*uLu dx
Q

< csRe(Lu, [uP~2u) — 04/ |u|P da. (2.19)
Q

Consider now the spectral problem
u € D(L), Amu+ Lu = f € LP(Q). (2.20)

Taking the real and imaginary parts of the scalar product of both sides in (2.20)
with u|u[P~2, we get

Re)\/ m|ul? dz + Re (Lu, u|u|P~?) = Re/ falu|P~2d, (2.21)
Q Q

Im)\/ m|ul? dz + Im (Lu, uluP~?) = Im/ falu|P~2d. (2.22)
Q Q
From (2.22) we deduce the inequalities
[Tm )\|/ m|ul? dz < |Tm (Lu, u|u[P~2)| + ‘Im/ fﬂ|u|p72dx‘. (2.23)
Q Q

Multiply then both sides in (2.23) by a positive constant k and add the obtained
inequality to equation (2.22). From (2.19) we get

(Re A + k|Im )\|)/ m|ul? dz + (1 — kez)Re (Lu, u|ulP~?) + kC4/ |u|P dx
Q Q

< Re/fﬂ|u|p_2dx+k‘lm/fﬂ|u|p_2dx’§(1+k)|\f|\p||u||§_1. (2.24)
Q Q

Choose now k = ki (p) so small as to satisfy

hi(p) :==1— k1(p)es > 0, for all p € (1, 4+00). (2.25)
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Therefore, (2.24) and (2.25) imply

GmA+kﬂ)H A+ (MQ)Akmmmm

[[mlloo

+h1(p)Re (Lu, uluP~2) < [k (p) + V| fllpllully~, (2.26)
since
m(z) < ||mlso, for all z € Q.
Introduce now the sector
( ) k1(p)cs
¥ = [Im A\| + >05. (2.27)
{ 2[[m||oo }

Then, for any A € ¥4, from (2.16) and (2.26) we deduce the estimates

caluly < Re (D ulul? %) < 22 (2.28)
implying
(s p) + 1)
<7 .
lull, < CDED g, (2:29)
Consequently,

k
(Re)\+k1(p)|1m)\|—|— 1(p>c4)/m|u|pdac
Imlles / Jo

+hi(p)Re (Lu, uluP~2) < es(p) | f115. (2.30)

Then, recalling that Re (Lu,u|u|P~?) is non-negative (cf. (2.16)) and observing
that
2¢4 + 2||m|| o
caky(p)

(cf. Proposition 2.1 in [1]), we obtain

cak1(p)
A+t (14 ) (Re A+ ky (p) 1 A + -~ ) Aem, e

[[172]] oo

(Al + 1)/ mlul’ dz + Re (Lu, ulu’~%) < cs(p)IfII}, A€ ¥1,  (2.32)
Q

for some positive constant cg(p).
From Proposition 2.2 in [4] we deduce that AM + L is surjective on LP(2).
Finally, from (2.32) we deduce the desired estimate

C

MM + L)~ fllr) < WHJCHLP(Q),

FeLP(Q), Ne Ty (2.33)

We can now summarize the results proved in this section in Theorem 2.1.

Theorem 2.1. Let L and M be the linear operators defined by (1.7) and (1.8),
the coefficients a; j, a;, ao, 1,5 = 1,...,n, enjoying properties (1.2), (1.3), (2.1),
(2.2), (2.5) and m being a non-negative function in L°°(Q). Then the spectral
equation AMu + Lu = f, with f € LP(Q), admits, for any A € 31 = {u € C :
Rep + k1 (p)Im p|/2 + k1(p)ca/(2||m]leo) > 0} and p € (1,4+00), a unique solution
u € D(L) satisfying the estimates

lullp < CL@fllp, — 1Mully < C2NTV2N Sl A€ B,

[ Lull, < C3(p) (L + ADYP [ flp, A€ XL
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3. The case when m is p-regular and p € [2,+00). In this section we will
assume that the multiplier m is more regular, i.e. it satisfies

m e CH(Q), |Vm(x)| < erm(z)?, x € Q, for some p € (0,1). (3.1)

We will show that our 3 can be chosen larger than 1/p. We recall that the previous
estimate (2.32) hold for any p € (1, +00).

