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Abstract

A finitely generated torsion free nilpotent group is called.Z-group. To each
Z-group I' there is associated a connected, simply connected nilpaiengroup
Gr. Let TUF be the class of all#-group I' such thatGr is totally unimodular.
A group in TUF is called TUF-group. In this paper, we are interested in finding
non-zero Euler characteristic on the cldddF and therefore, oMUFF, the class of
groupsK having a subgroug™ of finite index in TUF. An immediate consequence
we obtain that any two isomorphic finite index subgroups of WFF-group have
the same index. As applications, we give two results, the iira generalization of
Belegradek’s result, in which we prove that evefWFF-group is co-hopfian. The
second is a known result due to G.C. Smith, asserting thaty egFF-group is
not compressible.

1. Introduction and main results

We follow [5, p.222] in defining an Euler characteristic on lass of groups as
follows (see also [2, p. 1]).

DerINITION 1.1 (Euler characteristic). LeX be a class of groups closed under
taking subgroups of finite index. By an Euler characteristicX it meant a function
x: X — R satisfying
(Ecl) If K and H are inX, and K is isomorphic toH, then x(K) = x(H).

(Ec2) If K is in X, and H is a subgroup ofK of finite index, theny(H) =
[K : H]x(K), where K : H] denotes the index oH in K.

In this paper, we are interested in finding non zero Eulerattaristics defined on
a class of finitely generated nilpotent groups.

Let G be a connected Lie group and AG{( its group of continuous auto-
morphisms. Lety be a Haar measure o8. For everya € Aut(G) we have

o= A,
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where oty is the push forward ofe undere™, and A: Aut(G) — R* is a homo-
morphism of AutG) into the multiplicative group of the positive reals. & is a con-
nected, simply connected nilpotent Lie group, then

A(w) = |deti)].

DEeFINITION 1.2 ([10, p.627]). A connected, simply connected nilpotaatgroup
G is called totally unimodular if the image af is {1}.

Let TULG be the class of connected, simply connected totally unidaochilpotent
Lie groups.

A real Lie algebra is calledharacteristically nilpotentif all its derivations are nil-
potent ([4, p. 157], [6, p.623]). We note that a charactieadly nilpotent Lie algebra is
nilpotent. LetCNLG be the class of connected, simply connected nilpotent Loeigs
G = expg such thatg is a characteristically nilpotent Lie algebra.

Proposition 1.3 ([10, (1.1)]) We have
CNLGC TULG

A finitely generated torsion free nilpotent group is called .&-group. Any .%-
groupT is isomorphic to a discrete uniform subgroup of a connededply connected
nilpotent Lie groupGr whose Lie algebrag has rational structure constants ([8, The-
orem 6]). LetTUF be the class of all7-groupsT” such thatGr € TULG We call a
groupI” a TUF-group if I € TUF. For every integen > 7 there exists a-dimensional
characteristically nilpotent Lie algebra with rationalustture ([14, Theorem 5]). By the
Mal'cev rationality criterion (Theorem 2.1) we derive thdldaing.

Proposition 1.4. For every integer n> 7 there exists alUF-group with Hirsch
length n.

The main result of this paper is the following.

Theorem 1.5. The classTUF admits Euler characteristics.

In Section 3, we give an explicit Euler characteristic DdF.

By [5, p.222] (see also [15], [2]) every Euler charactecisti on TUF can be ex-
tended toTUFF, the class of group& having a subgroug™ of finite index in TUF,
by setting

1

x(K) = KT

x ().

As an immediate consequence we have the following.
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Proposition 1.6. Any two isomorphic finite index subgroups of d~F-group have
the same index.

DEFINITION 1.7 (Co-hopfian group). A group is called co-hopfian if it stis
the following equivalent conditions:
(1) It is not isomorphic to any proper subgroup.
(2) Every injective endomorphism of the group is an autorhizm.

As an easy consequence of Proposition 1.6, we obtain a dieaén for
I. Belegradek’s result ([1, Corollary 2.4]).

Proposition 1.8. Every TUFF-group is co-hopfian.
We introduce the following definition due to G.C. Smith ([IBefinition 1]).

DEeFINITION 1.9 (Compressible group). A group is called compressible if any
finite index subgroup of5 contains a finite index subgroup isomorphic G

The following proposition which is due to G.C. Smith ([13,0Bosition 4]) is an
immediate consequence of Proposition 1.6.

Proposition 1.10. Every TUFF-group is not compressible.

2. Rational structures and discrete uniform subgroups

General references for the material in this section are 8] @1] as well as the
original paper of Mal'cev [8].

Let G be a connected and simply connected nilpotent Lie group highalgebra
g. Then the exponential map exp — G is a diffeomorphism. Let logG — g denote
the inverse of exp.

2.1. Rational structures. Let G be a nilpotent, connected and simply connected
real Lie group and leg be its Lie algebra. We say thgt(or G) has arational struc-
ture if there is a Lie algebrg(Q) over Q such thatg ~ g(Q) ® R. It is clear that
g has a rational structure if and only j§f has anR-basis K4, ..., X,) with rational
structure constants.

