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                                              '       tt                                             '               '1. Introduction . ..... .. ..
•. .This digsertation is a compiZation of the author•'s .works on the problem

                             t tt                                                           '
of estimating the spectral density of a stationary process which are conta--

ined in the papers [23] through [30].. 'In order to provide a perspective

on the whole theory with a wide coverage of topies Å}n a iiml.1ed space, all

lemmas and theorems are stated with onZy expl apation of their implications
                        tt                                           tt tt
):).\ilh,O:t. P,X:O.f.Sl.,,.R.2a,d.eig.g?O are interested in technicai detaii, .,,.

  ' rn the usuaZ estimation theory for independently and identically distri--

buted random variables, asymptotic effects of smal: perturbations ' in the

underlyÅ}ng mode: on an estimate have been investigated in detail ( e.g.,

Beran[3] ). But, in t:me series analysis, discussion of this type seem to

gall:.ll2. g:.l]i)riliiggeggilLS We ShaU deveiop some di?cusszons of thLs type fo.

. llet Z be the set of all integers. Suppose that { X(t)s t eZ} is a

stationary Gaussian pToeess with zero mean and a spectral density g(x).

Then g(x) eontains aU the information about the proeess.. Assuming tliat .

the  true speetraL density g(x) ean be expressed as ...a  pE}rametric gorm fe(x),

:•#•ngge;E}:•2:•;IEigaiu:2\igex`e:•irl•ri•l.i!•:•g:lggi:•i.il21`l"-.g:i.li2ungei•:•i:/eidgi'gi.i•il

ation  that a parametric faxrllly of spectral densities does not necessarUy .

contain the true one. [Vhe aim of this dissertation is to develop a diseu-

g21:l.t;ngiSYng the ParaMetmc spectrai density fe(x) to the true spectrax

   Tn Section 2, we propose Lwo estimates of e by fitting fe(x) to g(x),



 '

                                        '
        tt '             tt t tt tt t tt t tt t                                                                       '                          '                                                                       ' say 61 and 62, whieh minimize two criteria Dl(fe,g) and D2(fe,g) respect--

 ively, which measure the nearness of fe(x) to g(x). Then we investigate

.fl/E:x{i:•:•::i//•b.:2g•;gho;r?•i:tsi;?:11:;l:,i,gl•ihtmgiei.iig,.i?,:'2iliil:,i2,Y:iigg"Åíig'

 eontinuous fupctions. . Xf we consider f;tting by another eriterion, we

 ai6 required to estimate the integral f-T W(x) Åë(g(x)) dx for some fune-

g,:g2,Ots,g:g g;r.er/Z jlllXi:;i%fg,gei,z::,i(,;l; &. Thustn section 3• we ..

         tttt                       t ..t as such an estimate under some assumptions on O(x), where L-l{ F(to) }<u>

 i:?illei.`,h.e.P,aP..iaigg.$V,.'rgi I:g"j.fO.illl,gl F(al) aY the ay•./ }m7ent u,. and. ./. ..

                                                                          'br ::'"i'iii,l'ii,th.eli•;i'i,::O:ii,in,,iilun,a]e,,gi.?,`z,g:;,:e;xg f(x) say 6.....,

2i.2,:giaM..egr.IC  faJrZZ iY,,i,f2`Il,l,:,Ie,ih:].X:?ose the foiiowing ty]pe of

 where e Å} ( el,...,ep )!., while { ej(x) ; j = 1,...,p } is an orthonormaZ

 basis of eontinuous functiens in P.2.[--z7T]. . In general the abo.ve model is

 " non-structuraL " .in the sense that the parameter veetor e is.not neeess-

 arUy explanatory. .But it has an advantage that the estimate en ean be
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                                         '
                                       tt                                           '
                                                         '                                                              '
easily expresse g in an explicit form.' Further we shalX study the asympt7.

otic effiei5tt'6y"'bf the estimate. .' .. . ,..
                                                             '                                                                     '   The estimate 61 introdueed in Section 2 is to be called a quasi-Gaussian

                                                                             'maximum likelihood estimate"' In Section 5, we shaU give its asymptotic .

gl:.xeU.t]:ltl,dk',tgi.,g.O:gXgi..;g.Eh,3X.llg.ulgg.rwaerofess i? .no.t ?g.gr ss-

   Up to now we have proceeded under the assumption that the order of the

fitted spectraX model is known. In Section 6 we assume that the true

spectral density g(x) is described by an infinite set of pa]rameters and

that the fitted kth order model fT(k)(x) tends to g(x) as k + co. [Vhen

we show that the ehoice of the order of the model by Akaike's information
                               '
:rerilZliO:eX2ifh iS COnStrUCted bY the Gaussian likelihood is optimal in a

                                                          '                      '                          tt                    '                                            '                                        '                                                 -   rn Sectiori 7, we shaU point out a kind of similarity between the esti--

mation problem in a time series regression model and the interpolation

probZem in a stationary process. From a unified view we shaU again look

at the estimation probZem in the time series regression model and propose
                                                                       '                                                                         '
:.2iia,m,i.g".Ic.::ih.;d,xh.gie.gx:.:s,,an.:iggilen`.2:t.x:a.":,zi"2g.i?ir.;s:i2"

                                     '                                                        '
interpolationN problem and the regression problem under the condition that
the spectrai aenS' ity of the underiying syptionary proeess is vagueiY knowh

                                                                    tt( i.e., fiuber' .s  e--containinated model ). [Vh .en  we can ge P a minimax robust

interpolator arid a minimax ]robust estin!ate ef the regression coeffieient.
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2. [I}wo estimates of arameters of a Gaussian stationary rocess

   Let F denote the set of all spectral densities.with respect to the .
                        '
Lebesgue measure on the real line. For a paraJnetrie family of speetral

giil.Igltilii.,i.lg.;,e e e }, e.CiRi', and fgr g E i, we sl}gi]T .progose the fo].L-- .

               Di(fe'g) = fZ-{' iog'f'6(x)'+ g(x)2ie(x) }dr l1.

si"ce  w2.gÅé,?:?w.t2?l,f;r,,;?el l.i E?g;"i;; .'.. .'• '•

and the equality holds if and onZy if fe(x) = g(x), the criterion ean serve

as a measvtre oÅí the nearness of fe(x) to g(x). The functional .[I]1 on F is

defined  by the requirement that '
,.

(2'i) 'Di(f[pL(g),g)= e2ne Di(f6,g) for every ge F• 1 ...
                        '                                                                       '            ttt ttt tNow we shall .define a convergence in the set F.. If, for a sequence { gn },

                                                                 '                                                                            '                         'F" e F'. fll,, ,p(.) g.(x)' dx + fZ,, eJ(x) g(ic) dx . as n "i oo

                               '                                                                       '
tf oOrgeVant gYdg:gllnbUyOUgnfyungCYiOn th(X)' then We SaY thae { gn } converges weakzy

               '       ttt tLemma 2.l.( [Vaniguehi[2h] ). Suppose that e is a eompact subs' et of RP,

                                                                          'el f e2 iMPIi 9S fel# Åíe2 OP a Set Of p9sitive Pgbesgue measure anq that

                                                   ttfe(x) >O and aXso is eontinuous in e and x. Thgn . . ../ ..

(i) For every g e F, there exists a vaZpe [Fl(g) e e satisfying (2•1)r.'
glijl iS:Lrrme [Vi.(g] is uniqu.e. for every g , then if gn i g , Ti(gn) ÅÄ Ti(g5

(iii) [el(fe) k'e uniquelY for every eE e. fi
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   Now we impose further assumptions on fe that two pxp rnatrices of the

second partiaz derivatives 321og fe(x)/aeae' and a2fe(x)'-llDeae' ( e'

              t.denoting the transpose of e ) exist and are eontinuous in e and x. Then

        tt                 tt twe have the folZowing lemma. '
                                                        , -/                     t.                                                    '                   tt                                  '               tt tt t tt t              '                        '                                                                     '                    t -tLemma 2.2.('[Paniguehi[2U] ).• 'Suppose that [Vl(g) exists uniqueZy and Lies

                                                                     '                                                                      'in Tnt(e) and .that the matrix '' , - ''
      Q, . Ili. { a21ig,,fe.(X) . a2ig(IIg;i ,(.) },.,,(,) dx

is non--singuLar. Then for every seguence of spectral densities { g }
                                                                n

satisfyingg gg, we have ' •           n.                                     '     , Ti(gn) = [ei(g) ' JI,, pg(x) ( g.(x) - g(x) ) dx

