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Abstract

ln part l we study a class Of cellular automata associated with the Kiri1lov―

Reshetikhin crystal B■ l oftype D#).They have a commuting family of time

evolutiOns and s01itons of length i are labeled by7鴫 (A泄 1)―cryStal Bグ .The
scattering rule of two sOlitOns of lengths Jl and ι2(ιl>J2)inCluding the phase shift

お dent過 ed with the cOIIlbhatOria1 3matrix br the%(ス 段 1)― cryStal Biら o3ソ
1.

type魂⊃.恥 w■l giw a cotteCture on a statistic― preser宙ng η ectiOn between the
highest weight paths consisting of」 96,l alld thc correspondillg rigged coll■ guratioll.

The algorithm only uses the structure of the crystal graph,hence could also be

applied for other exceptional types. Our」 B6,l haS a different algorithn■ cOmpared

our」31,l because we must consider the element φ,unique element in the highest

weight crystal of、reight O, in the crystal graph.ヽ 石ヽe lwill give many examples

supporting the cottecture.
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Part I

Scattering Rules in SOlitOn lCellular

Automata」生ssociated with

場(D#))―cryStal BЪ l



Introduction

The box-ball system [33, 32] well-known as soliton cellular automata is a dynamical sys-

tem of balls in a one dimensional array of boxes. The discrete KdV equation through a
limiting procedurc called ultradiscretization [36] was rrsed to show the solitonic charac-

ter like thc KdV solitons. The rules for soliton interactions aud factorization property

of scattering matrices (Yang-Baxter equation) are justified by means of inverse ultra-
discrctization [35]. In [35] it is shown that the dynamical systems of soliton cellular

automaton is described by an ultra-discrete cquation obtained frorn extended Toda

molccule equation. Later it wru studicd by [3] that thc scattering of two solitons in-
cluding the pha-se shift is dest:ribed by isornorphism frorn the terrsor produot of two

aflirrc crystals for the quantum enveloping algebra Uq@:)) to thc othcr order of the

tensor product. The object they used is called cornbinatorial B-matrix [13]. Thc com-

binatorial R-matrix has an amazing property: it satisfies the Yang-Baxter equation,

which assures thal the sca,ttering of thrce solitions does not deperrd on the ordcr of
scattering of thc two solitons.

The ncw soliton cellula,r automata were corrstructed in [8] corrcsponding to Un6^)
where g' : ALT-., lL?, all) ,cL') , o*) , Df,!, nn,l thcir internal <lcgrce of freedom

wru labclcd by crysrals of thc smallcr algcbra Ur(g--t).Thcn [7] studicd thc scatter-

ing rulc of two solitons whcn tlrcy collide each othcr. Thcy lbund that lhe scattering
rulc for affinc crystals correspolding to Ur(g,,) can bc rlescribcd by combinatorial ,fl-

urafrix of the srnallcl algcbra Uq(g,r-t). Thc affine clystal tlrey uscd is callcrl Kilillov-
Iicshct,ikhin (IiIt) crvstal clcnol,cd by Bt,t. (Thc I(R cryst,al is paramc{,crizcd by two
ihtcgcrs. The first irrrlcx corresponds to a, node of the Dynkin diaglarn of thc alfinc

a,lgebla exccpt 0 and the second a positivc intcger.) A gcncralizal,iorr to thc I{R crysl,al

Bk,1 for g : Al:1, was stucliccl in [37] and t]reir intcrnal clcgrcc <lf frccclorn is givcn

by thr: lrroduct of U,,(Af))-crys1,al Bk-rJ ana Ur(af,Jn-r)-crystal BlJ. A ca-se for

thc cxccptional algcbra S: D13) was also trcabccl in [;S]. In [38], it is shown that
the scattcrilg rulc for thc crystal type U,,(D\3)) is iclcnt:ficd with thc cornbinntoria,l

Il-matrix for U,,(,rt\1))-crystals and pha-sc shif[s are givcn by ]-timcs of thosc in the

wcll-krrown box ball systern.

These results can bc surnnrarized arrtl one might fin<l the followirrg conjcclural
properties for the solitons and their scatterings of the soliton cellular automaton con-

structed from thc KR crystal Bk'i of thc quarrtum affirre algcbr u Unb). Let" G be the
Dynkin diagram of the corresponding finite-dimensional simple Lie algebra of g. Let,

G be the Dynkin diagram obtained by rcmoving thc nodc k from G and lct j be thc
node of G that is connected to k in G. Let, g bc ttre corrcsponding affine a,lgebra.



●The hiern‖ dcgree of iccdom of solitOn of bngth ιおdescribed by the%(6)¨
CrySt,al Bン ,1.

o Tl)c()xchf11lg(ヽ of thc illt(II‐ nal(lcgrc()Of ttc()dOlll l)y tlle scattcril13(〕 f SOlit01ls Of lcllgth

ιl and ι2(ιl>ι 2)も 諄Venけ the CryStdお omorphsm B′ ノlΘ B′ ,めヽ B″ 2● B′ゴ1.

。「rhc pll″Ms(,shift of th()scatt()rillg is(1()scril)()rl l)yt,hc(・ ol・r(:sp011(lillg′ ′fullctioll.

This property a110ws us to calculate the cOmbinatorial R matrlx for B′ ,01 ● B′ '12

just by obsen′ ing the scattering of solitons in the corresponding cellular automaton.

If(ア is not connected, then one needs to consider the tensOr product as seen in i371.

メLlthough this col■ iecture seems reasonable,the rigorOus proof is yet tO be given.

The purpose of this paper is to add another amrmative example to this coniecture.

Ⅵ石e take g=D#),た =η.The corresponding node is a spin node and the KR cwstal
is Bれ ,l AccOrding to the above coniecture,we haveぅ =ス撃1,ブ =2-2 1n the
CWStal theory, there is a notion of the dual cwstal. The dual BV of a crystal B is

deined by setting(θ ル)∨ =ん bV,(ん b)∨ =Ctb∨ .Since we know(31● B2)∨ =By● By
and(B′ '1)V=Bれ

'コ

br the KR crystal of typeス Pl,・7e Can expect the bH帥mg
property on our sohton cellular automaton.

●The internal degree of ieedom of a sditon of bngth ιおdescribed by the%(ス Pl)―
CWStal Bttι

e The exchange of the intemal degree of freedoln by the scattering of solitons oflength

ιl and ι2(ιl>ι 2)iS giVen by the cwstal isomorphism Bttι
2 
Θ Bttι
lヽBttJl● Bttι 2.

o The phase shift of the scattering is described by the corresponding ttr function

Vヽe check these properties in this paper,theroby obtain our main theorem(The∈

rem 3 16).

The paper is organized as fo1lows. In Sec. 2,we recapitulate necessav facts flom

the cwstal theory. In Sec. 3,we colllstruct conseⅣ ed quantities. The main theorem is

given in Sec. 3,where the scattering of solitons is studied.

2 Preliminaries

In this section we review some basic definitions and facts about crystals for the

U'n@[]\-uystal B",J in Section 2.1. In order to describe the crystal graphs for

the finite-dimensional modules of quantum groups of classical type, Kashiwara and

Nakashima introduced the analogue of semi-standard tableaux, called Kashiwara-

Nakashima (KN) tableaux [16].



2.L Crystal B''1

Crystal theory was introduced by Kashiwara [12] which provides a combinatorial way to
study the representation theory of the quantum algebra Un@). In this paper S: D!:)
is the corresponding quantum algebra. Let P be the weight lattice, {ot}r<t<n the sim-
ple roots, and {41}656<, the fundamenta,l weights of Df). Let.A,l clenote the cla^ssical

part of 42. The crystal B is a finite set with weight decomposition B : !15p81 . The
Kashiwara operators et, fi U: 0, 1, ... ,n) act on B as

e,I Bλ → Bλ ttαを□{0}, ル Bλ → Bλ _α t□ {0}.

These operators re nilpotent.By deflnitiOl■ ,we haveん b=b′ if and only if b=etb′

Drawing b―ちb′ in such case,B is endowed with the structure Of co10red oriented graph

called crν staJ groνん。

Let{(1,62,…っ6η }OrthOnormal basis of the ttigllt space of Dれ .The simple roots
and clttdcal parts of fundamental weights fOr D″ )are cxprcssed as

α。=δ ―(1-62, αη=Cη _1+(π , αt=6じ ― C二十1, fOrづ =1,2,… ,電 -1,

スれ1=:(Cl+…・+6れ 1-6れ ), スη=,((1+… +(″ _1+6れ ).

At=61+(2+… ・+6」 fOr σ=1,2,… ,電 -2,

lヽb explain the]Kiri1lov― Reshetikhin crystal」Bπ ,J, ι∈Z>。  11石e set

2=(1,2,…・,2-1,η ,電 ,π -1,…・,2,I}The Set oflottett Order On

獄 :1≪ 2≪ …・≪ η-1≪
η
く π -1≪ …・く 2く 1.
η

、vhere there is no order botlvcell η and元 . Tllcn thc cwstal」 Bれ ,ι is givcn by
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|| tLl
2.2 Crystal structure on Bn'|

For i : 0, 1, ..., n

. lO' 
if wt bt : wt b r ai(mod 26).

"ro=\
[O if such d does not exist in B''I.

[A" if wt bt' : wt b - aiftnod Z5).

f'u: I
[O if such b" does not exist in Bn'| .

B''1 is the crystal base [f2] of the spin representation of the quantum affine algebra

u,n@!l\.

Exarnple 2.1 When n: 4, the crEstal graph of Ba'1 is depicted as follows.



3     2     2
4            4

:←
~三戸~~:

The crystal graph of Br'f is the same as aboue bE interchanging the colors as I ++ 4.

Example 2.2 When n : 5, the crystal graph of B5'1 is depi,cted as follows.

We givc thc corrcspcrnrlcrrcc bitwccu thc rrurnbcrs irr thc crystal graph with our lcp-
rcscntation of crystal elcments.
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2           1           2            1            1            2

443323

□=5,□ =5,回 =5,匡□三5,匝ヨ=5,回 =4,
334445
121231

1

2

□ =4,日 =4,国 =3,国 =3.
5554
2345

Example 2.3 ルうζhen η=6,tんθc貿ソsια′θπlρんげB6,1じs acPacιθα αsメθ:ιο2tls.

We give the correspondence between the numbers in the crystal graph with our rep-

resentation of crvstal elements.
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回 =

Example 2.4 θθπsづα
`「

洸c casθ π=4.

4 3 2 T I I

魔の=ン⇒=:』 =いつ=レ0=レリ=:・
111223

e2(6(2))=c(1),  ん(C(2))=0,   /。 (c(2))=0

Example 2.5 θοRsづαθr ιんε εαsθ π=5.

543,13
455554

Zθι 80=3,こ(1)=3,が 2)=4,が 3)=4,こ(4)=4,が5)=5.
222332
111121

e2(8(2))=0,  ん(ι(2))=8(3),  /。 (こ(2))=0.

2.3  Crystal structure on 3れ ,ι

Let b∈ Bれ ,J.
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一６

〓回
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６

　

５

(2.3)

The actions of ea, fi for i I 0 can be calculated by using the rule called
signature rule. For b € BnJ we associate an element ct I ct*r A ... A cz g ct of.

the tensor product (8n,1)81 to find the indices j, jt suchthat



et(q &cr-r I ... I cz8 c1) : e& e-y8... A eicl 8... 8cz E cr

f{q gcr-r I "' & cz8c1) : q I e-ra "' a fecj, 8 "' & cz8 cr

With this element we associate an i-sisnature : -...- +...+ -...- +...+ ... -...- +...+.\'/\,/\/\,/\,/
"t(ct) 

qi(c1) ea(c1-1) pt.(ct-r) ei(c1) 95(c1)

Wb then rcduce thc signaturc by dcleting the adjaccnt t- pair succcssively. Even-

tually we obtain a rcduced signature of the following form.

.- + +-..+

Then the action ea (resp. fi) corresponds to changing the rightmost * to
f (rcsp. Ie{hnost + to -). If there is no - (rcsp. *) ir the signature, thcn the

action of ei (resp. fi) should be set to 0. The value of e;(b) (resp. rpi(b)) is given by

the number of -(resp. +) in the reduced signature.

Example 2.6 Stnce the s'ignature rule enables u.s to calculate the multiple tensor prod-

rtctof B",t's,ueconsiderB4'4 I84,3 IB4'2. Let"li)(i-1,...,5) asinExamytle2.1.

