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Evaluation of Interaction Parameters in
Dilute Liquid Ternary Alloys by a
Solution Model Based on the Free Volume

Theory

A solution model based on the free volume theory has been ap-
plied to derive a Gibbs energy interaction parameter Eg. The re-
lation between an enthalpy interaction parameter ng and an en-
tropy interaction parameter crg has been obtained. These par-
ameters were evaluated from some physical properties coupled
with Miedema’s semi-empirical method.

1 Introduction

In previous publications [1 to 5], a new solution model for lig-
uid binary alloys based on the free volume theory has been pre-
sented. This model allows a successful description of the rela-
tion between partial enthalpy and partial excess entropy of mix-
ing in infinitely dilute solutions of liquid binary alloys. In addi-
tion, it predicts the values of partial excess Gibbs energy of solu-
tions, which are in reasonable agreement with experimental val-
ues.

In the present work, this solution model has been applied to
ternary alloys to evaluate Gibbs energy interaction parameters
in infinite dilution. Moreover, the relation between enthalpy
and entropy interaction parameters is discussed.

2 Derivation of Thermodynamic Equations

The solution model is based on the free volume theory ad-
vanced by Shimoji and Niwa [6]. Assuming that an atom vi-
brates harmonically in its cell surrounded by the nearest-neigh-
bor atoms, the partition functions for pure liquid A, B and Cis
given by the following equation:

Qxx = Vlfv’% -exp (—Ex/kT)

= {—WLg(XkT/UXX}SNX/Z -exp (—NxUxx/2kT)
(XX =AA,BBor CC; X =A,Bor C) 1)

where
Uxx = 2+ uxx (2)

Vk,.x is the free volume of X atom in pure liquid (X = A,Bor

O
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Uxx is the depth of potential energy of an atom X (X = A, B
or C)inits cell in pure liquid X, as shown in Fig. 1;

uxyx is the energy of A-A, B-B or C-C pairs;

z isthe coordination number;

Lxxis the distance which interatomic potential extends in a
cell of pure liquid A, B or C, as shown in Fig. 1;

Ny isthenumberof X atom (X = A,BorC);

k  isthe Boltzmann constant and

T isthetemperature inK.

The partition function for an A-B-C ternary alloy is

Q = g {~nLAKT /U™ - {~mIBhT U}

{n LT UGy
-exp {—(NaUx + NpUg + NcUc)/2kT'} (3)

Nearest-neighbor atoms

at%fm X /O” T _O‘\O
O

\

Cell of
v atom X

Free volume
of atom X

e e e c e e o ——

\Potential energy
1 of atom X
yin its cell

Fig. 1. Schematic diagram of potential energy in acell of atom X.
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where

g is adegeneracy factor;

Ux(X =A, B or C) the depth of potential energy of an atom X
(X=A,BorQ)inits cell in liquid A-B-C
ternary alloy and

Lx(X =A, B or C) the distance which interatomic potential
extends inacell of an atom X (X =A,Bor
C)inliquid A-B-Cternary alloy.

The energy E = (NAUA + NgUg + NCUc)/2 of an A-B-C
ternary alloy in Eq. (3) is assumed to be expressed in terms of
the pair interaction energies A-A, B-B, C-C, A-B, A-Cand B-C,
namely uaa, UBB, UCC, UAB, Uac and upc as follows:

E =NjUaa/2+ NgUgs/2 + NcUcc/2
+ Napf2aB/z+ Ncf2sc/z+ Nacf2ac/z (4)

whereUAA =Z- UAAyUBB = Z - UBB and UCC = ZUCC

Nap, Nac and Npc in Eq. (4) are the numbers of A-B, A-C
and B-C pairs, respectively. £2ap, {2pc and 245 are defined as
follows:

(5)

8¢ = z- {upc — 1/2 (uB + ucc)}

2xp =z {uap — 1/2 (uaa + ups)} }
xc = 2 - {uac — 1/2 (uaa +ucc)}

For condensed systems and at ordinary pressure levels, the
Gibbs energy GG may be equivalent to the Helmholtz energy F'
because their difference, the term PV, is usually negligible.
Thus, for all practical purpose

