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A Study on the Properties of the Walsh Transform
and its Applications

Ikuo FUKUI

Abstract

The Walsh transform is a kind of inte-
gral transform at mathematics and a use-
ful technique for information processing by
computer. This report is about research
on a fundamental theory for systematizing
the Walsh transform, its properties, appli-
cations of it to image processing, and pres-
ents two models of a Walsh transforming
device.

First, mathematical structures necessary
for Walsh functions and the Walsh trans-
form are introduced ; second, some of their
properties are either analyzed or clarified,
and third, an idea obtained through the
above investigation is applied to image
processing. Then, two models of devices
for the Walsh transform are presented.

(Base]J—(i) We adopt a residue class ring
Ry of polynomials over GF(2) module x,
where m=1,2,3,-.

(i) We map the residue polynomial R, onto
a decimal set D,={ 0,1,2,---,a,---, 21 },

which is here named a'dyadic ring!'. Hence
we can introduce multiplication to the

Walsh transform theory in a natural way,
which is different from the conventional
one.

(i To deal with the Walsh function and
Walsh transform easily, a dyadic scalar
product and a pseudo-division are defined
on Dy,

(iv) We use the dyadic scalar product as
the first power of - 1, and define the Cole-
man-type Walsh function as (—13“? which

has explicit variables. This form make it
possible to develop the theory of the
Walsh transform, since we can carry out
the multiplication operation among varia-
bles. The multiplication can not de derived
an other way.

[(Properties and formulas) —First, funda-
mental properties are introduced ;
(i) Mutual relations between the @ and -+
operations.
(i) Transforming formula for obtaining
'sequency' which is an expanded frequency.
(i) Relations with respect to cross-terms
between input and output.
(iv) In the Walsh space, effects due to a
dyadic trasfer or dyadic phase change in
the input space.
(v) Dyadic n-th order correlation and con-
volution.

Next, higher properties are that ;
(vi) We assume that a multiplication in the
dyadic ring D,. corresponds to an extension
or reduction in geometry, which is here
named a 'dyadic similarity transform'. We
investigate how the dyadic similarity
transform in original space influences
the Walsh transform space.
(vii) In the Fourier transform theory, the
Poisson’s sum formula is well known We
introduce the same formula to the Walsh
transform theory. On the basis of this for-
mula, we further introduce a sampling
theorem in the Walsh transform theory
and get the following results :
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A) When a function G has no more than
N/T sequency where N is the number
of original sampling data and 7T is the
sampling period, then we can completely
determine or reconstruct the original func-
tion G, using only every 7T period data.

This is similar to the Fourier transform
theory, but it is different in that data
within each T period take a certain
constant value.

B) When more than the N/T sequency of
a function is cut, the function changes into
another one such that values within a T
period are exchanged for the average
value of the original data within the same
period. The function then takes on a stair
like shape with width T.

(viii) Topologically, we change a two dimen-
sional dyadic transfer with Cartesian
coordinates, into a transfer with polar
coordinates. We call this coordinate system
a pseudo-polar coordinate system. The
Walsh transform using the above system
can analyze two dimensional patterns, or
detect the features of a pattern with such
directional or rotational characteristics as
the Fourier spectrum and the correlation
pattern of images.

(ix) We introduce the indefinite sum for-
mula of a Coleman-type Walsh function,

which is most fundamental for investigat-
ing the Walsh transform. This formula
will provide a clue for obtaining the gen-
eral forms of sum(or integral)functions of
the Walsh transform. Furthermore, the

