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T. Tanaka, S. Hara: Thermodynamic Evaluation of Nano-Particle Binary Alloy Phase Diagrams

Toshihiro Tanaka, Shigeta Hara

Department of Materials Science and Processing, Graduate School of Engineering, Osaka University, Osaka, Japan

Thermodynamic Evaluation of Nano-Particle
Binary Alloy Phase Diagrams

Nano-particle binary alloy phase diagrams have been evalu-
ated from the information on the Gibbs energy and the sur-
face tension of the bulk size on the basis of the regular solu-
tion model. As the size of the particle decreases, the liquid-
phase region is enlarged in those binary phase diagrams, in
other words, the liquidus temperature decreases. Effect of
the size of the particle on the phase equilibria is remarkable
when the excess Gibbs energy is positive and its absolute
value is large in solid and liquid phases.

Keywords: Surfacei tension; Regular solution model; Solid-
liquid equilibria; Nano-particle; Thermodynamics

1 Introduction

It has been known that the melting point of pure metals de-
creases as the size of the metal particles becomes smaller
[67Wro, 71Sam, 72Coo, 76Buf, 80All, 86All, 88Sak,
91Sas] since Takagi found this phenomenon for pure Pb
and Bi [54Tak]. Thermodynamic evaluation has been also
carried out to investigate the effect of the particle size on
the melting point of pure metals [09Paw, 48Rei, 60Han,
77Coul.

In our previous work [01Tan2], we evaluated the binary
phase diagrams of small-size particle systems when the
phase diagrams consist of liquid phase and pure solid
phases, for example, Cu—Pb, Cu~Bi and Au-Si alloys.
From the information on the composition and temperature
dependence of the surface tension of the liquid phase, the
nano-particle binary phase diagrams can be calculated with
the thermodynamic databases, which contain a lot of infor-
mation on the Gibbs energy to evaluate the phase diagrams
of the bulk size.

On the surface tension, the authors had already applied
those thermodynamic databases to the evaluation of the sur-
face tension of liquid alloys and molten ionic mixtures, and
the interfacial tension between liquid steel and molten slag
[94Tan, 96Tan, 98Tanl, 98Tan2, 98Tan3, 99Tanl, 99Tan2,
99Tan3, 99Ued, 01Tanl, 01Tan2]. From the above evalu-
ations on the small-particle binary phase diagrams
[01Tan2], we found .

1. The liquid phase region of phase diagrams is enlarged as
the size of the particle becomes smaller. The change in
the phase diagrams with the particle size is remarkable
when the size of the particle is below 100 nm.

2. In alloys, of which the composition dependence of the
surface tension of the liquid phase shows large down-
ward curvature, such as Cu—Pb and Cu-Bi alloys, the
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size of the particle influences largely the phase relations,
On the other hand, in Au-Si alloys, of which the surface
tension of the liquid phase changes smoothly with the
composition, the effect of the size on the phase relations
is not so large. The composition dependence of the sur-
face tension is mainly determined from the excess Gibbs
energy of the liquid phase.

In the previous work [01Tan2], we focused on some
binary alloys, of which phase diagrams consist of liquid
phase and pure solid phases, and the solid solutions have
not been considered yet. We, however, need to make clear
the effect of the excess Gibbs energy on the nano-particle
binary phase diagrams including solid solutions more dee-
ply. Pelton and Thompson [75Pel] have evaluated the bin-
ary phase diagrams in the bulk size systems by using the
regular solution model when various values of the interac-
tion parameter of the model in both liquid and solid phases
were selected to elucidate the effect of the excess Gibbs en-
ergy on the binary phase diagrams, in which the melting
points of the components are fixed.

The purpose of the present work is to examine the effect
of the excess Gibbs energy in both liquid and solid phases
on the nano-particle binary alloy phase diagrams on the ba-
sis of the regular solution model.

2 Thermodynamic Equations

Liquid-solid phase equilibria are evaluated in the present
work. When a pure solid phase is selected as the reference
state of Gibbs energy, the total Gibbs energies in liquid
and solid phases, AGT@bHa apnd AGT4LSO1 | of an alloy sys-
tem in a small particle with its radius r are described in the
following Egs. (1)—(6) [01Tan2]:

AGTotal,Liq — AGBulk,Liq + AGSurface,Liq (])

AGTotal,Sol — AGBulk,Sol + AGSurface,Sol (2)

The Gibbs energies of the bulk of an A—B binary alloy in
liquid and solid phases, AGPYNM4 and AGPYkS in
Egs. (1) and (2), which correspond to AG™4P (P = Liq or
Sol) with r = oo, are expressed in Egs. (3) and (4).

