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Thermodynamic Relationship between

the Enthalpy Interaction Parameter and the
Entropy Interaction Parameter in Liquid
Iron—Nitrogen Based Ternary Alloys

A statistical thermodynamic solution model based on the
free volume theory is applied to liquid iron—nitrogen based
ternary alloys to derive the relationship between the en-
thalpy interaction parameter and the entropy interaction
parameter. A linear relationship between those parameters
is obtained. Then, Wagner’s interaction parameters of ni-
trogen with some mefallic elements in liquid iron alloys are
evaluated. These results show that the free volume of the
solute elements is an important factor to determine the
excess entropy terms in those alloys.

1 Introduction

In previous works [l to 7], the authors explained the
thermodynamic relationship between the enthalpy of mix-
ing, AHy;x. and the excess entropy, AS®*, between the
partial enthalpy of solution, H,, and the partial excess
entropy S'%, in liquid binary alloys, and between the en-
thalpy interaction parameter % and the entropy interaction
parameter ¢y in liquid ternary dilute alloys (X, Y: solute
elements) by a statistical thermodynamic solution model
based on the free volume theory. Using this model, we
evaluated the excess entropy and the excess Gibbs energy of
solutions when enthalpy terms were given. Richardson [8]
described that there exists a linear relationship between #}
and Wagner’s interaction parameter ¢y in liquid iron-
nitrogen based ternary alloys, which means that n} is
proportional to ¢¥. The ratio of Y /e} has been reported
to be 7kcal at 1873 K in those alloys by Chipman and
Corrigan [9]. Although we previously derived the relation-
ship between # ¥ and ¢} in liquid ternary dilute alloys which
consisted of three metallic elements, we could not deal with
liquid alloys including gaseous elements such as nitrogen in
that derived model. Then, the purpose of the present study
is to extend the above free volume solution model to liquid
iron—nitrogen based ternary alloys, in which nitrogen dis-
solves interstitially in the alloys, and to derive the relation-
ship between 5} and 0.

2 Derivation of Thermodynamic Equations

The following derivation of ¢¥ is based on a theoretical
work by Tsu and Saito [10], but we introduce the concept

of the free volume into their work. Let us consider an
Fe—-X-N ternary solution, in which Fe atoms and atoms
of the metallic element X occupy substitutional sites
and N atoms dissolve in interstitial sites. The structure
of liquid iron alloys is assumed to be similar to the face-
centered cubic structure as Tsu and Saito [10], and Foo
and Lupis [11] assumed. Then, the number of substitu-
tional lattice points is equal to that of interstitial points.
The number of arrangements of Ny, atoms of Fe and
N, atoms of X on (Ng, + Ny ) substitutional sites is given
by

(Npe + Ny)!
Ne INy!
Similarly, the number of arrangements of Ny atoms of N
on (N, + N, ) interstitial sites is given by
(Nge + Ny)!

Ny! (Npe + Ny — Ny)!

(1

(2)

Here, we assume that the atoms of Fe, X and N are
distributed randomly on their sites. The energy for the
above arrangement of atoms is represented by

E = Nigeyliyey -+ Niepelivere + Nyxtiyy + Neenlipen
+ Nt + Nyntian (3)

where u;; is the pair interaction energy of the i—j pair. N,
(i,j = Fe, X or N) in Eq. (3), which is the number of i—j
pairs, is given as follows

_ ZNp Ny _Z'NgNa )
FeX ™ Npo + Ny PN Ny + Ny
ZNE, Z'Ny Ny
Nigprg = =0 =X N 4
FeFe T O (Npe + Ny) ™ Npe+ Ny 0 @
ZN2 ZN?
AN+ Ny) TN 2N+ Ny)

The random configuration of atoms on their sites is as-

sumed in Eq. (4). In the above equations, Z is the number
of substitutional nearest-neighbors to a substitutional site
or the number of interstitial nearest-neighbors to an inter-
stitial site. Z' is the number of substitutional nearest-neigh-
bors to an interstitial site or the number of interstitial
nearest-neighbors to a substitutional site. When the free
volumes of Fe, X and N atoms in the solution are expressed
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as Vipe, Vixand Vi, respectively, the partition function of
the system is given by

(Ngo + Ny)! (Npe + Ny)! Ny /N
o [+ o e VNLL VI X V N
0 NNyl Ny\(Npe+ Ny — N ™
E
- exp <—7C“71> : (%)

where k is the Boltzmann constant and 7'is the temperature
in K.

