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Abstract
We show that any (C�)n-invariant stably complex structure on a topological toric

manifold of dimension 2n is integrable. We also show that such a manifold is weakly
(C�)n-equivariantly isomorphic to a toric manifold.

1. Introduction

A toric manifold is a nonsingular complete toric variety. As a topological analogue
of a toric manifold, the notion oftopological toric manifoldhas been introduced by the
author, Y. Fukukawa and M. Masuda [2]. A topological toric manifold of dimension
2n is a smooth closed manifold endowed with an effective (C

�)n-action having an open
dense orbit, and locally equivariantly diffeomorphic to asmoothrepresentation space of
(C�)n. We note that a topological toric manifold is locally equivariantly diffeomorphic
to an algebraic representation space if and only if it is a toric manifold.

A quasitoric manifoldintroduced by M. Davis and T. Januskiewicz [1] of dimen-
sion 2n is a smooth closed manifold endowed with a locally standard (S1)n-action,
whose orbit space is a simple polytope. In [2], it is shown that any quasitoric manifold
is a topological toric manifold with the restricted compacttorus action. Conversely, it
is also shown that any topological toric manifold of dimension less than or equal to 6
with the restricted compact torus action is a quasitoric manifold. However, there are in-
finitely many topological toric manifolds with the restricted compact torus action which
are not equivariantly diffeomorphic to any quasitoric manifold.

Among quasitoric manifolds, some admit invariant almost complex structures under
the compact torus actions. M. Masuda provided examples of 4-dimensional quasi-
toric manifolds which admit (S1)2-invariant almost complex structures (see [4, The-
orem 5.1]). A. Kustarev described a necessary and sufficientcondition for a quasitoric
manifold to admit a torus invariant almost complex structure for arbitrary dimension
(see [3, Theorem 1]).

As we mentioned, any quasitoric manifold is a topological toric manifold with the
restricted compact torus action. In this paper, we discuss on (C�)n-invariant stably, or
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almost complex structures on topological toric manifolds of dimension 2n. The follow-
ings are our results:

Theorem 1.1. Let X be a topological toric manifold of dimension2n. LetR2l be
the product bundle of rank2l over X, T X the tangent bundle of X. If there exists a
(C�)n-invariant stably complex structure J on T X�R2l , then T X becomes a complex
subbundle of T X� R

2l . Namely, X has an invariant almost complex structure.

Theorem 1.2. Let X be a topological toric manifold of dimension2n, J a
(C�)n-invariant almost complex structure. Then, J is integrable and X is weakly equiv-
ariantly isomorphic to a toric manifold. Namely, there are a toric manifold Y, a bi-
holomorphism fW X ! Y and a smooth automorphism� of (C�)n such that fÆ g D
�(g) � f for all g 2 (C�)n.

If we replace the condition “(C�)n-invariant” by “(S1)n-invariant” on the almost
complex structureJ, then Theorem 1.2 does not hold. For example,CP2 # CP2 #
CP2 with an effective (S1)2-action is a topological toric manifold with the restricted
(S1)2-action. One can show that there exists an (S1)2-invariant almost complex structure
on CP2 #CP2 #CP2 (see [4, Theorem 5.1]). However,CP2 #CP2 #CP2 carries no
complex structure becauseCP2 # CP2 # CP2 does not fit Kodaira’s classification of
complex surfaces. Namely, the almost complex structure is not integrable.

For a topological toric manifoldX of dimension 2n, there is a canonical short
exact sequence of (C�)n-bundles

0! C

m�n
!

m
M

iD1

L i ! T X ! 0,

where L i ’s are complex line bundles. (see [2, Theorem 6.1]). Theorems 1.1 and 1.2
say that the short exact sequence above does not split as (C

�)n-bundles unlessX is a
toric manifold.

2. Preliminaries

In this section, we review the quotient construction of topological toric manifolds
and the correspondence between topological toric manifolds and nonsingular complete
topological fans (see [2] for details).