First of all we state here Lemma 3.1 in [4] concerning the computation of the
gradient of the function u|u|[P~2 when p € [2, +00).

Lemma 3.1. Let u € Wy P(Q) (u € WHP(2)) with p € [2,+00). Then the function
@u|P~2 belongs to Wy P(Q) (u € WHP(Q)) and the following formulae hold a.e. in
Q:

D, ululP™ 2 = |ulP~ ’D, i+ (p—2)gp(u)Re (gp(u)Dyyu),  j=1,...,n, (3.2)

where
u(@)u(@)| P92, if u(z) £ 0,
gp(u)(z) = , (3-3)
0, if u(z) =0
Remark 1. From formula (3.3) we easily deduce the identity
lgp(w) (@)] = Ju(x)| =272, (3.4)

We need also the following generalization of Lemma 3.2 in [4].

.....

bij = bj

)

iji=1,...,n, (3.5)

csl¢Pp(x Z bij(2)&&5 < coléPulx),

3,7=1

for all z € Q, for all £ € R™, (3.6)
n 1/2 1

(Z |bi($)|2) < ciop(x), enp(z) < bo(w) — = Z Dy, bi(z),
i=1 j

forallz €Q, i=0,...,n, (3.7)

0< bz Z ()i (2) for all z € 9Q. (3.8)

’EIH

where | € C(ﬁ) 1 a non-negative function and cg, co, €19, c11 are four positive con-
stants. Then  for any p € [2,+00), the linear operator
K = _Zijl Dg, b j(x)Dy,] + iy bi(x) Dy, + bo(x) with D(K) = D(L) (cf.
(2.3) and (2.4)) satisfies the following relations with two positive constants c12 and
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C13:

s [ ntupDuP do+ (o =2) [ n3 IR (9p(w) D )]
N IS
< Re (Ku, alulP~2) — /Q [bo - 3 Dwibl} u|P dz — /BS [b+ . Z b uz} lul? dS

i=1 i=1
SCQ(/ plulP~2|Dul*dz + (p /uz [Re (gp(w) Dy, u)) d:v), (3.9)
[Tm (Ku, @u|P~?)| < c12Re (Ku, @lulP~?) — 013/ p|ul? de. (3.10)
Q

Proof. First we deal with the case p € (2,+00). For any ¢ > 0 define a; ;. =
bij+edij,i,j=1,...,n,and set K. = —eA+ K. Since the matrix (a; jc)ij=1,...n
is uniformly positive definite, from Lemma 3.1 and an integration by parts we easily
deduce the identity

(K.u,alulP~?) = —/ wlulP~2 Z i j.eViDy,udS
o0

7,7=1

/ Z ai,je Do, uDy, (Tlu|P~? dw+/2bu|u|p ’D, udm+/bo|u|pdx

1,5=1

/Z [uP~?a; j.c Dy, uDy W dx
Q

7,7=1

(p—2) / Z @i j.eGp(u) Dy, uRe (gp (1) Dy u)d:c}

i,j=1

+{/m [b—f— Zb%hwpds_,_/ [0_%iDmbz}|u|Pda@}

p =1 i=1
+ ilm/ wlulP2 Z b;Dy,udx — a/ TlulP~2 Z viDy,udS
Q i1 o0 i1
=: I (u,e) + Io(u) + ils(u) — / wulP~ QZ VD, udS. (3.11)
tel9) i1

Set now

1) = [ [P =2Vul? + (0= 2) 3 g0 D uRe g, 0D do - (312
=1

and observe that

I (u,e) = I (u,0) + elp(u). (3.13)
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Then from Lemma 3.1 in [9] we easily deduce

Cs/ u[|u|p_2|Vu|2 Z [Re (gp(u) Dy, w))?| dz (3.14)
Q =
< Reli(u,e) < Reli(u,0)+cRely(u), (3.15)

T 1y (u, £)| = [T [12 (1, 0) + o ()] < ~2—2LRe [Iy (u,0) + elo(w)].  (3.16)