Consider an element b: (co c(1)c(1)c(2))E (co co c(1))O (c(1)c(3)) e 84,4 Q,84,3 I
B4'2. The f-signature is giuen as follows

b: (cQ) & c(1) ot c(1) c< co) A (c(r) I co o.r co) oi (6(3) a c(1))

Ilt: + + +

236
The rerlucerl si,gnature is r1a : - +, uhere the u,pper number s'ignilie,s llrc component

of the tensor product the sign belonged to. Therefore, we haue

eab : (g(z) I c(1) I ea@0)7a co) a 1c(t) e co I co) a (c(3) a c(1)) : (c6 co c(1)c(2)) I
(cs co s(t)1 I (c(l)c(r);

f4b:kQ)Oc(1)Bc(1)Bco)a(c(t)8fq(co)ac0)B1c(3)Oc(1)):(csc(1)c(1)c(2))6
(cs c(t)s(t); e (c(1)c(:)1

o.4)

(2.5)

10



Ex:、 mple 2.7駒ηcθ 洗
`sttη
αιa留 物ιθ θηαbι es as tο  cαιcttιαιθ ιんθ鶴包ιιつJθ ιθnSο r pηα―

鶴Ctげ B′2'I七 ,υθ cοπSづαer B4,4.B4,3.Bl,2.zθ ι ι(プ )(プ =1,… ,5)asれ E"αηριθ 2.5.

θογぉグ

“

θr a,ぁ θιcγ rι″γιι b′ =(島 こ(1)ι (1)が 2)).に。8oこ(1))o(8(1)8(3))∈ Bl'4.B4,3.
B4,2.TrtC 5_sむ ηαι鶴貿づsθをυcη αSルιιοtS

b′ =(こ(2).こ (1)● が1)● o。 )● (が
1)● 8o。 こo)o(8(3).こ (1))

η5=    ~   ~  十   一  十  ■

2 3 6

Tんθ ttαttιθa sむηαι包
“
づs η5=~~+,υんθ宅流θ ttη er πttπιer sttηジθS ttθ  ιοηρθη

`η
ι

げιんθ ιθπSο r p"αttει ιんθsをθn bθιοttθ ca ιο.Tんθttο貿,247θ んαυθ

e5b/=(こ (2).τ(1)● c4(8(1))● こ。)● (8(1)● 8o● 6-。 )● に(3).こ(1))=(ぁ ら 8(1)ご (2)).

(5o Oo 8(1))● (8(1)こ
(3))

ん b′ =(8(2).こ (1)● こ(1)● 5。 )。 (こ (1)● 九 (ιo)● 8o)● (ι (3).こ (1))圭 (Oo。 (1)ι (1)ι (2)).

にoご(1)8(1))● (8(1)τ (3))

2.4 Bれ 'Iand Bπ
~1,ι
 Of type五

“

P

We give an amne cwstal action on Bれ ,I To dothis we need Bn l,I oftype D紆 ).Bn,ι

and Bれ
~1,I are associated to the spin nodes in the Dynkin diagram.As{1,2,…

,2}―

cryStals lve have the isOmOrphisms

Bn,t e B(tL-), gn-r't = B(IL* ). (26)

To define the affine crystal action, we introduce an involution o : BnJ <+ Bn-r'I
corresponding to the Dynkin diagram automorphism that interchanges the nodes n to
n-1. Let J: {2,3,...,n}. J is the J-highest if and only if e6b:0 for every i e J.
By definition in [2], o is required to commute with ei, fli e J). Hence it sufficies to
define o on J-highest elements in BnJ and all of the form of the LHS of (2.7) with
some a, and mapped by o as

π…・2 1-1

:  電…・元

2-・ 2   :

1…・1 2・ … 2

う…。う 1-1
:  η…・η

2・ …2   :

1-・ 1  2・ …2

(2.7)



Example 2.81ろ 4んθη η=4,ιんe cηstαιク電Pん げB3,1げ ιψθ Dll),sa"づ cιθα αs

ルιιουS

:一 :一 :一 l
3
2

Definition 2.9 The action e6 and. fs on Bn't is giuen bE

eO 二 σ oq oσ
, fo:oofvoo.

Exarnple 2.7o Consi,der the case BnJ's, where n : 4 and t : 5. Let r\t) (i : 1,..., 5)

as i:,n Erample 2.1.

Consi,der an eleftLentb: (co c6 c6 s(3)6(3)) 6 6a's. We are to calculate eob.

σ(b)= (28)

３

１

　

　

　

　

　

一１

一３

一４

２

２

１

　

　

　

　

一１

一２

一４

３

２

１

　

　

　

　

一１

一２

一３

４

一２

一３

一４

１

(29)

0.1の

But, o is required to commute with ei, f i(i e

J -hi,ghest.

12

J). Then we applg ese2 to get the



F -1 fil
Since o(f2ft(b')): fzho(b') and.o(b'):l t t 444||,

122 333 
|lrt zzzl

2.5 Energy function

Next consider aV-valued function H on B 8 B/ satisfying the following property: For

any b e B,bt € Bt and, z such that et(bgU) lO

( u1a ay) + 1 if i : 0, po(b) > eo(b'), es(i) > €0(b),
I

H(ei(bsb')) : { nlae b,)-r if i:0, po(b) < eo(b,), es(U) <€o(b),
I

I H(b s b') otherwise.

Il is known to exist and unique up to additive constant. b and6'are defined from the

combinatorial R matrix by n(b8y) : U'AU. The existences of the isomorphism and

energy function 11 are guaranteed by the existence of the ft matrix. See Ref [13].

Note that we normalized .FI so that we have -F/((c6)' e ("0)l') - 0. Here and. later, (c6)t

means cO'''CO e BnJ.

-/- I

Definition 2.Ll A comb'inatoriul R matrin for the crystal Bn," I Bn,t 'is a nxap

R: Bn'" I Bn't -) Bn't I Bt'"
satisfying

(1) Ro €,i:eioR, Rofi: fioR fori:I,...,n, and

Ｑ
υ



(2)

η

η -1

2-2

υんθπ c。 = 2~3,

1

η -1

η

η-2

η-3
Q =        ,  C2 二

1

π -3

π -2

2-1

2

1

ι
_′

(2.12)

(2.13)

Let b ""'> b, 3
Namcly, b is of thc

Lnt 
-

(if n is an odd number), cn, : (if n i,s arL eaen nurnber),

″=1号 ]αηd ιl+ι2+~・ +ιη′≦S,S′ =S― (ι l+ι2+…・十ιη′)

1ヽ石e explain how to calctilate R(わ )fOr a gerleral elenlont b.

b2・・・bm_2e251ゎれ_12み ら, where`t(5)=O fOr evewづ ≠0.
fOrm

一１

一２

一３

　

・
　

　

・

一２

一２

一３

　

・

・

・

一２

１

14



R(b) - R(f,,. . f"^u1 - fo,... f"^R(b).

Example 2,L2

and we calculate R(b).

Lemma 2.73 We giue all the images of the isomorphism BnJ & Bn,r - Bn,r 6 Bn,t
that will be needed in the nert section. Let the sttmbol

p
a* a'

/21

signify a & B r+ 0' I o' under the isomorph'ism. We also set

15



n-l
n

n-2
La- t

2

1

n-2
n

n-I

cb:

2

1

n-3
n- t

rL

cd. :

2

1

n-3
n-I

n

Ce: 
'. 

2

2

1

n-3
n=2
n-

ncf-

1

and, cs 'is the column of height n wi,thout barred letters.

We list up the cascrj as below where 'i, j,k,l,m,p €Z>o.
Case 1.

(i)m>0
CO

ci,cl"cf cl6ci * clif L 
cr,,cf claci-r

cI

(iii) k > 0

CO

cf,ct"cf ! c'{r cr"c!-l
Cb

(iv) j>0
CO

c'ocll c';!r ci-l
ca

(ii)r>0
CO

c[cr,cf c!] c:o+r cr"cfclo-l
cd

(v) i>0
CO

c"o* co

CO

(ii)m>0
?v(l

c!"c[ cl,c'j' I cr"+l cf clrci - t

cf

(iv)l>0
Cn

cl,cfcto * 4*'"tr'a-'
Cd

(vi)j>0
cu

cr"* cL

Co

Case 2.

(i) ?>0,m)0
ca

c,ocr"cf c!oc'i' * clo-l ct+t cf ctir c'j'-'
LO,

(iii) ? > 0
Ctt

cf,c!"cf ct, { c[- | cL+r cf ct,
C6

(v) ,k>0
ca

,L"t * "L+'"t-'cb

Case 3.

16



(i)j>0, l>0 (ii) j>0
(lt

c$c!,cfclocfi c'uci-rs*+rc!o-Lc"cf c,ocl,cfclcflc[ct"-rc!+rclci
Cb Ca

(iii) p>0 (iv)i>0
cb cb

cftcfctocfcf {c'oc!+lctoc€-t"T ci,cfclcf{ cio-1"!+t"a"!
ce ca

(u)*>0, i) 0 (vi) />0
cb cb

citcf ctocf ! io-r cf+t 
"t+t "*-t cf clcto J "f+lrg"!o-lca cd

(vii)m>0 (viii)i>0
cb cb

cf cloci a c!+rclocV*r eo"t",o { cfrc!+tclo
cJ co

(i")p>0 (x)l>0 (xi)/r>O
cb cb cb

"tq + c!+r "r-r ,t"L * "tn'"T' "t i "tce cd cb

Case 4.
(i) r>0, 1>0 (ii) j>0, k>0

cd cd
cfict"cfclaci * c'o+l 4-1cf;cfr c7+t cf,cr"cfci i c"o+t cr"-r ck-r cm+\

cd cb

(iii)た >0

C8C:ιちιァ+c36:lcttlィ
Cb

(iV)プ >0

CtttCァ +c計
14 2cF+1

6α

(V)づ >0,ブ >0,鶴 >0.     (vi)た >0

C86,Crtt C:-lcι -lC3Cチ2~l                 C`ιlcrf`63c:-lcdcァ
Ca                                          cb

(Vii)づ >0,鶴 >0   (vili)ι >0,プ >0   (iX)づ >0

″
‘



C3Cちギ +C「
1學 2cァー1

Cα

(X)J>0,ι >0

咤CLCP+44~lCケ lιア
+1

Ca

(Xiil)を >0,m>0

C`CiCrtt Crlcが 2cr~1

Cα

C84CL+c「14-16炉 lc∫
Cd

(Xi)づ >0,m>o

嬌εア+ε訂
lCiCァ~1

6α

(市X)m>0

Cを Cァ+ε伊
lcァ ~1

6∫

(Xii)ノ >0

C66α暉十 喘6dイ
Cc

(iX)`>0
Cd

C力 + Cカ
Cd

科

ｄ
行
０

％
＋

ぬ

Case 5.

(i)r>0
cf

eoct"c!,ctac'i * c[-r cr,cf ctoci+1
CO

(iii) fr > o

cf
ci,cfci { d"cf,-lci+l

Cb

(il)ι >0

4ι『θをく芦:`4cζ c:「
16『+1

εd

＞
彎叫【％

ｖ＞

　

４ cl-r cli+1

(V)η2>0

ザ +Cγ
t

C∫

0.ProOf for Ctte l whereた >

(`す ● 死 ● 銘 )⑭ 60±琴 (4+た 。 c8)● CO■
=`計

ブ十た
。 6。 .Reform`計 J十

た
。 6。 t。

∽Θ級 )● C計
グ十■
)Tl馴 の OCttJキ

た4導
``.(け

た~lΘ
ぼ
1)録

cぁ Θは
lΘ
こ ●ぼ

1).

Hcnce R(ct4■ ● Co)=ι b Θ ε計
1こ
c:1・

Deinition 2.14ス ιOttbづπαιο″α:R ttαι磁 ル rιんθ ε響′Sια′B● 3′ づs α παρ R:
スメB)● ИЛお

′
)→ スズβ
′
)の スД3)″グυθれわγ

R(;dbo "d'b'): 
-d'+tt\bvb')& & zd-H(beb')6

wherebSb'p+6'Eb under the,isornorphism B& B' J-'B'E B. The following result

is a direct consequ,ence of th,e ord,inary ft.e. nol, comhinal.orial) Yang-Barler equation,.

18



2.6  Yang¨]Baxter equation

Let lls(lcnlle dle agil五 za領 ()n Afr(3)。f the crystal B ヽヽ西e introduce an indoterminate

Z(the Spectral pRranlcter)a,nd sct

Aff(3)={Zdb lα ∈Z,b∈ B}.

Thus Aff(3)iS fan ininite s(〕 t.z°b∈ Af(3)wil1 0ften be written as b AfF(3)alSO

admits the cηぉtal structure by ct.zdb=zdttδう。(cル),ん。Zdb=Zd~δを。(ん b)・

Proposition 2.15(Kじ 2θ-3“ιCr θ9包αれθ鴇)Zε ι Bれ 'I=BI.Tん θルιιουづη  θ9鶴αιづοη

んοJご ο2ススBι )Θ スIBI′ )● スメBι″).

(R● 1)(1● R)(R● 1)=(1● R)(RΘ l)(1● R).

3  Soliton cellular automata

3.l  States and tiIIle evolutions.

