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Abstract
Recently we generalized Toponogov's comparison theoremataomplete

Riemannian manifold with smooth convex boundary, where @dgsic triangle was
replaced by an open (geodesic) triangle standing on the daoyrof the manifold,

and a model surface was replaced by the universal coveririgcsuof a cylinder of

revolution with totally geodesic boundary. The aim of thiicde is to prove splitting

theorems of two types as an application. Moreover, we estalaliweaker version of
our Toponogov comparison theorem for open triangles, lsecdloe weaker version
is quite enough to prove one of the splitting theorems.

1. Introduction

Words have fully expressed a matter of great importancedpomogov’s comparison
theorem. However that may be, we can not stop telling the ftapoe in Riemannian
geometry. The comparison theorem has played a vital rolagncomparison geometry,
that is, the theorem gives us some techniques originatorg fuclidean geometry. Such
techniques, drawing a circle or a geodesic polygon, andngitwo points by a minimal
geodesic segment, are very powerful in the geometry. Onefiméigzoncrete examples of
such techniques in proofs of the maximal diameter theoreantlam splitting theorem by
Toponogov ([17], [18]), the structure theorem with postsectional curvature by Gromoll
and Meyer ([4]), the soul theorem with non-negative secticnavature by Cheeger and
Gromoll ([3]), the diameter sphere theorem by Grove and &t ([5]), etc.

From the standpoint of the radial curvature geometry, wg vecently generalized
the Toponogov comparison theorem to a complete Riemannemfohd with smooth
convex boundary, where a geodesic triangle was replacednbgpan (geodesic) tri-
angle standing on the boundary of the manifold, and a modéheai was replaced by
the universal covering surface of a cylinder of revolutiothwotally geodesic boundary
([12, Theorem 8.4], which will be stated as Theorem 2.5 iis titicle).

The aim of our article is to prove splitting theorems of twpdg as an application
of Toponogov's comparison theorem for open triangles andeaker version of the
comparison theorem (Theorem 2.12), respectively. The area&rsion will be proved
in this article.

2010 Mathematics Subject Classification. 53C21, 53C22.



542 K. KONDO AND M. TANAKA

Now we will introduce the radial curvature geometry for nfalds with bound-
ary: We first introduce our model, which will be later empldyas a reference sur-
face of comparison theorems in complete Riemannian maisifalith boundary. Let
M := (R, d%?) xm (R, d¥?) be a warped product of two 1-dimensional Euclidean lines
(R,d%?) and R, dy?), where the warping functiom: R — (0,00) is a positive smooth
function satisfyingm(0) = 1 andm’(0) = 0. Then we call

X:={peM]|X(p) =0}

a model surface Sincem'(0) = 0, the boundan®X := {p € X | X(p) = 0} of X is
totally geodesic The metric§ of X is expressed as

(1.1) g = dx® + m(x)? dy?

on [0,00)xR. The functionGoji: [0,00) — R is called theradial curvature functionof

X, where we denote by the Gaussian curvature of, and by any ray emanating
perpendicularly fromdX (note that such g will be called adX-ray). Remark that
m: [0, oo) — R satisfies the differential equatian’(t) + G(i(t))m(t) = O with initial
conditionsm(0) = 1 andnm’(0) = 0. Note that then-dimensional model surfaces are
defined similarly, and, as seen in [10], we may completelyssifg them by taking
half spaces of spaces in [13, Theorem 1.1].

Hereafter, let X, 9X) denote a complete Riemanniamdimensional manifoldX
with smooth boundar® X. We say thatd X is convex if all eigenvalues of the shape
operator A: of X are non-negative in the inward vectgrnormal to 9 X. Note that
our sign of A; differs from [14]. That is, for eactp € 90X andv € TpaX, A:(v) =
—(V,N)T holds. Here, we denote by a local extension of, and byV the Riemann-
ian connection onX.

For a positive constart a unit speed geodesic segment [0, |] — X emanating
from 0 X is called ad X-segmentif d(d X, u(t)) =t on [0,1]. If w:[0,I] = X is adX-
segment for all > 0, we callx a 9 X-ray. Here, we denote bd(d X, -) the distance
function to 9 X induced from the Riemannian structure ¥f Note that ad X-segment
is orthogonal tod X by the first variation formula, and so &X-ray is too.

(X,0X) is said to have theadial curvature(with respect tod X) bounded from be-
low by that of(X,dX) if, for every dX-segmentu: [0,1) — X, the sectional curvature
Kx of X satisfies

Kx(ot) = G(j(t))

for all t € [0,1) and all 2-dimensional linear spaces spanned byu/(t) and a tangent
vector to X at u(t). For example, if the Riemannian metric &f is d? + d¥?, or
d%2 + cosH(X) dy?, then G(ji(t)) = 0, or G(fi(t)) = —1, respectively. Furthermoréhe
radial curvature may change signs wildlfExamples of model surfaces admitting such
a crazy behavior of radial curvature are found in [16, Thewe.3 and 4.1].
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Our main theorems in this article are now stated as follows:

Theorem 1.1. Let (X, dX) be a complete non-compact connected Riemannian
manifold X with smooth convex boundarX whose radial curvature is bounded from
below by that of a model surfag&X, 9 X) with its metric(1.1). Assume that X admits
at least oned X-ray.