A nonsingular complete topological fanis a pair1 D (6, �) such that
(1) 6 is an abstract simplicial complex on [m] D {1, : : : , m},
(2) � W [m] ! (C � Z)n is a function which satisfies the following:



INVARIANT STABLY COMPLEX STRUCTURES 797

(a) Let Re be the composition of two natural projections (C � Z)n
! C

n and
C

n
! R

n. We assign a cone

(

X

i2I

ai (ReÆ �)(i ) ai � 0

)

to each simplexI in 6. Then, we have a collection of cones inRn.
(i) Each pair of two cones does not overlap on their relative interiors. Namely,
the real part ReÆ � of � together with6 forms an ordinary fan.
(ii) The union of all cones coincides withRn. Namely, the fan is complete.

(b) The integer part of� together with6 forms a nonsingular multi-fan (see [4,
p. 249]).

It follows from (2a) that6 must be a simplicial (n� 1)-sphere withm vertices. If we
regard integersZ as a subset ofC �Z via a 7! (a, a) for a 2 Z, then any nonsingular
complete fan can be regarded as a special case of a nonsingular complete topological
fan. Conversely, if the image of� is contained in the diagonal subgroupZn of (C �
Z)n, then1 becomes a nonsingular complete fan.

We express�(i ) as�i D (�1
i ,: : : ,�n

i ) 2 (C�Z)n and� j
i D (b j

i C
p

�1c j
i ,v j

i ) 2 C�Z
for i D 1,:::,m and j D 1,:::,n. For a nonsingular complete topological fan1D (6,�),
we can construct a topological toric manifold as follows. Weset

U (I ) WD {(z1, : : : , zm) 2 Cm
j zi ¤ 0 for i � I }

for I 2 [m], and

U (6) WD
[

I26

U (I ).

We define a group homomorphism�
�i W C

�

! (C�)n by

(2.1) �

�i (hi ) WD (h
�

1
i

i , : : : , h
�

n
i

i ),

where

(2.2) h
�

j
i

i WD jhi j
b j

i C
p

�1c j
i

�

hi

jhi j

�

v

j
i

.

We define a group homomorphism�W (C�)m
! (C�)n by the component-wise multipli-

cation

�(h1, : : : , hm) WD
m
Y

iD1

�

�i (hi ).

Then, the homomorphism� is a surjective map. To see this, we consider the polar
coordinate ofC�

� R

>0 � S1 and the matrix representation of the differential of�
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at the unit of (C�)m. The matrix representation of the differential of� at the unit is
written as

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

�

b1
1 b1

2 � � � b1
m 0 0 � � � 0

b2
1 b2

2 � � � b2
m 0 0 � � � 0

...
...

. ..
...

...
...

.. .
...

bn
1 bn

2 � � � bn
m 0 0 � � � 0

c1
1 c1

2 � � � c1
m v

1
1 v

1
2 � � � v

1
m

c2
1 c2

2 � � � c2
m v

2
1 v

2
2 � � � v

2
m

...
...

. ..
...

...
...

.. .
...

cn
1 cn

2 � � � cn
m v

n
1 v

n
2 � � � v

n
m

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

.

It follows from the assumptions on1 that the square matrices (b j
i )i2I , jD1,:::,n and

(v j
i )i2I , jD1,:::,n are nonsingular for any (n�1)-dimensional simplexI 2 6. This implies

that the matrix above is of full-rank, and hence� is a submersion. Since (C�)n and
(C�)m are connected and commutative, it follows that� is a surjective homomorphism.

We note that the (C�)m-action onU (6) given by coordinatewise multiplications in-
duces the action of (C�)m

=ker� on the quotient spaceX(1) WD U (6)=ker�. Since� is
surjective, we can identify (C�)m

=ker� with (C�)n through�. HenceX(1) is equipped
with the (C�)n-action. One can show thatX(1) is a topological toric manifold (see [2,
Corollary 6.3]).

We shall remember the equivariant charts and transition functions of X(1) de-
scribed in [2] for later use. We set

R WD

��

b 0
c v

�

b, c 2 R, v 2 Z

�

.

We regard� j
i D (b j

i C
p

�1c j
i , v j

i ) as the following matrix:

�

j
i D

 

b j
i 0

c j
i v

j
i

!

