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Department of Physics, College of General Education
Osaka University, Toyonaka 560
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The analysis for a one-dimensional many boson system with a repulsive delta-function
potential is continued. It is shown that the expectation value of the number ao*ao of bare
bosons with zero momentum for the exact ground state | ¥o,..0> is negligibly small compared
with the total number » in the limit of an infinitely large coupling constant g¢g; ie,
L Wy..0)ao” ao| Yo /n—0(for m—oo, g—co). This result shows a striking contrast to the result
 W,.0)lA0* Ao| ¥o..0>/n=1 for an arbitrary g, where A¢*Ao indicates the number operator of
exactly dressed bosons with zero momentum. It is clarified that the energy of a dressed boson
strongly depends upon the number distribution {#4} of the other dressed bosons in the system.
The excitation energy of a dressed boson has phonon character when #o/% +0, where #n, denotes
the number of dressed bosons with zero momentum. When no/n tends to zero, the phonon
character disappears in a drastic way. Some characteristic phenomena in liquid helium II are
discussed on the basis of the results of our previous papers and the present paper.

§1. Introduction

In a one-dimensional many boson system described by the Hamiltonian,

2
HZ? me ap*ap+p§r%az+r42—rﬂqap, (g>0) (1-1)
the eigenvalue problem has been solved exactly in previous papers’?® (hereafter
referred to as I, II). For arbitrary quantum numbers ¢: < g: =--- = g», the eigen-
state and eigenenergy are given by

| gfql,q%m,qn):thm’qnm» -‘1§<jsn) lsz‘lesnd(pi’j; ki'j)ilzl a i]pi'jJrqi'O) ’ (1-2)
Eq:,%-v-,qn:121(1/27%)/?1'2 , kizjglki,j+Qi , (=1, m) (1-3)
Jei

where d(pii; ki)™= — kii/(pis— ki), psi= — pis, ki = —ki; (1=27<j=n), ks are
uniquely determined by (2-26) in I, and Sq,.-.¢. denotes the normalization constant.
In the limit g— o, k&;; and S,..4, reduce to

kis=—(xh/L)e:;, ewi=—D)/l7—dl, (i*)) (1:4)
Bayman=(7/2)7 "2 (1-5)
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832 S. Sasaki and T. Kebukawa

In our third paper® (hereafter referred to as III), a unitary operator U, which
transforms free eigenstates for a noninteracting system into the exact eigenstates
(1-2), has been successfully constructed (see (3-10a), (2-3a), (2:2) in III) in the
form as

oo n—1(__ n—1{ n—1L n—t
v=1+ S5V s W
[=2 (71 [)Y PrPn-y £=1 i=1

=2
*1 n — 1 n X n
=D s T an), (1-6)
. PrPn i=1 =1
where
Un :qléqzzg-..gqn {p,-,j;lgzi:q‘gn}Bq"m'qnaq"m’q" 1§i1<_[j§n d(pus; ki’j)ill a Jépi,j+Qii];]:l aq; -
(1-7)

The unitary transformation leads to the introduction of the creation and annihila-
tion operators of an exactly drossed particle with momentum p, as

Ap*:Uap*U*, Ap:Ude*. (18)

Then, the eigenstate (1-2) is simply expressed in terms of the dressed operators
Aqd* by (see (4-11) in III)

| wa,qz,~~~,qn>:aql,qz,---,qnlllAzil())EHQI, gz, ", qn> | (1.9)

From (4-21) in III, the exact ground state | ¥oo,-0> is expressed by v1/n 1 A5"|0D,
which indicates evidently the condensed state of n exactly dressed bosons with
zero momentum, that is,

< qfo,---,o|A0*z40| Qro,---,0>/1/l:1 . (1'10)

On the other hand, Lenard et al.””® have shown that, in the limit g — oo, the zero
momentum condensation for bare bosons does not exist, i.e.,

im< @0l @o* a0l ¥o-0>/m=0, (L—oco for fixed n/L) (1-11)

g—oo

although their calculations for (1-11) have been carried out in the first quantized
form.” In § 2, the result (1-11) is confirmed from the second quantized form.
Section 3 is devoted to showing that the unitary operator U is invariant under
any Galilei-transformation. Owing to this fact, the dressed operator A," has the
same transformation property, G(v)As" G*(v) = Ab+mo, as that of the bare opera-
tor a»®, G{v)ap*G*(v)=a}+me, where G(v) indicates a Galilei-transformation
operator with a relative velocity v.

The main purpose of this paper is to investigate the properties of the excita-
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One-Dimensional Many Boson System. IV 833

tion energy in detail. As will be shown in § 4, the phonon character of the
excitation energy is lost with disappearance of the condensate of the dressed
bosons. In this case we can see that the functional form of the excitation energy
versus momentum depends sensitively upon the distribution of dressed bosons.
In the final section, we will discuss some characteristic properties of liquid helium
on the basis of the present theory.