Consider the crystal(Bπ '1)●
Ⅳ fOr sufnciently large Ⅳ.The elements of(3れ ,1)・ N We

have in lnind are of the follolving fornl:

…060● …・● CO● cl● …・● Ct O CO● …・● CO● … ,

Namely,relatively few elements are non c。 ,and allnost all are c。 . In the assertions

below,we embed,if necessary,(Bn,1)・ N intO(Bれ '1)Θ
Ⅳ′
(Ⅳ <Ⅳ

′
)け

(Bれ '1)③
N C→
(Bれ '1)Θ

A‐
′
,

bl●・…o bⅣ 卜→ bl●・… obⅣ oc。 ● ―● cO.

―

N′―′V

Lemma 3.13υ づιθttιれ′Bれ 'ι ● Bれ,1→ Bπ ,1● Bη ,ι υθ cο 2sをαθr α ttαρ

Bπ ,ι ● Bη '1● …・● Bれ,1三ヽ Bη ,1● …・● β
れ
'1● Bれ ,1,

(Co)ι O b1 0・ …●bⅣ「→ら1●・…●bⅣ ob,

ιんθη ιんθtt θttsι s αηづRι
"θ

r」YO sacん ιんαι b=(cO)ι ルrⅣ ≧No.

19



Taking sufnciently latrge Ar such that the above lelnlna holds, we deflne a map

TI:(Bれ '1)・ N一→ (Bれ '1)・
Ⅳ by bl● …● わⅣ I→ bl●・…● bⅣ .

Lemma 3.2乃 rα ル
`d CICmθ

ηιげ (Bれ'1)°
Ⅳ αSα z`観鶴αθ.′ ,流θ貿

`蕊
sts aη れι

“

cr

ιO sacん 流αι η =TI。 ルr απν ι≧ι。.

Both lemmas are obvious from Lemma 2.13.

An elerrlent of(Bれ '1)Θ
Ⅳ having the property described in the beginning of this

subsection will be called a stα ιc. Lelntrna 3.l and Lelnina 3.2 enable us to deflne an

operator T=hmι →∞η on the Space of states.Application Of r induces a transition

of state. Thus it can be regarded as a certain dynalnical systen■ ,in which T plttys the

role of'time evolution'.By the salne ref■ oll,■ lntt alSO be vicwed aβ anotller time

evolution。 (In thiS pcaper,time evolution means the one by T unless otherwise stated)

3.2  Conservation laws

Fix sufnciently largeハr and consider a cOmposition of the combinatorial R matrices

Rι =RⅣⅣ+1 …R23R12:AfF(Bれ ,1)● AfF(Bれ ,1)・Ⅳ→ Af(D・ ,1)° ArOAf(Bπ ,り

Here Rtt+l signines that the R matrix acts on theづ ―th and(づ +1)―th COmpOnents

Of the tensOr pl・ oduct.Applying Rι  to an element(cO)ι Op(p=bl● …・o bN),We have

RI((6o)ι Op)=Z″ 151● Z″252● …・● Z″N5Ⅳ ● zEι (2)(6。 )ι ,

EKν)=一Σた1島 , If7=〃 (メ′
1)●
bJl,

where b(°)=(c。
)ι
 and b(プ )(1≦ J<Ⅳ )iS deflned by

Bη ,ι ●3″ '1● ―・oβ″'1～ B't'1● …・●371,1● Bれ ,ι

,

(Co)ι ●bl Θ…・④しげ〉bl O…・●しob(′ )・

Lemma 3.3 ιθιfrぅθιんθ θηθηνルη6ιをοη αηd― JfJ=一″(b01)の bJ)∈ {0,1,2,…っげ}
Tんθη bO~1)●場coπ鶴鶴ιθ 2blを流et,■ 包ηιじJづιυダι θθιれルrm c86ち ●Cd→ Co● c「

lcが 1.

αsづπ θαs`ィ ″η Zθmmα 2.ゴθ.Tんθtt ιν ttsれθιんθ知
`θ

づη∫241 0LIθ υづ
`J 

θcι 一
=′

=1ゲ
αnd θηり0/ctcち ●Cd吟 6o● C訂

16が 1.

Proof Use the dennition of enertt function in pll to pr"e it directly.
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Proposition 3.4 For an elenxent p e (B''r)eN , we haue

$) T[y(p):Tt,Tt(p).
(2) ElQy@D - nt@). In particular, Et(T('p)) - Dt(d.

We refer to [3] for the proof.

3.3 Soliton

A state of the following form is called an rn soliton state of length 11, 12, ..., l*,

(3.1)

(col.' 4cz< '..<.r)

where c0 means column without barred letter and ci € Bn,r with exactly two barred

letters. That means we cannot form the soliton as above when the number of barred

Ietter is more than two. c < c' if and only if aj (j-th entry of c), aj I a! for all
j : L,2,...,tu.

Remark. It would be an interesting problem to consider color separation scheme

in [34] : S4.7 ]. A reasonable choice of Bq such ur 3z-1'1 or Bn-2'r seems to fail for

n:4.

Lemma 3.5 Let p be a one-sol'iton state of length l, then

(1) The kth conserued quantity of p i,s gi,uen by E*(p) : rni'n(k,l).
(2) The state Te(p) is obtained, by the rightward shift bA Er(p) latt'ice steps.

Proof . (1) Recall that the conserved quantity Ep is a sum of local Il functions

-Hi : -H(b?-l) I bj). bU-l) I bi r+ bi 8b{n commutes with fi(z e 1,2,...,n - l)
until we will get the lowest weight where fib:0 for any e e {1,2,...,n-I}.Then we

apply 
"fo, 

es and we will get (c6)* I c6 r+ c0I (cg)k. By using Lemma 3.3, -Hj : 1 if
and only rt (cs)ic!d8 ca + co I (cg)t-lc!o*t. nr@) is the sum of the local -Hi : 1 in

the tensor product in B"J. Hence Er:min(k,l). Similarly, the statement (2) follows

from the rule (2.3) and Lemma 3.1.

Definition 3.6 For any statep, thenumber N1: lfr(p) (l:\,2,...) are defi'ned'bE

Et : Lx>tnin(k,l)Ny, Eo :0,

21
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By Lemma 3.5, we have

Proposition 3.7 For rn-soliton state (i1.1), N1 i,s the number of solitons of length t,

N: #{jltj : t}.

This proposition implies the stability of solitons, since the number .81(p), and hence

N(p), are conserved.

3.4 Type A B''"

In this subscction, we recall the crystal structure of. B'," for arbitrary r, s and the
combinatorial -R for B'," 8 B'',"'. Our refercnce is [31]. We use the French notation
for semistandard tableau, which is upside-down from [31].

Ow U[@!]L )-crystal B'," (I I r 4 n- 1, s € Z'rs) isas a sct, identified with the
set of semistandard tableau of rectangular shape (s') with lettcrs frorn {1,2,...,n}.
For an element t of B''", let lii denote the letter in the ti-th row from bottom and
j-th column of t. We first describe the action of ei, f,; for i: 1,2,...,n- 1. For this
purpose, let us define the Japanese reading word of t by

J(t) : w1)w2)... r(s), ttl(プ )=ι l′ι2,・ …ιr′ (j : l'2,-.., s).

We then regard J(l) as an element of (Bt,t;ot""). Na,mely, each letter is considered to
be an element of B I'l .

The bumping algorithm is dclined for a pair of tablcarr t and single word z nncl de-
picted as f <- z. First, let us considcr the casc where I is one-row tablcau. If f is ernpty,
t <- u is defined to be the ta,bleau u with one node. Otherwise, let l: t11t12...t16
and look at

htttz' ' 't1a 1- u.

If t1* 1 u, then define

t<-u:http...tr*u

and the algorithm stops (casc (a)). Othcrwisc, set il : min{z lt1; > u} aud de-
fine

９
４



t <- u - tn.. . trtr_tutrtt+t... tt*

and we have tho singlc word t1i, bumpcd out frorn f (case (b)). N<iw supposr: u'e

havc iL tablcau I of I rows anrl lct ti be tlrc i-th ror,v of t. 'ftx: bunrping a,lgorithrrr

t <- u proceeds as follows. Set ti : t1 1- u. If case (a) occurs, the algorithm stops.

Oi,lrcrwist:, k't, z1 l'rc l,hr' lct,t,r'r'brtnrprxl ottl, attrl sct, l', : l2 1- LL1. Wt' agairr rlt'vidc

the algorithm into the two cases. The algorithm proceeds until it stops. If case (b)

still occurs in the highest row, we append the empty row above it.

Exarnple 3.8 Let

23444
ι=
11122

απごυ=1.Tんθ bttη pづηθ αむοrzιんm pmcecas αsル :ιoυS.

23444                 23444  (- 2

11122  ←- 1          11112

スπα 7tlθ んαυθ ιんθ α2swθ r.
3

22444

11112

Example 3.9 Lct

24555
ι=
11334

αηα鶴=2.Tんθbし鶴Pづηθ αむOrづ tんmp"ιθθds αsルιιουS・

24555                2ィ 555  ←- 3

1l θ34  ←- 2          11234

スπd υθんαυθ ιんθ αηsυθr.
4

23555

11234

For a tableau t∈ Br,S we deflne the row word rο υ ι by

row(t) :t,t,-r..'tr h :t*t;,2"'t* (i : 1,2,...,r).
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Let I be a tableau and u.r : u7u2...ut a word of length l. Let t <- w be a tableau

obtained by applying thc bumping algorithm for a single wor'd. ui successively as

(・
… ((ι ← 包1)← 22)← …・)← 鶴ι・

Then we have the folloⅥ/ing proposition to obtain the combinatorial R for Br,S● Br,m

PrOposition 3.10″ ゴノスSS鶴晩θι∈BЪ
m αηdι′∈Bt6.Tん cη ι′●ιりSπゅっθα ιO J●タ

bυ ιん
`crystα

Zづ sο ttο rPんOsm

Br'S● BЪ 7れ _→ Br,η Θ BtS グ απα ο2Jυ ゲ ι← γαW(ι
′
)=′ ← roυ (J).

A/fο ttουθら流θ θηθηνルηειjοη″(ノ ●ι)'Sθづυθη bυ ιんθ ηttmb`rげ ηοごθSづπιんθ
Sんψθげι← rου(ι

′
)ιんαι αtt stれ cιιυ ποrιんげιんer_流 知υ.

Notc that thc decompo」 tion of Bら S● B',m into L(И 121)¨ cwst」sヽ lnultipliciサ

frcc.Frolll this hct,it fo1lows that for a given pail・ ι′oι we Call detol■ nille;,l11lliquely.

TO cxplain thc algOrithtn of coll■ pllting ι,『 wO prcparc tcrlllillology.Lct,θ l)c a skew

tableall,that is,set― thcoretical di∬ ercnce of a Youlig diagranl fl・ ol:l a Slllaller One、 vith

lotters in each node. Let τ be the shape of θ θ is called a verticalた―strip if lτ l=た
alld η≦ l for aly t≧ 1.ThC algorithlll to ol)tain t,ι

′
is g市 en tt f01lows.Let ν be the

tablo祖 obtainod by the bllmI)ing algorithm′ ← rο■,(ι′).ヽ 石ヽe attach an intcger from

l to rη2 to cach node of the skcv″ tablcau ν―p′ ,whcre p′ is the NE part Of ν、vhos(〕

sllal)c is(Sr).The intcger s1lould bo la,belod in the fcI1lowing rnanncr.Let θl be the

rightmOst vertical r― strip in ν―P′ aS 10Wcr tt possible. Vヽe attach intcgcrs l through

r from k)″ cr rlodes. Rcmovo θl from p一 ν
′and denne thc vcrtical r― strip θ2 iXl Silnilar

manner Continuc it until we nnish attaぬ ing allintegcrs up to rm Ncxt wc apply

the rcvcl、 c blllI〕 ping algOrit111ll according to the or(lor of tlle labclillg. Nalllcly、 vc nnd

a wOrd?1l and a tablcau pl whosc shapc is(shrapC of p)― (node Of label l),Such that

ρl←-21=ρ・ (Note that sudl a pttr pl,21)is uniquc) tヽ rcpeat this pl・ Occdurc tO
ohtain l12 and p2 by rel)lacing fフ and tho node oflabol l wit,h νl and the node oflabel

2 and continue until wc arrive at a tablcau of shape(sr).ThCn we have

J=((・ …(φ ← 鶴rm)← …・)← 包2)← 観l and夕 =prm.

Note that in[311,thC enorw function″
(ι

′
●ι)iS giVen by the numbcr of nodes in

the shape ofι′← row(ι )that al・ e stnctly Cttt Of the Ⅱ)朕(η ,s)―th C01uinn

ヵ監出椰6_為h∬欝:精継点l獄F胤鮮民:T「君霊
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identified with the set of semistandn,rd tableaux of rectangular shape (12) with let-

fcrs li'orn {1,2,...,n}. That means thc elcnrent ub in B21t is tlre barretl lctter from

fl'"@l)))-cwst,a,l B"'l rca.d frorn right, to lcft. Wc givc a, rcslrict,ion to the r'lement b of

t,ttr, U[(nl|))-cr1's{,al ,1J"'' with cxa,r:t,ly two barrcrl lctLcrs.

