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EXPONENTIAL ATTRACTORS FOR COMPETING SPECIES
MODEL WITH CROSS-DIFFUSIONS

ATSUSHI YAGI

Department of Applied Physics, Osaka University
Suita, Osaka, 565-0871, Japan

ABSTRACT. This paper is concerned with the competing species model pre-
sented by Shigesada-Kawasaki-Teramoto in 1979. Under a suitable condition
on self-diffusions and cross-diffusions, we construct a dynamical system deter-
mined from the model. Furthermore, under the same condition we construct
exponential attractors of the dynamical system.

1. Introduction. We consider the initial-boundary value problem for a competing
species system

% = Aau + anu? + a12uv) + cu — Y1u? — yr2uv in © x (0, 00),

% = A(bv 4 ao1uv + a900?) + dv — Yo1uv — 220> in  x (0, 00), 1)
%:%:O on 9 x (0,00),
u(z,0) =up(x), v(z,0)=wv(x) in Q

in a two-dimensional bounded C* domain  C R?. Here, a > 0, b > 0, aj; > 0, ¢ >
0, d > 0 and v;; > 0 are given constants.

In 1979, this system was introduced by Shigesada-Kawasaki-Teramoto [18] to
describe the segregation process of a biological system consisting of two competing
species, say A and B, in Q by the cross-diffusions. The unknown functions u =
u(z,t) and v = v(z,t) denote the densities of species A and B in ) at time ¢ > 0,
respectively. They are subjected to homogeneous Neumann boundary conditions
on 9. The terms «a;;Auv (i # j) denote the cross-diffusions between A and B.
On the other hand, the terms aqq Au? and assAv? denote the self-diffusions of A
and B, respectively. The competitions of species are described by the two kinetic
functions (¢ — y11u — y12v)u and (d — Y214 — yeov)v. The initial functions uy and

Vo are given in such a way that ZO is in the product space
0
K= {(ZO> c0<wup€e H'(Q) and 0<wye H1+€(Q)} : (2)
0
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1092 ATSUSHI YAGI

where € denotes an arbitrarily fixed exponent in such a way that 0 < e < % Problem
(1) is handled in the product space of Ly(), i.e.,

X:LQ(Q)Z{@);feLg(Q) and gELg(Q)}. 3)

This system has in fact attracted interest of many mathematicians for these
thirty years. For the two-dimensional problem, the global existence for all initial
values in K is known so far under the following condition of «;;:

0 < agoa01 < 64 ap1000. (4)

Note that, if ayoai01 = 0, i.e., one of the cross-diffusions does not exists, then it is
allowed that a3; = ags = 0. A global existence result was first obtained by the
author [25] (cf. also [26]) in the case when 0 < ag; < 8a1; and 0 < a2 < 8aas;
afterward, this result was extended by Ichikawa-Yamada [8] to the case when 0 <
12091 < 64a1ais. For the critical case ajoaie; = 0, the global existence result was
first obtained by Masuda-Mimura (cf. [13]) for the one-dimensional problem. For
the two-dimensional case, this was shown by the author [27]; afterward, the similar
result was shown by Lou-Ni-Wu [12] but in a framework of the L, (2 < p < o)
theory. For the other critical case 0 < ajsa9e; = 641192, this will be seen in the
present paper.

It is then very natural to ask whether Condition (4) is necessary for the global ex-
istence of solutions for all Uy € IC or not. In a particular case when a = b, ajaci97 >
0, a11 = az = 0, Kim [9] proved the global existence for the one-dimensional
problem. Such a result can be extended to the two-dimensional one, too (cf. [25,
Remark 4.6]). But, for the moment, it is very difficult to give a satisfactory answer
to the question; for example, no blowup results for (1) are known.

For the N-dimensional problem (N > 3), Deuring [5] first considered the global
existence in the case when ajs and as; are sufficiently small. Afterward, Pozio-
Tesei [16] got rid of such smallness (under the Dirichlet boundary conditions) but
assuming a higher order of decaying in the growth function of w or v. Yamada
[24] also studied the problem in the same spirit. Wiegner [22] applied the Amann’s
theory [1] on abstract parabolic equations to the N-dimensional problem of (1).
More recently, Choi-Lui-Yamada [3, 4] tried to extend the result [12] to the N-
dimension case; but still they need smallness of a1z > 0 (a2; = 0) or positivity of
ay; > 0.

In the meantime, little is known for the asymptotic behavior of solutions.
Redlinger [17] constructed the global attractor for the one-dimensional problem
containing growth functions at a higher order of decaying. Shim [19, 20, 21] estab-
lished uniformly bounded estimates and convergence of solutions in some suitable
cases.

A number of papers on the stationary problem for (1) have already been pub-
lished. We will here quote only some of them such as [10, 11, 13, 14, 23]. For the
full references we refer the reader to References therein.

This paper is then concerned with constructing a dynamical system determined
from (1) in the two-dimensional case and constructing exponential attractors for the
dynamical system. We also consider the case when the cross-diffusion coefficients
and the self-diffusion coefficients satisfy Condition (4). The notion of exponential
attractors has been introduced in 1994 by Eden-Foias-Nicolaenko-Temam [29]. The
exponential attractor is a compact, positively invariant set of finite fractal dimension
containing the global attractor and attracting every trajectory at an exponential
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rate. It is also known that the exponential attractor enjoys stronger robustness with
respect to the global attractor, see [29] and also, e.g., [6, 7].

As shown in [25, 27], local existence of solutions for (1) is obtained by directly
applying the general results concerning abstract parabolic evolution equations. It
is however necessary to verify that a realisation of the matrix differential operator

(V A(a+ 20110+ a12v)V-} a12V - {uV-} >
a9V - {’UV} V- {(b —+ ao1u + QCYQQU)V-}

in the space X is a sectorial operator with angle < 7. This verification is not
immediate. Especially in the case of ajsas; > 0, namely, the matrix is a full
matrix, we need to use some techniques. In showing the local existence, Condition
(4) is not at all necessary. For any Uy € K, a unique local solution to (1) can be
constructed.

For constructing global solutions, we have to build up norm estimates (for the
local solutions) which ensure that the H!*¢ norms of solutions never blow up in finite
time. For constructing the global attractor (a fortiori, the exponential attractor),
we have to build up stronger norm estimates of solutions which show that the H!*+¢
norms of solutions having large norms of initial data decrease asymptotically and
become smaller than a universal constant, say C > 0, which is independent of
solutions as ¢ — oco. As a matter of fact, building up such a priori estimates will
occupy the main part of the present paper. For this aim we need more careful
calculations than before ([25, 27]) and need various techniques. The critical case
a1aa1 = 0 of (4) may be more delicate than the other favorable case. We will
employ analogous techniques utilized in [15] for the chemotaxis-growth model.

In constructing exponential attractors, we know two kinds of sufficient conditions
concerning the nonlinear semigroup of the dynamical system under consideration.
The first one is the squeezing property which has been introduced by Eden-Foias-
Nicolaenko-Temam in the mentioned book [29]. The second one is the compact
smoothing property, see (83), introduced by Efendiev-Miranville-Zelik [6]. In the
sense of logic, these two properties are mutually equivalent when the universal space
is a Hilbert space. But, in the viewpoint of applications, the squeezing property
fits more to the semilinear diffusion equations than the quasilinear diffusion equa-
tions. So, to the present system, we will apply the compact smoothing property by
verifying Condition (83). General procedure for verifying (83) was present in the
paper Aida-Efendiev-Yagi [2] in which we utilized representing formulas of quasi-
linear abstract parabolic evolution equations provided by the semigroup methods.
These methods are reviewed in Section 6 of this paper. The semigroup methods
are known as powerful tools for solving parabolic equations and systems. We will
just follow the general procedure to verify the compact smoothing property of our
nonlinear semigroup.

The C? regularity of the boundary 92 is needed only in the proof of the a priori
estimates for the critical case ajacia; = 0 of (4). All other results are valid under
C? regularity of 9 or even under convexity of Q. The C3 regularity of 92 ensures
the shift property that Au € H'(Q) with 3% = 0 implies u € H*(Q). Such a shift
property is used in Step 5 of the proof of Proposition 2.

2. Local solutions. As a matter of fact, we already know (see [25, Section 3])
that the theory of quasilinear abstract parabolic evolution equations is available for
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constructing a unique local solution to (1) for any pair of uy and vy from K. Some
results of the theory are reviewed in Subsection 6.1.

