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Abstract
We prove the existence of torus invariant almost complexctiire on any posi-
tively omnioriented four dimensional primitive quasitrorbifold. We construct
pseudo-holomorphic blowdown maps for such orbifolds. Wevera version of
McKay correspondence when the blowdowns are crepant.

1. Introduction

Quasitoric orbifolds are generalizations or topologicalmterparts of simplicial pro-
jective toric varieties. They admit an action of the realutoiof half dimension such
that the orbit space has the combinatorial type of a simpieeo polytope. Davis and
Januskiewicz [4], who introduced the notion of quasitopase, showed that the for-
mula for the cohomology ring of a quasitoric manifold, andh¢e of any nonsingular
projective toric variety, may be deduced by purely algebtapology methods. This
was generalized to the orbifold case in [10].

In general quasitoric manifolds do not have integrable orost complex structure.
However, they always have stable almost complex structdgeover, positively omni-
oriented quasitoric manifolds have been known to have awstlitomplex structure, see
[2]. It was recently proved by Kustarev [6, 7] that any pegilly omnioriented quasi-
toric manifold has an almost complex structure which is sanvariant. We extend his
result to four dimensional primitive quasitoric orbifoJdsee Theorem 3.1. Note that for
higher dimensional positively omnioriented quasitoribifaids the existence of an al-
most complex structure, torus invariant or otherwise, i@man open problem. We hope
to address this in future.

Inspired by birational geometry of toric varieties, we aduce the notion of blow-
down into the realm of quasitoric orbifolds. Our blowdown paaontract an embedded
orbifold sphere (exceptional sphere) to a point. They addescription in terms of a
finite collection of coordinate charts, very much in the pf toric geometry. These
maps are torus invariant, continuous and diffeomorphisrarbifolds away from the ex-
ceptional sphere, see Theorem 4.1. However they are nothisamp of orbifolds near the
exceptional sphere. For a blowdown map between two prienfiesitively omnioriented
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quasitoric orbifolds of dimension four (see Remark 2.1 amdbs®ction 2.7 for defin-
itions), we can choose almost complex structures on thernatdtie blowdown is an ana-
lytic map near the exceptional sphere and an almost compteghism of orbifolds away
from it, see Theorem 4.2. We explain in Corollary 4.3 that bh@vdown is a pseudo-
holomorphic map in the sense that it pulls back invarianugeenolomorphic functions
to similar functions.

We restrict our study to the case where the exceptional epes at most one orbi-
fold singularity. Any singularity on a 4-dimensional prime positively omnioriented
quasitoric orbifold may be resolved by a sequence of blowdowf this type. However
as our method for studying pseudo-holomorphicity of blowds is not very amenable
to induction, we leave the the study of such a sequence ofdadews for future work.

An immediate consequence of the existence of an almost eoxngbtucture is that
Chen—Ruan orbifold cohomology [3] is defined. We define whenabnmost complex
blowdown is crepant, see Definition 5.2. We prove that thetiBetmbers of orbifold
cohomology are preserved under a crepant blowdown. Thisf@m of McKay cor-
respondence. Such correspondence has been widely studiedhébraic orbifolds.

Masuda [8] proved the existence of invariant almost compledctire on posi-
tively omnioriented four dimensional quasitoric manifgldnany of which are not toric
varieties. This shows that our results are not redundant.ghe explicit examples in
the last section. In fact, using blowdown we can construgtoat complex quasitoric
orbifolds that are not toric varieties.

We refer the reader to [1] for relevant definitions and restéigarding orbifolds.

2. Preliminaries

Many results of this section are part of folklore. However & 8p our notation
and due to lack of a good reference, we give an explicit deton.

2.1. Definition. Let N be a freeZ-module of rank 2. Lefly := (N®zR)/N =~
R?/N be the corresponding 2-dimensional torus. A primitive gedd N, modulo sign,
corresponds to a circle subgroup Bf. More generally, supposk! is a free submod-
ule of N of rankm. ThenTy := (M ®z R)/M is a torus of dimensiom. Moreover
there is a natural homomorphism of Lie groufpg: Ty — Tn with finite kernel, in-
duced by the inclusiotM < N.

DEerFINITION 2.1. DefineT(M) to be the image offy, underéy. If M is gener-
ated by a vecton € N, denoteT (M) by T(%).

DEFINITION 2.2 ([10]). A 4-dimensional quasitoric orbifolty is an orbifold
whose underlying topological spacé has aTy action, whereN is a fixed free
Z-module of rank 2, such that the orbit space is (diffeomarpio) a 2-dimensional
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polytope P. Denote the projection map frof to P by =:Y — P. Furthermore
every pointx € Y has

Al) a Ty-invariant neighborhood/,

A2) an associated freg-module M of rank 2 with an isomorphismd: Ty — U(1)?
and an injective module homomorphisimM — N which induces a surjective covering
homomorphisméy : Ty — Ty,

A3) an orbifold chart {, G, &) over V, whereV is 6-equivariantly diffeomorphic to
an open set inC2, G = keréy and&: V — V is an equivariant map i.es(t - y) =
£v(t) - £(y) inducing a homeomorphism betwe&yG and V.

Fix N. Let P be a convex polytope ilR? with edgesE;, i € £ :={1,2,...,m}.
Identify the set of edges with. A function A: £ — N is called a characteristic func-
tion for P if A(i) and A(j) are linearly independent whenever and E; meet at a
vertex of P. We write A; for A(i) and call it a characteristic vector.

