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Abstract
The localized induction hierarchy in three-dimensionacpforms is studied. In
particular, we determine all the generating curves of coegce solutions to each
evolution equation belonging to the localized inductioerarchy. Here, a congru-
ence solution means a solution moving without changing esh#@dso, we give the
characterization of some low-order soliton curves.

1. Introduction

We consider the motion of thin vortex filaments in ideal thdémensional fluids.
In the so-called localized induction approximation, thetiom of vortex filaments is
governed by the following evolution equation:

(1.1) Yt = Vs X Vssi

wherej = 7(s,t) € R® represents the position of the centerline of a vortex filanien
the three-dimensional Euclidean sp&®& andt is time ands is the arclength param-
eter along the centerline of the vortex filament ([1]). Theiaepn (1.1) is called the
localized induction equatiofLIE). (It is also called theBetchov—Da Rios equatipithe
vortex filament equatigrthe filament modeletc.)

In [9], Hasimoto discovered a transformation which asdesigdhe LIE with the
cubic nonlinear Schrodinger equation, a well-known exampl a soliton equation.
Also, Marsden—Weinstein ([27]) showed that the LIE is ddseti as a Hamiltonian
flow on an appropriate space of curvesRA, the Hamiltonian being just the arclength
functional. By using a similar framework to [27] and the Huasto transformation,
Langer-Perline ([23]) constructed an infinite sequenceashmuting Hamiltonian vec-
tor fields Xi, X», ... and the associated infinite sequence of flows starting with).(1
Therefore, the LIE (1.1) is viewed as an infinite-dimenslooampletely integrable
Hamiltonian system.
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In [23], the sequenc&,, had been constructed by successively applying an integro-
differential operatorR, called therecursion operatoyrto the vector fieldXg = —ys. In
[22], however, Langer obtained an inductive formulaXgf without integral operators.
According to this formula, the first few vector fields are cédded as follows:

Xo = —Vs
C
Xy = _717/5 + Vs X Vss)
3 c2 cC C
Xz = (Eh’sslz + ?l - ?Z)Vs + Vsss+ 713/5 X Vss

where C;, C, are real constants. Eack, = X,[y] can be viewed as am(+ 1)-st
order ordinary differential operator with respect sodepending om real parameters
Ci1, ..., Cy. Then the evolution equatiofy = X,[7], with C4, ..., C, fixed, is called
the n-th localized induction equatiorand the infinite sequence of these equations is
called thelocalized induction hierarchy(LIH). The first localized induction equation
7t = Xq[y] with C; = 0 is equal to the original localized induction equation }1.1
Furthermore, it is known that the second and third localizetiiction equations also
arise in contexts of fluid mechanics (cf. [4], [5], [6], [3B5], etc.).

An arclength-parametrized curye = y(s) is said to be am-th soliton curvef y
is a solution to then-th stationary equatiotX,[y] = O for some constantSy,...,C,. It
is known that low-order soliton curves are applied to swfteeory in a wide variety of
contexts. In these cases, it is often useful to consider #teral generalization of soli-
ton curves innon-Euclidean space forms,SH?, S3, etc. ([3], [7], [25], [31], etc.). For
example, by using elasticae (a type of third soliton curvasy?, Pinkall ([31]) con-
structed the first examples of Willmore surfacesRi not coming from stereographic
projections of minimal surfaces i8°. Also, some fourth soliton curves ikl? were
applied to construct explicit examples of the Konopelcliehkimanov motions of im-
mersed Riemann surfaces R® ([7]). These examples imply the significance of in-
vestigating the localized induction hierarchy and solitamrves in space forms, or in
general Riemannian manifolds.

In this paper, we consider the localized induction hieraram oriented three-
dimensional Riemannian manifolds. In particular, we iigede congruence solutions
to the n-th localized induction equation. Here, a congruence &wniuis defined to be
a solution which evolves without changing shape. This peenashape is called the
generating curveof the congruence solution.

Our main results are as follows: we prove that in the case ethhee-dimensional
space formR®, S}, H3, the set of all the generating curves of congruence solsition
the n-th (n = 1) localized induction equation coincides with the set df (al + 2)-
nd soliton curves (Theorem 5.1). Also, we investigate soave-drder soliton curves.
In particular, we prove that the set of all first (resp. segosmliton curves in an ori-
ented three-dimensional Riemannian manifold coincideth wie set of all geodesics
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(resp. helices). Further, in the case RY, S*, H3, we prove that the set of all third
soliton curves coincides with the set of &lrchhoff rod centerlinegTheorem 3.3).
Unless otherwise specified, all manifolds, curves, vecteldsi etc., are assumed
to be C* throughout this paper. LetZ be an oriented three-dimensional Riemannian
manifold. We denote by , ) the Riemannian metric, by the Levi-Civita connection
and by x the vector product.
In Section 2, we define the localized induction hierarchyf (Definition 2.6). Let
y = y(s) be an arclength-parametrized curve. .. We denote byT(s) = dy(s)/ds
the unit tangent vector tg. Let {Cy};°, be an arbitrary real sequence. We inductively
define a sequenceXn}i® , of vector fields alongs by

C 1 n-1
Xo=-T, Xp= <_7n + 2 Z(xk: xnk))T — T x VX
k=1

Here, whenn = 1, we treat the term () Zﬂj(xk, Xn-k) as zero. For examplex,
is calculated as follows:

3 c? Co Ci
Xo=(Z|VsTPP + =2 — Z2)T + (V1)°T + =T x V¢ T.
2(2|T|+8 2)+(T)+2XT

The evolution equation

ay (s, t)
ot

1.2) = Xa[7(s, 1)]
of arclength-parametrized curves i is called then-th localized induction equation
(n-th LIE), and the infinite sequence of the equations (12} 0, 1, 2,..., is called
the localized induction hierarchyLIH).

We introduce the definition of a congruence solution to itk LIE as follows:

DEFINITION 2.9. Let.# be an oriented three-dimensional Riemannian manifold.
A solutiony: Rx R — .# to then-th localized induction equatiofjx = X[7] is called
a congruence solutioif y is expressed as follows: there exist an arclength-paraadtr
curvey: R — ., a constant € R and a one-parameter grogip'};cr of isometries of
. such thaty(s, t) = ¢'(y(s — ct)). This y is uniquely determined by and is called
the generating curveof the congruence solutiof.

In Section 3, in the same way as [22], we definenathh soliton curve as a solution
to then-th stationary equation (Definition 3.1). That is, an argkbaparametrized curve
y: R— .# is called ann-th soliton curveif X,[y] = 0 holds for someC,,...,C, € R.
The set of alln-th soliton curves is called the-th soliton classand is denoted by',.
Then we obtain the following theorem, which is a generalwabf the Euclidean case
obtained by Langer ([22]).
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Theorem 3.3 Let .# be an oriented three-dimensional Riemannian manifold.
ThenT', C I'n41 holds for any positive integer n. Alstet y: R — .# be an arclength-
parametrized curve. Then the following halds
(i) y eIy ifand only if y is a geodesic.

(i) y e Iy if and only if y is a helix.
(iii) Suppose that# = R3 S, H3. Theny € I's if and only if y is a Kirchhoff
rod centerline.