(ST-1) If (X, 9X) satisfies

© 1
—— dt = oo,
fo muz

then X is isometric t¢0,00) xmd X. In particular 9 X is the soul of Xand the number
of connected components @K is one.

(ST-2) If (X,08X) satisfieslim inf;_,.. m(t) = 0, then X is diffeomorphic t§0,c0) x 3 X.
In particular, the number of connected components) ¥f is one.

Toponogov's comparison theorem for open triangles in a weak (Theorem 2.12)
will be applied in the proof of Theorem 1.1 (see Section 4)e Hssumption on the
existence of @ X-ray is very natural, because we may find at least @Keray if 9 X

is compact. If the modeK is Euclidean (i.e.m = 1), then the (ST-1) holds. Hence,
Theorem 1.1 extends one of Burago and Zalgaller’ splittingotems to a wider class
of metrics than those described in [2, Theorem 5.2.1], we.,mean that they assumed
that sectional curvature ison-negative everywhere

Theorem 1.2. Let (X,dX) be a complete connected Riemannian manifold X with
disconnected smooth compact convex boundatywhose radial curvature is bounded
from below by0. Then X is isometric to[0, 1] x 9 X; with Euclidean product metric of
[0,1] and 9 X1, where 9 X; denotes a connected componentddf. In particular 0 X;
is the soul of X.

Toponogov's comparison theorem for open triangles (Thwao2e5) will be applied in
the proof of Theorem 1.2 (see Section 5). Note that non-ihegeadial curvatureloes
not always meamon-negative sectional curvature (cf. [11, Example 5.8§}though
Theorem 1.2 extends one of Burago and Zalgaller’ splittingotems to a wider class
of metrics than those described in [2, Theorem 5.2.1], EH&] and Kasue [9] obtain
the same conclusion of the theorem under weaker assumptiensthe mean curva-
ture (with respect to the inner normal direction) of bournydare non-negative, and that
Ricci curvature is non-negative everywhere.

In the following sections, all geodesics will be normalizedless otherwise stated.

2. Toponogov's theorems for open triangles

Throughout this section, leiX(d X) denote a complete connected Riemannian mani-
fold X with smoothconvexboundaryo X whose radial curvature is bounded from below



544 K. KONDO AND M. TANAKA
by that of a model surfaceX( 8 X) with its metric (1.1).

DEFINITION 2.1 (Open triangles). For any fixed two poingsg € X \ X, an
open triangle

OT(BX, p! q) = (axa pv q; Y K1, ﬁLZ)

in X is defined by twod X-segment;: [0,l;] — X, i = 1,2, a minimal geodesic seg-
menty: [0,d(p,q)] — X, andd X such thatui(l1) = y(0) = p, u2(2) = y(d(p,q)) =q.

REMARK 2.2. In this article, we always use the symbobs the segment emanat-
ing from p to g, which is called theopposite side ofan open triangle OB, p, q) =
(0X, p, q; ¥, u1, n2) in X, and thed X-segmentsuy, o always denote sides of the
OT(X, p, q) emanating fromd X to p, q, respectively.

DEFINITION 2.3. We call the seK () := ¥ 1((0,6)) a sector inX for each con-
stant numbep > 0.

REMARK 2.4. Since a map%( §) — (X, ¥ +¢), c € R, over X is an isometry, a
sector X(0) is isometric toy(c, c + ) for all ¢ € R.

Toponogov's comparison theorem for open triangles is dtate follows:

Theorem 2.5([12, Theorem 8.4]) Let(X,dX) be a complete connected Riemann-
ian manifold X with smooth convex boundarX whose radial curvature is bounded
from below by that of a model surfa¢&, 8X) with its metric (1.1). Assume thatX
admits a sectorX(fp) which has no pair of cut points. Thefor every open triangle
OTOX, p,q) = (08X, p, q; ¥, i1, n2) in X with d(x1(0), 12(0)) < 6o, there exists an
open triangleOT(® X, P, §) = (0X, P, G: 7, fi1, it2) in X(fo) such that

(2.1)  d@X, p)=d(@X, p), d(p,d) =d(p,q), d(OX,q) =d(@OX,q)
and that
(2.2) Zp= 4P, 49 = 44, d(ra(0), 12(0)) = d(j21(0), i22(0)).
Furthermore if d(1£1(0), 122(0)) = d(71(0), /i2(0)) holds then

Lp=/P, Zq=/Lqg

hold. HereZp denotes the angle between two vecti®) and —u (d(9 X, p)) in T, X.
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REMARK 2.6. In Theorem 2.5, we do not assume that is connected. More-
over, the opposite sidg of OT(dX, p,q) does not meed X (see [12, Lemma 6.1]). In
[13], they treat a pair§l, N) of a complete connected Riemannian manifddldand a
compact connected totally geodesic hypersurfiicef M such that the radial curvature
with respect toN is bounded from below by that of the mode&,(6) xm N, N), where
(a, b) denotes an interval, in their sense. Note that the radialature with respect
to N is bounded from below by that of our model ([&), d%?) xm (R, d¥?), if it is
bounded from below by that of their modela() xn N, N). Thus, Theorem 2.5 is
applicable tothe pair (M, N).

