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Evaluation of Interaction Parameters in 
Dilute Liquid Ternary Alloys by a 
Solution Model Based on the Free Volume 
Theory 

A solution model based on the free volume theory has been ap
plied to derive a Gibbs energy interaction parameter c:~. There
lation between an enthalpy interaction parameter 77~ and an en
tropy interaction parameter O"~ has been obtained. These par
ameters were evaluated from some physical properties coupled 
with Miedema's semi-empirical method. 

1 Introduction 

In previous publications [1 to 5], a new solution model for liq
uid binary alloys based on the free volume theory has been pre
sented. This model allows a successful description of the rela
tion between partial enthalpy and partial excess entropy of mix
ing in infinitely dilute solutions ofliquid binary alloys. In addi
tion, it predicts the values of partial excess Gibbs energy of solu
tions, which are in reasonable agreement with experimental val
ues. 

In the present work, this solution model has been applied to 
ternary alloys to evaluate Gibbs energy interaction parameters 
in infinite dilution. Moreover, the relation between enthalpy 
and entropy interaction parameters is discussed. 

2 Derivation of Thermodynamic Equations 

The solution model is based on the free volume theory ad
vanced by Shimoji and Niwa [6]. Assuming that an atom vi
brates harmonically in its cell surrounded by the nearest-neigh
bor atoms, the partition functions for pure liquid A, B and C is 
given by the following equation: 

Qxx =Vi,~· exp ( -Ex/kT) 

= {-7rL~xkT/Uxx}3Nx/2 
·exp (-NxUxx/2kT) 

(XX= AA,BB or CC; X= A,B or C) (1) 

where 

Uxx = z·uxx (2) 

VF,.x is the free volume of X atom in pure liquid (X =A, B or 
C); 

U xx is the depth of potential energy of an atom X (X = A, B 
or C) in its cell in pure liquid X, as shown in Fig. 1; 

uxx is the energy of A-A, B-B or C-C pairs; 
z is the coordination number; 
Lxx is the distance which interatomic potential extends in a 

cell of pure liquid A, B or C, as shown in Fig. 1; 
N x is the number of X atom (X =A, B or C); 
k is the Boltzmann constant and 
T is the temperature inK. 

The partition function for an A-B-C ternary alloy is 

Q =g. { -7rLikT/UA}3NA/2. { -7rL~kT/UB}3Na/2 

·{ -7rL~kT /Uc} 3Nc/2 

· exp { -(NAUA + NBUB + NcUc)/2kT} 
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Fig. 1. Schematic diagram of potential energy in a cell of atom X. 

(3) 
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where 

g is a degeneracy factor; 

U x (X =A, B or C) the depth of potential energy of an atom X 
(X= A, B or C) in its cell in liquid A-B-C 
ternary alloy and 

Lx(X =A, B or C) the distance which interatomic potential 
extends in a cell of an atom X (X= A, B or 
C) in liquid A-B-C ternary alloy. 

The energy E = (NAUA + NBUB + NcUc)/2 of an A-B-C 
ternary alloy in Eq. (3) is assumed to be expressed in terms of 
the pair interaction energies A-A, B-B, C-C, A-B, A-C and B-C, 
namely UAA, UBB, Ucc, UAB, UAC and UBC as follows: 

E =NAUAA/2 + NBUBB/2 + NcUcc/2 

+ NABQAB/ z + NBcf2Bc/ z + NAcf2Ac/ z (4) 

where UAA = z · UAA, UBB = z · UBB and Ucc = z · ucc 

NAB, NAc and NBc in Eq. (4) are the numbers of A-B, A-C 
and B-C pairs, respectively. J?AB, J?Bc and J?AB are defined as 
follows: 

[lAB= Z · {UAB- 1/2 (uAA + UBB)} } 

J?Bc = z · {uBc- 1/2 (uBB + ucc)} 

J?Ac = z · {uAc- 1/2 (uAA + ucc)} 

(5) 

For condensed systems and at ordinary pressure levels, the 
Gibbs energy G may be equivalent to the Helmholtz energy F 
because their difference, the term PV, is usually negligible. 
Thus, for all practical purpose 

