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One-Dimensional Many Boson System. 11
—— Orthogonality of Eigenstates

and Their Level Structure——

Shosuke SAsAKI and Takeji KEBUKAWA

Department of Physics, College of General Education
Osaka University, Toyonaka 560

(Received October 21, 1980)

The analysis for the Lieb and Liniger model is continued on the basis of the result in the
preceding paper. It is verified that two eigenstates specified with different sets of quantum
numbers are orthogonal to each other. The ground state is shown to be specified by quantum
numbers with zero values. The energy levels are investigated systematically.

§1. Introduction

In a preceding paper" (hereafter referred to as I), the Lieb and Liniger
model®® has been exactly solved from a field theoretical viewpoint. The eigen-
states and eigen-energies have been determined uniquely.

In this paper, we continue the analysis on the eigenstates and eigen-energies
given in I. Section 2 is devoted to verification of orthogonality of the eigenstates.
It is clarified in § 3 that the ground state with minimum energy is specified by all
quantum numbers with zero values. This implies that the ground state is the
condensed state of bose-particles dressed with interaction cloud which will be
introduced in a subsequent paper.’ Furthermore, the energy levels are classified
systematically in the case of an infinitely large coupling constant, and this clas-
sification is compared with Lieb’s one.”

§ 2. Orthogonality of eigenstates

The purpose of this section is to establish orthogonality of two exact eigen-

states specified by different sets of quantum numbers. From (2-19) in I, the
exact eigenstate for the n-boson system specified by quantum numbers ¢, gz, -,
gn 1S given as

=

Pz‘f+qu0>y (2'1)

l w91,72-"'»Qn> :BqlaQZv“'1QH 2 H d(z)i,j; ki,j)zllll CZ*

{ppjlsi<jsnilsi<j=n

J

1l
i

by following the same notations and definitions as in I. The scalar product of the
states | ¥qpapmany and | Toras-gn> is written as
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1218 S. Sasaki and T. Kebukawa

< w‘qi’qrz‘___‘q;J w“]l»‘]zﬁ"an>
=B T1ap9h Baraaan 2 I {d(pis; krii)d(pis; kis)}

Wiabiilsi<isntlsi<jsn

n n n
A2 1L 62 pusws T amy 23 bii T ar), (2-2)
JFe JFEL
where # indicates a permutation (% ;" ) the symbol 3, means the summation
over all n! permutations and 8{(x, y) is the Kronecker delta §.,. It is more
convenient for the accomplishment of multiple sums in (2:2) to rewrite the
summation variables p:,;(1=7{<j=u) by pu.x since the Kronecker deltas have
the variables pu.u, as their arguments. Hence we, hereafter, use new notations
defined as

D)= s . R ) Z Ry, (1=i<j=n) (2-3)
and

b= B Pusnstqur, 4l (1) =g (I=12,000)

pe=3 puatae. (=12 n) (2-4)

Here note from the definitions (2-20) of d(p:;; k:;) in I that
d{ pii; kii)=dpii; ki), (2-5a)
and
d(pis; ki) =d(Djs; ki) (2:5b)
This fact (2-5b) gives
Il d(pus; ki) = l_ll_gna’(b;:,»,uj; Rixoss)

l=i<j=n 1=

IL d(pis(); kis(p))  (2-5¢)

:1§1< =
for a permutation z. Then the expression (2-2) is rewritten as

< qfq;’,»--,qn"gfql,wﬂn>:B;n’."-,qn’,gql,w,qn2 , Z H dz":j(/l)di,j Hap’z'(p),pl , (2'6)
7 {f .gi,j} 1si<jsn =1
where
dis () =d(pi(p); ki)
and (2:7)
dis=d(pes; kies).

For convenience of later discussion, let us introduce the quantities 47 (x) defined
by

.
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One-Dimensional ‘Many Boson System. I 1219

F ()= i (). (1=i=n) (2-8)

i

It should be noted that the number of summation variables in (2:6) is n(#—1),
whereas the number of the Kronecker symbols is (72— 1) except one which gives
total momentum conservationn. Thus, at first sight, it seems difficult to carry out
the multiple summations in (2-6). However this difficulty can be overcome in the
following way.

From the assumption that two sets of momenta (g1, gz, --*, g») and (q1, gz, -,
qn) are different from each other, we can find, at least, one quantity 4:;, among (41,
k2, -+, ka) to satisfy the relation

ko, =R, R2y oo, R (2-9a)

This is reasoned as follows. If we cannot find such a quantity 4;,, namely if all
E:{i=1,2, -+ wn) are equal to any ones among (k;, ks, -+, kn) respectively, then we
have & =ki(i=1, 2, ---, n) according to the inequalities 4 < /.11 and i< ki {({=1
2,-+, n—1) (see (3:25) in [). This means 27-1q: =2l 1g: and s;=su((=1,2,
n—1) from (3-4), (3-12) and (3-13) in I, that is, .= ¢q:([=1,2,---, ). This is
incompatible with the initial assumption. Hence the above relations (2-%a) have
been established. Then from (2-9a) we have

b FRL(1) for all permutation. (2:9b)