form of the indefinite sum is composed of
dyadic triangular-wave functions, and has
partially complete orthogonal systems.
{Applications] — (i) On the basis of the
dyadic transfer, a dyadic difference is in-
troduced here. We can easily get a filter in
the Walsh space to correspond to the dy-
adic difference. Applying the above filter
to the Walsh space, we get a difference
image from an original one. This filter has
characteristics different to conventional
high-pass filter.
(i) The Walsh transform formula is essen-
tially suitable for devising hardware ; nev-
ertheless, it is difficult to use the trans-
form as it is. By making a slight change in
the formula, we present two types of analog
devices which can easily be formed;
A) The FFT type : acircuit that can per-
form the fast Fourier transform algorithm
and carry out parallel processing of one-
dimensional input data. According to this
algorithm, the number of wire lines con-
necting terminals to log N /IV.
B) The lattice type : When we design a
device using the IC technique. we decrease
as many parts of the subtraction circuit
as possible and increase proportionally the
parts of the addition circuit. The total
structure of the circuit consists of two
parts ; the major is the lattice addition-part
where the input line-group perpendicularly
intersects to the output line-group, and
the minor is the circuit where subtraction
is performed only at the last stage.
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BT TCTESOEBT A HERDD. WEETDE
BETCRBEDERCE SN FEEZEELTWS
7D TFRRD O NERD, LI, L%
DRI LUHDFTBNAN T, KRR TCIZ 2187
4 VEERBAT DI LT L) BB /NARES 7
ol ZOEAE UTANERDEZSH AR LI,
BIEIO@NC DWTIE, V3 vy o FHE 7~ &
DIRD B DERIETH B2 D, BENES L
BEFoTnh., LIARKEDT —25EH5E
BLind LS BOERAKLLELTHDT, R
B2 b, BUERTRATRETH 5. AWTE LIS D
WIHNTDD Y 4 VY L BHERD = F VAR RN
7l —DOWEEY » vy S FHE (FWT @
fast Walsh transform)m 7= v x nic &S
WedDThD. BEDOHETIIEREDOKN NX
NEZBKEE Lie)t, ZOFEE X5 Nxlog
N KA. i N OERAZ W EFDD
BERELW. 5 —D2DEF Vi, TX 50
Fi#boxmi L, KBoEsEFROmMERRKE L
TEBETHLDTHD. ORTIRERITEED
REDOBTATNLHIINEEMEb DR &
2 TWn5., REEECTHERBKERTTHY, &
Batknar s ricihs (B4E).



=r

B2

21 #& fistsn
EH2oye7k:GF2)={0,1) # K ¢%
T, x BEHETS K O LOEZEDHIER P
(x) %, BF(x) TXYRELBCHETS. B
Qx), FLER(x) & LTREXMEILTS.
Px)=F()Q(x)+R(x) @.D
R(x) DBA (R} X [GFR)D L HHEKXD
RAER | EFENTWS. 3T, 22T, Fx)
BERDESCEDD.

F(x)=x" 72721 m=1,2,3, 2.2)
T, RO WBROL5EERHTESD. ne K
LLT.

R(x)= g)lm P @.3)

ZIT, R(x) @b DEHET- T, 2HED
FHREZED. —DIFI0ERRLIZBDNDTHD,
bH—Di%, X7 PVATHARBAL LD ([ TH
B.

(i) 10&EFRA~DEH
Rx) &, x=2%KRATH. #-T, {R2} &k
2m %k (mod) x45%0~2m— 10D

EHD E~DRFER LD, ZHERDTRD
BgbRiat i
Dn={0,1,---,a,-, N—1|N=2m"m
=1,2,3,-}  (2.4)

Ik [ 2 #58 (dyadic ring) | ¢ sk L
5. (R} HBTHBHMD, MkETENE
DicD. ZOEER DTG5, E3mE
TONWT,

ai,bi,c; € K, A(x),B(x),C(x) € {R(x)}
LT, (2.3) kb,

m-1 . m—1 .
A(x)= 2] aix’, B(x)= 3 bix’,
=0 i=0
m=1 )
Cx)= % e’
=0

#

5

= [=N==N

SOk B

_}.

iy

BB, a, b,c € Dy 1T,
A(x)+B(x)=C(x) — A2)+B(2)=C(©2)

(2.5)
L. ¥y PENTELZDE, ZHIL,
m—1 i m—1 i
2 (@Ob)2= ¥ a2 (2.6)

CZELW. (2.5) % Dnic /G TEE LS
FEOME+ EXBIT 5 i, OinEN—EHe
FHbhTWnwb., Thbb,

AR+ B2)=C2) > a®b=c @.7
ERTLELT DB, 2D Du O 2400
& (dyadic group) | & #AF SR Tn5[19].
Dn OINEDOFEE @ & KT B2 E0TEE @
LIERIC D TH 2N, BEIANTRICEL T
DI BEBC N BDT, Ko EiBERT 5
Z &,

IR DWW, ik & R,

A(X)B(x)=C(x)—>A©Q)B©2)=C(2)

10
—

2.8)

(2.9
L. abi e KThbItueEELT, (2.8)
DEIREETTEE, FHRO £ 1.3 pEEL
LD, FEOFRHEL UL Q.9 0FX%
BAT5. |EE UTEIORFIFEbR . &
WHDE, BTRAI 7EDOHET SHEATHDT,
BROEMI LT DD TH 5.