Here, aKirchhoff rod centerlineis one of the mathematical models of thin elastic
rods. We defer the precise definition of a Kirchhoff rod ceirie and the proof of (iii)
of Theorem 3.3 to Section 6.

In Section 4, as a preparation for the proof of the main theo(€heorem 5.1),
we summarize some fundamental properties of nlagural frame natural curvatures
and complex curvatureof a curve in three-dimensional space forms.

In Section 5, we state and prove the main theorem. We congliigeproblem of
determining the generating curves of congruence solutiorike n-th LIE. First, by the
definition of ann-th soliton curve, it is easily shown that amye I'y, is the generating
curve of a congruence solution to theth LIE with someCy,...,C, € R. This is valid
for the case whereZ is a general oriented three-dimensional Riemannian mianifo

In the case where#Z = R®, S, H3, however, we can prove that any curyein
I'hi2 (O Ty) is the generating curve of a congruence solution tortib LIE. More
precisely, the following main theorem holds.

Theorem 5.1. Let.# =R3 S H3 and n> 1. Lety: R — .# be an arclength-
parametrized curve. Then the followifgy and (ii) are equivalent.
() v €Tnsa
(i) y is the generating curve of a congruence solution to the mettalized induction
equation with some £...,C, € R.

In the case where# = R3, the part of (i)= (ii) of Theorem 5.1 is proven in
(b) of Proposition 12 of [22]. One of the different points dfetproof of the case of
M = S%, H® from that of the Euclidean case is that finding the consténts . ., C,
in (ii) is not trivial.

In the last part of this section, we consider special conyreesolutions. Suppose
that .# = R®. Then we can consider congruence solutions evolvingtragslation
A solution 7 (s, t) to the n-th LIE is called atranslation solutionif (s, t) satisfies
the condition obtained by replacing “isometries .@f” in Definition 2.9 by “transla-
tions of R®” (Definition 5.6). We give the translation solution versioh Theorem 5.1
(Proposition 5.7).

In Section 6, we review the concept okKarchhoff elastic rodand define &irchhoff
rod centerling and give the proof of (iii) of Theorem 3.3.



CONGRUENCE SOLUTIONS TO THE LIH 925

This paper is the detailed version of the former part of theoancement [16]. In
the present paper, the author uses one different termindiogn [16]. The “traveling
wave solution” in the abstract of [16] is identical to our fgyuence solution”.

2. The localized induction hierarchy

In this section, we give the definition of the localized intloie hierarchyy; =
Xalyl, n=0,1,2,..., in an oriented three-dimensional Riemannian manifoldfifDe
ition 2.6), which is obtained by replacing the ordinary ei#ntiation of the Euclidean
case in Section 2 of [22] by the covariant differentiatios@ we define a congruence
solution to then-th localized induction equation (Definition 2.9). In thestigart of this
section, we introduce the normalization Xf, which will be used in the following sec-
tions. Although the contents of this section are basicadlyapel to the Euclidean case
in Section 2 of [22], we describe the details for self-comtginess.

Unless otherwise specified, all manifolds, curves, vectddi, etc., are assumed to be
C>. Let.# be an oriented three-dimensional Riemannian manifold. &ete by( , )
the Riemannian metric, by the Levi-Civita connection and by the vector product.

Let I (C R) be an open interval, and let: | — .# be a curve parametrized by
arc lengths. We denote byT(s) = dy(s)/ds the unit tangent vector ter. Also, we
denote byds the differentiation with respect ts, and by d;? the antidifferentiation
with respect tos, that is,d; 1 f is a function whose differentiation with respect g¢ds
equal to f.

We define a sequendeXn}s?, of vector fields alongy. This X, = X,[y] is the
direction in which a solution of the-th LIE evolves. Since the-th LIE is an evo-
lution equation of arclength-parametrized curves, theorefield X, must satisfy one
condition mentioned below (Definition 2.2). First, the @mlling lemma holds.

Lemma 2.1. Let y(u,t) = p(u) (Jt| < 1) be a variation of curves inZ with
variation parameter t and let W= 9y /dt be the variation vector field. We assume
that the curve u— yp(u) is unit-speed. Then the curvers y;(u) is unit-speed for any
fixed t if and only if W satisfies the conditig¥,suW, 0y /du) = O.

Proof. Suppose that for any fixed the curveu — 14(u) is unit-speed. That is,
|9y /0u|? = 1 for all (u, t). Then ¢/d8t)(dy/du, dy/du) = 0. Since

d [dy dy ay Jy ay dy ay
(25 20 = 2V, =2 ) = 2 Vi s == ) = 2( Vi 0uW, — ),
8t<au 8u> <a/3‘au au Y5 Bu YT B

we see(VypuW, dy/du) = 0. The converse also holds immediately. []

And so we define as follows:
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DEFINITION 2.2. LetW be a vector field along an arclength-parametrized curve
y. ThenW is calledlocally arclength-preservindLAP) if W satisfies(V+W, T) = 0.

A trivial example of a LAP vector field is given by the vectorlfiecT along y,
wherec is a constant.

Before giving the definition off X,}32,, we introduce therecursion operatori,
which gives a method making another LAP vector field from oWeéPLvector field.

First, let W be a not necessarily LAP vector field along Then we can make
W LAP by modifying its tangential component. More precisehg tfollowing propos-
ition holds.

Proposition 2.3. Let W be a vector field along. Let W= fT + W' be the
decomposition of W into the tangential and normal compaevitere f is a function.
Then the following holds
() W is a LAP vector field along if and only if 3sf = (W+, V1 T) holds.

(i) We setPW = (g1 (W, VT))T + WL, ThenPW is a LAP vector field along.

Proof. By using the Leibniz rule, we sé&tW,T) = osf + (VTWL, T) = dsf —
(W, V1 T). Therefore (1) holds. Also, (2) immediately follows from).(1 [l

We note thatPW is only defined up to addition of a constant multiple ©f The
operatorP is called thereparametrization operator

Let J denote the operator which takes vector product with the tamgentT.
That is, JX =T x X for X € T,(5.#, wheres € |. Note that(J X, Y) = —(X, JY)
and J2X = J(JX) = —X* holds, whereX, Y € T,.#. Then the following propos-
ition holds.

Proposition 2.4. Let W be a LAP vector field along. Then there exists a LAP
vector field X alongy satisfying JX= VtW. Such X is uniquely determined up to
addition of a constant multiple of ,Tand X is expressed as followX = P(—J(V+W)).

Proof. First, we seek for all vector field$ alongy satisfyingJ X = VrW. Sup-
pose that a not necessarily LAP vector field satisfiesJX = VtW. Then X' =
—J2X = —=J(V+W), and soX is expressed as

2.1) X = fT = J(VTW),

where f is a function ofs. Conversely, for any functionf, the vector fieldX de-
fined by (2.1) satisfied X = —J?(V: W) = (VW)L = VT W. ConsequentlyX satisfies
JX = V:W if and only if X is expressed as (2.1), wheffeis any function.
Therefore, by Proposition 2.3, we obtain that tRedefined by (2.1) is LAP if and
only if X is expressed a¥X = P(—J(VTW)). This completes the proof. ]
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For a LAP vector fieldW along y, we set
RW = P(—=I(VrW)) = (3 (= I(VTW), Ve T)T — I(VT W).