Now let us carry out the multiple summations over p.» and plm(z) in (2-6)
step by step in the following way.
[Step 1] The identities

2 klllzdll 12 pi1+ki1

=1

and
1221 ki, (1) di ()= — pip) + ki (1)
lead to
LEII Ovyanp, = k”;}%( j 122 { k) odils, ki’l,iz(ﬂ)d?l}i(/l)}!li Ovyimpy (2-10)

Ta¥ 1y

where we have made use of (2:9b). Substitution of (2-10) in (2-6) produces

< Zp'(li,“',(l'nl wq1,~~,qn> - B:&.---,%qu--uqn ; > il { dz{ij(ﬂ ) di,j}

(Drjp)p; 5 lsi<j=n} Isi<j=n
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1220 S. Sasaki and T. Kebukawa

. *1 o < L ATL =1 A
C iy 2 i Rl di GOV T Svicnss
(2-11)
Here note that
lgl Spyimnp, = 11;[1 Opymp, 00,0 , (2-12)
(i,
where
Q=2 q and Q’:lZZI qi . (2-13)

The use of (2-12) in (2-11) and the separation of the terms having the summation
variables pi..,(#£) or P, in (2:11) give

7
< w‘?'p"'y‘l’n| w?l»"'v9n>:B;i»"'vq;zBQh“‘ﬂn ; Z

=1
lz* 151

diidls
[‘P:‘,’i(/‘),ﬁ,—,j;1§i<j§n,(i,j)¢[i1,i2]} l_é_iIJj§n{ widii (1)}
: (1,7)%11,75)

& 1
X I 6pitws, 00 20 iy
li?]liz s Droinpielpt) kil - kll(/‘z)

X { gy diiey = iy () diviy (1) Y iy dis, (1) S (07 12), piz)},

where use has been made of (2:5a, b), the symbol [, 2] is defined by

o (i1, 22) for a1<i,
[11,12]:{ o - (2-14)
(22, 71) for <un,
and, therefore, (7, )[4, 2] implies that i =71, or 7% i2; for 71<72) and ({7, or
j¥i; for 71>>4:). Hereafter we abbreviate the notation of the summation as

— .
PP 1S 0< T2 n,(4,5) £ 11,70} (P50, Py 5}
(4,4)=[11,ip]

Next observe that

. — Lk Lkz‘m):% . )
pf\,t,,pzc;,w)di"iza(p"’(”)'“)_ 2h C0t< 2h 2mg (kiy— Feiy) (2-15a)
and
2 dz-’{,iz(ﬂ)&p;;m,ﬂ.gZMZ"""ZM(/I@Q;(#%/{;;;(M), (2+15b)
Pivin Drvis( 2) mg
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One-Dimensional Many Bosown Systew. II 1221

where we have summed over firstly p7..,(#) and secondly p.,:, in (2-15a) by using
(2-25) and (2-26) in I, and reversely in (2-15b). Then one has

n

< Wq’l,~~uqh| w‘le"',Qn> :Bga.---,qhﬂql.w.qn 2 2 2 H [/i,jdi’:j(ﬂ)
g D=1 PP i(e)) 1=i<j=n
2% 11 (f,5)%[1,1) (D) *[T112]

=1
L+i1,ip

x 11 (()\pz'(y),ﬁlaQ’,Q<%>k;fbiz( #)kil,iz

X{Z“ ki1+ki2)kil(/u)_ki2(#)}. (2-16)

kil_k;;(#)

Here let us show that the contribution (we denote it by Z) from the first term in
the curly bracket on the right-hand side of (2-16) vanishes out. If we consider

1,2,

such a permutation //:(m', /12,_;"#”,) as
=, (U0 f2) = fay 10, = [y (2:17)
then, we obtain the following relations:
B 1= By = — K1) ' (2-18a)

and

n
disdii (1) LI:Il Ooy(mw0oa

PP ) 12i<jsn

(5,0 [i1,i5] (HI)F[in 2] U*inip
n
= p ,
o 2 H disdis (i) 11 Opyiunp00,0 . (2-18b)
(PupDTH()) 1=i<j<n i=1
(i) E[i1dp) (Dn)E[T170] L+iyia

Using the relations (2-18a, b) in Z yields

n
Z:,B;’l;--,q’nﬂql,w,qn > 2 2] H di,jdz{:j(,u/)
2 =1 (PP 1=i<j=n
GF 1y (4,5)%([1y,1,] (2,7 %1y, 72]

n
X 11:11 5;7;'(;4'),;7,5@',@( - L/ 2mg ) — k:‘;,iz(#,))kz‘,,iz X2 (2-19a)
L+1y,ip .
As the sum concerning x in (2-19a) is taken over all permutations, the summation
over u can be changed to the one over . From this fact, one obtains

Z=(=1)BhwaBarman D 33 I desdls(y)