             + .h fl. efggX)-i e.Ti(g) ( g.(x) - g(x) ) dx'

where p (x) is a pXp matrix defined by
       g
                 pg(x) = - Qiie g6t" fe(x)-i e=Ti(g) '

                                                  '
and { a } is aiso a sequence of real pXp matrices which tends tQ zero as
       n                                                 '                                                       'nÅÄ co. ,il ' - '                 '                  tt               t.. .
              . ../.                '
Re'"`vtla  2 gig,., :fi=fi.e'a:gi:f:?S'a:oigÅíe(:?"glW:-i?g;g,`i'-! . '• . ,

               ..                                                  '              '                                                         '                                                                   tt                  '                            '
                                                                        '                                                                   '                 '                                                                    '                                                           '   Let { X(t) ; t e Z } be a stationary Gaussian process with zero mean and
                                                 '                                                                       'a spectral density g(x). Suppose that a stretch, X(O),...,X(n-1) of the



                                         -7-
'

 '                                          '                                         '                                              ' '                                         ttt
                                                    tt       '              '                              tt                                                                's' e'

ries
 x(t) is obserbed• 1 ?yt''

. in(x,) =
. (2Fh)rll/:/:.: .Xf.{) .9X?(riti). .l12/l•Lr'.

w}..i.:.i...l8. Ihilie.ili791iY, &f i(l-'1 1.g..:.liPig.'''v(x) .ihii) 'dx i. ., '1 .1]111.',111

iliilili ;illilllilillil,iie illfl[i,ijS: egVgggO,: ".:;g:g :g2t;g::ge,fignctzon on [-T T] sueh ,,.,

 ' ' 2 ltll R(t)l<co, where R(t)=E[ x(t+s)x(s) ].. .U
                                                                     '
                              '
1 '' 'Then we 'ha-6 the k6uo"ihg iemmaL ..,.'. ' .. .' ' .'

 '.'• ' . /'  1. '' ..1 . 1/ ''.'/,

Lernma 2.3.( BrilLlinger[5],[6] and WaZker[31] ). .' :f Assumption 2.l is ..'

                                                                   '
satisfied, then Gn is a consistent estimate for G, and the distribution of

the veetor ,!rt( Gn -G)tends to the normal distribution '

 ' ''1.1 '1' ''•' .N( Op''. zaT II,, i?(i). tp(x)' g(x)2.dx.)

                     t tt tt tt ttt                                        tttas n -. co, where th(x)' stands for the transpose of th(x). , E

           t tttt tt                                                  '                       '                   '                                                                    '                                                   '                   '                                                         '                                         '                ttt
 . In view of this Zemma we can reeommend Tx(Xn) as an estiniate of or1(g)e

                                                        '                                                     tt                                                                    ' '                '9ndgr Phe a$.s}in}?..P.ion that g F fe, Dl(fe,I.) is knoyn..to Pe an dppToximgl.;gn .

( negleetlng cQnstant term and multiple ) for the logarittm of the lik,eZSJhood

of  .the Gaussian qata X(O),..:./,X(n-D ( c;fr, Wallter[3.1],. Clevenson[7],

Dzpa.pari.dze[U],,,gosoya[l6], Dun$muir and Hannan[10] and Dunsmuir[9] ).... ...

4er.9a.#ter Vfe CaP. ,Tz(In) g q}.lg.pi-Gaussian..maximum ]ikelihood estimate under

the model fe. //.,[[rhen we have the followÅ}ng theorem.
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    '                                                         '                                           '   '                                                              '

Theott2m 2.l.( Maniguchi[2k] ). Under Assumption 2.l in addition bo the

'ii,iillii"t•iii'.riTil'T/zl•f•i•;' i'slilitEi.l'l/g;l•e7'ifll•l/4i'1•i;i-ilii•ii,i11,Ogli•.IiFilr,',..,.

which zs inverse to the ltuit of Fisher's information matrix( e.g., •' .

Dzhaparidze[ll] and Clevenson[7] ).• rf the asymptotie variancb matrix of

dan
..[liym.P.tZt.yZCtahLiiYtIIh[lb.i2:ie,..d.gtiiI!at.e.lylllltgt[l.:t.a:;S.tfhfl..Ii.Zt.rtlX(Z'2)a$iDi(Mn)

                           '' Now we cofisider another type of approach whieh proceeds quite similall71y.

iFi i.h2,,i•:•i'b•el.s-ZZi,:f,t.rl•!l;gigli•:ig..:lifi!ii{.:,\zxzl.g :Åí ','. of Rp? a"d..

.iiii'i•ld:iiZe:•i:,;S:"1Z•,IEi.1,il.i.i::;;,3gi2iX't;.i(ilg..:h:.:ncti'onatT2,on

Here we iiix::.? igg"iiiilC[l.i2 Fiz. ii;,fli,a,79?"&'Ce i.g: .".gn E F'.,...

'for every eontinuous function Åë(x), then we say that { gn } converges ! log--
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                               '                 ''

                                      '
                                                               '                           L.W '
weakly'  togand denote bY gn-g• '

L2mmct 2.U•( Taniguchi[2U] ). Suppo$e that e is a aompaet subset of RP,

?g(l)ei oiMP..ilel.,f2gltlk..:ni.a eSet..gf.iOSiii::: Lebesgue measuye and thgt

                                                                      '(i) For every g e F, there exists [r2(g) e O satisfying (2.3).

(ii) Assume di2(g) is unigue ; then if gnL-:-WIS g , T2(gn) ÅÄ T2(g) as n ÅÄ co•

(iiD [U2(fe)=e uniquely for everyeEe. S

   Now we impose further assumptions on fe(x) that log fe(x) has the deri-nt

vatives aZog fe(x)/3e and b21og fe(x)laebe' whieh are continuons in e and

Lenma 2.5.( [ifaniguchi[24] )in Tnt(e) and that ' SUPPOSe that T2(g) eXists uniquely and lies

       ,,. c.,a2Zgg iglx' ,., ,(.) .- ll a2ilg2iglX) }. ,.,,(,) dx

is non-singuXar. Then for every sequence of densities { gn } satisfYing

  L.W

gn n-'> g, we have , .
' [V2(g.) = [D2(g) ' IIT ffg(x) ( iog g.(x) ' iog g(x) ) dw .

           + b. JZT bZO:efe(X) e..[v2(g)( log g.(x) -' Log g'(x) ) dx,

g:gr: ,:gixl..".-',2i.i.ftllg3gieili .gl-::ggg .,i.., ,..,, t. zero as n - -• ' g

                                                                     'R2rncVtle 2.3. rf g= fe, then T2(f) = e. [Vhus we have ,

x.
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                                            '                                                    '
      ofe(x? =. F II. eiOiefe(X) aiOiele(X) d. ]"i biOgefe(X) . E ..

                                 '

   Let Åë(x) be a p-dimensional vector consisting of eontinuous functions

on [-T,Tr] such that Åë(x)=Åë(--x)• Define .. ,
    H" flT ip(x) iog g(x) dx, H. = fl" Åë(x) iog oc x.(x) dx, ..- ,.

                                'where ct = exp Y, ( y x O.57721..•., EuZer's constant ). Comparing Taniguchi

[23] and Davis and Jones[8], we have the foUowing lemmta.

Lemma 2.6.( [ganiguchi[24] ). If Assumption 2.Z 'is satisfied, then Hn is

a eonsistenL estimate of H, and the distribution of the veetor VTn( H - H )
                                       .n                                                            .                                                      'tends to the normal distribution ' '
                      N( op, 2g3 II. Åë(x) th(x)' dx )

   From the above three lemmas we obtain the foUowing theorem.

                                                       '
Theoftern 2.2.( Taniguehi[2h] ). Under Assumption 2.l together with the

eonditions in Lemma 2.5, the distribution of the vector VTn( T2(ctXn) - [E2(g)

tends to the normal distribution • .
                                                         '         . '' N( Op, ll" ill,, Og(x) (Jg(x)' (lx) / '

                                                                'as nt co• -e 1.
                                                    '
             lf g = fe, the above asymptotie covariance matrix is equal toR2mcvtle 2.4.

               2g3 [ I:" alOiefe(X) blOie{e(X) d. ]-l, ''

which, eombined with Remark 2.2, implies that the estimate Tl(rn) is better

                                                           '
 '
                                        '
                           '                                                '
                                                                      '                                                                 '                           '                                                                  '
 t ttt ttt tt t tt ttt tt ttt tttt tt ttt ttt ttt ttt ttttt tt t ttt tttt t t t

)
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Fhan [g2(ctln) so Long as g beZongs to the parametric fainUy { fe .; 9ee l...a

                                            '
   On the eontrary, if the true spectral density is not contained in the

paraxnetrie f apily { fe ;e E O }, we shall show that T2(.) is optimally '

                                                            'insensitive to perturbations of its argument in some sense.• To make this.
                                                                            'assertion precise, eonsider the set oÅí aU funetionals U defined on F that

have the ÅíoUowing two properties for every e E Tnt(e);.' . ,.

