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Abstract
The aim of this paper is to give families of Pisot and Salemmelets 8 in
Fq((x*l)) with the curious property that thg-expansion of any rational series in
the unit diskD(0, 1) is purely periodic. In contrast, the only known famdy reals

with the last property are quadratic Pisot numbgrs 1 that satisfyg? =ng + 1
for some integen > 1.

1. Introduction

B-expansions of real numbers were introduced by A. Rényi.[82jce then, their
arithmetic, diophantine and ergodic properties have beaensively studied by sev-
eral authors.

Let B > 1 be a real number. Thg-expansion of a real numbere [0,1] is defined
as the sequencefi>1 with values in{0, 1,...,[B]} produced by the3-transformation
Tg: x — Bx (mod 1) as follows:

Xi

Vi1, x =[BTy *(x)], and thus x = R

i1

An expansion is finite if X;)j>1 is eventually 0. Ap-expansion is periodic if there
exists p > 1 andm > 1 such thatxx = Xx4p holds for allk > m; if xx = Xc4p holds
for all k > 1, then it is purely periodic. We denote Ber(8) the numbers in [0,1) with
periodic g-expansionsPur(g) the numbers in [0, 1) with purely periodjg-expansions
and Fin(B) the numbers in [0, 1) with finitgg-expansions.

Let Q(B) be the smallest fields containir@@ and 8. An easy argument shows that
Per(B) € Q(B) N[0, 1) for every real numbep > 1. K. Schmidt [15] showed that if
B is a Pisot number (an algebraic integer whose conjugates mdulus< 1), then
Per(8) = Q(8) N[0, 1).

The purely periodics-expansions are also discussed by S. Ito and H. Rao in [7]
when they characterize all reals in [0,1[ having purely @did g-expansions with Pisot
unit base. In [5], V. Berthé and A. Siegel completed the otter&zation in the Pisot
non unit base.
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Set
y(B) =supgc e [0, 1): Vr e Q N[O, c], dg(r) is purely periodig.

S. Akiyama has proved in [3] that i is a Pisot unit number satisfying the finiteness
property Fin(8) = Z[ 1] NR,), theny(B) > 0.

In the quadratic case, K. Schmidt [15] has proved that $atisfiedg? = ng + 1
for some integem > 1, theny(B8) = 1. Until now, it is the unique known family of
reals for whichy(8) = 1. In [1] the authors has proved that ff is not Pisot unit,
theny(B) = 0, they also showed that f§ is a cubic Pisot unit satisfying the finiteness
property such that the number fie@(B) is not totally real, then G y(8) < 1.

In this paper, we consider the analogue of this concept inatgebraic function
over finite fields. We will show that the condition Pisot urstnot necessary to have
y(B) > 0. Especially, we give a sufficient condition for the conjiggaof 8 to obtain

y(B) = 1.
2. B-expansions inFq((x71))

Let Fy be a finite field ofq elements,Fy[x] the ring of polynomials with co-
efficient in Fy, Fq(x) the field of rational functionsFq(x, 8) the minimal extension of
Fq containingx and 8 andFy[x, 8] the minimal ring containingc and B. Let Fq((x™1))
be the field of formal power series of the form:

|
f=Y fix fiek,

k=—o00
where
_ . |maxk: fy #0} for f #0;
| =degf := {—oo for f =0.

Define the absolute value

] = e’ for f #£0;
o for f =0.

Since| .| is not archimedean,. | fulfills the strict triangle inequality
|f +gl <max(f]|,|g]) and
If + 9l =max(f[,[g]) if [f|#]gl
Let f € Fq((x™1)), define the integer (polynomial) partf] = Z|k=0 fux¥ where the

empty sum, as usual, is defined to be zero. Therefbies[Fy[x] and (f —[f]) is in
the unit diskD(0, 1) for all f € Fq((x™1).
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Proposition 2.1 ([11]). Let K be complete field with respect fa non archime-
dean absolute valu¢.|) and L/K (K C L) be an algebraic extension of degree m.
Then|.| has a unique extension to L defined g = /[N (a)] and L is complete
with respect to this extension.

We apply Proposition 2.1 to algebraic extensionsFgf(x1)). Since Fq[x] C
Fq((x™1)), every algebraic element ovefy[X] can be evaluated. However, since
Fq((x™1)) is not algebraically closed and uch an element do not seciys expressed
as a power series ovar. For a full characterization of the algebraic closureFgfx],
we refer to Kedlaya [8].

