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QUASILINEAR DEGENERATE EVOLUTION EQUATIONS
IN BANACH SPACES

ANGELO FAVINI ) AND ATSUSHI YAGI (*%)

ABSTRACT. The quasilinear degenerate evolution equation of parabolic type
% + L(Mv)v = F(Mv), 0 < t < T considered in a Banach space X is
written, putting Mv = u, in the form ‘fi—lt‘ + A(u)u > F(u), 0 <t < T, where
A(u) = L(u)M~1 are multivalued linear operators in X for u € K, K being
a bounded ball ||u||z < R in another Banach space Z continuously embedded
in X. Existence and uniqueness of the local solution for the related Cauchy
problem are given. The results are applied to quasilinear elliptic-parabolic
equations and systems.

1. INTRODUCTION

We are concerned with the Cauchy problem of a degenerate abstract evolution
equation of parabolic type

dMwv
L(M =F(M <T
(D.E) T + L(Mv)v (Mv), 0<t<T,
Muv(0) = ug

in a Banach space X. Here, L(u) are closed linear operators in X with some
constant domain D(L(u)) = Dy, for u € K = {u € Z; ||lul|z < R}, R > 0, where
Z is another Banach space such that Z C X with continuous embedding. M is a
closed linear operator in X with the domain D(M) D Dy, such that M (D) C Z.
F(-) is a nonlinear operator from K into X. ug € K is an initial value. v = v(¥)
is an unknown function.

Cauchy problems of many concrete equations are formulated as those of abstract
equations of the form (D.E), such as elliptic-parabolic equations, elliptic-parabolic
systems, nonlinear equations of Sobolev type [14], semiconductor equations [15],
and so on.

Like in our previous paper [3] (cf. also [11]) for linear problems, we rewrite
the degenerate equation in (D.E) in the form %% + A(u)u > F(u) by changing
unknown functions from v = v(t) to u = Mwo(¢) and introducing multivalued
linear operators A(u) = L(u)M !, u € K, which act in X with a constant domain
D(A(u)) = M(Dy). In this way we have the Cauchy problem for a quasilinear

(*) Partially supported M. I. U. R. (Funds ex 60 % ) and by University of Bologna Funds for
selected research topics, the author is a menber of G. N. A. M. P. A. of INdAM.

(**) Partially supported by Grant-in-Aid for Scientific Research (No. 16340046) by Japan
Society for the Promotion of Science.
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multivalued equation but of nondegenerate type

du
— <
(B) 7 +A(w)usd F(u), 0<t<T,

u(0) = up.

Sobolevskii [8] (cf. also [12, Part 2] and [17]) has first studied such an abstract
problem in the case where the coefficient operators A(u) are all single valued and
are the generators of analytic semigroups, that is A(u) satisfy

C
(1.1) I = A(u) e x) < DD
with the optimal exponent x = 0 and with some sectorial domain ¥ = {\ €
C; |argA| < ¢}, 0 < ¢ < Z. He in fact constructed, under suitable assumptions
on A(u), F(u) and ug, a unique X-valued C! local solution. We remark however
that even if L(u) are the generator of analytic semigroups, A(u) = L(u)M ' do
not necessarily satisfy (1.1) with x = 0.

The first half of this paper is then devoted to studying the problem (E) with
multivalued operators satisfying (1.1). We shall prove existence and uniqueness of
X-valued €! local solution by generalizing Sobolevskii’s results on the basis of the
previous works on multivalued linear evolution equations in [3].

In the second half we shall apply our abstract results to elliptic-parabolic equa-
tions and elliptic-parabolic systems. There is an enormous literature on the sub-
ject. We refer to the recent monograph by Showalter [16], see also [10]. In fact,
most available results until now develop the basic approach by Brezis [2], where
one sees the left hand side of (D.E) as the sum of two operators, the former being
linear, the latter being (possibly nonlinear) monotone, and further assumptions
allow to apply the theory by Bardos and Brezis [1]. On the other hand, such an
approach forces to study the equations in some particular functional setting as
I (0, T; W), where W is either the dual space of a reflexive Banach space or a
weighted space (depending on the operator M), % + ﬁ =1,p>2

The most recent main results on quasilinear degenerate evolution equations in
[16, pp. 134-149] (see in particular Corollary 6.2 and Corollary 6.3) are concerned
with the equation

AEgX ueK

() %(Bu) b AL u) = f(8), a e te(0,T).

It is supposed that B is a continuous, linear, symmetric and monotone operator
from the reflexive separable Banach space V to its dual V' and A: [0,T]xV — V’
satisfies some appropriate continuity, monotonicity and coercivity assumptions
([16, p. 129]). The application of these results to quasilinear elliptic-parabolic
equation is detailed in [16, Example 6.3]. For other results, we quote Kuttler [5]
and [6], too.

Here it will be shown that our approach allows to consider problems of this type
having a nonlinearity (in u) in the right hand side of (S), too, with a bit more
restrictive assumptions on the data, due to the greater regularity in time of our
solutions.
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The plan of the paper is as follows. In Section 2 we recall basic results on
multivalued linear operators depending on time from [3] and [11], and prove new
estimates for the evolution operators to be used in the subsequent sections. Section
3 is devoted to the problem (E). Some conditions given there are inspired by [§]
and [9] too, and they guarantee the existence and uniqueness of the solutions to
(E). In section 4 we apply such results to solve (D.E). Of course, if L(u) = L
is independent of u, we can solve a semilinear degenerate differential equation.
Sections 5 and 6 contain examples from partial differential equations of elliptic-
parabolic type to which our abstract theory applies. It is to be observed that unlike
all previous literature, where the ambient space is a Sobolev space of negative
exponent, here we can take X = L?(Q) (or, as shown in [4], LP(Q), 1 < p < 0),
when (2 is a bounded region in R™ with a smooth boundary.

Notation. Throughout the paper, X denotes a complex Banach space whose
norm is denoted by ||-||x. If Y is another Banach space, £(X,Y) is the space of all
bounded linear operators from X to Y and |||z (x,y) denotes the uniform operator
norm. £(X) is used for instead of £(X, X). An operator A4 : X — 2¥ having the
two properties: Au+ Av C A(u +v), u,v € X and Mu C A(Mu), A € C,bu € X
is called a multivalued linear operator from D(A) = {u € X; Au # (0} to Y. For
u € D(A), ||Au|lx = inf{||flly; f € Au}. If A: D(A) — Y is a multivalued
linear operator, a single valued operator A° : D(A) — Y such that A° C A in the
graph sense is called a section of A. With an arbitrary section A°, it holds that
Au = A0+ A%u, u € D(A).

If I is a nonempty interval in R and k is a nonnegative integer, C*(I; X) denotes
the space of all k-times continuously differentiable functions with values in X
defined on I, where C°(I; X) = C(I; X). For 0 < pu < 1, CA(I; X) is the space
of p-Holder continuous functions with values in X defined on I. B(I; X) denotes
the space of all bounded functions on I with values in X.