T =1 AP P () 12i< =0
D20 (4, 5)4(1g,45] (DFInTe]

X 11;[1 SvrwnpOane( — L 2mg) ki1 Vi iy X2=— 7 . (2-19h)

[+7,0,

Thus Z is equal to zero. Therefore we see that
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M:

Wil Uarean? = Biman Bavean 3 e

=1 {p; ;P (1)} 1si<j=n
I 11 (4,7)# (11,790 (,0)*[11,70]

< H OP[(#)P[OQ Q(L/9mg)kllzg<ﬂ)k11 iy

l#zl iy
K (st Foay— R () — RL ) Chsy— B (). (2:20)
[Step 2] In the same way as the derivation of (2-10), we can obtain

(ke iy — R (1) — Ri(12) )#Il]i Crymnp oo

n
- Zl Iki1=iada»1ia+kizyia(/;zvlfa kllla( )dz]la( )
zaliazl iy
n
Zzls(ﬂ)dlzlz(:u>} ]H P[(#),Pla(.)’,()- (2'21)

L#1iy,iy

Substitution of (2-21) in (2-20) yields

W qmanl Carvian? = BaromanBarman 2 23 > I deidis(w)
< Lpkiy APy P (0 1=i<j=n
3F0ls (L5 gdg] (D)1 0078]
X H OP[(#)P[(SQ Q L/ng klxlz(ﬂ>ki1,i2
[#:l, 12 ig
X 2 { = ki) di s (1) + by di ey — k(1) diyis (1)

Divis Dinis DTl ). plisl 12)

T+ Bipisd 4, 13}d11 13611,; za(ﬂ)dzz is iy, za(ﬂ)a(l) zs(,U) ng)
[k — k7 (1)), (2-22)

where the symbol (7, j)%+ (a1, 7, i3] implies that (7, 7) [z, 7], [71, 7s] and [z, 7).
If one takes the sums over pi,.q, pi.ulit), o and ph,. (1) by the same procedures
as the ones mentioned below (2-15a, b) one has

< wai,~~-,qh| qftzl,---,qn>:B;i,--~,qhﬁql,---,qn > > > 11 (l’z‘,jdi,:j(/l)

s dgtdy AP PN 1Si<jsn
i3F 1102 (7,7)%(4y,15,15) (EI)F[1112,75]

x H 5.01(/—‘)17169 Q(il L/ng)4

l+17y,1913
)<1§11<Im§3k;/"i’"(ﬂ)kil'i"’(k;,t(/l)7/eg',m(/l))(kq*/Ez-,,,)
% . 1
(fory— ki) )bty — b, ) (7 (10) — k(1)
| < 1 B 1 \
AN RGO ) T ke )
/ 1 - 1 [
+{\ i) — RL(1) /giz—/gi3>}y (2-23)
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One-Dimensional Many Boson System. I 1223

where it should be noted that all denominators in (2:23) do not vanish from
(3-25) inl. Now let us show that in the curly bracket of (2 -23) the terms
(1/ (BLlp)— k(1)) =1/ (key— ksy)) can be replaced by (1/2) (1/ (k# () — kip(e)) —1
/ (B:,— ki) in the following way. For this purpose we denote the contribution
from the first term (1/ (ki) —E5L(12))) by A,

AZB;imqthqu; > > 11 disdis (1)

iptiy APy PT(#)} 1=i<j=n
i3% 10z (§,7)%i1,40.i5) (1) F[122 78]

x I ap[w)ﬂﬁa o =1L/ 2mg)*

L*1iy,79,7
XL Ko b R ) R 1)) = )
X 1 (2+24a)

(foiy = ki (1)) ks, — ki YORE (1) — REC)) (Ri (1) — R (1))

Rewriting the summation over the permutation x by that over y':( 1,'2?_‘,'_"3),

My H2 e
wi=pee, (U id2, 13); M= M) M= [y, (2-25)
we have
A= Bql QnIBQ1 an > p 11 dz‘,jdi’:j(/!,)
12¢zl (p”p,](u)) lsi<jEn
i3¥ s (§,5)%[11,ig7a] (£ *171,72,73]
X H Opl (#)P{ L/ng
L+1iy,i0,13
X T Rkt ) byl (1) — ki)Y Rty — Rei)
1=/<ms=3
x s e —, (2-24b)
(kh*kil(# ))(kn‘kiz)(kil(/l )—kz‘g(/l ))(kia(ll )'kig(ﬂ )) !
since
n dideH= I disu),
1=i<j=n 1=i<jEn
(4,7)%[{1,72,73] (Z,7)*111,70.73}
T B WO — R D= T Ran ) i )= 10,
=2{<m=s3] = m=3
(2-26)

and the summation over all ¢ is equivalent to the one over all . Taking the sum
of (2-24a) and (2-24b) and dividing it by 2, one has

A= BanBaran Z 2 Z [T digdis(p)
o+t {P;, (e 1={<j=7
ig¥ iy, ig(t Jf*[zl iz la] (4,7)#[71,72,73}

X Il OprumpOanol — (L) 2mg)

