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Introduction.

Let (M) be the space of all C* Riemannian metrics on a compact n-
dimensional manifold M, and v: H(M)—R be a functional of # defined by

v(g)=(2/n)SMIW|"/2dv, where W is the Weyl conformal curvature tensor. Our

main subject in this paper is to determine inf{v(g); g M}, which will be
denoted by v(M). A little consideration shows that v(M)>0 if some Pontrjagin
number of M is not zero. Thus, in general, v(M) is a nontrivial invariant of a
manifold. :

In §2, we shall show two general properties of v(M). One is that v(M)=0
for the total space M of a principal circle bundle (Theorem 2.1). This provides
examples of M for which y(M)=0 but which has no conformally flat metric.
The other is an inequality for connected sum ; yv(M,$M,)<v(M,)+v(M,) (Theorem
2.2). This is useful for computing v(M) for certain M.

However, to determine v(M) for general M seems to be not so easy. Even for
S2x S2, ¥(S?x S? is not known (to the author). We want to show that the stan-
dard Einstein metric g, of S*XS* is a candidate at which v takes a minimum,
if v: M(S*XS*—R has a minimum. In fact, g, is 2 minimum point of v restricted
to Kdhler metrics (Proposition 1.4). Moreover, we shall prove that g, is a
strictly stable critical point of the functional v (cf. Definition 4.1 and Theorem4 .2).

In the course of proof of stability of g,= M(S*XS?), we establish the first
and the second variational formulas of v: H(M)—R for 4 dimensional M (Prop-
ositions 3.1 and 3.7; The first variational formula has already appeared in [2]).
From these formulas, we can also see that other than conformally flat metrics,
Einstein metrics are critical points of the functional v, and Ricci flat metrics
are stable critical points of v.

§1. Preliminary definitions and remarks.

Throughout this paper, M denotes a compact C* manifold of dimension n,
and H(M) denotes the space of C* Riemannian metrics on M. For ge (M),
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the curvature tensor RY;,;, the Ricci tensor R;;=R*;,; and the scalar curvature
R=g"R;; are defined. Our concern in this paper is the Weyl tensor defined by

) i 1 ) . A A
(1-1) leu:Rijz— n—_*Z*(legjL‘}‘gszjr‘legjk—glz[fjk) ,

where L;=R;;—(R/2(n—1))g:; (we put W=0if n<2). From the second Bianchi
identity, we have R%;;;;;=R;;;»—R;x; and hence,
n—3

(1~2) Wijkl;iz n

—__z_cjkl;

where CjkL:le;lz_ij;l-

DEFINITION 1.1. We define a functional v : #(M)—R by v(g)———%SM |W | ™2dv,,
where |W|*2=W, WHrt=(g,,g"%g* g"W?;,W?q,)"'*. For a subset U of M and
g HM), we write (g ; U):%SU (W ™2 dv,.

LEMMA 1.2. (i) v(e*/ g)=u(g) for any feC=(M) and g MM). (ii) v(p*g)
=y(g) for any diffeomorphism ¢ of M. (iii) v=0 if dim M=3.

PrROOF. Let W and W’ be the Weyl tensors of the metrics g and g’=e*/g,
respectively. Since the Weyl tensor is invariant under a conformal change of ‘
metric, we have W/, W), =<W, W), =e */<W, W>,. Hence, from dv'=e"/dv
for the volume elements, we get |W’|**dv'=|W|"%dv, which proves (i). (ii)
is trivial, and (iii) is well-known. O

For the dimensions higher than three, we first remark the following :

PrROPOSITION 1.3. If dim M=4, then sup{v(g); g= M(M)} =co.

PrOOF. Let T*=R"/Z™ be the n-dimensional torus. If n=4, there exists
a metric geM(T") with ¢:=y(g)>0. Then, g= M(R") denoting the lift of g
to the universal covering, we have v(g; [0, [1")={"c for [eN. Now, let (U, ¢)
be a chart of M such that ¢(U)=R". Then, for each /€N, we can take a
metric g, on M which coincides with g in [0, [J*"CR"=U, i.e., (¢xg)|[0, (1=
gI[0, []*. We thus have wv(g,)=wv(g:; U)=v(dsg:; [0, [J")={"c and hence,
lim;.wv(g;)=0c0. O

On the other hand, there are non-trivial topological lower bounds for v:
Any Pontrjagin class is represented by a differential form composed of only the
Weyl tensor ([1]). Namely, the m-th Pontrjagin class p,eH*™(M) (cf. [5]) is
given inductively by I1,=—(p Il m-1+ -+ + pm-l))—2mp,n, where II,, € H™(M)
is represented by the following differential form;

@r) 24, A QBN - AQEm,

where f)i,-z(l/Z)W"j“ek/\e‘. So we can see that any Pontrjagin number of a 4k-
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dimensional M is dominated by v(g) multiplied by some universal constant. For
example, the following is well-known.