REMARK 2.1. In this article we assume that all characteristic wsctye primi-
tive. Corresponding quasitoric orbifolds have been termpehitive quasitoric orbifold
in [10]. They are characterized by the codimension of siaggkt being greater than
or equal to four.

Let A be a characteristic function faP. For any faceF of P, let N(F) be the
submodule ofN generated by{xi: F C E;}. For any pointp € P, denote byF(p) the
face of P whose relative interior containp. Define an equivalence relation on the
spaceP x Ty by

(2.1) (p,t) ~(q,s) ifandonlyif p=q and st e T(N(F(p))).

The quotient spac&X := P x Ty/~ can be given the structure of a 4-dimensional
quasitoric orbifold. Moreover any 4-dimensional primitigeiasitoric orbifold may be
obtained in this way, see [10]. We refer to the pda®, \) as a model for the quasi-
toric orbifold.

The spaceX inherits an action offy with orbit spaceP from the natural action
on PxTy. Letz: X — P be the associated quotient map. The spAcis a manifold
if the characteristic vectors; and A; form a Z-basis ofN whenever the edge; and
E; meet at a vertex.

The pointsz ~%(v) € X, wherewv is any vertex ofP, are fixed by the action ofy.
For simplicity we will denote the point —1(v) by v when there is no confusion.

2.2. Differentiable structure. Consider open neighborhootls C P of the ver-
tices v such thatU, is the complement irP of all edges that do not contain Let

(2.2) X, :=7"}U,) = U, x Ty/~.
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For a faceF of P containingv there is a natural inclusion dfi(F) in N(v). It induces
an injective homomorphisrinE) — Tn) Since a basis oN(F) extends to a basis of
N(v). We will regard Ty(ry as a subgroup ofy(,) without confusion.

Define an equivalence relation, on U, x Tnw) by (p, t) ~, (9, s) if p=q and
ste Tnery Where F is the face whose relative interior contaips Then the space

(23) Xy :=U, x TN(v)/'\’v

is -equivariantly diffeomorphic to an open ball 82, whered: Ty — U(1)? is an
isomorphism, see [4]. This is also evident from the disarssin local models below.

The mapén): Tnw) — Tn induces a mag,: X, — X, defined by&,([(p,t)]™) =
[(p, énw)(t))]™ on equivalence classes. The kernelé@f,), G, = N/N(v), is a finite
subgroup ofTy(,) and therefore has a natural smooth, free actiorTg, induced by
the group operation. This induces smooth actiorGgfon X,. This action is not free
in general. Sincely = Tnw)/Gy, X, is homeomorphic to the quotient spa&g/Gv.
An orbifold chart (or uniformizing system) oiX, is given by ,, G,, &).

Up to homeomorphism we may regard the Bgtas a cones(v) with the same
edges adJ,. The neighborhoodX, is then homeomorphic to(v) x Ty/~. We say
that a local model forX nearv consists of a cone and characteristic vectors, say,
M1, A along its edgesE; and E,.

Let p1, p2 denote the standard coordinates®h> P. Let qy,0, be the coordinates
on N®R with respect to the standard basisf They correspond to standard angular
coordinates orTy. The local model where = R2 := {(p1, p2) € R?: p; > 0} and the
characteristic vectors are (1,0) alopg =0 and (0, 1) alongp, = 0 is called standard.
In this case there is a homeomorphism from R@x Tn/~ to C? = R* given by

(2.4) Xi = /pi cos(Zq), i = /pi sin(2rqg;) where i =1, 2.

For any cones(v) C R? with arbitrary characteristic vectors we will define a ca-
nonical homeomorphism(v): X, — R* as follows. Order the edges,, E, of o (v) so
that the clockwise angle frorg; to E; is less than 180 Denote the coordinates of the
vertexv by («,8). Let the equations of the eddg be a (p1—«)+bi(p.—B) = 0. As-
sume that the interior o (v) is contained in the half-plang (p1—«) + b (p2—8) > 0.
Supposei; = (€11, C21) and i, = (Ci12, C22) be the characteristic vectors assigned to
E; and E, respectively. Ifgi(v), g2(v) are angular coordinates of an elementTgf
with respect to the basis;, 2, of N ® R, then the standard coordinatgs g, may be
expressed as

d1 _ Ci11 Ci2 CIl(U)
(2.5) (qz) - [cﬂ czz}(%(v) )
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Then define the homeomorphisg{v): X, — R* by

Xi = X (v) := / pi(v) cos(2rq (v)),

2.6

*0 Vi = Vi(v) := /pi(v)sin(2rq (v)) for i=1,2
where

(2.7) pi(v) =a(p1—a)+bi(p2—B), i=12

Similar homeomorphism has been used in [11].

Now consider the action a&, = N/N(v) on X,. An element ofG, is represented
by a vectorg = a;A; + a2x2 in N whereay, a, € Q. The action ofg transforms the
coordinates d; (v), gz(v)) to (@u(v) + a1, Go(v) + ap). If we write z = x; + +/—1y;, then

(2.8) 9-(z1,22) = (eznﬁazzl, ezn‘/jlalzz)-

Since i1 and 1, are both primitive, neither o&;, a; is an integer. Therefore the only
orbifold singularity on X, is at the point with coordinateg, = z, = 0, namely the
vertex v.