2.2. Uniform subgroups. A discrete subgroug” is calleduniformin G if the
quotient spacés/I" is compact. A proof of the next result can be found in Theorem 7
of [8] or in Theorem 2.12 of [11].
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Theorem 2.1(The Malcev rationality criterion) Let G be a simply connected nil-
potent Lie groupand letg be its Lie algebra. Then G admits a uniform subgrdujif
and only ifg admits a basigXs, . .., X,) such that

n
[Xi, Xj1 =) ciXe, (Y1<i, j=<n),
k=1

where the constants;g are all rational.

2.3. The Malcev rigidity theorem. The following is a theorem of Mal'cev ([8,
Theorem 5]); see also ([9, Theorem 4]).

Theorem 2.2 (Malcev rigidity theorem) Let G; and G, be connected simply con-
nected nilpotent Lie groups anid;, I', discrete uniform subgroups of:Gnd G,. Any
abstract group isomorphism betweenl’; and I'; extends uniquely to an isomorphism
M(¢) of G; on Gy; that is the following diagram

F]_L)Fz

|

C1 4 G2

is commutativewhere i is the inclusion mapping. The isomorphistty) is called the
Mal'cev extension op.

3. An explicit Euler characteristic on TUF. Proof of Theorem 1.5

Let G be a connected Lie group?(G) be the space of discrete uniform (i.e.,
cocompact) subgroups @. Let u be a right Haar measure &. Let I € .7(G), the
measurey induces a finite measure over the homogeneous spaGeT. Let

VY Z(G) > Ry

defined forl" € .7(G)) by
VE(T) = i(G/T).

REMARK 3.1. We recall that ifF is a fundamental domain foG/T" then
mM(G/T) = w(F) ([7, p.430)).

The notationH <; K signifies thatH is a finite index subgroup of the groug.
A proof of the following proposition can be found in Lemma 22[7].
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Proposition 3.2. If H, K € .(G) and if H <; K then we have
(3.1) VE(H) = [K : HIVS(K).

Proposition 3.3. Let G in TULG and 1 a Haar measure on G. Lef;, I'; be
two isomorphic subgroups of/(G). Then we have

(3.2) VAT = VE(T2).

Proof. Let¢ be an isomorphism of; onto I',. Let F be a fundamental domain
of G/I"; and compute

V5 (T1) = n(F)
= u(M(¢)(F))
= V§ (o). O

We define an equivalence relatian on TULG by
Gy >~ Gy < G;, G, are isomorphic.

For G € TULG, let [G] be the equivalence class containi®y Let T be a transversal
for the equivalence relation-.

Let H, K be two groups (resp. Lie groups), the set of all isomorphigrasp. Lie
groups isomorphisms) off onto K is denoted byZ(H, K).

Lemma 3.4. Let Goe T and Ge [Go]. For everyo, v € 2(Gg, G) we have
w0 = Vi llo,
where ¢, o (resp. ¥, o) is the push forward ofio under ¢ (resp. ).

Proof. LetF be a measurable set and compute

ds1o(F) = ol *(F))

= wo(¥ o (F))) (V¢ € Aut(Go))
= no(¥ 1 (F))

Let Go € T and uo a Haar measure o5y. Let G € [Gg] and ' € (G).
The function

%#(Go, G) = R, ¢ — V&™)
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is constant. In the sequel, we note
V[Go, o, G)(I) = VE"(I) (V¢ € #(Go, G)).
Let G1, Gy € [Gg]. For everyy € Z(Go, G) and ¢ € Z(G1, G,), we note

V[Go, o, Gi1] * ¢ = V[Go, 1o, G2] 0 ¢™,
¥ x V[Go, 1o, G1] = V[¥(Go), ¥su0, G1],

where¢*: .7(G1) = 7 (Gy), T + ¢(I).
Proposition 3.5. With the same notation as above we have

(3.39) V[Go, 1o, Gi] * ¢ = V[Go, 1o, G1],
(3.3b) ¥ * V[Go, o, G1] = V[Go, o, Gi].

Proof. LetI’ € /(G3). Let F be a fundamental domain f@s;/I" and compute

V[Go, po, Ga] * ¢(I') = V[Go, po, G2](¢(I"))
= Vg,"*(o(I) (¢ € Z(Go, G2))
= @spo(P(F))
= (¢ ¢)«110(F)
- V((ﬁil‘”)*““(F)
= V[Go, po, G1l(T').

Similarly, we prove (3.3b). ]

We come now to the principal theorem of this paper, in whichgive an explicit
Euler characteristic o UF.

Theorem 3.6. The mapping
x: TUF >R, T V[Go, uo, Grl(T),

where{Go} = [Gr] N T, is an Euler characteristic orTUF, which does not depend of
the choice of transversal.

Proof. LetI’ be aTUF-group andl’g < I'. ThenT'g andI" have the same Hirsch
length, it follows thatgr, = gr and hence the clasBUF is closed under taking sub-
groups of finite index. Lef"; andT", be two isomorphicTUF-groups. By Theorem 2.2,
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the Lie groupsGr, and Gr, are isomorphic and henc&[,] = [Gr,]. Let

{Go} =[Gr,]NT.

Let ¢ € 2(I'1, T'2) and compute

x(I'2) = V[Go, 1o, Gr,]J(I"2)
= V[Go, ro, Gr,] * M(¢)(T'1)
= V[Go, ro, Gr,J(T'1) (by (3.3a))
= x(T).

This completes the proof of (Ecl). (Ec2) follows from (3.Ejnally, the formula (3.3b)
implies that the mapping is independent of the choice of the transversal []
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