2l o
\/_
Taking the limit as ¢ — 0+ in (3.14) and (3.16), we easily deduce the inequalities
Cg/ u{|u|p72|Vu|2 Z [Re (gp(u u)]z]dac < Reli(u,0)
Q
=1
< Cg/ ,u[|u|P*2|Vu|2 Z [Re (gp(u) Dy, u)] ]d:c (3.17)
Q -
7j=1
i 73 (u,0)) < 222 Re 1y (u, 0) (3.18)
3 — 2‘\/1?1 ) 3

(3.17) being a consequence of the definition of I (u,0) and (3.6).
Then, taking the limit as e — 0+ in (3.11), we get

(Ku,@uP~2) = I (u,0) + Io(u) + il3(u). (3.19)
To prove relations (3.9) and (3.10) we observe that
Re (Ku,T|u|P~2) = Re I (u, 0) 4 I (u), (3.20)

and thus (3.9) follows. Further we need the estimates

Ia(u)] < c1a / il a| P2 | d
Q

S014(‘/9u|ulpdx>l/2(/ﬂu|u|p—2|vu|2 dx)l/z

1 1
< —0145/ plulP do + 5614571/ plu|P~2|Vul|? do. (3.21)
Q Q

[\)

Since Iz (u) > 0, according to assumptions (3.7) and (3.8), from (3.21) we deduce
[T (Ku, @ful~2)| < [T 1y (u, 0)] + [ 5(w)]

lp — 2| 1 / 1 -1 -2 2
< ———Rel1(u,0) + =ciae | plul? dx + —ciue wlulP~* | Vul|® dx

S Re 1 (w.0) + gevse [ plul doct gene™ [ ulul (90

lp—2]  cu _1) 1 /
< — Rel 0 — Pd
< (2\/2?4- Ses el(u,0)+ 5C14E Qu|u| T
< cioRe (Ku, wulP~2) — (Mql - 1014(5) / wlulP dx, (3.22)
= 2P — 1 2 0
where
2
=2 014 5—1 (3.23)

C12 = 2\/_
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Assume p € (2,+00) and choose now € > 0 so small that

lp — 2| 1
= — = > 0. 3.24
C13 2\/pTlcu 26148 ( )

This implies estimate (3.10).
Finally, note that relations (3.9) and (3.10), with p = 2, easily follow from the
identity

n 1 n
(Ku,w) = /S .Z bi,ijiqujm/Q [bo — 52 Dmibi}|u|2dx

i,j=1 i=1
1 n
—|—/ |:b—|— - bzyz}|u|2d3,
09 2 ;

and our assumptions on the coefficients. In this case, since Im (Ku,u) = 0, we can
choose, e.g., c12 = 1 and ¢13 = ¢11. Indeed, since

Re (Ku,n) 208‘/Q;L|Vu|2dx+cll/ﬂu|u|2dx
we obtain
Re (Ku, @) — c11 /Qu|u|2dx > cg /Q p|Vul* dz > 0 = |Tm (Ku, ).
O

To apply the previous result to our case we shall use also the following identity

(Lu, m?Vufuf?~2) = (m?~ Lu, ululP~?)

= (Ku,u|u[P~?) + (p — 1)(1717”72 Z a; jDz,mDyu, u|u|p72)7 u € D(L), (3.25)

ij=1

where

+[Z m<w>”‘1ai<w>} Dy, +m(z)P " ag (). (3.26)

() =m(z)P~ bo(z) = p(x)ao(z), bij(x) = p(x)a;;(x), i,j=1,...,n,(3.27)

bi(z) = p(x)a;(x), i=1,...,n. (3.28)
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and we assume that the following inequalities hold for all z € Q and all z € 99,
respectively:

n

-1 1 - -1 p—2
m(x)" (w(z)—}—gg De i) = Fmmb () 3 aufa)Drm(a)

> cismP (), (3.29)
b(x) + %m(m)’kl Z a;(z)v;(x) > 0. (3.30)
i=1

Then all conditions (3.5)—(3.10) are satisfied.