We show the compatibility of the chartX(,G,,&,). Let v; andv, be two adjacent
vertices. Assume that edgds, E, meet atv; and edgesE,, Ez meet atv,. Let A
be the characteristic vector correspondingBp Since all characteristic vectors are
primitive, we may assume without loss of generality that= (1, 0). Suppose., =
(a, b) and x5 = (c, d). Let A = ad—bc

Up to choice of coordinates we may assume that the étjgleas equatiorp; = 0,
the edgeEz has equationp, = 0, and the edgeéE, has equationp = 0. Here p =
p2+sp.—t wheres andt are positive reals. We assume that the quantitigg, and
p are positive in the the interior of the polytope.

We shall write down explicit coordinates cf@vi. For this purpose it is convenient
to express all angular coordinates in terms @f, {),) by inverting equation (2.5).

q(v) ) |: diyp di2 i|( o} )
2.9 =
(@9) ( 02(v) try O (o7
where the matrixd;j) is the inverse of the matrixc(). Then by equations (2.6), (2.7),
(2.9) we have the following expressions for coordinatg®;) := xi(v;) + v —1yi(vj)
on X,,.
z1(v1) = \/ﬁeZm/jl(qlf(a/b)Qz), 2o(v1) := \/BeZM/fl(l/b)qZ’

(2.10)
z1(v) 1= \/_f)eanﬁl(dfh*C%)/A' 2(v2) 1= me&ﬁ((quﬁaqz)m)_
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The coordinates oiX,, are related to those oK,, over the intersectiorX,, N X,,
as follows.

(211)  zi(v) = 22(v0) 2 () /P1 VA, Z2(v2) = za(v1) A VPP

Take any pointx € X,, N X,,. Let X be a preimage ok with respect toé,,.
Choose a small balB(X, r) aroundX such that ¢ - B(X, r)) N B(X, r) is empty for all
nontrivial g € G,,. Then B(X, r), {1}, &,,) is an orbifold chart around. This chart
admits natural embedding (or injection) into the chaﬁl(le,svl) given by inclusion.
We show that for sufficiently small value of this chart embeds intoX(,, G,,, £&,,) as
well. Choose a branch df;(v)¥# so that the branch cut does not inters&k, r).
Assumer to be small enough so that the functiorgv,)¥* and zl(vl)% are one-
to-one onB(X, r). Then equation (2.11) defines a smooth embedding@f B(X, r)
into )~(vz. Note thatp; and p, are smooth nonvanishing functions eml(xv1 N Xy,)-
Assumer to be small enough so thal {y(B(X,r))) Ny (B(X,r)) is empty for allh in
G,,. Then (,id): (B(X,r),{1},£,) = (X,,,G.,.£,,) is an embedding of orbifold charts.

REMARK 2.2. We will denote the topological space endowed with the above
orbifold structure byX. In general we denote the underlying space of an orbiild
by Y. We denote the set of smooth points Yf i.e. points having trivial local group,
by Yieg

REMARK 2.3. The equivariant homeomorphism or diffeomorphism typ& quasi-
toric orbifold does not depend on the choice of signs of treatteristic vectors. However
these signs do effect the local complex structure on thedooate charts obtained via the
pullback of the standard complex structure@fyG,. A theorem of Prill [9] proves that
the analytic germ of singularity atis characterized by the linearized action®f.

The following lemma shows that the orbifold structure X¥ndoes not depend on
the shape of the polytopP.

Lemma 2.4. SupposeX and Y are four dimensional quasitoric orbifolds whose
orbit spaces P and Q are diffeomorphic and the characterisgctor of any edge of
P matches with the characteristic vector of the correspogdidge of Q. TheX and
Y are equivariantly diffeomorphic.

Proof. Pick any vertex of P. For simplicity we will write p; for p;(v), and g

for gi(v). Suppose the diffeomorphisni: P, — P, is given nearv by f(p1, p2) =
(f1, f2). It induces a map of local chart§, — Y ¢, by

(2.12) (/P cos@r), v/ sin@)) — (v/fi cos@), v/fi sin@)) for i=1,2
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This is a smooth map if the functiong'f; /p; are smooth functions op;, p,. Without
loss of generality let us consider the case\6f;/p;. We may write

of
(2.13) f1(p1, p2) = f1(0, p2) + pla—pi(o, p2) + p29(p1, P2)

where g is smooth, see section 8.14 of [5]. Note thg(0, p,) = 0 as f maps the
edge p; = 0 to the edgef; = 0. Then it follows from equation (2.13) thaft/p; is
smooth. We have

f of
2= 220, p2) + p19(p1, P2).

2.14 =
(214) pr 9Py

Note that f;/p; is nonvanishing away fronp; = 0. Moreover we have

fir 0fy
2.15 — = —=(0, when =0.
(2.15) = 3, P n

Since f1(0, pp) is identically zero, § f1/9p2)(0, p2) = 0. As the Jacobian of is non-
singular we must have

(2.16) g—;«), 0s) # 0.

Thus f1/p; is nonvanishing even whemy, = 0. Consequently/f;/p; is smooth. There-
fore the map (2.12) is smooth and induces an isomorphismtifodat charts. O

2.3. Torus action. An action of a groupH on an orbifoldY is an action of
H on the underlying spac¥ with some extra conditions. In particular for every suf-
ficiently small H-stable neighborhoot) in Y with uniformizing system(y, G, &), the
action should lift to an action oH on U that commutes with the action @&. The
Tn-action on the underlying topological space of a quasitorigifold does not lift to
an action on the orbifold in general.