AGBu]k,Liq — NA AGkS “I‘NB AG]};S + GExcess,Liq
+RT(NaInNa + N In Ng) (3)

AGBulk,Sol — GExcess.,Sol + RT(NA IHNA + NB InNB) (4)
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where AGL® and AGkSare Gibbs energies of pure compo-
nents A and B in liquid phases relative to those of pure solid
phases, in other words, the Gibbs energy of the melting.
GExeess.Lia and GExeessSol are the excess Gibbs energies of
liquid and solid phases in the A-B alloy, N and Ny are the
mole fractions of components A and B, and R is the gas con-
stant.

AGSwacelia and AGSUfaeeSol in Egs. (1) and (2), the ef-
fect of the surface on AGTF, are assumed as follows
[01Tan2]:

20.Liq VLiq Z(NAUiOI Vgol + NB Ggol Vgol)

r r (5)

A GSurface‘Liq —

20.801 VSol B Z(NAO'iOI V}S\ol + NB 0,18;)1 Vgol)

¥ r

A GSurfaceASol -

©)

where r is the radius of a particle, 6“9 and 65 are the sur-
face tensions of liquid and solid alloys, V9 and VS are
the molar volumes of liquid and solid alloys, 63 and o3
are the surface tensions of pure solid A and B, and
V3! and V5! are the molar volumes of pure solid A and B.

Although the excess Gibbs energies stored in thermody-
namic databases, which are used for the calculation of
phase diagrams of the bulk, were used in the previous work
{01Tan2], the regular solution model is applied in the pres-
ent work because various interaction energies can be se-
lected easily as follows:

GEreess.Liq NANBQI:I;] .

GExcess,SoI — NA NB Q/Sx(g ( 8 >

where .leg and Q33 are the interaction energies in liquid
and solid phases.

Since Pelton and Thompson [75Pel] assumed the simple
equation of the Gibbs energy of the melting in their evalu-
ation of phase diagrams, we also use the following equa-
tions as they applied:

AGS® = Tamp - Samp — T - Samp 9)

AGES = Tomp - Semp — T S.mp (10)

where Tx mp and Sx mp are the melting point and the entropy
of fusion for pure substance X (X = A or B).

In the present work, Sxmp is roughly assumed to be
103 - K 'mol~" according to Richard’s rule [95Gas]. In
addition, we select here Ta mp = 1200 K and Tg mp = 600 K.

For the surface tension of pure liquid metals at their melt-
ing points, the following approximation has been reported
[88Iid] :

TX,mp/K

Lig -1 -8
. Nm™) =4.8 x 107°R
Xmp( ) {Vx mp/m? mol—! }2/ 3

(11)

where a%“(‘?np and Vx mp are the surface tension and the molar
volume of the element X at its melting point. When we
select Vy mp = 10% 10~% m®mol !, as described below, the
following rough relation is obtained from Eq. (11):

g (Nm™1) = Ty 1, /1000 (12)
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In addition, the temperature coefficient of the surface ten-
sion of pure liquid has been reported to be about
0.0001 Nm~'K~! [88Iid]. Thus, we assumed the following
equation for o5 and 659 in the present work:

0% =12 —0.0001 - (T — Tamp)/Nm™" (T mp = 1200K)
13)

59 = 0.6 — 0.0001 - (T — Tg,mp)/Nm™" (T 1o = 600K)

(14)
For the surface tension 63" of pure solid X, the following
equation was used in the previous work [01Tan2]:

Gl
ar

In Eq. (15), we assumed the following:

1. The value of o5 of pure solid metals at the melting
point is found to be 25 % larger than that of pure liquid
metals on the average.

2. The temperature dependence of 63! is assumed to be the
same as that of g9,

3. The effects of crystal faces on o3 are ignored.
From Egs. (13)—(15), the following relations are ob-

tained:

o3 =125 x 12 = 0.0001 - (T — Tamp)/Nm™"  (16)

o3 =1.25. o';“(i;%p + (T —Txmp) (X=AorB) (15)

03" =1.25 x 0.6 — 0.0001 - (T — T spp) /N ™! (17)

For the molar volume, we used the following values by as-
suming that the temperature dependence of the molar vol-
ume and the volume change due to the melting are neg-
lected because the effect of the excess Gibbs energy and
the surface tension on the phase equilibria is focused in the
present work.