GXX ~ FXX = —kTln QXX (XX = AA,BB or CC) (6)

G~F=—kTln Q (7)

From the above equations, the change in Gibbs energy of mix-
ing, AGyx is

AGuix = G — (Gaa + Gss + Geo)
= (Nap{f2aB + Npcf2pc + Nacf2ac)/z— kT -Ing
— KT -3/2 [Ny -In (=nL3KT/Us) +
Np -In (=wLiKT/Ug) + N¢ - In (=wLEKT /Uc)
— {Na -In (=LA ,kT/Usn) +
Ng -In (—nLigkT /Ugg) +
Ne - In (-mLgckT/Ucc)}] ' (8)

In the following, the enthalpy and entropy terms in the A-B-C
ternary alloy will be derived separately.

2.1 The Enthalpy Term

FromEq. (8),
AHypx = (Nap£2ap + Npc82sc + Nacf2ac)/z (9)

With regard to the configuration of atoms in alloys, short range
order is taken into account on the basis of the first approxima-
tion to the regular solution model proposed by one of the
authors [7]. According to this model, Nap, Np¢ and N are
given by the following equations for dilute solutions:

Z. Metallkd. 84 (1993) 2

NAB ZZ‘NO cTATB (1 —:BAwg.QAB/kT) (10)
NBC = Zz- Ng s IBXC (1 e SL‘BchBC/k,T) (11)
Nuc =z Ny - zpazxc (1 — 2axclac/kT) (12)
where
Ny is Avogadro’s number,
za,xp and z¢ are the mole fractions of A, B and C, respec-
tively.
Consequently, the enthalpy of mixing per atom

AHyix = AHygx/No canbe given by the following equation:

AHyrx = Qa5 - za -z (1 — zazs2s8/kT)
+ ¢ - zB - 2¢ (1 — 2B /KT)
+ ac - 2a-zc (1 — zazcS2ac/kT) (13)
2.2 Entropy Term

The entropy arising from the atomic configuration in the alloys,
ASconr = k - In g, consists of the following two terms:
AScoxr = k- Ing = ASEGr + ASGoNr (14)
For the excess configurational entropy in the alloys, the follow-

ing equation based on the first approximation to the regular so-
lution model [7] was also adopted.

ASSBNF = —xix%QZB/szz — TRt B /2kT?

— Sl 2 2HT (15)
The excess entropy arising from nonconfigurational contribu-
tions, for example, from the vibration of atoms in their cell,
AS\E,}‘B can be derived from Eq. (8) as follows:

ASES, =3/2 - kNo{2za -In (La/Lan) +
2z -In (Lp/Lgg) + 2z¢ - In (Lc/Loc) +
TA-In (UAA/UA) +zp-In (UBB/UB) -+

o -In (Ucc/Uc)} (16)

In Eq. (16), it is necessary to have information on
La, Ly, Lg, U, U and Ug in the A-B-C ternary alloy. In this

work, the simplest relations were adopted from Shimoji and
Niwal6],1.e.,

Un = 2aUsa +28Uss +2cUsc

Up = 2AUas + 23U + 2cUnc } (17)
Uc = zaUac + z8Usc + 2cUcc

where

Uap = 2 - UaB Upc = z-unc Usc =z uac  (18)

La =1/2{Laa + (zaLlaa + zalpp + zcLco)}
Lp = 1/2{Lpp + (zaLaa +zpLles + zcLoc)}
Lc =1/2{Lcc + (zaLlaa +zpLlep + zcLcc)}

}(19)

Finally, the excess entropy for vibrational contributions of
atoms in their cell per atom, ASES = ASEY, /Ny is given by
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ASEE =3/2 k zazp [(Las — Les)’/(Laa - Lzs)
+ {4UaaUsp — 2024(Uaa + Ung)
~ (Uaa + Uss)*}/(2UaaUsg)]
+3/2 k zpzc [(Les — Lec)?/(Les - Lec)
+ {4UsUcc — 262p¢(Us + Ucc)
— (Uss + Ucc)"}/ (2UseUco)]
+3/2 k zazc [(Laa — Leo)?/ (Laa - Lec)
+ {4UnaUcc — 2925c(Usa + Ucc)