The operatorR, which sends a LAP vector field to another LAP vector field, afed
the recursion operator Note that in the same way &W, RW is only defined up to
addition of a constant multiple of.

In later sections, we also use the following notatiBg R. to eliminate the am-
biguity of the definitions ofP, R. We first fix a pointsy € |. Let c € R, and we set

S
PW = (/ (W, ViT)ds+ C)T + W+,
S

RW = Pc(—J(VTW)) = (/S(—J(VTW), VTT) ds+ C)T — J(VTW)
S

If two LAP vector fields X, W satisfy J X = VT W, then there exists a uniquee
R such thatX = R.W. Also, for a fixedc, R. is viewed as a map of the vector space
of all LAP vector fields along into itself. In particular,Ro is a linear transformation
on this vector space. Noting th&.W = RoW + cT holds, we can verify that

(22) Ra1+a2(W1 + WZ) = Ralwl + RaZWZ, Rca(CVV) = CRaW

for any LAP vector fieldsw;, W,, W along y and anyay, a,, ¢, a € R. We note that
R. is determined only after a reference poggtin the domain ofy is fixed. In what
follows, however, we use the notatidR. without mentioning each time that we take
a reference poing.
Now let us construct a sequen¢Xn}n’, of LAP vector fields satisfying
Xo=—T,
(23) {J Xn = V1 Xho1 (n = 1)

By Proposition 2.4, suctXn}o2, is constructed as followsX, = Rq,(Xn-1), Where
{dn}32, is any real sequence. Note that this formula is written im&of the integro-
differential operatorRy,. In Section 2 of [22], however, Langer express¥d by
Xo,..., Xn_1 Without integral, in the case of# = R®. This result is naturally extended
to the case of an oriented three-dimensional Riemanniarifofér{Proposition 2.5).
To prove Proposition 2.5, it is convenient to use the conoépt formal power se-
ries with coefficients of vector fields along a curve. IG¢(1) denote the algebra of all
C> functions onl, and let.Z2"(y) denote the vector space of &P vector fields along
y. Then Z'(y) is a C*(l)-module. LetC>(l)[[A]] denote the algebra of all formal
power series in the indeterminatewith coefficients inC*(1) and let 2 (y)[[1]] de-
note the vector space of all formal power series in the inddtete A with coefficients
in 2'(y). For @ X) = (Xnlo2"gn, Yonco A" Xn) € CE(DIIM x 2 (»)I[A]l, where
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On € CX(1), Xn € 2 (y), we definegX € 2 (»)[[A]] by 9X = Yo oA" (X -0 Xn-k)-
Under this action,Z (y)[[1]] becomes aC°(1)[[1]]-module.

The linear operatofs on C>°(1) naturally extends to that o@°°(I)[[A]], which is
also denoted by the same notation. The linear operatoasd V1 on Z'(y) naturally
extend to those o?"(y)[[A]], which are also denoted by the same notation. That is,
for X =Y 02 A"Xn € 27 (y)[[A]], where X, € 2°(y), we defined X, V1 X as follows:

IX =Y oA"IX,, VX = Y 22 A"V1 X, Similarly, the symmetric bilinear form
(, ) on theC®(l)-module 2 (y) naturally extends to that on th@>(I)[[*]]-module
Z I Thatis, for X =302 A" Xn, Y =302 oA"Y € Z7(p)[[A]], where Xp, Y, €
2 (), we define(X, Y) (€ C®(DI[AI]) by (X, Y) = 3520 A" (Xhoo(Xi Y «))-

Proposition 2.5. Let {C,}32, be an arbitrary real sequence. We inductively de-
fine a sequencéX,}> , of vector fields along’ as follows

(2.4) Xo = —T,
(2-5) Xn= faT — J(VT anl) (n = 1);
where
C1

= =1),

(2.6) f 2 "y
. n= C l n-1
—7” +5 2 Ko X (0=2).

Then{Xn}22, is a sequence of LAP vector fields satisfy(2g3).

Converselyif { Xy}, is @ sequence of LAP vector fields satisfy{@g), then there
exists a unique real sequen¢€,}o, such that(2.5) and (2.6) hold. The{C,}2, is
given by G = Y7o Xk, Xn-i).

Under the above relatigrthe set of all real sequencg€,}5° , is in one-to-one cor-
respondence with the set of all sequenf¥g} X, of LAP vector fields satisfyin(?.3).

Proof. We first prove the latter part. LéKX,}°, be a sequence of LAP vector
fields satisfying (2.3). TheiX: = —J(JIX,) = —JVr X, 1. We express the tangential
component(Xp, T) of Xp by Xo, ..., Xn_1. We setX = > "02 A"Xp (€ 27 (»)[[A]])-
Then (2.3) implies

o0 o0
(2.7) IX=J3Xo+ Y A"IXy =) A"VrXeq=AiVrX.

n=1 n=1

Now, we showds(X, X) = 0. Note thatJ is skew-adjoint, that is{J X, Y) = —(X, JY)
holds for anyX,Y € 2°(y)[[A]]l- The skew-adjointness af and (2.7) yield,ds(X, X) =
2(AVr X, X) = 2(I X, X) = 0. Thus we haveé)s(X, X) = 0. Therefore, the coefficient
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of eachA" term of (X, X) is independent of, that is, there exists a real sequence
Co, C1, Cy, ... such that

(2.8) (X, X) = ) A"Cy.
n=0
Hence the definition of X, X) yields C, = > p_o(Xk, Xnx). Since Xo = —T, we see
Co=1andCy = —2(X3, T). Thus (X, T) = —C1/2. Whenn = 2, we see that
n

Co = ) {Xi Xnk) = =2(Xn, T) + Y (Xks Xnk),
k=0

S
=

=~
Il
<N

from which it follows that(X,, T) is expressed as the right hand side of (2.6). Thus
Xn (n=1) is expressed as (2.5). Also, we can easily check the unégseof{C,}r° ;,
and hence the proof of the latter part is completed.

Next we show the former part. L€iC,}2, be an arbitrary real sequence, and
{Xn}p2, the sequence of vector fields alopgdefined by (2.4), (2.5) and (2.6). First,
Xo = —T is LAP, as stated earlier.

We show, by induction, that for ath > 1, J X, = V1 X,,_1 holds andX, is LAP.
First, RXo = P(—=J(V1 Xo)) = (07HIVsT, V1 T)T + IVyT = CT + JV;T, where
C € R. On the other hand, (2.5) yields; = —(C1/2)T + JV+1T. Therefore, it follows
from Proposition 2.4 thak; is LAP and J X; = V1 Xp. Next, we assume that X, =
V1 X—1 holds forl =1, 2,...,n and X, is LAP. We show that] X,,; = V1 X, and
Xnt+1 is LAP. First, by (2.5) together with the assumption thét is LAP, we have
I Xnp1 = =J3(Vr Xp) = (V1 Xp)t = V1 X,. It remains only to show thaX,,,; is LAP.

By the assumption X, = Vi Xi_1 (I =1, 2,...,n) and J Xp1 = V7 X;,, we see

n
205 fopr = Y (I X1, Xnsa k) 4+ (K I Xng2«)
k=1

n
= > (I X1, Xng1mk) — (I X Xns2k))
k=1

= (I Xnt1, X1) — (IX1, Xng1) = —2(Xnt1, IX1).