Fix an exponent ¢’ so that 0 < ¢’ < & (remember that £ was already taken in
(2)) and let

Z=H"(Q) = {(Z) cue HT(Q) and ve H' (Q)} . (5)

For any 0 < R < o0, let Kr = {U; ||[U||z < R} be an open ball of Z. For each
U € Kg, let A(U) denote a closed linear operator given by [25, (3.4)]. Let F be a
nonlinear operator from K into X given by [25, (3.7)].
Let us take any initial value Uy € K and take an R sufficiently large so that
Uy € Kg. Then (1) can be written as the Cauchy problem of the form
du
%‘FA(U)U:F(U), 0<t<oo,
U(0) = Uy

(6)

in the space X given by (3).
Then, A(U), U € KRg, are seen to be sectorial operators of X with angle < 3
fulfilling (68) announced in Section 6. Their domains are given by

D(A(U)) = HE(Q) = {<Z> cue H3(Q) and ve va(sz)} ,

where H%,(Q) = {u € H?(Q); 9% =0 on 9Q}. Moreover, according to [25, Propo-

sition 3.2], we see for any 0 < 6 < % that
D(AU)?) = H?(Q) = {(:j) cue H®(Q) and wve H29(Q)} . (7)

Similarly, the operator-valued function A(-) fulfills the Lipschitz condition of form
(69) with Y = X, namely, with a = 0.

The nonlinear operator F' also fulfils (70) with ¥ = X. Finally, on account
of (7), the initial value Uy fulfils the compatibility condition given by (71) with
v = 1—;“5 (note that € < %) Therefore, Corollary 1 in Section 6 provides existence
and uniqueness of a local solution to (6).

Furthermore, the truncation method deduces nonnegativity of the local solution.
In this way, as stated in [25, Theorem 3.5], for any Uy € K, (6) and hence (1)
possesses a unique nonnegative local solution U in the function space:

0 < U €C((0, Ty, ); Hy () NC([0, Ty J; H(2)) N CH((0, T [; Lo () (8)
with the estimates

1—

= Uz + 1UOm+e < Cupy  0< 8 < Ty,

t

where Ty, > 0 is determined by the norm ||Ug||gi+- and the constant Cpy, > 0 is
also determined by ||Up||g1+--

In addition, as shown in [25, Theorem 3.6], we can utilize the maximal regularity
of abstract parabolic evolution equations to verify the following regularity

U € CH((0, T s H*(2)) N C*((0, Ty s HY(Y)),  0<0 <1, 9)
where H'(Q)* denotes the dual space of H' ().
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3. A priori estimates. We shall establish a priori estimates for local solutions
to (1). Let Uy € K and let U denote any nonnegative local solution to (1) in the
function space:

0<u,vel((0,Ty); H%(Q)) NC([0, Ty]; HT(Q))
NCH((0, Tyl HH(Q2)) N C*((0, Ty]; H' ()*), (10)

where [0, Ty7] denotes the interval on which U is defined. As shown in the preceding
section, such a local solution exists at least on some interval [0, Ty, ].

In this section, Assumption (4) will be used. But the techniques of proof are
quite different depending on the cases when aiocis; > 0 and when ajsan; = 0.
When 0 < ajaae; < 64agiass, (4) is seen to be equivalent to (12). Furthermore,
(12) implies nonnegativity of a quadratic function for the variables p and ¢ (v and v
being nonnegative parameters) given by (13). Such nonnegativity of the quadratic
function will be used several times in the a priori estimates below. In the meantime,
when ajsae; = 0, it is allowed that a3 = ags = 0. So the estimate of form (13)
is no longer valid in general. But if as; = 0 (resp. aj2 = 0), we can derive an
Loo-norm estimate of the solution v(t) (resp. u(t)) in a direct way, and we can use
this estimate for deriving other norm estimates concerning partial derivatives of the
solutions u(t) and v(t).

For simplicity, we shall use the following quadratic functions

P(u,v) = au + apnu® + apuv,  Q(u,v) = bv + aoiuv + aogv?,

fu,v) =cu— 11U — 12U, g(u,v) = dv — yauv — Y202

3.1. Case when aj2c21 > 0. Let us begin with noticing some scaling property.
Let A > 0 and g > 0 be two parameters and multiply the equations for v and v by
A and p, respectively. Then we obtain an equivalent problem to (1):

0
% = Alauy + apn A" tui + alguflu)\v#)
+cuy — YA 3 — ”ylguflu)\v# in £ x (0, 00),
ov _ _
8—: = A(bv, + ao1 A 1u,\vH + oot 103) (11)
+dv, — 721)\7111)\1}” — vgglflvi in Q x (0,00),
%:%:0 on 90 x (0, 00),
ux(z,0) = Aug(z), vu(z,0) = pvo(z) in Q,

where uy(x,t) = Au(z,t) and v, (z,t) = po(x,t). It is clear that, if 0 < agoae; <
6411 a2, then the new self-diffusion constants and cross-diffusion constants given
in (11) satisfy again the same condition.

Under (4) with ajaaar > 0, if we choose parameters A and p so that the relation
a2\ = v/8aqi gy e is valid, then it is easily observed that

(a2p™h)? =8(anA™H(anA™!) and (e A™h)? < 8(azep ™) (rzp™).

This means that the self-diffusion constants and cross-diffusion constants appearing
n (11) fulfil a relation of the form

0< 04%2 < 8aiiae and 0< Oé%l < 8agaria. (12)
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Since (12) clearly implies (4), (12) is a stronger assumption than (4). But, since
(11) is completely equivalent to (1) as the initial-boundary value problem, any a
priori estimates which hold for all local solutions to (11) hold equally for all local
solutions to (1).

We are thus allowed to assume Condition (12) instead of 0 < ajoia1 < 6411 vo
in establishing our a priori estimates for the local solutions of (1).

Proposition 1. Let (12) (or, as mentioned above, 0 < i < 64aqiaas) be
satisfied. There exists a continuous increasing function p(-) such that, for any local
solution U to (1) lying in (10) with initial value Uy € K NHZ(QY), it holds that

U ) |lw2 < p([|Uollu2), 0<t<Ty.

Proof. In the proof, a unified notation C' will be used to denote various constants
which are determined from the initial constants a, b, ¢, d, a;;(1 < ¢,7 < 2) and
7i; (1 <i,j < 2) and the domain € alone in a specific way. So, C' may change from
occurrence to occurrence. When a constant C' depends on a particular parameter,
say ¢, we shall denote it by C¢.

Similarly, a unified notation p(-) will be used to denote various continuous in-
creasing functions which may change from occurrence to occurrence.

Step 1. Consider the inner product of the two evolution equations in (1) and

U(t) = <Z(t)> in Ly (). From the equation for u,

1d

—— u2d:c+/VP(u,v)-Vudz:/f(u,v)udz.

Since
VP(u,v) = P,Vu+ P,Vv = (a+ 2a11u + a12v)Vu + arouVu.

It then follows that
1d

= u?de + / {(a + 2a11u + a120)|Vul? + ajuVu - Volda

< /(cu2 — yu®)d.
Q

To estimate the integral in the right hand side we notice the inequality

cu2—711u3§—%u2+%, 0<u<oo.
Then,
ld 2 L 2 2
—— [ widx+ < [ v+ [ {(a+ 20110+ a12v)|Vu]

+ apuVu - Volde < (2¢ + 1)24;2(Q/54.
As a similar estimate holds for the integral [, v?dx also, we obtain that

1d

24t Jq 2

(u? + v?)dx + E / (u? + v?)dx + / (a|Vu|? + b|Vv|?)dx
Q Q
+ / {(2a11u + a12v)|[Vul? + (a12u + a210)Vu - Vo + (@o1u + 20090)| Vo |* da
Q

<{(2e+1)39% + (2d + 1)375,2 Q] /54.
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Here we notice that (12) is a necessary and sufficient condition in order that the
inequality

4(2a11u + algv)(aglu + 2(122’1}) — (algu + a21U)2 >0
holds for all u, v > 0. From this it is observed that

(20111 + Q120)p? + (12t + a210)pg + (a21u + 2a20v)g* > 0
forall w,v>0;p,qgeR. (13)

Therefore we conclude that the fourth integral in the left hand side is nonnegative.
Hence,

Ld / (u? 4+ v?)dx + l/(u2 +v?)dx + / (a|Vul* + b|Vu|*)dz < C. (14)
2dt Jq 2 Ja Q

In particular,

4 / (u? +v?)dx + / (u? +v*)dx < 2C,

where C is given precisely by C' = {(2¢ + 1)3y77% + (2d + 1)3755 }/Q|/54.
We thus conclude that

lu®lZ, + lv@IIL, < e Ul +C,  0<t<Ty. (15)
Integrating (14) on (0,1), we as well conclude that

t
/ (IVu(s)llL, + Vo)L, )ds < Ct+|UollE,),  0<t<Ty.  (16)
0

Step 2. We next consider the inner product of the two evolution equations of (1)

and % (ggzzzg) in Ly (2). From the equation for u,

1d

2dt
because of %P(u, v) = Pyus + Pyve. A similar energy equality is valid for @, too.
From these two equalities it follows that

