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Abstract

It is shown that successive excitation of two cyclotron
waves with a time interval longer than their cyclotron damp-
ing periods lead to a spontaneous appearance of a longlitudinal
plasma wave in a collisionless plaéma., The longitudinal
plasma wave (i.e., the echo), has the frequency shifted by
the cyclotron frequency and appears at the same time as in
the case of the excitaftion by two plasma waves. The line-
shapes of temporal echoes, togefher with thé phase mixing
processes of the second order distribution functions, are

studied numerically.



§ 1. Introduction

The phenomenon of plasma wave echo was predicted by
Gould, O'Neil and Malmbergl) and observed by several experi-

ments.2’3’u)

If a plasma wave is excited in a collisionless
plasma and Landau-damps away, and later a second wave is
excited and also damps away, then a third wave will appear
spontaneously in the plasma. The last wave is called the
plasma wave echo.

According to Gould et al, the plasma wave echo appears
under the conditions that the memory of the.fifst wave 1s
remembered by the velocity distribution function of the
particles and the direction of the phase evolution of the
perturbed distribution function is reversed by the second
wave. Further work on the line shape of the ion wave echo

5)

shows an excellent agreement between theory and experiments.

6)

In a previous paper we have outlined a longitudinal plasma
wave echo excited by two cyclotron waves, and formulated the
echo problem as an initial—value problembfof the linearized

Vlasov equation¥*, If a transverse cyclqtroﬁ wave with wave=

number -—k. parallel to the static magnetic field is excited

1
in a plasma at a time zZero and damps away collisionlessly,

¥ It is shown by K. Nishikawa that for certain class of
initial fluctuations of the velocity distribution function,
Landau's solution of the linearized Vlasov equatioh leads to

a plasma wave echo.



and if the second transverse magnetic pulse with wave number
R, is applied at a time T , then the direction of the phase
evolution of the distribution function is reversed by the
force }{){E pulse and a longltudinal plasma wave echo with
wave number ( Rz— Rk; ) appears at the time't’==szu/(h2__hl)
In this paper we investigate thilis echo including the field
excited by the second pulse and calculate the line shapes
of the échoes numerically.

In §2, the behavior of a cyclotron wave excited by an
external field is studied in the linear theory. The disper-
sion curves of electron cyclotron waves are given. The second-
order plasma wave echo excited by cyclotron waves is treated
in §3, based on the Vlasov equation. In §4, we show the
line shapes of the echoes obtained by numerical calculation
wlth the aid of computer. Sectlon 5 is devoted to the

discussion of the possible excltation of the echoes.

§ 2. On Linearized Theory for Waves Propagating along

a Magnetic Fielad

For simplicity we restrict ourselves to a uniform,
infinite collisionless plasma in a uniform magnetic field
I%)Ez and consider disturbances with wave vectors E‘along
the magnetic field.

If the initial perturbation is small, the deviation of

the distribution function of plasma particles from the un-



perturbed function FO(EJ) will also be small, so the Vlasov
equation can be linearized with respect to this deviation.

Then the equation for the perturbation fé(y‘,z ,t) is

PEEY) | 20E D BB () 2L
. e

3t Ve 3 Z e

%

g" [E(zt}—x— (UXB(EZ1))] L
i T

E’(v) 0 (2.1)

S J

where suffix J denotes the species of particles and %5 and

. are the charge and mass of particle of the kind J

J
To solve equation (2.1), we use cylindrical coordinates in
velocity spaée with polar axis along the external magnetic

field By, (VL., ?,]A)Y). It is also convenient to use the

I’Otating coordinates
VZ gj: eA X L e%, 3 ( ).

where &, e‘j and eZ are unit vectors along the X , %. and

% axes. With this choice of coordinates, a vector £>can be

written as

A RerKethee , @3

3

b



where

Ai=~r% (/A\x %—'5/}\3) (2.4)

Expanding -}{J(;\vj‘, 7, t ) E( Z s t) and E(Z ,f) in Fourier
Series in space and applying the Laplace transformation to
the time~dependent quantities¥®, we obtain from Eq.(2.1l) a
first-order linear equation for fjh(}j,UJ). The equation

has the solution

¢ [EQ’({U} gt? N Eiw) € 50}

{ (w,w= .
R JZ M L (w=-RU+we) ( (W—RUAW).

