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T. Tanaka, S. Hara: Evaluation of Binary Phase Diagrams of Small Particle Systems

Toshihiro Tanaka, Shigeta Hara

Department of Materials Science and Processing, Osaka University, Osaka, Japan

Thermodynamic Evaluation of Binary Phase
Diagrams of Small Particle Systems

Binary phase diagrams of small particle systems, which
consist of a liquid phase with pure solid phases, have been
evaluated from the information on the Gibbs energy in the
bulk and the surface tension of the liquid phase. As the size
of the particle decreases, the melting point of the pure com-
ponent decreases and the liquid phase region is enlarged.
These changes of the phase relations with the size of the
particle are dependent upon the composition dependence
of the surface tension of the liquid phase.

Keywords:Nano-particle; Surface tension, Binary sys-
tems: Cu—Pb; Cu—-Bi; Au-Si

1 Introduction

Various thermodynamic databases have been compiled to
be mainly applied to the calculation of phase diagrams of
alloys, salts and oxides [90Bal]. The accumulation and as-
sessment of thermodynamic data and phase equilibria in-
formation to establish those databases is sometimes called
CALPHAD (Computer Calculation of Phase Diagrams)
approach [92Nis]. The CALPHAD approach has been re-
cognized to be useful in various aspects of materials
science and engineering [90Bal, 92Nis]. If it would be pos-
sible to use the thermodynamic databases to evaluate the
surface properties as well as various properties in the bulk,
we could not only widen the applicability of those thermo-
dynamic databases but also further the understanding of
the surface properties.

In previous works [94Tan, 96Tan, 98Tanl, 98Tan2,
98Tan3, 99Tan1, 99Tan2, 99Tan3, 99Ued], the authors have
applied those thermodynamic databases to the evaluation of
the surface tension of liquid alloys, molten jonic mixtures
and the interfacial tension between liquid steel and molten
slag. These works are aimed to understand the thermody-
namic properties of a material system, including its surface
orinterface as well as the bulk. Since the effect-of its surface
on the total thermodynamic properties cannot be negligible
in a small particle of an alloy, the phase relations in the alloy
are dependent upon the size of the particle and its surface
property [58Rei, 54Tak, 76Buf, 77Cou, 86All, 88Sak]. In or-
der to understand the effect of the surface property on the
phase relations, the authors try to evaluate the phase dia-
grams of binary alloys in small particle systems in the pre-
sent work. We focus on some binary alloys, of which phase
diagrams consist of the liquid phase and pure solid phases.
In these alloys, their phase diagrams can be evaluated by
only the information on the Gibbs energy in the bulk and
the surface tension of the liquid phase, which can be also ob-
tained as functions of temperature and compositions from
the thermodynamic databases.
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2 Thermodynamic Equations

If a phase diagram consists of a liquid phase and pure solid
phases, and in addition, the pure solid phase is selected as
the reference state of Gibbs energy, the total Gibbs energy
of an alloy system in a small particle with its radius r is de-
scribed in the following Egs. (1)-(4) [48Rei, 62Swa,
76Buf]:

AGTotal - AGBulk + AGSurface ( 1 )

The Gibbs energy of the bulk of A—B binary alloy, AGZ"X
in Eq. (1), which corresponds to AG™® with r = oo, is ex-
pressed in Egs. (2) and (3):

AGBulk — NAAGkS + NBAG%S + GExcess,L

+ RT(Np In Ny + Ng In Ng) 2)
G = NaNg{Lo + Li(Na — Np)

+ Lo(Na = Np)* + Ls(Na — Np)*} ©)

where AGS® and AGS® are the Gibbs energies of the pure
liquid phases relative to those of pure solid phases, the tem-
perature dependence of which is listed in Table 2 [86Nie,
91Din]. G®****L is the excess Gibbs energy of the liquid
phase in the A—B alloy. The interaction parameters L;
(i=0...3) of G=***!in Eq. (3) are also listed in Table 3
[86Hay, 86Nie, 00Spe]. N4 and Ny are the mole fractions
of the components A and B.