2T, BlEE, m 2 EEE L T—RACHHIAL
TE2M, ERMCEAET D DR, m
=3&T5HE, Fx)=x3 &7xb, (2.1) i,

re, 71,70 € K £ LT,
P(x)=x3Q(x) +7rex2+7r1x+70 (2.10)

i, CNBOSEROEERENSESNT
BY, FlziEEy x2+1, m=2 & Li-Bai
BRL2601C 70 B, ZDBE&DOME & |/EKIX, FhEF
NR2T, F22 7B, EBE, x=2 %K
AT D&, Ds DIEEFERERIL R 2-3, % 24 &

ab=c
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£ 2.1 {R®} ok, m=3, Ax)+Bx)=C(x)

C(x) 0 1 x z+1 %2 x241 x2+x x24+x+41
0 0 1 x x+1 x2 x2+41 x2+x x2+x+1
1 1 0 x+1 x x2+1 %2 x2+x+1 x24x
x x x+1 0 1 x24+x  x24+x+1 %2 x2+1
x+1 x+1 x 1 0 x24x+1  x24x x2+1 x2
x2 x2 x2+1 224 x24-x+1 0 1 % x+1
x2+1 x2+1 x2 x2+x+1 x2+4x 1 0 x+1 x
x24+x x2+x x24x+1 %2 %+1 x x+1 0 1
x24x+1 x2+x+1 x2+x %241 %2 x+1 x 1 0

® 2:2 (R} O, m=3, A(x)Bx)=C(x)

C(x) 0 1 x z+1 x2 x2+1 x2+x x24+x+1
0 0 0 0 0 0 0 0 0
1 0 1 x x+1 x2 x2+1 x2+x x2+x+1
x 0 x %2 x2+x 0 x x2 x2+x
z+1 0 x+1 x24x x2+1 %2 x#24+x+1 x 1
x2 0 x2 0 x2 0 x2 0 %2
x2+1 0 x2+1 x x24x+1 x2? 1 x24-x x+1
x2+x 0 x2+x x2 x 0 x2+x x2 x
x24+x4+1 0 x24+x+1 x2+4x 1 x2 x+1 x x2+1
5. 3= 244 1% (FBED)ELA--TWWZ & Fm-1\
Hibhd. COEHE—RINCE F()=x" 135 N S Tn-2 | o1
x)= 7ix'—>r= .
KIBEXR TR WADBTH 5. 8o T, Dn i3] i=0 7’}‘ )
Kid7e b 28130, 7o
(i) =7 P e FTHIANDER
¥, K D EDOR7 FVEHELT LEFZILECTEH. ZORZFPNMNDOTNTOES
{r} % Va 215, &bk, KDLk, RO
#£ 23 D3 OhR
«4 D ¥
c®b ] 0 1 2 3 4 5 6 7 ®2-4 D5 ORE
0 0 1 2 3 4 5 6 7 ab 0 1 2 3 4 5 6 7
1 1 0 3 2 5 4 7 6 1 0 1 2 3 4 5 6 7
2 2 3 0 1 6 7 4 5 2 0 2 4 6 0 2 4 6
3 3 2 1 0 7 6 5 4 3 0 3 6 b 4 7 2 1
4 4 5 6 7 0 1 2 3 4 0 4 0 4 0 4 0 4
5 5 4 7 6 1 0 3 2 5 0 5 2 7 4 1 6 3
6 6 7 4 5 2 3 0 1 6 0 6 4 2 0 6 4 2
7 7 6 5 4 3 2 1 0 7 0 7 6 1 4 3 2 5
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5 e =ATHDO RO B %,

m-j:{o >
Tiej. 1X]
722, v, riey € K
& LT,
m—1 T
R(x)=i§)rzxf—>R=(r’u) (2.12)
7o Vi Vm-9 Fm-1
Porerene Pyreoeer Fm_s
............ Pevoree
R= PSSR (2.13)
0 Yo 71
Yo

EERTIERTH. JOSAEFTHISEOES (R
# Tm 75,
BEEZFEDBE, Vad Tnlt k- T {R(x)}
DIME L TEIRD X 5 CBEHIND.