§ 2. Number distribution of bare bose particles

In this section, we will calculate the expectation value of a¢* @0 for the ground
state | To.o.-0> in the case g— 0. The expectation value is shown to be expressed
in the form of Toeplitz determinant.” By using Lenard’s arguments,” this
determinant becomes zero in the limit L— oo for fixed »n/L. This indicates that
there does not exist zero-momentum condensation of bare bosons.

The expectation value of the operator a»*a» sandwiched by the exact ground
state | ¥o..0> in the case g— 0 is given by

vare(p) =< qfo,»--,ol ap® (1p| Ty

:(7[/2)\’2(”7”{!7' “p §§s<t§n) 1ssljt§n{d(p,s’t; (77[h/L)6s’t)d(ps’t; (A”h/L)Es't)}
X 2163 pr, )3 [0 P, 360, (2-1)
J*l J*l J¥l

where use of (1+4) and (1-5) has been made, the symbol X . indicates the summa-

tion over all permutations ﬂ:thz;':::;}) and 6 (p, g) implies the Kronecker delta-

function 64. Noting the relation

L d(pse; (—xh/L)es.)= L A (- ALY epon,), (2-2)

1 1

which is derived from the definitions below (1-3), one has

fivare( ) = (7/2) " V3 3

{pusnopse; 1= s<t=n)

x o A Ppons (—aH/L)pon,)d( pse; (—Th/L)es,:)
><5(j:ll)1,j,ZJ)ZEIﬁ(Jgf)LbM, bus). (2-3)
J*i J*l

For brevity, let us introduce the following notations:
05:() = Pugy,  €5a(1)= €pgn, = (pte— p25) /|1 — 12|, (2-4)

Then, we have
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834 S. Sasakt and T. Kebukawa

Tivare(§) = (7/2) " ) 2 1t p), (25)
[1(# D)—

(Psg(ll)PstlSs<tSn}1Ss<t n

Xd(ps t(ﬂ ﬁh/L)é‘st /»’-))a](ﬁst ﬂf?/L)Es,t) (2'6)

5(1§P1,;‘, p)lgl (g piip), Z )
FEN FETA FE 4

Here the product of # kronecker symbols in (2-6) is reduced by the antisym-
metricity of p%.(¢) and ps. as

H8(E piaie), 3 pi)=[16CR pi(a0), 3 o). (2:7a)
J#l K2 {7 J*l FE

These (#—1) kronecker symbols give

plilp)=puat Z‘. (pes—pis(p)). (Is(=n, [=]) (2-7b)

J#:l 1

Use of (2+7a, b) in (2-6) yields

Ly p)=
p’ s:(#)Psglssjifn 15s1<ttfln
X d(pse(p); (—ah/L)es (1)) d(ps.e; (—rh/L)ese)
x 2 A{d(pu+ 2 (Drs— 0V5(1)); (= Th/L) el (1))
[ropziEnt i
Xd(pc,l;("ﬁh/L)EL,!)}@(Jépl,j,p). (2-8)
FE

By changing the summation variables ps.:(x) (s¥1,t*1)in (2-8) as
Vst = pae() = Dot , (s=1,t=1) (2-9)

the expression (2-8) is rewritten by

L(u; p)= 2 I1
{fs,z,Ps.z;1§s<t§n 1=s<t=n
S*ELE+] Skl t+]

X d(pse+ v (*77;7/L)6;’,t(ﬂ))d(ps,t; (—rh/L)esy)

< 3 Hdpu— 3 s (= ah/Lek ()

. =1 =
puslsisal+l) (71 ]JH ,

d(buss (— Th/L)e)t (— 2 puu, p). (2-10)

FET
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The summations over ps.:(s¥1, 1) for the fixed values of rs,: produce

Lg; p)= 2 (mj2)ove® 1 eselp)

reslEs<tsn
S*l,t+] S*I,t+7

X 8 (rse, (h/L) €5, —€5.e(12)))

x 3 ﬁ[{d(z)u 2 i (= xh/L)el ()

<=
{pul=isul+I} ! Jill

X d(pus; (= ah/L)eu)}6 (= X paa, ), (2-11)

FED
where we have made use of (1:4) (note &s,,=1 for s<¢) and the formula (2-14)
of I11, i.e.,

;Z,d( Vst Ds.e; (_ﬁh/L)€g,t(/l))d(1)s,t; (*ﬁi?/L)és,t)
=(7/2)e6e(1)8 (rse; (mh/L)(esc—e5.:(12))).  (2-12)

Next, carrying out the summations over rs., we have

s D)= (2/2)7 50 T el 3 a<~l§1pu,p>

sisf,ttf;l {Pl" ﬂg[zirll L+]
X H{d(j)u+ 2 (ﬁf?/L)(é‘zJ(ﬂ) erg) 72'77/[,)611 ))
l#l J:t:ll
X d{pur; (‘ﬂf?/L)Ez,[)}. (2-13)

We can observe here that

dCpat BTt el el (1)

J#l 1

(m‘?/L eli{y)
pu+(7rh/L)2 (el(p)—ews)H(ah/L)ews

75

(2-14)

and

Jé(gxf(ﬂ)*eli):{(77‘#1)*(/@*1)}*{(n*Z)*(]*])}:2(]—m)_

J*l
(2-15)