L+1y,i91y
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1224 S. Sasaki and T. Kebukawa

XlslngBk;;yim(Ia)ki[.im( k;';(/l)*k;‘;n(#))(kn*kim)
« 1/2

(bey— k7 (1)) ks, — ki, )(RE (1) — R (1)) (i () — R (1))
Next let us consider the contribution (we denote it by B) from the second term
(—1/ (ks,~ k). Write down its expression by firstly exchanging 7> with 45 and
next rewrite the summation over # by one over g in (2:25). The sum of this

expression and the original one, multiplied by one half yields
B=3auBaan 23 21 2 > desdis(p)

# fpEd Py nbPHe)  1si<is=n
i3F 1,0 (4,7)*#[1y,i0,75] (£,7)F[71,72,73]

(2-27a)

X 1 SeramsSaeol — 1)L/ 2mg)*

L*17y,i913

XTI ki) erim( e (10) — k(1) ) sy~ i)

l=sl<m=3

g ~1/2
Ciu = R7C 1) Chiy = R ) i) = R 10) oty = )

(2-27b)

Substituting 4 and B in (2-23) instead of the second term in the curly bracket of
(2-23), we have

— * 14
< gfq’l,»--.q'n| w’qlw-,q,}*Bqaw--.qhﬁql,m,% 2 2 Z H di,jdi,j(/l)
p ¥ iy AP PN lsi<jsn,
i3F 11,9 (7,5)+{11,22.23) (E:7)F[71,72,73]

XTI SepimpSae(—1)(L/2mg)

L¥1iq,1913

X AT kGl ) Riinl ki () = R 1)) oty = i)

(1+1/ 2)[ ke, — BE(p) — (kiy— BE(1)]
(e, — ki (1)) (e, — fei ) (Rt (1) — RE () )Y Clory — Res ) (R (1) — B (1))
(2-28)

X

Now let us construct another expression by exchanging 7 with 7 in (2:28). Then
the sum of the result and the original expression (2-28), multiplied by one half,
becomes

CUqimail Uarman> = BirmanbBarman 2 20 > 11 drydis(pe)
# dakdy AP PYH() 1=i<jsn
iaF 11,72 (4,5)*[11,20,23] (£7)¥[71,22,75]

* I SprumpSanel =1L/ 2mg)?

L¥1y,1p13

X T kim0 R (ki (1) — R (1)) Chos,— Foi)

lel<m=3

(Be,— EL ()T =2 iy — ki ) B (1) — BE (1)) :
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Ome-Dimensional Many Boson System. IT 1225

Next we will intend to show that the contribution from the first term, 3(k:, — &/,
(#£)), in the bracket of (2-29) vanishes out. For this purpose let us consider the
following two permutations " and g¢”:

M=l = (IF 41, 12, 13)
Ha=Ha =M, Mo, M= LT (2-30)
In the same way as the derivation of (2-27a) from (2-24a), the contribution from
the first term 3(k:,— k7 (x2)), can be expressed as
> 2> 2 I disdis() T1 SppumnSeel —1)(L/2mg)*
# zzzml ()} lsi<j=sn L*1iy,i9123

is¥iyie (z 1)4:[11 i5,23] (£ .7)4:[11 [PRE
X T1 Riin 1) Riginl R 1) — R ) Chiy— i L D) + D)+ D(1")}/ 3,

12l<m=3
(2-31)
where

(1/2)(1+1/2)x3
(B, — ko) ke, — R (R ) — RLCN R () — ki)

D{p)=

We can easily observe that

1 , vy 3 1 1
S DT D) DU ) = = o) veiibiss (R(z) — i)

XA ket ( 1) — i () + (1) — ki (p) HRE (1) — B (1)} =0
This fact leads to
Woiarl Yaran> = Bit-anBar-an 2 2 > I disdii(p)

ki, AP P} 1si<jzn
i3F 1,72 (7,7)+[i1,i0.13] (1 7)E[i1,7235]

X II SepumnSoolL/2mg)*

L+1,1513

X H k:’;,im(ﬂ)kzlzm( ( ) kzm(/f))(kzl lm)

1=l<m=3

y (1+1/2)(1/ 2)233 -1 (i, — B 1))
(bo,— i () T13 -2 lor, — koo ) (RE (1) — RE 1))~

This is the result in Step 2. The result (2-40) in a general Step « will be
established by mathematical induction in the following way.