VE9 = VL9 = 10 % 1076 /mPmol ™ (18)
Vol = vl = 10 x 1075 /m*mol (19)

It is assumed that the molar volumes of liquid alloy V" and
solid alloy V! in Egs. (5) and (6) are obtained from the fol-
lowing simple additivities:

VE = NV 4 Np Vg “ (20)

VS = NV + N V3 (21)

The surface tensions of liquid and solid alloy, ¢* (P = Liq or
Sol), are evaluated from Butler’s equation [32But] as fol-
lows [96Tan, 98Tanl1, 98Tan2, 98Tan3, 99Tan1, 99Tan2}:

RT NSurf 1
o =dh +—In-2 o — GE,P,Surf T, N Surf
AT A A Na Ay A ( B )

1
_ 14_ Gi,P,Bulk (T, NB)
A

(22a)

RT . N3wt 1

P B
& =cb +"Z1n 4+
B Agp Ngp AB

Gg,P,Surf(T, Ngurf)

1
b GE,P,Bulk (T, Ns)

i (22b)
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Butler derived the above equation, assuming that the outer-
most monolayer of a material is the hypothetical “surface”.
In Egs.(22a) and (22b), N3"T is the mole fraction of
element B in the surface con51dered by Butler [32But].
A = LNO/ (V)lz) (No = Avogadro number; X = A or B;

= 1.091) is the molar surface area of gure X, and this is
obtamed from the molar volume VE. G pB““‘(T NB) and
GEPSU (T, NS™ ) are the partial excess GlbbS energies of
component X in the bulk and the surface, respectively,
as_functions of T and Ng or NS (P=Lig or Sol).
G2PPY™(T, N3) can be obtained from the following rela-
tions:

E,P,Bulk N aGExcess,P
GA’ »BU (T,NB) — GExcess,P . NB~————~—~—~—- (233)
ONp
E.P,Bulk __ Excess,P QGExcess.P
Gy (T, Ns) = G + (1= Ng) ———  (23b)
ONg
For the excess Gibbs energy in the surface

GEPS™(T, NS™), we derived the following equations
[96Tan, 98Tanl, 98Tan2, 98Tan3, 99Tanl, 99Tan2,
99Tan3, 99Ued, 01Tan1, 01Tan2] based on the model pro-
posed by Yeum et al. [§9Yeu].

G?(,P,Surf(T’ Ngurf) ﬁMIX GE P Bulk (T NSurf) (24)

M = 0.83 : for liquid alloys (25)

Equation (24) means that GE P Sunc(T, N3'T), which has the
same formula as GEPB“H‘(T,NB), is obtained by replacing
Ng by N5 in GEPP"8(T, Ng) (X = A or B), and then mul-
tiplying SMX to GE(’P’B“H((T, NSuty, BMX is a parameter cor-
responding to the ratio of the coordination number in the
surface to that in the bulk considering the surface relaxation
[96Tan, 98Tan1, 98Tan2, 98Tan3, 99Tan1, 99Tan2, 99Tan3,
99Ued]. For the solid solutions, we assume the followmg
value as ﬁ by assuming the close-packed structure in the
present work because the coordination number in the bulk
is 12 and that in the surface is 9:

PMX = 9/12 = 0.75 : for solid alloys (26)

Table 1. Parameters used in the calculation of phase diagrams.

The surface tension ¢ of liquid or solid alloy can be calcu-

lated from Egs. (22), (24)—(26) as follows:

1. Setting temperature 7T and composition Ny of a solution,

2. Inserting the values for surface tension af( and molar
volume V& (P =Liq or Sol) of pure substances at the
above temperature in Egs. (22a) and (22b).

3. Determining the excess Gibbs energies in the bulk phase
at the above temperature and composition, and substitut-
ing them in Egs. (22a) and (22b).

4. Then, Egs. (22a) and (22b) become the simultaneous
equations with unknown NSurf and o%. These equatlons
are solved for those unknown NSurf and ¢° numeri-
cally.