AGS"™ in Eq. (1), the effect of the surface on AG™®=!
is assumed as follows [62Swal:
AGSurfaCe — 2"VE _ Z(NAG'ng + NBUISS Vg) 4)

r r

where ¢~ and V™ are the surface tension and molar volume
of the liquid alloy, respectively, r is the radius of a Sparticle,
o and ¢ are the surface tensions and V4 and V3 are the
molar volumes of pure solid A and B.

As shown in Eq. (4), we need the value of the surface
tension o% of spure solid X, but the precise information on
the value of ok and its temperature dependence are insuffi-
cient [59All, 75Mur, 83Kum]. From the data reported in
some Refs. [S9AIll, 75Mur, 83Kum], the value of a§< of a
pure solid at the melting point is found to be 25 % larger
than the surface tension of the pure liquid on the average.
Equation (5) is, therefore, assumed to express the surface
tension o, of a pure solid X in the present work:

d L
0% = 1.256% o + X (T — Txmp) (X =Ao0rB) (5)

oT
where o%“(,mp is the surface tension of the pure liquid X at its
melting point T . The temperature dependence of o in
Eq. (5) is assumed to be the same as that of o, which is sum-
marized in Table 1 {881id]. In addition, the effects of crystal
faces on o is ignored in the present work.
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Table 1. Data of physical properties.

3 L

Element Surface tension ox“(Nm™") of the pure liquid components [881id] 6;‘7"& (Nm~'71)
Cu o8, = 1.303 = 0.00023 - (T - 1356.15) -0.00023
Pb ok, = 0.458 — 0.00013 - (T ~ 600.55) ~0.00013
Bi o = 0.378 - 0.00007 - (T - 544.1) -0.00007
Au o%, = 1.169 — 0.00025 - (T - 1336.15) -0.00025
Si 0% = 0.865 — 0.00013 - (T - 1687.15) -0.00013

Element Molar volume (m’mol™") of the pure liquid components [88Iid]

Cu Vi, =7.94x 107 {1.0 + 0.0001 - (T - 1356.15)}
Pb Vh, = 19.42 x 107 - {1.0 +0.000124 - (T - 600.55)f
Bi VE; =20.80x 107 {1.0 + 0.000117 - (T - 544.1)}
Au Vi, =11.3% 107 - {1.0 + 0.000069 - (T - 1336.15)}
Si Vi =11.1x 107 {1.0 + 0.00014 - (T - 1687.15)}

Element % mp. (Nm™) [881id] Txm.p. (K) [88Iid] ax = (Vim — Vim) Vim [72Wit]
Cu 1.303 1356.15 0.0396
Pb 0.458 600.55 0.0381
Bi 0.378 544.1 -0.0387
Au 1.169 1336.15 0.055
Si 0.865 1687.15 -0.095

Table 2. Data of the Gibbs energies of the pure components.

Element Gibbs energies of the pure components (J - moi™) Ref.
Cu Gk, =—48.7 - (-142.53101) - T+ 31.380005 - T - (1.0 - In T) [86Nie]
GS, = ~8044.1 — (— 110.40401) - T+ 24.852997 - T~ (1.0 = In T) - 0.0037865 - T/2 — (- 138909)/2T
AGE; = Gy~ Glu
Pb Gh, = —7347.8 — (—133.83501) - T+ 36.112106 - T- (1.0~ 1n ) [86Nie]
— (=0.0097362) - T%/2 — (~279073)/2T - 3.2384 x 107 - T°/6
GS, = 76087 — (~75.81465) - T +24.221176 - T- (1.0 — In T) ~ 0.0087111 - T°/2
AGES = G, — Gy
Bi GY; = 7900.3 — (=52.22951) - T+23.359299 - T- (1.0—-1In 7) [86Nie]
—0.0031380 - T%/2 — 1660630/2T — (~7.1965 x 1077) - T°/6
G =-7817.7 - (—100.00800) - T+ 28.409393 - T- (1.0 — InT) — (- 0.0246772)T%2 - 5.0 107 - T°/6
AGKS = Gk - G5
Au AGS = 12552.0 - 9.385866 - T [91Din]
Si AGLS = 50696.36 — 30.099439 - T+2.0931 x 107" - T (298.15 < T < 1687) [91Din]