Lenllna 3.1l Lθι ν:Bれ ,ι → Bttι ,ιんθη νetb=∴νb ηんθtt b∈ Bれ ,ι απαづ∈
{1,2,...,η
~1}

Proof.

LHS;The action ct brづ ≠ O aCt On鴫 (D繹
))― cryStal can be c」culated by using the

rule called signature rule.In this case et will change the elements in%(D#))― cryStal

Bれ ,ι from τ(resp.づ +1)tOづ (reSp.j+1).Finally,the operator ν acts on cル and We

can see the element t colrnrnllte to j― 卜1

RIS; The map ν sends the%(Dけ ))―cryStal BЪι to%(ス胆 1)―CwstJ Bttι .That

means the element t=νb is the barred letter from 1/9(D欅 ))_cwstal Bれ ,S read from

rigllt to left.Note that for夕 signature,letterづ (reSp.づ +1)corresponds to+(reSp・ ―)・

In this caseん is giVen by applying the signature rule in subsection 3.4to J(ι
)・
 HenCe,

洗 Will COmmute the elementsづ to t+1

Bz亀窃:地粘懲巽1)71∬萌蒲Ёi躙lLttЪ撃:%の
ソ〉∝脚

Lemma 3.12 Zθ ι ν:Bれ 'ιl● Bれ 'ι2→ B発場● B71,ιんcη

(1)ν e二 (bl● b2)=んν(bl● わ2)′ (2)νん(bl● ら2)=Ct ν(bl● b2),

where b1 € BnJt , bz € BnJ" and i e {1, ...,n - l}.

Proof.

We only prove (1). Notice that

if et(bl● b2)=ε ttbl● b2

οιんcrυtse,

ｂ

　

　

　

　

　

ｂ

ａ
Ｗ
　
　
　
　
　
ν

ν
　
　
　
●

Θ
　
　
　
２
＞

＞

　
　
　
　
　
ｂ

ν
　

　

　

　

　

ν

′
１
‥
Ｉ
Ｉ
く

１
１
１
１
ヽ

〓●ν
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ん(ν (b2)● ν(bl))=ン (b2)● 洗ν(bl)

οιんcrttltsc.

SuppOse the t――singature of bl oゅ b2iS given b57

-.…一 +…十 一 一̈ +.¨ +
VVVV
α  b c a

where a, ろ肛e for bl and c, d are for b2・  Then by I′crnrna 3.1l theづ―signature of

ν(b2)● ν(bl)お giVenけ

― .… ― +… +― .¨ 一 +.… +.
VVVV
d     C     b     α

Thus ct(bl● b2)=Ctbl● b2if and only ifん (ν (b2)● ν(bl))=ν (b2)● ∴ン(bl).The
clainl thcn follow by Lemma 3 11

Example 3.131グθ6ん ccた θ./2(1)Oν  απ θααηψ:c.

ιeι b=bl● b2

Dll)

where b1 € B4'6, bz € Ba'a i,n fi1pe

2244    234444

1113 
に。
 111233

'2:t4444
a 

1i12:l:t 
'

／

′

‐

‐

‐

‐

‐

ｌ

ヽ

ν〓ν〓郎
ι

山Ｗａａ０６０一

一
　

‐

・

誡
嗣
２

一一　

　

　

　

ｇ

　

ｃ
　

ｇ

ヽ
１
‐
‐
‐
′
ノ

　
　
４４

‐３

刊
「
引
「
川
「
引
ヨ
　
　
２

Ｈ
一一　

　

　

　

　

　

・‐ｏ‐

３

，

応

「

明

′
　

　

　

　

　

ｃｖｏ
‐
ｕｔ

呻

３

１

　

　

　

　

　

　

●
一

ｆ

２

　

ｌ

　

　

　

　

　

　

　

ｍ

　

ｏ
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c(5) c(4) c(3) . cQ) cQ) cQ)

c(5)c(4) .   .

c(5)c(4)

c(s) c(2) c(r) c(2)

. .   c(1)c(3)c(2)c(2)

ι(5)c(4).     c(1)  .

.       .         . c(5)ィ ,(4). c(1)_

c(5). c(4)c(1)

υんθ,℃ c(5) ,c(4) ,c(3) ,c(2)= c(1)=

c(3)c(2)c(2) .   。 .

.    .    .   c(3)c(2)c(2) .    _    _

cG) cQ) cQ)

一１

　
一２

　

４

　

３

〓

一３

　
一４

　

２

　

１

一２

　
一４

　

３

　

１

一１
■

　

一″
任
　
　
Ｑ
υ
　
　
Ｏ
Ｚ

〓

一１

　
一３

　

４

　

２

〓

Example 3.15

ι(5)8(4)。(2)     こ(3)。(1)      ・        5(2)

ι(5)ι(2) 。(4)ι(3)3(1) 3(2)

. .       こ(5)c―(2)   。(4)8(1)

.                ι(5)a(2)

.                                      こ(5) 8(2) ι(3)。(3)δ(2)

.c―(3)ι(3)8(2)

δ(3) a(2)

a(2)

c―
(2)

8(5).

δ(3)8(3)τ (2)

c―
(2)8(2)

υんθた 。(5)= ,こ
(4)=

1

4

,こ
(3)= 5,こ (2)=

3

2

一４

　
一５

　

３

　

２

　

１

〓

一３

　
一５

　

４

　

２

　

１

一１

３

５

４

２

一１

　
一２

　

５

　

４

　

３

,こ
(1)

We introduce a labeling of solitons of length / using Atr@',t1 tor U[@[])). Suppose

thereisasolitonoflengthl...act&ct_ta...acrE...(ctLq-,>...>
"' & 48 Zr-r a "' a Zr 8 "' (Zt > h-t
(.) means column without barred letter at time f. Say it is at position 1Q),rf (c1) and

(21) is in the ?(t)th tensor component of BaL. Flom Proposition 3.4 (2), the posi-

tion 1Q) under the time evolution ft is given by 7(l): min(/c,l)t+- 1 (min(k,l) is the
velocity and 7 is the phase) unless it interacts with other solitons. To such a soliton
we associate an elements z-1 (q,--. ,ct r,c1) and z-1 (2r,... ,Et-t,21) e Aff(B''l) for
u,q@t:)).

Novr consider a state of m solitons illustrated as below.
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「11・………[ι21… 1」れ]・…

We assume solitons are separated enough from each other and \ ) 12 >
Since lonser solitons move faster, we can expect that the state turns out to

>Jm

・………………………………………[ι m]・……・[ι21… lι ll…………………… ・

after sufnciently malv times evolutions.(The pr。 。f of this fact is the same as the

main theorem.)ヽ 石e represent such a scattering process as

z"'b1 g 2."b28...& z.*b*r+ z.*bkg...a z"Lbig z.\b|.

Here z"ibj, z":iU, are elements of Atr(B'Ji1 under the identification in the previous

paragraph. With these notation, the scattering process in Example 3.14 is described

as

Z° (C(のが
4)が5)).z5(c(1)C(a).Z9(が2))吟 z6(び 5)).z-3(c(1)が 4)).  (3.2)

z-5(が 2)が助びo).

Let uu recall some useful fact derived from representation thcory. Note that U'r@t))
confainr- Ur(A.-) as subalgebrn. This fact can be translated into the language of
crystals and guarantecs that

?k commu[es with ei, h u - L.2. ,2-1)On AfF(3れ ,ιl)●・…O Aff(Bれ 'ιm)

Here thc action of ei,fi (i : I,2,.'.,n- I) on the multicornponent tcnsor prod-

uct can be calculated using sigrrature rulc explained in Subse c. 2.!1. By thc actions,

thc power ol z in an elcmcnt of Aft(B''l) is unallcctcd. We call this property Uq(Ar-r)-
invariance. This propcrty is also uscd to prove our tcorcm. For instarrco, if wc admit
in Example 3.14, we can show that

e2(z{,(c\3)c@)c(5)) I z-\(c1)c?\ a z-e(cQ)11 zo(c?)cG)c6)) I z-5(c(1)c(1)) I
z-e(c\2)) -> e2(z-1t(clr,)){92-3(c(r) 

"('t)182-t'(cQ)cQ)c$))) - ,-ak6))6"-:t1r(r)c@))o
z-s 1c(r) 

"lz) "ts)1.

Of course, this invariance is valid in the internediate stage of scattering. To prove

thc thcorcm wc nccd the opcralor z in the Lcmma 3.11 and Lemma 3.12. Thc oper-

ator u as a map serrding an elemerrt h&bz of rheU'"(D,lJ))-crystat BnJt &BnJ2 to
v(bz)eru (b1) in the U;(Al1]1)-crysl,al n?" g B21I'. The main results of this paper are

28
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the following.

Thcorcrn 3.16
(l) Let br € Bn'h , bz e Bn,tz and the nunxber of barred letters 'in each colum,n 'n Bn,It
and Bn,t2 is 2. The two bod,u scatterinq z",br I z',b2 r+ z'Liz I 

"i\U, 
o7 solitons of

Ienqllt \ o,nd len7th 12 (lt > lz) wul,er the time eaohftion T, (r > 12) is descrilrcd hy

the combi;natori.al R matrir for U'"@f))-crgstals:

スプγttB勢め)● 4晨 Bttι l)璧ス∬(B発
:1)●ИκてB発

:2),

zC2ι2● ZCl ιl吟 ZCl十
δ
l● zc2 

δ
亀 whereS-H(trAlr)-212.

Here ti: u(b), Ii - "(6) for i:1,2.

(2) The scattering of solitons is factorzzed ,into two body scatteri,ngs.

Some remarks may be in order.

(1) The combinatorial R matrix in Theorem 3.16 has an extra 212 in the power

of z. However, the Yang-Baxter equation (Proposition 2.15) holds as it is.

(2) Although we do not consider the case where there exist solitons with same length,

some part ofthe results can be generalized to such situations. Let us consider the state

早
」Vん

早    早
Ⅳ6         Nα

consisting og N, solitons of length j (l < j < k). By the same argument given

the following proof, we can show that the scattering of these solitons is factorized into

scattering of two bunches (l < j < i. < k)

早

乃

ヽb cottecture ths scttte五 ng is desc五bedけ the product既 .VJ combin就o五」 Rm針

trices Aff(Bttt)。 AfF(BttJ)資 Aff(B勢ブ)。Af(B分
だ
).ThiS COnieCture is tri宙 ally true if

each sontons are separated enough.

Example 3.17 しrsづ 2ク ιんθ Tんθοr`鶴 θゴら ιんe scαιιθrづηク Prο CCSSづη EπαηρJθ θ./ィ づs

cαιczJαιθα αs
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zO(c(3),c(4),c(5)).z5(c(1),C(2)).z9(C(2))={z° (C(3),c(4),c(5)).z5(c(1),C(2))}。

z-9(c(2))卜→{Z5+4(c(4),`(5)).z04(ι(1),C(2),c(3))}.z9(c(2))=z l(C(4),c(5)).

(z-4(c(1),C(2),c(3)).z-9(C(2))}→ z~1(C(4),c(5)).{z~9+1(C(1))● Z~4-1(c(2),c(2),c(3))}=

{z l(c(4),c(5)).。 z8(c(1))}ヽゆz5(c(2),c(2),c(3))→ {z8+2(c(5)).。 z12(c(1),C(4))}。 .
z5(c(2),c(2),c(3)))=z6(c(5)).z3(c(1),C(4)).z5(c(2),c(3),c(3)).

Tんθ ttsttιιづsづηacPθ 7ιαθηιげιんε οttCrげ 流θ SCαιιθπηgs azθ ιo ιんθ yang―B"ιθr

θgttαιjο 2.

Example 3.18び sづ 7ιθ ttθ Tん
`ο

πtt θゴら ιんC SCαιtcれηθ PttCCSSをη E"αηplθ θ.ゴ Jづs

cαιεttJαιθα αs

zO(8(2),こ (4),8(5)).z4(ι (1),8(3))● z9(a(2))={z° (3(2),が
4),8(5)).z4(8(1),が3))}Θ

z-9(が 2))ぃ {z4+3(が
2),ぎ 5))● zO~3(が 1),8(3),が 0)}● z9(が 2))=z-1(8(a,が 5)).

(z-3(が
1),こ (3),こ (4))Θ z-9(び 2))}→ z~1(が 2),が 5))● {z9+1(が

2))● z31(が 2),びめ,び0)}=

{z l(8(2),こ
(5))● z-8(8(2))}● z4(8(2),こ (3),が3))吟 {z8+2(ι(5)).z-1~2(が

2),8(2))}.

z4(0(2),ι (3),こ(3)))=z6(8(5)).z3(こ (2),8(2)).z4(こ (2),こ (3),こ (3))

動θ
“
s鶴 :ι づsれごψεttacaι げιんθ ottθrげ ιんC SCαιιerづ71,s αttθ ιο ι′te yaηθ-3∽ιθr

C9包αιづο2・

Proof of Theorem 3 16.(1)TWO― SOlitOn scattering rule: Due to the● 9(ス n_1)―
invariancc,now wc chcck thc rulc ffJr thc highcst wcights clcmcnts(6。

)。●((Cc)ι ,(Q)た ,(εd)η
ι
)∈

Bれ ,to Bn,た 十ιttm(じ >た 十ιtt m,i.e.such that%(b2⑧ bl)=O fOr any′ =1,… ,2-1).
This corrcsponding state is given by

・・・01 6ft・  ・● Cα ● COく0・・・Θ 60● Caくり・・・O Cd● Cbに0  ・・O cb● cc 00  ・・O Cc O・ ・・ .

