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ABSTRACT 

In the integer and fractional quantum Hall effects, the electric current flows through a thin layer under the strong mag- 
netic field. The diagonal resistance becomes very small at integer and specific fractional filling factors where the elec- 
tron scatterings are very few. Accordingly the coherent length is large and therefore a tunneling effect of electrons may 
be observed. We consider a new type of a quantum Hall device which has a narrow potential barrier in the thin layer. 
Then the electrons flow with tunneling effect through the potential barrier. When the oscillating magnetic field is ap- 
plied in addition to the constant field, the voltage steps may appear in the curve of voltage V versus electric current I. If 
the voltage steps are found in the experiment, it is confirmed that the 2D electron system yields the same phenomenon 
as that of the ac-Josephson effect in a superconducting system. Furthermore the step V is related to the transfer charge Q 
as V = (hf)/Q where f is the frequency of the oscillating field and h is the Planck constant. Then the detection of the step 
V determines the transfer charge Q. The ratio Q/e (e is the elementary charge) clarifies the origin of the transfer charge. 
Many conditions are required for us to observe the tunneling phenomenon. The conditions are examined in details in 
this article. 
 
Keywords: Quantum Hall Effect; Tunneling Effect; ac-Josephson Effect 

1. Introduction 

The value of the diagonal resistance is almost zero at in- 
teger quantum Hall (IQH) state [1]. This fact indicates 
that the scatterings of electrons by lattice vibrations and 
impurities are few in an IQH state. For the fractional 
quantum Hall (FQH) states with specific filling factors 
1/3, 2/3 etc., the diagonal resistance is also almost zero 
[2,3]. This property makes it possible to observe a tun- 
neling effect in a quantum Hall device. 

In the previous paper [4], we proposed a new quantum 
Hall experiment where we observe the tunneling effect 
between two quantum Hall states in a device with the 
narrow potential barrier in the electron channel. The de- 
vice proposed in the article [4] is shown in Figure 1. 
This old type of the device has some difficulties as will 
be examined below. So we improve it and propose a new 
type of the device which is illustrated in Figure 2.  

The improved points are well seen by comparing Fig- 
ure 2 with Figure 1. There are four potential probes A, B, 
C, D and four Hall probes a, b, c, d in Figure 2. The 
probes B, C, b, c are missing in the old type of the device 

in Figure 1. Accordingly in the old type of the device, 
we couldn’t detect the two diagonal resistances of the 
two areas separated by the narrow insulating region (po- 
tential barrier) in the middle of the conducting layer. 
Furthermore there is only one gate in the old type of the 
device. Therefore we couldn’t independently control the 
voltages of the two areas separated by the potential bar- 
rier. These imperfections are compensated in the new 
device of Figure 2.  

The new device has the four potential probes A, B, C 
and D and therefore the diagonal resistance of the left 
area of the potential barrier is determined by (voltage 
between probes A and B)/(current) and also that of the 
right area is determined by (voltage between probes C 
and D)/(current). Furthermore we can independently con- 
trol two voltages of the left and right areas by adjusting 
the voltages of the Gates 1 and 2, respectively. 

We consider how to construct the potential barrier in 
the middle of the conducting layer on 2D electron system. 
Three types of the method are examined below.  

Figure 2 shows the potential barrier with Type 1.  
(Type 1) A narrow insulating region is inserted in the  
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middle of the conducting layer as in Figure 2. The insu- 
lating region should have a width smaller than 2 nm to 
realize a tunneling effect. It would not be easy to fabri- 
cate this type of a device. Accordingly we consider the 
other types of a new device in order to fabricate more 
easily than Type 1.  

(Type 2) The second type of quantum Hall device is 
illustrated in Figure 3 where there is a new gate (Gate 0). 
We can set an appropriate potential barrier by adjusting 
the voltage of the Gate 0. It would be easier to fabricate a 
device with Type 2 than Type 1. 

One more type of a new device is illustrated in Figure 
4 which is named Type 3. 