[Step (2-1)] Let us assume that the expression of the scalar product in Step
(a@-1) is given by

(2-32)

(a—1)2
Wil Veriad = Bliviboan D T gor(5E)
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1226 S. Sasaki and T. Kebukawa

X 2] IT

{pis,bi (/1)} 1=/<j=n
(zj)i[nzz o] (7,7)¥ i1, 02,

di,jdffj(/l) I

8[71(#)1718Q (4]
%1102, 1

x ggakz,z—mmkn,im(k;-;<p>—k;;nm))(ki,—kz—m)

1=

2! l(klz

ki)

Ko = RE N T2ty — hee) EE (1) — Ri(12)) (2:33)
[Step @] First note the Formula A
lil(kfl‘kﬂ(/l)) ﬁ Soryune,Oone
) i,
= ﬁ {Za:(klz hm ic, z,m klzla ,(#)d”ll n(ﬂ )} H 61’1(#)!71842 ,Q (2'34)

{av1 =1
las1F i1 la

of which the proof is given in the Appendix.
the summations over pi.i.. and pr.,.(x), (1

< qj‘qi.»-,th Uqymand = BaranlBaran 2 Z
14 ¥
¥ 0,02

las1F 11,02, i

@ L |2
5p2'<u),pz50',0‘2a_1 5

x II

1% 41,42, dans

x 11
EYAS

1 m=a

1

. ADig,
(7)o,

Riyim( 1) Riyin K2,

/¢71 ‘e

Substitution of (2-34) in (2-33) and
=1,2, -, a) yield

, .’-;-(/z); =<0
2 daan ] (1, 7)F i, e e |

disdii (1)

2mg

1) = k(1)) ki, = Riye)

X

ki, — ki () T1E-2(kr,— ki) (K7 (1) —

1 / L >2!1-1
ki)Y \ 2mg

u 1(#))(kil‘k[‘a+])

[ { 2(/1)} 1

a’,-,jdéij(ﬂ)

1<z\1 H

I;Ik lla+x( )klzln 1(kll(ﬂ)
a 1 }
2{ kz,‘kz,, k() R ()
= Bgr-anlaran 2 2
I IR Dig
73 11,12 (i) ¥l ta

x 11

[ 11,02, dams

x 11 kil,imk;;,im(ﬂ)( kz‘,‘*

lsl<m=za+1

1

] GV E i 2y e ]

a L \*
8192'(!1),1018@',@ 2&—1 < >

2myg

ki) (ki) = kin(12))

X Cor = RN T ey —

o) (BL (1) — k;-;(;iﬂ
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One-Dimensional Many Boson System. II 1227

X {(kl’,(/x)*ki—'aﬂ(ﬂ)*kiﬂrkm)

a (ke — ki ) RE () — EE (1)
+2< )

- (2-35)

(koy— ki ) (REC) — REL (1)) >}
(ki) — ki (1)) '

In the same way as the transformation of (2-23) into (2-28), it is shown that each
term below second term in the curly bracket of (2-35) can be transformed into half
of the first term, (1/ 2)(E5(p)— k7 () — kst ki), In order to verify this fact,

let us consider the permutation x' =(,%2"" ) defined as

Um= tm (m=*1y, {as1)

M= Hioar Hign = Mig
where [ indicates an any integer among 2, 3, --*, @. Now replace the sum over the
permutation g in the contribution from the second part X(x)= —((k:—ki..)

{RL ()= B () [(Bi ) — ki, (1)) of the [-th term in the curly bracket of (2-35)
by the one over the permutation 4#’. Since all factors in the bracket of (2:35)
remain unchanged for this replacement, the contribution from X () is equal to the
one obtained by the replacement of X (#) by (X (x)+ X(x'))/2, which is

(X()+ X)) 2= — (ks — ki )/ 2.

In the contribution from the first part Y(u)=(k:—k:i. (ki (p) =k, ()] (ki —F;,. )
of the [-th term, on the other hand, first exchange 7. with is+1, and second
replace the sum over z by the one over r'. Then, it is permitted that the term
Y{(y) in (2-35) is replaced by (ki (x)— ki..(#))/ 2. These results give

— Nk
< wqaw--ﬂ’nl Ugriman? Aqulv"',q/rtBQh“'»Qn > Z 2
” ¥4 AP, pise))
is¥ 1,12 (i) F a2, e

fas1 = i1 02 i

X[ I disdis() Il SerawpSae
12/<j2n [# 11, Tas1
(I-,J'>:t [il"'['arl]

Xa(a/+14)_<71,7 azﬂ_ﬁinéawtlkil,imk;fl,im(ﬂ)(kilikim)(k;fl(ﬂ)_k;fm(/l))i]
2¢ 2m§) (e, — (D TTE23 Coiy— ke ) (i (1) — Reil(12))

XAk (1) = ko) + (R — R (1)) ). (2-36)

Next let us consider the symmetrization of the term (k.. — ki..(1)) with
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respect to the suffixes 7, 7s, **-, ia+1, as follows. Note that all factors in the
bracket of (2-36) remain unchanged under the exchange of /(2= = @) with Za+1.
Summing the (@ —1) expressions obtained by those exchanges and the original one
(2-36), and dividing the sum by @, we have

< w‘]’l""?'n' qf‘h"'ﬂn>

— B Bara, S 3 T s
6‘71 Qnﬂ‘h dn e e .4“)“1[);;’(#)} 1<Z<l<?l dz,_]dz,](#)
P G ) F 00,72, e ) (7)) F (142, gt
lav1F 11,02, la ‘
a+1{ L \*
N e (L
Vi ivinyiany PLUMPOQC 28\ 2mg