―

  

―

  

―

  

―

  

―

o               ′                rn                た                 ι

(33)

whcre,

π -1      72-2

2           η

η -2      η -1

Cα ==         ,      Cb =

7じ -3     7ι -3

2-2     2-2

2        2-1

・          η

,    Cd ――         ,   Cノ =

2

1

2

1

2

1

and co is the column of hcight n without barred let,tcrs.
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Now consider the time evolution by Tppl^1t. If j > l, (co)" moves with velocity
k + l +rn * 1 and (("")', ("0)n, ("a)"') with & 1- l * m. At some time,n'e arrive at the
st,a,tc

...8 co 4...4 coScs 4...4 coSca 4...4 c48ct 4...4 cbgco A.-.4 co 8...

-- -- 

\-\,- 

-- 

+.-
i n'r,x(0, l-m) m ん                ι

(3.→

frOn■ this lnoment tt below.Using Lemma 2.13, we see the state after t time units

Case m≧ ι。ヽ rヽe separate it into several phases.

Phase l(0≦ ι≦晩 ― J)・    ~

…
・ ‥ ・

…

・ 中 ・

…

Θ

…

・
(λ ttι 十れ +1)ι ι          7η ―t          た

(3.5)

Phase 2 (* - I < t < i - k - 2l).

...8 c0 8...4 c6 @co 8...4 csScs 8...4 cy 8c4 a'..4 caSca 8...8 ca I

-,--
(lc+J+m+r)t i-t m-I I k

(3.6)

co8" '8c"8"'.
t-tZl-m

Phase 3 (a < t < a-t m - I) where a : i. - k - 21.

...8 co 8...4 cs&cq 8...4 co&c1 4...4 cs 8c7 8...4 cdScb 8...E ca I

-,-----
o十 (た十ιttm)t

Cα ● ・・・● Cα O・ ・

―

t― た一m

ιttt-2α m―ι+α―t ιttt―α         た

(3つ

Phase4 (*-l-ta<t) where a:i-k-21.

・… ● の O… ・● CO● ca● ―・O Cα O cO● …・O CO● Cd● ―・● cd O cb● …・O Cb●

―

 

―

 

―

 

―

 

―

m十 た十ι      t十 1-π―α(た十:十m)ι +α
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co&...8c"8"'.

-,-
i-k-m

After I > m - I * a, the solitons never interact agrdn.

Case 2 (0 < * < l). We sepa,rate it into several phases.

Phasel(o<r<i-k-l-^).

...8 co 4...4 cs 8c, a ." 4 coSco A "'a ca Ec4 A "'A cd&cb 8 "'8 ca I

---,----'--,-
(r{+t+m+l), i-t l-rrt m k

(3.e)

co I ...I c" 8 "'

-,-
l+t

Plrasc 2 (B <t) whcre B : i.- k - I - m.

'..8 co E...8 c6&co 8 "'a co t)cs I "'a cs 00c2 8 "'a ca&ca 8 "'8 ct I

---'---+---
(k+l+tn)L+B k'tl+.m l-tt-nr- 0 n. k

(3.10)

co8...8c,,8...

-'-
i-k m

After t > B, thc solitons ncvcr intcract a,gain. Now we havc to invcstigatc thc time

evolution by Tr.Not,t-. 1,hat

TlTt*,*,,*, :Ti!+t+,o+rTl (, > k * I -t nr).

If o and b arc sufficientlv large, we cnrr rcrluce the obscrvation of the scattering by

?1, in thc right hand side to that by Tk+Lrn'+.t in thc lcft hand sidc, which we have just

finishcd. Let d1(resp. d2) be tlre phasc shift of thc solibon of length i ( rcsp. soliton of

length (,t +, + m.)). Thcv arc given by

Casel (m>l).
dr =(lf1 I rm)t I a t (mt /c r J) | (t I |-m)*o-(lf I I I m | 1)r='zlt k.

6, : (k * I * nr)t + (i - k - 2l) - i - (k + I + rn)t : - (21 + k).

Case2(0<rn<l).
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dt - (k * I + m)t + 0 + (k + I + m) + (l + t - m - P) - (k * I + m+ 1), : 2l + k.

d2 : (li:,t I + rn)t+ (i * k - I * rn) - i. - (I - nr,)- (/, + I +tn)t : -(21 + A).

Let 12 : k + I + m. Applying u we see the scattering rule agree with the onegiven

bv thc combinatorial R rnatrix. flsc thc information from (3 l) to invr:stigatt'thc
combinatorial R matrix belbre two solitons collide each other. Let

i n-2..-n-2 n nL2: 2  ・ ・ ・   η

η -3-・ 2-3 2-2-・ 2-2 2-1… ・η -1

ηら                  た                   :

(311)

Use the information from (3.8) or (3.10) to investigate the combinatorial R matrix
after two solitons collide each other. Let

;1= 2・
… η

η -1… ・寛 -1

,1= 2・ … 2
第 -1-・ 2-1

た十ι+π
'2=2~2…

・η-2
2-3… ・π-3

η

η-2

(3.12)

Then we apply the Schensted's bumping algorithm to decribe the combinatorial ft
matrix.

b : i <- row(i2) (before collide), (after collide).β=εl← roυ (o2)

nn
n-|...n-I rL n
n-2-..n-2 n-l-..n-I n n

n-3...n-3 n-2--.n-2 n-L"'n-I
m              た            0-た 一れ

nn
n-l-.-n-I rL n

-,#-/-

tk

Here, the energy function H(iza i1) (reqp. H(Ls^fr;; is given by the number of
nodes in the shape of fr <- row(i2) (resp. f1 <- row(i2)) that are strictly north of the

2nd row. Since f1(f2 8ir) : H(t, ait) : 2m* k, we have desired result.

Next we consider elements that are not neccessarily {1, ...)rL* 1}-highest. Let two

solitons before scatterins is described as
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z'1bt I z"2bz.

Then applyinl eij : 1, ..., n - l) we get the highest weight element.

€at...€a-\zttbr I z"b2) : z"bt I zt'bz

The state can be reduced to

co I . . . E c" I co E . .' E co I ca E . .' I c4 E ca I . . . I ca I co I . . . I co .

---\.--.--'--'-
Assume it: co8 "'Orco and br: 

"oA 
"'A c,1&c64 "'A cb&coA "'aco. Then

---,----#

imkl

Tr* 
"or 

-..eo*(z" bt 8 z"bz) - TrN lzt' ir 8 z" i2) where ol,..-. am € 11. .... ?z - 1).

Consider the time evolution by T{*r+^+r(""8r&2"b2). For case m} I, we will
arrive at the state in (:1.5),(3.6), (3.7) and (3.E). After t> m- l+o the solitons never

interact again. For cnse 0 I m < l, we will arrive at the state in (:t.S) and (3.10).

Aftcr t > i- k - I the solitons never interact again. Then the state of solitons becomes

電 ι+π+1(ZC131● zC232)→ Zι
2(2ι十た)32● ZCl+(ν 十た)31(δ =― (2ι +た ))

Finally, recommute the state with f i(2"+5$r 6 "u-\$r) where j : 1,...,n - 1. Thcn
we wiil get

f o^...f or1z"+[ir6 ,"-d6r) : 7cz+n$, & z"'-6-bt.

Assunrc T{*r***, : zt'b1 6) zc2bz ,+ zt"isbz & ztt-66t. Usc y in both sirlcs to get

u{(.4f;ls )-crystals.

u(z"t by I 2"2 bz) 4 u(zI:t t 6b, I ztt 'bt).

Hencc 2",t2 I 2"1t, r-S z"ttSit & 2".-6i2.

whcre 11, t2, 11 and 12 arc barred lettcrs frorn D1 , br, b, arrd b2 yielrled from u.

See Lemma 3.11 and l].12 lor more dctails abor"rt v. Thcrefore wc arc left to show thc
abovc rnap is realizcd by thc coulbinatorial B nratrix.
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Let fi,...fn,(tr 6tr) - tzAh where i € {1,...,n-I}. We know H(t26tr):
H(irAi ;. flis agree with the fact that the phasc shift does not, change by applying
e6 (i e {1, ..., n - 1}).

Let R(t2a ir) : i, air. Then, e1, ...ei,R(i26 fr) : ei,....n,iy 6i2

Re4,...e4,(f, I fr) : 
"u,..."n,i, 

gi,

R(trotr)-LaIz.

Finally z'2t28 z"t1 -+ z"'-6118 z"+6|z is described by the combinatorial fi ma-

trix.

(2) Factorized property: We illustrate the proof by a scattering of three solitons
of length 3, 2 and 1. Other cases are similar. Now the initial state is

p=.… 13]..[2]… ………111・………………… ・

Use similar technique to 111.By applying the operatOr写 (a≫ 0)We htte scat―

tering of[2]● 1ll and[31● 111.

写,(p)=・…………[11.…………131.… 121.……….

Thenけ 噌 (b≫ 0)We haVe the thid sctttenng of Fい レl.

T3b写 (p)=・……・「 ]……
pl……pl………・

夕ヽfter this the tilrne evolution TC act trivially. On the other hand, these evolution

can be lⅣ ritten as

T'Tlrt:T|Ttr..

In the right hand side, we first observe three-soliton scattering caused by 7' (c > 0)

and then f!f; ant trivially. Hence, the three-soliton scattering in the right side is

factorized into 3x(two-soliton scattering) in the left hand side.

Example 3.L9 Let
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ρ =:,ρ =:,ρ =],卸 =:′ ρ =]′ ρ =:・

1            1           1           2            2            3

1う
′c asθ ttcοttπ θ.κ ιο αθscれら

`ι
んθ sιαιιerづη Pηcessル rZ° (び

1),が 1),びの
,が
う
,が
5),が0).

z-7(c(2),c(4),c(6),c(6)).ι ctら1 ∈ B4,6 απd b2∈ B4,4υんθtt B4,6 απd B4,4α
“
ιんθ

Di`!7″

!〔藤〕::lぶ:iι
`。

1)iFみ :itsふ_α fi:irilt、子::Fθ
れα ttθ

`た
観θηおらl αηα

234444         2244
ν(bl● b2)=ι2● ιl υんθtt tl二

111233′
 ι2‐

1112

3ν tsづηθ P「opο sをιづοη θ.l θ ttlθ んαυθ

41048

P=ι←―rθ t41(ι′)= 〕
12考 1 ])2464442

1 1 1117152341

〃c究 ,ιんθ cηθην/7ι ttCιづθη″(ι2● ιl)づ Sθづυθπ bν ノιε π包鶴berげ ηο∂CSれ ιんesん
"θげιl← rοαι2)ιんαι απ Stれ ctιν ποrtん げιんθ2ηa ttυ .s。,〃 二5

Sづηcθ p12=  〔〕::  αηα包12π ll包 10u9tt8Z7包625し4鶴 3包2υl=121214141424
pんαsθ sんψ=″ (ι2● ιl)~2ι2=5-2(4)=-3.

:il:  ・  〔]1:::  ～ ::|||;  ・  :]::     υ′tCrc t~1=  〔〔|||: ′  :2=  〔〕:: ・

″θ2cθ z 7ι 2 Θ Z°ιl吟 z3Jl Θz 4ち .

Example 3.20 Zθ ι

8(1)==  3 ,       こ(2)=ミ  4 ,       8(3)==  5 ,       8(4)==  5 .

2                 2                 3                 4

一４

　
一５

一Ｏ
Ｊ
　
Ｅ
５

一１

　

３ヽ
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嘱l牝掘場1鵜赫諺τ庶∫11見す町解θθι

345         5
ン(bl● b2)=ι2● ιl υんθ

“
ιl=114' ι2=3・

Bν しsづηθ PrοPο sttづ Oη θゴθ υθんαυθ

56

ρ=ι ← rου(ノ)=34442
1153351

〃cに,ιんθ θηcTν ルncι
`ο

η″(ι2● ιl)づSθづυθηわν ttθ η包鶴bcrげ ηοaCS tn tん esんψθ

げιl← rου(t2)ιんαι αtt Stれιιり鯰οrtん げιんθ2ηα ttυ Sο,″ =1.