— (Uaa + Ucc)*}/ (2UanUcc)] (20)
where the following relations were used:
Uap = {28 + (Uaa + Uss)/2
Usc = {28c + (Uss + Ucc)/2 } (21)

Uac = 2ac + (Uaa + Ucc)/2

The first order Gibbs energy interaction parameter eg, proposed
by Wagner [8], may be written as

8% = {(82AGEX/B:EC azB):cB — 0, z¢ — 0}/k T

=S —T aQ)/kT (22)
where ng and ag are the enthalpy and entropy interaction
parameters, respectively, and according to Lupis and Elliott [9]
are defined as follows:

ng = (6°AHwmix/02c078) 4, _, 0, 6 - 0 (23)
Ug = (62ASEX/8$(]8[EB)£B -+ 0, zg ~ 0
= {8*(ASGSNr + ASUR) /02008 1y 0 0o w0 (24)

From Egs. (13), (15), (20), (23) and (24), n§ and o can be writ-
ten as

n5 = §280 — a8 — ac (25)
oS = 3/2k [(Les — Loo)’/(LesLec) + {4UssUcc
— 202¢(UsB + Ucc) — (Uss + Ucc)’}/ (2UssUcc)
— (Laa — Lpg)?/(LaaLep) — {4UaUss
— 202a8(Uaa + Uss) — (Uaa + Usg)*}/(2UaaUsg)
— (Laa ~ Lee)? /(LasLec) — {4UaaUcc
—20250(Uaa + Ucc) — (Uaa + Ucc)’}/ (2UsnaUcc)]
(26)

From Egs. (22), (25) and (26), the following relation can be ob-
tained.

€S — B (27)
Further, eg can be expressed as follows:

ep = (ng — Top)/kT (28)
5 = —20aB (29)
102

o8 = — 3k[(Laa — Lps)’/LaaLles
+ {4UsaUsp — 20258(Uns + Uss)

— (Uaa + Uss)?}/(2UaUss))

Accordmg to the solution model, as applied to blnary alloys in
our previous work [2 to 5], the relatlon between e5 and the activ-
ity coefficient at infinite dilution 'yB can be expressed by

(30)

ed = —2In~3 (31)
Lxx (XX =AA, BB or CC)inEq. (26) is assumed to be half of
the nearest- neighbor distance and is obtained from the follow-
ing equation [1to 5]:
Lxx = 1/2- (2Y2Vx/Np)*/? (32)
where Vy is a molar volume of pure X (X=A,Bor C).

28, a8 and 25 ¢ can be assumed to be equal to the partial
enthalpy of mixing in infinite dilution A FIC(B) of solute C in
solvent B, A Hg (a) of solute B and A Hg (a) of solute C in sol-
vent A, respectively [2to 5].

Uaa, Ugg and Ugg in Eq. (26) are calculated from the follow-
ing equation [4 to 5] when the units of £2g¢, {245 and {2a¢ are
taken as J - mol ™!, and k in Egs. (1) to (30) is taken as gas con-
stant R/J - K1 -mol 1.

Uxx = —685.3- (Bx)* -

where Ty, x is the melting point of element X and Bx the coeffi-
cient to transfer the solid state frequency to that in the liquid at
the melting point [10to 12].

The values of Bx for various elements were obtained from
the experimental data on surface tension of pure liquid metals
[10]. When the values of Bx are not available, it can be set ap-
proximately [10, 12]t0 0.5.

The derivation of the above Eq. (33) and the physical mean-
ing of Bx were described in detail in our previous work [1 to 5,
10to 12].

Consequently, 7S and o§ can be obtained from Egs. (25) to
(33), together with the partial enthalpy of mixing in infinite di-
lution and some fundamental physical properties, i.e., Tm x, Vx
and Bx of the components in the pure state.