A(x) +B(x)=C(x) - aDb=c (2.14)

AWBE)=C(x) & Ab=¢ *7-1% Ba=c
(2.15)
oL, s @, a,b.c E Dn, a,b,c =
Vi, A, B &€ Tn A(x), B(x), C(x) € {R(x)}
Blrie kb, {R®)}, Dn, (Vn, Tn) OHE
ZRDFICBIR 2 D 7=D.
{R2)}
10/  \V,T
/ AN

rd

Dp¢——————>(Vim, Twm)  (2.16)

{R(®)} 2385 Dun ~DEHE IV (R(@)} 25
Vi, Tw) ~OBEBIE—R—D A EBIRI S 5 D
T, Dn & (Vn, Tw) O & —x—0RE037
D7D, FEXL, ¥ © Do % 2R R LU EHT
OFE Q. IOy Y v, Fiid, 2.12)0=
BT AIRI®S. @ 1) F1R@C.12)D
TP % 10ERRCERTIVEL, v € Dn MEDR
5. Dn & (Vam, Tm) DI, Dn id—i%
HIRBRLEREIT) & E@ERIT, (Vm, Twn)
Z BRI BB 2 R BEE AR EA R &
XAERIR I, D & (Vim, Tw) OREDFER
X, ROEH5ET5H.

aPb=c <> a®b=c 2.17D

ab=c¢<«— Ab=c %7213 Ba=c (2.18)
72770, @, b,¢c EDn, a,b,c € Vi, A, BE
Tm

(i) 2 ¥R 7 774

Vi 3R 7 P VERTHBND, AN 7BEE
BTHENTED., TNE2ERD FTHE L
Ziicl k.

m—1
ab=a"b=b"a= go @a:bs = K (2.19)

72720, *XEEREE. @, b = Va,

ai,bi & K, a,b & Dn,
ZDFRBED Dn BRAORIGIE,

ab<—>ab & K (2.20)

ERT. #oT, Dn KT HZD2DFEDLHEEL]
&, RDOLHCEREINS.

a(b@c)=ab@ac € Dn .21

a*(bPc)=a*b@Pa-c K (2.22)
(2.22) FBRIBDEH 2+3 D (i) CBIEL T35,
Dy D287 5L R 2D H 5.

BLEC XD, Vavy BBEL0Y 3 vy o
BHA IR D 125D DEERNEE S 7z,

F& 25 Ds DRI 518
3

[S]
'S

co oo oo o oo
_ O O O ki O
O O O O |,
OO RO O »
OO O MO

N OO AW = O
OO = OO
O OO e = O
o R - OO OO

2:2 A—NTUEUAIY B ETEY
F12055 L5 RV 4 /vy - BEEDOERIL,
ZZTHVWLNTWA LD LTS &,
(i) oM BB E R L TW 5201,
(i) ZE D EHBERT,
0 ~ <1 Fimik —1/28 ~ <+1/2
o TWA,
(i) ZFEBABEEOARREAEI 5D,
ZETRHWHBNTWABEDHS L LTERE
NTW2 (HEOHEET 1 E5[W=¥5).
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LasL, BEoERK F - & LTI (RaH
) £<ALTHD. Tk, a—~NVIyR
BELE —1 ONFEL LAY + vy 2 B8 %,
Dn ODEEXFTHE LT, LTO L CEHTS.
Llgg, vk (a—- <o) vy B
REZEETSH. K 241 2.

S, 1 € Dn & 1T,

s+ 1, sei=0
W@ =(-1 :{ (2.23)

—1, sei=1
S IATBBICEEL CWARET, Ihvk R
FH| ik THRREM] L &5 2L &
h. WHEBEIE, WEETORFESORES Y IR
L& oC, BARMN, A, BAZHEAT
BT (B (& 7l L EEND A, B DWW,
ENBEANE(ZE)THEEEZEL TS, F
TEREE, &5\W&, ¥~ vy (sequency)
ELMHEINTNS. 2.23) KL > TEBNEZY 4
N o BB We(D) DR s BRI Lo THE
bhb.
N-2

=z§0 [Ws(@)—Ws(G+1)],/72 (2.24)

EZAT, RE sHB s BNELNRWIEA D .
TTI, s hD s/, B0V, s/ b sx1BE3

FREXE, XH L3I &b, 7TE<-MFFHE
DR WTELIBNBNTWBAN, 22T
ik, EEESERX Q2.24) »BEIS. Ik, IO

S WBREICTTCL BYNVRREET &< — VT
D [1TDIEAL] #FR L TW3

(EH 2+1) =2~ vwrBYys vy B Ws
() ORFHE s' LT, s b s’ bHWIE
s" B s RIEAEHITH A, BT, ATk
RDOIXHELTEBNS.