Remark 2. Condition (3.29) is surely satisfied if we assume
1 n n o
ap(z) — , Z Dy, ai(z) > e, Z a;(z)(z)Dy,m(z) <0, forallze . (3.31)
i=1

i=1

Let now u be a solution to equation (2.20). Taking the scalar product of both
sides in (2.6) with mP~lu|u|P~2 and using (3.25), we easily get the equalities

(f,mP~  ulu|P~2) = (Amu 4 Lu, mP ™ ululP~2)

= M| Mull§+ (Ku, ululP~2) + (p — 1)(mp_2 Z a; j Dy mDyu, u|u|p_2).(3.32)

ij=1

Taking the real and imaginary parts in (3.32) and using (3.10), we easily deduce
the inequalities

Re A[[Mul? + Re (Ku, u|u|"~?)

(o Nalu )]+ (p = )| (72 S as; DamDayuulul2)], (3.33)

<
ij—1
[T A[[| Mul|h < [Tm (Ku, ulul?~?)]
U a2+ (p = D] (72 Y as;DaymDauuful )|
ij=1
< cioRe (Ku, ululP™2) — 013/ mP~Hul? dx + |(f, mP~ ujuP2)|
Q
+(p— 1)’ (mp_2 Z a; jDymDyu, u|u|p_2> ‘ (3.34)
ij=1

Multiply now by a (fixed) positive constant ks(p) € (0,cy5) the first and last
sides in (3.34) and add to the first and last sides in (3.33). We get the estimate
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[Re A+ ko (p) | A| + exsha(p) ]| ]| 6wl
+(1 = k2(p)ci2)Re (Ku, ulu[P~?) (3.35)
1+ ka(p) {1 m? =)

+p = 1| (M2 Y @i DeimDauulu2)|},

ij=1

IN

where we have made use of the elementary inequality
m(z)? < [|mlsem(z)P?, for all x € Q.

We now estimate the last term in (3.35) with the aid of (1.9). Using twice
Holder’s inequality, we get

n n
‘(mpf2 g aiijmimDm].u,u|u|p*2)’ < / mp72|u|p71‘ g ;i jDe;mDy u| dx
4,J=1 Q i,j=1

@ Q
1/2 12
< 016(/ mPP |u|PP|u|PP) dz) (/ mP=D =)y P2 |7y dz)
Q@ Q

1/2
< cual[Mulge 2l &2 ([ i d) (3.36)
Q
On account of (2.13), with p € [2,4+00), we easily observe the estimate

/ [P~ Vaf? de < co(p)| ]I (3.37)
Q

From (2.23), (3.36) and (3.37) we finally deduce the estimates

‘(mp_2 Z ai,ijimijU7U|U|p_2)‘ < err()IFIBPP72 [ Mullpr’?. - (3.38)
ij=1
Moreover, we have
|(f,mP = aulP =) < | fllp ) M~ (3.39)
Finally, from (3.35), (3.38), (3.39) we deduce the inequality
[Re A+ ka(p) [ Tm A| + c13kz (p) |m|| I Mullb + (1 — ka2(p)erz) Re (Ku, ulul?~?)

< s fIplMulB= + [ FI5CP2( | Mu|2e/?],  for all A€ £. (3.40)
‘We now introduce the sector
k2 (p) ci3ka(p)
Yo = Im A\| + ———= > 0}.
2 2[mls

Choose now k = ka(p) so small as to satisfy
0 < ka(p) < min{1/c10, k1(p), cakr(p)/c11}, for all p € (1,400).  (3.41)
Due to this choice we immediately deduce the inclusion Xo C X1 (cf. (2.30)).
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Then, recalling that Re (Ku, u|u|P~2) is non-negative (cf. Lemma 3.2) and ob-
serving that

2(c13 + |Imll) c13k2(p)
A+1< (14— ) (ReX+k ImA + ———= 3.42
V1< (10 ZO ) (Red o (p)lIm A + ) (3.42)
(cf. Proposition 2.1 in [1]), we obtain
(Al + DI Mullp + Re (Ku, ulul"~?)
< w1 Mulp™ + I FIBE72Mulp??], forall A€ Sy, (3.43)

Consequently, since ||ul|, < Ci(p)||f|l, (cf. Theorem 2.1), (3.34) and (3.42) imply

(A + D MulEEP72 < con(p)[|| fllpll Mullp™ 7707 4 || flEE72),
for all A € X,. (3.44)

Since AM + L is surjective on LP(2), estimate (2.24) holds with & = 1 and 8 =
2[p(2—p) 7"

We can summarize the results in this section in Theorem 3.3.

