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Relationship Between Enthalpy of Mixing and Excess Entropy in

Liquid Binary Alloys

Toshihiro Tanaka*, N. A. Gokcen**, and Z. Morita*

(*Department of Materials Science and Processing, Faculty of Engineering, Osaka University, 2-1 Yamadaoka, Suita,
Osaka 565, Japan, and **Albany Research Center, Bureau of Mines, 1450 Queen Avenue SW, Albany, Oregon 97321-

2198, US.A)

Athermodynamic solution model for liquid binary alloys has been derived on the basis of free volume theory. This model
can evaluate the excess entropy of mixing from the enthalpy of mixing in liquid binary alloys. The calculated values of
excess entropy, excess Gibbs energy and activities of the elements are in good agreement with the experimental data
of various alloy systems. It is shown from this model that the relationship between enthalpy of mixing and excess entropy
in liquid binary alloys is dependent upon temperature.

Zusammenhang zwischen Mischungsenthalpien und Uberschuentropien in fliissigen binédren

Legierungen

Ein thermodynamisches Modell fir fliissige bindre Legierungen ist mit der Theorie des freien Volumens abgeleitet wor-
den. Dieses Modell gestattet es, UberschuBentropien aus Mischungsenthalpien der fliissigen bindren Legierungen zu
berechnen. Die theoretische Voraussage von UberschuBentropien, freien UberschuBmischungsenthalpien und Aktivité-
ten der Elemente stimmt mit experimentellen Werten in verschiedenen fliissigen bindren Systemen tberein. Es konnte
gezeigt werden, daB die Beziehung zwischen Mischungsenthalpien und UberschuBentropien in fiiissigen bindren Legie-

rungen von der Temperatur abhéngig ist.

1 Introduction

A significant amount of research on the thermodynamic
properties in liquid alloys has been carried out experimen-
tally and also theoretically. Recently, several empirical
attempts?) to 8 have been made to correlate the enthalpy
of mixing AHyx and excess entropy A4S in liquid binary
alloys. For example, Kubaschewski4) has obtained the fol-
lowing relationship between partial enthalpy 4HY™ and
partial entropy 4S%* of solute elements in dilute solutions.

AHM* = 3400 ASE )

Lupis?) has also proposed the following similar relation-
ship:

AHY™ = r4SE* @

In this equation, ris constant and a value of 3000 %1000 K
for this parameter has been proposed for ordinary metallic
solutions. However, Lupis suggested that ris not always
constant for all types of alloys and it might be dependent
upon the nature of the elements involved in the alloy.
Figure 1shows a plot of maximum values of 4Hyx against
4S™ at the same composition. The values of AHyy and
A4S are taken from the compilation by Kubaschewski and
Alcock?). As shown in this figure, the relationship between
AHyx and 4S™ seems to be dependent upon tempera-
ture. Kubaschewskit) considered boiling points of com-
Ponent metals, T, ,and T, g, as one of the physical proper-
ties of constituents in alloys and obtained another empiri-
cal relationship as follows:

AS® = 0.64 AHyx/0.5 (To,a + To,8) ©)

On the other hand, Williams®) considered contributions of
the configuration and the vibration of atoms in alloys for
excess entropy to explain the relationship between AHyx
and 4S® The coefficients of each contribution, however,
Wwere determined by parameter-fitting method with experi-
mental values. Therefore, the physical meanings of each

term are not clear, and the physical properties of elements
involved in alloy systems have not been adequately taken
into account.

The purpose of this work is to derive a thermodynamic
model to evaluate the excess entropy and enthalpy of mix-
ing based on the configuration and vibration of atoms in
alloys from the free volume theory?) and the first approxi-
mation of regular solution model19). On the basis of the
model, the relationship between enthalpy of mixing and
excess entropy in liquid binary alloys is discussed together
with the physical properties of each element in alloys.

2 Derivation of Thermodynamic Equations

In this work, the relationship between the enthalpy of mix-
ing 4Hyx and the excess entropy 4S™ is discussed on the
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Fig. 1. Relationship between enthalpy of mixing and excess

entropy in liquid binary alloys.
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basis of the free volume theory advanced by Shimoji and
Niwa9). Assuming that an atom vibrates harmonically in its
cell surrounded by the nearest-neighbour atoms, the parti-
tion functions for pure liquid A and B, Qa, and Qgg, are
given by the following equations.