Trwwy) + L OF0) /32U @+, @)

Mo ((w-RWU)

where

RUL @ . (2.6)
G, w 1) = ‘““‘““‘) 7 P+ o5y Fol¥) -

Wel= Z BO/IWIC) is the cyclotron frequency and If is the

¥ the Laplace transformation of Y( ¢ ) is defined by

Y(Oﬂ)):jm\f(f) e""“t dt ). Tuw >0 .
‘ 0

The inverse transformation is then given by
o+ i O

YW= Yweta, oo

“po+i ¢

*
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term which comes from the initial values of §R(1[, t ) and
4Eh(t)**' From Eq.(2.5) together with Maxwell's equations,

we obtain

/ "% \ / N/ N
-+ 2.2 text
ERW 0 0 ||EMW) ~WHCR 0 0 E;e(w)
0 ERw)O ||Ew)| = | 0 -wHFR O Edl)| + IE (2.7)
. ext
0 0 Epmw) Eq <w) o 0 1 |Ew
. : . AN /
where¥###
* Do 00
Er,l(h,w)zc‘%e‘-—wzﬂrwz %j | }v AW F( P’wwuig") (2.8)
PR um(eie
s0 |
w; ( az»-g, W/ 3 |
GRwW=1-) = j du —25—— ) (2.9)
iR

the subscript ext refers to the external field and the
e aas - N '
initial values of g’»k( t), Q.}e( t ) and {—}Q(E, T ) have been

gathered in the vector IE.
~n

Here,

¥*%¥ The index indicating fthe species of the particles will
henceforth be omitted for brevity.

#%%  Following LandauB), integration of Egs.(2.8) and (2.9)
are carried out along the real W axis from — 60 to +0° (if
Iwm OU>O) and along the contour C running from —e0 to +00

below the poles U = (W +We)/ R and U= W/ R when

§2>0 and above them when R< 0 (if Imw<0).
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o0

27T -
Foz (M)T-J d%o JU]. du F{)(y} (2.10)
0 0

and when R > 0 and (W> 0, the subscripts Y , | refer to
the right-hand left-handed polarizations corresponding to
the + and — signs in the denominator on the right-hand side
of Bq.(2.8), respectively. Since Fd(}[) is real for real

arguments, one arrives at the following symmetry relation

EQ (-kR,w) = £, ( }Q%‘:——w"‘)% (2.11)
s 1 .

Y
If W (—R) is a solution of dispersion relation

EQ(—ﬁQ,OU) =0, then
Y
7%:!.
Y(_.;q) = —-oo“ﬁ (R) (2.12)

ext
We are particularly interested in the case where E:t (W),
ext
&; (W) and I are entire functions. In this case the only
singularities of ER (W) and Ep?(OJ) will be the zeros of

the denominator, i.e. the roots of the dispersion equation

g}; (K’,‘w)=0, EP (k,w) =0 , (2.13)

respectively. We denote the roots of these equations by



7~

Y, 4
w = wk) = cu“%- c‘oﬂf’g

f R -

(2.14)

w=wR’ =w + " .

S

L |
Then for large { the functions E{;( t) and Egg( t) vehave-

asymptotically as-

i L

=& —(wR)?
Eqw) ~ 57 A, emtw® Tt
and (2.15)

—iwwR)TE
Ekz(“t)mzléige N o

+ prd ' . b
where A}Q and Ah are the residues of E%Q () and Em(w)

at W =0 (R )Y”Q and W= W(R )P, respectively and the
%ummatioﬁs are taken over'thevvarious roots of Eq.(2.13).
When the distribution function FO(}[),is a Maxwell distri-
bution, v;’ﬁand Xk? are always negative. Then

E:}f("c ) and Eh2< t) damp for large ¢ with the least decre-
ments 7 , 1.e. Landau-damp away. The expression (2.5) for
fk(’Q}LO) shows that the function fm(lf,&)) has besides
the same singularities as the functlons Ei?(CU) and EhZKcU),
three additional poles at the points W= RY *+ We and