Therefore,ds foy1 = (Xne1, V1 T), which implies thatX,,; is LAP. Hence the proof
of the former part is completed.

It is easily checked that under the above relation, the setllofeal sequences
{Cn}22, is in one-to-one correspondence with the set of all sequefXgl X, of LAP
vector fields satisfying (2.3). This completes the proof leé proposition. []
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In what follows, we seCy = 1, and instead of a sequenCg, C,, ..., we consider
the sequenc€, = 1, Cy, Cy, ... whose index starts from zero. We set

(2.9) S ={{C}%, | CheR (YNn=0), Co=1}.

XOZ_Ty

C
X1=—71T+TXVTT,

3 c2 C, C
Xo=[Z|VsTP 4+ =L — Z2)T 4+ (V1)°T + —T x V;T.
o= (GIorTR+ G- F) T T ST

operator with respect ts.
We define then-th localized induction equation and the localized indutthier-
archy in.# as follows:

DEFINITION 2.6. Let{C,}i2, € S and let{X,}*, be the sequence of the dif-
ferential operators defined by (2.4), (2.5) and (2.6). Thelwion equation

ay(s,t) _

(2.10) o

of arclength-parametrized curves .i¥ is called then-th localized induction equation
(n-th LIE). Here,s is the arclength parameter ahds time. Also, the infinite sequence
of the equations (2.10n =0,1,2..., is called thelocalized induction hierarchyLIH).

REMARK 2.7. As mentioned in the introduction, iR°, the LIE is described as
a Hamiltonian flow on an appropriate space of curves, and thti& interpreted as
a sequence of commuting Hamiltonian flows of this Hamiltangystem. As for the
Hamiltonian formulation in the case of a general orientegdkdimensional Riemann-
ian manifold, we refer the reader to [36]. In this generalegabe existence of a se-
quence of commuting Hamiltonian flows is not expected. Harew the case of three-
dimensional space forms, it is shown in [36] that there exégssequence of commuting
Hamiltonian flows, which is essentially equivalent to theHLih Definition 2.6.

REMARK 2.8. The first LIE withC; = 0, that is,

dy _ 9y 9y

(2.11) % s X Vy/ps 7

as’

is the natural generalization of the original LIE (1.1) frén@ point of view of Riemann-
ian geometry. For the initial value problem of this evolatiequation, we refer the reader
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to [19], [20], [21]. Also, the second LIE witlC, = Cf/4 is the natural generalization
of the Fukumoto—Miyazaki equation

I O - 3. 5.
(2.12) Vi = 713/5 X Vss+ (Vsss+ §|Vss|2)’s)
from the point of view of Riemannian geometry. The Fukumdidyazaki equation
(2.12) is a model of the motion of vortex filaments with theeeff of axial flow. For
details, we refer the reader to [5], [6], [28], [33], etc. tharmore, it is known that
the third LIE also arises in fluid mechanical contexts ([80]; [35], etc.).

Now we define a congruence solution, that is, a solution évglwithout changing
shape. We will investigate congruence solutions torkta LIE in Section 5.

DEFINITION 2.9. Let.#Z be an oriented three-dimensional Riemannian manifold.
A solutiony: Rx R — .# to then-th localized induction equatiofx = X,[y] is called
a congruence solutioif y is expressed as follows: there exist an arclength-paraadtr
curvey: R — ., a constant € R and a one-parameter groyip'}cr of isometries of
. such thaty (s, t) = ¢'(y(s— ct)). This y is uniquely determined by and is called
the generating curveof the congruence solutiof.

For a convenience in Section 5, we considerribemalization Yof X = > A" X,
in the same way as in the case.@f = R® (p. 29 of [22]). WhenC, =0 foralln > 1,

YO = _Ty
Y]_ =Tx VTT,

3
Y, = 5|VTT|2T + (Vr)?T.
We setY =) 2, A"Y,. Then (2.8) implies
Y, Y) = 1.

We investigate the relation betweeti and its normalizatiorY. The following propos-
ition holds.

Proposition 2.10. If {A}22, € S, then there exists a uniqugC,}i2, € S such
that X = AY, where X= Y0 (A"X, = > pe o A"XS0Cn and A= Y22 A" A,. More-
over the map sendind Ay}2, € S to {Ch}2, € S is bijective. Alspthe {C,}2, is
given by the relation G= A%, where C= ) "/ A"C,,.
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Proof. Let{An}2,€S. ThenAY =Y 2 A"Z,, where we seZ, = p_, An«kYk.
It follows from Zg = Yo = —T and JYx = V1Y« that JZ, = 22:0 An kY =
2221 An—kV1Yee1=V1Z,_1, wheren> 1. Also, eachZ, is LAP, becauséVrtZ,,T) =
(JZny1, T) = 0. Therefore, by the latter part of Proposition 2.5, theristexa unique

Next we showC = A2 Note that (2.8), that is(X, X) C holds. On the other
hand, it follows fromX = AY and (Y, Y) =1 that (X, X) = A%(Y, Y) = A2, Therefore,
C = A? holds, that isCh = Y r_o AcAq_k holds for alln > 0.

We show the bijectivity of the map sending\i}32, € S to {Chlo, € S. Let
{Ch}i2, € S. Then we can check that there eX|sts a uniqug}* , € S satisfying
C = A2 Thus, by the above assertion, thi&,}>° , satisfiesX = AY. Also, the unique-
ness of{ An}32 , satisfyingC = A? yields the uniqueness ¢fAn} , satisfying X = AY.
This completes the proof of the bijectivity. ]

3. Soliton curves

In this section, we define amth soliton curve as a solution to the stationary equa-
tion corresponding to the-th LIE, and investigate some low-order soliton curves. In
particular, we give the characterizations of first and sdcsaliton curves in an ori-
ented three-dimensional Riemannian manifod and that of third soliton curves in
R%, S* H3 (Theorem 3.3).

DEFINITION 3.1. Letn = 1. An arclength-parametrized curye: R — .# is
called ann-th soliton curveif X$oCi[y] = 0 holds for someCy, ..., Cy € R. Also,
the set of alln-th soliton curves is called the-th soliton classand is denoted by',.

An n-th soliton curve is also characterized in the following way

Proposition 3.2. Let y: R — .# be an arclength-parametrized curve. Then
y € I'y if and only if there existCq, Cy, ..., Ch_1) € R" with Cy = 1 such that
Vi Xt = 0.

Proof. Lety € I',. Then there existsQp, ..., C,) € R with Cy = 1 such
that XSo+Cn[y] = 0. Thus the normal componem# —JVr Xn_1 of X, is equal to
zero. Therefore, {1 Xp_1)* = =J(JV1 Xp_1) = 0. On the other hand, sinc¥,_; is
a LAP vector field, the tangential component 6f X,,_; is also equal to zero. Hence
V1 Xn1 =0.

We show the converse. Suppose that there ex@&sZ(,...,Cn_1) € R" with Cp = 1
such thatvy X%~ = 0. Then it follows from the definition of%y that Ro(xn,l) =

XGo-Cn = 0, and hences € T. -
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We investigate some low-order soliton classes. An arclepgrametrized curve
in . is said to be éhelix if y is a geodesic or has a constant Frenet curvatur@)(
and a constant Frenet torsion.