Sをηεθ p12= :  αηα包625包 4鶴 3包2し1=141435

pんαse sんψ=″ (ι2●ιl)~2ι2=1~2(1)=-1・

:|:  ・   :  
笙
 : ・   11:    Whθ "θ

j~l == : ,  '2= 11: ・

″cncc z 9t2● Z3ι l→ z4Jl● z-8ち .
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Part II

KKR TYPE BIJECTION FOR
THE KIRILLOV― RESHETIKHIN
CRYSTAL B6,10F THE
EXCEPTIONAL AFFINE
ALGEBRA 4⇒
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4 Introduction

Iicnrv, I(irillov a,nd l'l.cshclit<hin [17] iutrocluccd a llow cornbinatorial objcct,, ca,llcd

riggcrl corrfigrrra.tiorr througlr Bethe a.nsa,tz analysis of thc Fleiscrrbcrg spin cha,in. Tbc
bijccl,ion of l(crov, Iiirillov tnd Iteshetikhin [17, 18] is a bijection betwecn sr:mi-

sta,rrrla,rd Yourrg ta,blcaux and riggt:rl corrfiguriltiors arrrl yitlrls n. fcnniorric forrrrula,

for the Kost,ka-Foullccs polynomials. Srrbseqrrcnl,ly, Naknyrushiki anrl Yarnada [23] ]rave

shown that the set of paths 7'1,4, .l; is in bijection with the set of semi-standard Young

tableanx SSYT(),p) of shape ) and content pr,: (pt,l,rz,...), and the energy function
corresponds to the cocharge of Lascoux and Schiitzenberger [21]. In [tO], this biiec-

tion was generalized to B : 9iB"i,"i of type A!?, and show the bijection between

Littlewood-Richardson tableaux and rigged configurations.

Taking generating functions on both sides of the bijection, we obtain the so-called

X : M Theorem (see [29] for review for type ,qt)). In [6, 5] such an equality X : M
are generalized and conjectured for any affine type by assuming the existence of crystal

bases for certain finite-dimensional modules, well-known as Kirillov-Reshetikhin (KR)

modules, for quantum affine algebras. Hence, it is natura,l to expert that a similar

bijection exists also for these generalized cases. For the X side, [14] and subsequently

[2] discovered the crystal bases for KR modules of nonexceptional types. Imitating
the one by KKR a bijection between rigged configurations and highest weight paths

consisting of elements of KR crystals for nonexceptional affine types other than Al11
was subsequently constructed in [27,28,30]. These bijections have an important

application for the analysis of the ultra-discrete integrable systems, also called box-

ball systems [3. 4, 7).

ngure 4.1:Dynkh dh『 aln br 41)

I,thお paper we consider the KR cり stJ,named as 41),お r the excep■ ond afnne

」gebra 41).Ⅷ 3construct a map Φ■om ngged cOnigurttbns to highest wetht
elements of(B6,1)●L by executing a fundament』 prOcedure δ repeatedly.ヽ 石ヽe then

COnieCture that Φ is a statistic―preser宙 ng bleCtiOn(ConieCture 7 14).It iS WOrth

mcntioning that our procedure onけ uSes the cwstal graph structure of the KR crystal

B6,1, hence silrnilar constructions could be possible for other exceptional types. lVe
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remark that there is a preceding work[251 which tretts Bl,l fortype Ell).ourS has a

dittrent algorithm compared to 125]becauSe we must consider the element φ,unique

element in the highest crystal of weight O,in the crystal graph.ヽ Ve Jso intrOduced

"quasi singular''1″here we still remOve the box although it is not singular with certain

condition. In this paper,、 ve will give trnany examples supporting the conieCture.

5  Level l Perfect Crystals

ln this scction,we recapitulate the theory in[11.Following ilI We giVe a uniform con‐

struction of level l perfect crystals for all anine Lie algebrrts.

Let J={0,1,… ,2}be an index set,and let A=(at,」 )t,′∈J be a Cal・ tan matrix of

amncけpe.Thus,A can bc characterizcd by the following prOpertics:at,t=2 for all

乞∈J,αち′∈Z≦。,and at,′ =O if and only if aJ,こ =O fOr allを ≠ Jin J・ The rれnk of A is

2,rand if ν∈Rηttl andスン≧ 0(compOncntwise),then ν>o or ν=0 Vヽe ttsume A

is indecomposable so that if」 =J′ ∪J″ Ⅳヽhere J′ and J″ are nOnclupty,then for some

t∈ 」
′and′ ∈ J′

′
,the entw αを,′ ≠ O An afnne cartan matrix is alwtts symmetrizable

― there exists a diagonal matrix D=diag(sを づ∈ J)Of pOSitive integers such that

DA is symmetric.

The free abehan group

OV=Zんo① Zんl① … ①Zんれ① Zd      (5.1)

is thc extcndcd coroot lattice.Tho hnear functi011翻 s Tho linoar αt and Aバに 」)on
thc complexicationり =C Oz OV Of O∨ giVen by

(ht,o.t) :: ai(h) - ai,i

\hi,lYn) :: lq(hi) : \e,i

are the simple roots and fundamental

denote the set of simple roots and f['
weight lattice

(a,αじ):=αt(d)=δ t,o

(d,At):=A。 (α)=0 (を ,プ ∈J)

weights,respcct市cly.Lct Π ={α t lづ CJ}
={んolづ ∈J}the set of simple coroots.The

P={λ ∈り
*lλ
(9V⊂ Z) (5.2)

contains the set P+ * {) € P I l(hn) e Z>o for all i € J} of dominant integral

weights. The afine Lie algebra g attached to the data (A,fl,fl",P,Q') hns genera-

tors ei, h Q e J), h € !, which satisfy certain relations ( see for exatrplc [12] or [10],
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Prop. 2.1.61).

The canonical ccntrl,l elernent c and tlre null root d are givcrr b1'thc exprcssions

c: coho * qhr * ".* cnhn, 6 : d,oao * dtqt * "'I dnan, (5.3)

where co : I and. ds : 1. The first tclrn conrcs from the far:t that thc center of the
corresponding affine Lie algebra ! is generated by c, while the second comes from the
fact that the vector ldo,dt,...,dn]t 6 Qn+l spans the null space of the cartan matrix
,4. We say the dominant weight .\ e P+ has level I if (c, )) :: ,\(c) : l.

Since the perfect crystals reveal much about the structure of crystal bases for irre-
ducible modules, which in turn can be used to cornpute their weights and characters,

our goal in the subsequent sections will be to construct perfect crystals for all affine

Lie algebras and to calculate the corresponding energy functions. Let g be an affine

Lie aleebra and let

0 - d,rar * "'* dnan

where the di are as in (5.3). Thus, when A: Xt) ( the so-called untwisted case), d is

the highest root of g.

Let B(0) denote the crystal graph of the irreducible Un(g)-module trn(O). Thus,

the crystal graph B(d) corresponds to the adjoint representation of g( with highest

weight the highest short root). In the untwisted case equality holds, A : A U {0}.

Let Q+ and iD- : -iD+ denote the positive and negative roots respectively of g.

Set A+ : AnO+, A- : -A+, so that A : A+ u {0} UA-. Then we write

B(0) : {r. I o€ A*} u {u lo1 € A+} u {r,o I o e A+}.

Hence in the twisted case, B(0): {r+. I a e @+} v {U I i:1,...,n}.

Set B(0) : {0} which we identify with the crystal graph of the one-dimensional

Un(g)-module In(0). As we argue below, the set

B:B(0)uB(o)

can be endowed with a crvstal structure as follows:

0.4)
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(j≠ 0)παちχβ― α一αづ=β

πα
・
→ ν二―→″―α

・

(づ =0)χαムχβ←→ α+θ =β  (α ,β ≠土θ),

(α ,β ∈A),

(αt∈ A十 ),

(5.5)

αθ3φ ムπθ.(5.6)

Our approach to proving this can be summarized as follows. We forget thc 0-anows

in B I B and view it as a crystal graph for the quantum algebra t/n(g) associated to
the simple Lie algebra g:

B e B : (B(0) s B(d))u (B(0)s B(0))u (B(0)s B(d)) u (B(0) s B(0)). (5.7)

Since t:rystals con'espoll(ling to simple morlules arc <:onnc<:led, it suflices to Io-

caic the maximal vectors (crb : 0 for all z e "l\{O}) insiclc thc cornponcnts orr the

liglrt and slrow thab tlrcy are all corrncctccl to onc arrothcr bv various i-arrows fori e J.

There a,re obvious maximal vectors inside B I B,
(r) ro <n re
(2) ro q,b
(3) rlt c9 rn
(a) $q d
(5) 

"o Q x;-o

and thcy can bc conncctcd as displaS'sd bclow:

- 68 O \,t,8xo I 4tc9r-e \ rr rr-o \ ro & 6 \ r, & r,

whcre 3 indicates that an appropriat,e sequcncc of Kashiwara opcrators fi with
, € J\{0} has bcor applictl. All othcr nraximal voctors have thc fcrrm

(6) ,e tgro-a for somc o e A+ or
(7) ,o I g; for somc i such that a, € A+.

6 Amne Algebra 41)and the KR Crystal

6.l Attne algebra 41)

We cOndderin ths paper the exccptiond amno Jgebra 41).Thc Dynkin dagramお

depicted in Figure 4 1.Note that we fo1low 1251 for thC labeling of tltc Dynkin nodes
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Let r be the index set ofthe Dynkin nodes,and let αを,αy,A。 (づ ∈ I)be simple roots,

simple corOots,hndれ mcntと、l weights,H、 pccti祀 1ェ Fc71lowing the not′ttioll in[121 wc

dcll()歓 )tll(,pl・ ojcctk)no「 A・ ()1ltO thC wci31lt sI)aCC Of E6 by Aバ づ∈ 島 :=Iヽ{0})and
SCt P=(Dtcfo ZAを ,7'十 二 (Dttcぉ Z≧。丙,.Lct“耽′)を ,′ cI Stalld fclr thc Cal・ trlll inを、tr破

for 41).Namely,α′=2(づ =プ),-1(を ～′),0(OtherWiSe),where t～ J means thtt t
alld′ an(、 a(liacCnt h〕 tho Dynl(11l diattrall〕

6.2  KR crysta1 36,1

.Let g be aw afnne Jgebra and%(g)the corresponding quanized enveloping Jge―

bra without the degree operator.AmOng inite― dimensional%(g)― modules thereお a

distinguished family called Kirillchv Reshetikhin(KR)modules 120,22,91.One ofthe

remarkable prOperties of KR modules is the existence of a cwstal basis[15]called a

KR crystal.It was coniectured in[6,51,and recently settled for all nonexceptional

types in[26].The KR crystal is indexed by(a,0(a c lo,づ ∈Z>。 )and denotedけ
Bα ,2.For exceptional types the KR crystalis knOwn to exist when the KR module is

irreducible or the index α is adiacent t0 0[1月 .

The KR crystJ oftype g=41)we are illterested in this paper is B6,l and the

clystal structure is t」 (en from[1],hence,it is the level l perfect crystal in§ 5 in the the

case of g=五活
1).The cwstal structure of B6,l is depicted in Figure 6.1.Here vertices

in the graph signify elements of 36,l andう ちι′stands forん b=b′ Or equivalently

b=ctb′ . ヽヽ石e adopt the original convention for the tensor product of crystals. Namely,

if Bl and B2 are Crystals,then for bl● b2∈ Bl● 32 the aCtion Of et is deflned as

if ψt(bl)≧ εc(b2),

if else.

where εt(b)=max{た I Cfb≠ 0}alld 9t(b)=maX{た |″ b≠ 0}.

In what f01lows in this paper we atssurne B=B6,1.The set of clttically restricted

paths in」BΘL and λ∈Ptt is by deflnition

P(^, L): {b e a8' lwt(a) : .\ and e.ib : 0 for all i e is} (6.1)

Then the following two are equivalent.

(1) b is classically restricted path of weight ) e P-.
(Z) a, e ".8 br.-r is classically restricted path of weight .\ - wt(b;), and e;(b1) <

() - wt(b1), of ) for all i e 10.
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The weight function wt : B -+ P is given by wt(b) : Do:,(po(b) - e1(b))Aa. The

weight function wt : B&L -+ P is defined by wt(b1 8... a bil : D!:rwt(br).

In Figure 6.1 we show the crystal graph for Bs. In this case Bs be the subgraph

obtained by ignoring the 0-arrows form ,86'1. All the 0-arrows are listed below.

ム日

国 ムロ ロ ムロ

回 ら□ 回 ら□

The correspondcnce between the number in the graph and the crystal elemcnts is

given below, where 0 : at l2a2 -f 3as * 2aa I as t 2aa.