2 R.

And we also regard�i as ann-tuple (�1
i , : : : , �n

i ) of elements inR. Let 6(n) denote
the set of (n�1)-dimensional simplices in6. For I 2 6(n), the dual{� I

i }i2I of {�i }i2I

is defined to be

(2.3) h�

I
h, �i i D Æ

i
h1,

whereÆ denotes the the Kronecker delta, andh , i is given by

h�, �i D
n
X

jD1

�

j
�

j
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for n-tuples� D (�1, : : : , �n) 2 Rn and � D (�1, : : : , �n) 2 Rn. The dual{� I
i }i2I of

{�i }i2I exists for all I 2 6(n) (see [2, Lemma 2.4]). The equivariant charts are given
as follows. For� D (�1, : : : , �n) 2 Rn, we define a representation�� W (C�)n

! C

� by

�

�(g1, : : : , gn) WD
n
Y

jD1

g�
j

j ,

where we regard each� j
2R as an element inC�Z as well as� j

i . Let V(��) denote
the representation space of��. For I 2 6(n), the equivariant chart'I W U (I )=ker�!
L

i2I V(��
I
i ) is defined by

'I ([z1, : : : , zm]) WD

0

�

m
Y

jD1

z
h�

I
i ,� j i

j

1

A

i2I

,

where [z1, : : : , zm] denotes the equivalence class of (z1, : : : , zm) 2 U (6). The collection
{

'I W U (I )=ker� !
L

i2I V(��
I
i )

}

I26(n) is an equivariant coordinate system ofX(1).
The i -th component of'I is given as

wi WD

m
Y

jD1

z
h�

I
i ,� j i

j .

An omniorientationof a topological toric manifoldX is a choice of orientations of
normal bundles ofcharacteristicsubmanifolds ofX. Here, a characteristic submanifold
of X is a connected (C�)n-invariant submanifold of codimension 2. Since the action of
(C�)n on X locally looks like a smooth faithful representation of (C

�)n, characteristic
submanifold is point-wise fixed by aC�-subgroup of (C�)n. By the construction of
X(1), � allows us to decide an omniorientation ofX(1) as follows. Letq W U (6) !
X(1)D U (6)=ker� be the quotient map. The preimage of a characteristic submanifold
of X(1) by q is a (C�)m-invariant submanifold of codimension 2. Hence there arem
characteristic submanifolds

(2.4) Xi WD {[z1, : : : , zm] 2 X(1) j zi D 0}, i D 1, : : : , m,

where [z1, : : : , zm] denotes the equivalence class of (z1, : : : , zm) 2 U (6). It is easy to see
that each characteristic submanifoldXi is point-wise fixed by theC�-subgroup�

�i (C
�) of

(C�)n. We choose the orientation of the normal bundle ofXi so that (� , (�
�i (
p

�1))
�

(� ))

is a positive basis, where� is a nonzero normal vector at a point inXi and (�
�i (
p

�1))
�

is the differential of the action�
�i (
p

�1).
The correspondence1 7! X(1) is bijective between nonsingular complete topo-

logical fans and omnioriented topological toric manifolds(see [2, Theorem 8.1]). We
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shall see the inverse correspondence. For a topological toric manifold X of dimen-
sion 2n with an omniorientation, let us denote characteristic submanifolds of X by
X1, : : : , Xm. Define

6 D

(

I 2 [m]
\

i2I

Xi ¤ ;

)

.

For an orientation on normal bundle ofXi , we can find a unique complex structureJi

such that
• the orientation coincides with the orientation which comesfrom Ji ,
• theC�-subgroup of (C�)n which fixes each point ofXi acts on the normal bundle
asC-linear with respect toJi .
For Ji , we can find a unique�i 2 (C � Z)n such that

(�
�i (h))

�

(� ) D h�

for any normal vector� and h 2 C�, where the right hand side is the multiplication
with complex number. For an omniorientation ofX, define � W [m] ! (C � Z)n as
�(i ) WD �i . Then, the pair1(X) D (6, �) becomes a nonsingular complete topological
fan and the correspondenceX 7! 1(X) is the inverse correspondence of1 7! X(1).
Namely, there exists an equivariant diffeomorphismX ! X(1(X)) which preserves the
omniorientations.

