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Abstract
We show that any@*)"-invariant stably complex structure on a topological toric
manifold of dimension 2 is integrable. We also show that such a manifold is weakly
(C*)"-equivariantly isomorphic to a toric manifold.

1. Introduction

A toric manifoldis a nonsingular complete toric variety. As a topologicahlague
of a toric manifold, the notion ofopological toric manifoldhas been introduced by the
author, Y. Fukukawa and M. Masuda [2]. A topological toric niald of dimension
2n is a smooth closed manifold endowed with an effecti@é)(-action having an open
dense orbit, and locally equivariantly diffeomorphic tsmoothrepresentation space of
(C*)". We note that a topological toric manifold is locally equieatly diffeomorphic
to an algebraic representation space if and only if it is a toric manifold.

A quasitoric manifoldintroduced by M. Davis and T. Januskiewicz [1] of dimen-
sion M is a smooth closed manifold endowed with a locally stande&8f"{action,
whose orbit space is a simple polytope. In [2], it is showrt #ray quasitoric manifold
is a topological toric manifold with the restricted compéaatus action. Conversely, it
is also shown that any topological toric manifold of dimemsiess than or equal to 6
with the restricted compact torus action is a quasitoric ifolkth However, there are in-
finitely many topological toric manifolds with the restect compact torus action which
are not equivariantly diffeomorphic to any quasitoric nfialai.

Among quasitoric manifolds, some admit invariant almoshptex structures under
the compact torus actions. M. Masuda provided examples ofmémiional quasi-
toric manifolds which admit $')?-invariant almost complex structures (see [4, The-
orem 5.1]). A. Kustarev described a necessary and sufficiendition for a quasitoric
manifold to admit a torus invariant almost complex struetdior arbitrary dimension
(see [3, Theorem 1]).

As we mentioned, any quasitoric manifold is a topologicaictananifold with the
restricted compact torus action. In this paper, we discus$0J5)"-invariant stably, or
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almost complex structures on topological toric manifoldslionension 2. The follow-
ings are our results:

Theorem 1.1. Let X be a topological toric manifold of dimensi@n. LetR? be
the product bundle of ranRl over X, T X the tangent bundle of X. If there exists a
(C*)M-invariant stably complex structure J on T@XR?, then T X becomes a complex
subbundle of T Xp R?. Namely X has an invariant almost complex structure.

Theorem 1.2. Let X be a topological toric manifold of dimensiain, J a
(C*)"-invariant almost complex structure. Thed is integrable and X is weakly equiv-
ariantly isomorphic to a toric manifold. Namelyhere are a toric manifold Y a bi-
holomorphism f X — Y and a smooth automorphism of (C*)" such that fog =
p(Q)- f for all g € (C*)".

If we replace the condition @*)"-invariant” by “(S')"-invariant” on the almost
complex structured, then Theorem 1.2 does not hold. For exame?? # C P? #
CP? with an effective 8')?-action is a topological toric manifold with the restricted
(Sh?-action. One can show that there exists 8h)3-invariant almost complex structure
on CP2#CP?#CP? (see [4, Theorem 5.1]). Howevet,P? #C P? #CP? carries no
complex structure becausgP? # CP? # CP? does not fit Kodaira’s classification of
complex surfaces. Namely, the almost complex structureotsimegrable.

For a topological toric manifoldX of dimension B, there is a canonical short
exact sequence ofC()"-bundles

m
0->C™" > PL ->TXx-0,
i=1

where Li’'s are complex line bundles. (see [2, Theorem 6.1]). Theerdm and 1.2
say that the short exact sequence above does not splE“g8-fundles unles is a
toric manifold.

2. Preliminaries

In this section, we review the quotient construction of togaal toric manifolds
and the correspondence between topological toric masifaltd nonsingular complete
topological fans (see [2] for details).