Theorem 3.3. Let L and M be the linear operators defined by (2.3) or (2.4) and
by Mu = mu, the coefficients a; ;, a;, ao, i,j = 1,...,n, enjoying properties (1.2),
(1.3), (2.1), (2.2), (2.5), (3.29), (3.30) for some non-negative function m € C*(Q)
satisfying (3.1). Then the spectral equation A\Mu + Lu = f, with f € LP(Q),
admits, for any A € S = {u € C: Repu + $k2(p)|Im | + $k2(p)es||m|| st = 0} and
p € [2,+00), a unique solution w € D(L) satisfying the estimates

lully < Cr@)Ifllps [1Mull, < Ca@)AZPEDYf, X e Do,
I Lull, < Cs(p)(1+ [APE=A=2VRE=AN £, X e %,
for some positive constants Cy(p) and Cs(p).

Example 1. Let Q be a bounded domain and let zy be a fixed point in Of2.
Define then r = max, g | — 20| and choose

m(z) = [(Jx = zo|(r — |z — o)), g€ (1,+00).
An elementary computation shows that
IVm(z)| = qf|lz — xo|(r — | — z0])]7Y2]x — 20| — 7| < grm(z) V7 zeQ.

Consequently, function m satisfies condition (3.1).
We notice that for any open interval 2 C R we have r = length((2).

4. The case when p € (1,2). In this section we focus our attention to the case
when m € W1°°(Q) satisfies inequality (3.1) with

pe(2—p1]. (4.1)
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Multiplying both sides in (2.20) by mP~1u|u[P~2 and integrating over €2, we easily
get

A|[Mul|b — 61_i}%1+/ﬂmp—la(|u|2 + 6)P=2)/2 Z Dy, lajx Dy, ul de
k=1

—|—/mpflﬂ|u|p722 aiDmiudz+/aomp71|u|pd:1::/fmpflﬂ|u|p72d:c, (4.2)
Q Q Q

i=1
where |u|[P~2 stands for the function vanishing where u does.
We need now Proposition 4.1 in [1] that we restate here for the the convenience

of the reader.

Proposition 1. Let m satisfy property (3.1). Then for any 8 € (1 — p,1), the
function m(-)? belongs to C*(Q) and V[m(-)?] = my for any x € Q, where

o x € Z(m),
= { BmP=1Vm, x ¢ Z(m), (4.3)

and Z(m) denotes the zero-set of m. Moreover,

[V [m ()] < corm(:)? 117, for all z € Q.
An integration by parts in the first integral, which takes into account (4.1), (4.2)

and the Robin condition (2.4), easily yields

— 1 =1z (lul? (r—2)/2 .
51_1)%1+ ; mP~w(jul® + )" ‘kzl Dy, lajx Dy, ul dx
k=

= lim bmP ™ Hu)? (Jul? + 6)P=2/2 48
=0+ Jaq

+51i%1+{/Q(|u|2+6)(”_2)/2m”_1 Z ajk Dy, WDy, udx
jik=1

n

+(p— 1)/ a(|uf? + §)P=2/2 Z mP~ 2Dy maj Dy, ude
Q .
7,k=1

+(p—2)/Qmp_1(|u|2+5)(p_4)/2 Z a;rRe (ﬂiju)ﬂDmkudm}
k=1

=: /asz P~ ulP dS + I (u,8) + (p — 1) Iz (u, 8) — (2 — p)I3(u, ). (4.4)
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Using again proposition 1 and assumption (4.1), by an integration by parts we
get

n n
1
/mpf1 g aﬂ|u|p72Dziudz+/mp71a0|u|pd:c: —/ mP ™ |ulP g a;v; dS
Q =1 Q D Joa P

_ 1 & p—1¢ _2
—|—/ [mp ! (ao - = Dmiai) - a;m? Dzim} |ulP dx
i b2 2

=1 p i=1

—i—iIm/ m”_lﬂ|u|p—22 a; D, udz. (4.5)
Q@ i=1

Consequently, equation (4.2) can be rewritten in the form
Al Mulfz + lim, [11(u,8) + (p — DIa(u, 6) — (2 = p)I3(u, )]

1
+/ mP~1 [b—i— - aiui]|u|pd5’
o0 Y

1 o -1
A CRICEP SRR R R R
Q

p =1 p =1

—I—ilm/ mpflﬂ|u|p72z a;Dy,udr = / fmP~ gu|P~? da. (4.6)
Q Q

i=1

Since the matrix (a; r); k=1
immediately deduce that

n is real-valued and positive definite, from (4.4) we

.....