OAA = AIA . eXp (_ EA/kT)
{— nRZKTIUAY2NA - exp (= Ny - Uaal2 KT)

OBB - VéVA - exp (_ EB/kT)
{— nR3gkT/Ugg}¥2Ne - exp (= Ng * Ugg/2 kKT)  (5)

vy, Vg: free volumes of A and B atoms in pure liquid.
Ras, Rgg: distance which interatomic potential extends in
cells of pure liquid A and B respectively, as shown in Fig. 2.
Una, Ugg: depth of potential energy in cells of pure liquid A
and B respectively, as shown in Fig. 2.

Unaa = Z - Upas Ugg = Z - Upp

Uaa, Ugg: energies of A — A and B — B pairs, respectively.
Z: coordination number.

N,, Ng: number of A and B atoms.

k: Boltzmann constant.

T. temperature in K

Partition function of A — B binary alloy is
Q = g - {— nREKTIUAY? Na {— nREZKTIUGY2 Ne
- exp {— (Na - Uy + Ng - Ug)/2 KT) (6

g: degeneracy factor.

Ry, Rg: distances which interatomic potential of A and B
atoms extend in cells of A — B binary alloy.

U,, Ug: depth of potential energy of Aand Batomsin cell of
A — B binary alloy.

The energy E= (NpU, + NgUg)/2 of A — B binary alloy in Eq.
(6) can be expressed in terms of pair interaction energy of
A— A, B—BandA — B, namely, up,, Ugg and u,g as follows:

E= NAUAA/2 + NBUBB/2 + NABQAB/Z (7)
Uaa = Z tpps Ugg = Z Ugg
Npg: number of A — B pairs.
Qag = Z{upg — 112 - (upp + ugg)}; exchange energy (8)

For condensed systems and at ordinary pressure levels,
the Gibbs energy may be assumed to be equivalent to the
Helmholtz energy, because their difference, the term PV, is
usually negligible. Thus, for all practical purposes?),

GAA -~ FAA = = kTIn OAA (g)
Ggg ~ Fgg = — kT In Qg (10)

Potential Energy, U

Distance from Cell Center

Fig. 2. Interatomic potential in a cell.

G~F=-kTInQ M)

From the above equations, the change in Gibbs energy of
mixing, 4Gy, 8

AGyix = G — (Gpa + Ggg)
= Nae@us/Z - kTIn g
— KT - 3/2 - [NaIn (= nR2KT/U,)
+ Ng In (= nREKTIUg)
— {Na In (= TRZ,KTIUp)
+ Ng In (= nR&kTIUgg)}] (12)

Next, the enthalpy and entropy terms in the A — B binary
alloy will be derived separately.

2.1 Enthalpy Term
From Eg. (12),
AHyyx = AH™ = NpgQpelZ (13)

As regards the configuration of atomsin alloys, short range
orderis takeninto account on the basis of the first approxi-
mation to the regular solutions proposed by one of the
authors19). According to this model, N,z is given be the fol-
lowing equation for dilute solutions:

Npag = Z - Noxaxg (1 — XxpaXgQas/KT) (14)

No: Avogadro’s number
Xa. Xg: mole fractions of A and B, respectively.

Consequently, the enthaply of mixing per mole AHyx =
AHyix/Ng can be given by the following equation:

AHux = QasXaXp (1 — XaXgQas/KT) (15)

2.2 Entropy Term

The entropy arising from configuration of atoms in alioys
AScone = — Kk In g consists of the following two terms:

AScone = ~ King
= ASESRF + ASGonF (16)

In this equation, ASESEL is the ideal entropy of mixing,
given by

ASKEER. = — k (x4 In x5 + X5 IN Xg) n

For excess entropy arising from configuration of atoms i
alloys, the following equation based on the first approxima
tion to the regular solutions19) was also adopted

ASE N = — x3xE0212 kT (18

Excess entropy arising from vibration of atoms AS5% can
be derived from Eqg. (12), i. e.,

ASES = 312 - KNg {2X, In (Ra/Rap)

+ 2xg In (Rg/Rgg)

+ Xa In (Uaa/Up) + Xg In (Ugs/Us)} (19
In order to evaluate AS§Y in the above equation, it is nec
cesary to have information on Ry, Rg, Upand Ug in A - B birr
ary alloy. In this work, the simplest relations were adoptet

from Shimoji and Niwa, i. e., the random distribution of
atoms is assumed with the following equations:
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U = XaUpa + XaUpgs: Ug = XgUgg + XpUps (20)
Upg = £ Upg
Ra = 12 {Rpp + (XaRaa + XgRag)} (21
Rs = 1/2 {Rgg + (XaRaa + XsRes)} (22)