The transition functions ofX(1) are given as follows. LetK be another element
in 6

(n). By direct computation,k-component of'K ('�1
I (wi )i2I ) for k 2 K is given as

(2.5)
Y

i2I

w

h�

K
k ,�i i

i

(see [2, Lemma 5.2]). We remark that

�

� Nw j

 

Y

i2I

w

h�

K
k ,�i i

i

!

D 0

if and only if h�K
k , � j i D 


K
k, j 1 for some integer
 K

k, j (see (2.2)). This implies that all

transition functions are holomorphic if and only if there isan integer
 K
k, j such that

h�

K
k , �i i D 


K
k, j 1 for all i 2 [m], k 2 K and K 2 6

(n). In this case, each transition
function is a Laurent monomial and henceX(1) is weakly equivariantly diffeomorphic
to a toric manifold.

3. Proof of Theorem 1.1

Let X be a 2n-dimensional topological toric manifold,T X the tangent bundle of
X, J a (C�)n-invariant complex structure onT X�R2l . We take an omniorientation of
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X and consider the topological fan1 D (6,�) associated toX D X(1) with the given
omniorientation. We define a cross sectioneh W X ! R

2l
D X � R

2l for h D 1, : : : , 2l
by x 7! (x, eh) for all x 2 X, whereeh denotes theh-th standard basis vector ofR2l .
We will compute the matrix representation of the complex structure J on T X � R

2l

with respect to the local coordinates. And we will see that the vector subbundleT X
of T X � R

2l is stable underJ. There is a natural inclusion (C�)n
,! X given by

g 7! g � [1, : : : , 1] where [1,: : : , 1] denotes the equivalence class of (1,: : : , 1) in U (6).
For I 2 6(n), the inclusion is of the form

(3.1)
M

i2I

�

�

I
i
W g D (g j ) jD1,:::,n 7! (��

I
i (g))i2I

via the equivariant local chart'I W UI =ker�!
L

i2I V(��
I
i ). We identify

L

i2I V(��
I
i )

with R

2n by

(3.2) wi D xi C
p

�1yi

for i 2 I , where (wi )i2I denote the coordinates of
L

i2I V(��
I
i ). We also identify (C�)n

with (R � R=2�Z)n by

(3.3)  W (g j ) jD1,:::,n 7!

�

logjg j j, �
p

�1 log

�

g j

jg j j

��

jD1,:::,n

.

Let (� j , � j ) jD1,:::,n be the coordinates of (R�R=2�Z)n. Since J is (C�)n-invariant, the
matrix representation, denotedJ0, of J on (R � R=2�Z)n with respect to the coordi-
nates (� j , � j ) jD1,:::,n and sectionseh’s is constant.

Let 9I W (R2
n{0})n

! (R�R=2�Z)n be the composition of the identification (3.2),
the inverse of (3.1), and . Namely,

(3.4) 9I ((xi , yi )i2I ) WD  Æ

 

M

i2I

�

�

I
i

!

�1

((xi C
p

�1yi )i2I ).

Since
�

L

i2I �
�

I
i
�

�1
coincides with

Q

i2I ��i (see [2, Lemma 2.3]), it follows from (2.1)
and (2.2) that the coordinates (� j , � j ) jD1,:::,n are represented as

� j D log

 

Y

i2I

j(xi C
p

�1yi )
�

j
i
j

!

D

1

2

X

i2I

b j
i log(x2

i C y2
i )
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and

� j D �

p

�1 log

 

Y

i2I

(xi C
p

�1yi )�
j
i

j(xi C
p

�1yi )�
j
i
j

!

D �

p

�1 log

0

�

Y

i2I

jxi C
p

�1yi j

p

�1c j
i

 

xi C
p

�1yi

jxi C
p

�1yi j

!

v

j
i

1

A

D

X

i2I

 

c j
i C

p

�1v j
i

2
log(x2

i C y2
i ) �

p

�1v j
i log(xi C

p

�1yi )

!

.

Then, by direct computation, we have

�� j

�xi
D

b j
i xi

x2
i C y2

i

,
�� j

�yi
D

b j
i yi

x2
i C y2

i

,

�� j

�xi
D

(c j
i C

p

�1v j
i )xi

x2
i C y2

i

�

p

�1v j
i

1

xi C
p

�1yi

D

c j
i xi � v

j
i yi

x2
i C y2

i

and

�� j

�yi
D

(c j
i C

p

�1v j
i )yi

x2
i C y2

i

C v

j
i

1

xi C
p

�1yi

D

c j
i yi C v

j
i xi

x2
i C y2

i

.