Theorem 3.3. Let .# be an oriented three-dimensional Riemannian manifold.
Thenl'y, C I'h41 holds for any positive integer n. Alstet y: R — .# be an arclength-
parametrized curve. Then the following halds
(i) y eIy ifand only if y is a geodesic.

(i) y e I'y if and only if y is a helix.
(iii) Suppose that# = R3 S, H3. Theny e I'; if and only if y is a Kirchhoff
rod centerline.

Here, we do not give the proof of (iii). We will describe thefidéion of a Kirchhoff
rod centerline and give the proof of (iii) in Section 6.

0 for some Co, Cy, ..., Cy) € R" with Cy = 1, and hencé/y XSo-Cn = 0. Therefore,
Proposition 3.2 yieldy € I'1. Hencel'y C I';1 follows.

Next we show (i). By Proposition 3.2y € I'; holds if and only if V1 Xg"
—V1T = 0. Hence the proof of (i) is completed.

We show (ii). By Proposition 3.2y € I'; holds if and only if V3 X{*© =
Vi (—(Cy/2)T+T xV:T) =0 for someC; € R. Let y € I',. We denote by = |V T|
the Frenet curvature gf. Suppose thap is not a geodesic. Lety € R be a point such
that k(s) > 0. We denote by T, N, B) the Frenet frame along and byt the Frenet
torsion of y arounds = 5. A straightforward calculation yields«(C;/2) — 7)x N +
k'B = 0. Thereforex = kg andt = —C;/2 aroundsy, wherekg is a positive constant.
By using the continuity ofc, we see thak(s) = ko on the wholeR, and hence the
Frenet frame is defined on the whdRe Thusz(s) = —C;/2 on R, and hencey is a
helix. Conversely, we can check thatjifis a helix, theny € I';. Hence the proof of
(i) is completed. Ll

4. Natural curvatures and complex curvature

In this section, we define the natural frame, natural curestand complex curva-
ture of a curve in three-dimensional space forms, and descsdme fundamental prop-
erties. Although these notions are originally defined fousve in the three-dimensional
Euclidean space, they are naturally extended to a curveée-timensional space forms.
Since the proofs of the facts in this section are similar wséhof the Euclidean case,
we omit them. For more details about these notions, we réferréader to [2], [22],
[24], [26], etc.
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Let y be an arclength-parametrized curve.if = R®, S*, H3. Then there exists a
positive orthonormal frameT(, U;, U,) alongy such that

(41) V1T = uUp 4+ uoUy, ViU = —u T, ViU, = —u,T,

whereus, u, are functions ofs. Such [T, Uy, Uy) is called anatural frame(or Bishop
frame along y. Also, the functionsuy, u, are called thenatural curvaturesof y, and
the complex-valued functiogr = ¥ (s) defined byy = u; +iuy is called thecomplex
curvature of y.

We denote byT+.# the normal bundle along, and byV+ the normal connection
in T*.#. That is, ViU = ViU — (V{U, T)T for a normal vector fieldJ along y.
Then a positive orthonormal frame field,(V1, V) along y is a natural frame if and
only if V#Vp = ViV, =0.

Compared to the Frenet framd&,(N, B), the natural frameT, Uy, U;) has the
advantage that it can be defined even on a point wikgt€ = 0. On the other hand,
unlike the Frenet frame, the natural frame is not uniqueliemheined byy. For a
given y, the natural frame is uniquely determined only up to rotatiwoundT by a
constant angle. Also, the complex curvature is determimég op to multiplication by
a complex unit. To be precise, ifT(Uy, Uyp), (T, Uy, Uz) are two natural frames along
v, and ¥, ¥ the corresponding complex curvatures, respectively, theme exists a
uniqued € R/(27Z) such thatd; = (cos9)U; 4 (sind)Us,, U, = —(sind)U; 4 (cosd)Us.
Also, ¥y = e %y holds.

In the same way as curves R® (Theorem 3 of [2]), the following proposition
(an analog of the classical fundamental theorem of curveryfenholds, whose proof
is omitted. Two curves, y» in .# are calledproperly congruentf there exists an
orientation-preserving isometry of .# such thaty, = ¢ o y;.

Proposition 4.1. Let.# = R®3 % H3. Two arclength-parametrized curves i
are properly congruent if and only if their complex curvagsirare identical up to multi-
plication of a complex unit. For any complex-valued functip: | — C, there exists an
arclength-parametrized curve: | — .# whose complex curvature correspondsyto

For the following section, we introduce another notationet v = y(s) be an
arclength-parametrized curve i = R® S, H3, and (T,U;,U,) a natural frame along
y. For a vector fieldX along y, we define a complex-valued functiafi(X) of s by

Z(X) = (X, Ug) +i(X, Uy).

We call Z the normal coordinate mawith respect to the natural fram& (U1, Uy).
Then the complex curvaturg of y is expressed ag = Z(V1T).
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5. Main theorem

In this section, we state and prove the main theorem (Thedrdmn Also, in the
last part of this section, we show the translation solutiersion of the main theorem
(Proposition 5.7).

We consider the problem of determining the generating auofecongruence solu-
tions to then-th LIE. First, lety € I',. Then X,[y] =0 holds for someCy,...,C, € R.
Therefore, by setting (s,t) := ¢'(y(s)) = y(s), whereg': .# — .# is the identity map
for all t € R, we see that the both sides of (2.10) are equal to zero. Thissy(s, t)
is a congruence solution. Consequently, ang I'y is the generating curve of a con-
gruence solution to the-th LIE with someC,, ..., C, € R. This is valid for the case
where.# is a general oriented three-dimensional Riemannian mianifo

In the case where# = R®, %, H3, however, we can prove that any curyein
iz (O Iy) is the generating curve of a congruence solution tortit LIE. More
precisely, the following main theorem holds.

Theorem 5.1. Let.# = R3 S%, H3 and n> 1. Lety: R — ./ be an arclength-
parametrized curve. Then the followirf and (ii) are equivalent.
() v €Ty
(ii) y is the generating curve of a congruence solution to the mtalized induction
equation with some £...,C, € R.

Let us sketch the basic idea of the proof of Theorem 5.1. Wel tieee lemmas,
that is, Lemma 5.3, Lemma 5.4 and Lemma 5.5. Before Lemmav&e3first seek for
the variation formula for the complex curvature of a curveof®sition 5.2). Using this
formula, we derive the condition of a vector field along a eumw .# to extend to a
Killing vector field on.# (Lemma 5.3).

Now, suppose that (i) holds. TheX,.o[y] = 0 for someC4,...,Chio € R. In
the case where# = R®, as is shown in Proposition 12 of [22], (ii) of Theorem 5.1
holds for the constant§,, ..., C,. However, in the case whereZ = S?, H3, (ii) does
not necessarily holds for the same constadis. .., C,. In order to replace them by
appropriate different constants, we prove Lemma 5.5. Hegmma 5.4 is a preparation
for proving Lemma 5.5. By using Lemma 5.3 and Lemma 5.5, wevsthat the X,, for
these new constants extends to a Killing vector field4nh This implies that the shape
of y does not change infinitesimally in the directiofy,. By letting {¢'};cr denote
the one-parameter group of isometries.#f generated by the Killing vector field, we
see thaty (s, t) := ¢'(y(s)) is a congruence solution to theth LIE, from which (ii)
follows. The proof of (ii)= (i) is carried out by reversing this process.