By inserting (2-14) and (2-15) into (2-13), and by using new notations as p.
=—pu(1=1=n, I%1]), we get

(n-11n-2) n
[](#’ﬁ):<§> 1§s<t;n6g‘t(/j{)m;2 8(2pl,ﬁ)
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X

n { (wh/L)Yer, « (rh/L)e., }
1 —pi+Q@ah/LY I — )+ (xh/L)e,, - —pi+(xh/L)ew, )

(2-16)

l
[4

where we have used the relations
elilp)=el(p)ens (I<I); el(p)=ellp)en (I>1). (2-17)
Substitution of (2-16) in (2:5) yields

—2(n-1) n

ﬁbare(p):<§> ,Zl ? 6(#)%‘/010%64;:1/;1

=1 (zh/L) ™"
I 3 i #RILY b+ 2an /L) — ) 2h/L)
% ﬁ (ﬂi?/L)zeiplI/h

i=iv1 57 (oot ah/LY(pi+Qah/LY(pu— 1)+ xh/L)

(2-18)

where we have made use of

8(3pe $)=QU/L) [ dx exp(i( 3} pi— p)xin),

i+7 L+]

and e(u) indicates ITisi<m=ne’m(x) which equals +1 or —1 according to whether
w is even or odd permutation, as has been proved in Formula A of the Appendix.
Now let us change the summation variables in (2-18) as

b= p+Q2xh/L) ], (1=7=71-1)
b= i+ Q2ak/LYI—1) (I+1=1<n)
Then the expression (2-18) is rewritten by

Tivare )= (2/2) % (1/L)
L : . 7
X [ dre mngtann b2t det(afh(x), (2-19)
0 =1

where det(at=(x)) indicates a determinant of the »# X » matrix (a¥h(x)),

/ _ (zh/L)?e™ ™" I¥1,1<(=n
a&’z"(x)_; (g+(2xt/L)I—nh/L)Y(qg+2xh/LYm— ah/L) { 1§m§n}’
an(x)=1. (1=m=n) (2:20)

- According to Formula B in the Appendix, the sum of the determinants can be
modified as

31 det(atlh(x)) = (27 /4)" Ve TIIIIT det( G (@), (2-21)
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where a=27xx/L, and det(Cs-:(a)) denotes a determinant of the (»—1)X(n—1)
Toeplitz matrix, of which elements are given by

Cla)=26.0cos —%—51,1*81,71+%
sin((/+Dlal/2)  sin((I—1lal/2) . cos(a/2)sin(l|a|/2)
X{ I+1 + I—1 2 ] }
(2-22)
Then, we have
ﬁbare(p) :(1/2”)£2”da g HEEn e det( CsAt(Q))- (2'23)

The Toeplitz determinant” in (2-23) agrees with the starting expression (20) in
Lenard’s paper. He has shown that

1/2
and hence vare(0)= O(#n''?).

s

det(Csvt(a))<‘

en
sin(a/2)
This result indicates that there does not exist the zero momentum condensation
of bare bose particles, i.e.,

Iim< W0,0,»»-,oldo*aol gfo,o,---,o>/n:}1izlgo( ﬁbare(())/n):() . (2'24)

However, one should note that
< qfo,o,---.oIAo*Aol Yooror/m=1, (for all n=1,2, ) (2-25)

for dressed bosons, and thus it should be emphasized that the ground state is not
the condensed state of the bare bosons but that of the dressed bosons with zero
momentum in one-dimensional many boson system. This property will also be
kept presumably even in the three-dimensional system.

§3. Galilei-invariance of the unitary operator

As has been shown in III, the unitary operator U has been constructed in a
coordinate system of inertia S. It is not trivial whether the unitary operator U’
in another coordinate system S’ is identical with (/. In this section we will show
that the operator U is invariant under a Galilei-transformation G(») from S to
S’ that is, G(v) UG(v)*= U, where v is the relative velocity between S and S".

As is shown in Formula C of the Appendix, the Galilei-transformation is
given by

n-—1 ¥1)n—1
=1 W b1 'gn—z QZJI..a;n-zGl( Z/’)Clpl"'(lpnil

G(u>:1+§[cn<u>+

n=1
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838 S. Sasaki and T. Kebukawa .

+(—_—1,)— = ai‘»,"'aznam“'apn], (3-1)
n. PP

where the velocity v=(2xh/mL) Xinteger, and

n

Gn(v)= 2___@ b+ m0,pot moye ot molpypobn 1;[1 Apy+mo 1;[1 ap, , (3-2)
in which @q,q,-4¢. denotes the normalization factor defined by (2-2) in IIl. By
using the formula C, the Galilei-transformation for the operator U. of (1-7)
becomes

G( U) Uﬂ G(U>*:q §Z§q a"?h“‘ﬂnﬁ‘hv'"ﬂn( 2 H d(ﬁi,j; ki,j)

PiilSi<ignt 1=i<j=n}
n

n
* n
” zlla S pistaitmy I aq;imo

=1

O

*i

<.