2. MULTIVALUED LINEAR EQUATIONS

We consider a family of multivalued linear operators A(t), 0 < ¢t < T, acting
in a Banach space X which have a domain D(A(¢)) = D independent of ¢. In
the previous paper [3], we have already constructed the evolution operator U(t, s)
under the Assumptions (L.A.i,ii) and (L.Ex) below. The purpose of this section is
then to review the basic properties of U(t, s) and verify more refined ones which
will be required in studying the multivalued quasilinear equation.

We make the following assumptions. For every 0 < ¢t < T, the spectral set
o(A(t)) of A(t) is contained in a fixed open sectorial domain X,

o(A(t)) c ¥ ={A e C; |argA| < ¢},
where 0 < ¢ < 7. And the resolvent satisfies the estimate

M

(L.A) WA—Awrﬂuuqﬁaqiﬁﬁp

NEX 0<t<T,
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with some exponent 0 < k < 1 and a constant M > 0. A(-) satisfies a Holder
condition of the form

(LA [JAO{A®) ™ = A(s) T fllx < Nt =sl*lflx, feX,0<st<T

with some exponent 0 < ¢ < 1 and a constant N > 0. The exponents satisfy the
relation

(L.Ex) 0<3r<pu<l.
Before introducing the evolution operator, let us first notice that (L.A.i) and

(L.A.ii) imply the estimate

(2.1) [IA®° (A = A®))HA®) ™ = A(s) "'} fllx
MN|t \
_— , AgX felX.

Here,

A A= AD) T = AN - A1) T -1 C AN - A@) T
denotes the linear section of A(t)(A — A(t))~! introduced in [3, Theorem 2.7]. It
is known that

A (A= A1) = (A= A@t)) " A()° on D,

where A(t)° in the right hand side denotes an arbitrary section of A(t) not neces-
sarily linear. In fact, (2.1) is verified as follows. For f € X,

A A= A@)THAD T = A(s) T = (A = A@) T AW {AM) T - A(s) M-
In addition, since
(A= A@) AW {AM T = As)TH = (A= A1) g
with any g € A(t){A(t)~ — A(s) "1}, it follows that
(22) (A= A®)TTAWD{AMD T — Als) T} llx
<O =AO) e lAB{AB™ - A(s) " }Mllx, feX.

Therefore, (L.A.i) and (L.A.ii) imply (2.1).
In this theory we shall make an essential use of the Yosida approximation

An(t) = AD° T (t) =n{l = J,(®)}, n=1,23,...,
Jo(t) = 1 +n"tA) ™!

of A(t). A,(t) are single valued bounded linear operators on X with || A, ()| ¢(x) <
Cn'**. Since A, (t)"! = A(t)~! +n~t, we have

An@O{An ()" = An(s)71H = Ju(AMD{AR®) " = Als) '}
Therefore, by (2.2),
[An(O{An ()" = An(s)" M fllx < NlJu®)llecolt = sllIfllx. feX.

This shows that, as ||J,,(t)]|c(x) < Cn”, the Holder condition (L.A.ii) may not
imply that of the Yosida approximation in any uniform sense. Such a difficulty is
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however overcome by the fact that (2.1) implies the same one for A, (¢). In fact,
since

An(®)N = An ()" HAL(6) ! = An(s) 7'}

_ " ( n A(t)) A {AM) " — A7),

n—A\n—2A
(2.1) yields that

Clt—s|*

(23) [An(®)X = An(®)TH{An ()™ = An(s) " Hlex) < N+

AEX,
see also [3, (4.8)].

We shall also use the fractional powers of A(t). For 6 > k, the fractional power
A(t)7% is defined by the Dunford integral

Ay~ = ﬁ /P A0 = A@t)"tax

in £(X), where I' is an integral contour lying in C — o(A(t)). A(t)?, 0 > k, is
then a multivalued linear operator in X. In particular, A(t)! = A(t). As n — oo,
A, (t)~% converges to A(t)~% in L(X).

(L.A.i) yields that for each 0 < ¢ < T, A(t) generates an infinitely differential
semigroup e~ 74" 7 >0, on X, see [3, Section 3]. For 6 > 0, a bounded linear
operator on X given by the integral

1
{A®t)9}ee ™A1 = — / Mem™ (N = A(t)7tdN, T >0,
21 r
is introduced. Obviously, this operator is also obtained as a limit of A,,()?e=74»(®
also. The following estimates
(2.4) [An(t)?e ™40 I, (0¥l ex) < Cor™7", 7>0,k=0,1,
||{A(t)9}°e_TA(t)||L(X) <Cor7 7" 1>0,
are verified. If 6 > r, {A(t)?}°e~74(®) is really a linear section of the multivalued
operator A(t)?e=74®) For § > k,

25) e O — 1AW oo = H / " A1) e A do Aty

£(X)

< CQTO_H, 7> 0.
£(X)

— H/ {A(t)l—e}oe—UA(t)do_
0

According to [3, Theorem 4.1] (cf. also [11, Section 4.1]), under (L.A.i), (2.1),
and (L.Ex), there exists an evolution operator U(t,s), 0 < s < ¢ < T, for A(t).
U(t,s) is in fact obtained as a limit of U,(t,s), where U,(¢,s) is an evolution
operator for A, (t). Moreover, Uy, (t, s).J,(s) has the same limit as U, (¢, s), that is,
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Un(t,s)J,(s) also converges to U(t, s). The estimates
[Un(t, 5)J, ()HL(X <Ct—s)"" 0<s<t<T k=0,1,
Ut 8)lex)y <Ct—s)"", 0<s<t<T

hold. The convergence of A, (t)U,(t,s) is also established, its limit being denoted
by A(t)°U(t,s). A(t)°U(t, s) is a linear section of A(¢t)U(t,s). The estimates

[AnOUn(t, s)||lox) SCE—s)7' 7", 0<s<t<T,
[A@®)°UE, s)|ex)y <Clt—s)' 7", 0<s<t<T

hold. Similarly, for 0 < 6 < 1, a bounded linear operator { A(t)?}°U (¢, s) is defined
as a limit of A, (t)°U,(t,s). The estimates

[ An()°Un(t, s)|ox) < Ct—s)"%", 0<s<t<T,0<6<1,
(2.6) {A®) YU s)ex) SCt—s)""", 0<s<t<T,0<6<1

are verified by the moment inequality of the fractional powers. In addition, it is
verified that

2.7) A Un(t, $)Tn ()l c(x) < 1 An(®)Un(t, 552) 2 (x)
X U (552, 8) Jn(8)|| cx) S CE—s)72, 0<s<t<T,0<0<1

To obtain (2.8) below, we notice from [3, (4.10)] that

U’ﬂ(tv S)An(s)g = An(s)ee_(t_s)A"(s)

+ /t U, (t, 7)An(T){Ap (1)t — An(s)fl}An(s)aﬂe*(T*S)A"(s)dT.
By the same argument as for (2.2), we observe that
1Un (8, T) A (1) { A (1) ™" = An(s) ™} fllx
= |Un(t, 7) Ju (1) A(T)°{A(T) ™! = Als) "} flIx
< NUn (8, 7)In(T)Le o) [AMLA(T) ™ = A() T} fllx,  feX.
Hence, for 0 < 0 < u — &,
(2.8) Ua(t8)An(s)lle(x) < C(t —)707"
+ C’/t(t —7) (=) T < Oyt —s) TR, 0<s<t<T.