The Gibbs energy can be obtained by the following
equation

Gx~ ~kTInQ
= —KkT{2(Ng. + Ny) In (Np. + Ny) — Ni. In N,
—NyInN,—NyIn Ny

= (Npe + Ny —Ny) In (NFc+NX_NN)}
~kT{Np.In Vipe + Ny In Ve + NyIn Vi)
NioNy N2
keY oy o TFe
Neot Ny T 2175 3N+ Ny)
N% Ne. Ny
Z ——— + Uy —————
T S Neat W) TN N+ Ny
NyNy i N7
NN MR
Nee+ Ny 7 NN2(Ng, + Ny)

where Stirling’s relation In x! = x In x — x is used.
From Eq. (6), the chemical potential of the solute ele-
ment N in liquid iron alloy can be obtained as follows

+ Zipey

+ Z'uyn (6)

L 0G
U _——_aNN
N,
=kTIn{eomNe b kT In ¥,
{<NH+ Ny) —NN}
Nln ’ NX
+ Z Upen Nt N, + 2N Net N,
Ny
+ Zu
N Ne, + Ny
=kT1n< il >——kT1n Vin
1 —xy )
+ Z'Upon Xpe + 2 Uin Xy + Ll XN (7

where xp.., X, and x are the mole fractions of Fe, X
and N’ le’ ’\‘Fe = NFc/(NFc + NX + NN) ~ NFC/(NFC + N,\’ )5
Xy = Ny/(Npo + Ny + Ny) ® Ny [(Npe + Ny), and
Ny/(Npe + Ny + Ny) &= Ny/(Ng. + Ny ). Here, the approxi-
mation of (Ng, + Ny + Ny) & (Ng, + N, ) is used because
Ny < (Np, + Ny).

The chemical potential of N (N, gas) in the gas phase is

PR = A8+ kT Inp . (8)

XN =

where ;i is the standard chemical potential of monoeatomic
N.
From the equilibrium condition pk = u§

LS+ kT Inpl2=kTIn < N
? I — oy
H(Z e X + Zuyn Xy + Zitgn Xn) (9)

Since x « 1, we obtained the following approximations

> — kT In Vi

XN
1 — xp
(Z'Upon Xpe + Z U Xy ) > Ly Xy (10)
Xpe 2 (1 — Xy )

& Xy
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From Egs. (9) and (10)

Nopt >
Inxy= N/T LE+InVey
_ ZupenNo = (Z thgony — L'ty )N Xy
NokT
Nu , Upen — (Upen — Usn )Xy
= oY | 1o p2 1 gy — e = (e = Uy

(11)
where Up.y = Z'upn Ny and Uy = Z'uyy N,y and N, is the
Avogadro number. R = N,k is the gas constant.

When the infinitely dilute solution is taken as the refer-
ence state of the activity of the solute elements, the activity
coefficient fy =fN of nitrogen in liquid iron-nitrogen bi-
nary alloys becomes unity from Sievert’s law. Then, the
interaction coefficient [ (the effect of the solute element X
on the activity coefficient of nitrogen f) in liquid iron
alloys equilibrated with gas phase of 1 atm partial pressure
of nitrogen is given as follows [10]

In ¥ = In xy(Fe-N binary) — In x(Fe-X-N ternary) (12)

The first term on the right-hand side of Eq. (12) is obtained
from Eq. (11) when x, = 0. Then

Infi= {ln V;n{(Fe-N binary) — %{5;—?’-}

— {In Vi n(Fe-X-N ternary)

_ Upen = (Upen — Upn) Xy
RT

-1 { Vi n(Fe=N binary)

(Uyn = Upen)Xx
Vin(Fe-X-N ternary) R

T

(13)
where V,(Fe-N binary) and V;(Fe-X-N ternary) are
the free volumes of the solute element N in Fe-N binary
and Fe-X—-N ternary alloys. These are given by the follow-
ing equations [1 to 7]

. Lion)>NokT )32
Vin(Fe-N binary) = {—”—(-%‘if-} (14)
FeN
)2 32
Ven(Fe-X-N ternary) = {—W} (15
FeXN

where Up/No( =Z"tigey) and Ugeon /N,y are the depth of
potential energy of the solute element N in its cell in Fe~-N
binary and Fe-X-N ternary alloys in Fig. 1. Ly and
L.y are the distances which the potential energy of the
solute element N extends in its cell in Fe-N binary and
Fe-X-N ternary alloys in Fig. 1. Then

In Vin(Fe-N binary) =31n Loy + _% In Upean

Vin(Fe-X-N ternary) | Leon/ 2 Usen
The second term on the right-hand side of Eq. (16) can be
approximated as follows

In <U1‘c,\’N> Xpe Upen + Xy U\N>
Ugen Upen

(I —xy )U1LN+\ U\N}

lLN

s
{U U
{ ven + (U —
(

Upen)X y

=In

Yy (17
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Fe-N Binary Alloys, Fe-X-N Ternary Alloys
e Nearest-neighbor P
O atoms o atom N—G 0

Free volume '\

\
Free volume °,
: atom N Y

....................................