Therefore,

0

B

B

�

�� j

�xi

�� j

�yi

�� j

�xi

�� j

�yi

1

C

C

A

D

 

b j
i 0

c j
i v

j
i

!

0

B

B

�

xi

x2
i C y2

i

yi

x2
i C y2

i

�yi

x2
i C y2

i

xi

x2
i C y2

i

1

C

C

A

D �

j
i ti ,

where

ti D
1

x2
i C y2

i

�

xi yi

�yi xi

�

2 GL(2,R).

We set two square matrices

B D (� j
i ) jD1,:::,n, i2I and T D diag(ti I i 2 I )

of size n whose entries are square matrices of size 2. Then, the differential T(x,y)9I

of 9I at (x, y) is represented asBT with respect to the coordinates (xi , yi )i2I and
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(� j , � j ) jD1,:::,n. Hence the complex structureJ of T X � R

2l is represented on
L

i2I V(��
I
i ) D R

2n as the following square matrix

(3.5) JI WD

�

(BT)�1

I2l

�

J0

�

BT
I2l

�

of size 2n C 2l with respect to the coordinates (xi , yi )i2I and sectionseh, where I2l

denote the identity matrix of size 2l . We set

J0 DW

�

J11 J12

J21 J22

�

where J11, J12, J21, J22 are matrices of 2n � 2n, 2n � 2l , 2l � 2n, 2l � 2l , respectively.
Then,

(3.6) JI D

�

T�1(B�1J11B)T T�1B�1J12

J21BT J22

�

.

Since J is a smooth cross section of the vector bundle (T X�R2l )� (T X�R2l )� ! X
where (T X� R

2l )� is the dual vector bundle ofT X� R

2l , each entry ofJI must be
a smooth function onR2n, in particular, at the origin. By the definitions ofB and
T , each entry ofJ21BT is a linear combination ofxi =(x2

i C y2
i ) and yi =(x2

i C y2
i ),

i D 1, : : : , n. Hence each entry ofJ21BT must be 0. OtherwiseJI can not be defined
at the origin. It follows fromJ21BT D 0 that the tangent space at any point ofX is
stable underJ. Thus,T X is a complex subbundle ofT X�R2l with respect toJ. The
theorem is proved.

4. Proof of Theorem 1.2

Let X be a topological toric manifold of dimension 2n with a (C�)n-invariant al-
most complex structureJ. Then, each characteristic submanifold ofX becomes an
almost complex submanifold. In fact, a characteristic submanifold Xi is a connected
component of the fixed points of aC�-subgroupGi of (C�)n. The tangent spaceTx X
at a pointx 2 Xi of X is a complex representation space of theC�-subgroup. The vec-
tor subspace ofTx X fixed by Gi coincides with the tangent spaceTx Xi at the point
x 2 Xi of the characteristic submanifoldXi . Thus Tx Xi is a complex subspace ofTx X
with respect toJ.

Since any characteristic submanifold ofX and X itself are almost complex sub-
manifolds, the normal bundles of characteristic submanifolds of X become complex
line bundles. Hence, we have a topological fan1 D (6, �) associated toX. Namely,
for each characteristic submanifoldXi of X, we choose the unique�i 2 (C � Z)n so
that �

�i (C
�) fixes all points inXi , and

(�
�i (h))

�

(� ) D h�
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for any h 2 C� and any normal vector� of Xi .
According to the proof of Theorem 1.1, we identify the dense orbit with (R �

R=2�Z)n and
L

i2I V(��
I
i ) with R

2n for I 2 6(n). Since J is (C�)n-invariant, the
matrix representation, denotedJ0, of J on (R � R=2�Z)n with respect to the coor-
dinate (� j , � j ) jD1,:::,n of (R � R=2�Z)n is constant. Let us remind9I W (R2

n {0})n
!