We now prove some new estimates of U, (¢, s) and U(t, s).

Proposition 2.1. Forxk < p <1,
(2.9) [ An($)Un(t,8)An(s) #llo(x) < Cplt = )71 7%, 0<s<t<T,
JA®)°U(E ) As)“lle(x) < Cplt =) 7%, 0<s<t<T.
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Proof. From
Un(tv S) = ei(tis)A"(t)

— / t e~ A A () {A, (1) — An (1) T AL (T U (1, 5)dr,

S

it follows that
(2.10) A, (U (t,8)An(s) "¢ = A, (t)e” =94 4 (5)7%
t
—/ Ap (e DA 1 YA {AR) ™Y — A(T) " Y A (7 U (1, ) A (s)~¢dr
S
with any section A(t)° C A(t).
We here show the following lemma.
Lemma 2.1. For0<f0<landx<p<1,
A () e — 4, (5) e ™4} A (5) ™ Lo x)
CT(0 — o+ 2K)T¢ 70728t — 5|1, if <0+ 2k,
< C{log(r7t + 1) + 1}t — s|#, if =0+ 2k,
Clo—0—2r)"1t —s|#, if >0+ 2k,

where T'(+) denotes the gamma function.
Letting n — oo, the same estimates are verified for the family A(t), too.

Proof. We see that

{An (t)ee_TA"(t) - An(s)ge_TAn(s) JAn(s)"%

= [N O = A1) = (= An(s)) ) Au(s)"PdA

2m Jp

1 . B B _
= o [ NP AL - Au0) A0~ An() )

tJr
x A ()P (N — An(s)) A,

where I is an integral contour: A = pe™®" 0 < p < co. Therefore, by (2.3), it
follows that

{AR () e — A, ()" ™A} AL (5) 7| (x)
< C/ (JA| 4 1)0-et2r=le=mRed g\ ||t — 5|
r
If p < 6+ 2k, then

/(|)\|_’_1)0—Lp+2fi—le—7—§Re>\|d)\|
r

) )
< C/ p07tp+2n71€77'pcos¢dp < CTLP7072I{/ p0*w+2mflefpdp.
0 0
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If ¢ = 0 + 2k, then

/(|/\| 4 1)0—90+2n—1e—7—§]?e>\|d)\| S C/ (P+ 1)—1e—~rpcos¢dp
r 0

< C/ (p+1)"tdp+C pleTPeosd gy
0

-1

Hence the desired estimate is obtained. Similarly, if ¢ > 6 + 2k, then

/(|>\| +1)0—¢+2n—16—7%e/\|d)\| < C/ (p+1)9_¢+2ﬁ_1dp.
r 0

Using this lemma with 8 = 1, we have

[An(£)e™ 94D 4, (5)7¢| g (x) < [|An(s)' e A 1
+[{An()em 94O — 4, (5)e I} AL ()77 £ x)
< Cpl(t—5)77" "  log{(t — s) 7+ 1}(t — 5)7 T < Cu(t - 5)P7
Then, from (2.10), the following integral inequality
|4 (U (2, ) An(5) %oy < Colt — 5772
t
+ C/ (t — )P 18| Ay (7)) U (7, 5)An ()% cx)dr

is obtained, which implies the first estimate (2.9).
Obviously the second estimate is an immediate consequence of the first one.
Hence the proof of the proposition has been accomplished. ([

Proposition 2.2. For0<f<l—rkand+r < p <1,
[An()°Un(t, $)An(s) " ?lloix) < Copr 0<s<t<T,
AW YU (1 9)A(s) #llecx) < Cop 0<s<t<T.
Proof. From (2.10) we can write that
An()'Un(t, ) An(s) ™% = An(t)’e” 740 4, (5)7%
- / t An(t)?e A T () At){AR) T — A(T) T FAR(T)Un (7, 8) An(s) " ?dr.
In addition, by (L.Ex), (2.5) and Lemma 2.1, we can observe that
[An(8) e =4 A, (5) 7% o )
< {An () e A0 — 4, ()7 A AL ()77 o x)
+ [[{em e Anls) 13AL(9) 2 llex) + 14n(8)?llo(x) < Cop
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Therefore, in view of (L.Ex), (2.4) and (2.9), we obtain that
HAn(t)eUn(ta $)An(8) "7 |le(x)

t
< C@,g&{l + / (t =710 (r — s)“"_“_ldr}
S
< Cop{l+ (t— )70 721} < Cpg.
The second estimate is an immediate consequence of this. O

As to the difference of the evolution operator and the semigroup, we verify the
following results.

Proposition 2.3. For0<0<1—-2x and k < p <1,
1A (0) {Un(t, 5) — e A A, (5) 7% Lo x)
< Cpp(t—s)P 073 n 0<s<t<T.
Fork <0 <1—-2kand k< p <1,
1A {U (1, 5) — e TIA}A>s) =2 f1x
< Copp(t—s)P 073 1| fllx, 0<s<t<T, feX.
Proof. Using [3, (4.10)] with p = 1, we see that
(2.11) A, (){Un(t,s) — e =AY 4 (5)7%
= /t An()0U,, (6, 7) T (1) A(T){A(T) ™ — A(s) "1 A, (s) e =80 An() g7,
Then, by (2.7) and (2.9), the norm of the right hand side is estimated by

t
I A e I S

Let & < § < 1 — 2. Operating A, (t)~% to (2.11) and letting n — oo in the
resulting equality, we obtain that

{U(t.s) — e 74O A(s) 7%
= A(t)™* / t{A(t)e}"U(t, TA(T){A(T) " — A(s) T} A(s)! TP T AC g7,

From this the second estimate of the proposition is obtained. (I

We finally show a formula which gives a solution to the Cauchy problem of a
multivalued linear equation

du
— + A(t F(t t<T
(L.ES) dt + ( )U 9 ( )7 S < — )

u(s) = ug



10 ANGELO FAVINI **) AND ATSUSHI YAGI ¢**)

in X. s€10,T) is a fixed initial time. F is a given Holder continuous function on
[s,T] such that

(L.F) Feco(sT]; X), o>k
ug is an initial value in X such that
(L.In) us € D(A(s)?), rw<y<1.

As proved by [3, Theorem 4.1], there exists a unique solution to (L.E) in the
function space:

we C([s,T]; X)Ne((s,T]; X), (t—s) ™ 74 € B((s,T]; X).
u is in fact given by

u(t) = Ut s)us + / D) F(r)dr, s<t<T.