In the following, we will prove the Toponogov comparison dhem for open tri-
angles in a weak form (Theorem 2.12), where we do not demapdassumption on
a sector. To do so, we need to introduce definitions and a kaynke

DEFINITION 2.7 (Generalized open triangles). A generalized openghan
GOTEX, b, 4) = (9X, P, & 7, f1a, ft2)

in X is defined by twod X-segmentsi;: [0,1i] — X, i =1, 2, and a geodesic segment
y emanating fromp to g such thatiii(11) = 7(0) = P, iz2(l2) = 7(d(p, 4)) = g, and
that y is a shortest arc joiningd to § in the compact domain bounded ki, /iy,
andy.

DEFINITION 2.8 (The injectivity radius). Thénjectivity radiusinj(p) of a point
p e X is the supremum of > 0 such that, for any poinj € X with d(p,q§) <r, there
exists a unique minimal geodesic segment joinfingo g.

REMARK 2.9. For each pointp € X \ 89X, inj(p) > d(@X, p) holds, if p is
sufficiently close tod X.

DEeFINITION 2.10 (Thin open triangle). An open triangle QX p, q) in X is
called athin open triangle if
(TOT-1) the opposite sidg of OT(dX, p,q) to X emanating fromp to q is contained
in a normal convex neighborhood X \ 9 X, and
(TOT-2) L(y) < inj(gs) for all s [0, d(p, q)],
where L(y) denotes the length of, and gs denotes a point inX with d(dX, §s) =
d(9X, y(s)) for eachs € [0, d(p, Q)]

Then, we have the key lemma to prove the weaker version of ragm/'s
comparison theorem for open triangles.
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Lemma 2.11([12, Lemma 5.8]) For every thin open triangl®©T(3 X, p,q) in X,
there exists an open triangl@T(@X, B, §) in X such that

(2.3) d@X, p) =d(@X, p), d(p, 4 =d(p,q), d@X,q§) =d@X, q)
and that
(2.4) Zp=> /4P, Zq = Z4.

Now, the weaker version of Toponogov’s comparison theorenopen triangles is
stated as follows:

Theorem 2.12. Let(X,dX) be a complete connected Riemannian manifold X with
smooth convex boundaX whose radial curvature is bounded from below by that of a
model surfacéX,dX). Then for every open triangl©T(® X, p,q) = (X, p,q: ¥, 41, 42)
in X, there exists a generalized open trian@®©T@EX, P, §) = (X, P, §: 7, fi1, f12) in
X such that

(2.5) d@X, p) =d@X, p), d@X, §) =d(@X, g),
and

(2.6) d(@X, q) —d(@X, p) =d(p, §) = L(7) = d(p, a),
and that

2.7) Zp> /P, Zq=> /4.

Here L(y) denotes the length af.

Proof. Letsg:=0<gs <--- <1 < :=d(p,q) be a subdivision of [@(p,q)]
such that, for each € {1,..., k}, the open triangle OBX, y(s-1), ¥(s)) is thin. It
follows from Lemma 2.11 that, for each triangle QK ¥(s-1), ¥(s)), there exists an
open triangleA; := OT(®@X, 7(s_1), 7(s)) in X such that

(2.8) d(@X, 7(s-1)) = d@X, y(s_1)),

(2.9) d(¥(s-1), ¥(s)) = d(y(s-1), ¥(s)),
(2.10) d(@X, 7(s)) = d(@X, y(s)),

and that

(2.11) 20X, y(s-1), ¥(8)) = Z(0X, 7(s-1), 7(5)),

(2.12) 20X, y(s), v(s-1)) = Z(0X, 7(s), 7(S-1))-
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Here Z(d X, y(s-1), ¥(5)) denotes the angle between two sides joinjng_;) to aX
and y(s) forming the triangle OT{X, ¥(s_1), ¥(s)). Under this situation, drawh; =
OT@X, P, 7(s1)) in X satisfying (2.8), (2.9), (2.10), (2.11), (2.12) for= 1. Induc-
tively, we draw an open triangléy 1 = OT(3X,7(s),7(s+1)) in X, which is adjacent
to A so as to have thé X-segment toj(s) as a common side. Since

L(axv V(S)v y(s—l)) + 4(8X1 V(S)! V(S+l)) =,

for eachi =1, 2,...,k—1, we get, by (2.11) and (2.12),

(2.13) ZOX, 7(s), 7(5-1) + 20X, 7(s), P(s4+2)) < 7
and
(2.14) Lp = LOX, 7(s0), 7(s0),  £a = Z(BX, 7(s0), 7(Sk-1))-

Then, we get a domai® bounded by twa X-segmentsio, fix t0 7 (), 7(S), respect-
ively, and 5, wheren denotes the broken geodesic consisting of the opposits sifie
A (i=1,2,...,k) to aX. Since the domairD is locally convex by (2.13), there
exists a minimal geodesic segmehtin the closure ofD joining 7 () to 7(sk). From
(2.14), it is clear that the generalized open trianglX (7 (), 7(So); 7, ito, iik) has the
required properties in our theorem. []

3. Definitions and notations for Sections 4 and 5

Throughout this section, leiX(d X) denote a complete connected Riemannian mani-
fold X with smooth boundary X. Our purpose of this section is to recall the definitions
of d X-Jacobi fields, focal loci 08 X, and cut loci ofd X, which will appear in Sections 4
and 5.

DerINITION 3.1 (@X-Jacobi field). Letu: [0, o) — X be a geodesic emanat-
ing perpendicularly fromp X. A Jacobi fieldJyx along u is called ad X-Jacobi field
if Jyx satisfiesJyx(0) € T, 03X and J;4(0) + A, 0)(Isx(0)) € (TuodX)*. Here J/
denotes the covariant derivative df along i, and A,y denotes the shape operator
of aX.