An elementp = By € Fq((x™Y) is called a Pisot (resp. Salem) element if it is
an algebraic integer oveFy[x], || > 1 and |Bj| < 1 for all Galois conjugateg;
(resp.|Bj| = 1 and there exist at least one conjuggfesuch that|gc| = 1).

P. Bateman and A.L. Duquette [4] had characterized the RisdtSalem element
in Fo((x71)):

Theorem 2.1. Let B € Fq((x 1)) be an algebraic integer oveF,[x] and

Py)=y"— Ayt —---— Ay, A eFqx],

be its minimal polynomial. Then
(i) B is a Pisot element if and only ifA;| > max<i<n|Ail,
(i) B is a Salem element if and only |iA;| = max<i<n| Al

Let B, f € Fq((x™1)) with |8| > 1. A representation in bage (or B-representation)
of f is an infinite sequencel()i>1, d € Fy[x], such that

f = g_

i~1

A particular g-representation off is called theg-expansion off in basepg, noted
ds(f), which is obtained by using thg-transformationTs in the unit disk which is
given by Tg(f) = Bt —[Bf]. Thendg(f) = (a)i=1 whereg = [ﬁTg‘l(f)].

An equivalent definition of thgg-expansion can be obtained by a greedy algorithm.
This algorithm works as follows. Sey = f and letg; = [Bri_1], ri = Bri_1 — & for
all i > 1. The g-expansion off will be noted asds(f) = (a)i>1.

Note thatdg(f) is finite if and only if there is & > 0 such thafT*(f) = 0, ds(f)
is ultimately periodic if and only if there is some smallgst 0 (the pre-period length)
ands > 1 (the period length) for whict”"*(f) = T(f).

Now let f € Fq((x 1)) be an element withf| > 1. Then there is a uniqui € N
such that|g|* < | f| < |B|**1. Hence|f/8*1| < 1 and we can represerit by shifting
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ds(f/B%+1) by k digits to the left. Therefore, ifl;(f) = 0.d;0,03- - -, thends(Bf) =
dp.dods - - -.
If we haveds(f)=dd 1---do.d ;---dm, then we put deg(f)=1 and org(f)=m.
In the sequal, we will use the following notations:
Fin(B) = {f € Fq((x™): dg(f) is finite},
Per(B) = {f € Fq((x Y)): dg(f) is eventually periodig
Pur(g) = {f € ]Fq((xfl)) and|f| < 1: dg(f) is purely periodig.
REMARK 2.2. In contrast to the real case, there is no carry occuriiigen we

add two digits. Therefore, iz, w € Fq((x 1)), we haveds(z + w) = dg(2) + dg(w)
digitwise.

Theorem 2.2([6]). A B-representation(d;)j>1 is the g-expansion of f in the
unit disk if and only if|d;| < |B]| for j > 1.

In the fields of formal series case, on the one hand, K. Sceeid. Jellali and
M. Mkaouar [14] have studied the characterization of purelsiguc B-expansions in
the Pisot unit base. On the other hand, the following thesreme proved independ-
ently by Hbaib—Mkaouar and Scheicher.

Theorem 2.3([13]). p is Pisot or Salem element if and only if B8j = Fq(x,B).
Theorem 2.4([6]). p is Pisot or Salem element if and only if(d) is periodic.

In the papers [9] and [10], metric results are establishedl the relation to con-
tinued fractions is studied.

3. Results

By analogy with the real case, we define for egcluch that/g| > 1 the quantity
y(B) =supc € [0,1): VT eFqy(x) N D(O,c), dg(f) is purely periodig.

In order to prove thay/(8) > 0 if B is a Pisot or Salem unit series, we need to intro-
duce some basic notions: Lgtbe a Pisot or Salem unit series of minimal polynomial
BY+ Ag_1f" L+ .-+ Ao where Ay € Fg[x] for i e {1,..., d—1} and A € Fy. Let
B@,...,8@ be the conjugates gf and we denote by the vector conjugate gf given

B '3(2)
by g = < : ) For f =ro+r1B + 1282+ -+ rg_1p9 1 with r; € Fq(x), the j-th

@
conjugate off in Fq(x,B) is given by f) =rg+r180) +r(BW)2 4+ - - 4rg_q(B1))4-1,
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£

We definef, the vector conjugate of by f = ( ) and | || = sup—yql f®|.
o) ==

We begin with two lemmas which are essential for the devetynof the proof
of Theorem 3.3.