A nonsingular complete topological fas a pairA = (2, 8) such that
(1) X is an abstract simplicial complex om[ = {1,..., m},

(2) B:[m] — (C x zZ)" is a function which satisfies the following:
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(a) Let Re be the composition of two natural projectiods X Z)" — C" and
C" — R". We assign a cone
q = 0}

{E:amRBOﬂXD
i€l
to each simplexd in X. Then, we have a collection of cones Y.
(i) Each pair of two cones does not overlap on their relatiteriors. Namely,
the real part Re g of B together with: forms an ordinary fan.
(i) The union of all cones coincides witR". Namely, the fan is complete.
(b) The integer part o8 together withX forms a nonsingular multi-fan (see [4,
p. 249]).
It follows from (2a) thatX must be a simplicial {— 1)-sphere withm vertices. If we
regard integer?Z as a subset o€ x Z via a+> (a, a) for a € Z, then any nonsingular
complete fan can be regarded as a special case of a nonsitgufglete topological
fan. Conversely, if the image o8 is contained in the diagonal subgro@? of (C x
Z)", then A becomes a nonsingular complete fan.
We expres$(i) asfi = (BL,...,8") € (CxZ)" and B! = (b! + v=1c/ ,v)) eCxZ
fori =1,....mandj =1,...,n. For a nonsingular complete topological fan= (%, ),
we can construct a topological toric manifold as follows. ¥ég

U():=1{(z1,...,zZn) € C™ |z #0 fori ¢ I}

for I € [m], and

uE):=JuW.

lex

We define a group homomorphisky, : C* — (C*)" by

(2.1) )"ﬂi(hi):z (hiﬂi"”,hfi)’
where
i
: i i/ h \Y
22) = e ()
I

We define a group homomorphisin (C*)™ — (C*)" by the component-wise multipli-
cation

My, o ) =] s ().
i=1

Then, the homomorphism is a surjective map. To see this, we consider the polar
coordinate ofC* =~ R.o x St and the matrix representation of the differential jof
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at the unit of C*)™. The matrix representation of the differential bfat the unit is
written as

1 1 1
bl bl ... bL 0 O --- O
2 2 2
b2 b2 -~ b4 0 0 --- 0
n n n
bY by - bBY 0 O --- O
CJJ: C% P CTJT-"I U::II: v% R UTJT-'I
C% Cg Cﬁ'l v% v% e vr%l
C? Cg “ e Cr?l U:T US ce e UR'I

that the matrix above is of full-rank, and henzeis a submersion. SinceC()" and
(C*)™ are connected and commutative, it follows thais a surjective homomorphism.

We note that the@*)™-action onU (X) given by coordinatewise multiplications in-
duces the action of@*)™/kerA on the quotient spac¥(A) := U(X)/keri. Sincex is
surjective, we can identify@*)™/kerx with (C*)" throughi. HenceX(A) is equipped
with the (C*)"-action. One can show tha{(A) is a topological toric manifold (see [2,
Corollary 6.3]).

We shall remember the equivariant charts and transitiorctioms of X(A) de-
scribed in [2] for later use. We set

R = {(b O)b,ce]R, veZ}.
c v

We regard,Bij = (bij +V —1o|j, vij) as the following matrix:

g _ b 0 cn
I NV A '
] 1

And we also regargs; as ann-tuple B, ..., ") of elements inR. Let =™ denote
the set of (i —1)-dimensional simplices ifx. For | € ¥, the dual{a/ }ic| of {Bi}iel
is defined to be

(2.3) (ah, Bi) = 811,

whered denotes the the Kronecker delta, ahd ) is given by

(@, B) =) B
j=1
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for n-tuplesa = (a!,...,a") e R" and B = (B, ..., B") € R". The dual{q/}ici of
{Bi}iel exists for alll € ©™ (see [2, Lemma 2.4]). The equivariant charts are given
as follows. Fora = (al,...,a") € R", we define a representatigyf': (C*)" — C* by

n
X o) =[]y,
j=1

where we regard eaahl € R as an element i€ xZ as well as,Bij. Let V(x*) denote
the representation space gf. For | € £, the equivariant charg, : U(1)/kerar —
@i, V(x*) is defined by

o1 (21, ..., Zm]) == l_[ Zﬁa'vﬂj)) ,
=1

i€l

where |, ..., zn] denotes the equivalence class af,(.., zn) € U(Z). The collection
{(p| cU(l)/kera — @ V(X“i')}lez(n) is an equivariant coordinate system X{A).
Thei-th component ofp, is given as