3 Calculation of Phase Diagrams in Nano-Particle
Systems

Liquid-solid phase equilibria are obtained from the follow-
ing thermodynamic conditions :

Iu:gotal JLig lu;l;otal,Sol <27)
ﬂgotal,Liq - ﬂgotal,Sol (28)
d AGTotal,P

ToulP — AGTWP _ Ny ———— (P =Liqor Sol) (29)

ONg

9 AGTotal,P

Total,P
Hg
ONp

= AG™%P 1 (1 - Np) (P = Liq or Sol)

(30)

Table 1 summarizes the parameters used for the present
calculation of the phase diagrams. As shown in this table,
the melting points of pure components A and B are fixed
to be 1200 and 600 K, respecuvely The entropy of melt-
ing is also fixed to be 10 J K~ 'mol ™~ !, The surface tension
and the molar volume of pure components are selected in
Egs. (13)- (19) as mentloned above. The interaction
parameters QL Ap and Q% AB are changed from -20 to 30 kJ
as shown in Figs. 2 and 3 which are described below in
detail.

Substance Melting point Entropy of fusmn Surface Tension Molar volume
K JK ™ 'mol~ Nm™' m>mol ™
A 1200 10 1.2-0.0001(T-1200): for Liq 10x 107 for Liq
1.2x1.25-0.0001(T-1200): for Sol 10x 1075 for Sol
B 600 10 0.6—-0.0001(T-600): for Liq 10x 107 for Liq
0.6%1.25-0.0001(7-600): for Sol 10x 10~°: for Sol
3 QT
30 0 -15
20 Fig. 3a
10 Fig. 3b
0 Figs. 2¢, 3¢ Fig. 2b Fig. 2a
-20 Fig. 3d Fig. 2d
1238 7. Metallkd. 92 (2001) 11
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Fig. 1. Change in the melting point of pure substances A (a) and B (b)
with the particle radius.
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Temperature /K
Q0
[em]
(=]

400+
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X 1000f §,
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2 800l D Liquid
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E ;
= 600f | i SN
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The change in the melting point of the pure substance
with radius r of the particle can be evaluated from the fol-
lowing Eq. (31), which is obtained from Egs. (1), (3) and
(5) for the pure substance X:

AGTotal,Liq — AGBqu,Liq + AGSurface,Liq

205V5 203 VE 61)
g v

The temperature T which gives AGT®H4 = 0 in Eq. (31) is
the melting point of pure X at a given radius r of a particle.
The size dependence of the melting points of the substances
A and B, of which physical properties are given in
Egs. (9)—(19), is shown in Figs. 1a and b. The change in
the melting point with the particle size for pure Au calcu-
lated from the above Eq. (31) agrees well with the experi-
mental result [71Sam], as described in our previous work
[01Tan2]. Usually, pure metals have the following order of
AGYS, 6% and VE (P = Liq or Sol):

AGS: about 10°~10* J mol
o%:  about1Nm™'

VE:  about 1x107°-10x 107 m*mol !

=AGE +

Thus, when the radius of the particle r is around 1X
107°-10x10"°m , in other words, r is of nano-size order,
AGSuaceP hag the same order of AGEYSP | which means that
the effect of the size of the particle on the phase equilibria is
noticeable when r decreases below 100 nm.

1200 .QABUQ= 0kJ
X © Q,5>= 30kd | |
<1000}
S '
g 800} | Enm Liquid
g | )
E '
= 600f | o
400.':.___-_______-_____-__.____,---__.....-----..-.-... ----------
0 02 04 _ 06 08 10
A Mole fraction of B B
1200 .QABU“: ‘ZOKJ 4
@ Q,5%9= -15kJ| |
x1000f
g Liquid
@ 800
2
g S
— 600} e
400¢
0 02 04 0.6 08 10
A Mole fraction of B B

Fig. 2. Calculated results of the phase diagrams with systematic change of Qkig and Q5% on the basis of the regular solution model (a—d).

Z. Metallkd. 92 (2001) 11
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Figures 2 and 3 show the calculated results of the phase
diagrams by using the parameters in Table 1. In these fig-
ures, the solid curves indicate the phase equilibria in the
bulk (r = o). On the other hand, the chain and the dotted
curves are the calculated results for r = 10 nm and 5 nm, re-
spectively. Figure 2a indicates the phase diagrams for the
ideal solutions in both solid and liquid phases, in other
words, .QkB --.QSO1 =0. When Q3% increases from 0 to
30 kJ with Q59 AB = O the phase diagrams change as shown
in Figs. 2b and c. Figure 2d shows the phase diagrams for

Ié‘q ~20kJ and Q5% =-15kJ as an example for

29 <0and 233 <0.