I(u,d) and ReI3(u,d) are positive for any 6 € Ry. (4.7

Then we observe that I(u,d) has a limit as § — 0+ and

51ir(r)l+ Ir(u,0) = /Qﬂ|u|p_2 Z mP~2D, ma; Dy, udz. (4.8)
Jik=1

Note that the integral in the right-hand side is well-defined on the whole of
WhP(Q) since @lulP~2 € L (), Dy,u € LP(Q) and mP~2D, m € L>°(£2), due to
Proposition 1, with 8 = p — 1, and assumption (4.1).

Further, (4.6) and (4.8) imply that there exists also lims_oy [I1(u,d) — (2 —
p)I3(u,d)]. Whence we deduce that there exist the limits

élir(x)lJr Im I3(u,d) and 51ir(r)l+ [I1(u,0) — (2 — p)Re I3(u, 0)],

We now restate here Lemma 4.1 in [4].



AN LP-APPROACH TO SINGULAR LINEAR PARABOLIC EQUATIONS 1005

Lemma 4.1. The following estimates hold for any 6 € Ry, p € (1,2) and o €
0.2(0-1(2-p)7):

I(u,6) — (2 — p)ReI5(u,0) — o(2 — p)|Im I5(u, 0)| > 0, (4.9)

(
Ii(u,6)+ (p — 1)Re Iz(u,d) — (2 — p)Re I3(u, d)
—ol|(p — DIm I5(u,§) — (2 — p)Im I3(u, 6)|

—(p=1)(1+0*)"/?|I2(u, ), (4.10)

11%1 [I1(u,8) + (p — 1)Re Iy (u,§) — (2 — p)Re I3(u, §)]
—oél_i}I&_ |(p — D)Im Iz (u, d) — (2 — p)Im I3(u, d)|

> —co|| FIB/2 N Mullf = ful 507, (4.11)

ca2 being a suitable positive constant.

Taking now the real part and the modulus of the imaginary part in (4.2) and
using (4.4), we easily derive the relations

ReA|Mullf + Jim [11(u,8) + (p — DRe La(u, 8) — (2~ p)Re La(u,6)]

+ /69 mP~t {b + % i ail/i] |ul? dS

i=1

1 & 1<
+/ {mp_l (ao - = Z Dmiai) B Z aimp_QDmm} |u|P dx
Q b= p

i=1
= Re/ mP L fa|ulP~? de, (4.12)
Q

[m Af|Mul[7 < dim, |[(p — 1)Im I (u, ) = (2 = p)Im I3 (u, 0)]|

—|—‘Im/ mP 17| u|P 2 Z a;Dy,u d:c‘ + ’Im/ mP = falulP? dx|, for all A € C.
% p %

(4.13)

Assume now that inequalities (3.29) and (3.30) hold. Add then member by
member (4.12) and (4.13) multiplied by ks(p) € (0,2y/p— 1(2 — p)~!) and use
(4.11) and (2.2). Then from Lemma 4.1 we easily deduce the following estimate for
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any A€ X =: {u € C:Rep+ ks(p)Imp| > 0}:
[Re)\ + k3(p)|Im A| + CL} (| Mulb

[lm] oo

< - 62%1+ [I1(u,d) + (p — 1)Re Iz(u,d) — (2 — p)Re I5(u, 0)]