2.4. Metric. Any cover of X by Ty-stable open sets induces an open cover of
P. Choose a smooth partition of unity on the polytoBesubordinate to this induced
cover. Composing with the projection magp: X — P we obtain a partition of unity
on X subordinate to the given cover, which Tg-invariant. Such a partition of unity
is smooth as the map is smooth, being locally given by mapg = x? + y2.

DEFINITION 2.3. By a torus invariant metric oX we will mean a metric on
X which is Tyg)-invariant in some neighborhood of each vertexand Ty-invariant
oN Xpeg-
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For instance, choose &y(,-invariant metric on eactX,. Then using a partition
of unity as above we can define a metric X¥n Such a metric iSTy-invariant on Xyeg.
We use variants of this construction in what follows.

2.5. Characteristic suborbifolds. The Ty-invariant subsetr 1(E), where E is
any edge ofP, is a suborbifold ofX. It is called a characteristic suborbifold. Topo-
logically it is a sphere. It can have orbifold singularitylyrat the two vertices. IfA
is the characteristic vector attached Eg thenz—1(E) is fixed by the circle subgroup
T(1) of Ty. A characteristic suborbifold is a quasitoric orbifoldesid0].

2.6. Orientation. Consider the manifold case first. Note that for any verntex
dp(v) Adg(v) = dx(v) Ady(v). Thereforew(v) := dpr(v) Adpz(v) Adgi(v) A dge(v)
equalsdx;(v) A dxo(v) Adyi(v) A dy:(v). The standard coordinatep;( p2) are related
to (p1(v), p2(v)) by a diffeomorphism. Similarly fords, g2) and @i(v), g2(v)). There-
fore w ;= dpy A dp, Ady A dgp is @ nonzero multiple of each(v) and defines a
nonvanishing form onX. Thus a choice of orientations fd&® ¢ R? and Ty induces an
orientation for X.

In the orbifold case the action d&, on X,, see equation (2.8), preservegv)
for each vertexv as dx (v) A dy(v) = @ dz(v) A dZ(v). Hence the same conclu-
sion holds.

2.7. Omniorientation. An omniorientation is a choice of orientation for the orbi-
fold as well as an orientation for each characteristic soifad. At any vertexv, the
Gv—representatioﬂaf(v splits into the direct sum of tw&,-representations correspond-
ing to the linear subspaces(v) = 0. Thus we have a decomposition of the orbifold
tangent spacd,X as a direct sum of tangent spaces of the two characteridbiorisu
ifolds that meet atv. Given an omniorientation, we set the sign of a vertexo be
positive if the orientations of,(X) determined by the orientation & and orientations
of characteristic suborbifolds coincide. Otherwise we 8&t sign ofv is negative. An
omniorientation is then said to be positive if each verteg pasitive sign.

Note that the normal bundle of any characteristic suboldbife naturally oriented
by the action of its isotropy circle. The action and hencedtientation depends on the
sign of the characteristic vector. Thus for a fixed orieptaton X an omniorientation
is determined by a choice of sign for each characteristidcovecAssume henceforth
that X is oriented via standard orientations &and Ty. Then an omniorientation on
X is positive if the matrix of adjacent characteristic vestowith clockwise ordering
of adjacent edges, has positive determinant at each vertex.

3. Almost complex structure

Kustarev [6] showed that the obstruction to existence of rastdnvariant almost
complex structure on a quasitoric manifold, which is furthere orthogonal with respect
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to a torus invariant metric, reduces to the obstructiondcekistence on a section of the

orbit map. We use the same principle here for 4-dimensionakitpric orbifolds. The

obstruction theory for orbifolds in higher dimensions sedmbe more complicated.
Let X be a positively omnioriented 4-dimensional primitive qgt@gc orbifold.

DEerFINITION 3.1. We say that an almost complex structureXors torus invariant
if it is Tne)-invariant in some neighborhood of each verieand Ty-invariant onXieg.

Denote the set of all-dimensional faces oP by sk (P). We refer tor~(sk (P))
as thei-th skeleton ofX. We fix an embedding: P — X that satisfies

mor=id and
(3.1) _
tlintey 1S smooth for any facé& C P.

A choice of: is given by the compositiorP S PxTy 2 X wherei is the inclusion
given byi(p1, p2) = (p1, p2, 1, 1) andj is the quotient map that defines.

We also fix a torus invariant metrin on X as follows. Choose an open cover
of P such that each vertex dP has a neighborhood which is contained in exactly
one open set of the cover. This induces a coveiXofOn each open sétv, of this
cover, corresponding to the vertex choose the standard metric with respect to the
coordinates in (2.6). On the remaining open sets, choosélgsigivariant metric. Then
use aTy-invariant partition of unity, subordinate to the cover,gloe these metrics and
obtain .

Theorem 3.1. There exists a torus invariant almost complex structure JXon
such that J is orthogonal with respect to

Proof. Choose small orbifold chartX;(,Gv,sv) around each vertex where X! C
W,. Choose coordinatesg(v), yi(v), i =1,2 on )?; according to (2.6). Declarg (v) =
X (v) + v/—1yi(v). Choose the standard complex structigeon X/ with respect to
these coordinates, i.e;(v),z(v) are holomorphic coordinates und&y. SinceJ, com-
mutes with action ofTy(,) andG, is a subgroup offy(), we may regard], as a torus
invariant complex structure on a neighborhoodvoin the orbifold X. Note that these
local complex structures are orthogonal with respecitttoear the vertices.