W =RWU. It is clear from what has been said above that
the behavior of the function ?R(lf’t') at large ¢ 1s governed

by these additional singular points. Then we can obtain



from Eq.(2.5) the time asymptotic behavior of the perturbed

distribution function ﬁ?(\;‘, t) in the form:

(e v+ |
fw )= =5 e [oGrumwyt] - €7 B eu-w)

17 (e, Rl WU )+ exy[- { (keuwk){-]-e"ﬁf B, (RU+We) (2,16

310\
U P [—¢ kel U
SRCRTE N J)} 6)\;’[ me E e) =

+ 1 ,

where I is the term arising from the initial value of the
distribution function ){}Q(E’t) et al. Thus, the behavior
of the distribution function )CzQ(}[, 't) for large value of
t is governed by the exponential factors e"‘:(h,uiwﬂ-)t
and e"“‘?ut , i.e. a sum of undamped periodic function of
time, the frequencies of which depend on the velocity.

When a wave with wave number }Q, is excited in a plasma and
then Landau~-damps away, it leaves a perturbation on the
distribution function )C;Q (v, t) of the form proportional
to the factors QXPE—C(?,L(iWQ)*‘C](OI’ exp (viﬁz,{,({)). Therefore
these factors can be called the memories of the initial
excitation remembered by a distribution function. But for
large ¢ there are no charge and current associated with this
perturbation, since a velocity integral over ‘1“0 will phase
mix to zero. It should be noted that the funlction -)CEQ(‘}[,f)
is not entire function at later times, even if‘{—R (¥, t =O_)

e —
is entire, as shown by K. Nishikawa, since EE( RUTF Wo)

-9



and ERZ( RW ) have singularities RW ? We = UJ“(%R) and
RWU = (,UP(R ), respectively. The plasma wave echo essenﬁially
relates to these singularities.

Let us ekamine the dispersion relation for an isotropic

distribution,

| \% ___E%____EDL;
Fo(\,f):(m) 5 e 20 AW (2.17)

o

In this case Eqs.(2.13) are written as the following forms,

(2.18)

where

Z) = dZ(%)/ d;"
76) -k [ 2o Tagre

is the plasma dispersion f‘unc’clon and ?9 = CUP/ U—} .
When R is negative, the function Z(g’) should be replaced

by /Z\'(;) in Egs.(2.18) and (2.19) where %(é’) is given by
o~ R
Z(;’)‘—" Z(Z’) -—ZLTEA‘EXP (——?2) | (2.21)
In Figs. 1-(a), (b) and (c) are shown curves of wg/ﬂ)ée

-10~



and T/ Wee vs RC / Wee for the roots of the dispersion

equation:

2) .2 z . 2 "Z W —Wee
C k W Luo (_“_~r_~__) e (2.22
V2 R UTe) f vz R Ure. 0 2 ( )

where QJQ3==EE@@ﬂC:7O. These curves are used in §4,

§ 3. Plasma Wave Echo Exclted by Two Cyclotron Waves

In this section we shall describe the formation of the
second-order temporal plasma wave echo. We assume that the
electfon and ion distributions are spatially homogeneous
initially, i.e., Jﬂ(y,z, £=0) = F(V), and that g pulse

with wave number &Qi is applied externally to the plasma:

ext e

E(zt)=F (coskz & —Sukzgy) f&) , O

where Ei; is the amplitude of the pulse. The Fouriler-~Laplace

transform of the pulse 1s written és

ext e .. T ' , (3.2)
Ey W)= %}-—-i Joky & + Okrk, ?f’} :

By this pulse a wave is excited in the plasma and from Eq.(2;7)

its Fourier-Laplace transform 1s given by

‘"-”‘"“" (3.3)
F o) = By ) &+ + E (W&

-11-



where

+ ES  —wre®R
£, (W) = —== (3.4)
. V2T Ep(R,w) J’Q»?{ ,
- ES —wtc?k?
E_.gg (@) = r‘i S gk’,*ﬁQ, (3.5)
: 2 ti(i?)LU) e
The reality condition requires
E_ . @ = EJ(-—&)"“")?“ (3.6)
! ' .