DEFINITION 3.2 (Focal locus ofX). A point u(ty), to # 0O, is called afocal
point of X along a geodesig.: [0, o0) — X emanating perpendicularly fromX, if
there exists a non-zer@X-Jacobi field J;x along u such thatJyx(tg) = 0. The focal
locus Foc(@X) of aX is the union of the focal points afX along all of the geodesics
emanating perpendicularly fromX.
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DEeFINITION 3.3 (Cut locus ofaX). Let u: [0, lg] — X be adX-segment. The
end pointu(lp) of w([0,lo]) is called acut point of X along u, if any extended geo-
desicj: [0,11] — X of u, 11 > 1o, is not ad X-segment anymore. Thaut locusCut(d X)
of X is the union of the cut points afX along all of thed X-segments.

4. Proof of Theorem 1.1

From the similar argument in the proof of [15, Lemma 3.1], anay prove

Lemma 4.1. Let
)+ K@) f(t)=0, f(0)=1, te]l0,o0),
m’(t) + G{t)m(t) =0, m@0)=1, m'(0)=0, te]l0,c0),

be two ordinary differential equations with (K > G(t) on [0, co).
(L-1) If f >0 o0n (0,00), f'(0)=0, and

© 1
=
then K(t) = G(t) on [0, c0).
(L-2) If m > 0 on (0, c0), f'(0) <0, and

~ 1
Jo e o=

then there existsyte (0, 00) such that f> 0 on [0, tp) and f(tp) = 0.

Hereatfter, let X,d X) be a complete non-compact connected Riemanmiaranifold
X with smoothconvexboundaryd X whose radial curvature is bounded from below by
that of a model surfaceX, 3 X) with its metric (1.1). Moreover, we denote by

Thy(V, W) := 11 (V, W) — (A,)(V(0)), W(0))

the index form with respect to aX-segmentu: [0, ] — X for piecewiseC> vector
fields V, W along i, where we set

|
(Y, W) = /0 (V' W) — (RO, V), W) dt,

which is a symmetric bilinear form. Furthermore,
we assume thaX admits at least oné X-ray.

By Lemma 4.1, we have
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Lemma 4.2. Let u: [0, c0) - X be adX-ray. If (X, dX) satisfies

© 1
/0 _m(t)z dt = o0,

then w(0) is the geodesic point i X, i.e., the second fundamental form vanishes at
the point.

Proof. LetE be a unit parallel vector field along such that
(4.1) Aw)(E(0)) = AE(0),
(4.2) E(t) L u'(t).

Here A denotes an eigenvalue of the shape operaipg, of 9X. SincedX is convex,
A > 0 holds. Consider a smooth vector fielqt) := f(t)E(t) along 1 satisfying

f7(t) + Kx(u'(t), EQ) f(t) = 0,
with initial conditions
(4.3) f(0O)=1, f'(0)=—A.
Here Kx(1'(t), E(t)) denotes the sectional curvature with respect to the Zdgional
linear space spanned hy(t) and E(t) at u(t). Note thatY satisfiesY(0) € T,)d X
and Y'(0) + Au)(Y(0)) = 0 € (Ty0dX)*, by (4.1), (4.2), and (4.3). Suppose that
A > 0. Since f/(0) < 0 and
© 1
—— dt = o0,
/0 me? -

it follows from (L-2) in Lemma 4.1 that there exists € (0, c0) such thatf > 0 on
[0, tp) and

(4.4) f(to) =0,
i.e.,
(4.5) Y(t) #0, te[0,to)

and Y(to) = 0. Since (R(u/(t), Y({))u'(t), Y(1)) = f(®)*(R(/(t), E®)/(t), E(t)) =
—£7(t)f(t), we have, by (4.3) and (4.4),

to
(4.6) Iy (Y, Y)=[O %(ff’)dt: f(to) f'(to) — F(0)f'(0) = A.
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Thus, by (4.1), (4.3), and (4.6),
4.7) (Y, Y) = 1Y, Y) = (Au)(Y(0)), Y(0)) = 2 — 1 = 0.

On the other hand, sinc&X has no focal point along, for any non-zero vector field
Z along . satisfying Z(0) € T, X and Z(tp) = 0,

(4.8) 7%(Z,2) >0

holds (cf. Lemma 2.9 in [14, Chapter Ill]). Thus, by (4.7) af@d8), Y = 0 on [0,tg].
This is a contradiction to (4.5). Therefore= 0, i.e., u(0) is the geodesic point iaX.
O

Here we want to go over some fundamental tools ofy {X): A geodesic
y7:[0,a) > X (0 < a < oc0) is expressed by (s) = (X(7(3)), Y(7(9))) =: (X(s), Y(3)).
Then, there exists a non-negative constarttepending only ory such that

@9 = mee)yE) =mi)sn (7. () )
7(s

This (4.9) is a famous formula—th€lairaut relation The constant is called the
Clairaut constant ofy. Remark that, by (4.9)y > 0 if and only if  is not adX-ray,
or its subarc Sincey is unit speed, we have, by (4.9),

Vm(X(s))2 — v2
m(x(s))

By (4.10), we see thak/(s) = 0 if and only if m(X(s)) = v. Moreover, by (4.10), we
have that, for a geodesig(s) = (X(s), ¥(8)), s1 < s = , with the Clairaut constant,