We first seek for the variation formula for the complex cuwvatof a curve in#
(Proposition 5.2). Proposition 5.2 is the space form vergibTheorem 14 of [22] (see
also [24]).
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Proposition 5.2. Let y(s, t) be a variation of arclength-parametrized curves in
M =R3 S H3, where t is the variation parameter. Let(§; t), Ui(s, t), Ua(s, t) be
vector fields alongy such that for each fixed, (T, Uy, Up) is a natural frame along
the curve s— y(s,t). We denote by yu, the corresponding natural curvatures and by
¥ = up + iuy the complex curvature. Let \A: 9y /dt be the variation vector field of
the variationy. Then the following variation formula of the complex cunvat holds
there exists ke R such that

i

51
(5.1) |

= Z(-REW + GW),
where R denotes the recursion operator with respect to the curve>sy(s, 0)

and Z denotes the normal coordinate map with respect to the nhtdimme
(T(s, 0),Ux(s, 0), Uz(s, 0)).

Proof. We denote the induced connection in the induced bupdtT.# by

vy T4 and write V) /:,;T “ and V! /;T‘/” as Vr and Vi, respectively. We can verify
that VwT = VTW and

(5.2) VrVwY — Vw V1Y = G((W, Y)T — (T, Y)W),

whereY is an arbitrary vector field along.
Since {,Uq,U,) is an orthonormal frame field along, there exist three functions
A(s, t), B(s, t), C(s, t) such that

VwT =CU; — BU,, VywU; =-CT + AUy, VwU, = BT — AU;.

Let w = w(s, t) be thet-angular velocity of the orthonormal frame field,(U, U,),
that is, letw = AT 4+ BU; + CU,. Then the following equations hold:

(53) VwT =wX T, VWU1 =wX Ul, unz =wX U2.

We show thatw is expressed byWV as follows: for each fixed, there exists a
constantb(t) € R such that

(5.4) o = —RppyW,

where R denotes the recursion operator with respect to the ardigregtametrized
curves— y(s,t). First, the first equation of (5.3) andy T = VTW imply T x(—w) =
V+W. Also, we see that-w is a LAP vector field along the curve — y(s, t).
(We give the proof, below.) Therefore, we obtain that thexists b(t) € R such that
—w = Rb(t)W.
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We prove that—w is a LAP vector field along the curve+ y (s, t). By Prop-
osition 2.3, it is sufficient to provd A/ds = (w, VrT). By using (5.2), (4.1), (5.3),
we have

A 9{VwU1, U
35 = % = (V1 VwUy, Uz) + (VwUy, VTU3)

= (VwVrUy, Uz) + (VwUq, V1Uy)
= (=uVwT, Uz) + (VwUy, —u,T)
= (a), uU; + UgUz) = (a), VTT).

Now, we calculatedu;/at, wherej = 1, 2. It follows from (5.2) and (5.3) that

du;  (VrT,U;
%=%=(VT(wa)+GW,Uj)+(VTT,waj)

(Viw) x T + GW, U}) = (R + GW, U)).

Therefore,
oy duy . dUz
L [8t i 8tl:o (Ro+GW)
= Z(R(—Rup)W) + GW) = Z(-Ri W + GW),
which completes the proof of the proposition. [

By using Proposition 5.2, we obtain the following

Lemma 5.3. Lety: | — .# = R3 S H3 be an arclength-parametrized cutve
and let W be a vector field along. If W extends to a Killing vector field on/7,
then W is LAP and

(5.5) —RaRoW + GW = 0

holds for some @b € R. Alsq if y is not a geodesicthen the converse is again true.
That is if W is LAP and(5.5) holds for some ab € R, then W extends to a Killing
vector field on.#. Moreover the Killing vector field is uniquely determined.

Proof. Suppose thatV extends to a Killing vector fieldV on.#. We prove that
W is LAP and (5.5) holds for soma, b € R. Let {¢'}1cr denote the one-parameter
group of isometries of# generated byW, and ¢! the differential map ofp! for each
t. We sety(s, t) = ¢'(y(s)). Sincej (s, t) is a curve with arclength parametsrfor
each fixedt, it follows from Lemma 2.1 thatV is LAP. Next we show (5.5) holds for
somea, b € R. Let (T(s), Ui(s), Ux(s)) be a natural frame along, ui(s), ux(s) the
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corresponding natural curvatures apds) = ui(S) +iux(s) the complex curvature. Let
T(s,t) = @L(T(9)) = 97/9s, Us(s,t) = ¢4 (Ua(s)) and Ua(s, t) = ¢L(Ux(s)). Sinceg! is

an isometry of.#, we see that for each fixed the frame{T (s, t), Us(s, t), Us(s, t)}

is a natural frame along the cunge— y(s, t), and the corresponding complex curva-
ture ¥ (s, t) of the curves — 7 (s, t) is equal toy(s). Therefore, from Proposition 5.2,
we see thatZ(—R2W + GW) = 0 for someb € R, which implies that the normal
component of the LAP vector fieldRﬁW + GW is zero. On the other hand, (i) of
Lemma 2.3 yields that a LAP vector field whose normal compbi®izero is a con-
stant multiple of T. Therefore,~R2W + GW = T holds for someq € R. Thus,
—Rb+qRoW + GW = 0, and hence we obtain (5.5) by settiag= b + q.

Before proving the rest part, we introduce some notatiort. £§.#) denote the
vector space of all vector fields o, and lety*: 2 (.#) — %2 (y) denote the pull-
back byy. That is, forX € Z°(#), y*X € Z (y) is defined by {£*X)(x) = X(y(x)),
wherex € .#. Let # (.#) denote the vector space of all Killing vector fields o#.

It is well known that# (.#) is a 6-dimensional linear subspace 8f(.#). Also, let

(5.6) H(y)={We Z(y)| W is LAP and satisfies (5.5) for sone b € R}.

Since (2.2) holds for any LAP vector fieldd;, W», W alongy and anya;,ap,c,a € R,

it follows that #(y) is a linear subspace o (y). Also, the former part of the proof
implies that if X € Z (), theny*X € JZ(y). Hencey* can be viewed as a linear
map of JZ (.#) into Z (y).

Suppose thaj is not a geodesic. We show that\i¥ is LAP and (5.5) holds for
somea, b € R, thenW uniquely extends to a Killing vector field anZ. To prove this,
it is sufficient to prove that the linear map*: 2 (.#) — 2# (y) is bijective. Thus it
is sufficient to prove thay* is injective and dim’#’(y) < 6. We note the fact that the
set of all zeros of a Killing vector field onZ is either the empty set, the whole”,
or one geodesic inZ. From this fact and the assumption thais not a geodesic, the
injectivity of y*: & (A#) — ¢ (y) follows.