Lemma 3.1 (Lemma 1, 2) Let B be an algebraic unit of degree,iand M be a
positive number. Put

X(p) = {f e Fin(g): [f| =M, ords(f) = —p}.

Then

lim min || f]| = .
p—oo feX(p)

Proof. Assume that there exist a constdhtand an infinite sequencé (i =
1, 2,...) so that both

1fD)<B for j=2,3,...,d and limords(f}) = —o0
| =00

holds. Aspg is a unit, all fi are inFqy[x, g] and |fi| < M, then thesef;’s are finite.
On the other hand, by the hypothesis lig, ords(f;) = —oo, the set{f;, i > 1} is
infinite. This is absurd, which proves the lemma. O

Lemma 3.2. Let B be a Pisot or Salem unit series. Then there exists @ such
that for every series h iifq(x, p) satisfyingords(h) < —1, we have|h| > r.

Proof. According to Lemma 3.1, there existis> 0 such that for every series
f in Fq(x, B) satisfying |f| < 1 and org(f) < —s, we have|[f| > |8]. Putr =

Now, let h be a series irffq(x, 8) with ordg(h) < —1. Thenh = g5 g where
ords(g) < —s. Moreoverh can be written such that = 85 (g; +g2) where org(g:) >
0, ords(g) = ords(g) < —s and |gz| < 1. Sinceh = 5 (g1 + @),

(8@)=Yg? + o)

= | e + o)

B9y g + gt

As B is a Pisot or Salem series amd = Gy + €18 + - -+ + ¢q 18971 with ¢ € Fq[X]
and|c| < |B], we have

1971 = Ico + c1p@ + -+ + ca1 (B < 18],
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109 = lco + c1B® + - -+ + ca 1(B)* Y = 18],

169] = Jco + 1D + - + ca 1 (B < ).

Since org(gz) < —s and|g.| < 1, we have||g,| > [B]. Thus, there exist§ € {2,...,n}
with |89 > |8]. So g + gU*| > ||, which implies that|(8U?)s-1| |g{*) 4 g{i)| >
infjciz,a)|(89) 1|8 = r. Then we obtain|h|| > r. 0

Theorem 3.3. Let 8 be a Pisot or Salem unit series. Theiis) > 0.

Proof. We will show that there exists a positive constarduch that every ra-
tional f with |[f| < ¢ has a purely periodig-expansion. Letf € Fq(x, 8) N D(0, 1)
and assume thaf does not have a purely periodg-expansion. Sinces is a Pisot
or Salem series, we know tha(f) is periodic (by Theorem 2.3) and leh be the
length of the period. Sdg(f(8™—1)) is finite because thg-expansion is closed under
addition i.e.,

ds(F(B™ — 1)) = ds(fB™) — ds(f).

As dg(f) is not purely periodic, then ogds™f — f) < 0. By Lemma 3.2, there exists
r > 0 such that|gmf — f| >r.
Since B is a Pisot or Salem series, we hay&| > |B™f — f|| >r, with

BOMf@ — £@
BB — £O)
prf— 1= :

(Bym f id) — f@

However f € Fq(x), then for all j € {2,...,d}; |f0)| =|f| and for this, we conclude
that |[f| >r. ]

Theorem 3.4. Let B be a Pisot or Salem element y((x 1)) which has a con-
jugate B satisfying|B| < 1/|8|. Theny(B) = 1.

Proof. Assume thap is a Pisot or Salem series, by Theorem 2.3 we can de-
duce thatdg(f) is periodic. Let's suppose that does not have a purely periodic
p-expansion, sag(f) = 0.a1---ap8pr1- - aprs anda, # apys. Hence

_ apt1 Ap+s 1 a1 ap
f_E+...+ﬁp+w+.”+ﬁp+s+ﬁ(f _______ — ).
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Sinceay, ..., apys € Fy[x] and f e Fqy(x),
f=B 8% B, {i“’+s+~i(f—a—~1 ----- @).
B g Pt prrs  ps B pP
We get
1 1
f(l—T) =S B G +7(—a—3—---—ﬁ).
pe B pr - prtt BPrs B\ B BP
Therefore
f(gsm_gp):algs+pfl+...+ap+s_a”§pfl_..._ap_

Since|B| < 1/|4], then we get

|£118°] = |apss — apl-
So
[

_ >

IBIP

|ap+s — apl-
Sinceayys —ap # 0, | f| > [B|P. which is absurd because is in the unit disk. []

Proposition 3.1. If g is a Pisot or Salem series which has a conjugAteatis-
fying |A| < 1/|B], then B is unit.