We will first construct an almost complex structure on thet filgeleton of X that
agrees with the above local complex structures. Eebe any edge ofP. Suppose
E joins the verticesu and v. Assume thath is the characteristic vector attached to
E. The characteristic suborbifold correspondingBois an orbifold sphere which we
denote byS?. Let v denote the orbifold normal bundle & in X. This is an orbifold
line bundle with action ofT (1), see Definition 2.1.
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Take anyx € S°. Observe, after Lemma 3.1 of [6], that and 7;S? are orthogonal
with respect tou. This may be verified as follows. Take any nonzero vecigre vy
and n, € 7xS%. Let 6 be an element off (1) that acts orw, as multiplication by—1.
Since T()) acts trivially on7;,S? we have

w(n, n2) = (0 - n1, n2) = u(=n1, n2) = 0.

Thus we may split the construction of an orthogodaihto constructions of orthogonal
almost complex structures anand 7 S2.

Define the restriction ofJ to v as rotation by the angl€ with respect to the
metric i in the counterclockwise direction as specified by the oagon of v obtained
from the T (1) action. ThenJ|, is torus invariant ag: is preserved by torus action.

Recall that the space of all orthogonal complex structumreshe oriented vector
spaceR? is parametrized bys O(2)/U (1) which is a single point. We orierifS? ac-
cording to the given omniorientation. Consider the pdff) € S* given by the embed-
ding ¢ in (3.1). Since this path is contractible, the restrictidn76S? on it is trivial.
Thus there is a canonical choice of an orthogonal almost teagiructure or17'82|t(E).
We want this structure to agree with the complex structukgss and J,| g near the
vertices, chosen earlier. This is possible since the onamtation is positive. Then
we use the torus action to defing, on each pointx in S?. Find y in (E) and
6 € Tn/T(X) such thatx = 0 -y. Then definel(x) = df o J(y) odd~L. This completes
the construction of a torus invariant orthogorilon the 1-skeleton oK.

Choose a simple loopr in P that goes along the edges for the most part but
avoids the vertices. By the previous step of our constragtibis given oni(y). Let
D be the disk inP bounded byy. The setXy := 7~%D) c X is a smooth mani-
fold with boundary. The restriction of Xy to «(D) is a trivial vector bundle. Fix a
trivialization. Recall that the space of all orthogonal gdex structures on oriented
vector spaceR?, up to isomorphism, is homeomorphic 0(4)/U(2). This is a sim-
ply connected space. Thus may be extended from(y) to (D). Then we produce
a Ty-invariant orthogonald on 7 Xq by using theTy action as in the last paragraph.
This completes the proof. ]

4. Blowdown

Our blowdown is analogous to partial resolution of singtyam complex geom-
etry. Topologically it is an inverse to the operation of ceansum with a complex
2-dimensional weighted projective space. At the combinatdevel, it corresponds to
deletion of an edge and its characteristic vector. To beiggethe polytope is modi-
fied by removing one edge and extending its neighboring etlij¢ésey meet at a new
vertex, using Lemma 2.4 if necessary.
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Suppose the orbifol corresponds to the modeP(A). Suppose the edgE, of
P is deleted and the neighboring edgés and E3 are extended produce a new poly-
tope P. Denote the characteristic vector attached to the degby Ai. Assume that
A1 and A3 are linearly independent. TheR inherits a characteristic function from
A. Let Y be the orbifold corresponding to the modd?,(A). We only consider the
case where at least one of the verticesEgfcorrespond to a smooth point &f. Then
there exists a continuouBy-invariant map of underlying topological spaces X — Y
called a blowdown. This map contracts the spheré(E,) C X to a point in the im-
age and it is a diffeomorphism away from this sphere. The rephe’(E,) is called
the exceptional set.

The blowdown is not an orbifold morphism near the exceplia® as it cannot
be lifted locally to a continuous equivariant map on orldfaharts. This is not sur-
prising as it also happens for resolution of quotient siagties in algebraic geometry.
However we can give a neighborhood of the exceptional setnalytic structure such
that the blowdown is analytic in this neighborhood. We catera these local complex
structures onX and Y to almost complex structures so that the blowdown map is an
almost complex diffeomorphism of orbifolds away from thecegtional set. Moreover
the blowdown is aJ-holomorphic map in a natural sense described in CorollaBy 4

Theorem 4.1. If detfr1,A2] = 1 and0 < det[r, 23] < det]rq, 23], then there exists
a continuous map: X — Y which is a diffeomorphism away from the set(E,) C X.

Proof. Letv; andwv, be the vertices oP corresponding tde; N E; and E; N Eg
respectively. Letw be the vertex ofP where the extended edgésg and E3 meet.

Up to change of basis oN we may assume that; = (1, 0), A, = (0, 1), and
A3 = (—k, m) where O< k < m are positive integers. Them, is a smooth point inX,
but v, is a possibly singular point itX with local groupZy. The pointw in Y has
local groupZnn,.

Up to choice of coordinates, the equations of the silesnd Ez may be assumed
to be p; = 0 and p, = 0 respectively. Suppose the equationEfis p:= p, +sp —
t =0 wheres andt are positive constants.

