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Abstract

I report a numerical analysis of the critical behavior of the metal-insulator
transition in a model of a disordered interacting system. In semiconductors
a conductivity extrapolated to the zero temperature shows a metal-insulator
transition as a function of doping concentration. This transition has been
observed, for example, in silicon doped with phosphorus.

The impurities are randomly distributed in the system and the Anderson
localization can play important roles in the metal-insulator transition. The
critical behavior of the Anderson transition has been studied precisely. How-
ever, the critical exponent of the Anderson transition does not agree with
the experimental results. This discrepancy can be attributed by an effect
of electron-electron interaction. Relative importance of the roles played by
disorder, which is arisen by randomly distributed impurities, and interaction
between electrons, which, for example, screen the potential given by impurity
ions, is an interesting problem.

The model considered in this study is, (i) positions of donor impurity ions
are random, (ii) each impurity supplies one electron and the host material
is dealt as an effective medium, (iii) the electrons interact with the impurity
ions and with each other via long range Coulomb interaction.

I calculated the electronic ground state in a doped semiconductor us-
ing density functional theory and the local density approximation. In this
study the spinless system is mostly considered for simplicity of the numerical
analysis. Multi-fractal finite size scaling of the highest occupied Kohn-Sham

3 and

orbital exhibit the critical impurity concentration n, ~ 1.1 x 108cm™
the critical exponent v = 1.29(+0.08, —0.05). The obtained critical exponent
differs from the result of the Anderson model of the non-interacting disor-
dered system. This result indicates the importance of the electron-electron

interaction in disordered systems.
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Chapter 1
Introduction

Generally speaking, there are a lot of origins of disorder. Materials can have
defects, distortion, impurities, or a system can be amorphous. The spatial
translational symmetry of the system is broken by these factors and Bloch
theorem is no longer applicable in such disordered systems. Quantum fluc-
tuation from Bloch states occurs by the randomness of the system. In 1958,
it was suggested that eigenfunctions can be localized as a result of the ran-
dom scattering [1]. Since this disorder driven localization phenomena, which
is called Anderson localization, was suggested, a lot of works about disor-
dered systems have been done [2, 3, 4]. One of the important things related
with the Anderson localization is the critical behavior of the metal-insulator
transition driven by randomness of a system. When the randomness is weak
the wavefunction can be extended over whole system. As the randomness
becomes strong the localization of the wavefunction becomes significant. If
the states are localized electrons can not move through the system, i.e. the
system becomes an insulator.
The scaling behavior for § function defined as,

__dlng

B9) =TT

(1.1)

was studied to reveal the conductive phenomena [5] for the orthogonal class
(the universality classes are explained in the next paragraph). ¢ is a con-
ductance and L is a system size. 8 in 1-, 2-, and 3-dimensional systems as a

function of the conductance are shown in Fig. 1.1. If 8 function is negative,



Figure 1.1: (3 as a function of the conductance, g [5].

the conductance decays to zero as the system size is increased, i.e. the sys-
tem is an insulator. 1- and 2-dimensional systems are always an insulator.
In 3-dimensional systems, both positive and negative region can be found
and there can exist the metal-insulator transition. This scaling behavior was
proved by numerical calculations [6, 7, 8].

The Anderson transition can be sorted out into three classes in terms
of existence of time reversal (TRS) and spin rotational (SRS) symmetries

(Table 1.1). The critical behaviors for each classes with some of the spatial

Table 1.1: Universality classes.

Class TRS | SRS | Example of field

Orthogonal ©) 0]
Unitary X Magnetic field

Symplectic @) X | Spin-orbit coupling

dimensions are studied for several decades, for example, in Refs. [9, 10, 11].
The critical exponent for the metal-insulator transition in 3-dimensional or-

thogonal class was estimated precisely [12] using a simple model defined as,
H=) tele;+> wele (1.2)
(&,5) i
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where ¢ is a hopping coefficient and v; is a random local potential. ¢ (éj) is
annihilation (creation) operator of a electron at site i. The tail states start to
be localized as the randomness being braced up and there are extended states
in the middle of the band as shown in Fig. 1.2. The borders separating the
extended and localized states are mobility edges. When the mobility edge
crosses Fermi energy as the system becomes more random the metal-insulator

transition occurs. Ref. [12] showed the critical exponent v = 1.57(+0.02)

Extended

Localized Localized

>
€

Figure 1.2: Schematic representation of the averaged density of states of Eq. (1.2).
The mobility edge is shown as a dashed vertical line. The mobility edge moves

from the band tail towards the center as randomness is braced up.