1d
—— [ (IVP|* + |VQ|*)dz + / (aui + bvi)dx
2dt Jg Q

/ |VP|2dx+/(Puu§ + Pyugvy)dr = / f(Puus + Pyvy)dx
Q Q Q

+ [ {(2a11u+ alzv)uf + (a12u + ag1v)uvy + (aoru + 2aggv)vt2}d:17
Q

< C'/ (1+ w4+ 1)3)(|ut| + |ve])da.
Q

We can use (13) again to observe nonnegativity of the third integral in the left hand
side. After obvious calculations,

1d 1
— / (VP +|VQ|*)dx + = / (au? + bv?)dr < c/ (1 +ub + %) dz.
2dt Jq 2 Ja Q
Using the Gagliardo-Nirenberg inequality (cf. [25, (1.3)]), we notice from (15)
that

lu@)llf, < Cllu@®llz lu@®I, < pUIUl)(IVu®)lL, +1)

(T (5 5 (%),

and that
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Since P,Qy — P,Qu > (a+2a11u)(b+ 2ai09v), we observe that all the Lo,-norms of
P, P,
Qu Qo

and agg > 0). Hence we can verify that

-1
the components of < ) are estimated by a constant C' (remember 7 > 0

[Vu| < C(|VP(u,v)| + [VQ(u,v)]), a.e. x € Q. (17)

Consequently,
)1, < (100l {1+ IVu@IE, [ (VPE+IVQRME).  (8)

Of course a similar estimate holds for ||v(¢)||L,, too. Therefore,

d 1
—/(|VP|2+ IVQ|?)dx + —/(au§+bv§)d:p
dt Jo 2 Ja

N =

< p(lUollL) (1 + [Vu®)1Z, + I\Vv(t)l\%z)/ﬂ(IVPFﬂLIVQ|2)d~’C- (19)

Let us next consider the inner product of the two equations in (1) and (SEZ’ Z;)
in Ly(2). After easy calculations,

/(|VP|2 +|VQ[*)dx = — / (Put 4+ Quy)dx + / (fP+gQ)dx
Q Q Q
< g‘/(uf +v2)dx + C; / (1 +u* +v*)dx
Q Q
with any number ¢ > 0. So, for any parameter £ > 0, it is possible to observe that

5/(|VP|2+|VQ|2)dx§ %/ (auf+bvt2)d:v+05/(1+u4+v4)dx.
Q Q Q

Furthermore, following the same arguments as for (18), it is shown that

Cellu)It, < o001 {1+ IVu@)IE, [ (VPR + [VQP)z} + Cen(I Vol
55 > (0 being another constant depending on the parameter . Hence,

1
€ [(VPP+ V@R < 1 [ (o +0f)as
Q Q
+ 201001 {1+ Va1, [ (VPR + [9QR)z} + Cen(Uol)

Combining this estimate with (19), we obtain the following estimate
d 2 2 2 2 1 2 2
— [ (VP +|VQ|*)dx + & | (|[VP]* 4+ |VQ|?)dx + - | (au; + bv;)dz
dt Jo Q 4 Jo

< p(IUolla) (1 + [Vu@®)2, + [Vo(@)]2,)
x /Q (IVP2 +VQP)da + Cep(|Uor,).  (20)

N =
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Regarding this as a differential inequality on [,(|[VP|* + [VQ|?*)dx and solving
it, we have

IVPUM)IZ, + IVQUM)IZ,
< Cefot{P(lon||L2)(1+||VU(S)H32)*QE}dS(”l::)(UO)||%I1 + ||Q(U0)||%(1)

t
+5£P(||U0||L2)/ ef:{P(HUO|‘L2)(1+|‘VU(T)|‘E2)_25}d7d8'
' 0

Furthermore, we introduce the corresponding version of (16) obtained by integrating
(14) on (s,t). In fact, thanks to (15),

t
[ VU@ dr < 0= 9) + [V E)IE)
<c{t-s)+||Uol, +1}. 0<s<t<Ty.
Therefore,
VPO, + VR I,
S U (AT AR AT

t
+5§p(||UO||L2)/ AP(1Uolly) 26} (t-5) gg.
0

Fix now the parameter £ as § = {p(||Uo||L,) + 1}/2. Then, thanks to (15) again, we
conclude that

IVPU @)L, +IVRU®)I,
< e 'p(1PW) g + QU0 &) + p(1T0]lr),  0<t< Ty
Moreover, in view of (17),
0O < e ' p(IPO)m + 1QWo)lla) +p(IUollLy),  0<t<Ty, (21)
and
IPUEN 1 + QUMW)
< e p(IPO) I + Qo) mr) +p(1Uolly),  0<t<Ty. (22)

At the same time, integrating (20) on (0,¢) in view of (21) and (22), we conclude
that

/O 1Us(s)lI2,ds < p(IP(U0) |l + 1QUo)l[ ) (E+1),  0<t<Ty. (23)

In view of these estimates, we may introduce a notation

v

Nis(U) = | Plus )l + Qe )|, U = (“) € E*(Q).
Step 3. We now use the equation
(9’1145

a5 = AL P, (u,v)ur + Py(u,v)ve} + fu(u, v)us + fo(u, v)vs
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in H'(Q)* satisfied by the derivative u; = %. Consider the duality product of this
equation and u; in HY(Q)* x H'(Q). Then,

1d

—— | uldr + / (Pyu|Vug|* + P,Vuy - Vg )da
2dt Jq Q

= - / (u VP, + v, VP,) - Vurdx + / (fuur + fovp)upde.
Q Q
A similar energy equality holds for v, too. We combine these. After some calcula-
tions,

1d
—— (uf—kvf)dm—l—/(a|Vut|2—|—b|Vvt|2)da:
2dt Jg Q
+ [ {2a11u+ a12U)|Vut|2 + (a12u 4+ a210)Vuy - Vor + (1w + 2a22v)|Vvt|2}d:17

Q

1
< 3 / (a|Vue* + bV |*)dx + C/ (1+ |Vul® + |Vv]?) (uf + v})dx
Q Q
+ C’/ (14 u + v)(u? + v?)d.
Q

As before, (13) shows that the third integral in the left hand side is nonnegative.

Therefore,

1d

1
5& Q(uf—i—vf)dw—i—§A(G|Vut|2+b|VUt|2)dx

gc/(1+|vu|2+|vu|2)(u§+uf)dx+c (1+ u+ 0)(u2 +v2)da.
Q Q

By the Gagliardo-Nirenberg inequality, we notice that
/Q Vul*uide < Ol[Vull, luellZ, < Cllullzlullm el ez,

In view of Lemma 3.1 announced below and (22), we have
lull 2 < p(Ne2 (U0)) (lue = fllz, + llve = gllz, +1)
< p(Na (Uo)) (Juel| £, + ol £, + 1)

From (21), ||lullmr < p(Ng (Up)). Of course, ||ug|| g = ||VuellL, + [Juelln,. So it
follows that

/Q Vul*uide < l[VurlZ, + Cop(Ni (Uo)) (luellZ, + llvellZ, + DllullZ,

with any ¢ > 0. Handling in a similar way for the other integrals, we verify the
estimate

/Q(IVul2 +Vol)(uf +v7)de < C([Vuel|Z, + [VeellZ,)
+ Cep(Ne (Uo)) (luellz, + lloellZ, + 1)(luellZ, + llvellZ,)-
By the similar procedure (actually it may be easier), we verify also the estimate
/Q(u +0)(uf +vf)de < (([Vue|Z, +[VeelZ,)

+ Cep(Na (Uo)) (luellZ, + loellZ, + D (lluellZ, + llvellZ,)-
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Thus it has been shown that the derivatives u; and v; satisfy

1d 2, .2 1/ 2 2
2dt/ﬂ(ut +vt)d:v+4 Q(G|V’U/t| + 0|V |?)dx

< p(Nap (Uo)) (el + lvellZ, + 1) (luelZ, + llvellZ,)-
Meanwhile, on account of (19), (21) and (22), observe that the following differ-
ential inequality

& | a0V PR +19QP) e + [ 0t + 02 )ds < np(Veo (U)

holds, where 6 > 0 is a positive exponent given by § = min{a,b} and n > 0 is a
parameter.
The previous two inequalities then yield the following one

d 1
thl +ndthy + = /(a|Vut|2 + b|Vve|?)da
Q
< 772P(NH1(U0)) + (N (Uo)) (luell, + lvellZ, + D)o (24)
for the function ¥y (t) = [,{3(uf + v}) + n(|VP|? + |[VQ|?)}dz. Solving this, we
have