14 14
$,8 EDn, s<>8EVy, S"<—>s" & Va,

A% Ko D77l LT (ARZEATTIICH
B0, Tm WIXEZI RN,

s'=As ¥721%, s=A s’ (2.95)
=721, A=(a:y), A 1=(bsy), i,7 € {1,2,3
, m}
1, i=m—j+1
aij:
0, i<m—j+1

=m—i+1
0, Fofth

THFEREETAE, A 3L, AT FEROLD
b,

{1, j=m—i ¥k, g

{ 1 n
11

A 0 | 011' ‘

g 4 o=
......... 11 OJ
1111++11111 1

GGEEA) 2% B (2.24) OEELD, s7 i3,
(—1D*=1—2a, a € {0,1} LT,
2 Ws(@)—Ws(i+1D1 2

:Z|<_1>s'i_(_1>s'(i+l) [/2

=2]sei—s(i+1)] (2.26)
b a, b E Kokx,
la—b| =a®b (2.27)
ThDIEND,
s'=2%3s« OGE+1)] (2.28)

s, ZITi@GE+HD)= IS1e Vm &35,
BRDB] 22 DEREFEDS & T ORI ik, @ D
2 HERIRE Ino1m twrio & LT,
{ Ggreee dperees 0. B0
L=
1 , k=0
EhoTnA., LT, in DH3HT 0 OELED
DLDDBETROHD D% 0(=0) LT5&,
Ip ZEBTRDEHSCEZHBmIOND.
{0, k=g +1, -, m—1

(2.29)

(2.30)

TnEEx0 I DEZEMN £+1 B EOHT i,

“ Ime1, OEEITEBRICEEDDT, i 2205
HN—2 FCRIEREAL TS BCE—DfEZ
o I 53, dieg, oo , im—1 DFAASEDE T
bbb, 2nUL FFEET S Ez (2.30) o T
2, £ =0~m—1ThrIEnd, mEEDOR
o tcfB(RE —)&FFD. &Y

N-2 N-2 %
s'= D @G +D}s= I IS (2.31)

o ="Stom-im1(q, e 0.1 T - 1S (2.82)
= NIRRT 5 5)

S1om 11 (si@---Pso) (2.33)

ZEC, k=m— 4 —1 CEBEEH#Z B L,
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s'= :gzk(\?m_k—l@' . '@So) (2. 34)
LhB. COT, s S SV ELT S D
Eion s's &35 EREESELT,

S/k=3m-l—1@ ----- @So (2.35)
LA, TNETHIE A7 P RRICT S L EHE
DE—RNTTL B, det|A|=1Th21bi#E
FHINELETS. S =AS RS LICEEXTL
72 b D EFETFRRE L LT SO %IER,
RDTNWL &, A1 BESN .

[REEA#]

mds, AL koemk [100 b ThELBND. S
& 8" OBEROEBMEHIE F 2:6 TH 5.

XT, We(d) D& LT, m=3 DA% K 2
5 AZRBLARSHECE B 21 &hb. 2D
NxRTbbnbL I, REsEEDDE, 2
~V= YT vy SBBEAEZ D, XhiT (2
2) TEoT, ZORERLIRED. LIHN,
%12 D@ITHDNANVEADHFARCL DY 5
Voo BB ARTIE, TER s KkoT,
IR, vy e RDTHL ., 2O X
% (2.23) Da-— M= rHORBICEZHEZ TH
HE, RDOXOHECIB.