Taking the inverse Laplace transform of Eq.(3.3), we

can
obtain the time asymptotic solution of E%(t ) in the form
Néa
of Eq.(2.15):

Y
E‘%(ﬂ n [COS Wt & + Sty 't gg] e@.t (3.7)

where we have rétained only the most upper pole.

Thus the
wave exclted by the pulse cyclotron-damps away in a time,
t>1/ 'ﬁ;" but it modulates the distribution function

fh (V,t) leaving a perturbation of the form
i

-~ L

o E\r (R 5 R U~ We)

{0
J

exp-lkU-ur)t] (3.8)
After a time T 1/'3%5 ) the second magnetic pulse with

wave number sz( fQ2> %Q:> 0) is ap'plied externa_lly to the

~12-



plasma:

ext

B (2,t)= B[R & + 05k 2 &)5G—1) , (3.9)

e

where B~ is the amplitude of the pulse.

The Fourier-Laplace transform of the pulse is written

as

Brw) = Byl (W) &+ + B, W)
where

(DL —@W4-c*Rk®
2 Vo g, (R w)

2

!

e . o
—_ (B~ iwT
B, W) Ao ke €

e VI plew)

and from the reality condition we have-

B ) = B (~wt)*

<

e
~

1y 1y <
EQ) FQz —

(WT

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

After a time {)) 1/ Y{?\( the magnetic field B( t) also
<

~13-



cyclotron damps away.

It modulabes not only the distribution function JCFQ:.QJ: t)
but also j(';Q‘ (V, € ) leaving the second-order distribution
function fRBI('}\)’",t ), where }QS =( R,— %Q, ) > 0.

Let us examine the form of the second order distribution
function )CR_:;(L)', £). The Viasov equation for the distri-

. . L ~ ok
bution function J‘;q3(3é’ L) 1s to lowest order.

v I r
¢ (RU=-w) f, (B w) — Weder £y, @)

L yx B, ) -2 F (W)
0o 4 i~
— ;( dw? | /f—.w_w/_g__l_yv@(w.w’)).__ (Lw’)
m ) 2mn |\ S W)+ 7oA Oy U I-k; <’
=bo+ i~

7/

— _I’—!—'—LU« -,4—-{,{) \ (z[u))\\

where the convolution theorm has been used twice in expressing
Lo ym 3 1 s X L

the nonlinear term, and the functions E%Q!, Bkz’ Tiy and
ﬁz are the first-order quantitiles.

2

Since we are interested in the longitudinal plasma wave,

we integrate Eq.(3.15) over “Ul and . 59 and obtain



¢ (ksll— w)) (U, w) =+ 5 Ez W

(. PR
ol ol
G G
="m{ dﬁ”}w-d | 7 | (Erow)
0 0 - C oot
Do~ (3.16)
L Cw-wN. R L / |
+ = VUX By, w-w") 5 }__;Qi(g)cu)
( (w-w)+ ——Ux B ' (u)——w’)>.——-a——£ v, W)
+{ C=k, + =z R, 37 Tea

The second term on the right-hand side can be neglected since
E t) and B will h damped away at = T.
/\:"k’\( t) B_ k,‘('(;) i ave damped away at + = T

The important term for the formation of the echo 1s the

first term on the right-hand side of Eq.(3.16). We now use

Eq.(2.:5) for f_h‘(y,m in the Eq. (3.16):

i (v UJ/ = Z { '-~;,(,'(Q)) eif)
Jogy V2 L (e U+we)
(3.17)
0
Enw) e Y2EW, 7 SRWEK £y
C(WrkU-we) S SWL W {(wRIW P

Substituting this into the right-hand side of the Eqg.(3.16)

and using the relations

T b N2 e S g
1o R | ORh({)
fd?)ow.dﬁk’é‘gi;z'?—ﬁ:'————-o ):—'O



and

” e 2R
) (7 3 UL Foz V)

We obtain

. ¢ DEW
¢ (RU—w) jﬂ%(u,w) ~+ v EIQBE(&)) Su

=
i(w -+ i ——wc) 0=

/@)z C} dw’ 3 { B (W) EL (W) _ n
Pt (0~ (3.18)