PROPOSITION 1.4. If dim M=4, then |p,[M]]|=v(g)/8z* for all g MM).
Hence, if furthermore M is oriented, |t|=v(g)/24x*® for all g= M(M), where t
is the signature of M. Equality holds if and only if g is a half conformally
flat metric.

Thus, unlike supy, infv reflects certain global properties of a manifold.

DEFINITION 1.5. y(M):=inf{v(g); g€ MM)}.

Here are some examples:

1. »(g)=0 if g is conformally flat. Hence, if M carries a conformally flat
metric, then v(M)=0. However, v(M)=0 does not imply in general that M
admits a conformally flat metric (see § 2).

2. The Fubini Study metric g, of CP? is half conformally flat. Hence, by
Proposition 1.4, vy(CP*)=y(g,)=24r* For the connected sum kCP? of k copies
of CP? Proposition 1.4 gives only v(kCP*)=24r7?|7(kCP?|=24kn* We shall
show in § 2 that v(ECP*) < ky(CP*=24kr% Hence, we have v(kCP?)=24kn?2.

3. Although the author does not know the value y(S®X S?) at present, there
are partial results which suggest that v(S*x S?% may be positive. Let g, § be
two Riemannian metrics on S? with the Gauss curvatures K, K, respectively.
Consider the product metric g=g+Z on S®>xS%. Then, v(g)=(128/3)x*+

@3, (K—Rydv.

PrROOF. The Weyl tensor is computed as Wmijk-——(1/6)(1?—{—1?)(2gm,~§i,,—
2gijgkm_gﬂjgii+§ijgkﬁi‘2§mjéﬂa—Z_Eijgkm_gmjgik‘l_gijgkm). Hence, we have
|W|2/2=2(K+K)*/3=8KK/3-+2(K—K)?/3. Then, from the Gauss Bonnet for-
mula, y(g):(8/3)Sm?du+<2/3>§(1?—1?>2dv:128n2/3+(2/3)5(1?——1?)2dv. O

So, among the product metrics of S*X S?, the standard Einstein metric attains
the smallest value 128z%/3. This is generalized as follows :

82x 8

PROPOSITION 1.6. Suppose that dim M=4 and g= M(M) is a Kdhler metric
for some complex structure of M. Then,

v(g)=24r*| 7| +1§6ﬂ:2min {2X—67, 2X+ 37},

where © and X are the signature and the Euler number of M respectively. The
equality holds if and only if g is an Einstein Kdhler metric.
PrOOF. By the four dimensional Gauss Bonnet theorem,

(1.3) u(g)=167r2X+S]E Pdv—l—lzﬂmdv,
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where E is the traceless part of the Ricci tensor; E;;=R;;—(R/4)g:j.
Let p be the Ricci form of the Kéhler metric g ([5]). Then, it is easily
seen that

—_— _1_ 2 2
(1.4) p/\p—(zR—ZIE\>dU.
Since the first Chern class is represented by p/4z. we have
Sp/\p':lﬁzr26§:167r2(2X+3:\
This, together with (1.3) and (1.4), yields

32 2
p— 2 2 2
v(g)=—8xr r+—3 P X+~351El dv

241:2171+%n2(2X—er>+%g|Eazdu, if £=0;

24n2\r|+1§6ﬁ2<zx+3z>+%51512dv, it r<0.

Now, we get the desired inequality. O

Applying this proposition to S*XS? we have v(g)=128x2%/3 for any Kdhler
metric g of S*XS?% because t(S*xS*)=0 and X(S*xS*=4. Thus, the standard
Einstein metric g, of S*xS? attains the smallest value of v also in the class of
Kihler metrics. Moreover, we shall show in § 4 that the functional v : H(S?x S?)
—R has in fact a local minimum at g,.

§2. Two general formulas for v ().

THEOREM 2.1. If S! acts freely and differentiably on M, then v(M)=0.