It remains only to show din¥#’(y) < 6. Let (T, Uy, Uy) be a natural frame along
y, andug, u, the corresponding natural curvaturesjaf Then the condition oW =
fT +gU; +hU, € 2°(y) to be LAP is fs = uig + uzh, where f, g, h are functions
of son I, and the subscript denotes the derivative with respect <o

Let W € # (y). First, we show that the andb in (5.5) are uniquely determined
by W. Suppose that-RaRyW + GW = 0 for somea, b € R. Since RaRyW =
REW — bT x V1T + aT, it follows that —(b — b)T x V1T 4 (a— &)T = 0. There-
fore, by the assumption that is not a geodesic, we see= a4 andb = b. Hence the
uniqueness o& andb holds. In what follows, we also write the andb asa(W) and
b(W), respectively.
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Let f, g, h denote theT, Uy, U, components ofW, respectively, and sef =
(=Rpw)W, T). Then f, g, h, A satisfy the following system of linear ordinary differ-
ential equations:

(5.7) fs = u1g + uzh,

(5.8) As = Up0s — Uzhs,

(5.9) Gss = —(U1)s f — (U] + G)g — U1Uzh — U A,
(5.10) hss = —(Ug)s f — UsUpg — (U2 4 G)h + U A

We show these four equations. First, (5.7) follows from tbadition of W to be LAP.
Also, by a straightforward calculation, we see

(5.11) RoW = —AT + (hs + Uz f)U1 — (gs + u1 f)Uz,
(5.12) (—=RRpW 4 GW, Us) = gss + (U1)s f + (U2 + G)g + usuzh + U A,
(5.13) (—RRoW 4+ GW, Up) = hgs+ (Uz)s f + uzupg + (U3 + G)h — us A

The condition of RyW to be LAP yields (5.8). Also, by-RaRpyW + GW = 0, we
have (5.9) and (5.10).

Let .# denote the set of all pairsf(g, h, A) € (C*(1))* satisfying (5.7), (5.8),
(5.9) and (5.10). Ther is a 6-dimensional subspace @&%(I))*. Therefore, to prove
dim.7 (y) < 6, it is sufficient to prove that the may (€ 7 (y)) — (f,g,h,A) € Z is
linear and injective. First, by using (2.2), we see that tpW (e 7 (y)) — b(W) €
R is linear, and that the ma@/ (e 7 (y)) — (f, g, h, A) € .Z is also linear. Also,
the injectivity of the linear mawW (€ 7 (y)) — (f,g,h, A) € . immediately follows.
Hence we obtain dim# (y) < 6. The proof of Lemma 5.3 is completed. []

We state the second lemma.

Lemma 5.4. Let{B,},, {Ch}32, €S, and set B=) OA Bn, C = neoA"Cn
and X= Y2 A"X, = Y o0 OA”XCO ----- G, Then there exist$C,}2°, € S such that
BX = X, wherex Zn 0?» Xn, Xn X°° G, Alsq there exists(Cn}32, € S such

Proof. We prove the former part. By Proposition 2.10, thexéste a unique
{An}%, € S such thatX = AY, where A = ) " (A"A,. We deform thisA. We

can check that there exists a unlq(vnen}"o0 € S such thatBA = A, where A =
0 A"A,. We setC = A2, and defing{C,)2, € S by C = 32, A"C,.. Then Prop-
osition 2.10 yieldsX = AY. Therefore,BX = (BA)Y = AY = X, which completes
the proof of the former part.

We prove the latter part. LgtAq}, and A be as above. We sét = BA and de-
fine {An}32, € S by A= 3" A"A,. And we setC = A? and define{C,}32, € S by
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C =32 ,A"C,.. Then Proposition 2.10 yield¥ = AY, and henceX = B(AY) = BX.
]

We state the third lemma.

Lemma 5.5. Letn>0 and lety: R — .# be an arclength-parametrized curve
in an oriented three-dimensional Riemannian manifal Let p be an arbitrary real
constant. Theny € Iy, if and only if there exist{Co, Cy, . .., Cni2) € R™3 with

€o = 1 such that X%°5"52[] — pxCo-Caly] = 0,
Proof. Lety € I'hyz. Then there existsQp, ..., Cnhi2) € R with Cp = 1
such thatX$%;"“"?[y] = 0. LetC; = 0 for j = n + 3, and X = Y22 ) A" XGorCr,
We define{Bn}3>, € S by B =1, B, =0, B, =—p and B, =0 for n > 3, and
setB =) o2, A"Bn. Then it follows from the former part of Lemma 5.4 that there

coefficients of theA™*? terms of the both sides oBX = X, we haveX,(?j"z"'é”+2 -
pxr(?o ..... én — Xr?iv-z--vcn+2 — O

We show the converse. Suppose that there ex&§s@y, . . ., Cniz) € R™ with
Co = 1 such thatx % “?[y] — pXSo-Cr[y] = 0. Let € =0 for j = n + 3 and

of the both sides 0BX = X, we have 0= Xfi"z"'c”*z— pxné0 ----- G = X052 Hence

y € I'ny2, Which completes the proof. ]
Now we give the proof of the main theorem.

Proof of Theorem 5.1. We show (8 (ii). Let y € I'h.». First we consider the
case wherey is not a geodesic. By Lemma 5.5, there exi€s, C1, ..., Cni2) € R™3
with Co = 1 such thatX[2;"“"? — G XSo-~Cn = 0. We simply writeXSe-n etc. asX,
etc. Since there exis, b € R such thatX,,; = RpX,, and X, 2 = RaXni1, We have
RaRpXn — G X, = 0. Therefore, it follows from Lemma 5.3 that, uniquely extends
to a Killing vector field X, on.#. Let {¢'};cr denote the one-parameter group of iso-
metries of.# generated byX,, and setj (s, t) = ¢'(y(s)). Since¢! is an orientation-

preserving isometry, we seé[¢' o y] = ¢! (Xa[y]). Thus, (s, t) satisfies

88—7: = Xa(¢'(7(9))) = ¢L(Xal¥1(9)) = Xale' 0 ¥1(8) = Xal7 (S, 1)]-

Therefore,y (s,t) is a congruence solution with generating cupyeand hence (ii) holds.
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Next we consider the case wheyeis a geodesic. Then, by Theorem 3)3¢ I'; C

proof of (i) = (ii) is completed.

We show (ii) = (i). Suppose thaty is the generating curve of a congruence
solution (s, t) to (2.10) with someCy, ..., C, € R. Then y(s, t) is expressed as
7(s,1) = ¢'(y(s—ct)), wherec € R and {¢'}cr is a one-parameter group of isometries
of .#. Let Z denote the Killing vector field on# corresponding tq¢'}ier. Since
[0¢'(y(s — ct))/dt]i=0 = (y*Z — cT)(s), we havey*Z = X, + cT = X, — CXo.