B.s@ (ww >_-e,<w)

i 03 (u)

0 o4 (¢” \
Z\ dQ)/'B ('afigﬁéb/azég o w
— : , ez W) E, W)
(}’/l} 2"{( QU ((C‘U/“F;Q,L{)/ R D ,
“Pe (7

where the terms on the right-hand side can be considerd as
sources that make the charges when }%B(ii,ﬁJ) is integrated
over Y . When two pulses are the right-handed circular
polarized waves, left-handed waves and longitudinal waves,

the first, the second and the third term on the right-hand
side of the Eq.(3.18) contributes to the funotion.‘fKB(LL,UJ),
respectively. The echo arising from the third term was

studied by Gould et al.

We shall now limit ourselves to the discussion of the



case of the excitation by right-handed circular polarized

wave.

T oU { {{(wrRlU-w, )

In this case the Eq.(3.18) can be simplified and we
find
‘ r
{ W,w)= 1 ( )25 idc f Foz W)
Jlest ™ ((Ru-w) |\m] ¢ |2

(3.19)
7y D)

Bl -0y B @) L = @)

U TRETT

The electric field Ek@z(“3> satisfies Poisson's Equation:

bo
b .20
( ks R,\)-—QT'ZE jd&)m:w) (3-20)
-
which must be solved in combination with Eq.(3.19).

Substituting Eq.(3.19) into Eq.(3.20), we obtain the Fourier-

Laplace transform of the echo field

5 P po {07
e 3
B, _w)=— B ES 2 V(i‘i”f-fdu dw’
? '3 ;} —Do ”N.}-i@’
212 l-VIT 2 o2 (3.21)
’ B [-ow¥icr]e ™ (whekt)

(WU (k-0 €y (R @-wD & (k,w) ’

knowing Epszﬁa)) and using the inverse Laplace transform,

; Loy
we can find Ehaz< C )

-17-



e
(g wt
_ ot ~{ \
—do+{ ¢ '

where integration is carried out along the straight line
Ty = 0 ( Q‘?G\/> 0) lying to upside of all the singularities
of the function Eh;Z(CU)' According to Gould et a1,9) we can
carry oqt the ) and cu’ integrations by the use of the
Canchy residue theorem closing the contours on the side where
the exponential in the numerator 1s vanishingly small. We
carry out the w?’ integration by closing the contour iﬁ the
lower half CU/ plane because of the exponential factor ff_zuﬁt
and take the residue at the pole wW'= — QU+ W, . The
residues at the poles arising from the roots of the equation
22}—-@,, w’) = 0 will be exponentially small for enough
large Qj(i.e.lﬁkrtf!j>> 1) and we may neglect them.
Similarly, we can carry out the () integration for a
time {f)?: , closing the contour in the lower half plane by
considering the exponential factor e"iw(t—t)
and take the residue at the double pole (1 = RgUW . The
residues at the poles arising from the roots of the equations
iyl &2, w+RrRU —We =0 and E?( Rg,W) = 0 will
all be exponentially small for large (¥ -T)(i.e. [Xk‘:({-'c)l>>i)
l}%?-{—ft)g>>l) and we may also neglect them.

As the results, we obtain

18-



I\ As Berﬂe 5 (/()2 3 t
E:baz(T)“ Z EC.L ( & ) p e tWe
| J

m/ c
Yo (3.23)
2 2 2 : \ ’
_ J du ez (W) [ k3~ (ki —we)* ] [ Pk (s‘zab»’\—-wc)zl éihBU(f—-'C')K
Z_Q (‘h,"h,“'f'wiz) ET GQ:., !Qzu"wo,) E? Ggs,kgu) 2
where
-~ 7 -,
, ;CR%MW .my&mwﬂw
K___: ({_t)_Zi(kzb(‘”a)C) - V) +L o (3.24)
[CR-Gu-w] L gpihy,w) Bl wiki-a)
CU='&;£(
e ’_ T }Qa
R (3.25)

This expression is similar to that obtained by Gould et al,
except that EP(— kRy» —®U ) and E?( Ry, koWl ) in their

expression are replaced here by E&(-k!, - R U + We) aﬁd
E‘Y( Ra, R U — Wo), res@ectively.