Hlsl<mSa+lkzlzmkz,zm(ﬂ)(kzl kzm)(k;;(ﬂ) ki ()
IT222 (e, — R )R (1) — ki (1))

e+ 1) (ke (1) — ki) T 2205 (ks ki)
(ks — EL (1)) :

(2-37)

Here we turn our attention to the contribution from the first term in the curly
bracket of (2-37). In the same way as the derivation of (2-32) from (2-29), let
us consider @ permutations p@, @, .- **V defined as

(s) —

(s)iﬂm s (mi il, ZS), /l(lf):/llsy i = ﬂil -

Then the same consideration as in the case of (2-31) leads to

BaranBaran 23 20 2 II diidi (1)
“ 2% iy {pis pisle)} 1= <j=n
i3 11,72 (ij)*ﬁ: tart] {7, VAL (IR
lat\F 11,72, la
atl{ L \*
x 11 0 5 ( >
T Pr(mp0Q,07 oa 2a ng

o« Mistcmsan ki inkiin( 1) Coyy — ki) (Rii10) — R 12))
T1822 (ki — ki)

a+ —1
[E IEHEA k;;m))] (2-38)

for the contribution from the first term in the curly bracket of (2:37). We can
observe here that
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+

a

1 1 O
0TI R () = Rip)) —

I+s

fl

by taking the limit of infinitely large x for the identity

L x :"é‘ x — 1 ,
e x— k() & =kl " TR = ki) (2739)
l*s

Thus the contribution from the first term in the curly bracket of (2-37) becomes
zero, and hence we have

" a+1{ L \*
< wqi,"-,q;zl Ugrsan? = BaromanBarman ; h;[,l 9@ ( 2mg )
B3¥ 1,0z
et oo i
X > II disdis(pe)  T1  SoypimeSane

{posbis(s)} C1=i<j=n, I i e
CR A E (AR TRITN PO L €00 Lol PPN ARIEN oY |

X TL kbl ) = ki) R 12— R 12)
13 (s, — R 11))

X ey — ROV LTS ooy — i) el (20) — R (1))

(2-40)

In this way the expression (2:40) in Step @ has been established.
By mathematical induction the result in final Step (#—1) is given by

< w‘qi,--uq;J wa,~--vqn>

(L)

= BaranlBay - s R Sor

B‘I;, ,‘ZmBCh. 1‘171? Aizg,il_ 2n 1 ng> Qe
I3F 11,12

in+iyia in-

XL skl 12) e i) R 1) — K1)

1 m=n

IiA

X 200 (oy,— k(1))
(foi, — v ) T P=2(lory, — Ri J(RE (12) — R 1)

=0, (2-41)

where the final equality is due to the fact that 8o .o( 227, (k:,— k(1)) = S0 (Q
—Q")=0.

Thus we can conclude that two states with different sets of momenta (gs, -,
qn) and (q, -*-, gn) are orthogonal to each other. It should be noted, on the other
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hand, that the normalization factor is not determined” by the discussion men-

tioned above, and this problem remains an open question.
§ 3. Ground state and low-lying excitations

In this section we will show that the state with minimum energy is given by
| ¥oo.-0> and will investigate the low-lying excitations in a simple case of infinitely

large g.
3.1. Ground state

The energy eigenvalue (2:27) in I can be expressed in terms of the (%2—1)

parameters 4:(s1, sz, ***, sn—1) introduced in (3-4) of I. In order to show this fact,
let us first note that the parameters k:(7=1,2, -, n) are given as
k=L S k=L LS s, s, s, (3-1)
and
; / for /=i—-1,
Xl:{*(nrl) for =17, (3:2)

where @ indicates the total momentum (g1 + g2+ +¢») and equals the sum (4

+ kot + ka) from (3:13) of I. Then the expression (2-27) in I for the energy

eigenvalue is rewritten as

1
2mnz{n‘Q2

Eqapman—

n—1

+l§ Z XLiniA[<SI, Tty Sn—l).dj(sl, Tty Sn—l)}, (3'3)

l,g=1

where use has been made of the fact that 2 >ty 'd =3 27 (ki— k) =0.
The definition (3-2) for x.’ vields

n(n—7j)! for =7,
{ 31)

Dt = ,
S nln—1)7; for /=7.