which describes the divergence of the localization (correlation) length at the

cricital point.
-V

w-Ww,

§ o W,

where W and W, are a parameter describing randomness and its critical

(1.3)

value, respectively. The analysis in Ref. [12] is based on the transfer matrix
method [8, 7]. The critical value of the transition is not universal, but the
critical exponents should be independent on details of a system. Indeed, the
critical exponents does not depend on, for example, the distribution functions
for the random potential [12] and the boundary conditions [13]. Because the
characteristic length scale is infinity at the critical point, the wavefunctions
show characteristic behavior. The distribution of the wavefunction intensity
at the critical point has multi-fractality [14, 15]. This can be generalized for

the critical exponent calculations [16, 17]. The critical exponent resulted from
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generalized multi-fractal analysis is v = 1.590(+0.012, —0.011) and this value
is consistent with the above value obtained using transfer matrix method.
These studies are based on a single particle representation. How the crit-
ical behavior of the metal-insulator transition changes by electron-electron
interaction is an attractive problem.

To study the critical behavior of the transition with both disorder and
electron-electron interaction one can consider the metal-insulator transition
in impurity doped semiconductors. In semiconductors a zero temperature
metal-insulator transition is observed as a function of doping concentration.
For samples with concentrations below a critical concentration, the conduc-
tivity extrapolated to zero temperature is found to be zero. For samples with
concentrations exceeding this critical concentration, the zero temperature
limit of the conductivity is finite [18, 19]. The zero temperature conductivity

o in the metallic phase grows as

nD_nc#

o(np) x (1.4)

ne
where np and n. are the impurity concentration and the critical concentra-
tion, respectively. u is the conductivity critical exponent. From Wegner’s
scaling law [20] one can find the relationship between p and v using a dimen-
sion of the system d.

w=_(d-2)v (1.5)
and p = v in 3-dimensional systems. The metal-insulator transition in doped
semiconductors has been also observed as a function of uniaxial stress [21, 22]
to tune the impurity concentration. Experimental values for 4 were argued
between = 0.5 [18, 21] and =~ 1.0 [19, 22]. This difference can be attributed
from a range of the critical region [19, 22, 23, 24]. When one restricts the
fitting analysis within very narrow concentration region in uncompensated
samples, the result with such narrow region shows u = 1.2 £ 0.2 [23]. (In
Ref. [23] v is estimated by considering the localization length directly and
the results exhibit a similar discrepancy.) Those critical regions can be sep-
arated by measuring the sign of do/dT" (T is temperature) in the metallic
phase [19, 24]. The scaling analysis within narrow region where do/dT > 0
leads to p = 1.0. The critical parameters obtained for uncompensated sam-

ples within the narrow region shows good agreement with the results for
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compensated samples. Thus, the critical behavior in uncompensated samples
can be resulted from small unavoidable doping compensation [23]. However,
there is a fact that the scaling analysis is justified within close region of the
scaling variables. If there exists critical region near a critical point, the scal-
ing analysis within surrounding region will not work properly. The argument
about this problem is still required.

Table 1.2: The critical exponent of the experimental results. These results were
obtained from concentration tuned (c-tuned) and stress tuned (s-tuned) schemes.

Dependence of the range of concentration or stress, wide (W) and narrow (N), is

also shown.

u Range | Sample | Ref.

c-tuned, uncompensated | 0.55 + 0.1 Si:P (18]
0.64 w Si:P [19]
050+ 004 | W Ge:Ga [23]
1.3 N Si:P [19]
1.2 +£0.2 N Ge:Ga | [23]

s-tuned, uncompensated | 0.48 + 0.07 Si:P [21]
1.0 £0.1 N Si:P | [22, 24]

c-tuned, compensated 1.01 £ 0.04 Ge:Ga (23]

The universality of the metal-insulator transition has been confirmed in
several models (see Table 1.3). A topologically disordered system is a sys-
tem that electron propagates through randomly distributed scattering points
and the hopping intensity is determined by distance between the scattering
points [25]. In comparison with experimental results, the results of numeri-
cal analysis in non-interacting disordered systems, for example, v = 1.57 [12]
for Anderson model using transfer matrix method, do not agree. A most
likely candidate of an origin of the difference is the electron-electron interac-
tion. This discrepancy can indicate the importance of the electron-electron
interaction in disordered systems.

One can interpret a situation of this metal-insulator transition as follow-

ing. Suppose donor impurities are doped in a semiconductor. If electrons



Table 1.3: The critical exponent of the numerical results for 3-dimensional orthog-
onal class. The results of the Anderson model with transfer matrix (TM) and

multi-fractal analysis (MFA) are shown separately.

v Ref.
Anderson model (TM) 1.57 £ 0.02 [12]
Anderson model (MFA) 1.590 (+0.012, -0.011) | [17]
Topologically disordered model || 1.61 (40.07, -0.06) [25]

supplied from the donors screen an impurity potential, Thomas-Fermi screen-
ing length, rtp, can be calculated as a function of the electron concentra-
tion (this is equal to the impurity concentration).