(4.10) %(s) = +

X(s2) m(t)

—dt
%) /mM(t)2 — 2

if X'(s) # 0 on (5, s). Here,¢(X'(s)) denotes the sign aof’'(s). Furthermore, we have
a lemma with respect to the length(y) of y:

(4.11) S2—s1 = ¢(X'(9))

Lemma 4.3. Let7: [0,5] — X\ 98X denote a geodesic segment with the Clairaut
constantv. Then L(y) is not less than

p2 [t 1
(4.12) tr—t +—/ = 4t
202 )y ma) /mE =2

where we set;t:= X(0) and % := X(S).
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Proof. We may assume thst > t;, otherwise (4.12) is non-positive. Le$;[ S]
be a sub-interval of [Os] such thatx'(s) # 0 on (s, ). By (4.11),

L lsns)) =S2—S1 =

/f((Sz) m(t)
——dt|.
%s) /M(t)2—v2
SinceX'(s) # 0 for all s € (s1, ) with X(s) € [ty, to], we may choose the numbess

ands, in such a way thak(s;) = t; and X(s;) =t or that X(s1) = t, and X(sp) = ts.
Thus, we see that

(4.13) Loy [ g
Uy /m(t)2 — 02
Since

my §

v
JmtZ —v2 ~ " 2m(t) ym(t)Z — v2’

we have, by (4.13),

2
Lp)=to—t1+ =

to 1 d
2/ﬁ m(t) y/m(t)2 — v2 b

The next lemma is well-known in the case of the cut locus of mtp(see [1]).
Although it can be proved similarly, we here give a proof cé tamma totally different
from it.

O]

Lemma 4.4. For any qe Cut(@X)N(X\dX) and anye > 0, there exists a point
in Cut(@X) N B,(q) which admits at least tw@ X-segments.

Proof. Suppose that the cut poigtadmits a unique) X-segmentuq to g. Then,
q is the first focal point o X along uq. For eachp € X, we denote by, the inward
pointing unit normal vector t@ X at p € dX. And let/ be a sufficiently small open
neighborhood around (9 X, q)ua(O) in the normal bundleV;x of 9X, so that there
exists a numbek(vp) € (0,00) such that exp(r(vp)vp) is the first focal point o X for
eachi(vp)vp € U. Setk :=liminf, . ) v(vp), wherev(vp) := dimker@d exp )i (up)vp-
Sincel{ is sufficiently small, we may assume thatvp) > k on S := {w/|w| | w €
U}, which is open in the unit sphere normal bundledof. It is clear that, for each
integerm > 0, the set{v, € S | rank@d expL)k(vp)vp > mj} is open inS. Hence, by [8,
Lemma 1], A is smooth on the open sgbp € S| v(vp) < Kk} = {vp € S| v(vp) =
k} ¢ S. Since ( expL)A(vp),)p : Tx(up)vp/\/ax — Texp-(uvp)op) X IS @ linear map depending
smoothly onvy, € S, there exists anon-zerovector field W on S such thatw,, €
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ker(d exp")(w,)y, ON S. Here, we assume that kem€xp"); )., C T,,S by the natural
identification.

Assume that there exists a sequefipe: [0, [i] — X} of dX-segments convergent
to uq such thatu;(li) € Cut(@X) and w;(li) ¢ Foc(@X) along ;. Then it is clear that
each i (l;) admits at least twa) X-segments. Hence, we have proved our lemma in
this case.

Assume that exp(A(vp)vp) € Cut(@X) for all v, € S. Leta(s), s € (—4,4), be the
local integral curve ofW on S with 14(0) = o(0). Hence, € eXp")i(s(s)o(s)(0'(S) =
0 on (=8, 8). By [7, Lemma 1], exp(r(o(S))o(s)) = exp-(A(c(0))o(0)) = q holds.
Henceq is a point in Cut§ X) admitting at least twd X-segments. O

REMARK 4.5. Lemma 4.4 holds without curvature assumption ¥no(X).

Proposition 4.6. Let uo: [0,00) — X be adX-ray guaranteed by the assumption
above. If(X, 3X) satisfies

<
(4.14) /O =
or

(4.15) Iitrﬂoionf m(t) = 0,

then any point of X lies in a uniqué X-ray. In particular 9 X is totally geodesic in
the case wher¢4.14) is satisfied.

Proof. Choose any poirg € X\ X not lying on uo. Let up: [0,d(8X,q)] — X
denote aj) X-segment withu1(d(9 X,q)) = g. For eacht > 0, let y;: [0,d(q,xo(t))] — X
denote a minimal geodesic segment emanating fopho wo(t). From Theorem 2.12
and the triangle inequality, it follows that there exists engralized open triangle

GOTEX, fio(t), §) = (3X, fio(t), ; P, A8, fi1)

in X corresponding to the triangle OFX, wo(t), 4) = (3%, 1o(t), G; 1, Kolo.g, 1£1) N
X such that

(4.16) d(@X, fio(t)) =t, d@X,q§) =d@OX,q),
and

(4.17) L) = d(io(t), @) =t +d(q, 10(0))
and that

(4.18) £(9X, 9, polt) = £(8X, 4, fio(t))-
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Here Z(d X, g, no(t)) denotes the angle between two sigesand y; joining q to X
and uo(t) forming the triangle OTdX, uo(t), g). From Lemma 4.3, (4.16), and (4.17),
we get

t +d(q, 1o(0)) = L(71)