The molar volume of a liquid alloy, V™ in Eq. (4), is ob-
tained from the following equation:

VL = NAVk + NsVs (6)

where V& and V5 are the molar volumes of pure liquid A
and B. Their temperature dependencies are given in Table 1
[88Iid].

The molar volume V% of pure solid X is evaluated in
Eq. (7), which is obtained by considering the volume
change due to the fusion at the melting point of each com-
ponent.

VL
VS — X
X (1 + Oéx)

where ayx = (Vg(,m - Viym)/V)S(’m, which is the ratio of the
volume change of solid due to the fusion, is listed in Table 1
[72Wit]. Vg“(,m and V;Sg,m are the molar volumes of pure
liquid and solid X at the melting point.

D
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When we evaluate the composition and the temperature
dependence of the surface tension o" of liquid phase, we
can calculate AG™® of the liquid phase from the above
equations. As mentioned above, the authors have evaluated
the surface tension of liquid A —B binary alloys on the basis
of Butler’s equation [32But] as follows [96Tan, 98Tanl,
98Tan2, 98Tan3, 99Tanl, 99Tan2]:

RT . N} 1
o =t + o0 In -2 4+ —G25(T, NS
A+AAHNE+AAA(’B)

1
—A_"G%B(T1N§)

A

RT NS 1

o = ok +-— In B +—GE%(T, N3
B+AB nNg—’_AB B(7 B)

(8a)

1
— -G (T Ng) (8b)
B

Z. Metallkd. 92 (2001) 5



T. Tanaka, S. Hara: Evaluation of Binary Phase Diagrams of Small Particle Systems

Table 3. Data of the excess Gibbs energy of the liquid phase.

GExcess,L = NaANg{Lg + Li(Na — Ng) + Ly(Ns — NB)Z
+ La(N - Np)’} (I - mol™)

Cu~-Pb [86Hay] Ly=27190.2 - 421329 - T
Ly =22292-0.53584-T
L,=-70292 +6.48832-T

L3=-7397.6+5.07992-T

Ly=241059-9.93287-T
L; =2584.5-0.00906 - T

Ly=-23863.9-16.23438 - T
Ly =-20529.55-6.03958 - T
L,=-81705-42732-T
L3 =-3313825 +26.56665 - T

Cu~Bi [86Nie]

Au—Si [00Spe]

In Egs. (8a) and (8b), 0% and ok are the surface tensions of
the pure molten components, and N and N§ are the mole
fractions of element B in the surface and the bulk, respec-
tively. Ax = LNJ*(V5)?® (Ny is the Avogadro number:
X=A or B, L=1.091) is molar surface area of pure X,
and this is obtained from the molar volume V.

(TNB) and GES(TNS) are the partial excess Gibbs en-
ergles of component X in the bulk and the surface, respec-
tively, as functions of Tand N5 or N3.

Since the partial molar excess GlbbS energy of compo-
nent X (X =A or B) in the bulk GX (TNB) in Egs. (8a)
and (8b) can be obtained directly from G=*°*** in Eq. (3)
by using Eqgs. (9a) and (9b).

G aGExcess,L
EB(T NBY — GBSl _ gt o
GEB (T NB) = GExcessL d(Excess,L

B (ToNg) = G (1= Na) =5 — (9b)

For the excess Gibbs energy in the surface, we derived the
following equations [96Tan, 98Tanl, 98Tan2, 98Tan3,
99Tanl, 99Tan2, 99Tan3, 99Ued] based on the model pro-
posed by Yeum et al. [89Yeu].