1 /7 Eli xi 1
TTFE§(§> aanDs (16)

ay is an effective Bohr radius given by using the effective mass m? and

dielectric constant &,.
Er

*
e

For low impurity concentration, the screening is weak. When the screening

= Lag (1.7)

becomes so weak that rrr > aj, an electron will be trapped on an impurity
and the description about the screening length of Eq. (1.6) is no longer cor-
rect. When the impurity concentration becomes so high that rrr < a};, an

electron can not be localized on an impurity. Between these limits,
1
ror & ap = néay =~ 0.25 (1.8)

there should exists the metal-insulator transition [26]. The metal-insulator
transition observed in the sets of some semiconductors and impurities shows
the universal behavior [27] and Eq. (1.8) well agrees with those experimental
results.

ndat, = 0.26 (1.9)
One can expect the metal-insulator transition occurs with same physical
mechanisms on effective mediums even though there are some small devia-

tions from the universal behavior.
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Figure 1.3: The critical concentrations and effective Bohr radius for some materials

by log-scale (data are extracted from Ref. [27]).

When an impurity is doped, from an analogy of a system describing a
hydrogen atom in an effective medium, an impurity level appears near below
a conduction band. If some donors are doped the impurity levels become
an impurity band. The Coulomb interaction between the electrons leads to
that the impurity band is split into upper and lower Hubbard bands. In this
case one can adopts the description for low impurity concentration in the
previous paragraph. Without any compensation by acceptor impurities, the
system is half-filled and it becomes an insulator. If the impurities align, for
example, on the simple cubic lattice, an anti-ferromagneic order appears [28].
As more impurities are doped, the width of the impurity band gets larger and
the Hubbard gap closes at some impurity concentration. Now the screening
becomes strong and electrons start to move between impurities. If the effect
of the disorder is neglected the metal-insulator transition is associated with
this band closing [29, 30, 31]. This is a first order phase transition due to the
electron-electron interaction [28]. The magnetic property is also interesting

near the metal-insulator transition. As the system becomes from an insulator



Figure 1.4: For low impurity concentration the upper and lower Hubbard bands

are separated. Shaded region represents occupied states.

to metal, the magnetic moment changes discontinuously to smaller value but
it is still finite value [29]. If the true metal-insulator transition in doped
semiconductors were a discontinuous transition, the description about critical

parameters would be wrong.

Figure 1.5: As the impurity concentration is increased, the band width broadens.

Finally the upper and lower Hubbard bands merge.

Note that the donor impurities are distributed randomly in real space and
the effect of disorder arising from this random distribution i.e. the possibil-
ity of the Anderson localization can be important for this metal-insulator
transition. One of the evidences is a fact that this Anderson transition is a
continuous transition. In disordered systems averaged density of states de-

cays smoothly at band edges and a band tail appears [30]. Eigenstates in
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this band tail can be Anderson localized states. This localized states do not
contribute the conductivity. Even though the band merges and the density
of states at Fermi level is not zero, the eigenstates around Fermi level can be
the Anderson localized states and the system can be still an insulator. When
more impurities are doped after the band gap closing the metal-insulator
transition occurs. There are many proposals for this metal-insulator transi-
tion. For example, in Refs. [30] and [32] the multi-valley effect and clustering
impurities were discussed. Refs. [33, 34, 35, 36] suggested the importance of
the effect of the electron-electron interaction in the metal-insulator transi-
tion. The relative importance of the roles that the electron-electron inter-
action and disorder play in this metal-insulator transition, especially for its
critical behavior, is still not clear.

The problem including both disorder and electron-electron interaction
is difficult to solve in a direct way. One of commonly used framework is
density functional theory [37, 38, 39]. Density functional theory is widely
used in the first principles calculation. This theory proves an important fact
that any physical quantities are a functional of a ground state density. This
fact means that if one can obtain a ground state density it is possible to
calculate any physical quantities without many body wavefunctions. Using
density functional theory one can replace a many body problem by a single
particle problem in an auxirialy system so that the ground state density of
the single particle problem becomes same as that of the original many body
problem [40, 38, 39]. The equations derived in the auxirialy system is called
Kohn-Sham equations.