From (3-4), the energy eigenvalue expressed in terms of the parameters 4:(s1, sz,
-+ $n-1) is given by

QZ
th‘lz:'“ﬂn 5

:27}’”7 +E(Sl,32,"',8n—1> (3-5)

*) In the case g— o0, the normalization factor can be determined, as will be shown in a subsequent

paper.”
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and

n—1
1 {Z(W*Z)ZAZZ(Sl,”',Snfl)
N oi=1

E(s1, 52, ", Sn—1)=
2m

+1Sl<125n712(7l_]‘)141(81, cTTy Sn~1).dj(51, ey Sn~1)},
(3-6)

where the first term in (3-5) evidently indicates the kinetic energy of the center
of mass, and the second one implies the energy of the system about the center of
mass. The energy eigenvalue (3+5) is completely specified by the total momentum
@ and the (n—1) quantities s; = g;+1— ¢: as readily seen from (3+5) and (3-6). In
this sense, the (z—1) quantities s: can be regarded as internal quantum numbers.
In (3-6), all coefficients in front of the product of two parameters 4; are
positive integers, and further the parameters 4; are positive and have the
minimum values 4:(0, 0, -=-, 0) at all s;=0 from (3-33) in I. Hence we have

(s, Sz, ", sn-1)= € (0,0, -, 0), (3-7)

where the equality holds only for the case when all s;—0, namely only when ¢

=¢g:=-=gn. Thus it can be readily seen from (3-5) and (3-7) that the total
energy (3+5) takes minimum value &£(0,0,---,0) only when Q=0 and $1=s2="-
=sn1=0, that is, g=¢.=--=g»=0. Hence the ground state of our interacting

system is given by a single state | @oo,0>. It will be shown in a subsequent paper”
that the ground state is a condensed state of bose particles with zero momentum
which are exactly dressed with interaction cloud.

3.2. Low-lyving excitations

The investigation of excitation energy can be achieved in principle by solving
the simultaneous equations (3+12) in I for various sets of quantum numbers (g1,
gz, qn). They, however, are transcendental equations, and hence we are
forced to solve them numerically. In order to avoid this unfortunate situation, we
restrict ourselves to the simple case of infinitely large g. For this case, we will
investigate in detail the excitation energy. In this investigation, we intend to
discuss the Type II excitation which has been pointed out by Lieb,” and further
to clarify the appropriateness of the quantum numbers {(q, gz, =**, g») for the
description of energy levels.

In the case of infinitely large g, the quantities %; are given by (2:30)inI. For
given quantum numbers,

611§Q2§"'§(1n, (38)

the eigenenergy is written as
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Eavarman=Ect g 8 PP 2i= n=1)a+ & 0}, (3-9)
from (2-27) and (2-30) in I, where E¢ indicates the ground state energy

2 2 2
ol () )

1) Single excitation

The restriction (3-8) for gquantum numbers leads to two cases of single
excitation, that is, (¢:=0, ¢2=0, =", gn-1=0, gn=p) or (g1=—p, ¢2=0, ¢s=0, g
=0) for p>0. From (3-9), the energies for these cases become

Eoor0p=Ecter (3-11a)
and

E-poo=FEc+e s, ' (3-11b)
respectively, where

=Tl (2 1)|1>|+ (3-12a)
m
which indicates the energy of single excitation. In the limit of #—c0 and L— o0

for a fixed p=#n/L, one has
_nh »’ ]
Ep= " plp'+2m . (3-12b)

The spectrum (3-12b) has evidently phonon character in the region of small
momentum p, and the phonon velocity ¢ is given by

==, 0" (3-13)

This result that there appears phonon spectrum in low-lying excitation has been
pointed out by Girardeau® and Lieb® by analogy with the excitation of a fermion
from the surface of Fermi-sphere in non-interacting many-fermion system.
i) Double excitation

The restriction (3+8) for quantum numbers gives three cases for double
excitation, and the energy and total momentum in each cases are given as follows:

(Cese a) (q=q="""=qn-2=0, ga-1= D1, gn=p2; 0< p1= p2)
Eo,o,---o,pl,pziEc+€p1+€p2*%4%pl (3-14a)

and
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Q=p11 D2

(Case b) (= =02, 2= —p1, @s= s = =0; 0< p1= p2)

E~p2,-pl,o,o,...,0:E(;+ep,+epz—%%pl (3-14b)
and

Q=—(pitp2).
(Casec) (q=—p1, @2=q==qn-1=0, gn=p2; p1 >0, p2>0)
E py00-00,=EcTéep, T ép, (3-14c¢)

and

Q= p2—

As readily seen from (3+14a, b) the excitation energy for double excitation involves
the term —2zhpi/mL which comes from the effect of interaction. Since this
term vanishes out in the limit of #—° and L—o for a fixed o=n/L, the
excitation energy becomes the sum of two single excitation energies, &p,+ ép,.
iiit) Multiple excitation

The multiple excitation, in which / quantum numbers have nonzero values,
has the following three cases:
(Case a) (gi=q=""=qgn-1=0, Gn-t=1= D1, Qn-t+2=D2, ", gn=0»1; 0<p1= pa--
=p)

L l
Eooi 150, = Ec+7{g (n 204+21—1)p; g JL

I3
0= (3-15a)
(Case b) ((]1 b1, e, L:Z?l,QL+1:“‘:qn:0§plg"'§p1<0)
l
Ebvpppsoro= E(,+—2L{§l 2R (9i—n=1p, + 31 ps }
A
(Case ¢) (qi=p1, ", @G = Ds, @1 =" =qn-14+;=0, Gn-t4511= Ps+1, =", @n=D1; I

gi)zé §p]<0<pj+1: gﬁ[,]<1)