PROOF. Let K denote the vector field on M which generates the S! action.
Since S! is compact, there is an S* invariant Riemannian metric A~ on M, for
which K is a Killing vector field. Since the action is free, A(K, K) is nowhere
zero, hence, g=(h(K, K))*h defines a Riemannian metric. Then we have

(2.1) Lxg=0 and g(K, K)=1.
Now, consider a family of Riemannian metrics {g(t); 0<{=1} defined by
(2.2) giiO=gi;—1—t"a,a;,

where a is the 1-form associated with K with respect to g=g(1), i.e., a;=g;;K’.
The inverse matrix g%(f) is easily seen to be g¥—(1—t")K*K’. Then, using
(2.1), we get the relation between the Christoffel symbols of g(¢) and g:

(2.3) r’fj(t)—Pfj:—(1——12)(K";iaj—{—Kk;ja{i),
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where the covariant derivation in the right hand side is taken as one with
respect to g. From this and (2.1), we have

(2.4) Rijp()— R =—1— 1) {(K¥a0),0— (K a),+ K™ R e
+ K0 —Kiag +1—122 K paa K™ —a K™,).

Then, again using (2.1), we have
(2.5) gMORY () — RYp)=— (1= {(K ¥ ) — (K ¥ ay),

FKGK — KK )+ 1=t )K" K™ Ry
On the other hand, g/*"()R%j,, =R, —(1—t")K/K"R%;;,. Hence, we get
(2.6) g OR (=R —(1—){(K " ;) — (K "),

+ K4y K™, —K4GK™ ).

Note that (2.6) does not contain terms of 1“2 and that both sides of (2.6) are
tensors of type (2, 2). So, there is a constant ¢ such that |R"...(¢#)|%,<c for all
te(0, 1]. In particular, |W()|%,<c. On the other hand, the volume form du(t)

relative to the metric g(¢) is easily computed as dv(t)=tdv. Thus, we get
lim,_w(g(t))=0. Hence, v(M)=0. O

REMARK. There is no conformally flat metric on S?XT9Y, p, ¢=2, i.e., v(g)
>0 for any g=M(S?XT?), p, ¢=2, because, by a theorem of Kuiper [6; Theo-
rem III], the universal covering space of a compact conformally flat space with
an infinite Abelian fundamental group must be R™ or RXS""!. However, the
above theorem asserts that y(S?XT%=0. So, in general, v(M)=0 does not imply
the existence of a conformally flat metric of M.

THEOREM 2.2. For any compact manifolds M, and M, of the same dimension,
v(MEM,) Sv(My)+v(My).
For the proof, we prepare the following lemma.

LEMMA 2.3. Let geM(M) be given. Then, for each €>0, there is a <
M(M) such that |v(g)—v(8)|<e and g is flat in an open subset of M.

Proor. Let (U, ¢) be a chart of M such that (U)D{x=R"; |x|<1} and
in the coordinate expression of the metric g|U=g;;(x)dx*dx’,

@2.7) 8:/0)=0y;
holds. Take a nonnegative smooth function ¢ : R*—R such that ¢(x)=1 if |x]|
=1/2, and ¢(x)=0if |x|=1. We set ¢,(x)=¢(x/t). The support of ¢, is con-

tained in B,={xeR"; |x|<t}. For 0<t<1, we define a metric F&M(M) by
gIMNU)=g|(M~U) and
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(2.8) Gii=1—)gij+¢i0:j

in U. We shall show that g has the desired properties for a sufficiently small ¢.
It follows from (2.7) and the definition of ¢, that

2.9) loi(gi;—0i5) ] <cit, la%l <t [32§0t| <t

for some constant ¢, where 0 is the Euclidean gradient. Hence, |03;;|<c. and
1628:,| <ca(t~'+1) for some c,. Then, putting f,=g(W, W)~/*(det(g,,))"'? wecan
easily see that

(2.10) fe<e @ 41"/,

Thus, we get
@.11) SB: Fdx< ca(t“1+1)"’253tdx

=c T DM =c (P
On the other hand,

u(g)—v(@)|=1v(g; ¢~ (B)—v(g; ¢~(B.)]
=g; ¢BI+L|, fudx.

Therefore, from (2.11), we conclude that |v(g)—v(g)| <e for a sufficiently small
t. It is obvious from (2.8) that g is flat in ¢~*(B,). O

PROOF OF THEOREM 2.2. Let ¢ be an arbitrary positive number. Take g;
e M(M;) so that v(g,)<v(M;)+e, i=1, 2. By the above lemma, we can choose
g€ M(M;) such that v(g)=v(M;)+2¢ and g; is flat in some neighbourhood of
M;. Suppose that for some r>0 and p;=M;, g; is flat in Ui(p;; [0, 2r)) :=
{(xeM,;; dix, p)=[0, 2r)}, where d; is the distance function of the metric 3,
=1, 2.