Tx /J - mol™* (33)

3 Calculation of the Gibbs Energy Interaction Param-
eter, the Enthalpy Interaction Parameter and the
Entropy Interaction Parameter

Asshownin Egs. (4), (13) and (25), A Hurx in ternary alloys ac-
cording to the present model consists of the summation of the
interaction energies between each pair of elements. Extra terms
describing the interactions between the three elements in ter-
nary systems, however, are not considered. If each binary in the
ternary system shows large interaction energies, i. €. large abso-
lute values of A Hyx, it seems in gpropriate to apply the pres-
ent model for the calculation of eg values. The calculation of
&5, 7S and 05, therefore, was carried out for non-ferrous ternary
alloys formed from Bi, Cd, In, Pb, Sb, Sn and Zn and also in Fe-
Mn base and Fe-Cr base alloys. The components in these sys-
tems have similar physical properties and the interaction ener-
gies of each pair do not seem to be too great.

The values of Ty x, Vy and Bx for various elements are
shown in Table 1 [10, 131. To evaluate f2g¢, {245 and 24¢ in
Egs. (25) and (26), the values of partial enthalpy of mixing
A HC in solvent B, and A HB(A) and A HC(A) in solvent A
were calculated using Miedema’s semi-empirical method [13],
as shownin Table 2.

Z. Metallkd. 84 (1993) 2
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Table 1. Physical properties of some elements used in the calculation of
0S. T, x:Ref. [10], Vy: Ref. [13]and Bx: Ref. [10].

C

Table 3. Calculated results for 7 ag and sg in liquid ternary alloys

Elements T, x/K Vx/cm®mol ™ Bx
Bi 544 19.32 0.54
Cd 594 13.00 0.56
Ce 1068 21.62 0.50
Co 1765 6.69 0.48
Cr 2178 7.23 0.50
Cu 1356 7.12 0.46
Fe 1808 7.09 0.48
In 430 15.74 0.68
La 1193 22.54 0.50
Mn 1517 7.35 0.50
Mo 2895 9.39 0.50
Nb 2740 10.81 0.50
Ni 1728 6.60 0.47
Pb 601 18.28 0.55
Sb 904 16.96 0.40
Si 1687 8.61 0.38
Sn 505 16.30 0.64
Ta 3123 10.81 0.50
Ti 1998 10.58 0.50
A% 1973 8.36 0.50
w 3655 9.55 0.50
Zn 693 9.17 0.54

Table 2. Partial enthalpy of mixing AH x(vy/kJ - mol ™! calculated
from Miedema’s semi-empirical method [13](

Solvent Solute AHx(y)| Solvent Solute AHxyy| Solvent Solute AH x(y
¥) X YY) X Y) X)
Bi Cd 4 Bi In -5 Bi Pb 0
Bi Sb 3 Bi Sn 5 Bi Zn 14
Cd Bi 5 Cd Pb 7 Cd Sb -11
Cd Sn -1 Cd Zn 3 In Pb -3
In Sn -1 In Zn 10 Pb Bi 0
Pb Cd 5 Pb In -3 Pb Sb 2
Pb Sn 6 Pb Zn 16 Sb Cd -8
Sb Pb 2 Sn Cd -1 Sn In -1
Sn Pb 7 Sn Zn 3 Zn Bi 23
Zn Cd 4 Zn In 14 Zn Pb 25
Zn Sb -5 Zn Sn 5 Fe Co -2
Fe Cr -6 Fe Cu 50 Fe La 25
Fe Mn 1 Fe Mo -9 Fe Nb =70
Fe Ni -6 Fe Pb 160 Fe St ~75
Fe Sn 56 Fe Ta -67 Fe Ti -74
Fe Vv 29 Fe W 0 Cr Co -18
Cr Cu 49 Cr Mn 8 Cr Mo 2
Cr Ni -27 Cr Pb 153 Cr Si -87
Cr Sn 53 Cr v -8 Mn Co =21
Mn Cr 9 Mn La 14 Mn Mo 22
Mn Nb -17 Mn  Ni -33 Mn Pb 38
Mn Si -120 Mn Ta -17 Mn Ti -36
Mn \% -3 Mn W 28