D (£) < o (PN (U0 el +lea I, +1)=n3}ds . ()

+772p(NH1(UO))/ JHP(Ng (Uo) (lurll3, +lvr 13, +1) —nd}dr g
0

Use the corresponding version of (23) obtained by integrating (20) on (s,t). In fact,
thanks to (22),

t
/ (lurllZ, + v l12,)dm < p(Nu (U(){(t = 5) + 1}
< p(Nen (Uo)){(t — s) + 1}, 0<s<t<Ty.
Hence,
Py (t) < p(NHl(Uo))e{p(NHl(UU))_n6}t1/}1 (0)
t
+772P(NH1(U0))/ e(P(Nig1 (Vo)) =nd}(t=s) g o

0

This means that, if we fix the parameter n as 7 = {p(Ng1(Up)) + 1}/9, then 1 (t)
is estimated by

P1(t) < p(Ne (Uo)){e™"41(0) 4+ 1}.
Since ¥1(0) < p(||Uo||m2), it follows that
lue@)Z, + lve @17, < e p(|Uolls=) + p(Nix (Uo)). (25)
In view of Lemma 3.1 below, we therefore arrive at the estimate
[u)lzz + o) a2 < e 'p(|Uolls) + p(Ne (Uo)),  0<t<Ty.  (26)
We have thus accomplished the proof of proposition. O
Lemma 3.1. For 0 < u, v € H*(Q) with §% = 92 =0 on 0%, it holds that

[ull 2 + o]l a2
< C(IPar +11Qlar + DUIAPL, + [1AQI L, + [ Pllz, + 1@ L.)-
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Proof of lemma. We know that

[ull 2 + vl ez < C(|Aullz, + [[Av]z, + lullz, +[[v]lL,),

u, v e H*(Q); 34 =22=0on 00. (27)

While by direct calculations it is seen that

AP o Pu PU Au +9 0411|V’U,|2 + aﬂVu - Vv
AQ B Qu Qv Av anVu - Vv + 0422|V’U|2 ’

Au\ _ (P, P\ [(AP\ 5 (el Vul + anVu- Vo
Av ) \Qu Q. AQ a1V - Vo + aga|[Vol? ’
Furthermore, |[|[Vul?|z, < C(|VP|IZ, +[IVQ|7,) (due to (17)) and

IVP|Z, < ClIPIla:[Pllar < C(IAP| L, + |PllLa)l Pl

IVQIZ, < CllRlu21Qllz < CUIAQIL, + QL) Q2

Remember that g—z = g—z = 0 implies that ‘g—i = ‘g—g = 0. It is the same for

Vo] L, O

As an immediate consequence of the series of estimates established above, we
obtain the important dissipative estimate for U at an exponential rate. Let us apply
the estimates (15), (22) and (26) in the interval [0, £], [£, 2] and [2}, #], respectively.
Then, it follows that

100l < e Fp(IU L) 1) + p(Nigs (U(2)))
< e 5p(|[Uolle) + (e 5 p(Nan (U(£)) +p(IU (L)1)
<p(e Fp(|Uollse) +1),  0<t < Ty, (28)

where p(-)’s are continuous increasing functions determined in a suitable way.

3.2. Case when ajsas; = 0. Let us assume that one of a2 and asg; vanishes,
say ag; = 0, and so Q(u,v) = Q(v) = bv+ agev?. In this case, we have only a;; > 0
fori=1, 2.

Proposition 2. Let as; = 0. There exists a continuous increasing function p(-)
such that, for any local solution U to (1) lying in (10) with initial value Uy €
K NH2(Q), it holds that

U2 < p(IUollg2),  0<t<Ty. (29)

Proof. As before, a unified notation C' will be used to denote various constants
which are determined from the initial constants a, b, ¢, d, a;;(1 < ¢,7 < 2) and
7i; (1 <i,j < 2) and the domain © alone in a specific way. So, C' may change from
occurrence to occurrence. When a constant C' depends on a particular parameter,
say ¢, we shall denote it by C¢.

Similarly, a unified notation p(-) will be used to denote various continuous in-
creasing functions which may change from occurrence to occurrence.

Step 1. Integrate the equation for u of (1) in Q. Then,

— [ udex= [ flu,v)dr < / (cu — y11u?)dz. (30)
dt Jo Q Q

Since

2
cu — ’yuuQ < —u+ (Zﬁlll) for u > 0,
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we have
1 2
d udz+/ud Ll g
dt Jo Q 4y11
Therefore,
), < e Hluollz, + SEEQ, 0<t < Ty, (31)

In addition, from

t
|Mwh—mmm=//}wwmw
0 Q
it follows that

/Ot /Q f(u,v)dzds

< max{{|u(?)||L,, uollz, }

<fuolln, + G20, 0<t<Ty.  (32)
As well, since
u? = vil{cu — y12uv — f(u,v)}, (33)

it is seen that

/||u |\L2ds<cv /HuHleS-i-Vn //fuvd:vds

< C(||luollz, +1)(t+1), 0<t<Ty. (34)

Step 2. Let ¢ be an exponent varying in the range 2 < ¢ < oco. Multiply
the second equation in (1) by qui~! and integrate the product in Q. After some
calculations,

d
— [ vlde = —qlg—1) | Q% Vu|?dx + q/ gvitdr < q/(d — Yoov)vid.
dt Jo Q Q Q

Here we notice, for example, that
(d — Y220)v? < —dv? + y20(2d/y22)9T! for v >0

(indeed to see this, argue dividing the range of v into 0 < v < 2d/~99 and 2d/7y22 <
v < 00). By this estimate it follows that

vide < dq/qu:v+722q(2d/722)q+1|§2|.
Q Q

Solving this differential inequality for fQ vldx, we obtain that
lv(®)I7, < e lvollg, +2(2d/722)722,
and hence
0@z, < {e™"lvollf, +2(2d/322)*| U}t < 27 {e™ " Juollz, + (2d/722) 2I2) 7).
Now, noting that limg .o ||v][z, = ||v||L.., We deduce that

lo@lse < e ool + 2L, 0<t<Ty. (35)

'Yzz ’
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Step 3. Multiply the second equation in (1) by %Q(v) = @Q,v; and integrate the
product in €. By obvious calculations,

33 [ IVQwPdr+ [ Quyide= [ g@uo)uds
b
< pllunlle) [ (w0 Dluidde < 3 [ obdo+ pllonle.) [ (o + 1Pz
Q Q Q

due to (35). Therefore,

1d

b 2
% |VQ| dr + = /vt

Q

dzx < p(||lvolln..) /Q(u2 + 1)dz. (36)

In the meantime, multiply the second equation in (1) by Q(v) and integrate the
product in €. After some calculations,

& | =20+ [ [9QPds = [ 9Qde < pluls.) [ (w0t 1o

< plluollz, + lvollz..),

where Z(v) = [ Q(v)dv = 2v? + 2293 Here we used (31). This differential
inequality together w1th (36) then yields that

d b
— ( + 2|VQ| )da:+/( + 2VQP)dx + = /vfda:
< p(lluollz, +Hvo||Loo)/(u2+1)d:c- (37)
Q
Therefore,

IO, + SR, < e (IEwo)llz: + HIVQw)Ep)
+ p(luollz: + lvollz..) / == {|lu(s)||2, + 1}ds.

Using (32), we can here prove the following lemma.

Lemma 3.2. There exists a constant C' independent of the local solution such that

t

/ e u(s)lI7,ds < Cllluollz, + 1)(vollee +1),  0<t<Ty.  (38)

0
Proof of lemma. We verify from (33) that
lu®lz, < No(U®)) + Cllu@®)llz, (lv@®)]r. +1),  0<t < Ty,

where Ny(U) denotes Na(U) = —= = L [, f(u,v)dz. Therefore,

t t

/0 e u(s) 7, ds < / e HN(U(5)) + Cllu(s)llz, (Jo(s) | o+ 1)}ds.