The integral of the right hand side of the Eq.(3.23)
does not phase-mix to zero when {g:’tj/and this results in
the echo.

In deriving Eq.(3.23), we have assumed the conditions

NETI> 1, | Vedt =T > ana (004 -T) |51
Let us examine these conditions again. The first conditiony

1Y}§\,’Tl>>l:‘ is easily satisfied by taking the time T

-19-



enough large. The second_and the third conditions are satis-
fied by taking the ratio R, /Ry 1 (i.e.t-T=T(Rs/R)xT)
But 1t is duﬁmll«mt to choose this ratio [/ Ry as 1, since the
ratio Wpe/ Wee is larger than unity in a usual electfon
plasma and therefore h(cyclotron wave)/@(plasma wave),
which depends on the thermal velocity of electron, is smaller
than unity. In such cases Eq.(3.23) should be replaced by

an expression which includes the contribution of the residue
arising from the roots of the equation E?( l23 ,W ) = 0.

But these are not essential for the echo formation. If we
take the ratio O\)?@/ Wee < 1, then it is possible to make

the ratio [Q /Iy unity. At the time < ~ T the largest

of the four terms in the Eq.(3.24) is the first term. By
neglecting the other three terms and setting (¢t —T) equal
to T(R /R3), we find

~ BFES (e Wi RT  _ (weeT
Eh;z&)* 2 ('ﬂ/l) c ks <

. , (3.26)
é‘tkg!i (*=T)

. Sbod U Eze(u) [ sz!'?: "(i”\’z“"?‘a)@a)z} {szs?: —(?25J{+(U€e)2]
Lo Eo(TRy, it =te) & (R, Rll+lze) Ep (R, R

TEE L Wee = @By /ML >0, wpi=4Te Mo /M

and we have neglected the contribution of the ions, since

we have restricted ourselves to electron cyclotron waves:

. g — ’
When £ T 7, considering the factor e-thU (=TT



we can evaluate the integral in Eq.(3.26) by closing the con-
tour in the upper half W plane*. Using the relation Egs.
(2.11) and (2.12), the root of the equation <:£ (— IQ!,

- ZQ U — Wee) = 0 with the least damping rate is

U= (We—Wee— ¥y )1 (Vi <0).

So we obftain contribution from this pole in the upper

plane:

\ . = Wpe' 1@\ kT [ Wee T
Ek;z(-t)'- (TCB ¢ \m )’ i3 'eL' - (3.27)

i' exp [L %23 (wce’--&)? )‘—"% exa[_ Br‘rt]

where

21,2 Y N b y¥y R 1z
Foz( s ) R (o007 (e (e () weef |
E,ﬁ@z, (w X#z. ks w&] E,,Lqi ‘a(w 4 )- ‘Vce@%éh-kﬂ-ﬂ)&)l (3 28)

J=

u= (U‘.»zr U)ce
and , , R,
t's ¢ =T
Similarly, when 'f >7_'/, closing the contour in the lower

half |{ plane. We obtain the contribution from the poles
— —|
of the functions Ey( Ry, kol + Wee) ! and EP( 5423 s RsU )

e e -Y2
¥ As pointed by Gould et al, the term FE (U ( ﬁg e )
in Eq.(3.26) appears to make the integrand diverge for large
imaginary ]4 » but this factor is actually cancelled by the

similar behavior of the function &,(-R , — R U — Wee).

-2]1-



Jm

1 / o | .,i. T /‘ T— —‘—‘Uk . { P
{JZ &(F[ (o=, " j CXP 5 3~h’tj+‘¢;\; ST, T expls t }}

where

€ .,

C e\ ¢ 2 j Rigr vyry, B 15
(=R Yy B 1]
oz (92 )k~ L3 e L

ja (3.30)
g k.- NI T PR P A g MR K- I 1
-‘QP Ra iy Ce) ?;\ 3, Rli\f‘.‘zx'tﬂzl ke %E‘r<k%ﬂzu+{u&):
wk:.—a}ce
U= Ra2