                                          '(i) u(Åí)=e, .'' ''' .•'                               '(ii) u(g) -- u(fe) = II. ngx) ( iog g(i) - iog fe(;) ) (ix

              '                                             '                                                       '                              '            ' " a fll.' iP(x) ( iog g(x) - iog fe(x) ) dx,,

     ' L.Wwhere a + O as g . fe and both n(x) and tp(x) are p-vector-valued eontinuous

                                                     '                                                            ttfu Fietions on [-T,T]. From Lernma 2.5, the funetional T2 has these properties

The requirement (i) imposes a fu]rther constraint'  on n(x) s i.e., for every

                                               tt             'iT BIogf(x) . . '            f-T n(X) ----iise';Q-L--L. ,dx F ip, the pxp identity matrix.

                    '                   '                                                '                                                       '                     'Put A(fe,g) = ll log fe - log g II , where li.Il denotes Åíhe L2-noru. The

requirement (ii) then can be rewritten as ..
   u(g) - e = A(felg) fl. n(x) 6(x') dx '+ o(A(fe,g)),.

                                         '                    tt                              'where 6,(x) = { log g(x) - log fe(x) }IA(fe,g) witlL ll611 = l. '. For small .,.

and fixed value of A(fe,g), the behavior of U(g) -e is determined primarUy

by the term fT n(x) 6(x) dx. •since n(x) is a vector funetion, we shaii ..

             "•--T , .. 1 .
                                              'investigate  L(n,6) . 1 ilTr c'n(x') 6(x) dX l



-l2-

for a eonstant' vector e in
              '           tt t ttt ttt t t

Theottem 2.3.( Taniguchi[2h]

and that                .II.
                       n(x)

[Dhen for every e E RP,

(2.4) !nax rnin L(n,6) =
            6n

                [ fr blogwhere
no

6= o

RP.

 ).•

 alog

    ee

Suppose

fe(x)
      dw
'

that

 =I

max L(n,6) =
 6'

 Dlog fe(X)

p

6 e L2 , [l cS ll

.

L(n

= l, n E I2

min

fe(x)

R2rna2tle 2.5.

functional T            2

What is, for

TJ(n,6o) is T2

 ia

the

--

   -T ee ae'
 ll c' no Il-Z .c' no e

The above theorem, Lemma 2

 ZocalZy m;nimax robust at

 least favourable 6                     the                  o'
              ' But T d6es'•not have this
      i

dx ]

u

o'6o),

" alog fe(X)

               ,      ae

.5 and Remark 2.3 rnean that

 fe in the sense of (2.4).

functional whieh minimizes
                  ' type of robustness. g

the
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3. Estimation of the inte rals of certain funetions of s ectral density

   In view of Lemmas 2.2 and 2.5) we ean see that Tl(g) and M2(g) are

66nÅílnuous iuncÅíi6ns of ill. n(x) g(x) dx and fll,, Åë(x) iog g(x) dx,,

respectively, for some continuous functions n(.) and Åë(.) on [-rr,T].

Thus it is suggested that esttmates of Tl(g) and T2(g) can be obtained by

finding estirn5t6s' of iET n(x) g(x) dx and fET Åë(x) iog g(x) dx,

                                                           'respectively. In the previous section we have proposed

JIv n(x) in(x) dx, and ilrr Åë(x) iog edn(x) dx as sueh estimates. -rn

Seetion 4, we shaU eonsider a criterlon D as a generalization of the

criterion D2, which requires us to estimate the integral ]-rrtp(x) Åë(g(Å~)) dx

   '
for some function Åë(.) and for each continuous function ip(x). Thus we

consider to estimate it in this section. • ,

   ])et { X(t); t E Z } be a stationary Gaussian process with zero mean and

a eontinuous spectral density g(x) sueh that O < g(x) < co for any x. We

                                                            'shall denote the LapZace transform and the Laplace inverse transform of any

function F(cD) at the argument u by L{ F(aj) }<.> and L'l{ F(cD) }<.> ' 1-

respectively, i.e., '                  L{ F(co) }<,,> = rfo eM"os Y'(al) dtu,

                          '
                                        d+ioo                  L'Ml{. F(to) }<u> = iTLTi iu-i.. e"co F(tu) des'

                                                  '
             'where a is a real number greater than the abscissa of absolute convergenee.

   Now we shalZ impose the following assumptions on Åë(to). -.
                                                          '
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       '
4tf!Ag!nl2{{!!qn.3:.IL6 JtCon 3 1•. Let Åë(tu) be a function on (O,oo) sueh that the Laplace ..

inverse transform LPi{ Åë(vco) yco }<u> exists and is eontinuous in ue

                                                                   '                                                             '                                                                     '
ZtYSt2!!lll2{ZlsZtL-3:.2-:.6t2rn ")CO 3 2 For every positive integer m, the Laplace transform

 , L[lL-1{ Åë(11(D) l/co }<.> IM ]<x> '
             .exists and is con"tinuous in x E (O,oo). U

   Suppose that a stretch, X(O),...,X(n-l) of the series X(t) is observed.,

                                     '                                n-l3?"t  I.(x)= (2Tn)Ml l 2 x(t) exp(--itx) l2 ,
                                t=o
                                      '
For a function Åë(to) which satisfies Assumptions 3.l and 3.2, we'shall define

                 H'" II.'ip(x) Åë(g(x)) dx,

                                '             '            ' Hn = fili,, il'(X) L""Ll{ Åë(l/al) 1/as-}<I.(x)> dX,

                                            '
where tP(x) is a I)--veetor valued continuous funetion on [-T,T] such that

                                        'th(x) = e(-x). Then we have the following theorem.

              '                 '
Theoftem 3.l.( Taniguchi[25] ). rÅí Assumpbions 2.1, 3.l and 3. .2 are satisfied

then H is' a eonsistent estimate for H, and the distribution of the vector
      n
                                                                       'ilinT( H - H ) tends to the normal distribution
     n
               N( Op, 4rr C. Y,(x) ip(x), ff2(.) d. >

                     '                               '
as n -+ oo, where

         a2(x) = g(i) L[[ L-l{ o(l/at) l!tu }... ]2].g(.)-l. -- Åë(g(x))2.'E'

                                                                        tt

   Now we shall consider some examples of the funetion Åë(co) which satisfy

s
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tt
                                                    'Assumptions 3.l and 3.2. .
g,2gguit2g2,-3-:!Lee 3 i• Le

i-:i gu,I,i:all,{.i o.` i,ic,)• , mhen we have

                                                         '                                                          '
                 cr2(x) = { rSlilgiiiL))2 .- z } g(x)2B. •.

              .
I,lllil,2i,os111hiS.,il'),aiOlieQ"eii!:i.,I)i:i:M,.:i;:x.oe:a.:.thefo"owing.

      f"[ III].,, ip(x) { l]igllil)}B dw -• .(II,. zp(x) g(x)Bdx ]

                                                    '
tends to the normal disÅíribution
                                            '                                                   '
       N( D,,. u?T{!fS\l#l-27XB -i}fll. "(x) ip(x)!. g(x)23dx)

as n -> co. fi

!E!2ggu!t2i2XcUn ee 3 2. Let us put Åë(cD) = log ck) . [rhen we have

                  L-i{ Åë(i/tu) i/ed }<.> = iog ctu )

whex'e ct = exp y(y 21 O.57721, Euler's eonstant ), and - -
                    -
                  g2(x) '-- T2/6.

Application of Theorem 3.1 to this example yieZds Lemma 2.6, which also

agrees with 'bhe results of Hannan and Mcholls[l5]. ll
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           '
         .t
    '

ararneters of a eertain s ectral densit model
   In this section we shal! use the same notations and assumptions as in i

Section 3• Let O(tu) be a continuous bijective funetion on (O,oo) satisfying

Assumptions 3•1 and 3.2 and denote by Åë'-l the inverse function of O. We

!i#libiitthg gra ita. MeilllC SPeetrai modei fe(x) to the true spectrai density • .