(Type 3) The central part of the electron channel has 
an ultra-thin structure. The enlarged side view is illus- 
trated in Figure 4, where the two quasi-2D electron sys- 
tems are connected through the ultra-thin part. This type 
of junction is a familiar one in the superconducting quan- 
tum interference device (SQUID). When the electric cur- 
rent exceeds some critical value, this ultra-thin part plays 
a role of potential barrier. A device with this type can be 
made more easily than Type 1. 

In the next section, we investigate the tunneling effect 
from the left area to the right area through the narrow 
potential barrier. Section 4 is devoted to examine the 
conditions which are required to yield the tunneling phe- 
nomenon like the ac-Josephson effect.  

2. Tunneling Effect between Two Quantum 
Hall Sates  

Using the devices shown in Figures 2-4, we propose to 
observe a tunneling effect in IQH or FQH state. This ex- 
periment is carried out as follows:  

1) Magnetic field is applied in the direction perpen- 
dicular to the quasi-2D electron system as in Figures 2- 
4. The strength of the applied magnetic field is adjusted 
to yield an IQH or an FQH state. Furthermore the filling 
factor in the left area of the potential barrier is set to be 
the same as that in the right area by adjusting the volt- 
ages of the Gates 1 and 2.  

2) Next, an oscillating magnetic field is superposed on 
the static magnetic field. We may apply a periodic cur- 
rent modulation in addition to the constant current in- 
stead of an oscillating magnetic field. The frequency of 
the oscillation is described by f.  

3) Thereafter we measure the voltage BCV V  be- 
tween the potential probes B and C versus electric cur- 
rent I along the x-direction in Figures 2-4. The observa- 
tion of  ,I V  curve is expected to give us interesting 
phenomena of the tunneling effect between the quantum 
Hall states.  

When the electric current flows through the narrow 
potential barrier, the quasi-particle tunnels from the high- 
er energy position to the lower one accompanying a sti- 
mulated emission of photon. This tunneling phenomenon 
is schematically drawn in Figure 5.  

The stimulated emission is induced by the ac magnetic 
field with the frequency f. The emitted photon has the 
energy 2 f  where 2  is the Planck constant. At 
the same time the energy of the quasi-particle decreases 
by the value V Q

 
via the tunneling where the symbol 

Q indicates the electric charge of the quasi-particle. Be- 
cause the total energy is conserved in this tunneling  
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Figure 1. An old type of the device proposed in the article 
[4]. There are one gate, two Hall probes and two potential 
probes. 
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Figure 2. (Type 1) Improved device with a narrow insulat- 
ing area in the middle of thin layer. There are two gates, 
four Hall probes and four potential probes.  
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Figure 3. (Type 2) A device with a central Gate 0 creating the potential barrier.  
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Figure 4. (Type 3) A device with ultra-thin structure. The 
ultra thin part yields the potential barrier when the current 
exceeds a critical value. 
 

 

Figure 5. Tunneling phenomenon of quasi-particle beyond a 
potential barrier. 
 
phenomenon, the voltage V is given by   

2V f  Q                 (1) 

When the electric current becomes large, the stimu- 
lated emission yields multi-photons. Then the measured 
voltage becomes n times V as follows:  

2 for 1,2,nV n f Q n    3,       (2) 

Accordingly many voltage steps appear in the  ,I V  
curve.  

In this experiment it is required that the diagonal re- 
sistances in both sides of the potential barrier are nearly 
equal to zero. The vanishings are confirmed by detecting 
the two voltages AB  and CDV  which are detected be- 
tween potential probes A and B, and between C and D, 
respectively. The voltages ABV  and CDV  are required 
to be nearly equal to zero. Also the Hall voltage  
between probes B and b is required to be equal to Cc  
between probes C and c, because the filling factors in 
both sides of the potential barrier should be the same as 
each other.  

V

BbV
V

It is necessary that these conditions are satisfied during 
the whole measurement by adjusting the voltages of 
Gates 1 and 2. This phenomenon is reminiscent of the ac- 
Josephson effect. We discuss the  curve for the 

two cases namely IQHE and FQHE in the next section.  