GX(TNG) = pM - GRB(TNG) (10)

with SM¥ = (.83 for liquid metallic alloys and AM™ = 1.1
for molten ionic mixtures and molten slags
Equation (10) means that G (TNB) which has the
same formula as GX B(INB), is obtained by replacing N2
b{/{NB in G (TNB) (X A or B) and then multiplying
Xto GEB(TNS). /)’ is a parameter corresponding to
the ratio of the coordination number in the surface to that
in the bulk considering the surface relaxation [96Tan,
98Tanl, 98Tan2, 98Tan3, 99Tanl, 99Tan2, 99Tan3,
99Ued].
The surface tension, o, of liquid alloys can be calcu-
lated from Egs. (8)—(10) as follows:
1. Setting temperature Tand composition N3 of a solution.
2. Inserting the values for surface tension o% and molar
volume Vyx of pure liquid substances at the above tem-
perature in Egs. (8a) and (8b).
3. Determining excess Gibbs energies in the bulk phase at
the above temperature and composition, and substitut-
ing them in Eqgs. (8a) and (8b).
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L (@) Phase Diagram

Temperature

Gibbs energy / kJ mol”

0.0 0.2 04 06 08 10
Mole fraction of B

Fig. 1. Relationship between the Gibbs energy curve and the phase
equilibria.

4. Then, Egs.(8a) and (8b) become the simultaneous
equations with unknown N§ and o~. These equations
are solved for those unknown N§ and o" numerically.

From Egs. (1)-(10), the Gibbs energy AG™ of the liquid

phase relative to the pure solid phase, which is selected as

the reference state in the present work, can be obtained as

a function of Ny at a given temperature. When the liquid

phase is equilibrated with pure solid A, the chemical poten-

tial of the component A is zero as shown in Fig. 1 because
the pure solid phase is selected as the reference state. In

other words, the liquidus composition Ny at temperature T

in F10 1 is determined from the composition which satis-

fies 15 =0 on the Gibbs energy curve. When two liquid
phases are separated, the liquidus can be determined from
the two intersections on a common tangent line with the

Gibbs energy curve as shown in Fig. 1.

3 Calculation of Phase Diagrams of
Small Particle Systems

In the present work, we have evaluated the phase diagrams
of Cu~Pb, Cu~-Bi and Au-Si binary systems, of which
phase diagrams consist of liquid phase and pure solid
phases. The data which are used for the calculations are
summarized in Tables 1-3 [72Wit, 86Hay, 86Nie, 88Iid,
91Din, 00Spe]. Figs. 2a—c show the calculated results of
the surface tension of the liquid alloys for a given tempera-
ture with the activity curves in the bulk of the liquid phase.
As described in previous works [94Tan, 96Tan, 98Tanl,
99Tanl, 99Tan?], the calculated surface tension of liquid
alloys obtained from Eqgs. (8)~(10) agrees well with the ex-
perimental results although only the Cu—Pb alloy in Fig. 2a
shows the comparison of the calculated values with the ex-
perimental results [S9Met, 73Jou] in the present work. It is
well known that when the alloy, such as Cu—Pb or Cu-Bi,
has a large difference between o’ and ¢ of the pure liquid
components, the composition dependence of a?' shows a
large downward deviation from the linearity between o’
and . In addition, we found from these calculations that
in alloys with a positive deviation of the activity from the
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ideal solution in the bulk (Cu—Pb and Cu-Bi alloys), the
surface tension deviates negatively from the ideal solution.
On the other hand, in alloys with a negative deviation of
the activity from the ideal solution in the bulk (Au-Si
alloy), the surface tension has the tendency to show a posi-
tive deviation from the ideal solution. It is found that this
rule can be applied generally to liquid alloys [96Tan,
98Tanl, 98Tan2, 98Tan3, 99Tani, 99Tan2, 99Tan3,
99Ued]. Thus, as shown in Figs. 2a—c, Cu—~Pb and Cu-Bi
liquid alloys indicate the large downward curvature of the
composition dependence of the surface tension. On the
other hand, the surface tension of the liquid phase changes
smoothly with the composition in Au-Si alloys.