Moreover, we can verify the following estimates

t
(212 H / Un(t, T)F(r)dr| < Colt —s) " Fller(s,myx), s<t<T,
X
(21 H / Ut )E(r)dr o Co(t = 8) " Flles(sryx), s<t<T.
Indeed,

t

(2.14) An(t)/ Un(t,T)F(T)dT:/ An (@)U (t, T){F () — F(t)}dr

S

+ /t{An(t)Un(t, 7) — Ap(t)e” DAY P (Y dr 4+ {1 — et A  p(1)

Using the integral equation [3, (4.12)], it is seen that
[An()Un(t,s) — An(t)e” 940 o) <Ot —5) 7731 0<s<t<T

Then (2.12) is obtained directly from (2.14). Operating A, (t)~! to (2.14) and
letting n — oo in the resulting equation, we obtain that

/ Ut 7)F(r)dr / AU, ) {F(r) — F(t)}dr
/ {A(t) — A(t)°e” AV () dr 4 {1 — e” (7AW }F(t)} :

From this the estimate (2.13) is verified.
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3. QUASILINEAR EVOLUTION EQUATIONS
Let X be a Banach space. We consider the Cauchy problem of a multivalued
abstract evolution equation
du
—+ A 5> F(u), 0<t<T,
u(0) = ug
in X. Let Z be a second Banach space continuously embedded in X and let K be
an open ball of Z such that
K={ueZ;|ullz <R}, 0<R<oo0.

For each u € K, A(u) is a multivalued linear operator of X with domain D(A(u)) =
D which is constant in u. F' is a nonlinear operator from K to X. wug is an initial
value in K.

We make the following assumptions. The spectral set o(A(u)) is contained in
a fixed open sectorial region

o(Aw)) c X ={XeC; |arg | < ¢},
where 0 < ¢ < 7, and the resolvent satisfies

M
T+ 1=

with some exponent 0 < xk < 1 and a constant M > 0 which are independent of
u. A(-) satisfies a Lipschitz condition of the form

(Ai)) [l A@{A@) ™ = A" Mlx < Nlu—olzlflx. feX, uovek
with a constant N > 0. F satisfies the Lipschitz condition
(F) [F(u) = F(v)llx < Llju=vllz, w,vek

(A.) I = A() ™ lex) < AN, ueK

with a constant L > 0. The spaces X and Z are as follows
(Sp.i) Z C X with continuous embedding.

There is some exponent 3 € (k, 1) such that, for every u € K, D(A(u)?) C Z with
the estimate

(Sp.ii) |illz < D||A(w)?i|x, ©e D(Aw)?), ue K,
D > 0 being some constant. ug € K satisfies a compatibility condition of the form
(In) up € D(A(uo)”)

with some exponent v such that 8 < v < 1. Finally, the exponents satisfy the
relations

(Ex) 0<k<pPB<~vy<1and 5+ < 7.

As a matter of fact, (Ex) shows that x must be less than .
Then, the following result is proved.
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Theorem 3.1. Under (A.i,ii), (F), (Sp.i,ii), (In), and (Ex), there exists a unique
local solution to (E) in the function space:
u(t) € D(A(u(t)) for 0 <t <T,, and u € C([0,Ty,]; Z),
(3:1) {u € CY((0,Ty,]; X) and t'"=79% € B((0,T,,]; X),
where Ty, > 0 is determined by the norms ||uo|lz and || A(uo) uol| x -

Proof. The proof consists of several steps. C' denotes a universal constant which is
determined by the exponents and the initial constants. f; stands for an arbitrary
element in A(ug)up.

Step 1. For S such that 0 < S < T, we set a Banach space Z(S) = €([0, S]; Z)
and a subset of Z(.S) such that

K(S) = {u € ([0, 5]; 2); u(0) = uo,

sup % <1 and sup ||u(t)]|z < Dy,}-
0<s<t<S 0<t<S

Here, p is some fixed exponent so that 3k < u < y— 8 — 2k, (Ex) shows that such

a p really exists. The constant D, is fixed so that

(3.2) luollz < Duy < R.

Clearly, K(S) is a nonempty closed subset of Z(.5).

Step 2. For each v € K(S), let us consider a linear problem

(3.3) %+Av(t)u9Fv(t), 0<t<S,
u(0) = ug,

where A,(t) = A(v(t)) and F,(t) = F(v(t)) for 0 <t < S. It is easy to observe

that A, (t) satisfies (L.A.i,ii) and (L.Ex) in Section 2 and that F, € €#([0, S]; X)

and ug satisfy (L.F) and (L.In), respectively. Therefore, there exists a unique

solution to (3.3) in the space

u € C([0,5]; X)NEC'((0,8); X), t'Tr 74 € B((0,5]; X),

and the solution u is given by
t
w(t) = U (t, 0)ug +/ Us(t,$)Fy(s)ds, 0<t<8,
0

where U, (t, s) denotes the evolution operator for the family of multivalued linear
operators A,(t) = A(v(t)).

We then arrive at defining a correspondence @ from K(S) to Z(S) by setting
D(v)(t) = u(t), 0 <t < S, for each v € K(S).

Step 3. If S > 0 is sufficiently small, then ® maps the set K(S) into itself.
Indeed, for u = ®(v), we write that

t
wlt) = o + {e=H400) — Ty + {U, (£,0) — e =4Oy + / U (t, 5)F, (s)ds.
0
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Then, since ug = A(ug) ™7 fo, it is seen by (2,5) that

e ") — 1}uol|z < DI|A(uo)®{e~ (") — 1} A(uo) " follx

< Of{e™ ) — 1} A(uo)? ™ follx < C 27| fol x-

Similarly, by Proposition 2.3,

U (2,0) — e~ @}ug||z < DAy (8)*{Ts(t,0) — =4}

x Ay(0)77 follx < CEOTPT3 R £y x..

Finally, by (2.6),

t
’/U(ts)F ds /{A BY°T, (1, ) Fl(s)ds
0
Therefore we obtain by definition (3.2) that
lu®)llz < lluollz + C(ST=F72 41 4+ ST=F7%) (|| A(uo) "uo|x +1) < Duy,

< Ot P,
X

<D

13

provided that S > 0 is sufficiently small. Note that fy denotes an arbitrary element

of A(ug)up.
We next fix an exponent ¢ so that

B4+3k<B+r+pu<ep<y—r<1-—k,

and notice that

Ay () 7ult) 3 {Ay(8)7}U(t, 0) Ay 7fo+/ {Au ()7} UL (E, ) Fy(s)ds = gu(t)-

By (2.6) and Proposition 2.2, g,(¢) is shown to be uniformly bounded with
(3.4) lgo®)llx < Co([A(uo) uollx +1), 0<t<S.