Fmany, the excess entropy for vibration of atoms per mole,
ASEL = ASGS/No, is given by
ASS, = 312 * k XaXg [(Raa — Reg)*/RasRss
+ {2UaaUss = Upg (Uaa + Usp)} UaalUgs]l  (23)
It is quite difficult to evaluate U,g in Eq. (23) from the physi-
cal quantities for the components of A - B alloy; hence

ASEX cannot be calculated. It is therefore proposed that
U,g from Eq. (8) be used for this purpose, i. e,

Une = Qag t (Upa + Ugp)/2 (24)
Consequently,
A4S = 3/2 * Kk XpXg [(Ran ~ Reg)*/RanRes
+ {4UpaUss = 20p5 (Upa + Ugg)
= (Uaa t Ugs)*H2UnaUgs] (25)

Inthe preceding equations, all of the quantities except Q,5
belong to the pure elements. Thus, if the value of Q,g can
be obtained from the enthalpy of mixing 4H,x, then AS5%
‘can be calculated from Eq. (25). It is obvious from Eq. (14),
(15) and (25) that AHyy is related to 4S® through Qg.

In:this work, we correlate the depth of potential energy in
‘each cell of pure elements, Uya and Ugg in Eq. (25), with
other physical quantities. if an atom vibrates harmonically
inits cell of a pure element, then the free volumes v,, and
veg are expressed by?)

Vaa = (— mRZ2AKTIU,) 2 (26)
Ve = (— 775’%[3’(’-/Ut24.=3)3/2 @

On the other hand, the free volumes v,, and vgg can also
be given by the following equations't):

Vaa = (KTI2iMppvia) 22 (28)
g = (KT/2nMgg13g)®? (29)
Max and Mgg: atomic weights of A and B.
¥aa @nd vgg: frequencies of A and B in pure liquid.
From Egs. (26) to (29)
Una = = 2°RiaMaavia (30)
Uss = — 2R3z Mesvis (31

Substitution of Egs. (30) and (31) into Eq. (25) gives
A4SV = 3/2 k XaXg {(Ran — Ras)/RaaRes + 2

+ Qpp (RRAMaavia + REsMagvie)

! 2”2RA2AR§BMAAMBBV/2\AV%B

= (RAMaavia + REsMepiBs)®

! 2RRAR8sManMpgviavis} (32)

From the foregoing equation, 4S5% can be calculated from
£, obtained from A4Hy,x when the values of Ryy, Rag, Man,
Mgz, vas and vgg are known. Mpa and Mgg are the atomic
Weights and Ry, and Rgg, the distances in the cells for the
Dozientlal energy and assumed to be half of the nearest-
Neighbour distance, ras and rgg'2), thus, Ry, = 1/2r,, and

Rpg = 1/2rgg. The values of r,, and rgg can be obtained from
molar volumes of pure elements V,, and Vg in the follow-
ing way if a closepacked structure can be assumed in

liquid metal. '

= (2"2Va/Np)"® (33)
= (2"%Vgp/Np)"® (34)

Values of y,, and vgg can be obtained from the following
revised Lindemann’s equations2) if frequency at tempera-
ture T could be assumed to be equal to that at the melting
point of each pure element.

Van = 2.8 - 1028, (T;, a/MaaVRR)!2 (35)
g =28 - 101%8 (T, B/MBB\/BZE/BS)VZ (36)

Tm, a @nd T, g: melting points of pure elements A and B.
Ba and fg: correction coefficients to transform the fre-
quency in solid into that in liquid at the melting point.

Since Lindemann’s equation gives the frequency at the
melting point in solid, coefficients g, and g are necessary
to obtain the frequency in liquid state. To a good approxi-
mation, 8 can be set to 0.5 for elements 12) having no data

for B.

As mentioned above, if the value of Q2,5 can be estimated
by any method, e.g. Miedema’s semi-empirical rules3), all
the thermodynamic quantities can be calculated from the
preceding equations. However, we focus on the relation-
ship between AHyx and AS® (= 4S& s + 4S5%) in this
work and the obtain Q,, from measured values of AHx.
Thus, from Eq. (15), Q.5 can be expressed as

Qpp = KT {1 = (1 + A AH\x/KT) 212 X5 (37)

In Eq. (37), the value of Q,5 can be obtained from meas-
ured values of AHyx at each composition. Then, 4SE e
and ASV,B can be calculated from Egs. (32) to (37). Further-
more, excess Gibbs energy 4G® and activity of element
X, ay, may also be evaluated. However, 0,5 for alloys with
AHyx > 0 can be obtained from

1>4- AHMlxlkT (38)

Therefore, for these alloys, the configuration of atoms is
assumed to be random and the calculation of 4S% and
AG® is carried out by the following equations:

Qap = AHux/ XXz (39)
ASEX = ASVIB: (ASECE()SNF = O) (40)
AG® = AHyx — TASES 41

3 Calculation of AS¥, AG¥* and a, in Liquid Binary
Alloys and Discussion on Validity of the Present Model

In this section, 4S®, 4G® and a, in various liquid binary
alloys were calculated from measured values of AH,x on
the basis of the present thermodynamic model and then
the validity of this model is discussed.