=, 2 ,a/q'rmv,--uq'rmvﬂq’rmv,-»-,q'rmv
Q=29 'n

n ”n
L. L. * n ’
X(Pi,jll§2i<j§ﬂ) 1§z‘1;Ij§nd(pl’J ’ km)il;lla ;p”*qi' 11;[1 dai
FES) (3'3)
where ¢;'=q:+muv(i=1, - n). Since the parameters k., have been uniquely

determined as the functions of s:=gix1—qg:(i=1,--, n—1) in § 3 of I, we obtain
Bis=kii(s1, -, Sn)=kii(si, o, sa’ )= ks, (3-4)
where s;"=g¢gi-1—¢:". Noting that
gy -mooman—mo = Qay'rman »  Bay-mosman—mo = Bayiman (3-5)
and substituting (3-4) and (3+5) in (3-3), one gets

G( U) U’l G( U)* = , 2 'aql’v"'in/Bqllv"'vqﬂ'

91'5=29n

1S5

X{Pi,j;1§2i<j§n} léi];[jénd(pi'j; k;’j)il;lla ‘Jé pii+al zl;Ilaq’ ’
FEZS (3'6)
which is identical with (1-7), that is,
G()UnG(0) = Un . (3-7)

As readily seen from the definition (1-6) of U and (3-7), the Galilei-transforma-

tion for U is

G UG)*=U, (3-8)
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which indicates that the operator U is invariant under Galilei-transformation.
By virtue of the Galilei-invariance (3-8) for U, the dressed operators A,* and
Ap are transformed as

G( U)Ap* G(U)*:A2+mv y G(U)ApG(Z))*iAp+mv y (3'9)

since G{v)Ap* G(v)* = G(v) Ua,*U*G(v)* = UG(0) ap*G(0)* U* =Ua}+ molU* = Absrmo
from (3-8) and (1-8). From (3-9) one can readily see for the exact eigenstate
(1-9) that

G, -, go> =g+ mo, -, g+ mov>. (3-10)
Hence, the ground state (1/vz ! )(4c*)"|0> is transformed as
Go)X1/VuT)(Ae)™0>=(1/vVn T ) Aks)"0> . (3-11)

This means clearly that the ground state in a moving »-boson system with
velocity v is the condensed state of the dressed bosons with momentum .

In closing this section, let us show that the Galilei-transformation for the
Hamiltonian (1-1) is obtained by using Formula C as

G(oYH(a*, a) G*(v)=H (a", a)-v? pap*ap-F(mvz/Z)%‘. ar*ap . (3-12)

From (3-12) and the Galilei-invariance (3-8) of U, the Hamiltonian H(A*, A)
expressed in terms of the dressed operators A" and Ap in (4-20) of III is shown
to be transformed as

GYH(A*, AYG(v)*=G)U*UHU* UG(v)*
=H(A*, A)—v ; pAp*A,,+(mz;2/2)§ Ap*Ap . (3-13)

§4. Disappearance of phonon character

We first investigate the energy of an exactly dressed boson with momentum
p, which is defined by the increased energy of the system when the single dressed
boson is added to the system specified by the state |g.,*-,g=>. The first purpose
of this section is to show that the energy of a dressed boson depends not only on
its momentum p but also on the quantum numbers ¢, ***, g», namely, the number
distribution {4} of exactly dressed bosons of the state. On the other hand, the
single excitation energy of the system, which is different from the energy
mentioned above, is defined by the increased energy of the system when a dressed
boson with zero momentum is excited to have momentum p. The second purpose
of this section is to point out that the phonon character of the single excitation
energy is lost drastically with disappearance of the zero momentum condensate
of dressed bosons.
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For the first purpose, we consider [H(A*, A), Ao*lla1, -+, g»> which becomes
[H(A*, A), A llar, - an>=wslq, -, an) As™ar, =, gn> , (4-1)
CUP( qi, ", qn):EP.Q]."‘-‘Iniqu."'y‘In y (4'2)

where H(A*, A) is the total Hamiltonian rewritten in terms of the dressed
operators as (4-20) of III, and Ep,ql_---,qn is defined by (4-15) of III. The energy
difference ws(q1, *-*, g») defined above indicates the energy of an exactly dressed
boson. As readily seen from (4-2), the energy of a dressed boson is dependent on
its momentum p and the quantum numbers qi1, ¢z, ***, ¢» of the eigenstate to which
one dressed boson with momentum p is added. One should note here that there
are interaction energies between the added dressed particle and the original »
dressed particles.