(R � R=2�Z)n (see (3.4)). Then, the almost complex structureJ is represented on
L

i2I V(� I
i ) D R

2n as the following square matrix

(4.1) JI WD (BT)�1J0(BT) D T�1(B�1J0B)T

(this is the case whenl D 0 in (3.5) and (3.6)). SinceB and J0 are constant, each
entry of JI is a linear combination ofxhxi =(x2

i Cy2
i ), xhyi =(x2

i Cy2
i ) and yhyi =(x2

i Cy2
i ),

h, i 2 I .

Lemma. Let g and h be homogeneous polynomial functions onR

n. Assume that
g and h have the same degrees. Then, the rational function fD g=h is a smooth
function onRn if and only if f is constant.

Proof. The “if” part is obvious. We shall show the “only if” part. Let l W R! R

n

be any linear map. Iff is a smooth function onRn, the compositionf Æ l is also a
smooth function onR. Moreover, the compositionf Æ l W R! R is also a homogeneous
polynomial function. Thus,f Æl is a constant function. Sincef Æl is constant for anyl ,
it follows that all partial derivatives off at the origin vanish. Thereforef is constant.
The lemma is proved.

It follows from the lemma above thatJI must be constant. We will think ofC�

as a subgroup of GL(2,R) via the injective homomorphism defined by

aC
p

�1b 7!

�

a �b
b a

�

, a, b 2 R and a2
C b2

¤ 0.

Accordingly, we will think of (C�)n as a subgroup of GL(2n,R), that is, each element
in (C�)n will be regarded as a square matrix of size 2n whose entries are real numbers.
Since JI D T�1(B�1J0B)T by (4.1), T�1(B�1J0B)T is also constant. SinceT can
take any element, in particular the unit, in (C

�)n, JI D B�1J0B. So T�1JI T D JI ,
that is, JI and T commute. SinceJI and T commute andT can take any element in
(C�)n

� GL(2n, R), JI should be a matrix of the form

(4.2) JI D diag(Ji I i 2 I )

where Ji is a square matrix of size 2 and of the form

�

a �b
b a

�

2 C

�

� GL(2,R), a, b 2 R.



INVARIANT STABLY COMPLEX STRUCTURES 805

Moreover, J2
I is the minus identity matrix becauseJI is the matrix representing the

almost complex structureJ. It follows from J2
I D �1 and JI 2 (C�)n that JI must be

of the form
0

B

B

B

B

B

B

�

si1

�

0 �1
1 0

�

.. .

sin

�

0 �1
1 0

�

1

C

C

C

C

C

C

A

,

wheresi1, : : : , sin D �1 and{i1, : : : , in} D I . We recall that each�i is taken so that

(� , (�
�i (
p

�1))
�

(� )) is a positive basis for any nonzero normal vector� of Xi . We will
see thatsi1, : : : , sin are equal to 1 from the choice of�i1, : : : �in . It follows from (2.4)
and the definition of'I that the characteristic submanifoldXi for i 2 I is represented
as the set

(

(wh)h2I 2
M

h2I

V(��
I
h ) wi D 0

)

on U (I )=ker�. For any pointp 2 Xi \U (I )=ker�,

 

�

�

�xi

�

p

, si

�

�

�yi

�

p

!

is a positive basis of the normal vector space atp 2 Xi because we chose the orien-
tation of the normal bundle ofXi to be compatible with the almost complex structure
J. However, it follows from a direct computation,

(�
�i (
p

�1))
�

 

�

�

�xi

�

p

!

D

�

�

�yi

�

p

.

Thus, we havesi D 1 for all i 2 I and hence we have

JI D

0

B

B

B

B

B

B

�

�

0 �1
1 0

�

...
�

0 �1
1 0

�

1

C

C

C

C

C

C

A

.

Clearly, the complex structureJI on R2n comes from the identification (3.2). There-
fore, J is integrable and the local chart'I W UI =ker�!

L

i2I V(��
I
i ) is a holomorphic

chart for all I 2 6(n). This implies that for another simplexK 2 6

(n), k-component
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of 'K ('�1
I (wi )i2I ) given as (2.5) fork 2 K must be holomorphic. Thus, the transition

functions must be Laurent monomials as remarked at the end ofSection 2 and hence
X(1) is weakly equivariantly isomorphic to a toric manifold. The theorem is proved.
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