The calculated results of €S, 7S and oS in the above systems
are shown in Table 3 together with the experimental values of
8% [14 to 17]. Figure 2 presents a comparison of the calculated
g with their experimental values. As shown in Table 3 and Fig.
2, most of the calculated Eg values have the same sign as those
for the experimental values. Since the simple assumptions were

Z. Metallkd. 84 (1993) 2

with the experimental values of sg.
No. Elements Temp./ 7S/ 0%/ €S/ €8/ Ref
A B C K kJ-mol™'J-K'mol? (calc.) (exp.)
1 Bi Cd Pb 773 3 0.7 04 1.62 14
2 Bi Zn Cd 723 -14 -3.3 -1.9 -0.3 15
3 Bi Zn In 723 5 1.0 0.7 22 15
4 Bi Zn Pb 723 11 2.2 1.6 14 15
5 Bi Zn Sb 723 -22 -5.2 -3.0 54 15
6 Bi Zn Sn 723 -14 -2.5 2.0 -0.5 15
7 Cd Bi Pb 773 -12 -2.8 -1.5 -32 14
8 Cd Pb Sb 773 6 14 0.8 00 14
9 Cd Pb Sn 773 0 -0.3 00 286 14
10 Cd Sn Pb 773 1 -0.1 0.2 286 14
11 Cd Zn Pb 805 15 3.1 1.9 095 16
12 Cd Zn Sn 805 3 0.8 03 -1.10 16
13 In Zn Pb 805 18 3.7 2.2 1.00 16
14 In Zn Sn 805 -4 -0.7 -05 -063 16
15 Pb Bi Cd 773 -1 -0.1 0.1 -086 14
16 Pb Cd Sn 773 -12 2.4 -1.6 135 14
17 Pb Sb Cd 773 ~15 -3.4 -19 -1.60 14
18 Pb Zn Bi 805 7 1.6 09 -0.70 16
19 Pb Zn Cd 805 -17 -3.9 -2.1 205 16
20 Pb Zn In 805 1 -0.1 02 -190 16
21 Pb Zn Sn 805 -17 -3.3 2.1 -420 16
22 Sb Cd Pb 773 13 3.5 1.6 28 14
23 Sn Cd Pb 773 1 0.5 0.1 0.0 14
24 Sn Cd Zn 973 1 -0.1 0.1 -1.65 14
25 Sn Zn In 805 12 22 1.5 041 16
26 Sn Zn Pb 805 15 31 1.9 122 16
27 Fe Mn Co 1843 20 -1.8 -1.1  -09 17
28 Fe Mn Cr 1843 14 0.8 0.8 09 17
29 Fe Mn La 1873 -12 -0.9 -0.7 61.6 17
30 Fe Mn Mo 1843 30 1.4 1.8 1.1 17
31 Fe Ma Nb 1843 52 2.9 30 21 17
32 Fe Mn Ni 1843 -28 -2.6 -1.5 -1.8 17
33 Fe Mn Pb 1823 -123 -16.5 -6.1 -52 17
34 Fe Mn Si 1873  -46 5.3 23 =33 17
35 Fe Mn Ta 1843 49 2.3 2.9 04 17
36 Fe Mn Ti 1873 37 2.5 2.1 -9.7% 17
37 Fe Mn V 1843 25 1.8 1.4 1.3 17
38 Fe Mn W 1843 27 0.7 1.7 31 17
39 Fe Cr Co 1903 -10 ~0.8 -0.5 4.7 17
40 Fe Cr Cu 1873 5 -1.5 0.5 41 17
41 Fe Cr Mn 1843 13 0.7 0.8 09 17
42 Fe Cr Mo 1873 17 3.1 0.7 0.0 17
43 Fe Cr Ni 1873 -15 -1.5 -0.8 0.0 17
44 Fe Cr Pb 1873 -1 -5.5 0.6 44 17
45 Fe Cr Si 1903 -6 2.0 0.1 0.0 17
46 Fe Cr Sn 1823 3 3.2 0.6 33 17
47 Fe Cr V 1873 27 2.8 1.4 26 17

* As Uenoetal. [18] pointed out, el (exp.) = 3.9[21].

used to extend the model to ternary systems in this work, it is dif-
ficult to make a reliable comparison of the calculated and ex-
perimental Ecg results. In addition, the accuracy of the calculated
results for eg in this model depends on that of A Hy (y) (X = A,
Bor C; Y = A or B) calculated from Miedema’s semi-empirical

method.
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Fig. 2. Comparison of the calculated 5 with the experimental values
(numbers in the figure correspond to tFose in Table 3).