In various approximations in many body problems, one has been tried to find
such operators a,* that satisfy approximately the equation

[H, ap™|= voar* . (4-3)

At a glance, Eq. (4+3) resembles (4-1) in their forms. However, if one calculates
the commutator [H(A*, A), A»*] directly, one can get

[H(A*, A), Ap*]

(__1)717[

_r Ap*JFi > é

— n—1 n—1
* *
EppppinwAp™ 11 Ap T A,
! i=1 i=1

2m A=z prpmpny i=1 (m—[)1([—1) =
oo n—1 (_l)ﬂ*l N *n—l *n-I
+nZ::2 Pl-sz‘Z',pn—l lgl j/lilil—mEph"“plAp zl;[l Api 11;11 Api ’ (4.4)

where use has been made of (4-2) and (4-20) in III. It should be noted that the
right-hand side of (4-4) has a nonlinear form with respect to A¢* and Aq, and has
a quite different form from the linear form on the right-hand side of (4-3). This

nonlinearity yields the g;-dependence of ws(q1, *-*, g») in (4-2). If we introduce
operators a»* satisfying (4-3) in solving the many body problem, the energy v»s
cannot have such state-dependence as ws(qi, -, gn) in (4:2). In other words,

there does not exist any interaction between the additional guasi-particle de-
scribed by a»" and the original » quasi-particles.
Let us now investigate the case g— ©°, since the g.-dependence of ws(q1, -+,

g») can be clarified explicitly. First we rewrite the eigenstate ||¢:, ---, g»>> and the
energy Eq.q,-q, in terms of the number distributions {n¢} of dressed bosons,
la, -, qn>:gl(1//fz7>(Aq*)”ql0>, (4-5)

Eqpman=E{nq})
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One-Dimensional Many Boson System. IV 841

~(/2mE S g+ QLS et 1) L)+ D (406)

where use of (2:27) and (2-30) in I has been made. From (4-2), the energy
ws({nq}) of a dressed boson with momentum p can be rewritten in terms of { .}
by

a)p({nq}):E({qu’})_E({nq}), (4‘7)

ne =nalqg=xp), np = npt1. (4-8)

Substitution of (4-6) in (4-7) gives

orllnaD =5 {p+ 2 S ot D= T4 2)

+3 5y e {q+‘*2%h(§an+ zq)—”Th( n+ 1)}»

qsp lg=1 .[4

ng 2
+ > 2ﬁ]2{q+£@(2nr+lq)f%h(n+1)}+2<%h> nq}
= r<q q

ol Pt g B B e e B

+

nh zh _ 1 (7Y
P n ot FE e B |+, ST

:*2‘1;;[{7“”%‘,%"“*Ep””}z

L L
2
o 307 -

2
+<Lh> nszrHR > E(Q*[)){(]"\'”Th( 2 nr— 2 nr)}nq]
7 r<q r>q

where we have used X¢#s=n and the function ¢(¢— p) is defined as

1, (g>p)
elg—p)=y 0 , (g=p) (4-10)
—1. (g<p)

The last term in (4:9) can be neglected in the limit »—o° and L—° for a fixed
number density ¢ =#n/L. Separating out the number no of dressed bosons with
zero momentum in (4-9), we have

wp({ izq}):*'z’l;h*[ﬁ*?ﬁ%z {mﬁr(go 7zr*g}0;zr)+ 20<Z<pm}
47l : 2
— Z? 02}@}7(;{(1-%'%2( nq+2O<Z<an)}+<LL/ZO<Z<pnr> :|+(1)0({7'Zq})

(4-11a)
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for p>0,
p({ﬂq}):——L[ —2p= ﬂh{no (D n-—2n)+2 > wur)
2 L 7<0 750 p<T0
4l _xh 2l :
L p§<o”“{‘1 L (”q+2q§<o“’)}+< L p§<o”’>]
+ wo({nq}) (4-11b)
for p<0, and

wollnaD) =5 [ (FIY (s + 2 5 e~ B = (Zr— Zue)’)

~ 25 g =2, 32 0
q<r<0
+ 277 > nq{ ﬁh (nq+2 Z m)}] (4:-11c)
g>0 0<r
for p=0, where the relations
Ean_rgqﬂr:M0+(20Wr‘§onr)+7/Zq+20<2<q7/7r, (q>0) (4'123)
qunr'rgan:*no‘i’(?gonr*?gonr)*7/lq_2q§<07/lr (C]<0> (4'12b)

have been inserted in (4-9). Next we can observe that

- 71q(7lq+20<2<qn7’), (p>0)

(2 = 3 nalngt2 3 ne). (p<0)

qg<0

h~
A
=
A
=)
&
A

Use of the above relations in (4-11a, b, ¢) gives

wr({nq})= [p +2p~—}l{no+(2m Zfonr)

+2 7%}*'4277 > q77q]+wo({nq}) (4-13a)
o<T<p o<g<p

for p>0,

wrl(nah) =5 p =205 w0 (S o)

+2 2 n }+AEL Z qnq}Fwo({nq}) (4-13b)

P<r<0
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for p<0 and

ol(nah) =] (Hn) =225 g+ 225 | (4-130)

for p=0. In this way, we have confirmed that the energy w»{({74}) of an added
dressed particle to the state|g:,---, g»>> with momentum p has strong correlation
with the number distribution {#,} assigned to the eigenstate. It should be
emphasized again that the energy ws({nq}) cannot be determined without the
knowledge of the number distribution {74} of the original state.