=χ仇□=αθ_α“□
=χθ―α6~α3'□ =″θ α6 α3~α4'国 =χθ_α6α3α 4~α 5'

=χθ~α6α3α2'□ =πθ_。6α3α 4~α2'□ =πθ_α6α3α4α 2~α 5'

: x:{)-d6-a3-a4-a2-a, l-l0l : r0-.ae-2qs-a4-o2-as, E: fig-aa' 2qt-2o.t-.a2'.os,

□ =πθ%。 _ct 4け鈍'国 =χθ‰6%3-~の ら'日 =χθね6%3ね4の %'
1 
匝ヨ="θ 2`セ63α32α4α 2~α5'国 =χθ 2α6 3α 3~2α 4~2α 2α5'□ ="θ α6 α3~α 2~α l'

□ ="θ
“ “

_鈍 の 的 ,回 =π θ
“

f73~飩 ~a2rち 釣 ,回 =χ θ_%― 笏 3~“ ~¨ 釣
'

匡□=″θ2α62α 3α 4~α 2~α l' □ =7θ α6-α 5-2α 3~α 4~α201'

巨∃ =πθ-2α6~α 5~2α 3~α4~α 2~α l' 巨 ∃ =πθ_α6~α5~2α 3~2α 4-α2~01'

□ =πθ~ね6皓 ~笏3~ね4~け的'国 =″θね6%れ ね1の 的,

□ =χθ鈍2鈍 ct4加 2鈍'□ =″θ二‰6笏3“ ‰2鈍 '

□ 二″θ%%‰3~餃 ‰2~匈 '国 =πθね6鮎 %3“ %2鈍 '

ロユ日ムロ 国

咽 回 ム回

□酢
咽
咽
咽

□

□

回

回 3日

ロ ムロ

□ も国

□ 3□

回 ら□

日

日

□

も□

０
↓
　
　
　
０
↓
　
　
　
０
↓

□

回

□

□

□
　
□
　
回



距
=I

Figurc 6.1:Cwstal graph of 3。 for β6,1
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回 =πθ“…
ね3ね4~を鈍'回 =πθ%6%ね3‰4ね2“ '

匝 ∃ =πθ-2α6~3α 3~α 4~2α 2~α l' 巨 ∃ =π θ_2α6~α 5~3α 3~α4~2α 2~α l'

巨 ヨ =″θ-2α6~3α 3~2α 4~2α 2~α l' 巨 □ =πθ_α6~α 5~3α 3~2α 4-222~αl'

□ =νl,国 ="α l,回 =ν2,回 ="α 2'□ =い '□ =χ
_α 3'

区∃=レ,日□=α α4'□ =ν5, □ =″ α5'□ =%'日□=″ α6'

□ =χ_の,回 =χ一のけ鈍,□ =ん _的 の__%,

回 =χ_の け鈍,国 ="alの a3~瞼 ~%'□ =π―
“
_¨―鈍_鈍 %'

匝∃=″ αl α2~α3~α 4~α5~α6' 国 =″ ~α l―α2~2α 3~α 4~α 6'

匿ヨ=″ αl α2 2α 3~α 4~α5=α6' 国 =π―αl_α22α32α 4~α5~α 6'

□ ="_2の 如3～ %'回 =π刊 ね2ね3‐ %%'

匝ヨ=″―αl-2α 22α32α4α5~α6' 回 =χ ~α 12α23α32α 4~α 5~α 6'

匝ヨ=π―αl-2α 2~3α 32o4α52α6' □ =χ α4~α5' 国 =χ α4~α 5~α 3'

国 =″―…、_鈍,□ =χ
_～ 鈍_%__銘 '国 =π‐ゅ_～_器3…

1匝
□=″ α22α 4α52α 3-α6' □ =χ ~α 3~α6' □ ="α3α 4'

□ =π―“
―…、,□ ="―け鈍,□ =■_…“

_“
,

□ =″―の_物 ,□ =π の__%,□ =χ―の“ _̈%鈍 '

匡 □ =χ ~α2~2α 3~α4~α 6' ECI=φ・
Example 6.L The element

b=□・□・□・□・□・□・□

of Be7 is a class,ically rest,ri.cted Ttath oJ weiqht 2/\t + [s + Aa . The dot . signifies

a.
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6.3 One-dimcrrsiorralsullls

The crrclgy function D '. BorL --+ Z gives the grading on BoL . In our cuse where a

pa,th is arr elcmcnt of tlre tensor product of a single I(R. crvstal it takes n simplc fbrm.
Dut' to the cxi.st,cnce of thc univcrsa,l .r?-rrraLrix and the fact that B g B is conncctcd,

by [t3] there is a unique (up to global additive constant) function H : B I B --+ Z
called the local energy function, such that

if z : 0, and es(bB b/) : esbSbt,

if z : 0, and es(b a b') : b I esb',

otherwise.

(6.動

We normaiize ff by the condition

＋

　

一

●
　
Ｏ
　
Ｏ

ｂ

　

ｂ

　

ｂ

″
　
″
　
∬

ｒ

ｉ

ｌ

く

ｌ

ｌ

ｔ

〓●″

(6.3)

Nlore speciflcally,the value of 17 is dalculated as follows. Firstly,one knows the crystal

graph of 3。 ● 3。 decomposes into nve connected components“

3。 ● 3。 =B(2A6)① B(A3+A6)① B(Al+A5+A6)① 3B(A6)① 2B(0)

where B(λ )stands for the highest weigllt E6~Crystal of highest weight λ and the highest
wdgtt vectorお Jven by□●□,□・ □,回Θ[コ,□・ [コ and□●[団・″ヽ con―
stant on eaぬ component,and takes the value r(□ o□)=0,″ (□●□)=-l and
〃==-2 for the rest.()necanconflrmitfrolnthefactthatc311:∃ (D[1])=巨□。□
and e。
(□
●Eヨ)=□・ [亜≡∃belong to the flrst and second cOmponent BefOre this,

we also need the value of〃 =-l for all″ (1● φ),″ (φ●1),″ (φ ●φ).WVith this″
the energ function D is denned by

H (tflsfi-l) : o\-

D(bl●…Θ bL)=ΣE(L― J〉げQ●ち+1)・
′=0

(6.4)

where bs : fl. Define the one-dimensional sum X(), L;q) eZzoll-tlbV

χ (λ,L;9)= Σ

眸
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7  Rigged Conflguration and irhe]BtteCtiOn

7.l  The ferlllllionic formula

This subsection re宙 ews the dennation of the fermiOnic formula from[5,61.lVe at Arst

provide the dennition that is t/alid for any sirnply laced調 ne type g and daturn L,

and then restrict g and L to Fll)and the case corresponding to paths we consider in

this paper Fix λ∈Ptt and a matrix L=(Z∫α))ac.。 ,たz>0 0f nonnegative integers,
」most all zeЮ .Let ν=い∫°)be another atic・h matrix Sり that ν is an admissible
conflguration if it satisfles

厖1°Åα―λ

ρ∫
α)≧ O for all a∈ Io andた Z>0, (7.2)

where

″
‘

and

琵
の
=′

冴 。(ι
P面 nO,D―

汲

いαttbいinO,Dイ
)  

“

0

Vヽrite C(λ ,L)for the set of admissible con■ gurttiOn fOr λ∈戸
+and L.Dcine the

charge Of a con6guration ν by

Σ Σ Oα lαb)mmし,0鶴∫→)mP Σ Σ minし,OZ∫の鶴p.
α,bcIo J,ん ∈Z>o                          α(「。′,た CZ>o

(7.→

c(u) :
１

一
２

ρ∫
α)m∫α)+

ヽ

１

‐

′

／

＜ａ

λｍ
Ｌた′ｎｍ

¨
Ｌ
ｗ
　
　
ｌ

一２

・Ｓ

　

　

　

　

　

一

ν＞

　

　

〓

く

　

　

ν＞

ヽ
ル
　
　
　
　
　
″
ヽ

３″‘ｇｎＵ

(7.→
αcr。 ,ブ ,た cz>o

The fermionic formula is then dcfined bv
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,a r(), L; q) : Σ
∞り

9《
→
鳳』。1月
α
猿∬耳
°

(7.0
|

恥 now rtg=4つ and

L∫
α)=Zδα6δ,1 (a∈ Jo,j∈ Z>。 )

The latter restriction corresponds to considering paths in (.B6'1)8t.

notation we denote the fermionic formula under the restriction (7.7)

Then the X : M conjecture of {6, 5l states in this particular case that

X(λ ,L,9)=ν (λ,L;9) (7.8)

7.2  Rigged conflguration

The irmionic brmula ν (λ ,L;9)can be interpreted using combinatorial objects called

rigged conflguration These objects are a direct combinatoriahzation of the ferllnionic

brmulaル頃λ,L;9).Letン =い∫°)α cぉ ,に Z>o be an admお dЫe connguratbn.Ⅵ b iden―
tifb7 ν with a sequence of partitions{ν (α )}α∈ぉSuch that ν(α)=(lmlα

)2れ
;α

)・ …)Let
」={Jα 'C}(a,づ )clo× Z>o be a dOuble sequence of partitions.Then a rigged conflguratioh
is a pair(ν,」)Subjek to the restriction(71)and the requirement that J={Jα "}be
a partition contained in鶴 ∫

α)×
P∫

α)rectangle.

For a partition μ andを ∈Z>。 ,deflne

Ot(μ)=Σ min(μルじ),
コ

(7.つ

By abuse of

byルf(λ ,I;9).

(7.9)

(7.lo

the area of μ m the nrstt cdumn&Then setthg Oの =Qル 0)the Vac狙りnumber
(73)under the restriction(7.7)is reWritten as

ρ∫α)=Lδα6~29∫
α)+Σ
EQ∫
b),

b～α

where b - a stands for C6o: -1 as desired in subsectiol 6.1. The set of rigged

configurations forfixed X and L is denoted by RC(),2). Then (7.6) is equivalent to

Σ
蓼

9c(ン
,J)

λ,L)(ν ,」 )
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where

c{v, J) : c(u) + lJl (7.12)

with c(z) a^s in (7.4) and lJl : I1o,r;erorz,olJ\",i)l.The set RC(),,L) with the re-

striction (7.7) is denoted by RC(.\,I).

Example 7.t A ri,gged configurat'ion in RC(2T'6,3) is illustrated belou.

o1o o=o o2o o\o ol)o zezL,l, afl L)o L-r./

We haue c(u): -5, c(v,J): -2.

Exarnple 7.2 A ngged, configuratzon tn RC(T1 + f5,3) is zllustrated below.

1no ol)o o=o ono lJi ol)o
ao Ao Ao lJoL,to )o L)o d8l3

We haue c("): -7, c{u,J): -t.

Example 7.3 A rigged, conf,guration in RC(ly + Ab. 3) is illustrated, below.

FEコ ′ θ

目 ;

θ

θ

θ

θ

」[]θ       θ国
日
Ｈ
□

θ θ

目 ;

We. haue c(u) : -7, c(u,4 : -A.

Example 7.4 A ngged conJiEration in RC(T1* A1,,3) is ilhrslral.ed belout

θEI θ
      :EIPθ

l[]';
:EIPθ
     θEヨθ

We haue c(u) : *5, c(v, J) : -5.

:[Iデ
θ
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7.5 4 rzθθθα εο
“
幾 9包電 ιづο電 れ Rα A6,3)を sづιttSι raιθαうθJου .

We haue c(v) - -5, c(u. J) : - 5

Example

θ[工∃ θ

Example 7.8

tl)t

θ

EI∃ ;
θ

[I];
;E王∃ι     
θEI]θ

;[]デ
θ

側
　
θ
θ

囲
　
［国
□

配
　
　
θ

ｄ色縛
　

θ

θ

θ

θ

Ｏ
　
口
口
□
□

，

　

　

θ

一ＡαＲηη
　

θ

θ

θ

θ

θ

θ

加
　
［
日
□
日
目
Ｈ
目
□

囮　　θ
　　　　　　　　　・７

痢
　
　
　
　
　
　
　
＞〓

歯
　
　
　
　
　
　
　
　
　
　
νヽＪ′

勒　θ目θ剛酌酌　　　「

７
．
６

　

　

　

　

　

　

　

＜
ν
＞

ｅ
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
　
Ｃ

　̈θ同θ酌　　　　　̈

口
Ｈ

□

Example 7.7 A rigged confi,gurat'ion in RC(lts,3) is i,llustrated below.

oJo oJo rEr oZo oJoL)o 
H 1 t)o

We haue c(") : -6, c(u, J) : -3.

θ

目 :

スれθクθd cο可7θaratづοηれRα2Al+A3+A4,7)づ sをιιastraιθd bθιου.

o oaTlo θ

ゴ

θ       ゴ
θ

θ

ゴ

We haae c("): -27, c(u,.1) : -20.

Example 7.s A rigged configurat'ion in RC(T4,3) is i,tlustrated below.

θ

θ

θ

θ

θ
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θE]θ       θ
[]:

ゴ

ゴ

θ

咽

　

・
４
．

Example 7.lO A rigged configuration i.n RC(0,4) i.s i'llustrated below.

:[]弓吾
]θ ιFθ

We haue c(u): -10, c{u,J): -7.

Exarrrple 7.lL A rigged configurat'ion in RC(1t6,3) ts ilhtstrated belotr.