Gxx rv Fxx = -kTln Qxx (XX= AA, BB or CC) (6) 

G rv F =- kTln Q (7) 

From the above equations, the change in Gibbs energy of mix
ing, L1G~nx is 

L1GMrx = G- (GAA + GBB +Gee) 

=(NAB [lAB+ NBcf2Bc + NAcf2Ac)/ z- kT ·lng 

- kT · 3/2 [NA · ln ( -1rLl kT /UA) + 
NB ·ln ( -1rL~kT /UB) + Nc ·ln ( -1rL~kT /Uc) 

- {NA ·ln (-?rLiAkT/UAA) + 
NB ·ln ( -1rL~BkT /UBB) + 
Nc ·ln ( -1rL~0kT /Ucc)}] (8) 

In the following, the enthalpy and entropy terms in the A-B-C 
ternary alloy will be derived separately. 

2.1 The Enthalpy Tenn 

From Eq. (8), 

L1H~nx = (NABQAB + NBcf2Bc + NAcf2Ac)/z (9) 

With regard to the configuration of atoms in alloys, short range 
order is taken into account on the basis of the first approxima
tion to the regular solution model proposed by one of the 
authors [7]. According to this model, NAB, NBc and NAc are 
given by the following equations for dilute solutions: 
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NAB= Z ·No· XAXB (1- XAXB[2AB/kT) 

NBc= Z ·No· XBXC (1 XBXcf2Bc/kT) 

NAc = Z ·No· XAXC (1- XAXcf2Ac/kT) 

where 

No is Avogadro's number, 

(10) 

(11) 

(12) 

XA, XB and xc are the mole fractions of A, B and C, respec

tively. 

Consequently, the enthalpy of mlXlng per atom 
b.HMrx = b.H~uxl No can be given by the following equation: 

b.HMIX =[lAB· XA · XB (1- XAXB[2AB/kT) 

+ [2BC · XB ·XC (1- XBXcf2Bc/kT) 

+[lAC· XA ·XC (1- XAXcf2Ac/kT) 

2.2 Entropy Term 

(13) 

The entropy arising from the atomic configuration in the alloys, 
b.ScoNF = k · ln g, consists of the following two terms: 

(14) 

For the excess configurational entropy in the alloys, the follow
ing equation based on the first approximation to the regular so
lution model [7] was also adopted. 

(15) 

The excess entropy arising from nonconfigurational contribu
tions, for example, from the vibration of atoms in their cell, 
b.S~rB can be derived from Eq. (8) as follows: 

b.S~f~ =3/2 · kNo{2xA · ln (LA/ LAA) + 

2xB ·ln (LB/ LBB) + 2xc ·ln (Lc/ Lee) + 

XA ·ln (UAA/UA) + XB ·ln (UBB/UB) + 
xc ·ln (Ucc/Uc)} (16) 

In Eq. (16), it is necessary to have information on 
LA, LB, Lc, UA, UB and Uc in the A-B-C ternary alloy. In this 
work, the simplest relations were adopted from Shimoji and 
Niwa [6], i.e., 

UA = xAUAA + xBUAB + xcUAc 

UB = xAUAB + xBUBB + xcUBc 

Uc = XAUAc + xBUBc + xcUcc 

where 

} (17) 

UBc = z · uBc UAc Z · UAC (18) 

LA= 1/2{LAA + (xALAA + XBLBB + xcLcc)} 

LB = 1/2{LBB + (xALAA + XBLBB + xcLcc)} 

Lc = 1/2{Lcc + (xALAA + xBLBB + xcLcc)} 
}(19) 

Finally, the excess entropy for vibrational contributions of 
atoms in their cell per atom, b.S~rB b.S~{B/ N 0 is given by 
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D.S~fB = 3/2 k XAXB [(LAA- LBB)
2 /(LAA · LBB) 

+ {4UAAUBB- 2fhB(UAA + UBB) 

- (UAA + UBB)
2
}/(2UAAUBB)] 

+ 3/2 k XBXe [(LBB- Lee)
2 /(LBB ·Lee) 

+ { 4UBBUee- 2DBe(UBB + Uee) 