4.19 2t 1
(4.19) zt—d(ax,q)+”—‘/ TS
d

2 Ja@x,q) m(t)y/m(t)2 — v2

where v, denotes the Clairaut constant ¢f. By (4.19),

2ot
(4.20) d(0X, q) 4 d(g, 1o(0)) > ?t/d(ax,q) moz "

First, assume thatX, dX) satisfies (4.14). Then, it is clear from (4.20) that
lim-. v = 0. Hence, by (4.9), we have

(4.21) Jim Z(OX, G, folt)) = 7.
By (4.18) and (4.21)y., := lim{_., »; is a ray emanating frong such that

This implies thatq lies on a uniqued X-segment. Therefore, by Lemma 4dtlies on
a dX-ray. Now, it is clear from Lemma 4.2 thatX is totally geodesic.

Second, assume thaX (0 X) satisfies (4.15). Then, there exists a divergent sequence
{ti}ien such that

(4.22) tIim m(t;) = O.

From (4.9), we see

(4.23) vi < m(t),

wherey; denotes the Clairaut constantjaf. Hence, by (4.22) and (4.23), lim infoo vt =

0 holds. Now, it is clear that there exist a limit geodegic of {y;,} such thaty,, is a ray
emanating frong and satisfies/(y.,(0), —u;(d(9 X, q))) = =. Therefore, by Lemma 4.4,
g lies on ad X-ray. O

By Proposition 4.6, there does not exist a cut poind ¥ Therefore, it is clear that

Corollary 4.7. If (X, 3X) satisfies(4.14), or (4.15), then X is diffeomorphic to
[0, c0) x 0 X.
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Furthermore, we may reach stronger conclusion than Coyollar:

Theorem 4.8. If (X, 8X) satisfies

> 1
/o —m(t)zdtzoo,

then for everydX-ray w: [0, co) — X, the radial curvature K satisfies
(4.24) Kx(at) = G(i(t))

for all t € [0, co) and all 2-dimensional linear space; spanned byu/(t) and a tan-
gent vector to X a(t). In particular, X is isometric to the warped product manifold
[0, 00) xm 0 X of [0, 00) and (3 X, gyx) with the warping function m. Here;g denotes
the induced Riemannian metric from X.

Proof. Take any pointp € X, and fix it. By Proposition 4.6, we may take a
aX-ray w: [0, c0) = X emanating fromp = u(0). Suppose that

(4.25) Kx(o1,) > G(i(to))

for some linear planey, spanned byu'(tp) and a unit tangent vectar, orthogonal to
u'(to). If we denote byE(t) the parallel vector field alonge satisfying E(tp) = vo,
then E(t) is unit and orthogonal t@/(to) for eacht. We define a non-zero vector field
Y(t) along u by Y(t) := f(t)E(t), where f is the solution of the following differen-
tial equation

(4.26) () + Kx(u'(t), EA) f(t) =0

with initial condition f(0) = 1 and f’(0) = 0. Here Kx(u/(t), E(t)) denotes the sec-
tional curvature of the plane spanned p¥(t) and E(t). It follows from (4.25) and
(L-1) in Lemma 4.1 that there exists > 0 such thatf(t;) = 0. From (4.26), we get

(4.27) (Y, Y) = /Otl %(ff’) dt = 0.

Since dX is totally geodesic by Proposition 4.&,)(E(0)) = 0. Thus, by (4.27),
7Y, Y) = 0 holds. On the other hand; (Y, Y) > 0 holds, since there is no focal
point of 39X along n. This is a contradiction. Therefore, we get the first asserti
(4.24).

Now it is clear that the map: [0, 00) xm dX — X defined byg(t, q) := exp*-(tvg)
gives an isometry from [@o) x, d X onto X. Herevy denotes the inward pointing unit
normal vector todX at q € 9 X. ]
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5. Proof of Theorem 1.2

Throughout this section, leX;dX) be a complete connected Riemannian manifold
X with disconnectedsmooth compactonvexboundaryd X whose radial curvature is
bounded from below by 0. Under the hypothesis, we may assume

k
ax:Uaxi, k> 2.
i=1

Here eachdo X; denotes a connected componentddf and is compact. Set
| :==min{d(@Xi, aX;) |1 =<1i,j <k, i # ]}
Then letd X1, 39X, denote the connected componentsdof satisfying
d(9Xq, aXp) =1.

Lemma 5.1. Let x denote a minimal geodesic segment in X emanating fiom
to dX,. Then there does not exist any oth@iX-segment tqu(l/2) than w2 and
wlp21- Furthermore each midpointu(l/2) is not a focal point ofd X along .

Proof. Note that thes is not tangent to another connected compon@its (3 <
i <k) of 9X, sinced X is convex. Suppose that there exis®X-segmentu;,: [0,l /2] —
X for a numberig € {3, 4,..., k} such thatu;, emanates from X;, to u(l/2). Since
ZL(0Xiy, n(1/2), 0X)) < = (i = 1, or 2), we have, by the triangle inequality,=
d(0Xi,, n(1/2))+d(u(l/2),0X;) > d(9Xi,, dX;). This is a contradiction to the definition
of I.