We define a diffeomorphism ¢: Ui(py; (#/2, 2r))—Ux(p.; (r/2, 2r)) by
p(expp, X) =expp,(—(r?*/ &:(X, X)¢poX), where ¢,: T, M,—T,,M, is a linear iso-
metry and exp,, denotes the exponential map at p,=M; with respect to g;.
Then we can regard MM, as {M \U.(p,; [0, »/2])} U {M\Uy(ps; [0, 7/21)}.

Let f, be a positive smooth function on M; such that f;(x)=(d:(ps;, x))°2 if
r/2<d(ps, x)<2r. Then, f;Z; is a Riemannian metric on M; and is conformally
flat in Uy(pi; [0, 2r)). Moreover, ¢: (Ui(py; (v/2, 2r)), f180)—WUups; /2, 2r)),
f:8,) becomes an isometry. Hence, we can define a Riemannian metric g on
MigM, by gl(MU(ps; [0, v/2])) :=f18: |(M\Uq(ps 5 [0, #/21)), i=1, 2. Then,
we have

v(g)=v(f18:; M \U(p1; [0, »/2]))+u(fo82; MNUs(ps; [0, 2¢]))
:”(flgl)‘i‘”(fzgz)
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=v(&)+v(82)
éy(Ml)+V(M2)+45 .

Therefore, v(M#M,)<v(M,)+v(M,)+4e for arbitrary &>0. That is, v(M £M,)
Sv(M)+v(M,). O

§3. Variational formulas in dimension four.

In this section, we use the following abbreviation for shortness’ sake;

1. Omitting the summation sign, €.g., Cijr;x+ LniW™; stands for 34,184 Cijun+

et m8F L aW™j. 2. Identification through the duality defined by metric, e.g.,
fj=(1/2)(hjk;i+/’lki;j‘—hij;k) stands for S’fj:(l/z)g“(hjt;rf‘hzi;;‘—hu;z)'

PROPOSITION 3.1 ([2]). Suppose that M is a compact manifold of dimension
4. Then for a smooth curve g=g(t) in M(M), we have

d d
Ev(g)—'SM<X) _d?g>dv’
where X is a symmetric 2-tensor defined by X;;j=Cijr;s+LniW™;r (see §1 for

C, L and W).
ProOrF. We set h”:(d/dt)g” and S’{,Z(d/dl)['{‘j. Then,

1
3.1 Sli'j:'E'(hjk;i‘*‘hki;j—hij;k)‘
Hence,
d
3.2) R™ ;2 =S0;—ST.

dt
Then, from (1.1) and elementary algebraic properties of curvature tensor, we
have

d
dt
Therefore, using (d/dt)g’=—h* and (d/dt)dv=(1/2)h;;dv, we get

W"’i,-;,( Wmijk) =W™;1Q2hijem+Lmehi;).

d 1
‘&‘t‘v(g)ZS{Wmijk(Zhij;km‘FLmkhiﬂ—Wmijkatjzh“'f' '4‘ IW | 2hii} dv

. 1
=S{Xijhij—(WmijkW mm—z‘ !legkl)hkl} dv,

where we use Stokes’ formula and (1.2). Thus, we have only to prove
W W™ u=1/8) W2 .

It is known that a symmetric linear transformation on the space of 2-forms
A? commutes with the Hodge star *: 42— /4* (since the argument is local, we



380 0. KoBAYASHI

need not assume M is orientable) if and only if its Ricci contraction is propor-
tional to g (cf. [7; Theorem 1.3]). Viewed as a symmetric transformation on
A%, the Weyl tensor commutes with the Hodge star, because the Ricci contrac-
tion of W is zero. Hence, so does W-W, and the Ricci contraction of W-W is
proportional to g. That is, W, W, =4g%; for some scalar 4, which implies
mekW 1]l—(]—/4)lW| gkl

That X is symmetric is not difficult to see. O

COROLLARY 3.2. If dim M=4, the tensor X has the following properties;
(i) X;;=0; (i) X;;,;=0; (i) XQRg s conformally invariant.
PrOOF. Easy consequence of Lemma 1.2. 0O

COROLLARY 3.3. If dimM=4 and g M(M) is conformal to an Einstein
metric, then g is a critical point of v: MM)—R.

Proor. Obviously, X=0 if g is an Einstein metric. Thus, the assertion
follows from Corollary 3.2 (iii). O

Next, we shall compute the second variational formula. To do this, we

review the Lichnerowicz Laplacian and decomposition of the space of symmetric
2-tensor fields (cf. [3]).