Evoaepsomtpsess = Eo +2i{ $ 2”h 2T o 1) pe
m li=1

‘ !
+ > m( —2[+2{—1)p:+ ;piz},

i=j+1
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Q:gpi, (3+15¢)

When //n can be ignored in the limit of #—o and L—-co for a fixed density o
= /L, the total energy in each case becomes

I3
(Total Energy):Ec+§1 Ep,, (3-16)

which indicates that the interaction energies among multiple excitations can be
neglected in the case //n—0. For small momenta p., the total energy (3-16) is
reduced to

I3
(Total Energy):Ec+§1clp,—I. (3-17)

The expression (3-17) means evidently that a multiple excitation is composed of
multiple phonons. When //# cannot be ignored in the above limit, on the other
hand, the interaction energies among multiple excitations become so important
that they give rise to a drastic change in the excitation energy. This will be
shown in a forthcoming paper.”

By analogy with the excitations of Fermi gas, Lieb has proposed type I, type
II and umklapp excitations as the elementary excitations in the interacting many
boson system. As has been stated by himself,* however, there are some
difficulties.*” These difficulties come from the unnatural viewpoint that the
excitations in the bose system has been analyzed by analogy with the ones of
Fermi gas in spite of bose system (although the authors think that this viewpoint
is obliged to be taken by a historical situation).

If this unfortunate viewpoint is changed to our standpoint, there does not
appear those difficulties. This can be seen as follows. It will be shown in our
subsequent paper that new creation A,* and annihilation A, operators can be
introduced by using a unitary transformation U,

Ap*:Udp*U*, Ap:UapU*

and of course satisfy the usual Bose commutation relation. Then, the exact
excited state with / excitations with momenta i, p2, -**, p: 1S expressed as

lexact excited stated> = A}, Ab, - Ab,(Ad™)* 0>, (3+18)

*) Qee page 1618 in Lieb’s paper.”
**) Another difficulties can be pointed out as follows. In Lieb’s classification scheme, the excited

state with two excitations, which is constructed by bringing about a excitation of momentum p after
exciting one with ¢ is different from the excited state constructed by the opposite order. Furthermore,

after a type I excitation with momentum p{ >0) has been excited, it is forbidden to excite one more type
I excitation with p+2zA/L in the case g—~o°. This means that Lieb’s excitations have no Bose

nature.
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in terms of the creation operators A,*. Thus, by virtue of Bose nature of A5, the
difficulty mentioned in the footnote® has been overcome. Furthermore it is
evident that there do not*® appear such other difficulties as stated by Lieb.

As readily seen from (3-18) the quantum numbers g; introduced in our paper
imply the momenta of the exactly dressed bose particles created by new operators
Ap*, and, therefore, they are appropriate quantum numbers for description of the
many boson system.***
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Appendix

Formula A: Let the set {7s; 8=1, 2, -+, @} to be any subset of the integers 1, 2, ---,
n. Then, the following relation holds:

gl(kiﬂ‘kg; (1)) H 31)1(#)1)1590
[:th

= Z‘ g{kw G k() dl G ()} 1I:11 Sy loae, (A-1)

j= . .
JED e I+, e

where Q' =217-1¢; and @—27-1¢:.
This is justified as follows. First note that

=[Q—Q— 121 (pi ()= po)] H apl(u)plae Q- (A-2)
1%y i z¢zl
By using the facts that Q' =27 p/(x) and Q:ZZ=1p:, the right-hand side of
(A+2) can be rewritten as follows:

0:;;1[( 2 Dii(a)+qe) (1)) —( Z Dpiitai)] [H1 Orywnp, S0
- J* j=1 =
JFis JF i I$i1,,1a

*) Qee the footnote on p. 1234.

) As readily seen from (3-18), our each excitation is specified by only one momentum p of the
operators A,*, and the momentum p has no provisos in contrast with Lieb’s classification scheme (see
page 1618 in Lieb’s paper®).

***) On the other hand, Lieb and Liniger’s quantum numbers »; are related to our quantum numbers
as

L
i = Zﬂ_h((lzn q,)+1,

and they have no physical meaning.
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ﬂé[ Z {plﬂJ k:,iJ(ﬂ)) (piﬂ.].ikiﬁy,7.)}

J*u
+ (B () —kis)] 1U1 Opyin,00,0
Z#z}‘,'“,ia
:Z[E{kwd,ﬁ, ki) di )+ (ki ()= ki) H 691(!‘)?18()'0,
=
e /¢11

(A-3)

where we have used the definitions (2-20) and (2-22) in I for d:, = d(p:;; ki;) and
k:, respectively. We can observe that

PR {kinjd;, = kLu(m) did (i)
];
= 2 Zlkid, g k() di (), (A-4)
i e
holds according to the antisymmetricity of k., and £7;(x), and the symmetric
property of d:; and di;(s) for exchange of their suffixes. Substitution of (A-4)
in (A-3) gives Formula A.
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