- (UBB + Uee)
2
}/(2UBBUee)] 

+ 3/2 k XAXe [(LAA- Lee)
2 /(LAA ·Lee) 

+ { 4UAAUee- 2DAe(UAA + Uee) 

- (UAA + Uee)
2
}/(2UAAUee)] 

where the following relations were used: 

UAB =DAB+ (UAA + UBB)/2 

UBe = DBe + (UBB + Uee)/2 

UAe = DAe + (UAA + Uee)/2 
} 

(20) 

(21) 

The first order Gibbs energy interaction parameter c:~, proposed 
by Wagner [8], may be written as 

where '17~ and 0'~ are the enthalpy and entropy interaction 
parameters, respectively, and according to Lupis and Elliott [9] 
are defined as follows: 

0'~ = (82 D.SEx /8xe8xB)xs _, o, xc _, 0 

= {82 (D.S~cJNF + D.S~fB)/8xe8xBlxs _, o, xc _, o (24) 

From Eqs. (13), (15), (20), (23) and (24), '17~ and 0'~ can be writ
tenas 

(25) 

0'~ = 3/2k [(LBB- Lee)
2 /(LBBLee) + {4UBBUee 

- 2DBe(UBB + Uee)- (UBB + Uee)
2
}/(2UBBUee) 

- (LAA- LBB)
2 
/(LAALBB)- {4UAAUBB 

- 2DAB(UAA + UBB)- (UAA + UBB)
2
}/(2UAAUBB) 

- (LAA- Lee)
2 /(LAALee)- {4UAAUee 

- 2DAe(UAA + Uee)- CUAA + Uee)
2
}/(2UAAUee)] 

(26) 

From Eqs. (22), (25) and (26), the following relation can be ob
tained. 

(27) 

Further, c:~ can be expressed as follows: 

(28) 

(29) 
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0'~ =- 3k[(LAA- LBB)
2 I LAALBB 

+ {4UAAUBB- 2DAB(UAA + UBB) 

- (UAA + UBB?}/(2UAAUBB)] (30) 

According to the solution model, as applied to binary alloys in 
our previous work [2 to 5], the relation between c:~ and the activ
ity coefficient at infinite dilution~~ can be expressed by 

c:~ = -2ln ~~ (31) 

Lxx (XX= AA, BB or CC) in Eq. (26) is assumed to be half of 
the nearest- neighbor distance and is obtained from the follow
ing equation ['1 to 5]: 

(32) 

where Vx is a molar volume of pure X (X= A, B or C). 
DBe, DAB and DAe can be assumed to be equal to the partial 

enthalpy of mjxing in infinite dilution _Ll fl e(B) of solute C in 
solventB, LlHB (A) of solute Band LlHe (A) of solute C in sol
vent A, respectively [2 to 5]. 

UAA, UBB and Uee inEq. (26) are calculated from the follow
ing equation [4 to 5] when the units of DBe, DAB and DAe are 
taken as J · mol-1, and kin Eqs. (1) to (30) is taken as gas con
stantR/J · K-1 . mol-1. 

Uxx = -685.3 · (fJx)2 
· Tm,X /J · mol-1 (33) 

where T m,X is the melting point of element X and fJ x the coeffi
cient to transfer the solid state frequency to that in the liquid at 
the melting point [ 10 to 12]. 

The values of fJx for various elements were obtained from 
the experimental data on surface tension of pure liquid metals 
[10]. When the values of fJx are not available, it can be set ap
proximately [10, 12] to 0.5. 

The derivation of the above Eq. (33) and the physical mean
ing of fJx were described in detail in our previous work [1 to 5, 
10to 12]. 

Consequently, '17~ and 0'~ can be obtained from Eqs. (25) to 
(33), together with the partial enthalpy of mixing in infinite di
lution and some fundamental physical properties, i.e., T m,X, Vx 
and fJ x of the components in the pure state. 