 ,I V

3. Behaviour of the Voltage versus Current 
in the Tunneling Effect of QHE 

The voltage BCV V  between two potential probes B 
and C depends upon the electric current I from the source 
to the drain. Observation of  curve gives us im- 
portant information for the tunneling effect in the quan- 
tum Hall states. The stimulated emission creates the volt- 
age steps as examined in Equations (1) and (2). The func- 
tion form of 

 ,I V 

 ,I V  is studied for the following two 
cases (IQHE and FQHE).  

Case A: Integer quantum Hall state  
The integer quantum Hall effect is caused by discrete 

eigen-energy levels (Landau levels), where the Landau 
sate is created by an electron. Therefore the charge of the 
quasi-particles across the potential barrier is the elemen- 
tary charge e. In this case, the theoretical  curve 
behaves as shown in Figure 6.  

 ,I V 

Case B: Fractional quantum Hall state 
R. B. Laughlin introduced a quasi-particle with frac- 

tional electric charge and proposed a trial wave function 
[5,6]. The quasi-particles have fractional charges and 
obey fractional statistics [7-10]. Laughlin’s theory sug- 
gests that the charge of the quasi-particles across the po- 
tential barrier is e  at the fractional number  . We 
call it Case B-1. 

(Case B-1) The theory with fractional charge (Laugh- 
lin’s theory):  

Q e                  (3a) 

   2 1V f e eV hf            (3b) 

Thus the value of the voltage step changes with the 
filling factor  . For example 2 3  , the  curve 
of Laughlin theory is shown in the left panel of Figure 7.  

 ,I V 

Next we examine the composite fermion model intro- 
duced by J. K. Jain [11,12] and developed by many phy- 
sicists [13,14]. The composite fermion consists of an  
 

 

Figure 6. (Case A) Integer quantum Hall effect. Electric cur- 
ent flows along the x-direction as shown in Figures 2-4.  r  
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Figure 7. Behaviours of voltage steps for three theories at the filling factor 2/3. The horizontal axis indicates the electric cur- 
rent (arbitrary unit). 
 
electron bound to an even number of magnetic flux quan- 
ta. Therefore the composite fermion has the elementary 
charge. That is to say the charge of the quasi-particles 
across the potential barrier is e at any filling factor  . 
We call it Case B-2. 

(Case B-2) Composite fermion theory:  

Q e                  (4a) 

 2V f e eV hf    1



e

        (4b) 

The theoretical  curve of composite fermion 
theory is shown in the middle panel of Figure 7.  

 ,I V

The present author has developed a theory based on 
the electron pair to explain the fractional quantum Hall 
effect [15-21]. The Coulomb interaction acts between 
electron pair and depends upon only the relative coordi- 
nate. Therefore the total momentum of the interacting 
electron pair conserves along the x-direction of Figures 
2-4 via the Coulomb transition. The electron pair has a 
large binding energy at the specific filling factors where 
the number of the allowed Coulomb transitions becomes 
maximum [15-21]. Then the binding of the electron pairs 
is so strong that the pairing is expected to be held in the 
tunneling process. Accordingly the charge of the quasi- 
particles across the potential barrier should be equal to 2e. 
We call it Case B-3.  

(Case B-3) Pair theory:  

2Q                   (5a) 

   2 2 1V f e eV hf    2





      (5b) 

The theoretical  curve of the electron pair the- 
ory is shown in the right panel of Figure 7. 

 ,I V

The theoretical  curves are different from each 
other among the three theories mentioned above. The 
theoretical curves are shown in Figure 7 at the filling 
factor 2/3. Therein the difference between them is clear 
by comparing the three panels with the others. Thus this 
proposal plays an important role to clarify the properties 

of FQH states. In order to find the stair-like curve, the 
following seven conditions should be satisfied which will 
be discussed in the next section.  

 ,I V

4. Conditions for Observing Tunneling  
Effect between Quantum Hall States  

We study the excitation energy of the quantum Hall 
states. The Landau level energy EL is given by  

 * 1

2
eB m L 

 
 

  where L is the Landau level number  

0,1,2,3,L  

1

. When an electron in the IQH state with 
the Landau level L is excited to the higher Landau level 
L  , the excitation energy is given by  

*
1L LE E eB m     

where  is the effective mass. The effective mass  
differs from material to material [22-24] and the value in 
GaAs is about 0.067 times the free electron mass.  