'
s

~——Potential energy—""1"
o of atom N !
E in its cell

O:Fe atoms  @:X atoms

Fig. 1. Schematic diagram of potential energy in a cell of a
nitrogen atom in Fe~N binary and Fe-N-X ternary alloys.

Similarly, the first term in the right-hand side of Eq. (16)
can be expressed as follows

In <LFeN > = _In ;<chLFcN -+ xXLXN>
LFeXN

L FeN

— _In {(1 — Xy ) pen + xxLXN}

LFcN

Il
|
5
/?
+
h
3
=~
¥
>
~—

L (18)

Uyn/No( = Z't1) in Eq. (17) and Ly, in Eq. (18) are the
depth of the potential energy of N in its cell and the
distance which the potential energy extends in its cell in
X — N binary alloys. Equations (14) to (18) are based on
the assumption that a nitrogen atom in its cell is sur-
rounded by the nearest-neighbor atoms, which consist of
only Fe atoms in Fe-N binary alloys, or of Fe and X atoms
in Fe—X-N ternary alloys as shown in Fig. 1. From Egs.
(13) to (18)

LXN - LFcN

3 Unn— Uren

Inf¥=-3 Xyt U ¥

LFeN

UXN - UFcN
+ RT Xy

By differentiating both sides of Eq. (19) with xy, the
interaction parameter ¢35 can be obtained as follows

(19)

8§=alnfﬁ
Ox
3Ll Len 3 U= Uren | Usi— Uren
Ly 2 Upen RT
Lyn— Ly 3 U — Upe
Ui — Unnt) — | 3250 FeN 2 YN FeN A\ pT
—( XN IcN) < L]'-'CN 2 U['-’QN
RT
a8 —oxT
~  RT (20)
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where enthalpy interaction parameter 7

N8 = Uxn— Uren (21)
entropy interaction parameter oy
Ly—Lg 3 Usn — U
/\,23 AN lcNR___ AN ]LNR 22
R PR B/ (22

3 Relationship between y% and &%, and between 7 and 6§

In Eq. (22), the following approximation may be applied,
as shown numerically later, which shows that the first term
with L is much smaller than the second term with U in the
excess entropy term,

Lin=Lren o 3 Uin= Usen

3 FeN R « 23
LFCN 2 UFcN ( )
Then, Eq. (22) becomes
3 U — Ur
X oy D XN T P FeN
INR =3 U R (24)
From Egs. (20), (21) and (24)
N RT
el Lt 3RT (25)
ZUFCN
g 2
O'ﬁ ~ 3R UFeN (26)

As shown in Egs. (25) and (26), the relationships between
n# and &, and between ¥ and o3 depend on the inter-
action of the solvent with the gaseous element. Here,
we assume that the following relations, which have been
used for metallic solutions in the previous work [1 to 7],
could be applied to the above liquid iron-nitrogen ternary
alloys

Upere + U, Upepe + U,
Upen = Qpen t _rl_“_?__ﬁlj = AHN(Fc) + _rl‘—z’_Nl\‘l

Uyy + U Uyy + U,
Upn = Qons + sz NN=AHN(X)+ XX . NN

(27)

In the above equations, Qp,y and Q. are interaction
energies. AHye, and AHyy, are the partial enthalpy of
solution of N in Fe and X, respectively. The values of
AHy e, and AHyy, are obtained from Miedema’s semi-em-
pirical method [12]. From Eq. (27), the term (Uyn — Upen)
in Egs. (21) and (22) is written as follows

Uyy — Upere
taN~Umf4AHMM—AHMHn+<497¢LL) (28)

In Eq. (28), Uyere and Uy can be obtained by [1 to 7]
Ul’cl"e = —685 /312e Tm,Fc/J mOI—l

(29
Uyy = —685 p3T, /I mol~!

where f.. and B are the ratio of the frequency of an atom

in liquid state to that in solid state [I to 7, 13]. T,,,. and
T, are the melting points of pure elements Fe and X. We

assume that Ly and Ly in Eq. (22) could be calculated
from the following equation

- (LNN + Ll“cl"c)

Liw = _ (Lun + Lxy)

L AN T

2 2 (30)
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Table 1. Physical properties of elements used in the calculation for
n#, of and e,

Element AHn T B Vini
i kJ mol—! K c¢m?® mol
Co 28 1765 0.48 6.69
Cr —91 2178 0.50 7.23
Mn — 140 1517 0.50 7.35
Mo —91 2895 0.50 9.39
Ni 50 1728 0.47 6.60
A% -—45 3655 0.50 9.55
Fe —13 1808 0.48 7.09
N - - - 4.10

and j,: Ref. [13], V,

m,i

AHyg: Refl [12], Ty, = (V3332 pU3; Ref.
12].