3 Calculation of the Gibbs Energy Interaction Param
eter, the Enthalpy Interaction Parameter and the 
Entropy Interaction Parameter 

As showninEqs. (4), (13) and (25), D.HMlX in ternary alloys ac
cording to the present model consists of the summation of the 
interaction energies between each pair of elements. Extra terms 
describing the interactions between the three elements in ter
nary systems, however, are not considered. If each binary in the 
ternary system shows large interaction energies, i. e.large abso
lute values of D.HMrx, it seems inagpropriate to apply the pres
ent model for the calculation of cB values. The calculation of 
c:~, '17~ and 0'~, therefore, was carried out for non-ferrous ternary 
alloys formed from Bi, Cd, In, Pb, Sb, Sn and Zn and also in Fe
Mn base and Fe-Cr base alloys. The components in these sys
tems have similar physical properties and the interaction ener
gies of each pair do not seem to be too great. 

The values of Tm,x, Vx and fJx for various elements are 
shown in Table 1 [10, 13]. To evaluate DBe, DAB and DAe in 
Eqs. (25) and (26), the values of partial enthalpy of mixing 
Ll fle(B) in solvent B, and D. flB(A) and D. fle(A) in solvent A 
were calculated using Miedema's semi-empirical method [13], 
as shown in Table 2. 
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Table 1. Physical properties of some elements used in the calculation of Table 3. Calculated results for 7)~(: o-~ and £~ in liquid ternary alloys 
o-~. Tm, x: Ref. [10], Vx: Ref. [13] and,Bx: Ref. [10]. with the experimental values of £B. 

Elements Tm,x!K Vx/cm3mol-1 .Bx 

Bi 544 19.32 0.54 
Cd 594 13.00 0.56 
Ce 1068 21.62 0.50 
Co 1765 6.69 0.48 
Cr 2178 7.23 0.50 
Cu 1356 7.12 0.46 
Fe 1808 7.09 0.48 
In 430 15.74 0.68 
La 1193 22.54 0.50 
Mn 1517 7.35 0.50 
Mo 2895 9.39 0.50 
Nb 2740 10.81 0.50 
Ni 1728 6.60 0.47 
Pb 601 18.28 0.55 
Sb 904 16.96 0.40 
Si 1687 8.61 0.38 
Sn 505 16.30 0.64 
Ta 3123 10.81 0.50 
Ti 1998 10.58 0.50 
v 1973 8.36 0.50 
w 3655 9.55 0.50 
Zn 693 9.17 0.54 

Table 2. Partial enthalpy of mixing fl.fixjY)/kJ · mol-1 calculated 
from Miedema's semi -empirical method [ 13 J. 

Solvent Solute !:iff X(Y) Solvent Solute !:lflx(Y) Solvent Solute M X(Y 

(Y) (X) (Y) (X) (Y) (X) 

Bi Cd 4 Bi In -5 Bi Pb 0 
Bi Sb 3 Bi Sn 5 Bi Zn 14 
Cd Bi 5 Cd Pb 7 Cd Sb -11 
Cd Sn -1 Cd Zn 3 In Pb -3 
In Sn -1 In Zn 10 Pb Bi 0 
Pb Cd 5 Pb In -3 Pb Sb 2 
Pb Sn 6 Pb Zn 16 Sb Cd -8 
Sb Pb 2 Sn Cd -1 Sn In -1 
Sn Pb 7 Sn Zn 3 Zn Bi 23 
Zn Cd 4 Zn In 14 Zn Pb 25 
Zn Sb -5 Zn Sn 5 Fe Co -2 
Fe Cr -6 Fe Cu 50 Fe La 25 
Fe Mn 1 Fe Mo -9 Fe Nb -70 
Fe Ni -6 Fe Pb 160 Fe Si -75 
Fe Sn 56 Fe Ta -67 Fe Ti -74 
Fe v -29 Fe w 0 Cr Co -18 
Cr Cu 49 Cr Mn 8 Cr Mo 2 
Cr Ni -27 Cr Pb 153 Cr Si -87 
Cr Sn 53 Cr v -8 Mn Co -21 
Mn Cr 9 Mn La 14 Mn Mo 22 
Mn Nb -17 Mn Ni -33 Mn Pb 38 
Mn Si -120 Mn Ta -17 Mn Ti -36 
Mn v -3 Mn w 28 

The calculated results of c:~, 17~ and O"~ in the above systems 
are shown in Table 3 together with the experimental values of 
£~ [ 14 to 17]. Figure 2 presents a comparison of the calculated 
c:B with their experimental values. As shown in Table 3 and Fig. 
2, most of the calculated c:~ values have the same sign as those 
for the experimental values. Since the simple assumptions were 

Z. Metallkd. 84 (1993) 2 

No. Elements Temp./ 7)~/ 0"~/ £~/ £~/ Ref. 
A B c K kJ · mol-1 J · K-1mol-1 (calc.) (exp.) 