The most important example for this scheme is a homogeneous system.
In homogeneous systems a ground state density is expected to be an uniform
density. However, a many body wavefunction is no longer a single Slater
determinant consisting of single particle plane wave states and it is given
by linear combination of the Slater determinants. On the other hand, a
wavefunction in an auxirialy system is the single Slater determinant of plane
waves. These two wavefunctions lead to the same uniform density and the
ground state energy must be same in both problems. In Kohn-Sham scheme
the contribution from the exchange and correlation energy, which corrects

the energy in the auxirialy system, is given as a functional of the density.
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Kohn-Sham equations have a problem with the exchange and correlation
energy. The exact density functional for these contributions is not known.
The most commonly used approximation is the local density approxima-
tion [38, 39]. This approximation is that the exchange and correlation energy
is estimated by using a functional of the homogeneous system with the local
density.

The purpose of this study is to analyse the critical behavior of the metal-
insulator transition taking into account both the disorder and electron-electron
interaction. I studied the details of the metal-insulator transition in a doped
semiconductor using numerical calculation. I simulated the case that elec-
tron spins are restricted to be polarized completely, i.e. the spinless case, and
the case without this restriction. From the results multi-fractal exponents
are estimated and finite size scaling of the multi-fractal exponents exhibits

existence of the metal-insulator transition [41].
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Chapter 2

Method

For convenience of the numerical analysis, I used the atomic units shown in

Appendix A. Physical quantities are given using A, cm™3, eV, explicitly.

2.1 Model for disordered interacting system

I consider that the donor impurities are doped in a host semiconductor crystal
and these impurities are randomly distributed in real space. There is the uni-
versal feature that the critical impurity concentration of the metal-insulator
transition, n., in doped semiconductors is approximately determined by the
effective Bohr radius (Eq. (1.7)) in the host semiconductor crystal [27]. The
experimental results suggest the universal relationship between the effective

Bohr radius and critical concentration below.

O ol

néay = 0.26 (2.1)

This fact means that the contribution to this metal-insulator transition is
mainly from the electrons which behave as a particle defined with the effective
mass m; and dielectric constant €, of the host semiconductor. Since I consider
phosphorus as the impurity and silicon as the host semiconductor the effective

mass and dielectric constant are

m: =032, &, = 12.0 (2.2)
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Figure 2.1: The randomly distributed impurities are shown as blue points. This
figure is one sample for N = 65, L = 400 A, n, = 1.02 x 10*8cm 3.

From the universal relationship of Eq. (2.1), the critical concentration of
phosphorus doped silicon can be predicted from Eqgs. (1.7) and (2.2) as

ne = 2.25 x 10" cm™3 (2.3)

The critical concentration in the experiment for silicon doped with phospho-
rus is [24],
ne = 3.52 x 10" ¢cm™3 (2.4)

and Eq. (2.1) can be estimated by using Eqgs. (1.7), (2.2) and (2.4),

n

Ol

aly = 0.30 (2.5)

The deviations from the universal relationship could have lost when the effec-
tive medium is assumed instead of considering the true semiconductor. Even
though there are such deviations for each material it is not so important in
this study and I concentrate on the universal behavior.

Since I have in mind silicon doped with phosphorus I assume that each

donor supplies one electron and each impurity ion has a net charge of +e.

14



From the universal relationship described above, it is expected that the elec-
trons supplied from donor impurities operate the metal-insulator transition.
I concentrate on electronic states in an effective medium with the effective
mass and dielectric constant of the host semiconductor. One can consider
an electron moving with the effective mass. The kinetic energy term can be
expressed as, (see Appendix B.1)

1 v

*
2m?

(2.6)

The electron interacts with the donor impurities through the screened Coulomb
interaction given in the effective medium. I assume that the Coulomb inter-

action in the effective medium is given by [42, 43]

1 1

- - 2.7
Er IT*RI ( )

where r and R are a position of an electron and donor impurity ion, respec-
tively. The random spatial distribution of the donors thus produces a random
potential in which the electrons move. At the same time the electrons inter-
act with each other via the Coulomb interaction in the effective medium. In
this study, I assume that the valence electrons of the host medium screen the
electrons supplied from donor impurities as the impurity ions are screened.

The Hamiltonian of this system is

1
H:"m*z ;:1 Ir; —RII 2, er — 7l 2Er,;|RI R
(2.8)

The first term is the kinetic energy of the electrons. The second term de-

scribes the interaction of the electrons with the donor impurity ions. Here R;
is a random variable. N is a number of impurity ions and there are an equal
number of electrons since the system must be neutral. The third and fourth
term describe the interaction between the electrons and the interaction be-
tween the donor impurity ions, respectively. Here, I apply Born-Oppenheimer
approximation and the fourth term becomes constant in each realization of

the random positions of impurity ions.
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2.2 Kohn-Sham equations and local density

approximation

2.2.1 Density functional theory

Eq. (2.8) is difficult to solve due to the random potential term and electron-
electron interaction term. To take into account the Coulomb interaction
between electrons, I use density functional theory [37] in this study. The
density functional theory consists of two Hohenberg-Kohn'’s theorem [39, 37],

(i) uniqueness theorem and (ii) variational principle with respect to a density.