%) When values of j; are not available, it can be set approximately
to 0.5[1 to 7).

In the above equation, Ly, Lrer. and Ly, can be obtained
by [1 to 7]

172 1/3
%{2—]\}%—"—-’} (i=Fe, Xor N)
where ¥, is the molar volume of pure element .

The values {12, 13] of AHyuy» Ty fiand V,,, (i =Feor
X) in Eqgs. (28), (29) and (31) are listed in Table 1. From
Eq. (25), the ratio of n# to &% can be obtained when the
value of Up. is known. According to Miedema, the energy
change AE for the reaction 1/2N,—N(metal), which
means that the gaseous nitrogen becomes the hypothetical
metallic monoatomic element, was reported to be 240 [14,
15] to 310 [12] kJ mol~'. We therefore assume, that Uny,
the hypothetical binding energy of nitrogen in pure metallic
state in Eq. (27), has the similar value as AE, and that

L. = (3D

ii

Unn = 215 kI mol~'. Then, from Egs. (25), (27) and (29),
we obtain the ratio y%/ed (at 1873 K) =~ 29 kJ (=7 kcal),
which corresponds to the value reported by Chipman and
Corrigan [9]. The calculated results for n§, & and &f at
1873 K obtained from Egs. (20) to (22) and (27) to (31)
using Uy = 215 kJ mol~' are shown in Table 2, and Figs.
2 and 3. Table 2 shows that the assumption in Eq. (23) is
reasonable for liquid iron-nitrogen ternary alloys. As
shown in Fig. 2, there exists a linear relationship between
n#% and e, with a slope of 29 kJ. Figure 3 shows that #{ is
proportional to ¢4, and that n{ has the same sign as ¢, as
Richardson [8] pointed out. The approximation, e.g. Eqgs.
(17) and (18), used in the derivation of the equations in the
present model can be applied only to alloy systems with
small values of 75 = (Uyn — Upen) such as X =Ni, Co, W
etc. listed in Table 1. Table 2 shows that the calculated
results for & agree with the measured values [16]. Ueno et
al. [17] have also calculated &7 using Miedema’s semi-em-
pirical method on the basis of the pseudopotential formal-
ism coupled with Gibbs energy of the hard sphere system.
They did not, however, refer to the relationship between 7
and o3,.

4 Concluding Remarks

The consideration of the free volumes of the solute elements
leads to the thermodynamic relationship between #{ and e
and between i and ¢ in liquid iron—nitrogen ternary
alloys as well as in the metallic systems [6]. The free
volume, strictly the displacement of the atoms from their
equilibrium positions [7], is considered to be a main factor
determining the excess entropy term of the infinitely dilute
solutions.

Table 2. Calculated results for 5%, o and & with measured ¢ at 1873 K in liquid iron-nitrogen based ternary alloys.

Elements n# Ist term 2nd term o R
JkJ mol~! inaof in o L(1873K)

/3 K=" mol~! calc. exp. *)

Co 44 —-0.3 11.5 11.2 1.5 2.9

Cr —122 0.1 —31.5 —-314 —4.0 -9.8

Mn —114 0.2 —29.6 —29.4 —-3.8 —4.5

Mo —183 1.3 —47.4 —46.1 —6.2 -5.1

Ni 75 -0.3 19.4 19.1 2.5 1.6

w . =202 1.4 —52.4 —51.0 —6.8 -3.8")

4y The values of &% are given as ef = (3 Inf&/0[wt% X)) in Ref. [16]. &% has been transformed from ef by the following relation [16]

My el
55.85 <0.00434 SRR

where M, /g mol~! is the atomic weight of element X.
by (1879 K)

&

100 100
1873K A 1873K i
X 9o X/ 1kl £Co
&X of /3K mol
-8 -6 -4 -2 2 -80 -60 -40 -20 20
X
%:zeu , 100 T
N {in -100 E g & - g
Cr 3 —-—:3900&(7/ Cr 3
= N ~
P 200 3= /dﬁvm 200 'S

Fig. 2 (left). Relationship between n% and &% at 1873 K in
liquid iron—nitrogen based ternary alloys.

Fig. 3 (right). Relationship between #¥ and o3 at 1873 K in
liquid iron-nitrogen based ternary alloys.
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