(B 2.2) WitRC XL BT » vy - BEDE
E2

a,s FRFEHIEE LT,

Wa(i)=(—1)!n-1 Sm=1 W,2)  (2.36)

iz, p=0 ¥ 121T,

m—1 *
GZ(P@Z(}) Si, Sm—1,Sm-2,"", 53,52, S1@PSso)
&

Thb.
(B 213 m=4, N=16 &35¢&,

Wa(i)=(—1)%58 W2 5)

as PPsoDs1Ds2Dss
N az S8
7272, a = =
ai S
ao so®s1

L, SRR ESTROBND Y+ vy 2 B
Ws(@®), m=41%, s=0205HBDT, REHEAEL
T % 27 @ EBBNS. b)) REheHikli
R s HELTWA, ZOHER (2.36) 12,
BRI AV A ZDED L YD U ARE L o
T3,

XC, VYo BB OWTOMEIL L&
BNTWBD, BN Dn TEISWTNWE L,
Fio, HETHHCMHEI OTEHRLLTHIFTE
<.

(2F 2+3) s,t,{ € Dn, N=27 L 1T,

(i) Ws(@)=Wi(s)
(i) Wsa:(d)= WD) W)

N-1 .
(i) .;:) Ws(i)=N 0s
1, s=0

=L, Bs:{
0, sx0

® 2.6 REUEAT s ZZSHH " OBIR

#2721, S,i € Dm, s, 1 D2HERREETNEN
(a) m=3, N=8
s 01234567 L04623751
s?]07341625 s7101234567
() m=4, N=32

S

m=4, N=16
0123456789 101112131415
015783124111146 9 2 13 5 10

(b)

s

S/
s |08124614102311157 5139 1
s’|012345 6789 101112131415

01 2 34567 89 101112131415 1617 18 19 20 21 22 23 24 25 26 27 28 29 30 31

s’

S

03115167248233281219 4 271120 1301417 6 25 9 22 2 291318 5 2610 21

01624812282046223014102618 2 3192711153123 7 5212913 9 2517 1

s’

9

01 2345 6789 1011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31
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£ 2.7 BLRNICKDBOND Y vy 2 BBROIER N-1 54
a) GREIER: (o) ZeBBUELL Fo= 23 /1 (1) 2.30)

BRDEEDID, ZOFBEDIEDLHIKET

/\ /\ Sevs
/\\ /\\ /\\ /\\ M?*Wylgggfs (2.38)
/\ /\ /\ /\ A A /\ /\ B N Nez (29

15 14 12 13 8

L, BloRBEE LT, ZOEHYREOES:
ELTOTFIRZ P vORETCETE, KOS
% b,
ﬁ% F=Hf (2.40)
‘L (l)ox?)LL—,-"" ----- 1—>x 2L, =0y, - fo. - fo)*

o F=(Fy_1, - Fs - Fo)*
(_l)l'x 0 Jj':; """""""" T'-I;'_"—}x 7 H:<hz]), hij:+1 if:?i _1,
L— LJ ez, 4,5 €{0,1,---, N—1}

o HEARE

+1 ZD NXN OFEHTE] H & RE 2™ v v
B e B B rﬂx3 RBWT K= MFFIEWH[21]. #E LT, m
- =3, 4, 5 DBFADT X~ ~VTFEFNFNE
+1 ] 2:8, 5 2:9, ¥ 2-10 wHF Tk < [10]. k=

3.x [0 el SECTEEEES] SEEEERETTY TERERRET SRR X 4 P -
-1 D SIFFTDIEF AR L TCWA I LT AH, BED

T DIHMETE (N~ 0 —TB) 7 &=~ v TF b i
TH<[22]. & 2:11 2. ZoxA1 7075
1%, TNT(E0EAE, 0~1D0XEENHb
NI D CATEBIENTITIAE 2 7R\,

9x: ] ] I R LIAT, (2:3NDEFEE, 1RILY 5V 2
v i B C o oS, RO LB RIS 5 V5 o
A BTHRICHIR T 5 Z LN TE 5,

N ‘
6x _L_ ____________________ _—l__,x 2 (g1, -, qi, >.qn)

— N1 N-1

N m:O pkg‘l f(Pl el i’ e pk>
7% [] ] | . x5
p1 D Dl pi@- Dak-pk
_ L T (T (2.41)

722U, qi, pi € Dn, (o), F(o) 1& B RILE

K21 vanvyB8 N=8

HThs.
ZORWEGERD [ 24 n EEAFEHE | OFEHO
23 UANVagik rEcfibhs, LFETT B Y 4 vy o Bl
ECER L - r Y vy o BB BT NTIRTE, LI, 2KRTELTH ST
LBV 2 VY 2 BHUIRO L DRI 5. WBD, (24DIPEXIE, BHITLHRTRIICIR
$,i € Dn, N=2", L1, BTXD.,