1 Bi Cd Pb 773 3 0.7 0.4 1.62 14 
2 Bi Zn Cd 723 -14 -3.3 -1.9 -0.3 15 
3 Bi Zn In 723 5 1.0 0.7 2.2 15 
4 Bi Zn Pb 723 11 2.2 1.6 1.4 15 
5 Bi Zn Sb 723 -22 -5.2 -3.0 -5.4 15 
6 Bi Zn Sn 723 -14 -2.5 -2.0 -0.5 15 
7 Cd Bi Pb 773 -12 -2.8 -1.5 -3.2 14 
8 Cd Pb Sb 773 6 1.4 0.8 0.0 14 
9 Cd Pb Sn 773 0 -0.3 0.0 2.86 14 

10 Cd Sn Pb 773 1 -0.1 0.2 2.86 14 
11 Cd Zn Pb 805 15 3.1 1.9 0.95 16 
12 Cd Zn Sn 805 3 0.8 0.3 -1.10 16 
13 In Zn Pb 805 18 3.7 2.2 1.00 16 
14 In Zn Sn 805 -4 -0.7 -0.5 -0.63 16 
15 Pb Bi Cd 773 - 1 -0.1 -0.1 -0.86 14 
16 Pb Cd Sn 773 -12 -2.4 -1.6 1.35 14 
17 Pb Sb Cd 773 -15 -3.4 -1.9 -1.60 14 
18 Pb Zn Bi 805 7 1.6 0.9 -0.70 16 
19 Pb Zn Cd 805 -17 -3.9 -2.1 -2.05 16 
20 Pb Zn In 805 1 -0.1 0.2 -1.90 16 
21 Pb Zn Sn 805 -17 -3.3 -2.1 -4.20 16 
22 Sb Cd Pb 773 13 3.5 1.6 2.8 14 
23 Sn Cd Pb 773 1 0.5 0.1 0.0 14 
24 Sn Cd Zn 973 1 -0.1 0.1 -1.65 14 
25 Sn Zn In 805 12 2.2 1.5 0.41 16 
26 Sn Zn Pb 805 15 3.1 1.9 1.22 16 
27 Fe Mn Co 1843 -20 -1.8 -1.1 -0.9 17 
28 Fe Mn Cr 1843 14 0.8 0.8 0.9 17 
29 Fe Mn La 1873 -12 -0.9 -0.7 61.6 17 
30 Fe MnMo 1843 30 1.4 1.8 1.1 17 
31 Fe Mn Nb 1843 52 2.9' 3.0 2.1 17 
32 Fe Mn Ni 1843 -28 -2.6 -1.5 -1.8 17 
33 Fe Mn Pb 1823 -123 -16.5 -6.1 -5.2 17 
34 Fe Mn Si 1873 -46 -5.3 -2.3 -3.3 17 
35 Fe Mn Ta 1843 49 2.3 2.9 0.4 17 
36 Fe Mn Ti 1873 37 2.5 2.1 -9.7* 17 
37 Fe Mn V 1843 25 1.8 1.4 1.3 17 
38 Fe Mn W 1843 27 0.7 1.7 3.1 17 
39 Fe Cr Co 1903 -10 -0.8 -0.5 -4.7 17 
40 Fe Cr Cu 1873 5 -1.5 0.5 4.1 17 
41 Fe Cr Mn 1843 13 0.7 0.8 0.9 17 
42 Fe Cr Mo 1873 17 3.1 0.7 0.0 17 
43 Fe Cr Ni 1873 -15 -1.5 -0.8 0.0 17 
44 Fe Cr Pb 1873 -1 -5.5 0.6 4.4 17 
45 Fe Cr Si 1903 -6 -2.0 -0.1 0.0 17 
46 Fe Cr Sn 1823 3 -3.2 0.6 3.3 17 
47 Fe Cr V 1873 27 2.8 1.4 2.6 17 