Choose small positive numbers< ¢, < 1 and a non-decreasing functién[0,00) —
R which is smooth away from 0 such that

if t<61,

1/m
(4.1) 50 = {2. if t> e

The blow down mapp: (P x Tn/~) — (P x Tn/~) may be defined by

4.2) p(P1, P2, A1, G2) = (8(P)*pr, 8(P) P2, A1, Go).
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It is enough to study the map in the open setsX,, and X,,, as it is identity
elsewhere. The coordinates ¢6,, X,, andY,, are

z1(vq) = meznﬁ(ql), 25(v1) := \/_f)eZH\/ZQZ,
(4.3) z1(v2) 1= \/_ﬁeZHle(mql+kq2)/k, 25(vg) == JEez”‘/jl(—ql/k),
z(w) = meZNle(mq+k02)/m, Z(w) := JGeZTMQZ/m'

For questions related to smoothness, it is convenient toritbes(lift of) p in terms of

these coordinates. The formulas that follow make sense itab (small) open sets

in the complement of the exceptional sphere or its image Vaitid choice of branch of

roots), although we may sometimes neglect to explicitly sayfor the sake of brevity.
The restrictionp: X,, — Y, is given by

Ak "
(4.4) 21(w) = 22(v1)Za(v1) "™ (Sé—?r)n zo(w) = zp(vy)Y™ /8(;352.

The function p, is nonzero onX,, whereas the function§(p) and p and z,(v;) are
smooth and nonvanishing away frofa = 0. Hencep is a smooth map orX,, N
77Y(E,)°. To show thatp is a diffeomorphism away from the exceptional set we ex-
hibit a suitable inverse map~t. The mapp: p(X,,) N {(0, 0)}¢ — X,, is given by

- -
(4.5) z1(v1) = zzzl((x))k \ ((S(rﬁ Zo(v1) = Zo(w)" 5

Note thatr, is a smooth function okx(w) and y,(w). Moreoverr, = p,8(p) does not
vanish onp(X,,)—{(0,0)}. Hencez;(w) does not vanish on this set either. Same holds
for the functionsp and §(p). It only remains to show thap is a smooth function of
Xi(w)s andy;(w)s.

The mapf: P — P given by €1, r2) = (8(P)<p1, 8(P)p2) has Jacobian

8(P) + skpd(P)18'(P)  kpud(P)“*8'(P) }
spd'(P) 3(P) + p28'(P) |

(4.6) J(f) = [

Since det(f)) = s(p)*** + 8(p)8'(P)(p2 + skp) > 0, f is a diffeomorphism
away from p = 0. Thus away fromrg, ro) = (0, 0), p1 and p, are smooth func-
tions of {1,rz). Hencep = p, +sp —t is also a smooth function af, andr, away
from the origin. Consequentlp is a smooth function ok; (w)s andy;(w)s away from
the origin.

Similarly the blowdown map restrictiop: X,, — Y,, given by

[ /o7 avik ~
(47) Zl(U)) = Zl(vz)k/m (6(5(%, Zz(LU) — Zl(vz)l/m22(vz) (;gf)n)],
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is smooth onX,, N 77Y(E,)° as the functiongp;, P and z(v,) are nonvanishing there.
The mapp1: p(X,,) N {(0, 0)}¢ — X,, is given by

2p(w) / r1l/k m/k p
4. = —_— = _—
(4.8) z1(v2) 2 w) %\ 5(p)’ 21(v2) = z1(w) rin/k
The diffeomorphism argument is same as in the case of thexvert This completes
the proof. []

Theorem 4.2. SupposeX and Y are positively omnioriented quasitoric orbifolds
and p: X — Y a blowdown map as constructed above. Then we may choose toru
invariant almost complex structureg &n X and } on Y with respect to whichp is
analytic near the exceptional set and almost complex odibifieorphism away from the
exceptional set.

Proof. We use the notation of Theorem 4.1. It is conveniennéke the follow-
ing changes of coordinates. On the chﬁ:;;, define (compare to equation (4.3)),

(4.9) Z(v) = zl(vl)\/zk L Z(0) = 70n) | LPEPE
) p

This is a valid change of coordinates sint{@)™/p and p, are nonzero. In these co-
ordinates the map: X,, — Y, takes the form

(4.10) z(w) = Z(v1) )™, zo(w) = Z,(v1)Y™.

Similarly on the chartf(v2 we choose new coordinates as follows,

s(p)m pT/k 17k

(4.11) 7, (v2) = z1(v2) v Z(v2) = 22(v2)\/ Py

In these coordinates the map X,, — Y,, takes the form
(4.12) z(w) = Z,(02)™,  z2(w) = Z(v2)Y"Z(v2).

Let U, be a small tubular neighborhood of the edgein P. Choose complex struc-
tures onz~(U,) N X,, and 7~1(Uz) N X,, by declaring the coordinates (v1), z,(v1)
and respectivelyz; (v2), z,(v2) to be holomorphic. These complex structures agree on
the intersection and define a complex structdyeon 7 —1(U,) since the coordinates are
related as follows.

(4.13) Z,(v2) = Zy ()™ Zy(v1),  Zy(v2) = Zj(vr) VK.
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Consider the neighborhood := f(Uy) in P. Onz~1(V) C Y,, choose a complex
structureJ, by declaring the coordinateg(w), zo(w) to be holomorphic. Consequently
by equations (4.10) and (4.12), the blowdown mafs analytic onz~1(Us).