Uniqueness theorem
A external potential can be uniquely determined by the ground state
density in a many-body system except for a constant, i.e. the Hamilto-
nian and, therefore, any physical quantities are also determined uniquely

by the ground state density.

Variational principle
There exists an energy functional for a given external potential. For
the external potential, the exact ground state energy of the system
is the global minimum value of this functional, and the density that

minimizes the functional is the exact ground state density.

From uniqueness theorem one can define a ground state energy functional

with respect to a density.
B, = B, [n] = Fax [n / &r Vi [1] () m () (2.9)

where n(r) is a density and Vi [n] is a external potential. The universal

functional Fyk is defined as
Fuc [n] = (¥ [n]) (T + Vit ) 19 [n]) (2.10)

¥ [n] is a ground state wavefunction of Vi [n]. T is an operator for the kinetic
energy and Vi is an interaction energy between electrons. In Eq. (2.9) the

external potential also varies such that the density becomes the ground state

16



density in the external potential. And I consider other functional defined by

Ev[n] = (U)|T+ Vi + V |¥[n]) (2.11)
= Fgxk [n]+/d3rV(r)n(r)

with given external potential V. Eq. (2.11) can be defined for any density
which has a corresponding V.. Note that V does not depend on the density
n. Eq. (2.11) shows the minimum value when n is equivalent to the ground

state density ng of the external potential V.

Ey [n] > Ey [ng) (2.12)

2.2.2 Kohn-Sham equations

In this section, I derive Kohn-Sham equation [40] using the density functional
theory. The Kohn-Sham equations are similar to the Schrodinger equation
but it is for an auxiliary non-interacting system. By using Hohenberg-Kohn’s
theorems, finding a ground state with given external potential is achieved by
minimizing the energy functional Eq. (2.11) with respect to the density, in-
stead of a many-body wavefunction. Then, I assume there exists the auxiliary
non-interacting system in which the ground state density is equal to the true
ground state density of the original many-body system. One can define the

ground state in the auxiliary system.

1
Vv N!

The density is derived using {¢;}

q)KS =

det ({91 (73} o ) (2.13)

n(r) = N/d3T2"'d3TN|‘I)KS(7',7‘2,"' )| (2.14)

= Y lgi () (2.15)

1

Before taking variation, I separate Eq. (2.10) as

FHK [TZ] = TS [n] -+ EHartree [Tl] + EXC [TL] (216)

17



where

N

Ti[n] = —% Z (¢l V| 3) (2.17)
EHanree [’I’L] = %// ds'r d37', n_|(;."_")__7_l;(77|ﬁ (218)
EXC [n] = FHK [n] — Ts [’I’L] - EHartree [n] (219)

Egs. (2.17), (2.18), and (2.19) are universal functionals of the density. Then,
I consider variational problem for Eq. (2.11) with respect to the auxiliary

orbitals. Note that the orbitals satisfy normalization constraint.

52; (EV ] = Zf (1— / & |¢: (r)lQ)) =0 (2.20)

)

From Eq. (2.20), I obtain Kohn-Sham equations below.

<—‘%V2+‘/eff[n]> ¢z (T) =61¢1 (’I’) (’l= 1,,N) (221)

Vert [n] = Vext + Vitartree [0] + Vi [n] (2.22)
where ()
Vit 1] = [ = (2.23)
and
Vo [n] = 227 (2.2
The total energy can be expressed as,
Eiotat = Ts+ Eext + Enartree + Exc + Enn (2:25)

N
1
= Z € — 'Q_E’Hartree — /d37‘ Vxc (T‘) n (7‘) + Exc + En (2.26)

where Fyp is a energy between nuclei. While in principle the Kohn-Sham
equations are exact, in practice the exact form of the exchange-correlation
energy is not known and an approximation is required. This scheme can be

generalized to a spin polarized case [39)].