By (31) and (35) it is clear that

t
/0 e lu(s) L, (lo(8) Lo +1ds < C(lluollz, + ) (llvollz. +1)-
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Meanwhile, to estimate the integral of the function e~ (=% Ny(U(s)), we apply the
second mean value theorem. Then there exists some 7 € [0, ¢] for which the formula

/0 e_(t_S)Nz(U(S))dsze_t/O N2(U(S))d5+/T N2 (U(s))ds
= / No(U(s))ds + (e7F — 1)/ Na(U(s))ds
0 0

is valid. Then we deduce from (32) that

t
| N s))ds < CClunll, + 1)
0

Hence (38) is proved. O

We have in this way concluded that
Q)7 < Ce™ Qo) +p(luollLy + vollre),  0<t<Ty. (39)
Since Vv = Q;'VQ, it immediately follows that
[o@®7 < Ce™ Qo) 7 + p(lluollLy + llvollz.),  0<t<Ty. (40)
As well, thanks to (34), integration of (37) on (0,t) yields that

t
/ lvell7,ds < p(lluollz, + llvollze + 1Q(wo)l[ )t +1).  0<t<Ty. (41)
0

Step 4. In this step, we shall use the following abbreviated notation
p1(Uo) = p([luollz, + [vollze. + |Q(wo)||m1),

where p(+) is a continuous increasing function which varies in each occurrence. In-
troducing the quantity

Nijog(u) = / ulog(u + 1)dex, 0<wue L),
Q

we intend to estimate Ny j0g(u(t)) for the local solution.
Multiply the first equation in (1) by log(u + 1) and integrate the product in €.
Then we can verify that

%/ﬂ{(ujtl)log(ujtl)—u}dx+4Apu(u,U)|v fu+ 12dz

= —aq2 /Q{log(u +1) —utAvde + /Q f(u,v)log(u + 1)dx

by direct calculations utilizing the following formulae
ou

5 log(u+1) = %{(u—k 1)log(u + 1) — u},

1
——|Vul]? = 4|VVu + 1,
u—+1

Vu = —V{log(u+1) — u}.

u+1
Here it is clear that

—ons / {log(u + 1) — u} Avdz < ¢ Avll%, + Celull?,
Q
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with any ¢ > 0. Since

_ 2 _ -2 2

Av = AQ 2(122|V’U| _ AQ QCYQQQ,U |VQ| : 0 S ve HQ(Q),

b—|— 20&22’0 b—|— 20&22’0

it follows by (27) that
1av]|7, < C1AQIZ, + 1QlF:) < CUIAQIZ, + QN 1QNF)

< CUAQIL, (L + QI +IQlFn},  0<ve HX(Q).  (42)

Meanwhile, we have

Ceu? < —2(cu —yu®) log(u + 1) + Ceu  forall uw>0,

whatever the parameter ( is, where CN’C denotes some constant determined from C¢
(and hence from (). Hence we obtain that

4 (u+1)log(u+1) — uldx + /Q{(u + 1)log(u+1) — u}dx

< CC{IIAQIZ, (L + Q1% + QU Y + Cellullz,-
Moreover, in view of (31) and (39),

d
pr /Q{(u +1)log(u+ 1) — u}dx + /Q{(u +1)log(u+1) — u}dx

< p1(Uo)(Cllve — gll3, + Co).-
Let us add this differential equation to (37) and take ¢ sufficiently small. Then
it follows that
dipy

b
s+ / vRde < p1(Uo)([[ull?, +1),
Q

where 11 (t) = [,{(u+ 1)log(u + 1) — u + E(v) + 1|VQ(v)|*}dz. Noting (38), we
conclude that
P1(t) < e "1(0) + pr(Uo), 0<t<Ty.

In particular,
N1 jog(u(t)) < €7"N11og(uo) + p1(Uo), 0<t<Ty. (43)

Step 5. In this step, we shall use the following abbreviated notation

p2(Uo) = p(N1105(t0) + [[v0| e + [1Q(v0) [l 1)
where p(-) is a continuous increasing function which varies in each occurrence. The

goal is to estimate ||u(t)||L, for the local solution.
Multiply the first equation in (1) by u and integrate the product in Q. Then,

1d
—— u2d:c—|—/Pu(u,v)|Vu|2da::—/Pv(u,v)Vu-Vvdaj—F/ fu,v)ude
2dt Jo Q Q Q
:—alz/uVu-Vvd3:+/ fu,v)ude.
Q Q
Here,

1 1
—/uVu-Vvda::——/VUQ-Vvdxz—/uzAvd:r
Q 2 Jo 2 Jo

< Cllullz, Av] L, < GllAv]Z, + Co llullz,
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with any ¢; > 0. Furthermore, by (40),
1Av]Z, < CllAv]m | AvlL, < Cllvligs [vlla < p2(Uo)|vlls-

Here we used the fact that v(t) € H3(Q2) which is verified by Lemma 3.3 below. In
addition, to estimate the norm |lu| r,, we utilize the modified Gagliardo-Nirenberg
inequality

lullz, < Gllullfn Nijog(u) + Ce llullr,, 0 <ue HY(Q),

where (2 > 0 is any positive number (cf. [15, Lemma 4.3]). This together with (31)
and (43) yields that

ull}, < p2(Uo){CallullF + Cc,}-
Therefore it follows that
GllAv|I, + Co llull?, < p2(Uo){CullvllFs + Ce, Gallullin + Ce, Ce, }-

Hence we obtain that

1d /u dx+711/u3dx+/Pu|Vu|2dx
< pa(Uo){Cillvllzs + O GallullFn + Ce, Ce, }- - (44)

Lemma 3.3. We have v(t), Q(v(t)) € H3(Q2) with the estimates
lo()lgs < C{IVAL(@)|[L, + lv@®)llar},  0<t<Ty, (45)
[QUE)lgs < C{IVAQE®) L, +QUE)a},  0<t<Ty.  (46)

Proof of lemma. From (10) we see that AQ(t) € H'(Q). Since ( is of class C3,
AQ(t) € H'(Q) with 92(t) = 0 on 9Q implies Q(t) € H3(Q) with (46).

In addition, the quadratic function w = Q(v) = bv + agv? is monotonically
increasing for v > 0 and hence has a smooth inverse v = Q~!(w) for w > 0. By
this fact, Q(v(t)) € H3(Q) implies that v(t) € H*(Q). Since 9%(t) = 0 on 0%, the
estimate of form (45) holds for v(t), too. O

In the meantime, we have to prepare another differential inequality. Consider
the duality product of the second equation of (1) and A?v(t) in H*(Q) x H(Q)*.
From (10) the equation for v has a meaning in the space H*(Q) at each 0 < t < Ty,.
Meanwhile, since v(t) € H3(Q2), A%v(t) is an element of H'(Q)* because of the fact
that A is a bounded operator from H'(Q) into H*(Q)*. After some calculations,

th/ Al d:v—i—/ Qu|V Av|2dz

= —a9 / (AvVo + V|Vo]?) - VAvdx — / Vg-VAvdx
Q Q
< p2(Uo)llvll s {llvllmzllollmz + Ve, +1}. (47)
By the Gagliardo-Nirenberg inequality,

4 4 1
ol asllvll gz llvll gz < Cllollzs ol vl < Gllollzs + Cepz(Uo)llvll e
3 6
with any (3 > 0. Meanwhile,
[vll sl Va2, < CallollFs + Ce,lIVull,
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with any ¢4 > 0. So, taking (3 and (4 sufficiently small and using (45), we obtain
that

33t [ 140l 5 [ Qv AP < paU IVl + ol +1). ()

We now multiply a parameter n > 0 to (44) and add the multiplied inequality to
(48). Then,

1d

Sq Q(77u2 + |Av|2)d:c + ”ylln/ﬂu?’d:c

+ / {an — pa(Uo)}|Vul® + BV Av[]dz
Q

< np2(Uo){GllvllFs + Co, Gllullin + Ce, Coo} + pa(Uo) vl 3o

If n is fixed in such a way that %! > po(Up) and if ¢; and ( are taken sufficiently
small, then it is seen that

1d 2 2 3
—— [ (qu® +|Av|*)dx + vyun | v’dx

1
+t1 /Q(an|VU|2 + 0|V Av)dz < pa(Uo)(lullZ, + Ilvllze + 1)

Moreover, thanks to (39) and (42),
lollde < CUIADIIL, + llollL) < pa(U) (1 AV, [ AQIE, + 1)
< p2(Uo){I1 AL, (lvellZ, + llullZ, +1) + 1}
Hence,

1d 1
—/(nu2+|Av|2)dx+711n/u3dx+1/(a77|Vu|2+b|VAv|2)dx
Q Q Q

2 dt
< p2(Uo){[|1 Avl|7, (ullZ, + [lvellZ, + 1) + 1}

We add this inequality to the following one

53 [ 1VQRdn+ [ @) vl de < pa@0)e(lul, +1)

which is obtained from (36) (due to (42)) after some calculations and multiplication
of a parameter £ > 0. Then we arrive at the main differential inequality of this step

d 1
Sa(0) 4 €00) alt) + [ (@l Vul? 0V AuP)da

< p2(U0)[{llullZ, + loellZ, + 1hoa(t) + Cel - (49)

for the function ¢ (t) = %{nﬂu(t)ﬂ%z +£IVQu())7, + | Av(t)||7,}. Here we used
also a fact that the estimate