We will extend J; to an almost complex structure of. For this purpose choose
standard metricg.j, with respect to the coordinates; (v;), z,(vj)), on 7~ *(Uz) N X,
for j =1,2. Let{W;, W} be an open cover dfl, such thatv; € W; and ch contains
a neighborhood oty for j, k =1,2 andj # k. Glue n; and u, by a torus invariant
partition of unity subordinate to the covér (W), 7 ~%(W,)}. This produces a metric
' on 1(U,) such thatJ; is orthogonal with respect tp’. Moreoveru' is standard
with respect to the given coordinates nearand v,. Let U C U, be a smaller tubu-
lar neighborhood ofE, in P. Using suitable partition of unity, extend'|y to a torus
invariant metricu on X such thatu is standard with respect to our choice of coordi-
nates near each vertex. Then exteh{l, first to the union of the 1-skeleton of and
7~%(U), and then to entir&X as a torus invariant orthogonal almost complex structure.
This can be done in a way similar to the proof of Theorem 3.

Now X N 7~Y(E,)¢ is diffeomorphic toY N {w}¢ via the blowdown map. Thus
Jj:=dpoJiodp ! is an almost complex structure ofN{w}°. We have the following
equalities for a point in the intersectiol (1 {w}€) N 7~ 1(f(U)).

(4.14) J = (dp)(dp) 32 = (dp)h(dp) * = J;.

The second equality is due to complex analyticityeoft on 7=1(f(U)) N {w}°. So the
two structures are the same and we obtain a torus invariambsalcomplex structure
on Y, which we denote again by, without confusion. The blowdowmp is an almost
complex diffeomorphism of orbifolds away from the exceptibsetr~*(E;) ¢ X and
the pointw € Y with respect toJ; and J. It is an analytic map of complex analytic
spaces near—1(E,) and w. O]

DEFINITION 4.1. A complex valued continuous functioh: X — C on an orbi-
fold X is called smooth iff o & is smooth for any orbifold chart, G, £). We denote
the sheaf of smooth functions ot by Sx. This is a sheaf on the underlying spaxe
but depends on the orbifold structure. A smooth functfoon an almost complex orbi-
fold (X, J) is said to beJ-holomorphic if the differential(f o£&) commutes withJ for
every chart {J, G, £). We denote the sheaf af-holomorphic functions orX by ngx.

A continuous mapp: X — Y between almost complex orbifoldX(J;) and {, J,)

is said to be pseudo-holomorphic ffo p € Q3 , (0"2(U)) for every f € QF | (U) for
any open setJ C Y; that is, p pulls back pseudo-holomorphic functions to pseudo-
holomorphic functions.

Corollary 4.3. The blowdown map of Theorem 4.1is pseudo-holomorphic with
respect to the almost complex structures givef lireorem 4.2.
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Proof. Sincep is a an almost complex diffeomorphism of orbifolds away from
the exceptional sphere 1(Ey), it suffices to check the statement on the open Xgts
and X,,. The ring Q‘J’l‘x(xvl) is the ring of convergent power series in variab1)
asv; is a smooth point. The ringZ(J’Z’Y(Yw) is the Zpy-invariant subring of convergent
power series in variableg (w). Let n denote a primitivem-th root of unity. Then
the action ofZ, on Y, is given by - (zi(w), z(w)) = (n*z1(w), nzo(w)), see (2.8).
Therefore the invariant subring is generated {ay(w) z(w) : m | (ik + j)}. Using
(4.10), we have

(4.15) z1(w) za(w)! 0 p = z’l(vl)i Z/z(vl)(ikﬂ)/m_

Whenm divides (k + j), zi(w) zx(w) o p belongs toQ9 (X.,,).

Similarly the Zy action on )N(v2 is given by ¢ - (Z,(v2), Z(v2) = (gm/kz’l(vz),
{*1/"2’2(1)2)) where¢ is a primitive k-th root of unity. The ringQ‘J’l,x(sz) is generated
by {Z)(v2)2Z,(v2)®: k | (am—b)}. Using (4.12) we have,

(4.16) 21(w) z2(w)! 0 p = Z)(v2) V" Zy(wr)].

Since (k + j)m/m— j =ik is divisible byk, z;(w) z;(w)! o p belongs toQ9 ,(X.,)
if zz(w) zo(w)! € Q9 \(Y,). O

REMARK 4.4. The blowdown map does not pull back a smooth function to a
smooth function in general.

5. McKay correspondence

DEerINITION 5.1. Given an almost complexnalimensional orbifold X, J), we
define the canonical she#fy to be the sheaf of continuous,(0)-forms onX; that is,
for any orbifold chart {J, G, £) over an open set) C X, Kx(U) = I'(A" Tl'O(G)*)G
whereI is the functor that takes continuous sections.

An orbifold singularityC"/G is said to beSLif G is a finite subgroup oSL(n, C).
For anSL-orbifold X, i.e. one whose singularities are &L, the canonical sheaf is a
complex line bundle ovekK.

DEFINITION 5.2. A pseudo-holomorphic blowdown map X — Y between two
four dimensional primitive positively omnioriented quasic SL orbifolds is said to be
crepant if p*Ky = Kx.

Lemma 5.1. The orbifold singularities corresponding to the charadéc vec-
tors Ay = (1, 0),1, = (—k, m) and »; = (0, 1),A, = (=k, m) are SL if k+1=m.
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Proof. Consider the caseg = (1, 0),2, = (1 — m, m). Refer to the description
of the action of the local group in equation (2.8). Any elemehthis group is rep-
resented by an integral vectaii, + ax1,. Integrality of such a vector implies that
a + & —ma and mag are integers. Hence; + &, is also an integer. This implies
that the group acts as a subgroupSif2, C). The other case is similar. O

Lemma 5.2. SupposeX andY are two 4-dimensional primitive positively omni-
oriented quasitoric SL orbifolds angh: X — Y is a pseudo-holomorphic blowdown as
constructed inTheorems 4.1and 4.2. Thenp is crepant if and only if k- 1 = m.