Next we intend to discuss the single excitation energy which is defined by

enlqu, -, Qnﬂ):Ep,q,,--aqnvl‘Eo,q,,m,qm . (4-14a)

This energy indicates the increased energy of the system, when the momentum of
one exactly dressed boson in the sea composed of #—1 dressed bosons is changed
from zero to p. In terms of the number distribution, the excitation energy can be
written as

es({nqe})=wp({na}) — wol{nq}), (4-14b)
where it should be noted that 2lqnes=#n in the case of (4-13a, b, ¢), but
;nq:n—l (4'15)

in the above case (4-14b). Changing » by »n—1 in (4-13a, b, ¢) and introducing
them in (4-14b), we obtain

eol{nah) =5 0+ 265 o+ Z = )

+2 X nr}*ézl{*h > qnq] (4-16a)
0<r<p 0<g<p
for p=0, and

6?({744}):%[ 2!)Lh no— (rgoﬂr“zoﬁr)

+2 2 nr}+ 47” Z< L]Wq} (4-16b)

for p<0.

We now investigate in detail the properties of the excitation energy ex-
pressed by (4-16a, b).
(Case 1) Let us first consider the case when the number of the excited dressed
bosons in the system is negligibly small compared with the total number »,
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Zonq/nx(), that is, no/n=1, (4-17)
e

in the limit »—°¢ and L —co for a fixed number density o =#»/L. In this case, the
excitation energy ep({nq}) (4:16) is reduced to

Ep({nq})Z%p\pH 2%}; (4-18)

The result (4-18) indicates that the effect of the interactions among dressed
bosons can be neglected in this case. When the momentum p is small, the
excitation energy (4-18) has phonon character with the phonon velocity co,

co=(rmh/m)o . (4-19)

(Case 2) Next let us consider the case when the number of the excited dressed
bosons cannot be neglected and the distribution is an even function of ¢, that is,

Ng— N-q . (4'20)
In this case, the excitation energy (4-16a, b) becomes

47F 47}
6;:({nq}):ﬁ[zf>2+27ﬂhpo|!)l+ Z”D[Oqgmnq- TMZ

qnq], (4-21)

g<|pi

o= no/L . (4-22)

If the distribution #q is a regular function of g except at ¢=0 and nq4—o finite,
the contributions from the third and fourth terms in (4-21) are estimated to be the
order of p? for small p. In this case, the phonon velocity ¢ is determined by

c=(zh/m)po . (4-23)

The phonon velocity ¢ decreases as the number 7, of dressed bosons with zero
momentum decreases. When po=(n/L) tends to zero, the phonon character of
the excitation energy is lost drastically.

Let us investigate in more detail the behavior of the excitation energy (4-21)
by expanding the distribution function n4 in the power series of |g| as

ne=lql*(&+ &ilg|+-- ) for small ¢ except at ¢g=0. (4-24)
For the convergence of the summation in (4-21), we assume
a>—1. (4-25)

Then the behavior of the excitation energy (4-21) for small |p| is expressed® as

*) The summations in (4-21) have been changed to integration, for example, as

27{]'?’ — ” =S El __plarivl
I o/g_‘l‘p\ﬂq P 0 nqdq&gya_:r,l_kl’ﬁl

fixed n//

for small |p|.
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€p({7lq}):ﬁ[2”i2100u)l

2 a 2 a
RO e R Voo L2y R SR

Note that the phonon velocity c¢ is given by the same formula as (4-23), because
24+ a>1 due to (4-25). Furthermore it should be pointed out that the power (2
+ a) of the second term in (4-:26) can be smaller than 2 for the distribution ¢ with
—1<a<0. In this case, the excitation energy versus momentum for small |p|
does not have the spectrum of a free particle in the limit po— 0. In this way, it has
been clarified that the excitation energy of the exactly dressed boson has the
strong dependence on the distribution of dressed bosons.

The drastic disappearance of phonon character in the limit o, — 0 in the one-
dimensional system will play an important role even in the analysis of the
phenomena in liquid helium II. This opinion will be discussed in the next section.

§5. Discussion

We discuss some characteristic phenomena of liquid He-II on the basis of the
results obtained in I, II, III and the present paper. For this purpose, let us
summarize our results: The one-dimensional many-boson system has been
described completely with the concept of the exactly dressed boson. The dressed
boson has the following properties.

i) They obey bose-statistics (see (4-2) in III).

i) Their total number is conserved (see (4-9) and (4-20) in III).

iii)  The ground state is the condensed state of all dressed bosons with zero
momentum (see (4-21) in HI).

iv)  The energy of a dressed boson depends strongly upon the number distribu-
tion of the other dressed bosons (see (4-13a, b, c)).

v) The phonon velocity decreases as po becomes small, and in the limit no/%
- ( the excitation of the exactly dressed boson loses phonon character (see
(4:21) and (4-26)).

London® has pointed out that in the system of noninteracting many bose
particles there does exist a phase transition which arises due to the Bose-Einstein
condensation of the bare bose particles. On the basis of the model, he gave the
microscopic foundation for two-fluid model in Liquid He-II qualitatively, but
could not explain its superfluidity. Landau,” on the other hand, has succeeded in
the interpretation of the superfluidity at zero temperature and the behavior of the
specific heat at temperature lower than the A-point by assuming the existence of
the phonon-roton excitation spectrum. In his theory, however, the microscopic
foundation for the super component is not clarified, and the logarithmic diver-
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gence of the specific heat at the A-point is not explained.