    ' .D(fe7g) " tl. [ Åë(fe(x))2 -2 Åë(fe(x)) Åë(g(x)) ] dx .• '

.an.dg.S.iiil;2:ttll:.tf"nf.Ct.i7":t 1 8neF6 i]leeS2tR;l aiLi speetrai densitzes, by the

 '' D(fT(g),g) = mt gs D(ft ,g) for every gs F. • .' '

                                                                      '
   Now we shall define a convergence in F. Mf , for a seguence { gn },

gaF, ' " fl- Åë(x) Åë(g..(x)) dx + C. Åë(x) o(g(x)) dx as n4oo

Åíor every continuous function Åë(x), then we denote by gn gW g. In the

sequel in this seetion we often use the•funetion ' • ..
                  K(u)=L--1{ tp(lled) 1!cab }..> ' ' ' '
                                                               '
 ' Replacing Zog(.) in Lemma 2.4 by Åë(.) we have analogous resut'ts for T(.).

I"2:.pis?;.:,al.2.`f2i:'l.1:.xw.ii: sifgez.e:";ab,ie.,:lxh. .ge g. g.gg.t,::. %zggi. :h l`. . .,• .

I•.eMM,a,,,.?81i..Xi:,li]iiil[i,7g,l:g,,,,$IP?ie gil,,iii],e:gi;,w:g ::,axd izes
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is a non--singular matrix. Mhen for every sequenee of spectral densities

              • Åë.W , "'{gn}satisÅíyihg that gn -. g, we have . ''
        T(g.) - T(g) = fllti ng(x) { o(g.(x)) - Åë(g(x)) } d>c

whe.. ,,(.)." ,a"

-JIg,?l3'll)),.g:::g){Åë(gn(x))-Åë(g(.))},.

      '                                                             '
and { an } is a sequence of pxp-matriees which tends to zero as n -> co. g

                                                      .tt
Rorncvtla 4.l. Ilheorem 3.l implie$ that as n -+ co,
                                                 '                               Åë.W •• "               Åëinl[ K{ ur (x)} ]. g(x), in probability• g
                        n
                                                               '               '
   Noting Lemna 4.l, Remark 4.l and Theorem 3.l, we shall recommend

ren = T[ Åë-i[ K{ i.(x) }]] as an estimate of T(g').

                                                           '
Thee2t2rn 4.l.( Taniguehi[27] ). If, in addition to the conditions of
                                                                  'Lemma 4.l, Assumptions 2.Z, 3.1 and 3.2 are assumed, then the distribution

of the vector v!inr (T - ur(g) ) tends to the normaZ distribution
                    n
                   N( Op, 4Tr II. ng(x) ng(x)' a2(x) dx ) .

                                                            '                                                           '                        '
as n -,h' co , where a2(x) is ctefined in Theorem 3.L. g

                                                'Remanfe U.2. Zf g = fe, the covariance matrix of the above normal distri-

                         tt        '                                                    .t .                                                                'bution is equal to , '                                                                      '                                               '4,,[f'T aÅë(fe) a9(fe) d.]--L[f'r BO(fe) bÅë(fe) .,(.)dx][f'T aO(fe) 3Åë(fe) cb,]-i.

   J-'IT .se' ae' i-Tr ae ae' J/-T? ae Be'
             '                          '                                                               '                                                        '   In this section we shaU pscopose a eertain parameterizatlon of fe(x),

g
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 '

and then give an explicit estimate of e which can be expressed in a closed

form. As we s' aid in the Introduction we shall fit the foUowing spectral

                 '
       '
(U.l) '  fe(x) = Åë-1' {j:/l ej ej(x) }•

Of eourse we assume that Åë(.) and ej(x) are ehosen in advance so that fe(x>

= fe(-k), fe(\) >O for aU xe [-T,ri. It may be noted that in the spec-'

                                                              t tt
ial ease that Åë( to) = log tu , el(x) = l/iav and ej (x) = cos{(j-l )x}/vlrtT

( j = 2,...,p ), the modeZ (4.l) becomes Bloornfield's [b] exponential model.

Tn general, the model (U.l) is 'V non-structural" in the sense that the

parameteth vector e is not necessarUy exlplanatory. But it has,an advantage

that the statÅ}stic Tn can be expressed in an explieit form a$ follows.

(4•2) T. = [ JZ. ei(x) K{ r.(x) }dx,•••, IE. ep(x) K{ i.(x) }dx ]'•

                     '                                     '                                             '            +If we cannot compute the above integral easily we shall approximate the
                                                          '
integrals by discrete sums. ,
                   '   Hereafter in this section we assume g = fe, and diseus$ the asymptotic
efficiency of [ffn for a e[Lass y = { Åë(u)) = tuB, o < B < oo }s i•e•, fe(x) "

{ jS.l,ej ej(x) }Z/B. By Exampte 3.l and Remark U.2, we can s.ee that the

                                                                    'asynptotic covariance matrix of Tn is equal to

(h•3) UTr { Ef7g:iii))2 -- i } fll,, f,<x)2,B F(x) dx',.

                                     '                                          '                             '                          '                                                     '
where F(x) = e(x) e(x)', e(x) = ( ei(x),...,ep(x) )'. On the other hand',

                                                      '                                                                  'the asymptotie covarianee matrix of the effieient estimate given•in Rernark
                                 '                                                                     '                                                                       tt                           '
2.'2 is uritten in the present case as
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          '                                                           '                                           tt               '                                             t tt                             '        '                                '(.-•}) .''
.i

.....,.,....}.TB2.[fl,,•.fg(P-?FF(x)'dic' ].--i. ' • . .•' ..1.'..

                       ttt t t tt tttTl?S?UOWZng ??e9i.eM provides. a coy.ditzon for .(k 3) to be identieai wxt?

                                                                   '                                                                           '                '    tt tttt tt ttt t tt t:,1'i;2m:yi:::ixTg:i:.ligiE2Il IA, ..l;p,?(x'i",cx'gA, ?,i.? l,co[.h•,:g.ee T.: l•.i. 111

   This theorem means that the estimate Tn is not recommendable exeept for

a trivial case Åírom the point of view of the efÅíiciency. But it has an

advantage that it ean be expressed in the explicit form given by (4.2)...'

                                                               t.                                                        '                                                  '   '
Thus we can also use this estimate for an initial consistent estimate of e,

               tt                                                                       'which will be usefu2 in getting the efficient estimate discussed in Seetion

2. Finally we wish to see how inefficient it can be. ' We introduce .
                                               '1 eff(ct).a'SymPtOtie Variance of ct,(m.z.e.) . ' . ..

            asymptotic variance of or'(er(.)) '
                                 '                 '
where ct is a p--veetor with odor = l.

                                                 tt
Th2o2t2m U.3.( Taniguehi[27] ). . . For any p-vector ct, eff(od is boundgd

                                                      '                                          t tttbeiOY EI, rfxl']'1 '-' , }Li '(k''f2?,if3?, ')( fi?, l' b{'?e '-2' '' ,' 1 ' "

whfre ,kh,e "..igpt,1, .fe(x.)'' lb'u7.ei f..'k.Ttt,T] he.(X'..Tl.' ."• 1 '1i .. ''1' ..'/.

... The above lower bound has a property that it tends to zero if fÅí' )'b << fu'
?e-
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5• As totic ro erties of the uasi-Gaussian maxirnum likelihood estimate
                            '                        '        '                  '                             '                          '   !t[ts21:aug!1:g{gsgl,suUELg!guz:RxggggE-oranonGaussianline oess .

                       t tttt                              '                '   !n Seetion 2 we have investigated some asyrnptotic properties of the g-
                                                                          'G.M.L.E. ( quasi--Gaussian inaximum likelihood estimate ) for a sealar GausFian

      '                             '                                                              '    'pr ggess., ..In.this sect,ion we.s.hall investl.gatg sgp.g apyppPgtic propertieS'

of the g-G.M. g.E. when the underlying proeess is not neeessarily Gaussian. .

7,iliioifEii?i;8rl.i,ilte.I.I'::ill,''':,:,z.',:rrvee`.o"rzmfserze7wirh

       '                                          '                                                                   '                  '    '                                                               .                                                       ttwhere { e(t).= ( el(t),...,..'es(t) )' } satisfies E e(t) = Os, . .'1 ..