{p2(Uo) + np2(Up) ™" }eu? < yi1mu® + Cepa(Uy)

holds for all u > 0, whatever the parameter £ > 0 is, with some constant C¢ > 0.
Solving (49), we conclude that

a(t) < elo [p2(U0){”u(S)”i2+”US(S)”%2+1}7p2(U0)71£]d5/¢)2(0)

t
+05p2(U0)/ L2 U ()13, +lor (D)2, +1-p2(U0) " €ldr 7o
0
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Moreover, by the corresponding versions of (34) and (41) obtained by integrating
(30) and (41) on (s,t), respectively, we can verify that

Ua(t) < pa(Up)e =V pa(Ue) e}ty 0)
¢
+ Cgpg(Uo)/ e{:Dz(Uo)—Pz(Uo)flf}(t—S)dS'
' 0
Here it is possible to fix the parameter ¢ in such a way that pa(Ug)—p2(Up) 16 < —1.
Then it follows that 12(t) < p2(Up){e *42(0) + 1}. In particular,
lu®)llZ, + [ Av®)I[7, < p2(Uo){e™"(luoll7, + lvollz2) +1},  0<t<Ty.
In view of (40),
luIIZ, + lv®IF2 < p2(Uo){e™ (luollZ, + llvoll72) +1},  0<t<Ty. (50)
As well, thanks to (34), (41), (45) and (50), integration of (49) on (0,t) yields
that

/0 {llu(s)ll7 + llv() 133 bds < p(lluoll e + lvoll =) (E+1),  0<t <Ty. (51)

Step 6. In this step, we shall use the following notation
p3(Uo) = p(|luol . + [[vol =),

where p(-) is a similar continuous increasing function as before. The goal is to
estimate ||u(t)||z, for the local solution.
Multiply the first equation in (1) by u? and integrate the product in . Then,
1d
4 dt

Here,

/ u'dx +/ 3P, Vul*dr = —/ 3u’P,Vu - Vodr + [ fude.
Q Q Q Q

[ wtvul - 1veite < [ wvaliived
Q2 Q
< [ @IVu + OV 1+ O e
Q

with any ¢ > 0 and any ¢’ > 0. In addition,

1/12 11/12
V0l ro < V0] g < Cllvllia > lollis .

Therefore, if the parameter ( is fixed sufficiently small, then

1d
idt J,

Here we used a fact that

u4dx+/ u4dx—|—3/ au?|Vul?dz < ps(Uo){¢'||v]|%s + Cer ).
Q Q

Cglu% +ut 4+ cut <ypud + CN'c/

holds for all v > 0, whatever the parameter ¢’ > 0 is, where 541 > 0 is another
constant depending on (’.

We add this differential inequality to (49). Taking ¢’ sufficiently small, we obtain
that

d
() +810s(0) +3 [ 0 (Vulds < (T,
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where 13(t) = o (t) + %||u(t)||‘i4, for some positive exponent d; > 0. Hence,
P3(t) < ps(Uo){e " 43(0) + 1}, 0<t<Typ.
In particular,

lu@®)llz, < psUo){e™** uollz, +1},  0<t<Ty. (52)

Step 7. We shall use the following notation

pa(Uo) = p(|luollz, + llvoll =)

The goal is to estimate the norm ||u(t)|| g1 for the local solution.
Multiply the first equation in (1) by 4 P(u,v) = P,u¢ + P,v; and integrate the
product in €. By simple calculations,

1d

VP|%d Pulde = — | Pyusvid
o | | z—l—/ﬂ uydx /Q wpvede

—|—/ f{Puus + Pyugbdx < C/ {uug]|ve] + (u® + ) (Jug] + |ve|) Y.
Q Q
Here, thanks to (52),
1 1
/QulutHvtldﬂC < lullzallwel ollvell e < Cllullzalluell s vel Fa flvel 2,

1 1
< pa(Uo)llwell 2, 1AQ + gl 71 < paUo)l[uell (vl s + [Jullmr + 1)
< ¢lluellZ, +pa@o)(lull s + oll 2 + 1)
Similarly,

/Qu?’lmldw < ullzgluellze < llulla lullZ, luel z,

< pa(Uo)[lull g l[uel Lo < lluell?, + paUo)lul|
and
/Qu?’lvtldx < lullzgllvellza < pa(Uo)lull s
Furthermore, from VP(u,v) = P,Vu + P,Vv, it is immediate to see that
IVullr, < CUIVP| L, +lullcalolla=}, 0 <u,ve H Q). (53)
In addition,
IVP|Z, < 1P < CIPlm2llPlle. <CIAP|Z, +Cc|PlZ,, P e HX(Q)
with any ¢ > 0 due to
IPllgz < C{I AP, +[IPllL.}, P e HZ(Q) (54)
(cf. (27)). Hence it is obtained that

1
2 2 2
2dt/ |VP| dac—i—/ |VP|“dx + 2/Qa|AP| dx
< pa(Uo)([[v]| s +1) < ¢'lJvlf3gs + Cerpa(Uo)
with any ¢’ > 0.
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We add this differential inequality to (49). If the parameter ¢’ is fixed sufficiently
small, then

d 1
G+ 820u(0) + 5 [ alAPPdr < pu(Ui), (59)
Q
where 9y (t) = 12(t) + 5| VPU(t))]|3,, for some positive exponent d; > 0. Hence,
IPUE)IH < pa(Uo){e | PUO)|IFn +1},  0<t<Ty. (56)
By (53),
lu@)liF: < pa(Uo){e™ " |P(U)|F: +1},  0<t<Ty. (57)

Thanks to (54), integration of (55) on (0,¢) yields that

/0 1P (s)F2ds < p(IPU) I + llvoll ) (E+1),  0<t<Ty. (58

Step 8. We shall use the following notation

p5(Uo) = p(IIPUo)llz+ + [lvoll rr2)-

In view of (9), differentiate the first equation of (1) in ¢ and consider the duality
product with u; in H'(2)* x H*(). After some calculations,

1d
—— ufd:c—k/ P, |Vuy|? Salg/u|Vut||Vvt|d:c—|—C'/(|Vu|+|Vv|)
2dt Jq Q Q Q
X (Jug| 4+ Jve]) [ Vg |de + C’/ (u+ v+ 1)(u? 4 v?)dz.
Q
Here,

/QUWWHVvtldw < Null Lo IVuell 2l Vol 2o < CIVullz, + Cellulle Vel Z,

with any ¢ > 0. In addition, by Lemma 3.4 presented below,
l[ull > < ps(Uo) (APl L, + 1) < ps(Uo)([luellz, + 1) (59)

and, by a direct calculation,

IVoille, < IV(AQ + g) 11, < ps(Uo)([[v]l s +1).
Similarly, by (59),
/Q (Il + [V 0]) (el + e ]) Vg
< (IVullzy + 190l 2) (el + ol ) Ve 2,
< (lull el 2 + ol 2 1l 20 ) Qe 2yl 2, + o g loell 21 2.
< ps(U0) (luell 2, + V(IVuel 2, el 2, + el g + lolZs + IV 2,

< CIVuellz, + Ceps(Uo)lluelZ, (luellZ, + [0l + 1)
with any ¢ > 0. Finally,

/Q(u o+ 1] +vi)de < Jlu+ v+ oy (ludZ, + llvellz,)

< ps(Uo)(Jluel?, +1).
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Hence it is verified that

1d 1
53 | dde+ s [ alVulde < ps@o)(lul?, + P + ol +1).