As easily seen from the matters mentioned above, both theories do not bear
the overall explanation of the phenomena in Liquid He-1I. Observing the proper-
ties of the exactly dressed bosons, on the other hand, we can see that the present
theory holds the point of advantage in both theories. If one can introduce the
dressed bosons™** with interaction cloud in a three-dimensional many boson
system, one will be able to explain the characteristic properties of Liquid He-II
qualitatively as follows. According to the bose nature of the dressed bosons and
the conservation of their total number there does necessarily occur the Bose-
Einstein condensation of the dressed bosons with zero momentum. Then we can
regard the condensed assembly and the remaining one (this indicates the as-
sembly of the dressed bosons with nonzero momentum) as the super component
and the normal component in Liquid He-II, respectively. Thus we can give the
microscopic foundation for the two-fluid model. When a dressed boson with zero
momentum is excited, the excitation energy will presumably display the phonon-
roton character due to the effect of the interaction cloud. Hence, the dressed
bosons with zero momentum have no friction with the wall owing to the Landau
criterion. It should be noted here that the superfluidity*** can be observed not
only at zero temperature but also at non-zero temperature below the A-point,
since the macroscopic number of the dressed bosons is condensed at zero momen-
tum owing to the Bose-Einstein condensation. Even in a three-dimensional
system, we may also expect that there exists a similar drastic change of the
excitation energy (4-21) when the condensate vanishes. It seems to the present
authors that this drastic change may serve as the origin of the logarithmic
divergence of the specific heat at the A-point. Thus, Landau’s idea can be
harmonized with London’s idea under the concept of the dressed bosons.

If our viewpoint mentioned above is valid in liquid helium II, the super
component is composed of the condensate of dressed bosons (not of bare helium
atoms). Therefore, the authors hope that the quantity < @o..olAo* Aol Zo,..0>
rather than the quantity**** < @s...o|l@* aol ¥s.-0>/n will be measured experimen-
tally.
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* An approximate introduction of the dressed bosons has been proposed by Sasaki and Matsuda.'®

*%) The introduction of the dressed bosons seems to be possible approximately, but the term “ap-
proximately” does not imply the perturbation method as readily seen from the discussion in § 5 in III.
***) In Landau’s theory, it is not clear why there exists the super component at non-zero temperature

below the A-point.

#¥%%) Thijs quantity has been measured by the neutron scattering experiments.'”
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Appendix

[Formula A]
For a permutation x— (l,, a ,,n) the quantity e(x) defined by

elp)= e (A-1)

isi<msn |ﬂm ,UL|

equals +1 or —1 according to whether / is an even or odd permutation.
This formula is proved as follows. For the identical permutation, the for-
mula (A-1) holds apparently. Next for any permutation v

(BT (A-2)

Vi, V2, ", Un

let us consider a transposition #, which exchanges v: and vn(/<m),

Vi, Vi Ums ) Un
#:< 1 S ’ ) (A-3)

Vi, 70, Vm, 00, Vi, tt, Vn

Then, denoting the product of v and # by v/,
1, 2, -, »m , , ,
V':< ., ,); v =vs(s*1, m), v —vi, Vi =Vm, (A-4)
Vi, V2, """, Vn
and noting the inequality /< m, we have

’

vi' —vs _ v —vs

7 4 - 14 ’
1ss<tsn |)/t — Vs | 1s5<tsn |)/t — Vs i
S+l t+m

-1 ’ ’ ’ , m—1 [ ’ n ’ 7
- — 1% v Ve —V
><< Vm Vs \ Vm UL, ( m, S, >< H __t’ m, >

s=1 ’Um/‘l/s,|/|ym,_yl | s:]'_LI+1 IVm — Vs t=m+l |Ut — Vm |
X(Lﬁ yli:us: >< ﬁ _w' >( 1”—[ Ve ;m )
s=1 |I/z Vs | |Vt Vi | t=m+1 |Ut Vi |

= I A D(=D" D T = (). (A-5)

lss<t=n ‘/t* ,/s|

e(v')=

In general, an arbitrary permutation v can be expressed by a product of some
transpositions ¢V, x® -+ ) a

Y= @D s (A-6)
Then, the repeated use of the above result (A-5) gives
e(y)=(—1). (A7)

Thus the formula A has been established.
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[Formula B]
é}l det(dm{x))=(x?/4)" 1ot det (Cs-o(a)), (B-1)

where @ =2xx/L, and

< h >2 .
L)€
An(x)=2

g 2rh , mh exh  rxh
(‘” 7! L)(‘” L " L)

an(x)=1 (1=m=n). (B-2)

(1=lsn, 1=m=n, [¥]),

The det(Cs-«(a)) stands for a determinant of (#—1)X{»=1) matrix of which an
element with (7+ /)-th row and j-th column is given by