m
I g
wi 1= l_[ Z?a‘ A,
j=1

An omniorientationof a topological toric manifoldX is a choice of orientations of
normal bundles otharacteristicsubmanifolds ofX. Here, a characteristic submanifold
of X is a connected@*)"-invariant submanifold of codimension 2. Since the actién o
(C*)" on X locally looks like a smooth faithful representation @*(", characteristic
submanifold is point-wise fixed by &*-subgroup of C*)". By the construction of
X(A), B allows us to decide an omniorientation ®{A) as follows. Letq: U(X) —
X(A) = U(X)/kerx be the quotient map. The preimage of a characteristic suifotthn
of X(A) by q is a (C*)™invariant submanifold of codimension 2. Hence there rare
characteristic submanifolds

(2.4) Xi:={[z1,...,Zm] € X(A) |z =0}, i=1,...,m,

where [, ..., Zn] denotes the equivalence class f,(..,zy) € U(X). Itis easy to see
that each characteristic submanifofglis point-wise fixed by th€*-subgrouprg (C*) of
(C*)". We choose the orientation of the normal bundleXpfso that £, (1, (v—1)).(£))
is a positive basis, whergis a nonzero normal vector at a pointXa and Q\ﬁi(\/—_l))*
is the differential of the action, (v/—1).

The correspondenca — X(A) is bijective between nonsingular complete topo-
logical fans and omnioriented topological toric manifol@gee [2, Theorem 8.1]). We
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shall see the inverse correspondence. For a topological meanifold X of dimen-
sion Zh with an omniorientation, let us denote characteristic saifolds of X by
X1, ..., Xm. Define

T = {I e[ml | ()X #0}.

iel

For an orientation on normal bundle &, we can find a unique complex structude
such that

e the orientation coincides with the orientation which confresn J;,

e the C*-subgroup of C*)" which fixes each point oX; acts on the normal bundle
as C-linear with respect taJ;.

For J;, we can find a unique; € (C x Z)" such that

(g (M))«(§) = hg

for any normal vecto and h € C*, where the right hand side is the multiplication
with complex number. For an omniorientation of, define 8: [m] — (C x Z)" as
B(i) := Bi. Then, the pairA(X) = (X, B) becomes a nonsingular complete topological
fan and the correspondencéi— A(X) is the inverse correspondence &fi— X(A).
Namely, there exists an equivariant diffeomorphi¥m— X(A(X)) which preserves the
omniorientations.

The transition functions oX(A) are given as follows. LeK be another element
in =M. By direct computationk-component ofpk (¢ H(wi)ier) for k € K is given as

(2.5) 1w
i€l
(see [2, Lemma 5.2]). We remark that
9 (el )
= w; =0
Bwj (II;[ :

if and only if (o, Bj) = 11 for some integen,; (see (2.2)). This implies that all
transition functions are holomorphic if and only if there dsa integeryk*fj such that
(@, B) = y&51foralli e [m], ke K andK € £™. In this case, each transition
function is a Laurent monomial and henXgA) is weakly equivariantly diffeomorphic
to a toric manifold.

3. Proof of Theorem 1.1

Let X be a 2-dimensional topological toric manifoldl X the tangent bundle of
X, J a (C*)"-invariant complex structure ofi X ® R?. We take an omniorientation of
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X and consider the topological fat = (X, 8) associated toX = X(A) with the given
omniorientation. We define a cross sectign X — R? = X xR? forh=1,...,2
by x — (x, &) for all x € X, wheree, denotes theh-th standard basis vector @?.
We will compute the matrix representation of the complexictre J on T X @ R?
with respect to the local coordinates. And we will see tha Yector subbundld X
of TX @ R? is stable underJ. There is a natural inclusionC¢)" — X given by
g+ g-[1,...,1] where [1,.., 1] denotes the equivalence class of.(1, 1) in U(Z).
For | € ™, the inclusion is of the form

(3.2) D x 9 =910 = (X (@icl

i€l

via the equivariant local chat, : U, /kera — @, V(x*'). We identify .., V(x*')
with R?" by

(3.2) wi =X + /1y,

fori €1, where ;)i denote the coordinates ép;, V(X“i'). We also identify C*)"
with (R x R/27Z)" by

(3.3) Vi (9))j=1..n > (Ioglng, —v—1log (&)) :
|g]| j:]_ _____ n
Let (zj,0j)j=1....n be the coordinates ofR(x R/27Z)". SinceJ is (C*)"-invariant, the

matrix representation, denotely, of J on (R x R/27Z)" with respect to the coordi-
nates ¢, 0j)j=1...n and sectiong,’s is constant.