Using g,(s), we can write that

u(t) — u(s) = {Uy(t,s) — 1} u(s) —|—/ U,(t,7)F,(T)dr
= [{Uv(t7 s) — e—(t—S)Av(S)}Av(S)—w + {e_(t_s)Av(s) _ 1}Av(s)_”]gv(s)

t
+/ Uy(t, 7)Fy(T)dr, 0<s<t<S.

Then, by Proposition 2.3, it is seen that
HAL (D)7} {UL(t, ) = eI} A, ()72 g x) < Cplt — )77 P70,
Similarly, by (2.5) and (2.6),
1A4u(s) e — 13 AL (5) e (x) < Colt = 5)777 75,

/ (A (H)°)°U, (£, 7) Fy (7)dr

<Ot —s)t=P ",
X
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Therefore, in view of (3.4), we observe that
[u(t) — u(s)]|z < C,(SP~F=3F 4 ge=Br—n
+ SR (|| A(u) Vug) | x + 1)(t — 5)".

Therefore, in view of the definition of ¢, we conclude that ||u(t) —u(s)||z < (t—s)*,
provided S > 0 is sufficiently small.

Step 4. If S > 0 is sufficiently small, then the mapping ® : K(S) — XK(S)
is a contraction with respect to the norm || - [z(s). Indeed, for u; = ®(v;), v; €
K(S), i=1,2, we have

ur(t) — ua(t) = {Uu, (£,0) = Uw, (£, 0) }uo

t
[ 0 0:9) = Ut )i+ [ U0 09)(For6) — Fun(o)hs
0
Here we establish the following lemma.

Lemma 3.1. We have

[ Au, (£)°{Us, (£,0) = Uy, (t, 0) buol| x
< C P73 A(uo) uo| x flvr — vollz(s)y, 0<t<S,

and

4007 [ 10009 = Vit oo
X
< Ct P Fy llen o x) lor — v2llzgs), 0<t< S

Proof. In order to verify these fundamental results, we have to employ the evo-
lution operators U, ,,(t,s) (i = 1,2) for the families of the Yosida approximation
Ay, n(t) (i =1,2) of Ay, (t). Indeed we observe that

(3.5) Ay n (1) {Us; n(t,0) = Upy i (t,0)} Auy n(0) ™7 = /t Ay, n(8)° Uy n(t, 5)
0
X Avhn(s){Avhn(S)_l — Ay n(s)” I}Avm (s)U v2,n (370)Av2,n(0)_7d3'

By the same argument as for (2.2), we can show by (2.7) that

”Avun(t)ﬁUm,n(ta 8)Juy,n(8)Av, (5)°{Au, (s)_l — Ay, (3)_1}f||X
< C”Avl,n(t)ﬂle,n(t»s) vy (8 )HL(X)”Avl( s){ Ay, (3)_1 - sz(s)_lfHX
<Ot =) P oi(s) —vals)lzllflx,  feX.

where A, (s)° C Ay, (s) is an arbitrary section. Therefore,

(3.6)  [{Aw, ()7} Uuy (¢, 8) A, (5)°{Au, () = Auy (5) "'} fllx
<Ot o(s) —wa(s)llzllfllx,  feX.
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Operating A,, ,(t)™? to (3.5) and letting n — oo in the resulting equality, we
obtain that

{Uu, (£,0) = U, (¢, 0) yuo = Ay, (t)*ﬁ/ {4, 1)}V, (8, 9)

X Auy () { A0y (8) 7" = Auy (8) 7 A, (5)Un, (5,0) Ay, (0) 77 fods.
This yields that

| Ay, ()P {Us, (t,0) = Uy, (t,0) }uo || x
t
<c / (t — 5825571 ds oy — vl 1ol x-
0

Since fo € A(up)Tug is arbitrary, we obtain the first estimation.
Next, we can write that

Ay, n( / {Uui,n(t,8) = Upy n(t, 8)} o, (s)ds —/ / v1,n Usy n(t,7)
X Ay (T){Avy (T ) — Ay () 1}Av2’ (T)Uus (7, 8) Foy (s)dTds
= [ A0 V7)Ao () A (1) = A (7))

X Ay, n(T) /OT Uvy 0 (7, 8)Fy, (s)dsdr.

From (2.12), A,, n( fo va.n (T, 8) Fy, (s)ds satisfies the uniform estimate

HAUNL(T) / Uy (T, 8)Fyy (s)ds
0 X

and converges as n — oo to a continuous function g(7) on (0,.5]. Then, we obtain
in the same way as above that

S CT?K/”F’UQ”G”([O,S];X)?

/ {Unn (£,5) — Uny (£, 3)} oy ()ds

= Ay, (t)_B/O {Au, (t)B}Ole (t,7) Ay, (7)°{Av, (T)_l — Ay, (7)_1}9(7)d7—-
Therefore,

H o / (s (1:5) = Uiy (1, )} oy (5)ds

X

< 0/ (t — 1) P25 AT || Py llen (0,53 x) 1 — vall2(s)-
0
Hence we verify the second estimate of the lemma. O

Let us now complete the proof of this Step. It is easy to see that

t
\Ama)ﬂ | U ) 6) — P} < C8 P = vl
0

X



16 ANGELO FAVINI **) AND ATSUSHI YAGI ¢**)

This together with the lemma then yields that
[ur (t) = ua(t)]| z < OS2 (||Auo) Y uol| x + 1)l — vallz(s), 0<t<S.

Hence, we have verified that ® is a contraction, provided S > 0 is sufficiently
small.

Step 5. Take a T,,, = 5 > 0 in such a way that the results of Steps 3 and 4 are
valid. Then, there exist a unique fixed point u € K(S) of ®. Since u satisfies the
formula

t
w(t) = Un(t, 0)uo + / U(t, s)Fu(s)ds, 0<t<S5,
0

u is shown to be a solution to (E) which belongs to the space (3.1).

Step 6. Finally we verify the uniqueness of solution. Let w be the solution
constructed above. We consider the Yosida approximation A, ,(t) of the operator
A, (t) and the evolution operator U, ,(t, s) corresponding to A, ,,(t). Let & be any
other solution to (E) in the space (3.1). Then, for 0 <t < S (< Ty,),

%Uu,n(t, $)u(s) = Uy (t, $){Aun(s)u(s) —g(s)} + Uun(t,s)Fu(s), 0<s<t,

where g(s) € Az(s)u(s) with Zj + g(s) = Fy(s). Integrating this identity in

S

s € (0,t) and operating A, ,(t)? to the resulting one yield that
t
Aun®P{0) = 10} = [ Au 0V (t,5)
0
X Au,n(s){Aﬂ(s)_l - Aum(s)_l}g(s)ds
t
+/ Auvn(t)ﬂU%n(t, $){Fzu(s) — Fu(s)}ds,
0
where uy, (t) = Uy n(t,0)up + fot Uu.n(t,s)Fyu(s)ds.