Cz(a/):251,0 COS<%>—51,1 — 011

L2 sin((l-H)a//2)fJr Sil’l(([*1)&/2)_7225(61/2)5&1( la/?2) } (B-3)

7l [+1 [—1 [

Proof

Subtracting the second column of the determinant of «¥» from the first
column and performing a similar subtraction of the m-th column from the
(m—1)th column step by step (m=2,3,-, n), we get

B, e Binoy,  ain(x)
By, e b(]’jl,n_]y ()
det(afn(x))=10 oo 0 1

b(11+)1 | b(llﬂzx,nﬂ, a(ll-zl,rL(x)

B, e by a(x)
B e B

gyl e

Bl oo Bl (B-4)
P e bgzlfnd

where
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jﬂz P ig-xin
2< L > ¢

() — A —a¥) -
b= am(x) fllvm“(x)i; < +EQ1*L/Z>[< N >27<Lh>2} |
q 13 L 7 L L

<1§m§nrl > (B-5)

IEYES NED]
Then the summation of det(a{h(x)) over I=1,2,---, n gives

b1,1 bl,n—l 1

z det (afn(x)) = , (B-6)
bn,l bn,n—l 1
where

Lh ’ iq-xfh
A7) e

blmzz' -
' a 2zh , mh 2nh 2*<Lf7>2}
(“ L ! L)[(‘” L ’”) 13

(1=!=n,1=m=n—1) (B-7)

Now, by subtracting the second row of the determinant on the right-hand side of
(B-6) from the first row and by carrying out similar subtractions of the /+1-th
row from the /-th row step by step, Eq. (B-6) becomes

é‘,ldet(a(/}n(x))? ..................... = ) (B-8)

where

S e () o 5 ()]

2
T . X o
- 4 e rmma@n ZCOS<"L >51,m*OL,m+1*81+1,m

Z{Sin<%(1m+l)x> sin<%(1*m~1)x>
+7 ol fe
T

[t + j—
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l—m

_nsin<%(lﬁm)l'> COS<21>H . (B-9)

Here, when the denominators in the curly bracket of (B:9) are equal to zero, its
term denotes the limiting value such as

sin(%( {— m)x>

= :% for /=m and so on . (B-10)
By taking out the factors (z°/4)e "W/2E™HNT gnd o *WAEFDT from the [-th row

and the m-th column, respectively, we have

3 3 1)/2 / 7’
1211 det(a(/,},l(x)): o il )(27r/1‘)1<A

: )””deucs-t(a)), (B-11)

where a=2rx/L, and

Cia)=2810 COS(CV/Z)*51,1—31,A1

2

+l{sin((l+1)a/2)+sin((1f1)a/2)_ (B-12)

cos(a//Z)Sin(la//Z)}
T [+1 [—1 [ ’

Thus, the proof of Formula B is completed.

[Formula C]
The operator G(v) given by (3-1) is a unitary operator and yields the
following Galilei-transformation:

G a* G(v)* = ap+me, Gl0)apG(0) = apimo . (C-1)

Proof
The operator Gr(v) in (3-2) can be readily seen to transform the free
eigenstate in (2-1) of III as follows:

Gn(U)lC]l, ey, C[n>: 2 Apy+mo,pn+ molp |, py

pispr=-SPn

n n n
X 1_[1 a;i-kmu I—[l Ap;dqyqn 1—[1 a?,.[O>
= i= i=

n n
= Z Ap+mo e pntmo H 81’1’#;‘ H (l;';ﬁ mv’0>
PEpy=5Dn i=1 i1
=lqi+mv, . gnt+ mo> . (C-2)

From (C-2) and G»™(v)= G.(—v) which is due to the definition (3-2), we have
G (0) GO, @n>=|ar, =, an>
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Gl )Y G0 | qu, -+, gn>=lqs, ", qn> . (n=1) (C-3)

Now, in the same way as the derivation of the unitary operator U (see (3-1)
~(3-12) in III), the operator G(v) satisfies

G0 =10>, Gar, -, gn>=GalOar, =+, gn>, (n=1)
G*(I>=10>, G (Vg -, @n>=Ga"(W)lar, -+, gn> . (nZ1) (C-4)
From (C-4) and (C-3), we can see that
GHo)G(I0>=10>, G()G*(0)]0>=1[0>,
GHo)G(Da, , an> =g, ", gn>,

Go)G*()lar, =, gn>=laq1, =, gn> . (n=1) (C-5)
Since the free states {|0>, lq1, =, gn>(2=1)} form a complete set for a system with
arbitrary number of bosons, we can conclude that
G(o)G(v)* =1, GleY G(v)=1. (C+6)

By this unitary operator G(v), the operators a»" and @, are proved to be
transformed as (C-1), because

G(v)ar* G(v)*|ar, =+, g>= G(v)ay* G (V)lq, -+, qn>
=G(v)ap*|lgn—mv, -+, gn— mv>

= Grnia(v)ap*| g — mu, -, gn— mv> = ab+molqr, -, go> . (for all n)
(C-7)

Thus, the formula C has been verified.
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