18



2.2.3 Local density approximation

The exact ground state density and energy are obtained by solving the Kohn-
Sham equations if one knows the exact form of the exchange-correlation
energy. However, the functional form is not known and I use the local den-
sity approximation [39] in this work. In local density approximation, the

exchange-correlation energy functional is approximated as
Exc ~ EXPA = /d3r exc (n(r),((r))n(r) (2.27)

where total charge density, n(r), and spin density, ((r), are defined using

up- and down-spin density, n' and n' as,

n = n'+n (2.28)
n' —nt
¢ =

. (2.29)

I use the form of exc given in Eq. (2) of Ref. [44] though with the parameter
values given in Ref. [45] rather than Ref. [44]. exc is separated into an
exchange part ex and correlation part ec. Spin dependence of ex and e¢ is
described using f (¢) as

exc(n,¢) = exc(n)+ [exc(n) —eXc ()] f(Q) (2.30)
_ 149"+ -9 -2
f¢) = 2@ 1) (2.31)

where superscript ¥ and ¥ mean paramagnetic and ferromagnetic configura-

tions. Each energy density in Eq. (2.30) is given as

3 3 1/3
p _ _°2[2 1/3 2.32
€x 1 <7r> n ( 3 )
3 /6\ /3
L. 1/3 2.33
EX 4(71_) n ( )



where r, is defined as

_(3\"” ~1/3
Ty = (E) n (2.36)
cP, cf', rP, and rf are fitting parameters shown in Table 2.1. ¢* and ¢ have
an energy unit and 7 and r¥ have a length unit. The values shown in the

table are described in the Hartree atomic units in a free space. (I apply these

parameters to the effective medium in Sec. 2.2.4.)

Table 2.1: The values of fitting parameter for the exchange-correlation functional
given in Ref. [45].

cP 0.0225 rf 21.0
0.0225

' F 1/3

¢ i rf 210 x 2V

It is convenient to define the exchange and correlation potentials for param-

agnetic and ferromagnetic systems.

3\ 1/3
vE = _<;) n /3 (2.37)
6\ /3
vE = _<;) n 1/3 (2.38)
P P rf
Ve = —c'In 1+r_ (2.39)
F F rf
Ve = —c¢c'ln 1+r_ (2.40)

From Eq. (2.24) and Eq. (2.27) one can derive the spin dependent exchange-
correlation potential.

on SELDA[n, (] S SEXE” [n, (]
Snt on dnti 0¢

= Vo (n) + (Ve (n) = ViEc (n)) - F(Q)

s (o -fom) 70 LE

™
e =
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2.2.4 Kohn-Sham equations within an effective medium

In the literature the density functional theory and Kohn-Sham equations are
considered for electrons in free space whereas I need a scheme for an effective
medium. I have to give the functional form for the exchange-correlation
energy in an effective medium. To map the expressions for the exchange-
correlation energy in free space to the formulae I require here, I re-scale

lengths and energies according to the formulae

* ~ 2
= (me)r, E= <€)E (2.42)
Er me

The units of lengths and energies having tilde are replaced as [Bohr] —

[(er/m?)Bohr] and [Hartree] — [(m?/c2)Hartree], respectively. In this section
symbols having tilde are described in this new units. After this re-scaling the
effective mass and dielectric constant vanish in the Hamiltonian of Eq. (2.8).
Then, I apply the density functional theory and Kohn-Sham equations to
the new Hamiltonian which does not contain the effective mass and dielectric
constant. Note that normalization condition affects the density by this re-
scaling and density described in the new units relates with the density in the

atomic units as

7 () = (“ >3n('r) (2.43)

myg
Energy functionals within the atomic units relate with those within the new

units as

*

m

E[n] = = E[n] (2.44)

From Eq. (2.44) one obtains the Kohn-Sham equations with the effective

mass and dielectric constant.

(- ! V2+V;ff[n]> le (7‘) = Ei¢i (7‘) (ZZ ].,,N) (245)

*
2m;

Vi [n] = -21:2‘_1”_1—&, N El / B ,: Er;?/l +Vkoln]  (2.46)
where .
Vie [n] (r) = % Ve [ (#) (2.47)



The expression of Vxc is the formulae given in free space.

In this study I apply local density approximation for the exchange-correlation
energy. Due to this re-scaling the units of the parameters shown in Table 2.1
are replaced by [(g,/m?)Bohr] and [(m}/e2)Hartree], respectively.

2.3 Multi-fractal finite size scaling

2.3.1 Multi-fractal exponents as a measure of the lo-

calization

To evaluate the metal-insulator transition from the ground state calculation
I use a technique based on multi-fractal analysis [16, 17]. In this study I
calculate multi-fractal exponents as a measure of localization. Suppose a
system with linear size L is separated into small boxes which have linear size
[ as shown in Fig. 2.2. One can define a coarse grained intensity, {u}.

Figure 2.2: This figure shows coarse graining of a system. L and [ mean the linear
size of the system and coarse grained boxes, respectively.