We add the previous differential inequality to (55) after multiplying both sides
of (55) by a parameter £ > 0. Then we arrive at the main differential inequality of
this step

Ss(t) + acus(®) + [ aVufds

< ps(Uo){(IP(U @) IIz2 + lv(®) I3 + s (t) + Ce} - (60)
for the function 15 (t) = $|Jue(t)[|3, + 1 + £u(t). Solving this, we obtain that

Ps(t) < eJo s U PU ()32 HIv(s) 13 +1}*a£]d5¢5 (0)

t
+o§p5(U0)/ oI L5 U P )2 2+ l[o(r) 25 +1} —agldr g
0

Moreover, by the corresponding versions of (51) and (58) obtained by integrating
(49) and (55) on (s,t), respectively, we verify that

t
Y5 (t) < ps(Up)elPsWo)=asdty, o) + Cgps(Uo)/ etps(Uo)=ag}(t=7) 4
0

If the parameter ¢ is fixed in such a way that p5(Uy) — aé < —1, then
Us(t) < ps(Uo)(e " [luollfpz +1),  0<t<Ty.
In particular,
IAP@ W)L, < ps(Uo)(e™ fuollz +1),  0<t<Ty.
Hence, by (59), we conclude that
lu®lEz < pso)(e fuollz +1),  0<t < Ty (61)
Thus, (61) together with (50) gives the desired estimate of proposition. O
Lemma 3.4. For 0 < u, v € H*(Q) with $% = 9% =0 on 0%, it holds that
lullzz2 < CUPW)7 + lollze + DUAPD) |z, + [ PO)]z.)- (62)

Proof of Lemma. We know by (54) that |lul| g2 < C(||Au||L, + ||u||L,). By a direct
calculation, we see that

Au= P '[AP — P, P, ?|VP|* + 2P "{P,,P,P; ' — P,,}VP - Vv
+ P,P; " {2Py, — Pu P, P} VUl].

The desired estimate is then verified by the similar arguments as in the proof of
Lemma 3.1. O

We can of course repeat analogous arguments to verify (29) when a2 = 0. Hence,
under ajaa2; = 0, it is proved that any local solution to (1) lying in (10) with initial
value Uy € K NH?(Q) satisfies (29).

As an immediate consequence of the series of estimates built up above, we obtain
the dissipative estimate for U at an exponential rate. Let us apply (31) and (35) in



EXPONENTIAL ATTRACTORS COMPETING MODEL 1113
0,41, (39) in [£, 2], (43) in 2, 2], (50) in [%, %], (52) in [4, %], (57) in [2, ]
and (61) in [%,¢], respectively. Then we verify that

U@z < p(e”*'p(IToll=) +1),  0<t<Ty (63)

choosing some continuous increasing functions p(-) and an exponent § > 0 in a
suitable way.

4. Global solutions. By Proposition 1 and Proposition 2, we can deduce the
global existence of solution. Indeed, we know that, for any initial value Uy € I,
there exists a nonnegative local solution at least on some interval [0,Ty]. Let
0 <t <Ty. Then, 0 < Uy = U(t1) € HZ (). We next consider the problem of
form (1) but with the initial value U;. Proposition 1 when 0 < ajae; < 64aqios
and Proposition 2 when aj2a9; = 0 ensure that any local solution starting from Uy
stays at any time in a fixed ball BE (0; p(||Uy||uz)) of H2(€2). This shows that the
a priori estimates of form (78) are valid. Therefore, by virtue of Theorem 6.3 in
Section 6, Problem (1) possesses a unique global solution.

More precisely, under (4), for any Uy € K, there exists a unique nonnegative
global solution to (1) in the function space:

0 < U € C((0,00); HZ(€2)) NC([0, 00); HF# ()
NCH(0,00); H??(2)) NC2((0,00); HH(Q)*), 0<O<1. (64)

It is as well observed from (28) and (63) that there exist continuous increasing
functions p(-) and a positive exponent ¢ > 0 such that

U@z < p(t= e p(|Usllsmse) +1), 0<t<oo; UpeK  (65)
is valid for every global solution. As well,

1U (&) |lma+e < p(|Uo||pm+e), 0<t<oo; UpeK. (66)

5. Dynamical system.

5.1. Construction of dynamical system. Let us construct a dynamical system
determined from (1) in the universal space X = La(£2). For this purpose we will
follow the general strategy described in Subsection 6.2.

Define a semigroup S(t) acting on K by setting S(t)Uy = U(t; Uy) for Uy € K,
where U(t; Uy) denotes the global solution of (1). For any 0 < R < oo, let Kp =
{Uo € K; [|[Uollm+e < R}. Inview of (66), we observe that Up<i<ooS(t)Cr C Kp(r).
Put

Br = U S(t)Kr (closure in the norm || - || x).
0<t<o0o
Then, as shown in Corollary 2, Br, where Cr C Br C K},(g), is a positively invariant
set of S(t) and the mapping G(t, Uy) = S(t)Up is continuous from [0, 00) x Bg into
X with respect to the X-norm.

Therefore, under (4), Problem (1) defines, for each 0 < R < oo, a dynamical

system (S(t), Bg, X) in which phase space contains the subset Kg.
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5.2. Compact absorbing set. On account of (65), for any 0 < R < oo, there
exists a suitable time tg > 0 such that

S(t)(Br) c KN{U € H*(Q); ||U|lw= < p(2)}  forall ¢t > tg.

This means that the estimate (82) in Section 6 is valid with C' = p(2). We can then
apply Theorem 6.4 to construct compact absorbing set.
In fact, the set
X = KN {U € B2(Q); Ul < C)
is an absorbing set of (S(t), Br, X) in the sense that S(t)Br C X for every t > tp,
of course X being determined independently of R. So, if we put

x= J sox= |J S®X  (closure in the norm || - [|x),

0<t<oo 0<t<tx,

then X is a positively invariant set of S(t). In addition, X is a subset of K, is a
bounded subset of H?(Q2), and is a compact set of X. For the detail, see the proof
of Theorem 6.4.

Thus, (S(t), X, X) defines a dynamical system. Every dynamical system of the
form (S(t), Br, X) is reduced to it in the sense that S(t)Bgr C X3 C X for t > tg,
tr being a suitable time depending on R.

5.3. Exponential attractors. It now suffices to apply Theorem 6.5 to construct
exponential attractors for (S(t),X,X). Thus, under (4), the dynamical system
(S(t), X, X) possesses exponential attractors.

6. Quasilinear Abstract Parabolic Evolution Equations.

6.1. Local problem. Consider the Cauchy problem for an abstract evolution equa-
tion
du
%‘FA(U)U:F(U), 0<t< oo,
U(0) = Uy
in a Banach space X. Let Z be a second Banach space which is continuously
embedded in X, and let K be an open ball of Z such that

K={UeZ ||U||z <R}, 0< R < .

For each U € K, A(U) is a densely defined closed linear operator of X with a
uniform domain D(A(U)) independent of U € K. The operator F is a nonlinear
operator from K into X. And, Uy is an initial value at least in K.

We make the following structural assumptions, i.e., (68) ~ (71). The spectral
set o(A(U)) is contained in a fixed open sectorial domain

o(AU)) C Xy ={XeC; |arg)| < ¢}, 0< ¢ <3,

and the resolvent satisfies

(67)

_ M
IA=AUN lex) < e A€ Ys, U € K. (68)
Al +1
The domain D(A(U)) = D is independent of U € K, D being a Banach space with
a graph norm | - ||p = ||A(0) - ||x. The operator-valued function A(-) satisfies a

Lipschitz condition of the form
JA@{AD) ™ = AV) Hlee) SNIT=Vy, U, VeK,  (69)
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where Y is a third Banach space such that Z C Y C X with continuous embedding.
The nonlinear operator F' also satisfies a usual Lipschitz condition

[F(U) - FV)llx <L|IU=Vly, UVEeK. (70)

There are two exponents 0 < a < [ < 1 such that D(A(U)¥) C Y and
D(A(U)P) C Z for every U € K with the estimates

{ 1Ty < DiAWU)*Ullx,  UeDAU)), UEK, 1)

IU)lz < D) AU TNlx,  UeDAWU)), UeK,

D; (i = 1,2) being some constants independent of U € K.
For the initial value Uy € K, we assume a compatibility condition of the form

Up € D(A(Up)?)  with the same 3 as above. (72)
The following result on local existence is then proved, see [2, Theorem 1].

Theorem 6.1. Under (68) ~ (71), let Uy € K satisfy (72). Then, there exists a
unique local solution to (67) in the function space:

{ U €C((0,Ty,); X)NCP*([0, Ty, ]; V) NC([0, T ); 2), 73

APU € C([0,Ty,]; X), t'7PU € ([0, Ty,]; D).

Here, Ty, > 0 is determined by the norm || A(Uy)PUy||x and the modulus of conti-
nuity
wy, (t) = sup [[{e*AW0) —1}U|lz as t — 0.
0<s<t
For more regular initial values such as Uy € D(A(Up)?) with an exponent + such

that 3 < v < 1, we can prove a stronger result, see [2, Corollary 1] or [25, Theorem
A.2).

Corollary 1. Under (68) ~ (71), let Uy € K satisfy a stronger compatibility con-
dition
Uy € D(A(Uy)"), B<y<l. (74)

Then, the local solution U obtained in Theorem 6.1 satisfies:

(75)

Ue Cl((07 TUO]; X) mCV—a([O, TUO]; Y) N CV_B([Ov TUO]; Z),
AU € C([0,Ty,]; X), t'77U € ([0, Ty,]; D).