Suppose that there existsdax-segmenty: [0,1/2] — X emanating frond X; (i =
1, or 2) tou(l/2) satisfyingn(0) # w(0) if i =1, andn(0) # w(l) if i =2. In the case
wherei = 1: Let Z(dXq,n(l/2),3X3) denote the angle between two segmentnd u
joining «(1/2) to X1 and d X5, respectively. Ther/(0Xy, n(l/2),9X,) < 7 holds. By
the triangle inequality, we have= d(n(0),n(1/2))+ d(u(/2), u(1)) = d(d X1, n(1/2))+
d(n(1/2),0X5) > d(dXy1,0X5). In the case where = 2, we also havé > d(d Xy, 0X,).
Thus, both cases are also a contradiction to the definition of

Hence, the first assertion of this lemma has been proved.dmtbof of the sec-
ond assertion of this lemma, suppose thét/2) is a focal point ofo X along . Then,
we may get a contradiction to the definition loby the similar way above. []

Hereafter, the half plane
R? :={p € R* | X(p) = 0}

with Euclidean metricd%? + dy? will be used as the model surface foX,(d X).
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Lemma 5.2. Any point in X lies on a minimal geodesic segment emanatog fr
X3 to aX, of length |. In particulay X consists ofd X; and 9 X,.

Proof. SinceX is connected, it is sufficient to prove that the sub®ebf X is
open and closed, wher®@ denotes the set of all pointse X which lies on a minimal
geodesic segment emanating fréaX, to 9 X, of lengthl. Since it is trivial thatO is
closed, we will prove thatD is open.

Choose any point € O, and fix it. Thus,r lies on a minimal geodesic segment
u1: [0,1T = X emanating fromdX; to 0 X,. Setp:= u1(l/2). Let S be the equidistant
set fromaX; and 9 Xy, i.e.,

(5.1) S:={q € X [d(0Xs, q) = d(@X2, q)}.
It follows from Lemma 5.1 thaSN B,,(p) C Cut(@X), if &1 > 0 is chosen sufficiently
small. Choose any poirg € SN B,,(p) \ {p}, and also fix it. Lety;, i =1, 2, denote

a d X-segment tag such thatn;(0) € X1 and n2(0) € 3 X,, respectively. Moreover, let
y:[0,d(p,q)] — X denote a minimal geodesic segment emanating fpto gq. Since

I I I ’ ! I
£(von-u(3)) +2(r@u(5)) =
we may assume, without loss of generality, that

|
(5.2) A(V’(O), —ua(é)) =4

It follows from Theorem 2.5 that there exists an open triangl
OT(RZ, p. G) = (0RY, P, G: 7, fia, 1)
in Ri corresponding to the triangle OFX1, p,q) = (9 X1, P,q: ¥, 11l[o,1 /21, n1) Such that
(5.3) d(dRZ, p) = |§ d(p, 6) = d(p, a), d(OR?, ) = d(@Xy, q),
and
(5.4) 4()/’(0), _Ml(lé)) =4p= 4P, £q= 4§
By (5.2) andZp > Zp of (5.4), we have

(5.5) /P <

NS
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Since our model i®R?, it follows from the two equations(9 X, p) = 1/2, d(dR?,q) =
d(9Xy, g) of (5.3), and (5.5) that

(5.6) d(®X4, q) = d(ORZ, §) < '5

On the other hand, the broken geodesic segment defined byimiomby; and n, is a
curve joiningd X; to dX,. This implies that length of the broken geodesic segment is
not less than that oft;. Thus,

(5.7) A (n1) = L(n1) + L(n2) =1,

where L( - ) denotes the length of a curve. Sint€ni) = d(dX1, q), we have, by
(5.7), that

(5.8) d(0@X1,q) >

By (5.6) and (5.8)d(dXq, q) = d(d X2, q) = 1/2. Therefore, we have proved that any
point g € SN B,,(p) is the midpoint of a minimal geodesic segment emanatingfro
dX1 to 9X, of lengthl. Furthermore, by Lemma 5.1, each point $f B, (p) is not
a focal point ofdX. It is therefore clear that any point sufficiently close te thoint
r € O is a point of O, i.e, O is open. O

REMARK 5.3. From Lemmas 5.1 and 5.2, it is clear that

(5.9) CutgX) = {p e X | d@X, p) = lé} =S
and that
(5.10) aox, p) <

for all p € X. Here S is the equidistant set defined by (5.1). Thus, from the prdof o
Lemma 5.2, we see thatp = Zq = /2 holds for all p, g € Cut(@ X).

Lemma 5.4. Cut(@X) is totally geodesic.

Proof. Letp, g be any mutually distinct points of C@X), and fix them. More-
over, lety: [0,d(p, )] — X denote a minimal geodesic segment emanating fpto
g. If we prove thaty(t) € Cut(@X) for all t € [0, d(p, )], then our proof is complete.

Suppose that

(5.11) y(to) & Cut(dX)
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for somety € (0,d(p, q)). By (5.9), we have that

I
(5.12) d(3aX, y(to)) # >
and that
(5.13) d(@X, p)=d(@X,q) = lé

The equations (5.10) and (5.12) imply that

I
(5.14) d(@X, y(t)) < >
Without loss of generality, we may assume that

(5.15) d(@X, y(to)) = min{d(a X, y(t)) | 0 <t < d(p, q)}.

By Remark 5.3, (5.11), and (5.15), we obtain the open trean@IT@ X, p, y(to))
satisfying

T T
(5.16) Zp= 5. Zylo) = 5.