= /k i) (2.48)

where the integration is done for each coarse grained box and subscript, k,
indicates the index of coarse grained boxes. In this study the integrand of
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Eq. (2.48) is the highest occupied Kohn-Sham orbitals obtained from the self-
consistent calculation for Egs. (2.45) and (2.46). By using {u} a generalized

inverse participation ratio is defined as
By =) ()’ (2.49)

k

and its differentiation with respect to the exponent, g, as
Se = () In p (2.50)
k

One can define the multi-fractal exponents, 7, and &,, from Eqgs. (2.49) and
(2.50).

~ In (R,)
= 2.51
Tq h’l)\ ( 5 )
- (Sy)
= = 2.52
Y = TR)InA (2:52)
Here ) is defined as a ratio between [ and L.
[
A= — 2.53
! (2.59)
The errors for multi-fractal exponents, oz, and o4,, are estimated as [17],
O(Rgq)
. TR 2.54
7% T (R InA (2:54)

1 U(2Sq) (Sq>2 U(2Rq) 2 (Sq)
g In \ (Rq>2 <Rq>4 <Rq>3 cov (<Sq> ) <RQ>) (255)

Oa

where o(r,y and o(s,) are the error for R, and S;, respectively. Note that
covariance between R, and S, is included in Eq. (2.55).

Note that the Kohn-Sham orbital is not an electronic state in principle.
The Kohn-Sham orbital is nothing but an auxiliary state. However, if the
correlation effect is small, the shape of Kohn-Sham orbital can be some sort
of ”zeroth” order perturbation for a quasi-particle state [46] and a highest
occupied Kohn-Sham orbital mainly contributes the conductive phenomena.

It is helpful to consider the asymptotic behavior of these multi-fractal
exponents. For an extended state one can assume that ¢ is a plane wave. In

this case p becomes a constant.

e = A4 (2.56)
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where d is the dimension of the system. R, and §; become as

R, — -1 (2.57)
S, — Ade=Din 9 (2.58)

Thus the multi-fractal exponents for an extended state are estimated as

7, = d(g—1) (2.59)

& — d (2.60)
On the other hand, in the localized phase a minimum value of yy exists.
£ = min g (2.61)

€ — 0 in the limit of localization. R, and S, thus the multi-fractal exponents
for ¢ > 0, ¢ = 0, and ¢ < 0 show different behaviors, respectively. For g > 0,

R, can be estimated as
R,—1 (2.62)

The elements of S, can be separated into a box which involves almost all,
i.e. g = 1, and almost empty boxes. A contribution from the box which
corresponds to p = ¢ is most important for S;. One can estimate S, in the

localized phase for ¢ > 0 as
Sqoxlime?lne =0 (2.63)
e—=0

The multi-fractal exponents in the localized phase for ¢ > 0 are

T — 0 (2.64)
&g — 0 (2.65)
For ¢ = 0,
Ry, — ¢ (2.66)
So — —o0 (2.67)

thus, the multi-fractal exponents for ¢ = 0 become as
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For ¢ < 0, one can estimate R, as

R, xlim— = o0
e—0 gldl

and S, as

!

Sy o lim—Ine = —o0

e—0 glal

7, for ¢ < 0 is derived as
Tg = —0OC

and @, for ¢ < 0 is derived as

aq o lim ——

ellne
— 00

e—09]n X\

Table 2.2: The asymptotic behaviors of the multi-fractal exponents.

Extended

Localized

Tq d(g—1)

0 (¢>0)
—d (¢=0)
- (¢<0)

0 (¢>0)
oo (¢<0)

(2.70)

(2.71)

(2.72)

(2.73)

2.3.2 Finite size scaling for multi-fractal exponents

At the vicinity of the critical impurity concentration, the multi-fractal expo-

nents can be expressed as a scaling function [17, 12].

Ly=Ty(np,L,1)=F,

(% o (ny) bE,m (ny) b, A)

(2.74)

where I', means 7, or &,. b is a re-scaling factor of renormalization group. g

is a relevant scaling variable. To consider the finite size effect, an irrelevant

25



scaling variable, 1, is introduced. The scaling variables are functions of a

reduced impurity concentration defined as,

np — Ne
L =2 2.75
n =0 (2.75)

In the thermodynamic limit, the multi-fractal exponents are scale invariant
at the metal-insulator transition by their definition. Choosing appropriate b

Eq. (2.74) can be rewritten as
T, (np, L,1) = G, <Q(nr) L%, n(n.) LY, A) (2.76)

In this study I fix A as a constant and I consider single-parameter finite size

scaling for I',.
Ly (np, L) = G, (2(n) L¥, 7 (n,) 1Y) (2.77)

Since the second argument in Eq. (2.77) must vanish in the limit of L — oo, ¥
must be a negative value. The correlation length, &, is related with a relevant

scaling variable, g.