Proof. Letpg be a Salem series of degreesatisfying g4 + Aq_ 1891+ --- +
A1p + Ag = 0 where A € Fy[x] (Ao # 0) and letp, = B, ..., s be the conjugates
of B. So

|Aol = |BB2- - - Bal.

If we have for examplép,| < 1/|B]|, so we get

| Aol < |Bs - Bal-
Therefore

|Bs| = |Ba] =---=[Bal =1 and |Ao| =1,
what gives thatAo € Fy. O

The “unit” condition is necessary in the Theorem 3.3. In fattthe non unit base,
we gety(B) = 0. For that we will give the following result in an analogougywto
the real case [3].
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Proposition 3.2. Let 8 be a series which is not a unit. Ther(g) = 0.

Proof. LetP(f)= A f"+ A_1f" 14+ ... 4+ Ay be the minimal polynomial of
B with A € Fg[x] for all i € {1,...,n} and Ag € Fg[x] \ Fy. Let f, = 1/ Ay with
n € N*, we will prove that f, does not have purely periodjg-expansion. We see

a1 a f
fn=E+"'+ﬁ+ﬁ

a ax 1 1
(G m ) )

o)z

So we havefn(1— %) = S o(~ai)B = (1— )/ A € Fqlx, B], then (1-pX)/A) =
Cno1B" "t + G272+ - + o With Cyoq, - . ., Co € Fq[X]. Consequently,
1—B* = A"(CooaB" t + -+ + o)
= (A" = A1 = = AB) (Cra BT -+ o).

As a result 1= B(z ' +- - -+ z0) and this contradicts the hypothesis tifats not unit.
O

Theorem 3.5. Let B8 be a quadratic Pisot unit series. Ther(B) = 1.

Proof. In this cases satisfiesp? + A + ¢ = 0, where|A| > 1 andc € Fg so,
the unique conjugate g8 is B such that

~ ) ~ 1
BB =c, which |B|= W

By Theorem 3.4, we obtain the result. O

REMARK 3.3. We remark that if8 is a Pisot or Salem not unit series thgrhas
not a conjugated such that|g| = 1/|8| and the quadratic case is the only case where
a Pisot unit serie® has a conjugatg such that|8| = 1/|8|.

However, if 8 is an algebraic integer of degree> 2 over Fq[x] and B, ..., Bq
their (d — 1) conjugates, then we haygp,- - - B4l = 1. If we suppose that for a certain
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i with 8] = 1/|8], then

[[a]=1
J#i

which is absurd becausg@i| < 1 for alli in {2,...,d}.

Theorem 3.6. Let 8 be a Salem unit satisfying? + Ag_18% t+---+ Ay +b =
0, where be F; and |Ay| = |Ag-a|. Theny(B) = 1.

Proof. Letp,, ..., By be thed — 1 conjugates of8 and let's note thapB; = 8,
so we have

Hﬂi‘=|b|=1.

1<i=d

This implies that there exists at least one conjugate of latesealue less than 1.
In the other hand we have:

|BL+ B2+ -+ Bal = IB] = |Ag-1].

By the symmetrical relations between the roots, we get

S BuBiu B = A

1<ii<ip<w-<ig_1=<d

So if we suppose thgt has more then 2 conjugates of absolute value lower to 1 and
the other of equal absolute value 1, then we obtain in thie ¢Agl < |8| which con-
tradicts the hypothesis th#g| = |Ag_1| = | A4l

Finally we conclude tha has a unique conjugatg such that|| < 1 and the
other conjugates of equal absolute value 1. [Bo= 1/|8| and by Theorem 3.4 every
rational series in the unit disk have a purely periodiexpansion. O

Corollary 3.7. Let 8 be a cubic Salem unit series. Theiis) = 1.

Proof. Letp be a cubic Salem unit series. In in this case the minimal motyial
of B is

P(y)=y*+ Ay’ + Aty +b where beF,

and by Theorem 2.1, we hayé,| = |A;|. According to Theorem 3.4, we deduce that
every rational series in the unit disk have a purely perigghiexpansion. []
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