DEFINITION 3.4. The tangent space T, M(M) of M(M) at g is naturally
identified with the space of C* symmetric 2-tensor fields on M. The Lichnero-
wicz Laplacian Ap: T qM—T (M is defined by

(ALh)i; = (Bh)ij+hik;kj~hik;jk+hjk;ki-hjk;ik s

where A: T, M—T ;M is the rough Laplacian; (Ah);;=hj,s (our sign convention
of Laplacians is opposite to that used in [3]).

LEMMA 3.5. (i) (ALl’l)ij:(Ah)“‘—hikRkj—Rikhkj—zhmkRmijk. Hence, Zf
dim M=4, then

(ALh)ij=Bh)ij—2(hirExj+Eishij)+<E, h>gy
+(tr A)(E;+(R/6)gi)—2R/3)hs;—2h miW ™4,
where E;;=R;;—(R/4)g:;.
i) | <htauhmydv=—{ (B BR">+ (R hlisn— il )+ 2hE g e} d
for b, h"ET .M.
i) (', Auh">dv={ (hisalhfiit b= o) —2his ki) do, for i, b7

eT ;M
PrOOF. Easy and omitted. O
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LEMMA 3.6. If M is a compact manifold, T ;M(M) has the following decom-
position; T g M=S8,(g)PS:(g), where So(g)={h€T M; tr h=0, divh=0} and
Si@)=1{heT , M; h=L,g+fg for some ucX(M) and feC>(M)}. This decom-
position is orthogonal with respect to the L, inner product defined by g.

PRrROOF. Put P(u)=_L,g—(1/n)tr L,g)g for a vector fileld u. Then, it is
easy to check that the principal symbol of the linear differential operator P: %
—T M is injective. Hence, T, H=Ker P*PIm P (cf. [3]), where P* is the ad-
joint operator of P. P* is computed as P*(h)=—2(h;;—(1/n)(tr h)g;;),;» From
this, we have Ker P*=S,pC=(M)-g. Then, putting S;=C=(M)-gPBlm P, we
get the desired decomposition. O

REMARKS. 1. Let G be the semi direct product of the diffeomorphism
group D(M) and C=(M) with multiplication; (@5, f1):(@s, f2)=(01°@s, f1o@st f2)
for ¢y, p,€D(M) and f,, fo€C=(M). Then, G acts on H(M) on the right as
follows; (g, (¢, f))—e*p*g, ge HM), p=cD(M) and feC=(M). Lemma 1.2
says that vy is constant on every G-orbit in H(M). S,(g) in the above lemma
is regarded as the tangent space at g of the G-orbit of g.

2. Using the orthogonality between S, and &;, we have an isomorphism
So(g)=So(e? g); h—e® ™Sh, In particular, we see that S,(g)=S,(e?/g) if dim M
=2, So(g)Rg=3S8,(e* g)Qe?*’ g if dim M=4, and so on.

PROPOSITION 3.7. Suppose that M is a compact manifold of dimension 4, and
geEMM) is a critical point of v: MM)—R. Let g, be a smooth variation of
g with go=g. Then,

(g?)zv(gz)

3 gy L 2 2 .
+<th, 2A1h-+5h E+Rh>+2|E| k25 | Eoh*=5<E, h>

PRIV IS

1 1
+Srj{(2Emkhij>;k—ghin;m—E(E°h"h°E>mi;j+2hikcmjk—hkjckmi}

—hijhkmcijk;m]dvy

where h is the So(g) component of (dg/dt)| =o€ T ¢ M (cf. Lemma 3.6), (E-h);;=
Eixhij and St=1/2)(hjpit+hri;—hije).
ProoF. From the first variational formula (Proposition 3.1), (dv(g.)/dt)=

SM<X" (dg./dt)>.dv,. Since X,=S8,(g,) (Corollary 3.2), we have (dv(g.)/dt)=

SM<X,, heyedvy, where h, is the Sy(g,) component of (dg,/dt). Thus, since X=

X,=0, we get
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(3.3) (%) vieo

where * means (d/dt)),—o, i.e., X=(dX,/dt)|,-. If we write X=(DX)(), we
can see X=(DX)(h), because that X=0 is a conformally invariant property by
Corollary 3.2 (iii). Hence, it suffices to prove the formula under the assumption
that g=he=S,(g). So, we assume in the following that h;;=g;; and h;=0,
hiz;5=0.