== F ("xi) \\r !21 {kl ('L(UP‘ 3,537*(’\)“}2;3 {Ciu\:. { RZ(.L.C{)F“B/E)_LJ)&}J

— h‘
J==

(3.31)
2—9 [ k ——L (iwk.*%}/?)—wce) E}'i %2 ‘22 /_’b&) -L{Uk )ﬁ«‘]c] EFGZ;)R u)]

——..C_U_:}.
uﬂ:h;

and the sum is over the two Landau roots (i_a%i +£ﬁ;?
of 29( ky ,u0 ) = 0. The echo builds up by the factor
exp E—(thi (- Zf)] and decays by the factors exp

_(~’ N 73 _
[(ky@b)xﬁh(f )} and exp L 6?3( £t -7 )] . This result
is similar to that of Gould et al. except the frequency shift.

§ 4, Numerical Calculation

To obtain the line shape of the echo, the integral in
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Eqg.(3.26) was evaluated numerically.

Introducing the dimensionless quantities

X=WU/T Ve » =¢/7ZVe , Q= W/ wee
K= J‘f!q/ Rp and T = We (t —T’)

we rewrite Eq. (3.26) as

be:e [ * rl

| SLE fe) Rp K v (5

= Ly ~ . . . Jo . Q@ .
S T 1 Ks (%e)-€ g

wnere
bo
Fa ~X2 -

o= 1 y e - exp [~(kx T

\[T{T (\/_;_.J._) o \ﬂ/ f-.L R ‘i (u'2)
/. 3_ ATT ZGA ,E_ {3 “va/ q(x>! | ] Z/OO
— kze::/ _L_Z\ \j’; 2. ! ! 112:. - T3
VN Eeg) | Ry | I3

The functions Z(X ) and 2?)() are the plasma dispersion
function defined by the Egs.(2.20) and (2.21), respectively.
Figure 2 is a typical example which shows the behavior of the
integrand of G. The abscissa is the normalized velocity.
Figure 2-(a) shows the behavior of the denominator of inte~
grand vs velocity, where the solid line and the broken line
show the real and imaginary part of the denominator, respec-
tively. The behavior of the integrand vs velocity except

the factor exp (— {K3X T ) are shown in Fig. 2-(b).
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As is evident from the figure, the solid line (real part)
has humps. In this example there are three humps. These

three humps are associated with the roots of the dispersion

relation:
!
+ e ~ -

/2(/\:. ‘,"‘”,\1, 7 (X) =0 (4.3)

K= g q)'
and

B /[\

I- ZX) =0 (4. 4)

Ky

The least damped roots of these equations are

Y v ’ AP P
= — _.fé 'E%L_// omed V= [ Wa - iy )//

respectively. As shown by arrows the positions of the humps
are nearly equal to the real parts of these roots. The

factor exp (— ¢K3X T ) raise the phase mixing. These facts
are seen in Fig. 2-(c¢), (d) and (e). These figures show the
phase mixing processes of the integrand ciearly. The arrows.
show the beriods of oséillation (2Tf/ﬁ<§7ﬂ). It is clearly
seen from these figures that the line shape of an echo depends
deeply on the shape of Fig. 2-(b). Summing up them, we obtain
the integral G. This results in the echo. Fig. 4-(a) shows |
the echo for the same parameters as the example in Flg. 2

and its exponential bulld-up and decay are shown in Fig. 3.
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The straight lines show the build-up by the factor exp

{—% K/ K1)« E%?/’“%e)"T'j and decay by the factor exp

{ (7ﬁ§/’&%e)-’rj due to the least damped poles. The numeri-
cal values of these factor are obtained by using the values

in Fig. 1. Both agree well except near the point | o 0.

In the case of Fig. 4-(a) the value of K, is so large that
the wave excited by the second pulse damps in a very short
time. SQ the Bump associéted with the wave number Kg

almost can not be seen on the curve in Fig. 2-(b) and

X+ 53
- e 2 =

SIS '
6)

As shown in our previous paper ', the second‘pulse is impor-
tant for the appearance of the echo but the wave éxdited by
the pulse is not so important. The shape and intensity of
the echo depend on this wave.