*m *m

For example this excitation energy is estimated for the 
experimental data [3] where the magnetic field strength 
is about 4T at the filling factor 1    0L  . Then  

 
 

     

34 19 
1 0

31

21

1 0

1.055 10 1.602 10

4  0.067 9.109 10

1.108 10  J

2 1671 GHz for 4T

E E

E E B





    

  

 

   

   (6) 

Thus the Landau excitation energy is very large. We 
next examine the excitation energy of FQH states. Fig- 
ure 8 shows the diagonal resistance which is measured 
by W. Pan, H. L. Stormer, D. C. Tsui, L. N. Pfeiffer, K. 
W. Baldwin, and K. W. West [3].  

Therein the filling factor is confined to 2 3   in the 
region of 1 2B B B  . Accordingly the FQH state with 

2 3   is stable in this region. The Landau energy in- 
creases from  *

1 2eB m  to  *
2 2eB m  for 0L   

when the magnetic field increases from  to . That  1B 2B
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6 7

RXX[k]

2/ 3

3/ 5

Magnetic
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Figure 8. Diagonal resistance in FQHE [3]. 
 
is to say, the FQH state with 2 3   is stable for the  

increasing energy    *
2 1 2e B B m  and therefore the  

excitation energy of 2 3   is nearly equal to  

   *
G 2 1 2 for 2e B B m    3       (7) 

We estimate the value G  for an example of the 
experiment [3]:  

   
 

 

34 19
G

31

23

9
G

1.055 10 1.602 10

0.3 2  0.067 9.109 10

4.154 10  J

2 62 10 62.7 GHz for 2 3



 

 





    

   

 

     

  (8) 

In order to maintain the ground state at 2 3  , the 
frequency of the oscillating magnetic field should be 
smaller than  G 2  . 

(Condition 1) 
The value of fh is set to be much smaller than the en- 

ergy gap of the FQH state as,  

G namely Gfh f h            (9) 

For example, G h  is about 62.7 GHz at 2 3   
in the experiment [3] as estimated in Equation (8). Be- 
cause the value G h  varies from sample to sample, 
the frequency f should be chosen to be appropriate for 
each device used in the tunneling experiment. When we 
apply f = 10 GHz as an example, the voltage step is 62.07 
µV for the Case B-1, 41.38 µV for the Case B-2, and 
20.69 µV for the Case B-3 respectively. 

(Condition 2) 
The thermal excitation energy should be lower than 

the energy 2V Q f   in the tunneling process.  

B Bk T fh T fh k            (10) 

where T is the temperature and B  is the Boltzmann 
constant. In the case of f = 10 GHz,  

k

B 0.48 KT fh k              (11) 

Accordingly the temperature should be cooled lower 
than a few 10 mK in this example. 

(Condition 3) 

Figure 9 shows the top view of the device. The current 
flows along the x-direction and the Hall voltage yields 
along the y-direction as seen in Figure 9 (see also Fig- 
ures 2-4).  

The diagonal resistances left , right  in the left and 
right area of the potential barrier are required to be nearly 
equal to zero, in order to decrease the electron scatterings. 
The vanishings of  and  are observed by de- 
tecting the voltages AB  and CDV , respectively. So the 
following conditions are required as:  

R

righR

R

leftR
V

t

AB CD0, 0V V              (12) 

(Condition 4) 
The Hall voltage of the left side of the potential barrier 

is measured between the probes B and b. Also that of the 
right side is measured between the probes C and c. The 
position-dependence of the electric potential is illustrated 
in Figure 10.  BbV y  indicates the electric potential at 
the position y in the left side of the potential barrier. 