From the definition of X,

:S (X, h>d,
t=0 M

3.4 Xi=(g"Cijusm) +(g* LotW ™ 1)
=Cis)it—hsnCijam—SHECnir—SECims
+ L sW™ 54 LonsW ™ 5= hat LW
From the definition of C,
(3.5) Cosp=(Lin)y—(Li);e+SBLmj—SELms.
From the definition of L and the Lichnerowicz Laplacian, and (3.2),

. 1 R 1
(3.6) Lij:_?(ALh)ij_Ehij+'€<E, h>gij.

From this and Lemma 3.5 (ii),

3.7 (Leualhesnmhon) =g | Auh (4, Auh>-+r<ach, Bh>

R ~
+1_2<hy Al’l>;
where the meaning of the notation = is as follows; for f, and f,eC>(M), we
write fi=f, if | fidv={ fudv.
Then, from (3.5), (3.6), (3.7) and Lemma 3.5 (i),
(3.3) (C.ijk);khij"i"L.mkaijkhiji—Cijkllij;k+LmkI/Vmijkhij
=((Lij>;k+5§'}Lmk)(hij;k—llik;j)+Lmkaijk/1ij

1 ., R 1 - R "
1 [ALh| +I'2'<h, ALh>+Z‘<ALh, Ah>+ﬁ<h, Ah)
FSEL ma(hijn—hiry)

1 R
_”Z—(ALh)ijhkamijk—"é‘ hijhmkaijk

___1_ 2 _Ri 1 2 2
=3 [ALh*+ 3 <h, ALh>+1_éR A
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R
+<E°h, ALh‘i‘—?"h>—I—S?ijk(hij;k"‘hik;j) .

From (1.1) and (3.6)
. . 1 ,
(3.9 hiijkaijk:hiijk{Rmijk“‘z—(Lmjhik+Lmjguz
—hmiLi;g ik+gm] ik Lmkhij'_Lmkgij+hmllegij_gkaij)}

. 1 , , v R
=huLnsRms— (ILoh|*+2CL ok, Ly—CLoh, hoLy—|L|*|h|*=5<L, h>)
o Lpa B —Rh, A h>+<E oh, 2Aph+—h-E+R h>

ijlmk ijk 24 ’ L ’ 2 L 2

Lppiap—LiEonp—L gz
+5 | EPhP— 5 | Eeh| =g CEeh)t.

From Lemma 3.5 (i),

(B10)  —huhu LW =<k, Aky— D Ch, Bh>+ 5 Re A2
1 X 1 R o1 .
—7<E°h, Ah>+<E°h, zALh—I—h E+ 2h>—l—|E h| 5 <E, h)2.

From (3.2), Bianchi’s identity L;;;=R.;/3 and using Lemma 3.5 (iii), we get
(31D SBLans(hise—hiw)+hiLueR™ys
=STLmihig);e—SELmr;ahi;—STHLmrhir),j+STLnr;jhr
+hi; Lo n(STh—STe)

1
isi’}(Lmkhu);k—gsg}hwR;m

1 1
_—Z‘S?;(Lmkhik+hkaik);j—‘_2‘S%nj(Lmkhik—hkaik);j
+S%nijk;jhik_S;'llszk;jhij—i—S%(hiijk);k

1
=25§'§(Lmkhij);k—z hmi;i(LmehirtRmeLig);;

1 1
—ST(FhesRin-+ 5 (Eoh—heEyni—hisCsn)

1 -
i25§’}(Emkhu);k+%Sfj(Rhif);k+§<L°h, Ahy

—Sl'é(éhuR m+ (E h h E)mz] Uzcmjlz)
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R 1 ~ R -
—1—2<h, ALh>+7<E°h, Ah>+ﬂ<h, Ah)

1
1]{2<Emkhz]) kT 1] (E h h E)mz ]+h1.kcmjk}

Summing up (3.8), (3.9) and (3.10), then substituting (3.11), we obtain from
(3.4) the following :

Y ;l 2 E l 2 2
Xijhi=% [ALh| +12R<h, ALh>+12R ||

i l 2 2 l 2___% 2
+<th, 28,h+5h E+Rh>+2 ||+ | Eoh|*—%<E, b

1
+SB{2E nshia—ghisR

1

‘2‘(E°h—h°E)mi;j+2hikcmjk—hkjckmi}
_hijhkmcijk;m-

Thus, from (3.3), we have the desired formula. O

COROLLARY 3.8. Under the same assumptions and notations as in Proposition
3.7, the second variational formula at an Einstein metric g (c¢f. Corollary 3.3) is
as follows:

(jt gz)i S(ALH hy Agh+ h>dv

§4. Stability of the standard Einstein metric of S%XxS®
DEFINITION 4.1. Let geM(M) be a critical point of the functional
y: MM)—R. Then g is said to be stable if

4.1 (4 Yvien| =0

for all smooth variation g, with g,=g. Moreover, g is said to be strictly stable
if g is stable and if equality of (4.1) holds only when (dg,/dt)|;-e=Si(g) (cf.
Lemma 3.6).