From Theorem 2.5, (5.13), (5.14), and (5.16), we thus get g@enotriangle
OT(dRZ?, B, 7(to)) in ]Ri corresponding to the triangle QIIX, p, ¥(tg)) such that

AORZ, )= 5, (RS, 7(0) < 5,

and that
4 v
P <=, Ly <=.
P=3 7 (to) >

This is a contradiction, since our model ]i§+ Therefore,y(t) € Cut(@X) holds for
all t € [0, d(p, q)]. ]

Lemma 5.5. For each te (0,1/2), the level set Ht) :={p € X | d(8 X, p) =t},
i =1, 2,is totally geodesicand H(t) is totally geodesic for all € (0, ).

Proof. Take anyt € (0,1/2), and fix it. Letp, g be any mutually distinct points
in Hi(t), and also fix them. Lef, u2: [0,1] — X denote minimal geodesic segment
emanating fromaX; to 9X, and passing through(t) = p, u2(t) = q, respectively.
Thus, we have an open triangle @QX3, p, q) = (0X1, P, O; 11, K1l H2l[0,q), Where
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yi: [0, d(p, q)] — X denotes a minimal geodesic segment emanating fpoto q. If
we prove

(5.17) /p=/q= %

then we see, by similar argument in the proof of Lemma 5.4t Hhdt) is totally geo-
desic. Thus, we will prove (5.17) in the following.
By Theorem 2.5, there exists an open triangle

OT(OR?, p, G) = (IRZ, B, G; 7, it1ljo., H2lo.)

in Ri corresponding to the triangle OFX1, p, q) such that

(5.18) d(dRZ, p) = d(9R%, G) =t, d(p,§) = d(p, q)
and that
(5.19) /p>/Zp, Zq> /4.

Since our model iR?2, the equatiord(dR?, p) = d(9R2, §) of (5.18) implies that
(5.20) /P=/q= %
Thus, by (5.19) and (5.20), we have

(5.21) Zp=2 qu%.

NS

On the other hand, by Lemma 5.4, GiX() is totally geodesic, i.e., all eigenvalues
of the shape operator of Caf) are 0 in the vector normal to Catk). Since the
radial vector of any Cuf(X)-segment is parallel to that of axX-segment, Cut(X)
has also non-negative radial curvature. Therefore, we @gly arheorem 2.5 to the
open triangle

OT(Cut@X), p, q) = (Cut@X), p, a; ¥, Kaliei/z), m2liti/2))-

Thus, by Theorem 2.5, there exists an open triangle

OT(aRZ ’ f’l CI) = (aRil f)l Qs ?t! ﬁl|[t,|/2]: 112|[t,|/2])
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in Ri corresponding to the triangle OT(CuX), p, q) such that

R R I A
(5.22) d(aR?, p) = d(9R?, G) = > —t d(p,a)=d(p.q)
and that
(5.23) T—/p= /P, m—/q> 24

As well as above, the equations (5.22) and (5.23) implt Zp > n/2 andw — Zq >
7/2, since our model iR2. Thus, we have
(5.24) p=< -, Z4£q=

NS
NS

By (5.21) and (5.24), we therefore get (5.17). By the sameraent above, one may
prove thatH,(t) is also totally geodesic for all € (0,1/2). Since Hy(t) = Ha(l —1t),
Hy(t) is totally geodesic for alt € (0, 1). O

Theorem 5.6. Let (X,dX) be a complete connected Riemannian manifold X with
disconnected smooth compact convex boundaftywhose radial curvature is bounded
from below by0. Then X is isometric t0[0, 1] x 3 X; with Euclidean product metric of
[0, 1] and 8 X4, wheredX; denotes a connected componentddf. In particular 9X;
is the soul of X.

Proof. Let®:[0,1] x 3X; — X denote the map defined bi(t, p) := exp-(tvy),
wherev, denotes the inward pointing unit normal vectora; at p € 9 X;. We will
prove that thed is an isometry. From Lemma 5.2, it is clear thats a diffeomorphism.

Let ui: [0,1] — X denote any minimal geodesic segment emanating féota
to aX,, and fix it. Choose a minimal geodesic segment [0, ] — X emanating
from 9 X1 to d X, sufficiently closews, so that, for each € (0,1), w1(t) is joined with
u2(t) by a unique minimal geodesic segment Since each level hypersurfade (t)
is totally geodesic by Lemma 5.5; meetsui, and u, perpendicularly atu,(t) and
u2(t), respectively. Therefore, by the first variation formula,

d
it d(ua(t), no(t)) = 0,

holds for allt € (0,1). Thus,d(ua(t), u2(t)) = d(1(0), u2(0)) holds for allt € [0, I].
This implies that

o foma(l)] el
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for all t € [0,1]. Here (i, X2, .. ., Xn—1) denotes a system of local coordinates around
p := n1(0) with respect tod X;. Since

so0n ) = (5)

we get, by (5.25),

ad ad ad
o2 foenn(i)] =) ()| = | G|
X X ©.p) 0Xi P
It is clear that
(5.27) do 9 1 do o i=1,2 n-1
. (t,p) aXl (t,p) 8XO ’ - ’ e e ey ]
and
(5.28) do (i =1
) t,p) axo -
for all t € [0,1]. Here Xy denotes the standard local coordinate system fol][OBy
(5.26), (5.27), (5.28)@ is an isometry. []
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