                                                                        'E e(t) e(t)' =K and E e(t) e(u)' =, Os.s ,tI u. Xt wil! be assumed
                                               '                                                                      '      '                                                          '               tt                                           '                                                           '
' ' •• tr 2 c(j)Kc(j),<aD, ' •• '.              ' j=o •. '                                              '                                  '                                                               '                                                              '                         '                                                              ttand that { e(t) } is strongly stationary. Then the speetraX density matrix
           '              '                                 '                                     '                                                  tt
                                  '                                                         '     ' ' g(x)="t k(x)Kk(x)X, ..' ',
                 '                                 '                                        '                                          '                              '                                                         '                             '               oo•                         =-IIP?i?sli(i). = ".2o C.(j) eZJ i .e... .Now we set the foiiowzng cond;tions (s.2)

                             '                                      '                                                                   '                                                             '[{:l3i Vhe speftral densitr patrzx g(x) ig.po?ttzre defm"e fof gll x f '

i'.i.ll/2 i'Iiil'sl.l:M2e,ni,i•i,t,l,ill,li:lili,l,tl,i::o,\k/LIE."ps}tt.z cia7s 7f/d.egifr.. ,

                                      '
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tt

                                     '

where cum.bg..q(O,n,p,q) = cumulant{X.(t),Xb(t+n),X.(t+p),Xd(t+q)}• ..

..,L i;.i,?e t;.e.Sgt,:ii,jiii.i.2eit..',ll.dgn,S$:.:#t.iig::.\.ecC:.i:t,l'liY,(i62l•

eEe }, eC RP, we define - ' • -
                                                                       .. D(ft7g).= JIITr { ieg det ft(x) + tr ft(x)-i g(x) } dx ., ..

and then the functionalTby . .                                         '
(5•6) D(fT(g),g)= \}gs D(ft,g) for everygEP.
                                                            '
If Åíor a sequenee {g }, g E P,
                    nn
        IZT t' th(X) gn(X) dx ' illT tr iP(x) g(x) dx 'els n -> cb

for every eontinuous sxs matrix function V(x), then we denote gn W+ g.

#gPPdO.;i.i.htaht6apgt;i.etdgg;.IIi(:l-;.l'S(nthl) Of the series x(t) ts obse...d.

                     n-Z n-Z -    x.(x) = (2'gLn)-l { E x('t) exp(itx) }{ 2 x('t) exp(i"tx) }ee•

                                          t=o                     t=o

   Now we assume that every element of the matrix fe(x) is a twiee eonti-

nuously differentiable function of e E G, and that the second d.erivatives

of these elements azre conbinuous in x E [-Tr,Tr]. Mhen we havG the follow--

                                                                       '                         '                                                  '
Theoftem 5.l.( Taniguchi[30] ). Suppose that T(g) exists uniq.uely and lies

in Tnt(e) and that ,                                                                 '
   Mg = fE.' { ggae. tr fe(x)'-i g(x) + ggae- iog det fe(x) }e.T(g) dx '.

is a .non-singular matrix. Assurne that { X(t) } defined by (5.l) satisfies

the eonditions (5.2) - (5.5). Then
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(1) T(r )" [P(g) a.s., and •          n              '
(2) the distribution of the vector fn( T(I.) - [B(g) ) tends to the

                                                            '                                               '                                                      'distribution
                              -l                                   -l                       N( O,M                                      )o                                 VM                          pg g
                          '                                              '                                                    '
as nÅÄ co l where V={ Vj2 }, a pXp,.pa.trix, is'de.f, lned by .

 ' vj2 r' 4lrr II. tr{ ,g(x) {le-j fe(x)'i g(x) ll6t-2 fe(x)"i }e-m-m(g) dx

' 2" S,iS ,i,5.i IIZ. I}d, f8r'`)(x)-Z gs, f8"'V)(y)-i ,.,(,)

                         Å~ frtuv(-XoY,'diY) dxdy,

                                                    '
for which f8't)(x)-i is the (r,t)th eienent of the matrix fe(x)-i,

                                                             '
 frtuv(X'Y'Z) -- (21T)3 nip:q--2--. cumrtuv(O,n,p,q) gxp{-i(xn+yp+zq)}e'

                              '
   Also we have the folÅ}owing theorem. '

Theoftern 5.2. ( Taniguchi[30] ). In addition to the assumptions of

5.l, furthermore if '
(5•7) cum{ e.(nl), eb(n2), e,(n3), ed(nu) }

    '          " { 'ZabCd i[..nrw',l.ni = "3 " n4s

                         '                        '                       'then the asymptotic covariance matrix of the quasi-Gaussian maximum

lihood estimate is written as •

              . -l                              -z                        Mg U Mg ,

   '
where U = { Uj2 }, a pXp matrix,

normal

and

  E

Theorern

like-
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                     '                 '    Uj2 = l.II...I. II,, .1]r{ .g.Fx) l}6t'jfe(x)-'i g(x) g(t7kfe(x)'-L }e..[r(g) dx

                  tt                             '
'aibiS .E,diL Kabcd [ "t III7,,k(X)ec XtTjfe(X)-lk(X)dx ].b '

             '                                                                 '                                                          '  . ' Å~[ti.li fZ. k(X)ee {lrtÅífe(X)-i}(x)dx ]cd e=T(g),

                                                  '
[ ]ab' denoting the (a,b)--element of the matrix in the brackets. U

                     - 1••           tt
   Suppose that fe(x) ean be expressed as

            ' '' fe(X) = Eiti }<l(eiX) Kl 41(eiX)ee,

                                                'where kl(eiX) G l j:/o Cl(j) eijX, el(O) --' r., and det k2(z) is

bounded and bounded away from zero for lzi <- Z ,and Kl is a positive .

definite $xs-matlix.. If the unlmown pareineter veetor e specifies only

kl(r.??T. then wg...f..f..l.y.,. 1,i-."a.,.t. e is an innovation free parameter. If.9 is

..i,.IP,.9..Y.,.i.V,iOn free,?..PP,.e,...?,,.,...the relation' .. ,. . . .

                                                             t t tttt (5•8) &tT f!. tr fe(x)Ml g(x) dx e.T(g) "alp , ' '

                       '
is satisfied. Under the condition (5.7) we consider to estimate the inn-

             '                                                 'ovation free parameter. ,.. .
                              '                                                '                                         '      '                            tt              '                                                     tt                        ttRe"7cVtfe S.i. Under the assumptions of Theorem 5.2, in the ease of g(x)

i.fe(x)• we , eanf-:hew.leai l,Si,?,i:,lh,e,i:7;:al.io: ig::,Pai.aeele,Ir.1;?"

                         '
Thus the asymptotic eovariance matrix of the g-G.M.L.E. of the innovation

free paraneters is independent of the fourth cumulant Kabcd,( i.e., nOn'

Gaussian robust ). However, in the case of g(x) l fe(x), it is noted '•'

                                                           '
', ' . .. ,, 1.. ., .' ' . 1.'. .: ''1 '1.., ./,.
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                          'that the relation •                  '' ' L.                            '(s'g) . IIvr k(x)X.{ l]Ttjfe(x)-1}e.T(g) k(x) dx = o.Å~.', j ' 1,''',p,

           '  '                                   '                                                           '
l•?i•illSigillli,lsgin•?rllll•'i;i;'.llrP,il' i,:pp:s2 IIrl t:;;su.:..s:e::rat

        '                                   '                                     '      '(MA(1)), and the fitted speetral model is '  '' ' ' ' ' 1 '
                                                                   '                                                         '                            tt                                                                 '
., g(.)--i- .f.(g2)+(g] g:).-i.x}{(: 2)+(gi, sl)e-ii}lj

                                                              '(AR(1)). Then it is not diffieult to show '. .'

                                                   tt ttt t  fl.k(x)ee{gs,ie(x)'-i}e-T(.5k(l)dx= (g:;l6,i '-::IC2i lobx2•

                                                                     '
ThÅ}s implies that, in the ease of, g(x) X fe(x), even if (5.7) is satisfied,'

the q-G.M.L.E. of the innovation free paraineters is not always non-Gaussian

                                               '                                                           '
                                  t tt                     '                                                             '
                                                                   '
  . If s = l, i.e., the underlying proeess is scalar, then we ha've the ''.•1 '''

io61[i'[llig?,ll[Fifieil.iiil'1:il,'s, ('g.,)',, ,.,,.,l., 'k.. 6' - i.' 'Then q:G•M•L•E•

of the innovation free parametey is non-Gaussian robust even if g(x) l fe(x)•

l.tn fi iiz.ll ?slg)t:gri:n2ViaiiOn fifee parameter, then (s.s) is satisfied and
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   usess Of . Og t\e.S eetral. . mode+/ ,
                                      '                                                         '                           tt tt t tt , Let { X(t) } be a stationary process with zero rnean and a specrai density

g(x), to which we shaU fit a kth order parainetric spectral model fT(k)(X)• 1

Without assuming Gaussianity we can obtain an estimate of T(k), say T"(k),.' /
by maximizing.the quasi-Gaussian likelihood of the model., We ean thGn '..

construct the best linear predictor of X(t), which is eomputed on the basis

of the estimated spectral density f?(k)(x). An asymptotic lower bound of ..