REMARK. It follows from Lemma 1.2 that if g is a (strictly) stable critical
point of v, then so is any metric conformal to g.

ExAMPLES. 1. Any conformally flat metric is stable. Any half conformally
flat metric of a compact orientable 4-manifold is stable (cf. Proposition 1.4).

2. Setting the scalar curvature R=0 in Corollary 3.8, we see that any Ricci
flat metric of a compact 4-manifold is stable.

3. Let ge(S*) be the standard metric of constant curvature 1. Then, g
is strictly stable.
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PRrROOF. Since g is an Einstein metric, we have only to prove that

%SS4<ALh+§h, ALh+§h>dv20

for all heS,(g) and that equality holds only when A=0 (cf. Corollary 3.8).
We have R=12 and A h=Ah—8h for heS8y(g) (cf. Lemma 3.5 (i)). Hence,

1 R R 1¢ - )
—2—S<ALh+§h, ALh—l——s—h>dv—?S<Ah—2h, Ah—4h>dv
=%S{15h|2—6<h, Ah>+8| A% dv

:—;—S(lﬁh|2+6|vm2+8| h1%dv=0.

Obviously, equality implies that A=0. O
The purpose of this section is to prove the following :

THEOREM 4.2. Let g be the standard Einstein metric on S*XS?, that is, g=
g-+Z, where g and § are Riemannian metrics on S* with constant Gauss curvature
1. Then, g is a strictly stable critical point of the functional v: M(S*XS*—R.

PROOF. First, we remark that g and g are parallel tensor fields, and the
curvature tensor is given as

4.2) Ruisn=(8niZir—81i8km)+(Emi8ir—E&1i&km) -
For heS(g), we define feC=(S*XS*? and h, h, Eeng{ as follows:
f=%hij§if:—%hw§'u,
“4.3) hij=ZixhemBmi—f &ii hij=BixhinBmit fEis
hiy=ZixhinBmstBishendms .

Then, h=h+h+h+fg—fZ and this decomposition is orthogonal. By (4.2), we
have

4.4) hiRmin=Rig+hi—f it [Bis-

Then, a straightforward computation gives
| Rumize =R 1>+ R |*+4f%,
RishmiRmise=1h|"+ |k |2—4f2,

(4.5) @BR)ishmiRmisn=<h, BR>+<h, ARy—4fAf,
|Bn 2= |&R |2+ |BR*+-4Af )+ B2,
|Vh|2=|Vh|*+ VR |*+4|Vf|2+ VA2
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Then, using Lemma 3.5 (i), (4.2) and (4.4), we get

1 4
@6 S\(Ach+2h, Ahtgh)d
=§2lhmkRm,k1+ Bk R 2R sl Ronip ot | B |5 TR d
— §, A Aj __1_ 2 i AR 2
=|{F 1R 1—2k, Bhy+5 9k *+1 3]
+8 R 1o 2, BRy+E IR+ BRI
3 ’ 3 2
1
LITR I BRI B Af+ 5 |Vf 124 21A7 1 o
8 7 2 K] 7 e e 1 %7 2 AhLl|2
={F ORI+ IR+ (VR4 TR+ 5 (1 BRI+ 1 BRI
Loorig Loxr, 4 L, 2
+5 VRIS 1B+ Af 21+ 5 AfAF+20) v
>0,

because the first eigenvalue of the Laplacian —A of (S?2XS? g) is 2, and hence
SA FAf+27)dv=0.

Next, we consider when the equality of (4.6) holds. Obviously, the equality
holds if and only if h=h=0, VhA=0 and Af+2f=0. Since divh=0 (see the
definition of S,(g) in Lemma 3.6), the conditions A=/=0 and Vh=0 yield f=
constant. Then from Af+2f=0, we have f=0. That is, h=h and Vh=0.
In particular, ALh=Ah=0. Then from Lemma 3.5 (i) and R;j=g:;, we get

(4.7) hij+hmkRmijk:0-

On the other hand, from (4.4), hnrRaix=0, since h=h. Hence, from (4.7),
we have h=0. Thus, the equality of (4.6) holds only when hA=0.
Now the assertion follows from Corollary 3.8. O

§5. Additional remarks.