Table 1 shows physical quantities of several elements
needed for calculation of AS®*. For AHyx, values selected
by Hultgren et al.4) were adopted Measured values of
AS®, AG®* and a, presented in Hultgren et al. were also
used for comparison with the calculated results in this
work.

As an example, the calculated results for AS™, 4G®and a,
inliquid binary Ag-Zn system are shown in Table 2. First, the
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Fig. 3atop. Comparison of calculated results for excess entropy, excess Gibbs energy and activity with experimental data in liquid

binary alloys at the temperature indicated. (

values of Qaqz, wWere calculated from AHyx at each com-
position in Hultgren et al. with Eq. (37). Then, using Egs. (15)
and (32) to (37), 4S®* was evaluated from Qng-zn and other
quantities shown in Table 1. Further, 4G and a, were also
calculated. Figure 3a shows a comparison of the calculat-
ed results for 4S¥, 4G and a, with the experimental data
for this system. As is obvious from this figure, the calculat-
ed results are in good agreement with the experimental
data. In the same way, 4S™, 4G® and a, in other liquid bin-

Table 1. Physical quantities used in the calculation of excess
entropy. My: atomic weight (g/mol), V,: molar volume (cm3/mol),
Ty, x: melting point (K), and B: correction factor.

:calc. @, (B, A, O: exp.)

ary alloys were calculated and the results are shown in
Figs. 3b to p together with the experimental values. It is
obvious from these figures that the calculated and experi-
mental values are in good agreement in various alloys.
Especially, for alloys which show AHyx >0, it seems to be
sufficient to consider the vibrational contribution to 4S®*.
On the other hand, some of the alloys indicating large
negative values of 4Hyx show strange activity curves in
the high solute concentration region. Thus, more strict
equations for short range order configuration of atoms
have to be used for these alloys.

4 Relationship Between AHyx and 4S%

Elements M V, T

X X m. X 5 As stated above, AHy,x and 4S8 are related to each other
ﬁlg 107.9 10.27 1234 047 py Egs. (14), (15) and (25). Figure 4 shows the relationship
4 1?;-2 12-88 222 8"22 between AHyxand AS™ at x, = xg obtained by the pres-
cu 63'5 7'1 p 1356 0'45 ent calculation. This figure appears to show a temperature
Fe 55'9 7‘09 1809 0'49 dependence of the relationship between 4Hyx and AS®
Hg 200.6 14.09 034 o84  This temperature dependence can be confirmed by the
In 114.8 1573 430 o6 followingtreatment. Thus, considering the alloys with small
K 39.1 45.61 336 046  absolute values of Q, 5 and small differences of atomic
Mg 24.3 14.00 922 045 weights and nearest-neighbour distances, Egs. (15), (18)
Na 225 23.79 371 049 and (32) can be transformed into the following approxi-
Pb 207.2 18.27 600 0.55 mate equations:
Si 28.1 12.07 1685 0.50
il 204.4 17.22 577 0.56 AHyix = XaXg Q-5 (42)
Z
Table 2. Calculated results for excess entropy, excess Gibbs energy and activity in liquid Ag-Zn binary alloy at 1173 K.
Xzn AHix Qng-zn ASG% ASESNF AS® 4G azn

(J/mol) (J/mol) (J/mol - K) WJ/mol - K) (J/mol - K) (J/mol)

0.15 - 3800 - 22900 - 0.53 - 0.37 - 0.90 - 2750 0.02
0.20 - 4810 - 22000 - 064 - 055 - 119 — 3420 0.04
0.30 - 6370 - 20900 - 0.80 - 0.84 - 164 — 4440 0.09
0.40 - 7230 — 20100 - 0.88 - 1.02 - 1.80 - 4990 0.17
0.50 - 7300 - 19400 - 0.90 - 1.04 - 194 — 5030 0.30
0.60 - 6560 - 18700 - 0.83 - 0.88 - 1.71 — 4550 0.46
070 - 5220 — 17900 - 0.70 - 0.62 - 1.32 - 3670 0.62
0.80 - 3500 - 17000 - 0.51 - 033 - 1.84 - 2510 0.77
080 - 1620 - 16600 - 0.27 - 0.09 - 1.36 - 1200 0.0
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Fig. 4. Relationship between AHy;x and AS®* in liquid binary
alloys, calculated from the present model.