θEI∃ θ     θ
EI∃ :

θ

[I]|

θ

EIヨ :
θEE θ     ゴ

EIヨ  :

We haue c(u) : -4, c(u,J) : -2'

Example 7.L2 A rigged configuration in RC(2A1;.3) i.s illushated below.

' o1o o\o o\u o=o ozo tJoL_to e?, I to L)o

We haue c(u): -4. c(u,'f): -4.

Example 7.I3 A rioged configuralion in RC(ltj,3) rs zlhtst.ral,ed belou.

θ[∃ θ      θ
日 :

θ

日 ;      
″□ θ

:EIPθ

θ

目 :

θ
日:      

θEコθ

Иそ んαυc c(ν)=-6,c(ν ,」)=

Ｆ
θ

　

２

咽

・
４
．

警
Ｊνじグθんαυθ c(ン)=-4,ι (
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7.3 The bijection from RCs to paths

Wc now describc the triioctio:r Q : R.C(.\, L) -+ P()',I). Lct (u,J) e RC(),I). We

shir,ll dcfint: a, rrap 7 : RC(,\, L) -+ B which associates to (u,J) an element of B. De-

note by RCb(^,I) the elements of RC(),l) such that )(2, J) : b- We shall define a

bijection d : RC6(.\, Z) -+ RC(I - wt(b), L - l). The disjoint union of thesc bijections

tl:cn rlc{ines a, bijcction d : RC(4, tr) -+ Llrua RC() - rvt(b), tr - 1)-

The bijection O is defined recursively as follows. For ,L : 0 the bijection iD sends

the empty rigged configuration (the only element of the set RC(,\,I)) to the empty

path (the only element of P(), Z)). For -L > 0 define iD recursively by

aQ, J): iD(d(2, J)) 8't(u, J)-

Here follows the main conjecture.

Conjecture 7.L4 Q : RC(\,L) -+ P(\,L) i's a btjection such that

(7.13)

c(u, J) : D@(u, J)) f or all (u,J) e RC(^,L). (714)

8  The Procedure δ and Examples

ln this section,for(ν ,J)∈ RC(λ ,L),alrl algOrithm is g市 en which deines b=γ (ν ,J),

the new smaller rigged conflguration(ラ ,」)=δ (ン,J)SuCh that(ラ ,J)∈ RC(ρ ,L-1)
where ρ=λ 一wt(b).

Before explaining the algorithm δ we prepare some terlninologies We call a roMi

in ν(a)singular(resp quansrsingular)if itS rigging(number on the right)iS equal to

the correspondmg ncancy number珂 0← esp耳 → -1).恥 JSO Set cL… ,C6)=

(1,2,3,2,1,2).

Lemma 8。 l ιθιδ=Σ肛。ct αをjS tんθ Kα cιαわθ:.

動 θR(Cl,…,C6)=(1,2,3,2,1,2)

8.l  Algorithm δ

First check wheather there are ct singular rows oflength l in ν(α)fbr any l≦ α≦ 6.

If this is true)ヽ Ⅳe deflne ν
′to be the sequence of diagrams obtained by removing all

these dngJar rows■ om νO,and set b二 日
.

Otherwise,ure start iom b=□ m the crystal graph Bo and set′。=1.Repeat

the folloM/ing process forプ =1,2,… .until stopped. Fronl b proceed by one step through

an arrow of color a. Find the lninilnal integer t≧ Z′ _l Such thatン
(α)has a singular

rOw of lengthづ and setイ′=り ,reset b to be the sink of the arrow. If there is no such

つ
０



integer,then setち =∞ and StOp.If there are two or three ttrows sourcing from b,
compare the minitrnal integers t and take the smaller one. If the integers are the same,

either one can be takn.If there is no such integers,then setち =∞ and StOp.
Suppose the process has not stopped until we arrive at either b=国 ,国 ,□ ,

回 ,□ or匝ヨ.Search a qu器■dngdarrw m νO)of mhimJ bntth t suCh that
t≧ ち 1・ If thCre is no such row,setち =∞ and stop.Othcrwise,setち =を.Then
there are two possibilities.

(S)ち ≧2 and the corresponding row is singular.

(Q)′′≧l and the corresponding row is qutti― singular.

h dth∝ ctte Кttt bね be the dnkご the粧おw.Then b=□ ,□,□,□,□
or□ ・ If(9)OCCured,conthue the same process tt bebrQ ntteし ,COnthue to se釘ぬ

the minimal singular row of lengthづ sllぬ thatづ ≧ち_l lf(S)OCCured,we call this
row of length′′_1"doubled",setち =イプー1 8md b to be the sink Of second arrow of
color α. Next, let α′ be the color of the arrOw sourcing from b. Search an integerた
such th試 た<J-1,`た =ち _1.If Suchた exists,then wc call this row"doubled",set

ん=ろ -l and b to be the sink Of the arrclw of color a′  Othenviso,search a singular
row oflength,such that t≧ ち_l andを is minimal.If suぬ をe対sts,setち =づ ,btO be
the sink of the arrow sourcing froln α′,and stop calling this row''doubled''´

We」 so introduce thc notatton 41)(=ろ )if at the J―th Stcp the arrow hぉ col()rα
and it is theた―th one having color a frOnl the bcginning.

8.2  New Rigged Conflguration

The new collngllration″ =(r~2∫
α))お dlanged to

れ∫→=7轟の一Σに,ιP δを/Pl)
た=1

(8.1)

whcre ko is the :naxirnum of & such that /j;") is firite. This is equivalerrt to say that wc

rcmovc a box from cach choscn dr-rring the proccss in d. If a row is dcclared to be dou-

blcd, retnovc two boxcs. Thc rigging rcrnaius cqual if rro box is rerrtovcd frorn thc row.

If a box is removcd, the new rigging is dcclared to be singular, excr-'pl whc'n a box of
a singular row ncxt to casc (Q) is rcmovcd, in which casc dcclarcd to bc quaslsingular.

Example 8.2 The algorithmQ for the rigoed confi,guration in Erample 7.1 is descri,bed.

at eaclt, step 6 below.
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olo ,lt, θ

ll

θ

l:
θ■θ   `|`

δ
l[コ

000000

δ
l□

00000¢

δ
l□

000000

Example 8.3コ 助θαむ。疵流鶴 Φ raF流
`■
9ク配 Cο可句

“

FattOれ をπE"αmメε■2 1S acsc"ら 配

αι θα硫
`″
pδ みcJου.

″

目 :

1日|」       θ θ

θ

θ

θθ
θ

δ
l[□

θ
II:      

θllθ         0

δ
l[コ

o o o 0 0 0

δ
l□

000000

Example 8.41%c oOgο 薇流協 Φ rOFれ
`死
"ed cο

切%aratriοπれ aじa吻た zθ お acscれ溌α

at“cL s¨ρδら
`あ
り・

O        θll θ θ

l:
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θ

θ

θ

θ

θ
lι    θ■θ    ゴ|;

―θθ■

・　　　　　　　　　　　　　　　　　　　　　　　　　　・^一̈
¨̈
）̈

JIl r θ

目 :

rll θ      θ■
■
目
□

θ θ

目 ;

δ
l[回

δl□
000000

δ
l□

000000

Example 8.5Tん θαりοrzttπ  Φルr tte ttged Cο 匂彎uraιづοπづηユταηρル7ゎs daSCれらθα

αι cacん step δ bθιθυ.

θ□ θ
     :[]「

θ

    l[]':

O     θ■θ    θ
l:    

θ■θ     O     θ
l:

:[]「
θ     θEヨ θ

      :

δ
l[ヨ

θ

ll

δ
l[囮

000000

δ
l□

000000

Example 8.6■んθ αJgοれιんmΦヵr ttθ 鴨9θα cθttηaratづοπづπ EπαηρJθ 75tsごθscれらed
αι θα6ん sιθρ δ らcιθυ.



θE]lθ     θ
E]|:
θ
目| :EE; 

θEEθ

δl□

;断
θ

olo t||t, θ

l;

δ
l[]

00′ 0000

δ
l□

000000

Example 8。 72ん θαむοれ流 鶴 Φ ル r ttθ れgged cο 切句 鶴協 ι
jοπづnユじαη PJθ 7 δ ts acsc7・ Obed

αι θαcん step δ bθιου.

θ

[]:
」

百 1

δ
l[□

θ
l:    

θ■θ    」
|;

θE]θ       θ
[]:

θllθ       θ
II:

θ

ll

δ
 l EIIl

000000

θ
日:    
θ□θ    ゴ日:

θ
ll:      

θ■■θ θ

II:

θ

目 |

δ
l□
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Example 8.a The algorithm Q for the rigged confi,guration in Erample 7.7 is described

at each step 5 below.

olo ,lr,

FIIゴ

θ

ll:
θll θ

:冒
θ θlll θ

θE工]θ

θ

目 :

δ

　

　

　

　

　

　

　

　

　

δ

■
■
■

　

　

　

　

０

1 日

| 
□

θll θ

δ
l□

Example 8.9 The algorithmQ for the rigged configuration in Eram,ple 7.8 is descri,bed,

at each step 6 below.

′
[「デ
θ

θEI]θ
;[]'θ

θ

ｒ

ゴ

θ

δ
l[回

δ
l□

θE]lθ
;:『

'θ

θ[]lθ

θ

θ

θ

θ

θ
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δ
l回

O      θ■θ     r日
;     

θ■θ      ¢      θ

日 ;

δ
l□

oooloooolo
L)0

δ
l□

00000θ ■θ

δ
l回

o00000

δ
l□

o00000

Hence this rigged∞ nflguration corresponds to the path in Exm■ ple 61l by Φ.

.    Example 8.10劉 be algθれ流れ O rar読`"g認 “
切む師

“

οηれ』La″た■
'お
醗・

・  s面 旋d tt calch sttt δ beJoo:

θ

□ :

■θθ

θ

―θコ

ー

θ

■

■
θ■θ    θl:

δl□
o0000θ ■ θ

δ
l回

o o 1 0 0 0

δ
l□
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000000

Example 8.1l Tんθαむοれ流π Φル r ttθ「電9ed cο匂句
包ratづο2づη Eπα■ヴ e7ゴθづS dC―

scπみθd at cacん step δ belου.

:[]悪
:lθ :甲

θ

oTfo ofl,g θ

[]li

θ

E]|:
θE]lθ     ゴ

E]|;

δ
l[□

７
θ

　

２

―ｎ
υ■θθ

θ

―θθ

θ

θ

■

■

θθ

θ

―θθ■θ

δ
l[□

θ■ θ     θ
l:     

θ

l:     

θ

l:     
θ

・

θ     ′
|:

δ
l日

¢ ¢ 0000

δ
l□

00000"

Example 8.12Tん θα″οれιん協Φ」or ttC π9ged ca可切um“θ■づ■lLamρ :θ 7ゴ′
js ac―

scribed at each step 6 below.

oTfo otg θ

[]li

θ

E]|:
θttθ      」

ER

δ
l日



δ
l日

o000‐ 00

δ
l□

000000

Example 8,13動 θ ttOFiわれ 0」OF'鹿じ角 クd“ 碗

“ “
“

れ 助 a,りJ`γ 12・iS d←

,切嘲Z′ at e盤力 stψ δわCJOυ・

θ□●   θ日: ひ日:   θ□θ   l日 :θ

□ :

`1甲
′■‐θ   θl:

θ観:   θ■θ   」|;

o O¢ 000

δ
l□

000000

Example 8:■41鶴¢arg。れ航れΦ Jorれ
`“
嗜θa confgarat・ IοれれE踊叩 Ic驚」θお″―

sc励配 at“ctt steF δ ttJου.

□
ｌ
ｌ
ｌ
↓

θ

θ

θ

　

ｊ

■
■

θ

oJo ,At,

olo ,lfi

θ
:目

:

θ
[]:
θ□θ Zttθ

θ
l:   

θ
・
θ    JI;

δ
l□

θ

ll
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δ
l[囮

000000

δ
l□

000000
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Conclusions

ln Part l,we study th(ヽ b(〕 h1lvlollr of the soliton cellular′ lut()lnataを ssociatc(l with the

Kiril10v― Reshetikhin cwstal Bれ 'l ofサpe D#)・ They have a cOmmuting family of the

‖mo eⅥ■unons and sditons of卜 ngth′ whたh aro lttdcdけ し′(ス∫21)― clyd,想 B鷺
ι
.

In my thesis,we Jve all alternative wtt to Calculate the scattering of t■ ・O solitOnS

including phtte shift and it can be identifled with combinatorial 躙卜matrix fOr the

%(■段 1)¨cwst」 B力
わ
●B勢
亀.In Part 2,we give a cottecture On statistic¨ presewing

bjection between the highest weight path consisting of B6,l and corresponding rigged

cOnflguration. In this part,、 ve give many examples supporting the con」 ecture.(Dur

work is dittrent iOm OkadO and Sano[25]becauSe we must consider a unique element

φ in the crystal graph.To prove this conieCture is more complicated campared with

[25].In my future work,we want to prove this coniecture and make this as a theorem.
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