When Q3% is *fixed to be 30 KJ and Q59 changes from
+20 to —20 kJ, the phase dlagrams are obtained as shown
in Figs. 3a—d. As can be seen in Fig. 3, when the interaction
parameters are QL >0 and QSA% >0, the effect of the par-
ticle size on the phase diagrams is remarkable. As described
in the previous works [94Tan, 96Tan, 98Tanl, 98Tan2,
98Tan3, 99Tanl, 99Tan2, 99Tan3, 99Ued, O1Tanl,
01Tan2], the liquid or solid alloys indicate the large down-
ward curvature of the composition dependence of the sur-
face tension in the conditions of QAg >0 and QS"' >0.
This composition dependence of the surface tension affects
the contrlbutlon of AGSUrfaceP 1o AGTOWLP | Egpecially, when
Q3% > 0, in other words, the excess Gibbs energy of the
solid solution is positive and its absolute value is large,
the solid solutions do not appear in some of the phase
diagrams of the bulk as shown in Figs. 2¢, 3¢ and 3d. How-
ever, when the particle size decreases, the contribution of

Temperature /K

R @ Q4% 20kd] ]
400 & 0465 30k |

0 02 04 06 08 1.0
A Mole fraction of B B
Q5% 10kJ| |
. ®) 2,5%= 30k |

§gomr§\ \ijfi Liquid

Seo0f i 0 TUSmIT

2 i -

5 f

=~ B00LL \
ﬁ': I T T I I T T T TR

400}

0 02 04 06 08 1.0
A Mole fraction of B B

AGPTTee:SOl (o AGTORHSO! i the solid phase cannot be ig-

nored. Consequently, as shown in Figs. 2 and 3, the solid so-
lution appears in the small-particle systems even when the
bulk phase diagrams do not show the solid solutions.

In addition, the solid solution region is enlarged as the
size of the particle becomes smaller. Therefore, the small-
particle binary phase diagrams in Cu-Pb, Cu-Bi and
Au-Si alloys obtained in our previous work [01Tan2]
might be corrected by considering the solid solutions
although the solid solutions are not considered in the pre-
vious evaluations of those phase diagrams. However, we
need the exact information on the excess Gibbs energy of
the solid solutions of those alloys, which can be ignored
for the bulk phase diagrams.

In addition, we have to pay careful attention to the proced-
ure to evaluate the surface tension g>of the solid solution
although Eq. (26) is used to evaluate ¢° in the present work.
We have already confirmed the validity of the procedure to
calculate the surface tension o- of liquid alloys by compar-
ing the calculated results of o~ with experimental values
[94Tan, 96Tan, 99Tan1, 01Tan1], but Eq. (26) for adis only
a trial as an approximation. As described above, the phase
diagrams of binary alloys in the nano-particle systems can
be evaluated from the information on the Gibbs energy and
the surface tension of the bulk phase although the following
rough assumptions have been still used in the present work:

1. Quantum effect on the nano-particle is not considered.
2. The effect of the curvature of the particle on the surface
tension is neglected although it has been reported that

QABS"’- 30kJ | |
X
~
8 H 2 N
g f Liquid
& i -
g 5
~ 600} | N
400.':L---~....---_-..--____...---_..--......-._.._-......._--....; -----------
0 02 04 06 08 10
A B
1200 Q,59= -20kJ | {
3 @ 2,55= 30kJ
. 1000%
~ H
5 800[:
s i Liquid
2 600
1]
,——
400r!
1) S
0 02 04 06 0.8 1.0
A Mole fraction of B B

Fig. 3. Calculated results of the phase diagrams with systematic change of Qf\g, and QSA‘{; =30 kJ on the basis of the regular solution model (a—d)-
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the value of the surface tension is influenced by the cur-
vature of the surface in a small particle especially below
r =5 nm [49Tol, 79Mor, 89Gla].

3. The effects of crystal faces on the surface properties of
solid phases are ignored.

4. The relation between the surface tension of solid at the
melting point and that of liquid as well as the tempera-
ture dependence of the surface tension of solid is as-
sumed to be common for all kinds of substances.

4 Concluding Remarks

The nano-particle binary alloy phase diagrams were evalu-
ated from the information on the Gibbs energy and the sur-
face tension of the bulk phase on the basis of the regular so-
lution model although some rough approximations have
been applied in the present work. The surface tensions of
liquid and solid alloys are also calculated from the Gibbs
energy of the bulk in the above evaluation. The effect of
the size of the particle on the phase equilibria is conspicu-
ous when the excess Gibbs energies in solid and liquid
phases are positive and their absolute values are large. Even
when the solid solutions are not apparently found in the
phase diagrams of the bulk systems, the contribution of the
Gibbs energy of the solid solution to the phase equilibria
cannot be ignored in the small-particle systems.
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