ASEE o< xpxgQpp (WTy o + 1Ty 8) (44)
From the above equations, 4Hyx and 4S™ are related by
AS® o< AHyx (UTy A + 1T 8) 45)

Then, Fig. 4 can be reconstructed by using Eq. (45) as
shown in Fig. 5, wherein most of the alloys seem to fall onto
a linear relation. This means that the relationship between
AHwx and A4S are dependent upon melting points of the
components. Thus, the temperature dependence of the
empirical relationship shown in Fig. 1 can be explained
thermodynamically by the present model.

5 Some Problems in Present Model

The present model is succesful in evaluation of some ther-
modynamic properties of binary alloys. However, the fol-
lowing improvements should be made in the future:

1) A more satisfactory treatment of alloys which show
complicated behaviour of thermodynamic properties ver-
sus compositions.

2) In alloys showing large negative values of 4AHyx, more
appropriate short range order configuration of atoms have
to be considered.

3) A better treatment of alloys exhibiting the different
signs between AH,,x and A4S is necessary. However, this
problem also requires careful experimental investigation.
Such alloys are near the origin of AHyx — A4S maps.
Therefore, considering the difficulties of thermodynamic
experiments, some unreliable experimental values might
pose unexpected obstacles in correlating AH,,xand 4S®~.

7 Summary

In this work, a thermodynamic model was derived on the
basis of the free volume theory and the first approximation
to the regular solutions. The model is capable of evaluating
the excess entropy from the enthalpy of mixing of liquid

Fig. 5. Relationship between AHyx, (1/Tm, A +1/Ty, 8) @nd ASE
in liquid binary alloys, calculated from the present model.

binary alloys. The calculated results were discussed and
compared with the experimental data. The resuits
obtained are summarized as follows.

1) Values of AS™ could be estimated from AH,,x, and the
AG® and a, were obtained in various liquid binary alloys.
The calculated results for 4%, 4G and a, were in good
agreement with the experimental data on various liquid
binary alloys.

2) The relationship between AHyy and AS® was
explained by considering configuration and vibration of
atoms in alloys on the basis of the present model. It was
shown that the relationship between AHyx and AS® in
liquid binary alloys depends on the melting points of com-
ponent elements.

Literature

1 O. KUBASCHEWSKI, Phase Stability in Metals and Alloys, P.S.
Rudman, J. Stringer and R. J. Jaffee (eds.) MeGraw-Hill, New
York (1967) 63.

2) O. KUBASCHEWSKI and C. B. ALCOCK, Metallurgical Ther
mochemistry, Pergamon Press, New York (1979) 55.

3) W. SOUGH, Metallurgical Chemistry, O. Kubaschewski (ed),
HMSO, London (1972) 301.

4 0. KUBASCHEWSKI, High Temp.-High Pressure 13 (1981) 435

5) F. D. RICHARDSON, Physical Chemistry of Metals in Metallur
gy, Vol. 1, Academic Press, New York (1974) 168.

6) R. CROMBIE and D. B. DOWNIE, Scripta Metall. 6 (1972) 277.

7y C. H. P. LUPIS and J. F ELLIOTT, Acta Metall. 15 (1967) 265

8) R. O. WILLIAMS, CALPHAD 8 (1984) 135.

9) M. SHIMOJI and K. NIWA, Acta Metall. 5 (1957) 496.

10) N. A. GOKCEN, Statistical Thermodynamics of Alloys, Plenurm
Press, New York (1986).

1) R. FOWLER and E. A. GUGGENHEIM, Statistical Thermody
namics, Cambridge University Press, London (1956).

12) T LIDA and R. L. GUTHRIE, The Physical Properties of Liquil
Metals, Oxford Science Pub. (1988).

13) A.R. MIEDEMA, P. F DE CHATEL, and F. R. DE BOER, Physic
100B (1980) 1.

14y R. HULTGREN, P. D. DESAI, D. T. HAWKINS, M. GLEISER, ant
K. K. KELLEY, Selected Values of the Thermodynamic Proper
ties of Binary Alloys, ASM, Ohio (1973).

(Eingegangen am 3. Februar 1989