We are concerned with the limit as n — oco. By the same method as in Step 4,
it is in fact verified that

B0 70— ult) = 407 [ {AO VUl ) A (Axl) ™ = 4u9)7)
< G(s)ds + [ A0V ULt 5)Fals) ~ Fulo)}ds]
0

n—oo

t
— lim n™! / Uun(t,8)Aun(s)g(s)ds.
0
Moreover, we observe the following fact.

Lemma 3.2.

n—oo

¢
lim nil/ Uun(t,s)Aun(s)g(s)ds = 0.
0
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Proof. For any p € (0,4 — k), we have by (2.8) that
HUum(tvs)Au,n(s)HL(X) < ||Uum<t7S)Au,n(s)pHL(X)||Au,n<5)1_pHL(X)
< Cyplt = ) Aun($)l[5%, < CounOT0=0) (¢ — g0,

In addition, from (3.1), g satisfies that ||g(s)||x < Czs?~*~1. Therefore,

It then suffices to take a p so that §. < p < p— k. Since tf- +r < 3k (< p) for

0<k< %, it is clearly possible to take such a p. O

< Cngn(H”)(l_p)

/ Usn(t, 8) Aun(5)5(s)ds
0 X

t
X / (t —s) P77 " s < C,CuntHIU=p)pr=p=28,
0

In view of (3.6), we verify from (3.7) that
14w {a(t) — ut)}x < CaS 77| —ullzs), 0<t<S.

This in turn shows that u(t) = u(t) for all ¢ € [0,.5] if S > 0 is sufficiently small. As
a matter of fact, we have shown by this argument that the set {S € (0, Ty,]; w(t) =
u(t) for all ¢ € [0, 5]} is nonempty and open in (0,Ty,]. On the other hand, it is
clear that the set is closed. Therefore, u(t) = u(t) for all ¢ € [0, Ty,]. O

Remark 3.1. As shown in the proof, T}, is determined by the norm

| A(uo) Y uol|x = inf{|| follx; fo € A(uo) uo}.

This then means that the global existence of solution to (E) will be established if
we can verify a priori estimates ||u(t)||z < R and ||A(u(t))u(t)||x < C for every
local solution.

4. DEGENERATE ABSTRACT EVOLUTION EQUATIONS

We consider the Cauchy problem of a degenerate abstract evolution equation

dMwv
L(M =F(M <T
(D.E) o + L(Mv)v (Mv), 0<t<T,
Muv(0) = ug

in a Banach space X. Let Z C X be the second Banach space continuously
embedded in X and K be a bounded subset of Z such that

K={ueZ|ullz <R}, 0<R<o0.

For each u € K, L(u) is a densely defined closed linear operator of X with constant
domain D(L(u)) = Dr. M is a closed linear operator of X with domain D(M) D
Dy, and M maps Dy, into Z. F' is a nonlinear operator from K into X. ug € K
is an initial value of the problem. v = v(t) is the unknown function.
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We make the following assumptions. For every u € K, the M-modified spectral

set opr(L(u)) is contained in a fixed open sectorial region
(L) € X = {AeC; JargA| < o},

where 0 < ¢ < 7, and the M-modified resolvent satisfies
¢
(IAl+ 1)t
with some exponent 0 < k < 1 and a constant C' > 0 which are independent of w.
The M-modified resolvent also satisfies

(D.A0) IMOM — L) e < AE D ueK

< C
(A
with some exponent £ < p < 1 and a constant C' > 0 independent of u. L(u)
satisfies the Lipschitz condition

(D.A.ii) [MAM — L(u) "z (x,2) A<0,ueK

(D.A.iii) L@ = L@ Heen < Clu—Tllz, w ek
with some constant C' > 0. F' also satisfies the Lipschitz condition
(D.F) [F(u) = F(u)|lx <Cllu—ullz, wuek

with some constant C' > 0.
We set u(t) = Mwv(t) and rewrite (D.E) in the form

du

— + LM 'us F t<T
(4.1) dt+ (u) ud F(u), 0<t<T,

u(0) = uyp.

Here, L(u)M~! = A(u) is a multivalued linear operator defined for u € K with
the constant domain D(A(u)) = M (D). Our goal is then to apply the Theorem
3.1 to the present Cauchy problem.
According to [3, Theorem1.14], if A & opr(L(w)), then A & o(A(u)), and it holds
that
MM = L(u))™ = (A= A(w))™", A& onr(L(u)).
Therefore, (D.A.i) yields that
C
A—A(u))t < g X
0= 40 Mewo < g M
For u, uw € K,
{A()™ =A@} = M{L(u)™" = L@~ '}f € D(A(u)),  feX.
In addition,
Lu{L(u)™" = L(@) '} f € A(u){Aw)" — A@) "}

Therefore, it follows from (D.A.iii) that
A {Aw) ™" = A@) "} fllx
< I L(u{L(w)™" = L@~ " }Mllx < Cllu =zl fllx, feX.

Hence, (A.i,ii) in the preceding section have been verified.
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For k < 8 < 1 it is known that

A(u)=Bf = S””Tﬂ/ A BN+ Aw) " fdN,  f € X.
™ 0
From (D.A.ii) it is seen that
A Au) ! < © A>0
IO+ AN Nexs) < Gy A2 0

Therefore, for any 3 such that p < 8 < 1,
B 1 [ \-8 1
1A@) " fllz < — [ AP+ 1P dA|fllx < Cllfllx-
0

Setting u = A(u)~? f, we observe that

[allz < Clf]lx-

For a given u € D(A(u)?), this is true for any f € A(u)’u. Hence, (Sp.ii) is
fulfilled with any 8 € (p,1).

For (In), we assume that uy € K and wug satisfies a compatibility condition of
the form

(D.In) ug € D{L(ug)M~'}7)
with some exponent 0 < v < 1. For the exponents we assume the relations
(D.Ex) 0<k<p<~y<1and bk+p<r.

It is then possible to take the exponent § in such a way that (Sp.ii) and (Ex) hold.
We have thus found out the conditions to be assumed to apply Theorem 3.1
and obtained the main result of the paper.

Theorem 4.1. Under (D.A.ii,iii), (D.F), (D.Ex), and (D.In), there exists a
unique local solution to (D.E) in the function space

Muv € C([0,Ty,]; Z) N €CY((0,T,,); X),
v € C((0,Ty]; Dr), """ TL(Mv)v € B((0,Ty,]; X),

where T, > 0 is determined by the norms ||uol|z and ||{L(uo)M =1} ug| x-

5. QUASILINEAR ELLIPTIC-PARABOLIC EQUATIONS

As an application of our abstract results, we shall consider the Cauchy problem
of a quasilinear elliptic-parabolic equation of the form

%m(x)v =V {a(z,m(z)v)Vo} + f(z,m(z)v) in (0,T] x Q,

(5.1) v=0 on (0,T] x 0%,
m(z)v(z,0) = ug(z) in Q
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in a bounded region Q C R™ of €2 class. In this paper we handle the cases where
n =1, 2, and 3. m(z) > 0 is a nonnegative function such that

(5.2) m(z) € C1(Q) whenn =1, m(z)c C*(Q) when n =2, 3.

a(z,u) is a real valued smooth function defined for (z,u) € Q x (R + iR), and it
is assumed for each 0 < R < oo to satisfy

(5.3) a(z,u) > dg >0

for all z € Q and u such that |u| < R with some positive constant dg. f(x,u) is a
smooth function of (z,u) €  x (R+¢R). For the initial function, we assume that

HY(Q) when n =1,

5.4 ug = m(x)vy with some vy €
(5.4) 0 = mi{e)vo 0 {Hz(Q)mHg(Q) when n = 2, 3.