Furthermore, Ty, > 0 is determined by the norm ||A(Up)"Upl|x alone.

Let us finally verify Lipschitz continuity of solutions to (67) with respect to the
initial values. For this purpose we introduce a set of initial values

B ={Uo € Z; |Us|z < Ry and [|[A(Uo)"Uo|x <C1}, B<y<1

with some constants 0 < Ry < R and 0 < €7 < oo. Then, for each Uy € B, there
exists a unique local solution. Moreover, by Corollary 1, we see that (67) possesses
a local solution in the space given by (75) at least over an interval [0, Tg] for every
initial value Uy € B.

We can then show the following theorem, see [2, Theorem 2].
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Theorem 6.2. Under (68) ~ (71), let U and V' be the local solutions to (67) with
inatial values Uy and Vi in the set B, respectively. Then, there exists some constant
Cp > 0 depending on the set B such that

U =V D)z +t|UER) = VE)|ly + |UE) = V(E)|lx
< Cp|Uo —Volx, 0<t<Ts.

6.2. Global problem. On the basis of the results presented in the preceding sub-
section, we shall consider the global problem in a sense that the linear operator
A(U) is defined for every U € Z and try to construct a global solution on the whole
interval [0, c0).

Consider the Cauchy problem for an abstract parabolic evolution equation

d
d—[t]+A(U)U:F(U), 0<t< o0,

U(0) = U

(76)

in a Banach space X. For every U € Z, A(U) is a densely defined closed linear
operator of X with a uniform domain D(A(U)) = D, where Z C X is a second
Banach space with continuous embedding. The domain D is a Banach space with
a graph norm || - ||p = ||A(0) - ||x. The operator F is a nonlinear operator from Z
into X. And, Uj is an initial value at least in Z.

For 0 < R < o0, let

Kr={U € Z; |U||z < R}.

We assume that, for each R > 0, the family of linear operators A(U), U € Kg, and
the nonlinear operator F': K — X satisfy all the structural assumptions (68) ~
(71) announced in Subsection 6.1 with a third Banach space Y such that Z C Y € X
and exponents 0 < « < 8 < 1 which are all independent of R. If it is necessary
for verifying (68) and (69), however, we may replace A(U) (resp. F) by A(U) + kg
(resp. F + kp) in the equation of (76), where kg is some sufficiently large constant
depending on R. Since

F(U) — A(U)U = {F(U) + krU} — {A(U) + kg}U, U €D,

such replacement does not cause any essential change of equations in (76).
We assume that there is a third exponent v, where 3 < v < 1, such that

D, =D(AU)), UecZ (77)

holds. The space D, is a Banach space with a graph norm || - ||p, = |[A(0)7 - || x.

Let B be any bounded set of D,,, and take a semi-diameter R of K sufficiently
large in such a way that B C Kg. By Corollary 1, for every Uy € B, there exists
a unique local solution to (76) on a fixed interval [0, Tg], T > 0 is determined by
B. If we can show a priori estimates for all local solutions starting from B, then
the global solutions are constructed. In fact, assume that there exist constants Rp
and Cp such that the estimates

{IIU(t)IlzéRB<R, 0<t<Ty,

78
|U®)|p, <Cp,  0<t<Ty (78)

hold for every local solution U on [0, Ty] with U(0) = Uy € B. Then (76) possesses
a global solution on [0, c0) for any Uy € B.
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Furthermore, if such a priori estimates hold for each bounded subset B of D.,
then we obtain a global existence result for (76). That is, we can state the following
theorem.

Theorem 6.3. Let the structural assumptions (68) ~ (71) be satisfied for each
KR, 0 < R < co. For some exponent v (8 < v < 1) satisfying (77) let the a priori
estimates of the form (78) hold for each bounded subset B C D~. Then, for any
Uo € Dy there exists a unique global solution to (78) in the function space:

U €C([0,00); Y)NCTA([0,00); Z) NC([0,00); D), t*77U € C([0,00); D).

We can then define a semigroup S(t) acting on D., by setting S(t)Uy = U(t; Up)
for Uy € D,,, where U(t; Uy) denotes the global solution of (76).
From now we add an assumption that

X is a reflexive Banach space. (79)

Since A(0)7 is an isomorphism from D, = D(A(0)?) to X, (79) immediately implies
that D, is also reflexive.

Under the situation that Assumptions of Theorem 6.3 and (79) are all true,
consider again any bounded subset B of D,. We put

B = U S(t)B (closure in the norm || - || x). (80)

0<t<o0o

The second estimates of (78) jointed with the reflexivity of D, implies that 3 is also
a bounded set of D.,. Then, utilizing Theorem 6.2 repeatedly (in view of (78)), we
see that S(t), t being fixed, is a Lipschitz continuous mapping from 5 into X with
respect to the X-norm. Moreover the Lipschitz constant is uniformly bounded on
any finite interval [0, 7]. Meanwhile, it is already known that S(¢)Uy is continuous
for t € [0,00) as an X-valued function. Hence, G(t,Uy) = S(t)Uy is a continuous
mapping from [0,00) x B into X with respect to the X-norm. The continuity of
S(t) with respect to the X-norm implies that

sty |J smBcsw |J s@Bc |J SrB

0<7<00 0<7<00 0<7<00

This means that B is a positively invariant set of S(t).
We are thus led to the following result.

Corollary 2. Let Assumptions of Theorem 6.3 and (79) be satisfied. For each
bounded subset B C D, define the set B D B by (80). Then, (S(t),B,X) defines a

dynamical system.

Our end goal is to construct exponential attractors. In general, consider a dynam-
ical system (S(t), X', X) with phase space X in a Banach space X. As is well-known,
see [29], a subset M of X is called the exponential attractor of (S(t), X, X) if M
satisfies the following conditions:

1. M is a compact subset of X with finite fractal dimension;

2. M is a positively invariant set of S(t), i.e., S(t)M C M for every ¢t > 0;

3. M attracts any bounded subset B of X at an exponential rate in the sense
that

h(S(t)B,M) < Cpe™®,  0<t< oo
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with some exponent § > 0 and a constant Cg > 0 depending on B, where

h(B1,Bs) = s inf |U -V
(B1, B2) Sup VlgB2|| x

is the pseudo-distance of two subsets By and Bs.
To this end we will furthermore make two crucial assumptions that

Z is compactly embedded in X (81)

and that there is a constant C' such that, for every bounded set B of D., there is a
time tp > 0 for which the following estimate holds:

sup sup [|S)Uslp < C. (82)
t>tp UpeB

Since D = D(A(0)) C D(A(0)?) C Z, (81) naturally implies that D is also com-
pactly embedded in X. In the meantime, (82) means that the set
X, ={U eD; |Ullp <C}

is an absorbing set of (S(¢), B, X) in the sense that S(¢)B C &; for every t > 5.
As before, we put

X = U S(t)Xx, = U S(t)X, (closure in the || - ||x norm).
0<t<oo 0<t<tx,
Repeating the same argument, we observe that &’ is a positively invariant set of
S(t) such that X} € X C D, and hence (S(t), X, X) defines a dynamical system.
The phase space X is a compact set of X, for X coincides with an image of the
compact set [0,tx,] X X1 by the continuous mapping G(t,Uy) = S(¢)Up. The space
X is a bounded subset of D.
We thus arrive at the following result.

Theorem 6.4. Let Assumptions of Theorem 6.3, (79), (81) and (82) be satisfied.
There exists a set X which is a bounded subset of D and is a compact set of X for
which (S(t), X, X) defines a dynamical system. In addition, for any bounded set B
of D, the trajectories starting from B enter in X in o finite time, i.e., S(t)B C X
for everyt > tp, tp being determined by B.

It now suffices to construct exponential attractors for (S(t), X', X). But we know
for a suitable T' > 0 that Theorem 6.2 provides

Ut Uo) — U(t; Vo)l z < Cxt™P||Us — Vo| x, Uy, VoeX;: 0<t<T.
Then this means that our semigroup S(t) enjoys the compact smoothing property
[S(T)Uy — S(T)Wollz < L||Uo = Vollx,  Uo, Vo € X (83)
introduced in [6]. In addition, we can verify that
I1S@®)Us—S(s)Vollx < Z{|t—s|+|\Uo—VOHX} 0<s,t<T; Uy VpeX. (84)

For the detail, see [2, Section 5]. According to [6], under (83) and (84), we can
construct a family of exponential attractors.

Theorem 6.5. Let Assumptions of Theorem 6.3, (79), (81) and (82) be satisfied.
Then, the dynamical system (S(t), X, X) possesses exponential attractors M.
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