470

From Egs. (1)~(4), the Gibbs energy of the pure compo-
nent X including the surface is obtained as follows:

AG’I‘otal — AGBulk + AGSurface

a4 2Rk 2033
X r
= AGE + ;Z‘-
Aok yL
X {a;V)]g - {1.250X,mp + E{(‘ (T — Tx,mp)} m—f&)—}
1

Z. Metallkd. 92 (2001) 5
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Fig. 5. Phase diagrams of the Cu—Pb (a), Cu—Bi (b) and Au~-Si (c) systems.

The temperature T which gives AG™* =0 in Eq. (11) is

the melting point of pure X at a given radius r of a particle.

Figures 3a—e show the change in the melting point of pure

Pb, Au, Cu, Bi and Si with the radius of the particle. As

shown in these figures, the effect of the size on the melting

point becomes remarkable under 50 nm. In addition, the
calculated results for Au and Pb agree with the experimen-
tal data [71Sam, 72Coo].

The Gibbs energy curves of the liquid phase in Cu—Pb,
Cu-Bi and Au-Si alloys at 1000 K are shown in
Figs. 4a—c for three particle radii. Figures 5 a—c show the
phase diagrams of the Cu—Pb, Cu~Bi and Au-Si systems
for » =20 nm, 10 nm and 5 nm as well as the bulk. Since
the value of the surface tension aL, ok , etc. is influenced
by the curvature of the surface in a small particle below
r=15 nm [49Tol, 79Mor, 89Gla], the present approach can-
not be extended to the evaluation of the phase diagrams in
small particle systems with r < 5 nm.

Our results show the followmg
1. The liquid phase region in the phase dlagrams is en-

larged as the size of the particle becomes smaller.

2. The two-liquid phase region spreads as the size of the
particle becomes smaller.

3. In alloys, of which composition dependence of the sur-
face tension of the liquid phase shows large downward
curvature, such as Cu—Pb and Cu~Bi alloys, the size
of the particle influences largely on the phase relations.
On the other hand, in Au-Si alloy, of which the surface
tension of the liquid phase changes smoothly with com-
position, the effect of the size on the phase relations is
not so large.

As described above, the phase diagrams of binary alloys
with small particles, which consist of a liquid phase with

Z. Metallkd. 92 (2001) 5

pure solid phases, can be evaluated from the information on

the Gibbs energy in the bulk and the surface tension of the

liquid phase, although the following rough approximations
have been used in the present work:

1. The mass balance of atoms between the bulk and the
surface is not considered though the surface segregation
occurs in alloys.

2. The effect of the crystal faces on the surface properties
of the solid phases is ignored.

3. The temperature dependence of the surface tension of
the pure solid phase is assumed to be the same as that
of the pure liquid phase.

4 Concluding Remarks

In the present work, binary phase diagrams of small parti-
cle systems, which consist of a liquid phase with pure so-
lid phases, can be evaluated from the information on the
Gibbs energy in the bulk and the surface tension of the li-
quid phase. If the effect of the crystal faces on o can be
considered, the dependence of the phase relation upon the
crystal faces, for example, the change in the melting point
on each crystal surface can be evaluated on the basis of
the present approach. In addition, if ‘the surface tensions
of the solid solution and compound phases are evaluated,
we can extend the present approach to the evaluation of
phase diagrams of any kind of binary systems with small
particles.

The authors wish to express their hearty thanks to Emeritus Prof.
K. Ogino from Osaka University for his valuable information on the
melting points of pure metals in small particle systems.
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