Case when n = 1. In this case we formulate (5.1) in the space X = H~1(Q).
We take as Z the Sobolev space H %‘*‘E(Q), where ¢ is an exponent arbitrarily
fixed so that e € (0,3). Let up € Z and |lugl|z < R < oo, then K is taken as
K = {u € Z; |ullz < R}. By the embedding theorem, K is a bounded set of

C(2). For u € K, the sesquilinear form

a(u;wy, ws) = /Qa(x,u(:n))V’wl(w) -Vwy(x)dr, wi, wy € H(Q)

is defined. According to the Lax-Milgram theorem (see e. g. [13, Chap. 2,Thm.
9.1]), this sesquilinear form determines under (5.3) a closed linear operator L(u) in
H~1(Q) with the domain D(L(u)) = H(2) = Dy, which is in fact an isomorphism
from Dy, to X. Implicitly, L(u) is the differential operator —V - {a(x,u)Vw}. We
define M as the multiplication operator of the function m(z), in view of (5.2), M
is a bounded linear operator on both X and H*(€2), that is M € £L(X)NL(HY(Q)).
F(u) is defined by
F(u) = f(z,u(x)), ueK.

In this way, (5.1) is written as the Cauchy problem of an abstract equation of
the form (D.E) in X. Let us now verify all the assumptions (D.Al,ii,iii) and (D.F)
in Section 4. It is already known by [3, Example 6.3, (6.7)] that (D.A.i) is fulfilled
with a suitable sectorial domain X and « = 0.

In order to verify (D.A.ii), we use the interpolation property that H%+€(Q) =
[L2(Q),H1(Q)}%+E. Then,

IM(AM — L(u) " e(x,2)

_ l+ _ 1_
< CIMOM ~ L) 25 ) IMOM = L) 5 .
But, from [3, (6.6) and (6.8)] it is known that
IAM = L(u) ey <C AEX, ueK,

[M(AM = L(u) "l ex,12) < , AgX uek,

(1A +1)%
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therefore we obtain that
(5.5  IMOAM —L(w) ex < CIA+1DF5, Mg X ueK.

This shows that (D.A.ii) is valid with p = 3 + £.
Verification of (D.A.iii) is very easy. Indeed, we have

(Lu){L(w) ™" = L@) ™"} f,w) g1 ey = {L@) = Lw)}L(@) ™ f,w) -1y
- /Q{a(a?,ﬂ(a:)) — a(e,u(@)WL@E) "\ f-Vwdr, feX,weDy.

Therefore, since
la(z, @) — a(z,u)|le < Cllu—ul|le < Cllu—ulz, u,ueK,

(D.A.iii) follows immediately.

Verification of (D.F) is also very easy. Finally, (5.4) implies that uo belongs to
D(L(ug)M 1), that is ug satisfies (D.In) with v = 1. (D.Ex) is then fulfilled with
H:O,p:%Jr%,and*y:l.

We have thus shown that, under (5.2), (5.3) and (5.4), we can apply the Theo-
rem 4.1 to the problem (5.1).

Case when n = 2, 3. In this case, we take as X the space L?(2) and as Z the
Sobolev space H = ¢(12), where ¢ is an exponent arbitrarily fixed so that e € (0, %)
Let up € Z and |lugllz < R < co. Then K is taken as K = {u € Z; |lul|z < R}.
K is a bounded set of €(Q). For u € K, the linear operator L(u) is defined by
Luw)w = =V - {a(x,u(z))Vw} + cw with D(L(u)) = H?(Q) N H}(Q), where c is
some sufficiently large constant for which all the arguments below are true. L(u)
is a positive definite self-adjoint operator of X, the domain D(L(u)) = Dy, being
independent of u. The following estimate also holds

|lwl| g2 < C|L(u)wl|2, w e Dp,uec K.

M is a multiplication operator of m(x); in view of (5.2), M is seen to be a bounded
linear operator on both X and H?(Q). F(u) is defined by F(u) = cu+ f(x,u), u €
K. Then (5.1) is formulated as the Cauchy problem of an abstract equation of the
form (D.E) in X.

In the present case we have to assume in addition to (5.2) the following order
condition

(5.6) |Vm(z)| < Cm(z)S, z€Q

with some suitable exponent ¢ € [0, 1) which will be specified below. As shown in
[3, Example 6.3], condition (5.6) yields that

1

[MOAM — L(u) ex) SCIN +1)77¢, AgX uek

with some suitable sectorial domain X, 0 < ¢ < 5. Therefore, with x = é%g,

(57 IMOM = L) e < CIA+ 15, Ag T, uek,
(58 NOM = Lw) em < CIA +1)5, A g T, uekK.
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By the interpolation property that Z = H=%¢(Q) = [L*(Q), H*(Q)]z ¢, it
follows that
IM(AM — L(u)) ™| e(x.2)
il—n_¢& 1 R4E
< CIMOM - L) A3 IMOM = L) 35 .
(5.7) and (5.8) yield that
IMOAM — L(u) " lex,2) € CUAl + D) THEFEH A e B ue K.
Therefore, (D.A.ii) is fulfilled with p = § + 5 + k.
(D.A.iii) is verified directly from
L(u{L(u)™ = L(@)~"}f = {L(@) — L(w)}L@) " f
= {a(z,u) — a(z, @)} AL(@) " f + Vi{a(z, v) — a(z,0)} - VL(@) ' f.
Note that the following estimate
la(z,u) —a(z,0)||z < Cllu—1ul|lz, u,ueK

is verified by using the theory of Sobolev spaces (cf. [7]).

(D.F) is also verified immediately. (5.4) implies that ug € D(L(ug)M 1), that
is (D.In) is valid with v = 1. Therefore, by simple calculations, (D.Ex) is shown
to be valid, provided that

(5.9) intle < (<1, n=23.

Thus, under (5.2), (5.3), (5.4), (5.6), and (5.9), Theorem 4.1 is applicable to
the problem (5.1).

Remark 5.1. According to Favini et al. [4], (D.A.i) is valid even in the space
LP(Q), 1 < p < co. If we utilize these results, it is equally possible to handle the
problem (5.1) in L? spaces.