I:g,M:•a,",S2.gag&:iiO.T, ,Oii gh,2..P,'ilidlEi.t.O.f,Wl.Ii,.b..'.,gl.:g:ns.,,!l::. .b.o.ur ]d is att.a-

iEEi,ilW,.,i••ii`t:.,,:g.l'i,t:l:lil'T`:t-"g''Z',:;ogzi.i,i.'i,, P '

       '
where a(j;e) are known funetions of an inÅíinite dimensional paranieter vector

e ='  ( el, e2,••e )', and e(j) are independently and identically distributed

liil•liiiiiillljielli'!':/.Iiiiiiii[gl;'1/Si'i'lt/2:i'iii:S;i'g'!:]Xll:'i,IY.;lmlel/;ll:l.1.1.,

                                           t ttt(6.4) .g(x;e) is three times dlfferentiable with respect to each coordinate

of e E O, and the third order derivative is a continuous funetion of (x,e) '

6. Seleetion the order densit for a st at ionary
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                                        ooe [-T,T]xe , where e is a compact set in R .

(6.5) The associated power series

          A(z) =l+ a(l;e) z+ a(2se) z2 + ...

                         'is not zero for Izlsl and for anyeee. ,
         '                                                                        'ill[ly .T..tj) lll::.IIgilli.ili.eg?eiO"gs to the interzor of e, and .t h.. mf. -. ./.

   Suppose that a stretch, X(t) ( t = O,...,n--l ) of the time series X(t)

is observed• Let fT(k)(x) be a spectral modeÅ} with (k+1)--dimensional un-

known parameter vector T(k) = ( o2(k), e(k)')', u2(k) > o, e(k) =
                           '
( el(i F),•••,ek(k) )'• We assume that' fT(k)(x) is parametrized so 'tha't

       fT(k)(X) = U;;k) he(k)(x) " C';Åík) l ile(k)(ei)C) I2, •

               '           '         '      .where he(k)(O) = 1. When the spectral model fT(k)(x) is applied to { X(t)},

we define the parameter veetor T(k) = ( a2(k), e(k)')' by

           '(6'7) T(kliitl[l <s}k.i flll.,. { iOg fT(k)(X) " g(x)lfT(k)(x) } .dhx

  '                                                        '
', ' - ,T fl. { ]-og f!(k)(x) + g(x)/fz(k)(x) } dxs .

             '
where ek+l is a compaet set in Rk+1. we can estimate !.(k) by the quasi-

   '.ggll::lg;tl ::ximum iikeiihood estimate T"(k) = ( G2(k), 6(k),), which is a

             '                         ' '               tt tt                                                    '                                                  '   '(.6'8) .(kryi:t ek.i III,, { iog fT(k)(x) " Å}n(x?7f'T(k)(x,) } dx

               = IZ. { log f?(k)(x) + I.(x)/f.A(k)(x) } dx,
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where x.(x) = (2Tn)-i I " Si x(t) exp(-itx) I2 is the periodograin of x(t)r

          u..-..•... ..t=o
                                                        '                        '                                                   '
   Now we postulate the fouowing assumptions (6.9) - (6•l5):

(6.9) The nunber oÅí the parameters, k+Z, is in the range 1 S k S Kn ,,

whereK '+ oo and K1,lrn -FoasnÅÄoo. ,'
                                        '                       .t.(.6,.IO) The speetral density fT(k)(x) is three times differentiable with

                    . The third order derivative i$ a continuous fun-resipec't to T(k) E O
                 k+l
ctiOn of (x,T(k)) 6 [-T;,TT]Xek+1, and as a function of x E [-IT,T], the first

and the second derivatives satisfy the Lipshitz condition of ord6r l.
          .(6•ll) . I he(k)(z) l is bounded and bounded away from zero for lzl s l.

                     '(6.l2) For anylSkSK,the kXk matrix ' T                        n               t.
          ., , fz. eigis)igi.-"l, ,,'., g(x) dx•

                               -                                  '                                           'is non-singu[[ar.

(6.13) The absolute sums of aU the elernents in each row of the matrices

  'i,,', HEy2 ..a IZ. ahegg?,(l)-i ahegg2illl-i-e(.),(.)2d.

are bounded uniform:y with respect to each row as k+ co. .

  w(.,j ,.) . f" a3he(ki(x)'lpi g(.) d. . - .
          . i-r ae.(k)aej(k)ae.(k) g(k)

                '               '                            'When S l w(r,j,m) I' is bounded uniformly in r as k + oo. '

 '                       '        For B in (6.2),' '(6.Z5)
                           '                                                   '            l fT(k)(x) '" g(x) l = O(k-B) for aL[l. x e [-TT,iT].
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                                                       '   ''

                   '
   '

ilill :if} li'illl:'iZi,ll iliil ,6.ll.-, '' [lllPP7Sejl/il]ali:l;.e l;:ge(,:.l:?cti:i density g(x•e) is parametr,

,l,, . :,( lgeil,ilFe L (jl/g,v:;J;,,e:;i,iJIZ,,!i ,,,,]... ), , ..,,.',,,A,' •,'

 jEo jB i vi,j I< co , jio jB 1 v2,j l< co • Aiso we assume that

                          '  oo oo jEo Pi,j Zj and jEo p2,j zj are not zero Åíor lzl <- i. we choose

                                                        '                                                            .anARiwt( ,ru,;:f;?r:sgl,;,:,m:/cl:glsl::is811111illliiillllinvgilie.],ii2;lral2MOdei '

            • l jio e2,j exp(ijx) I2 .

el,o = e2,o = l, T(k) = ( a2(k), e[L,z,..., eL,p, e2,].,•••, e2,,x )',

p+q=k,where jl/o ei,j 7.j and j.q/o e2,j zj are not zero for lzl

i,,i,:,,,,, Furti},ei, :,,p.sume that ,:l/lo jB l eL,j l and j,q./o jB'l e2,j•l are

bounded as p = p(k) and q= q(k) tend to infinity so that p(k)/g(k) + l.

1]hen it is not so hard to show that fT(k)(x) satisfies (6.4) - (6.l5). ll

Th.llelhii(IZg{lile,[l,,g'.:dlit.O.i 2.2tai"ed by fittzng the speetrai dens.ty fT.(k)(.)

                  A         EI x(t) -" x(t)' l2

.
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                               '                          '
                                         tt"[ S.i il. ---,i[-ti-il-•i.) qx exp{ f. III,, iog ri(ijliX). gx }-i ]g2 +u2 ••

                            '
( Grenander and Rosenblatt[l2] ). We can measure the goodness of the

:sll21t 7.d  il(.iil:ii1•gYililIIIlk'k",PII,,,1• ,. fl..,.g,' fl[k.](x) .d. } -- -i

              '               '                                       '                    '                                                                   '
ihh.egfteM 6'i'( Manigueh:[28] )e. As,sume (6.lt) - (6.6) and (6.g) . (6:i4).

                                           '      '                                                          '(6•17) D(fT"(k),g) = M(fTA(k),g) + higher order terms, .

where

          M(f."(k),g) " D(hg(k),g) + El.i( 6(k) -.9(k))'Hk( 6(k) - g(k))

            .               ' 'xexp{ ti.5 JI. iog hil[III(X) d. }

              '                            '
and " higher order terms " means stochastieally higher order terms as n '>

oo compared with the second term in the right hand side of M(fT"(k),g)

unifomiy in ke '

                '                     '              '
-•  From Theorem 6.1, negleeting the h:gher order terms, we can rneasure the

goo.dn,:::,o:-;:;iXll/bl.-I`i']gk';i,i,i;;.i"t/r"i.,,.,,L,,,,, ''

                               'we have the following theorem.

Theoftem 6.2.( Tapiguchi[28] ). Assume (6.4) - (6.6) and (6.9) - (6.l5).
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                                        '
                                          '                                       '

 ttt
                                  tt t                '
                                                   '                                         '     p-iirn{ 'inax• tM(f?(k)'g) '- il}= o. ''g 1 "'

       n'>co '1. SkS K. .R(n ,k) . ' ..'
                                                  ttt
   yeshazi,dfftn.f:,.:ii.:"l[il.i.2',bl.R(n,k)r'''... '.''''.'.•' •

Define an asymptotiaal!y efficient order selection extendtng the eoncept .

of  Shibata[22] in the case of autoregresszve model. .. . .

1•ift'Iil/i:enini;`llll.,'M,il,i.::i,::lr:x.]o:izssaxdtobe,asymptot.f... .