Now, we show that there exist€q, Cy, ..., C,) € R™?! with G, = 1 such that

define {Bj}j2, € S by B = 1, By = —c and B; = 0 for j # 0, n, and setB =
ZJ@:OM Bj. Then it follows from Lemma 5.4 that there exigS; 720 € S such that

BX = X, where X = Zf"zo A ch" """ <, By taking the coefficients of the" terms of
the both sides oBX = X, we haveX,, — cXo = XCorsiCn,

n
In what follows, we rewriteCo, Cy, .. ., C, asCo, Cy, . . ., Cy, and write X§o-+Cn
etc. as simplyX, etc. Thusy*Z = X,. Therefore, by Lemma 5.3, there exatb €

R such thatR,RpX, — GX, = 0. Since there exists a uniqug,,; € R satisfying
Co,--,Cn

n_?_z +2 —
Ra XS0 Crit \ye haveX,?jJr"z"'c”+2 — GXSoCn = 0. Hence Lemma 5.5 implieg €

Ihy2, Which completes the proof. O

We consider the case of= 1. It is verified that ify(s,t) is a congruence solution
to the first LIE jx = X$'[7], then 7(s + (C1/2)t, t) is a congruence solution to the
first LIE with C; = 0, that is, the equation (2.11). This implies that the set Ibf a
the generating curves of congruence solutions to (2.11)caes with the set of all
Kirchhoff rod centerlines. In the case whem# = R®, the essentially equivalent result
is obtained in [10], [26]. For details about congruence tohs to the original LIE
(1.1), see also [8], [18], etc.

In the rest of this section, we investigate special congreesolutions to the-th
LIE in the case where# = R®. An isometryg: R® — R® is called atranslation if
there existsa € R® such thatp(x) = x + a for all x € R®. We define a translation
solution as follows:

DEFINITION 5.6. Let.# = R3. A solution 7: R x R — .# to the n-th LIE
7t = Xnly] is called atranslation solutionif 7 is expressed as follows: there exist an
arclength-parametrized curye: R — .#, a constant € R and a one-parameter group
{¢'}ier Of translations ofR® such thatj (s, t) = ¢'(y(s — ct)). This y is uniquely
determined byy and is called thegenerating curveof the translation solutiory.
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Then we have the translation solution version of Theoremas.follows. The part
of (i) = (ii) of Proposition 5.7 is obtained in (b) of Proposition 12 [@2]. Also,
in [5], it is shown that the permanent form of a steadily ttatisg vortex-jet filament
is identical to a Kirchhoff rod centerline. The case mf= 2 of Proposition 5.7 is
analogous to this result in [5].

Proposition 5.7. Let .# = R% and n> 1. Lety: R — .# be an arclength-
parametrized curve. Then the followirfg and (ii) are equivalent.
() v €lnu.
(i) y is the generating curve of a translation solution to the nlgbalized induction
equation with some £...,C, € R.

Proof. We show (i)= (ii). Let y € I'h;1. By Proposition 3.2, there exist€,

hence (ii) holds.

Next we show (ii)= (i). Suppose thay is the generating curve of a translation
solution (s, t) to (2.10) with someCy, ..., C, € R. Then y(s, t) is expressed as
7(s,t) = ¢'(y(s—ct)), wherec € R and{¢'}cr iS a one-parameter group of translations
of .#. Let Z denote the constant vector field o corresponding tq¢'}icr. By a
similar argument to the proof of Theorem 5.1, there exifls Ci, ..., C,) € R™1

the proof. O

6. Third soliton curves in space forms

In this section, we describe the definition of a Kirchhoff meéhterline, and give the
proof of (iii) of Theorem 3.3. That is, we prove that in the eaghere.# = R3, S, H3,
the third soliton clas$’; coincides with the set of all Kirchhoff rod centerlines.

First, we recall the notion of &irchhoff elastic rod (or simply Kirchhoff rod),
which is a mathematical model of an elastic rod with the effexf both bending and
twisting. Lety = y(s): [s1, ] — .# be a unit-speed curve inZ = R%, S, H3 and
let M = (Mg, M,) be an orthonormal frame field in the normal bundlé.# alongy.
We call such a paify, M} a unit-speed curve with adapted orthonormal frame

Let v be a fixed positive constant, which is determined by the ristef the elas-
tic rod. We define the enerdgy, which includes the effects of both bending and twist-
ing, as follows:

B3 2 re
Sy = [ 195 TRds+ vy [TIvimPds
S1

i=17%
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Here, the first term of({y, M}) expresses the energy of bending, and the second term
that of twisting. We call{y, M} a Kirchhoff rod if {y, M} is a critical point of ¥

with respect to the variations of unit-speed curves withpaeth orthonormal frames
which preserve the end poinigs;), y(s2) and the orthonormal framed (s;), M(s1)),
(T(2), M(s)) at the end points. More precisely, a Kirchhoff rod is definedbe a
solution of the associated Euler—Lagrange equations.

DEFINITION 6.1 (Definition 2.1 of [15]). Let# = R®3 S* H3. A unit-speed curve
with adapted orthonormal framig/, M} is called aKirchhoff rod if the following two
equations hold for some real constaatand .

2
(6.2) (VEM, T x My) = a.

(6.1) Vy |:(VT)2T + (§|VTT|2 ~LiG+ vaz)T —2vaT x VTT] =0,

The constant is uniquely determined, and is called ttveist rate of {y, M}.

We define a Kirchhoff rod centerline as follows:

DEFINITION 6.2 (the case ofi = 3 in Definition 2.4 of [17]). A unit-speed curve
y in .# = R3 S, H3 is called aKirchhoff rod centerlineif there exists an orthonor-
mal frame fieldM = (Mz, M) in the normal bundle along such that{y, M} is a
Kirchhoff rod.

Many authors have been studying explicit expressions ofHfioff rod centerlines
(see, e.g., [11], [12], [13], [14], [15], [26], [29], [32],3B]). In [26], Langer—Singer
obtained explicit formulas of Kirchhoff rod centerlines R? by Jacobi sn function and
the elliptic integrals in terms of cylindrical coordinateslso, in the case where#Z =
S®, H3, analogous explicit formulas of Kirchhoff rod centerlinase obtained in [15].

Before the proof of (iii) of Theorem 3.3, we give the followircharacterization of
Kirchhoff rod centerlines.

Proposition 6.3. A unit-speed curves in .# = R® S, H® is a Kirchhoff rod
centerline if and only if(6.1) holds for someu, a € R.

Proof. Suppose that is a Kirchhoff rod centerline. Then it follows from Def-
initions 6.1 and 6.2 that (6.1) holds for some a € R. Conversely, suppose that a
unit-speed curves satisfies (6.1) for som@, a € R. We take a unit normal vectdy®
at a pointy(s), and letU = U(s) be the parallel translation dfi°® with respect to
the normal connectiorV-. We define an orthonormal frame fied = (Mg, My) in
T by settingM; = (cossaU + (sinsa)T x U, My = —(sinsa)U + (cossa)T x U.
Then (6.2) holds, and hende’, M} is a Kirchhoff rod. Thereforey is a Kirchhoff
rod centerline, which completes the proof. []
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Now, we give the proof of (iii) of Theorem 3.3.

Proof of (iii) of Theorem 3.3. By Proposition 3.3; € I'; holds if and only if
Ve X5or© = 0, that is,

3 c? cC C
(6.3) Vi (Vi?T + ( S|V TP+ 22 - 2 )T+ 2T x VT | =0,

2 8 2 2
for someC;, C; € R. On the other hand, by Proposition 6.3,is a Kirchhoff rod
centerline if and only if (6.1) holds for some, a € R. By comparing (6.1) with (6.3),
we see thaty € I's if and only if y is a Kirchhoff rod centerline. ]
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