%= 2.8 m=3, N=8

BIFofials, i+l %, —ik—1 2%3. s’

— 2. HENER —

#£2-9 m=4, N=16
A e oS

BRBEBE TS, LA A A
Ft——tt——Ft—— et ——

s’ f——tt——tt——tt——t

+4+++++++Y 0 Fhtt———— b ———
F—F—t—t— | 7 Fmt——t—Ft—F——+—+
tt——tt——| 3 F+————++++————++

g |ttt 4 oo | T
FA e | 1 FHt bttt ————
+—+——+—+| 6 F—t—F—F——F—+—+—+
++————++| 2 tt——t =+
+——+—++-/ 5 Fo— et —— et ——t+—
Fhtt————————+ 44+

+—t——t—F—F—++—+-

Fh———— b+ ——

Fo— et —— =t~

%210 m=5 N=32

e e o B i e S SR S S o e R
e e s St s S e
e s E e e ot
fom bttt — b — bbb b b ——
Fhtt———— bttt ——— b
e R S e S S S
it s e A L e Y
e e s Tt s s EEE S S S I A
FAF bbb —— e a e e
e e s S T I LI R
b — bbb — bbb ———— b —— 4+
Fo— ettt bt b — A ——

e e s Hts s R
e e T L  atat h S
Fom bttt bbb b — b ——
R o o
e T T s S e
s e it S
L T T N e
Fob s R FHbt———— e+t
e T s s S S e s Al S
e 2 o e L e
e e o e H i T
R ittt e e
Fodt bttt bbbt —t—+—
Fohmm bbb bbb b b — o ——
T s T s s T S
Fhtd FAFto——— bttt
R A T e e e S e
s s b Rt
s 2 T At S

s/

0
31
15

16~

7
24
8
23
3
28
12
19
4
27
11
20
1
30
14
17
6
25
9
22
2
29
13
18
5
26
10
21

s’

15

[o.]

12

11

14

©

13

10
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® 21 KEP(=—-V~JB)7 &~ — V73], N=12

R kb S A S
Fh—ttt———t——
F—t b=
F——t—t et ———
e
e e s s s
Fo— e —t—

Fo——dt—— =+t
Fh————— b=t
Fhdm——t——t—
Fhtt——— =t
Fot ettt ——

S

S OT O O O NN OoN OO

4

244 D= +BLUV+ > DO OEH;

YAV SBEERRT y vy SEBERS &, B
BENRLILSTTL S, 22 CoEELEED+

HE L OBRE > Tk < {EFA L.
CGEB 2+4) OBWEND + HEADOTH

a,x €D, LT, a x ©2HEEFREYFNE

i,

am-1 **

E¥5.

m—1 4% X
xPa=x-+ ‘_Z;,Z a; (—1)

@i +ag %J:U( Xme1""Xi"**X0

(2.42)

ZIZTC, b=2 rEXBEBL,

x@a=x+'3] as b Wi®) (2.43)

GEVD) x=312%, a=X12d ThaMb,

i
xPa=>12 (x:Das) (2.44)
LinbH, LZAT, x4, as € K 235,

X1
%iPai=x:+a:(—1)

(2.45)
ThHHMD, chk (2.44) RATSE,

i X4

1@a=22 {xi+ai(—1) } (2.46)
i X3

=x+22a:(—1) (2.47)

LhB. XD, b=2 E4BL.
rpa—x+31b a(—1) (2.48)
x=4+>a: b Wy(x) (2.49
Py [CEERRH]

COFEMIC LD E O BWHAEE, Vaivya
B LG DWT B Z ERbnn s, &0 BEE
TR 212EH%.

RICZDEBOMERE LT, +HEIS @
BEADEBREZEZ TH L. Ok 2EFRTDWHE

£2-12 @ BEDO + FR
x,v,a € Dg LT, a @2@%7%%: as a1 ap &35,

4ox 2ex 1 ex
Da x +4as (1) +2a;(—1) +ao(—1)
2P0 x
1ex
@1 x + (=D
2ex
@2 % +2 (=1
20x 1ex
*@®3 x +2 (=1 + (=D
4ex
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