LEMMA 5.1. Suppose that dim M=4 and g M(M) is a metric with nonnega-
tive sectional curvature. Then the following pointwise inequality holds; 3|W |2<2R*

PROOF. Let {e, e, €5, e} be an orthonormal frame. Then, fi=e,Ae,+
es/Ney, fa=e Negte Ne,, fa=e;Neste,Nes, fi=e Nes—esNey, fs=e Nes—e,Ne,
and fs=e,Nes—e,Ae; form an orthonormal frame of 42 (in our convention, e; A
e;=(1/2)(e;Qe;—e;RQe;)). We regard the curvature tensor as a linear transforma-
tion of A% Then, with respect to the frame {f,}, we have the following
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matrix representation of the curvature tensor ;

A B
( ‘B C )
where A and C are 3x3 symmetric matrices with trA=trC=R/2, and
E\+Es;, Eu—FE, Eu+E;
B=(Bsg)=| En+Eq Eu+Es Eu—E, |,
Eyw—E,y Eu+E, Eu+Ey

where E;;=R;;—(R/4)g:;. It is known that A and C can be diagonalized for
some orthonormal frame {e;} ([7; Theorem 2.1]). So, we write

(R/6)+4, 0 0 (R/6)+p 0 0
A= 0 (R/6)+2, 0 , C 0 (R/6)+p, O
0 0 (R/6)+2s 0 0 (R/6)+p1s

Il

Then, A;42:+2;=p;+ .+ p¢:=0 and
6.1) W |*= 212-%- E#ﬁ

A 2-form corresponding to a plane section is of the form X3_.§.f.+
Sh-1msfpes with 383=393=1/2. Therefore, if the sectional curvature is non-
negative then,

R
5.2) pIHCSY. )+2nﬁ( 512 2 6enpBas 20,
for all {£.} and {ng} with 3é2=X93=1/2. From this, it is easily seen that

%+za+#ﬁgo for all «, B.

Hence,

3R2={('3_+Z +,u1> (%+22+p2)+(§+13+;13)}2
{( +,a2) (%+22+ys)+(§—+23+p1)}2

Hatn) (ot + (4ot}

23 (§+za+yﬂ)2=1€2+3@zz+2p§>.

a, f

Therefore, from (5.1), we have 2R?=3|W|%. O
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PROPOSITION 5.2. Let M be a compact 4-dimensional manifold.

(i) If M admits an Einstein metric, then v(M)<16x%*X;

(ii) If M admits an Einstein metric with nonnegative sectional curvature,
then v(M)<(64/5)X, where X is the Euler characteristic of M.

PrROOF. (i) follows from the Gauss Bonnet formula (1.3).

(ii): If geM(M) is an Einstein metric with nonnegative sectionalfcurvature,
then from (1.3) and Lemma 5.1, we have

1 1
2 2 < 2 2 )
v(g)=167*1— ——12SR dv=16m2— T SIW |2dv

:167r2X—%v(g).

Hence, v(M)=<y(g)<64x*/5. O

COROLLARY 5.3. Let M be a compact oriented 4-dimensional manifold. If M
admits an Einstein metric with nonnegative sectional curvature, then |t|=8X/15,
and equality holds if and only if M has a flat metric.

Proor. Let g M(M) be the Einstein metric with nonnegative curvature.
Then by Propositions 1.4 and 5.2, |z|=v(M)/24x*<v(g)/247*<8X/15.

If the equality holds, then g is half conformally flat. So, we assume that
KW omijre’ Ne*) =W nijre’ Ne* (resp. *(Wpire? N e*)=—Wie? Ae*). From the
Weitzenbdck formula, we have for any harmonic 2-form a,

R
aij;kk:“?)—air}‘akmwkmij-
Hence, if furthermore *a=—a (resp. *a=-+a), then
(5.3) aij;kkzgaij'

Now, suppose that g is not flat, i.e., R>0. Then, from (5.3), a=0 for
any harmonic 2-form with *a=—a (resp. *a=a). Therefore, r=-+2nd Betti
number of M. The 1st Betti number is zero since the Ricci curvature is positive.
So, |z]=X—2. It is easy to see that |t|=X—2 with |z|=8X/15 does not have
integral solutions. This is a contradiction. Hence, g is flat. O

REMARK. This proposition slightly improves Theorem 2 of [4], where 8/15
is replaced by (2/3)'® (>8/15).
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