 CcV y  indicates the electric potential at the position y 
in the right side of the potential barrier. The values of 

 Bb 0V ,  0Cc , V  BbV d  and  CcV d  are nearly equal 
to the potentials at the probes B, C, b and c, respectively, 
as follows: 

   
   

Bb B Cc C

Bb b Cc c

0 , 0 ,

,

V V V

V d V V d V

 

 

V
         (13) 

where d is the width of the device as illustrated in Fig- 
ure 9. The left panel of Figure 10 shows the case of 

b B c CV V V V    which is named Case I. The right panel 
shows the Case II where b B c C . In the Case I, 
the potential difference between both sides of the central 
barrier, namely, 

V V V V  

   Cc Bb  varies with the coor- 
dinate y as seen in the left panel of Figure 10. When 

V y V y

b B c CV V V V   , the potential difference    V yCc BbV y  
is identical to C BV V  for any position y as in the right 
panel of Figure 10. In this Case II, the frequency of the 
stimulated emission is the same for any position y.  
 

y

x

Gate 2

Hall probes

Source
Drain

a dcb

Gate 1 Potential probes
A DCB

d

 

Figure 9. Top view of the tunneling device. There is a po- 
tential barrier in the central part (blue region) of the device. 
Horizontal red lines indicate the centres of y-direction for 
Landau orbitals with L = 0. The interval between the red 
lines is enlarged to bring them into view. The width of the 
device is described by the symbol d. 
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This means that the stimulated emission at any y-po- 
sition is induced at the same frequency. The property 
produces the tunneling phenomenon like ac-Josephson 
effect. Consequently the following condition is required 
in the present experiment.  

b B cV V V V   C              (14) 

That is to say the Hall voltage at the left area of the 
central barrier, b B , is equal to that at the right area. 
Therefore the filling factor at the left area is the same as 
that at the right area. This condition can be satisfied by 
adjusting both voltages of the Gates 1 and 2.  

V V

(Condition 5) 
If there are many impurities and lattice defects in the 

device, the coherent length becomes very short. Then the 
tunneling effect is disturbed by these impurities and lat- 
tice defects. Therefore it is necessary that the coherent 
length is longer than the width of the potential barrier. 
That is to say, the device is of good quality to ensure a 
sufficiently long coherent length.  

(Condition 6) 
The diagonal resistance in the FQH states must be suf- 

ficiently small for observing the tunneling effect. Figure 
11 shows schematically a comparison between the di-  
 

y

Voltage

VBb(y)

V
B

V
b

y=0

V
Cc

(y)
V

C

V
c

Step of Voltage

y=d
y

Voltage

VBb(y)

V
B

V
b

y=0

V
Cc

(y)
V

C

V
c

Step of Voltage

y=dCase I Case II  
Case I: b B cV V V V   C          Case II: b B cV V V V   C  

Figure 10. Position-dependence of electric potential in both 
side of the potential barrier. Blue curve indicates the elec- 
tric potential in the left side of the potential barrier; Sky- 
blue and red curves indicate the electric potential in the 
right side of the potential barrier.  
 

 

Figure 11. (I,V) curve of a new experiment. Red dashed line 
indicates Ohm’s law with the large diagonal resistance; 
Blue dashed line indicates Ohm’s law with the small diago- 
nal resistance. 

agonal resistance and the tunneling effect. If the device 
has a small diagonal resistance shown by blue dashed 
line, then we can observe the tunneling effect. On the 
other hand if the device has a large diagonal resistance 
shown by red dashed line, the tunneling effect will be 
masked by the large diagonal resistance. Accordingly the 
quantum Hall device must be fabricated so as to have an 
ultra high mobility.  

(Condition 7) 
The confinement of the Hall resistance in the FQHE 

becomes weak for an ultra small size of the device. Ac- 
cordingly it is necessary to use an appropriate size of 
device with a large binding energy at the specific filling 
factor 2 3,  3 5,  2 5,  1 3   and so on. 

5. Short Summary 

We have proposed the new experiment to observe the 
tunneling phenomenon between two quantum Hall states 
beyond the potential barrier. The seven conditions should 
be satisfied to observe the tunneling effect. If the stair- 
like curve is observed in the experimental  data, 
then it is confirmed that the phenomenon like the ac- 
Josephson effect certainly exists in the quantum Hall 
system. Furthermore the step value of the voltage deter- 
mines the transfer charge in the tunneling effect. Thereby 
we can know which curve among the three curves of 
Figure 7 is realized in the 2D electron system.  

 ,I V 
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