Let ¥, : (R?\ {0})" — (R xR/27Z)" be the composition of the identification (3.2),
the inverse of (3.1), angr. Namely,

-1
(3.4) Wi (%, Yi)ier) == o (@ X“‘I) (% + V=Ly)ier).

i€l

Since (., x*) " coincides with[];., 44 (see [2, Lemma 2.3]), it follows from (2.1)
and (2.2) that the coordinates;(6;);-1,..n are represented as

Tj = |09<]_[|(xi + =1y I)
iel

1 .
=3 > bl log(x? + y?)

iel
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and

(O + v—1y)#!
6 = —v/-1 Iog( —J)
J 1_.[ 6 + =Ty |

IXi + v/—=1yil

iel

= —J—_llog(nlxi + /Ly |V < X + /-1y, ) i)

i€l

=> <@ log(x? + y?) — v/—1v] log(x; + v/—1y; )).

Then, by direct computation, we have

0T bij Xi 0T bijyi

ox Xy oy Ry
96, _ (¢ +V=Tv)x N=r I

X Xiz + yi2 i Xi + /—1y;
_clx — vy,
X+ V¢
and
00 _ @ +v=Tohy 1
i X7+ V7 "X+ V/—1y,
Xt + Y7
Therefore,
arj 37.’] Xi Vi
aXi Vi B blJ O Xi2 i yi2 Xi2 + yi2 B ‘Bjt'
30; a0, |\ o —Vi Xi — A
X Ay, X+ Y
where
1 . :
t = ﬁ( Xy ) € GL(2,R).
X+ Y2\ -y X

We set two square matrices
B=(8))j—1..nic and T =diagt:icl)

of size n whose entries are square matrices of size 2. Then, the efiffaf T, ),
of W, at (x, y) is represented a8T with respect to the coordinates;(V;)ic; and
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(tj, 0j)j=1,..n. Hence the complex structurd of TX & R? is represented on
D V(X“i') = R?" as the following square matrix

(O ()
2l 2l

of size 2 + 2| with respect to the coordinates;(y;)ic; and sectionse,, where Iy
denote the identity matrix of sizel 2We set

o = ( Ji1 312)
J1 J
where Ji1, Ji2, Jo1, Joo are matrices of @x 2n, 2nx 21, 21 x 2n, 2 x 2|, respectively.
Then,

(3 6) J = (Tl(BlJllB)T TlBlle)

J1BT N Y]

Since J is a smooth cross section of the vector bundieX@R?) & (T X dR?)* — X
where T X @ R?)* is the dual vector bundle of X @ R?, each entry of), must be
a smooth function orR?", in particular, at the origin. By the definitions & and
T, each entry ofJ,1BT is a linear combination ok /(x? + y2) and yi/(x? + y?),
i =1,...,n. Hence each entry od,;BT must be 0. Otherwisd, can not be defined
at the origin. It follows fromJ,;BT = 0 that the tangent space at any point Xfis
stable underd. Thus, T X is a complex subbundle of X ®R? with respect toJ. The
theorem is proved. []

4. Proof of Theorem 1.2

Let X be a topological toric manifold of dimensiom 2vith a (C*)"-invariant al-
most complex structure). Then, each characteristic submanifold X¥f becomes an
almost complex submanifold. In fact, a characteristic saibifold X; is a connected
component of the fixed points of @*-subgroupG; of (C*)". The tangent spacé X
at a pointx € X; of X is a complex representation space of @esubgroup. The vec-
tor subspace offy X fixed by G; coincides with the tangent spadgX; at the point
x € X; of the characteristic submanifold;. Thus T X; is a complex subspace d% X
with respect toJ.