~ ka(p) lim [[(p— 1) Iz (u,6) — (2 = p)lm I (u, 8)]

lim |

0—0+

+Re/fmp_1ﬂ|u|p_2dx+k3(p)‘lm/fmp_lﬂ|u|p_2d:v‘
Q Q

< el PRIl > Pl 4 [Re [ fonr a2 de

—|—k3(p)‘1m/ fmP~ a|uP? d:c‘ —l—kg(p)‘lm/ mp_lﬂ|u|p_2z aiDmiudz’
e Q@ i=1

< cos | 1B M ully =2l 37072 4 (L + ks (9)*) 2L 1| | M ullp (4.14)

Indeed, the last term in the penultimate line can be estimated as follows:

n
‘Im/ mpflﬂ|u|p72z aiDziudz’ < 024/ mP L u|P~ | V| do
Q — Q
= o4 éin})/ m PP 2P [P 2P| 2P 2 (|uf? 4 6) P2/ V| da
—vJaQ
< caalmlle? Jimy [ mlul)? =222l + 6)0-2/ 4 da
—0.Jq

1/2
< carllm P ul 2l i ([ (uf? + 60272 Tul do)
-0\ Jo
By virtue of the proof of (2.32) we obtain

. _ —p (((ki(p) + D\

1 1 2 4 5YP=2/2)7y12 de < 7P (1 D
(p )605im0+/Q(IUI +9) |Vu|? dz < ¢ 71 (p) /115
Thus

n
i [ e Y auDda] < oMl 5
Q2 i=1

Take now A in the sector

23:{ME(C:Reu+

k3(p) C15
I >0¢. 4.15
il + 5t > 0 (4.15)
Then, since ||ull, < Ci||f|lp (cf. (2.11), (2.12) and our definition of k3(p)) and

2—p—p/2>0 (cf. (4.1)), we immediately derive the inequality

(IA 4+ DI Mul2? < o [IIF 1277 + (Il Mull, 7], if  Xe s (4.16)
Finally, |Mull, < [m|lecllull, < corllmlos|| fll, implies
(IA 4+ DI Mul27” < cos| fIZ77, if A€ s (4.17)

We can now collect the result in this section in the following Theorem 4.1.
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Theorem 4.2. Let L and M be the linear operators defined by (2.3) or (2.4) and
by Mu = mu, the coefficients a; ;, a;, ao, i,j = 1,...,n, enjoying properties (1.2),
(1.8), (2.1), (2.2), (2.3), (3.29), (3.30) for some non-negative function m € C*(£2)
satisfying (3.1)). Then the spectral equation A\Mu + Lu = f, with f € LP(Q),
admits, for any A\ € X3 = {u € C: Rep+ ks(p)|Im pu|/2 + c15(2]|m||oo) ™ > 0} and
pe(1,2), pe (2—p,1), a unique solution u € D(L) satisfying the estimates

_(o_\—1
lully < Cillfllps IMully < Co)A=E ) (If[lp,  forall A e s,

| Lull, < Cr(1 4+ |NA=PC=2"Y 7|, for all A € 5. (4.18)
Example 2. Let n =1, m(xz) = 29(1 — x)9, ¢ € (1,4+00), @ = (0,1). Then
m/(x) = q(1 — 2z)ym(1=1/4, for all z € (0,1).

Hence (3.1) holds true for any ¢ € (1, 4+00). If we have to deal with L?(0,1) with
p € (1,2), to satisfy (4.1) we are forced to assume ¢ > (p —1)7L.

5. Solving singular parabolic problems. Taking the spectral Theorems 2.1,
3.1, 4.1 into account, from Theorem 3.26 in [5] we can easily derive our existence
and uniqueness result. For this purpose we need to introduce the following Banach
space contained into (X; D(LM 1)) oo:

s = {g € LP(Q) : sup || LM + L) g 1oy < +oo}. (5.1)
>1

In particular, any g = mh belongs to L} __, whenever m € L>(Q) and h € D(L), if

6,007
1—-0 <6< pwith 1/2 < 8 <1, while when 8 < 6 < 1 function g = mh belongs
to L ., if Lh = Mk for some k € D(L).
Consider now the initial and boundary value problem

Di[m(x)u(x,t)] + Lu(x,t) = f(x,t), for all (z,t) € Q x [0, 7],

(P) 772%-21 ai,j(x)yj(x) Dmu(‘rv t) + [77(5(95) - 1) + 1]u(x,t) =0,
for all (z,t) € 9Q x [0, 7],

m(x)u(z,t) — m(x)ug(x), for almost every x € 2, as t — 0+,

where n € {0,1}.
Note that the choice n = 0 corresponds to Dirichlet boundary conditions, while
the choice 7 = 1 does to Robin boundary conditions.