Ueno et al. have also calculated ag using Miedema’s semi-
empirical method on the basis of the pseudopotential formalism
coupled with the Gibbs energy of the hard sphere system [18,
19]. Téley did not, however, refer to the relationship between ng
and og.
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Fig. 3. Relationship between 77 and a (calculated) for liquid non-fer-
rous ternary alloys (numbers in the flgure correspond to those in Table
3).
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4 Relation Between Enthalpy and Entropy Interaction
Parameters in Liquid Ternary Alloys

Lupis and Elliott [9] and Rlchardson [20] have shown that cer-
tain correlations exist between 7S and o in some liquid ternary
systems on the basis of the available experlmental values. Fig-
ures 3 and 4 show the relation between 7§ and 0§ calculated
from the present model in non-ferrous alloys and ferrous alloys,
respectively. From these f1gures there seem to be linear correla-
tions between 773 and aB From Egs. (25), (26), (32) and (33), if
the components in the ternary alloys have similar physwal prop-
erties, i.e.

Ba = B = Bo (= 0.50)

Vam V=V } (34)
Tm,A =~ Tm,B ~ Tm,C(': Tm,Ave)
the following approximate equation applies:
7S % 7.0 - T ave - 05 (35)

7
/
/
50+ 03%1
o3
380047
3
TA
of 1 )k mol™ . o8
-15 -0 -5 @ ey 10
T t or T T
AT
43‘829
27
/
o312
/
/
034,
) -50F
7 L
7 [
/ £
/ =
/ —
/
/ F
/
, -100F -
cot c
T]B =7 Tm,Ave'OB
®33 Tm,Ave = 1834K
/
; .

Fig. 4. Relationship between 7713 and aB (calculated) for liquid ferrous
ternary alloys (numbers in the figure correspond to those in Table 3).

where T ave iS the arithmetic average of Ty a, T, B and
T, ¢-

The above equation implies that the alloy, for which the com-
ponents have the higher melting points, will show a larger value
of the ratio n$/05. The relation in Eq. (35) with the average val-
ue of the melting points of Bi, Cd, In, Pb, Sb, Sn and Zn
(T, Ave = 610 K) is shown in Fig. 3, where the approximation
in Eq. (35) satisfies the relation between 7713 and ag for the al-
loys formed by the above metals. The dotted line in Fig. 4 indi-
cates the relation in Eq. (35) with the average value of the melt-
ing point of Fe, Mn and Cr (T, ave = 1834 K). As shown in this
figure, when the melting point of the third element C is much
different from those of Fe, Mn and Cr, their points (e.g., No. 33
for Fe — Mn — Pb, No. 44 for Fe—Cr—Pb and so on) are lo-
cated away from the line. Hence, if the second or third element

Z. Metallkd. §4 (1993) 2
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in €5 is a gaseous element such as oxygen or nitrogen, another

relationship between 7713 and U’B instead of Eq. (35) should be
derived because Ux x can not be expressed in terms of the melt-
ing points of those elements as in Eq. (33).

5 Concluding Remarks

In the present work, a previously described solution model
based on the free volume theory was gplied to ternary alloys to
calculate the interaction parameter €p, as well as the enthalpy
and entropy interaction parameters, 7713 and ag, n some non-fer-
rous and ferrous alloys. The values of 6B n§ and o can be eval-
uated from the part1al enthalpy of mixing AH X(v) Obtained by
Miedema’s semi-empirical method and some physxcal proper-
ties of pure components. The relationship between 77}3 and ag
can be expressed approximately as a linear relation dependent
upon the melting points of the components.
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