*As Uenoetal. [18] pointed out, £~0 (exp .) = 3.9[21]. 

used to extend the model to ternary systems in this work, it is dif
ficult to make a reliable comparison of the calculated and ex
perimental~ results. In addition, the accuracy of the calculated 
results for c:B in this model depends on that of ,6. fix (Y) (X= A, 
B or C; Y =A or B) calculated from Miedema's semi-empirical 
method. 
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(numbers in the figure correspond to tJ10se in Table 3). 

Ueno et al. have also calculated c:~ using Miedema's semi
empirical method on the basis of the pseudopotential formalism 
coupled with the Gibbs energy of the hard sphere system [18. 
19]. They did not, however, refer to the relationship between 7]~· 
and of 
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Fig. 3. Relationship between 7]~ and 0'~ (calculated) for liquid non-fer
rous ternary alloys (numbers in the figure correspond to those in Table 
3). 
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4 Relation Between Enthalpy and Entropy Interaction 
Parameters in Liquid Ternary Alloys 

Lupis and Elliott [9] and Richardson [20] have shown that cer
tain correlations exist between 7J~ and 0'~ in some liquid ternary 
systems on the basis of the available experimental values. Fig
ures 3 and 4 show the relation between 7J~ and 0'~ calculated 
from the present model in non-ferrous alloys and ferrous alloys, 
respectively. From these figures, there seem to be linear correla
tions between 7J~ and 0'~. From Eqs. (25), (26), (32) and (33), if 
the components in the ternary alloys have similar physical prop
erties, i.e. 

f3A = f3B ~ f3c ( = 0.50) 

vA~vB~vc 

Tm,A ~ Tm,B ~ Tm,c(= Tm,Ave) 

the following approximate equation applies: 

7]~ ~ 7.0 · Tm.Ave · 0'~ 

I 
I 

I 

50 
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Tm,Ave=1834K 
I 

I 

} (34) 

(35) 

10 

Fig. 4. Relationship between 77~ and 0'~ (calculated) for liquid ferrous 
ternary alloys (numbers in the figure correspond to those in Table 3). 

where Tm, Ave is the arithmetic average of Tm, A, Tm, B and 
Tm,C· 

The above equation implies that the alloy, for which the com
ponents have the higher melting points, will show a larger value 
of the ratio 7]~/0'~. The relation in Eq. (35) with the average val
ue of the melting points of Bi, Cd, In, Pb, Sb, Sn and Zn 
(Tm, Ave= 610 K) is shown in Fig. 3, where the approximation 
in Eq. (35) satisfies the relation between 7]~ and 0'~ for the al
loys formed by the above metals. The dotted line in Fig. 4 indi
cates the relation in Eq. (35) with the average value of the melt
ing point of Fe, Mn and Cr (Tm,Ave = 1834 K). As shown in this 
figure, when the melting point of the third element C is much 
different from those of Fe, Mn and Cr, their points (e.g., No. 33 
for Fe- Mn- Pb, No. 44 for Fe-Cr-Pb and so on) are lo
cated away from the line. Hence, if the second or third element 
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in .s~ is a gaseous element such as oxygen or nitrogen, another 
relationship between 77~ and cr~ instead of Eq. (35) should be 
derived because U xx can not be expressed in terms of the melt
ingpoints of those elements as inEq. (33). 

5 Concluding Remarks 

In the present work, a previously described solution model 
based on the free volume theory was agplied to ternary alloys to 
calculate the interaction parameter c-

8
, as well as the enthalpy 

and entropy interaction parameters, 77B and cr~, in some non-fer
rous and ferrous alloys. The values of .s~, 77~ and cr~ can be eval
uated from the partial enthalpy of mixing LJ.flx(Y) obtained by 
Miedema's semi-empirical method and some physical proper
ties of pure components. The relationship between 77~ and cr~ 
can be expressed approximately as a linear relation dependent 
upon the melting points of the components. 
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