Proof. We consider the canonical sheaf as a sheaf of modulsstioe sheaf of
continuous functionﬁ?(. Sincep is an almost complex diffeomorphism away from the
exceptional set it suffices to check the equality of i&ky and Kx on the neighbor-
hood 7~1(U) C X of the exceptional set, defined in proof of Theorem 4.2.

On X,, N7 ~Y(U), the sheaK x is generated over the shezff by the formdz(v1) A
dz,(v1). On the other hang*(Ky) is generated on this neighborhood 0@ by

prdzi(w) A dzp(w)

= d(z,(11)Z(v))'™) A d(Z(v)Y™)

(5-1) = Zy(v)™ dZ(v1) A %(zé(vl»”’“‘l dz(v)

= @) A7) A dZ ().

Thus p*Ky = Kx on X,, N7~}(U) if and only if k + 1 = m. Similarly on X,, N
n~}(U), the sheaKy is generated ovefy by the formdz(v2) AdZ,(v2). On the other
hand p*(Ky) is generated on this neighborhood 0‘@% by

p* dzi(w) A dzp(w)
= d(zy(v2)™) A d(Z;(v2)"Z(v2))

k
62 = @)™ 40 A 402" d2(02)
k
= G @) I (05) A d(0z).
Again p*Ky = Ky on X,, N 77Y(U) if and only if k +1 =m. O

It is easy to construct examples of a positively omnioridrgeasitoricSL manifold
or orbifold which is not a toric variety and admits a crepaliwalown. For instance,
let X be the quasitoric manifold over a 7-gon with characterigéctors (1, 0), (0, 1),
(-1,2), 2,3), (1,-2), (0,1) and £1,—1). ThenX is positively omnioriented, primi-
tive and SL. However it is not a toric variety as its Todd genus is 2. Thkifold
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Y over a 6-gon with characteristic vectors (1, 031( 2), 2, 3), (1,-2), (0, 1) and
(=1, -1) is a crepant blowdown oK. Same holds for the orbifol@ over a 6-gon
with characteristic vectors (1, 0), (0, 1%, 3), (1,-2), (0, 1) and €1, —-1). It may
be argued thalY and Z are not toric varieties as otherwise the blowXipwould be a
toric variety.

The singular and Chen—Ruan cohomology groups (see [3]) ddl@ost complex
guasitoric orbifold was calculated in [10]. For a four dirs@mal primitive positively
omnioriented quasitoric orbifolk, the Chen—Ruan cohomology groups are

HO(X, Q) if d=0
5.3 HI(X, Q) = { ’ : ’
(5:3) cr% @) HY(X, Q) ® @zageg)=d Q(v,g) if d=>0.
Here v varies over vertices oP, g varies over nontrivial elements of the local group
G, and ageq) is the degree shifting numbe¢g) of [3].
The singular cohomology groups of are

Q if d=0,4,
(5.4) HIX, Q) = 18,,Q if d=2,
0 otherwise,

wherem denotes the number of edges Bf

Theorem 5.3. Supposep: X — Y be a pseudo-holomorphic blowdown between
four dimensional primitive positively omnioriented quasc manifolds as constructed
in Theorems 4.land 4.2. If p is crepant then

dim(HER(X, Q)) = dim(HEx(Y, Q).

Proof. By formulas (5.3) and (5.4), it suffices to compare ¢bhatributions of the
edge E, and verticesvy, v, of P to HZz(X, Q) with the contribution of the vertex
of P to HI(Y, Q).

The edgeE, contributes a single generator tbeZR(X, Q). The vertexv; has no
contribution as it is a smooth point arg@l,, is trivial. The groupG,, is isomorphic to
Zy. Assumep is crepant. Then by Lemma 5@ = k4 1 and the characteristic vector
Az = (—k, k + 1). Recall thath, = (0, 1). The elements 05,, are

—(k+1
(5.5) g°:=(-p,0)= %/\2 + Ekg where 0< p<k-1.

By equations (2.8) and (4.11) the action @f is given by

(5.6) P (v2), Zy(v2)) = (7Y LCPPNIZ (vy), 7V 1PMZ,(vy)).
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The degree shifting number

p p
Py — _—— _—=
(5.7) ageqP) = (1 k) +o =t
Thus eachgP, 1< p <k — 1, contributes a generatony( g°) to HZ:(X, Q).
The characteristic vectors at are A; = (1, 0) andis = (—k, k + 1). The group
G, = Zg,1 has elements

k
a AL+

q
a = =
(58) ht:= (0.0 k+1 k+1

A3 where 0<q <k

By equations (2.8) the action & is given by
(5.9) hA(z(w), Zo(w)) = (€272t z (), V17, ).

The degree shifting number

q q
(510) agel(lq) = (1— m) + m =1

Thus eachh®, 1 < g <k, contributes a generatow( h%) to HZ:(Y, Q).

Hence the contributions of the edd® and verticesvy, v, of P to dimension of
H3-(X,Q) match the contribution of the vertex of P to dimension ofH:(Y,Q). [
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