Theorem 5.1. Let p € (1,+00), let m € L*(Q2) be a non-negative function and let
the coefficients a; ; i,j = 1,...,n, ag enjoy properties (2.1). Further, when n =1,
let coefficient b satisfy conditions (2.2) and (2.5). Then for any

up € D(L), feC%0,T];LP(Q), 6 (1-31), (5.2)
with 8 =1/p and
— Lug + f(0,-) = go, 9o € Ly (5.3)

problem (P), with n € {0,1}, admits a unique solution
mu € COTP([0,T); LP(Q)),  we C*tP=1([0,T); D(L)). (5.4)
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Moreover, if m is a non-negative function satisfying (3.1) and
(2_p)_17 Zf p€(172)7 p€(2_p71]7
2[p2—p)] 7", if p€l2,+00), pe(0,1],

the same result holds under assumptions (5.1)-(5.3) on (ug, f).

REFERENCES

[1] H. O. Fattorini, “The Cauchy Problem, Encyclopedia of Mathematics and its Applications,”
Addison Wesley, London, 1983.

[2] A. Favini, A. Lorenzi and H. Tanabe, Degenerate integrodifferential equations of parabolic
type, Differential Equations: Inverse and Direct Problems, Lecture Notes in Pure and Applied
Mathematics, vol. 251, Chapman & Hall CRC, Taylor and Francis, Boca-Raton, 2006, 91-109.

(3] A. Favini, A. Lorenzi and H. Tanabe, Degenerate integrodifferential equations of parabolic
type with Robin boundary conditions: L?-theory, to appear in J. Math. Soc. Japan.

(4] A. Favini, A. Lorenzi, H. Tanabe and A. Yagi, An LP-approach to singular linear parabolic
equations in bounded domains, Osaka J. Math., 42 (2005), 385-406.

(5] A. Favini and A. Yagi, “Degenerate Differential Equations in Banach Spaces,” Marcel Dekker,
New York-Basel-Hong Kong, 1999.

(6] J. A. Goldstein, “Semigroups of Linear Operators and Applications,” Oxford University Press,
New York, 1985.

[7] A. Lorenzi and H. Tanabe, Inverse and direct problems for nonautonomous degenerate in-
tegrodifferential equations of parabolic type with Dirichlet boundary conditions, Differential
Equations: Inverse and Direct Problems, Lecture Notes in Pure and Applied Mathematics,
vol. 251, Chapman & Hall CRC, Taylor and Francis, Boca-Raton 2006, 197-243.

(8] A. Lunardi, “Analytic Semigroups and Optimal Regularity in Parabolic Problems,” Birk-
h&user Verlag, Basel, 1995.

[9] N. Okazawa, Sectorialness of second order elliptic operators in divergence form, Proc. AMS,
113 (1991), 701-706.

[10] H. Tanabe, “Functional Analytic Methods for Partial Differential Equations,” Pure and Ap-
plied Mathematics, Marcel Dekker, New York, 1997.

Received July 2007; Revised October 2007.

E-mail address: favini@dm.unibo.it

E-mail address: lorenzi@mat.unimi.it
E-mail address: h7tanabe@jttk.zaq.ne.jp
E-mail address: yagi®@ap.eng.osaka-u.ac.jp


http://www.ams.org/mathscinet-getitem?mr=0692768&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2275980&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2275975&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1654663&return=pdf
http://www.ams.org/mathscinet-getitem?mr=0790497&return=pdf
http://www.ams.org/mathscinet-getitem?mr=2275980&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1329547&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1072347&return=pdf
http://www.ams.org/mathscinet-getitem?mr=1413304&return=pdf

	1. Introduction
	2. Dirichlet and Robin problems in Lp(), p(1,+).
	3. The case when m is -regular and p[2,+)
	4. The case when p(1,2)
	5. Solving singular parabolic problems
	REFERENCES