6. QUASILINEAR ELLIPTIC-PARABOLIC SYSTEMS

In this section let us consider an elliptic-parabolic system of the form

% = % {a(x,u)aiu + b(w,u)aaxv} + f(z,u) in (0,7] x Q,
0 0 7] :
(6.1) 0= 92 {c(z,u)axu + d(x,u)axv} +g(z,u) in (0,T] x Q,
u=v=0 on (0,7] x 09,
u(z,0) = up(x) in

in a bounded open interval 2 = (0, £).
a(z,u), b(x,u), ¢(x,u), and d(z,u) are all real valued smooth functions of vari-
ables (z,u) € Q x (R +4R). It is assumed that, for each 0 < R < oo, there exists
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some positive constant g > 0 dependent on R such that the following estimate
holds:

(6.2)  a(z,u)€? + (b(z,u) + c(z,u))en + d(z,u)n® > Sr(€* +n?), VE VneR

for all z € Q and u such that |u| < R. -
f(z,u) and g(z,u) are given smooth functions of variable (x,u) € 2 x (R+iR).
Initial value ug is assumed to satisfy

(6.3) up € HY(Q).
We intend to formulate the problem (6.1) in a product space

.Xz{(g);ﬁgeﬂ‘%m}-
7= {(8) = H%+€(Q)},

where ¢ is an arbitrarily fixed exponent so that & € (0, 3), in view of the fact that
Hz2%e(Q) € C(Q). Then K is taken as

u
K{Qgez;w@bs<3}

with some fixed 0 < R < oo such that ||u0||H%+E < R, K being a bounded subset

As Z we take the space

u

0

s =~ (Gl ot Debeue ) () v-(0)

of C(Q2). For U = ( ) € K, a linear operator L(U) acting in X is defined by

where D, = %, with the domain

F(U): K — X is defined by

F(U) = (ﬁiiﬁ;) . U= (g) €K.

Finally, M is defined as the projection on X such that

u()-() ()er

Obviously, M maps Dy, into Z.
In this way we are led to the following abstract formulation of (6.1)

% FLIMV)V =F(MV), 0<t<T,

o MV(0) = Uy = (’“g’)
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in the space X. Let us show that the Theorem 4.1 is applicable to this Cauchy
problem.
In order to verify (D.A.i) we have to consider sesquilinear forms on Dy

ANV V) = [ {ae) Do - D + b, D - DT
Q

+ c(z,u)D,uy - D,y + d(z,u)D,v; - Dx@}dx

— )\/ Uy uadz, Vi = (El) . Vo= (32) €Dy,
Q U1 (%)

u) € K and X € C. It is immediate to see that

0
(6.6) [ANU; VL, Vo)l < C(AL+ DVil[o,[Vellp,, Vi, Va € D

In addition, we verify that

where U = (

Re Ay (U3 V, V) = —ERe/\/ |17|2da:+/ {a(ar,w)| Dal? + d(z, u)| Dot
Q Q
+ (b(z,u) + c(z,u))(ReD,t - ReD,0 4+ SmD,u - SmD,0) pdx

and

SmAN(U,V,V) = —smA/ | dx
Q

+ / (b(z,u) — c¢(z,u))(ReD,u - SmD,v — SmD,u - ReD,v)dz.
Q
Then, by (6.2) there exists 6 > 0 such that

EReA,\(U;V,V)z/ (6(1D.T + |D,7) — ReAl@?}de, V €Dy,
Q

ISmAN(U;V, V)| > / {|SmA|[@]* — Cr(|D,ul* + |D;0|?) }dx, V € Dy,
Q

here C'r denotes a constant

Cr= sup [b(z,u(r)) — c(z,u(z))l.
zeQ, UeK

Let us introduce a parameter 0 < § < 1, and observe that
[ANU;V, V)| = (1 = 0)ReAN(U; V, V) + 6[SmA(U; V, V)
> (1= 0)6 — 0CR)(|Dtll72 + [ Do0][72 + (B]SmA| — (1 — )Re) |72
Then, if § > 0 is sufficiently small so that (1 — )5 —6Cr > 3, and if A is taken in

such a way that

1-6
Ag X ={\eC; |arg )| < ¢}, TanflT<¢<g,
then
(6.7) AT V) =0 ([VID, + MIIMV|Z2), VeD, UekK



QUASILINEAR DEGENERATE EVOLUTION EQUATIONS IN BANACH SPACES 25

with some positive constant 6’ > 0. Here we used the Poincaré inequality
[allr2 < ClIDytllr2,  w € Hy ().

In view of (6.6) and (6.7), we can now apply the Lax-Milgram theorem (see
e. g. [13, Chap. 2,Thm. 9.1,Rem. 9.3]). Let A € X, then for a given F' € X, the
problem

AU VW) =(F,W)xxn,, YW eDL

has a unique solution V' € Dy with the estimates

(6.8) IVlp, < (1/6)]|F|x.
(6.9) | MV L2 < (1/6))]|F ) x.
Since

ANU; VW) = (MM — L)V, W)xxn,, VW € Dy,
it follows that for a given F' € X, the problem
—(A\M -LU)V=F

has a unique solution with the estimates (6.8) and (6.9). This then means that
X € ppr(L(U)) and the resolvent satisfies the estimates

(6.10) IAM — L(U)) ' Fllo, < (1/&)IF|x, FeX,
(6.11) A2 AM = LU) " Fllg2 < (1/8)|[Fllx, F€X.
In this way we have verified that
om(L(U)) C X, UEekK.

Therefore it suffices to verify the estimate (D.A.i). But by (6.10) it is now seen
that

INMAM — L(U)) T Flx = |F + LU)AM — L(U)) "' Fllx
<|[IFllx + CIAM = L)) Fllp, <CA+ (1/8)IF|x, FeX.
Hence, (D.A.i) is fulfilled with the domain X' determined above and x = 0.
To verify (D.A.ii) we use the interpolation property that Hzt<(Q) = [L2(1),
Hl(Q)]%JrE. Then, by the same argument as for (5.5), (6.10) and (6.11) yield that
1AM = L) exzy SCA+1)5735, Ag 5.

Hence, (D.A.ii) is valid with p = 2 + £.
(D.A.iii) is verified directly as in the previous section by using the expression

LU ){L(Uy) ™" = L(Uy) ™"} = {L(Uz) — L(Uy)}L(U3)
_ DI{[a(xvul) - a(xa UQ)]DZL"} Dm’{[b(xvul) - b(x’ UQ)]DZL"} -1
= <Dz{ oz 1) — clz,us)|Da-}  Du{ld(w,ur) — d(w,ug)]Dw-}) L{t2)™,
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(D.F) is also verified directly. Since D(L(Ug)M~1) = M(Dy), (6.3) together
with (6.4) implies that the initial value Uy in (6.5) belongs to D(L(Uy)M~1).
Hence, (D.In) is valid with v = 1. (D.Ex) is also fulfilled as well.

In this way we conclude that, under (6.2) and (6.3), Theorem 4.1 is applied to
(6.5) to obtain the existence and uniqueness of local solution.
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