   Now let us seleet the order of fT(k)(x) by the eriterion AIC ( Alstaike's

information criterion, Akaike[2],[l] ), although Gaussianity on which AIC

;g,::.seg,;sso:,as E:,;,g+,2;•"::,tfh:r3?i.)l2I,:i,Xil,3/,,,iWri" '.'

liftgx,t2m 6 3 ( Taniguchz[28] )• Assume (6•4) - (6 6) and (6 9) -- (6•i i)r

  P-SIII'S i -. Mkall K. I Q(",k) - Q(",kes) ll{ n R(n,k) }=o o./ /./.

mh.g.et.mS 2?i2fidOilii .Wh.i[2.i:hgCiected by rnimmizing Aic(k+o. .By ' •.
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              P-ikil{'ll M(fT"(G),g)IR(n,ks) = i.

              '                              A•That is, the order selection k is asymptotically efficient in the sense of

                                                                       'Definition 6.l although Gaussianity of { X(t) } is not assumed.

                            '
R2n?cvtfe 6.l. Shibata[22] showed that a kth order autoregressive model '
                       '                                             'fitting by Akaike's information criterion for a Gaussian linear proeess

with infinite unknown parameters is asymptotically efficient in the sense
                                     '
of Definition 6.l.- Needless to say our results ean be an.plied to the '
                                             '                                   'fitting of ARMA speetral density model deseribed in Example 6.1. Thus

we have extended his results to the case when the proeess is not necessarily

                                                                 'Gaussian and the model is not necessarily autoregressive. ' g



7• A lications

   There is a kind of sirnUarity between the estirnation problem in a time

$eries regression model and the inte]rpolatÅ}on problem in a stationary pro-

eess. ''  From a unified point of view we shall again look at the estimation

problem in the time series regression model, and propose a parainetric method

ll ieilogdX8:?S aP.effi9ient eStimate of the regressio.n coeffieient veetor in

              '
   Let { X(t)s t e Z } be a non-deterministie stationary proeess with zero

mean and a spectral density g(x). Suppose that values of X(t) are observed

for allt except te Ap, where Ap ={l,...,p }. We shaU interpolate .

the unknown values X(t), t e Ap. .That is, we seek a p-vector whose com-

ponents are linear eombinations of X(t), t e Z - Ap, and which minimizes

the error of interpolation in the rnean square sense. Let M{...} denote

the closed linear manifold generated by the elements in the braces with

respect to the norm E.ll2= fll7vl.l2g(x)dx. For the present we assume

that g(x) belongs to the elass . ,
                                                                '  . • yo =[g;g(x)el e..M{ e""ijX;jeZ -- Ap-l -- Ap"}J,.

where April = { --1,.•.,-p+l }. If p = l, i.e., the usual interpolation

problem with one missing time point, we define Ao = jgo = Åë. Mathevmatical-Iy

i/il:i/E.i.i'l•iM::C.il.ieg.l:i:•llbi,filillll:E:I•i-i;ll)l2Ieii.:]Si.:1:l'lin.i`X] .

i.kl.bpe.iiO.!i.i.til. Mh.{.g-Xi i.lg.i..g 2ph.);...For o"r muitipie time points . .

                    -32.

                       '                   '
                  '                      tt

for time series re ression and inter olation
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Theoftem 7.l.( Taniguchi[26] ). Let { X(t) } be a stationary process witb

zero rr}ean and a spectral density g(x) which belongs to Yo. T]nen the res-

ponse function h(x) of the optimal interpolating filter and the interpoZation
              .v
error matrix2 are given by '
                                 '     '                               .t                                                                       .(7'2) k}(X) = [ Ip - 2'T{ fE,, ( F(X)lg(X) ) dX }--1(g(x) ] s(x),

             '                                      '                                               '(7•3) 2 = 2TT{ S JI. (F(x) lg(x) ) (ix }-i, . ' ,

where F(x) = e(x) e(x)ee. g
            .VN

   In most natural phenomena, the true speetral density is not known a priori.

Thus it is of considerable interest to see what happens when an interpolator

is compuiced on the basis of a ' pseudo ' speetral density fe(x) e Yo instead

                                          'of the true o.ne, g(x), belonging to the class W-= M{ e-ijX ;j eZ }. '

In this situation we can show the foUowing theorem.

                             '
Theoft2m 7.2.( Taniguchi[26] ). Let { X(t) } IDe a stationary process with

zero mean and a spectral density g(x) e W. If the interpolator is computed

on the basis of a pseudo spectral density fe(x) e Yo, then the response

funetion ts1(x) of the pseudo interpolation filter and the pseudo interpola-

tion error matrix 2i are given by

(7'4) l}l(x) = [ Ip - 2T{ I[I. ( F(x)/fe(x) ) dx }'-11fe(x) ] g(x),

                      -J
(7'5) Ei ='{ r. fl. ( ".(lc)lfe (x) ) dx }-i { fll. g, e( lii)2 F(x) dx }

                      Å~{ ". III. (F(x)/fe(x) ) dx }'-i. .g
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                                               '                                             '
   Hereafter we shall look at the results of Grenander and Rosenblatt[12]

and Rozanov[20] in relation to the previous interpolation problem. Let

(7.6) ' y(t) = z(t) + u(t)
be a proeess in discrete time, where z(t) = orIZI(t)+•••+ ctpZp(t) With

known functions zl(t),..'.,zp(t) and an unknown paralneter g = ( ctl,•e•,orp)'•

and { u(t) } is a stationary process with zero rnean• Let thj,n(x), j = l,

...,p, be solutions of the equations .
   ' IZrr e-iXt ipj,.(x) dx =zj(t), ostsn-i, .

                                 '       ' n-li'e', wj ,n(x) = Eti ,Eo zj (s) e'iSX .

                                                            '
The observed random process is harmonizable, that is, we can express y(t)

   IV -iXt= f-vr e'  zy(dx) with stochastic measure Zy(dX) = [ or1th1,n(X) +•"'+

ct ip (x) ] dx + z (dx),                         where z (dx) is the stochastic spectral measure

of the proeess u(t). We assume that u(t) has the spectral density g(x),

whieh is continuous and positive. Further we assume that the functions

Zl(t),•••,zp(t) satisfy Grenander's condition$ with the regression speetrum

matrix H(x). Now we seek a linear unbiased estimate g of g, which can be

represented in the following speet]ral form ;
                                                            .(7•T) a'= C. !(x) zy(dw), .
      '
                                                               'where !(x) is a p--vector function• We denOte ign(X) = ( "l,n(X),e•p,thp,n(X))'

and D. = diag{ ( l:;/: lzi(t)l2 )i!2,..., ( Il;/g Izp(t)l2 )i/2 }.

Substituting -                            '       g'(x) = [ Dfil jrl. ig.(x) ig.(x)ee dx DEZ ]'1 DEI ig.(x)

                                        '
and
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                                                    '

       l[}(X) .'.[. Dlll ill.,. }!ln(x) }lln(x)ce `iL'c DIII ]-l Dllll n.(x) .

into (7•1), where pn(x) is orthogonal to ign(x) with respeet to the L2-

norm, we can see that the best linear unbiased estimate for g is given by

(7•8) Ei! = [ III. g(x)-i !.(x) ig.(x)ee '(Å}K ]MZ il. g(x)-`.i }e.(x) zy(.dx).

Repiaeing F(x)dx by H(dx) in (7.3), we have the following classical result

Theoften 7.3.( Grenander and Rosenblatt[l2j ),. The asyrnptotie eoyariance

              Amatrix of D.( gl - g ) is given by

                         2"[ II. 'gl.) H(dx) ]"i. i

                             '
                                                            '   Now we shall proeeed. to the non-standard situation, Assuming that the

process u(t) .has a pseudo spectral density fe(x) although the true one is

                            Ag(x), and replacing g(x) in gl by fe(x) we have the pseudo best linear un-

biased estimate of or which is given by -
                   .v
(7'9) 6i2 = [ III,, fe(x)Pl }en(x) ign(x)ee dx ]-i I"h. fe(x)-'1 !.(x) zy(dx?•

We can see that gy2 is essentially eguivalent to the R-estimate of Rozanov

[20] ( cf. also Rozanov and Kozlov[21] and Kholevo[l9] ). In relation

te Theorem 7.2, replacing F(x)dx by H(dx) in (7.5), we have the foZlowing

                                                    '
The6ftem 7.4.( Rozanov[20] ), The asymptotic covarianee rnatrix of fi2 is

                             '                                               'given by
[ Åí. C. iff;,;iliiy "(dx)]"'i[ ti.} IZ. -I,iiil?l{i;s-2(e) H(dx)][ ti.li IE. ig(.) g(dx)]-i. a

t



-36.