The shapes of echoes are shown for various parameter
in Fig. 4-(b), (e¢), (d) and (e). Figures 4-(b) and (c) are
the examples for the same parameters except the value of 7..
The behaviors of the echoes for ] > 0 are the same with the
factor exp[ ~ (( whg/wpe )T} exp [( \0/.%5/ w?e)—l—]
(r~ exp[-—(O.B + L 1.6)TJ ). For T<O both show the
different behaviors due to the different value of %L"
Using the value in Fig. 1, these echoes build-up by the factors

| _
€i0~517‘ and 630‘05‘7~ , and oscilllate with the periods
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6.9 and 3.4, respectively. Figure 4-(d) shows the line

shape of the echo with the same wave number KS as the echo
shown in Fig. b4-(a). 'In this case the waves with wave number
}(l and }(2 both damp away in a very short time. So the line
shape for T< 0 is different from that in Fig. 4-(a), but

the same form for T3> 0. Finally, the example for small value
of K3 is shown in Fig. 4-(e). The period of oscillation is
very long. But in this case the intensity of the echo 1is

reduced by about one-~hundredth as compared with that of above

examples.

§ 5. Discussion and Conclusions

In §3, we have considered the excitation by the right-

hand polarized wave pulse. In a similar way, it is also
possible to get a longitudinal plasma wave echo by means of
two left-hand polarized wéve pulses. In this case the source
term for echo is the second term in Eq.(3.18). The combina-
tion of the right and left-hand polarized wave pulses does
not make the echo with wave number h3:=g hJ—{k!g .
There is no temporal plasma wave echo associated with the
wave number p3:=} &44%kri s since in this case the
echo time T = T Ra/ Ry is émaller than T .

So far we have only discuséed a longitudinal plasma

wave echo due to two cyclotron waves. A cyclotron wave echo

1s also possible. For example, 1f a cyclotron wave 1s excited

-26-



in a plasma and damps away, and a second plasma wave is excited,
a cyclotron wave echo can be shown to}appear at a later timelo>.
The present work is briefly summarized as follows. We
have derived Eq.(2.16) as the form of the time asymptotic
behavior of the perturbed distribuﬁion function (i.e., memory)
for the waves propagating along the exfernal magnetic field,
and obtained the general expression of charge sourses for the
longitudinal plasma wave echo. As the example, we studied
a plasma wave echo excited by two cyciotron waves analytically
and numerically. The line shapes of temporal echoes, toge-
ther with the phase mixing pfocesses, were illustrated. It
was shown that the echo appéars at the same time as in the
case of the excitation by two plasma waves. It was also shown
that in the present case the behavior of the echo'depends
on the factor exp [ CCka/ R Wc@-—wg)( ‘t—- 'C/)J~exp[-—( R3/ k)
\(kr( ‘E—'C/)} for ’{'('C/ and mostly on the factor
exp(? ('U)ig(-f-—'c/ )]-exp { {gzg( {‘-'C')} for +>T7 , i.e.
the frequency is shifted by a cyclotron frequency.
Observation of these echoes is qulte interesting, since
they are related to the coupling between transverse and

longitudinal waves.
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Figure Captions

Fig. 1. Real (solid 1line) and imaginary parts { line)‘
of the frequency W/ Wee vs real wave number R C / Wece
for the numerical solutions of Eq.(2.22) for the electron
cyclotron wave:
(a) C/V2 Ve
() C/y2 Vge

il

125; (b) C /Y2 Ure = 250;

H

500. The frequencies for the cold plasma

line) are also shown.

Fig. 2. The behaviors of the integrand of G vs X with
parameters K; = 0.01, K, =0.91, @ =16 and 1 = 250.
The abscissa is the normalized velocity. The scale of
the ordinate is normalized by the maximum value. Solid
lines are real parts and , imaginary péfts.
(a) the behavior of the denominator of the integrand
vs X; (b) the integrand of G vs X when T = 0;

(¢) when T = -8.5; (d) T = 3.5; (e) T = 15.5.

Fig. 3. The exponential build-up and decay of the echo line
shape: K; = 0.01, K, = 0.91, Q= 16 and M = 250.
Straight lines show the bulld-up and decay due to the

least damped poles.
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Fig. 4.
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line shapes
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it
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i

of the temporal echoes;

0.91, Q
0.92, Q
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