Since any characteristic submanifold ®f and X itself are almost complex sub-
manifolds, the normal bundles of characteristic submésfof X become complex
line bundles. Hence, we have a topological fan= (X2, 8) associated toX. Namely,
for each characteristic submanifold of X, we choose the uniqug; € (C x Z)" so
that Ag (C*) fixes all points inX;, and

(A4 (M)« (§) = hg
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for any h € C* and any normal vectof of X;.

According to the proof of Theorem 1.1, we identify the densbitowith (R x
R/27Z)" and @, V(x*) with R™ for | € =™, Since J is (C*)invariant, the
matrix representation, denotefy, of J on R x R/27xZ)" with respect to the coor-
dinate j, 6;)j—1,..n Of (R xR/27Z)" is constant. Let us reming, : (R?\ {O)" —
(R x R/27Z)" (see (3.4)). Then, the almost complex structurds represented on
@Dic, V(o)) =R as the following square matrix

(4.1) J = (BT)L3(BT) = T YB1JB)T

(this is the case wheh = 0 in (3.5) and (3.6)). Sincd8 and J, are constant, each
entry of J is a linear combination oknX; /(X2 +Y2), XnVi /(X34 y?) and ynyi /(X2 + y?),
h,iel.

Lemma. Let g and h be homogeneous polynomial function®8n Assume that
g and h have the same degrees. Th#me rational function f= g/h is a smooth
function onR" if and only if f is constant.

Proof. The “if” part is obvious. We shall show the “only if” galLetl: R — R"
be any linear map. Iff is a smooth function oR", the compositionf ol is also a
smooth function orR. Moreover, the compositiori ol: R — R is also a homogeneous
polynomial function. Thusf ol is a constant function. Sincéol is constant for any,
it follows that all partial derivatives off at the origin vanish. Thereforé is constant.
The lemma is proved. ]

It follows from the lemma above thal, must be constant. We will think o€*
as a subgroup of GL(R) via the injective homomorphism defined by

a++v—-1b+— (2 _ab), a,beR anda?+ b? # 0.

Accordingly, we will think of (C*)" as a subgroup of GL(ZR), that is, each element
in (C*)" will be regarded as a square matrix of size\#hose entries are real numbers.
Since J; = T Y(B1JB)T by (4.1), T"X(B1JB)T is also constant. Sinc& can
take any element, in particular the unit, i€%", J; = B1J}B. So T3, T = J,
that is, J; and T commute. Sincel; and T commute andl can take any element in
(C*" c GL(2n, R), J, should be a matrix of the form

(4.2) J = diag@:i € 1)

where J; is a square matrix of size 2 and of the form

a —-b N
(b a)ec Cc GL(2,R), a,beR.
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Moreover, J|2 is the minus identity matrix becausg is the matrix representing the
almost complex structurd. It follows from J,2 = —1 and J, € (C*)" that J, must be

of the form
(0 -1
%\ 1 o
(0 -1
S\1 o
wheres,, ..., s, = £1 and{iy, ..., in} = |. We recall that eacls; is taken so that
(&, (g (V—1)).(8)) is a positive basis for any nonzero normal vecioof X;. We will
see thats,, ..., s, are equal to 1 from the choice @,, ... g;,. It follows from (2.4)

and the definition ofp, that the characteristic submanifoi} for i € | is represented

as the set
w; = O}
on U(l)/kerx. For any pointp € X; NU(l)/kerx,

()50,

is a positive basis of the normal vector spacepat X; because we chose the orien-
tation of the normal bundle oX; to be compatible with the almost complex structure
J. However, it follows from a direct computation,

o ((2))-(3),

Thus, we haves = 1 for all i € | and hence we have

Y

{(wh)hel e @ v

hel

0 -1
1 0
Clearly, the complex structurd, on R?" comes from the identification (3.2). There-

fore, J is integrable and the local chapi: U, /kerx — P, V(x“') is a holomorphic
chart for all| € =™, This implies that for another simpleK € £, k-component
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of goK((pl‘l(wi)ie.) given as (2.5) foik € K must be holomorphic. Thus, the transition
functions must be Laurent monomials as remarked at the erfecfion 2 and hence
X(A) is weakly equivariantly isomorphic to a toric manifold. &ltheorem is proved.
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