   In general the true residual spectral density g(x) is unknown• In ..

this case Hannan[l3] and [l4] proposed a nonparametric efficient estimate

of ct by the following
   N                                  '
                                             '(7•i6) g,-[Si ,.E/.., g(!\,k)'-i ftip(:'Ee;) ]a ,.

                                                                   '   '                        '            'Å~[i:i ,.E/.., g(\'i)'mi 2g,,(:'Elili} ], ''

      AA Awhere g(•)) Fipip(.) and .f.il7y(.) are nonparainetric consistent $pectral estiinates

                               'fOr g(X), !n(•)!n(•)ee and ign(x)zy(dx)/dx respectively. Of course these

                                          'estimates depend on their window designs. It is obvious that (7.ZO) is
                                                            '                                                                 '                                                      'an estimated approximation for (7.8). Hannan[13] and [IU] showed that

                                                                '(7.Å}O) is asymptotically effieient.

   Now we con$ider a parametric efficient methopt. Suppose that u(t) in

(7.6) is a Zinear process which satisfies the equation

                                                 '                        oo
(7ell) u(t) = 2 a(j;e) e(t-j) , a(o;e) = :,
                       j=o

where a(j;e) ( j = O,Z,2,... ) are known functions of an infinite dimens-

                                                            t.ttional unknown parameter e = ( el,e-2,'... )', and e(j) (j --- O,l.,2,.,. )

are independently and identieally distributed with E[e(j)] = O , E[e(j)2]

= o2 > o, and E[e(j)U] < co. we impose the previous assumptions (6.U) -

(6.6) on Vhe spectral density g(x) of u(t). Sinee u(t) is not observable

               'we shali fÅ}t a k-th order parametrie speetral moqel fe(k)(x), e(k> = ('el(k),

                                             AA..., ek(k))', to the observed residual process u(t) -- Y(t) - orIZI(•t) d••e.

                     '   '                                                         t..apzp(t), O S t S n-l, where &l,...,&p are the least squares estimates

                                '                                                            'for cti,.•.,ctp. Suppose that ek is a cornpact set in Rk. since fil in
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(7.8) is independent of innovation variance of the residual process, we

assume the paraJneter vector e(k) does not eontain the innovation parameter.

                                                     'When fe(k)(x) is applied we shaZl dgfine a pseudo trug va!ue of e(k), say

                                                                    '
                                                                      '        mi. fT g(x) d. .' fT' g(X) d. .•
       e(k)eek J-T fe(k)(x) J-T fe(k)(X) ' '
                                          -                                                       'and estimate e(k) by 6(k) satisfying '

                      AA        .i. fT In(X) .d.. fT -E'u!liLl(X) dxl

       e(k) e ek 1-T fe(k)(X) J-T f6(k)(X)

where i.(x) = (2Tn)di l " Si G(t) exp(.itx) l2.

                        t=o

   Suppose that the number of the paraineters, k = k(n), is chosen so tha+.

{ k(n) } is a seguenc6 which tends to infinity and k(n) = o( min( ,lrn, K )),
                                                                    n
whe'

re .K.=
 O[ieig. sp {:Z/t lzj(t) l2 }i!2 ]•

Also we set the previous assumptions (6.!O) - (6•l5) for fe(k)(x)• Now

we propose an estimate of g by

                                           '                                             '(7'i2)'  fi4"[8. j.2/..i .f6(k)(!!fit)-i ign(t')ign(!ltk)ee ]-i '

                               '            Å~[ili j."-/...,'f6(,)(![fi,)-i }e.(!'!g) ". 2;/: .(,) .it(:'!g) ].

Then we have the foZlowing result.

                                                       ATheo)teem 7.5. ( Taniguchi[26] ). The distribution of D.( g4 - g ) eonverges

as n -)• co to a multivariate riormal distribution with zero mean veetor and

covariance matrix
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                                           '                                       '
                  ['ti.li fl. g(Å}) H(dx) ]Mi, . ,' .. v

          '      '    '                 '                                                                         '                                               '
i.e•, a4 i$ asymptotically efficient. li
                                       ttt
                                                '                     '     '
Remanfa 7.Z. We ean ehoose the order k = k(n) by Akaike's information

criterion which was shown to be optimal in a certain sense in Section 6. 0'

                                                                     '
Rf.IIiil\Ltleh7.'il.b' l.i:n.ef02:t.r.:Cit.ig"Sit.hdg.\a"aiffet'zc estxmate (7•i2), we are fr..

                                                   '                                                                     '                                                          '                               '                                                                 '
RencUtfe 7.3. 0f eourse we can apply this method to the construction of

                                                'aparainetric optimal interpolator. ij .
                                         '                                                            '                                                              '                                                  '        '
                                                              '
   As the last topic we shall consider the interpolation problem and the

regression problem under the condition that the speetral density of a sta-

tionary proeess coneerned is vaguely known ( i.e., Huber's e-contaminated

model ( Huber[l8] )). In this situation Hosoya[l7] eonsidered the problem
                                                               t.
of linear predietion for a stationary process. Our approach goes in Zine

with the discussion of robust estimatÅ}on due to Huber[l8] and Hosoya[l7].

                                                      'We shaZl show that we can get a minimax robust interpolator and regression

coeffieient estimate for the cZass of spectral densities S = {. g : g(x)
                                            '=•( l - e ) f(x) + e h(x), h(x) e Po , O < e < l }, where f(x) is a known
  '
spectral density and Po is a eertain class of speetral densities. At

first we consider the case p = 1. rf the pseudo interpolation error (7.5)

and the asymptotic eovariance matrix for the R-estimate are computed on

the basis of a pseudo speetral density Åë(x), then they ean be expressed

as the following form
                                                       '                                                               '                           '                    '            v(Åë,g) = { II. ÅëÅÄ.) H(dx) }h2 { III. '[og>iit2-[ l H(dx) .}•
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             '                                  '
Thus we shall investigate a minimax property of V(Åë,g). Let .

P = { g : g(x) is eontinuous and piecewise smooth on [-rr,T], g(x) = g(-x)

> O, for all x e [-v,T[] }.. In the first plaee we assume that H(x) is

dominated by the Lebesgue measu]re such that H(dx) = n(x) dx, n(x) e P.
                                                                      '                     'Let Po ={e(x)eP; f!u c(x)/n(x) dx =l }. Suppose that the true .

spec"t ralL d,ensi-ty g(x) belongs to S :{ g : g(x) = ( l -- E ) f(x) + e h(x),

h(x) e Po, O k e < 1 }, where f(x) is a known spectral density and belongs

to Po. Here we adopt the minimax prineiple as the measure of robustness.

That is, we seek an interpolator and a regression coefficient estirrLate

which minimize gmgFs V(Åë,g) with respect to Åëe Po. Let m Pe a positive

                                   '                          'number, and put '                               '                      '                                                             '                                          '                                          '
   ' E.={xe[-T,as]: m)(l-E)f(x)ln(x) }, . ' ,
                        '                                                                '
      F = {•x e [-T ,T] : m<(1-e) f(x)ln(x) }. ' ' ,
       m
                                                                         '                                                               '

W9 Set ' (l-e) f(x), x6 F,, '
                                              '               f(x)= .

              • .m                                                                 '                                                            '
                                                       'Then we have the following Yheorem. '' . . .' .

                          '
Theottem 7.6. ( ivaniguehi[29] ). The function V(Åë,g) has a saddlepoint ;

there exists Åëo and go,sueh that • • ' .
                                                               '                                                     '                                                            '                                                              '     . gm2yxs V(Åëo,g)=Y(Åëo,go)= thm2npo V(9'go)'... ..• .

where Åëo(x)=go(x) --  f.(X)• g . . .
                                                                         '   Immediately this theorem means that . '
                                                        '
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                                            '
                                                      '       min max V(Åë,g)= max V(Åëo,g)• .
      thEPo geS ,gES .
                                                '                         '
Therefore in the case p = Z we have a minimax robust regression coeffici--

                                                'ent estimate ' '                                                  '' an = [ J(I. I ipi,.(x) I21f.(x) dx ]'i fl. ( thi,.(x)/f.(x) ) zy(dx).

                                                                    '
                                                   '                                                     'when the residual spectral density g(x) ranges over S. As for the inter--

polation problem, putting n(x) = l in the eonstruction of f (x), we can
                                                        m
get a minimax robust interpolation response function

                        '       h(x) = l - 2T { Il. f.ÅÄ.) dx }-Z lf.(x) ,•

when the speetral density g(x) of the process coneerned ranges over S.

   Also, in a particular situation, Taniguehi[29] applied the above theorern

to the cases.that p > l or ff(x) is not dominated.

  '
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