§=lo(n)I™ (2.78)
One should consider non-linearity of ¢ and 7. These scaling variables can be
expanded by Taylor series with some cutoff.

Mo

o(n,) = Zaini (2.79)

i=1

n(n) = Y binj (2.80)
1=0

m, and m,, are a cutoff index of the scaling variables. At the critical point
where n, is equal to zero, ¢ must be also zero because Eq. (2.78) diverges at
the transition point. Therefore the expansion for g starts from ¢ = 1. The
scaling function Eq. (2.77) is expressed as a Taylor expansion of the scaling

variables.
mx,my

Gq (X,Y) = Z Goi X'Y? (2.81)
i,j=0
myx and my are a cutoff index of the Taylor expansion of scaling function

with respect to the relevant and irrelevant variables, respectively. The critical
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parameters, n., {a;}, {b:}, v, y, {G,i;} are calculated using the Levenberg-
Marquardt method for non-linear fitting [47]. Suppose {(np;,[';:,0:)} and
{C;} are data sets obtained from the self-consistent calculations and the
fitting parameters, respectively. The best fit model is determined from the

obtained data set by minimizing x?2.

oy (FaemTalno {@-}))2 252

a;

i
There are some non-linear parameters for the scaling function and the di-
agonal part of a covariant matrix does not directly mean the error of the
parameters. The error of these quantities are estimated by using Monte
Carlo method [47]. Random sample data sets are generated using the error
for each data points. One can apply the same fitting procedure for these
generated random data sets and distribution of each quantity is obtained.
From the distribution of these quantities, the confidence intervals can be

estimated.

2.4 Details of numerical calculations

In this study periodic boundary conditions are imposed. The simulations are
performed by generating an ensemble of cubic samples with linear dimension
L. The volume of the system is L? and the donor concentration isnp = N/L3.

Since I have in mind silicon as the host semiconductor I set
m, =032, & =12.0 (2.83)

The procedure for numerical calculations can be separated into two parts,
self-consistent electronic structure calculation (only for electrons in the ef-
fective medium) and estimation of the localization and the metal-insulator
transition using multi-fractal finite size scaling.

The actual procedure of the former part is described below.

1. The positions of NV impurity ions are determined randomly on a simple
cubic lattice with lattice constant a;. This prevents impurity ions being

positioned unphysically close together by chance.
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2. For numerical purposes the continuous description above is replaced by
a discrete description on a real-space grid with spacing a. Laplacian
is replaced by using second order finite difference approximations (see
Appendix C). The resulting matrices and vectors have dimension equal
to the number of grid points (L/a)®. Off-diagonal elements of the

Hamiltonian matrices are generated in this step.

3. The potential due to the positive donor impurity ions is calculated by
expressing the charge density of the impurity ions as a Fourier series.
A cut-off is imposed on the wavenumbers so that the number of terms
in this series is equal to the number of the real-space grid. In effect,
this replaces the delta-functions of the charge density of the impurity
ions with an approximate smooth charge density. Poisson’s equation
is solved exactly for this approximate density and the corresponding
potential obtained using inverse Fourier transform (see Appendix D).
This calculation need only be performed once for a given configuration

of the impurity ions.

4. The energy between impurity ions is calculated using Ewald sum method [26].
This calculation is also performed once for a given configuration of im-

purity ions.
5. An initial density is given.

6. The Hartree like term in Eq. (2.45) is evaluated in a similar way for
the impurity ion potential. And the exchange-correlation potential
is calculated with the local density approximation. Within the local
density approximation the exchange-correlation potential term appears
only in the diagonal part of the Hamiltonian matrix in the real space.

From these functions Eq. (2.46) is evaluated.

7. The N occupied Kohn-Sham orbitals for lowest Kohn-Sham eigenvalues
are evaluated by diagonalizing Eq. (2.45). Within the local density ap-
proximation the real space finite difference approximation of the Kohn-
Sham equations yields a Hamiltonian that is sparse. These orbitals are
found using the JADALIMU sparse matrix library [48].
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8. Next density is given by the resulted density and previous density with

Chebyshev acceleration method. Deviation of the density from previous
one is estimated. If the density is not converged, the procedure goes
back to Step 6.

T, Foxt, EHartree, and Exc are calculated with the resulted Kohn-Sham
orbitals. The expectation values in T, are approximated by the ex-
pectation of discretized Laplacian which is used in the self-consistent
calculation. The integration is replaced by summation over the grids.

The ground state energy is obtained from these energies.

After repeating the procedure above for each random sample, I moved

onto the procedure for estimation of the metal-insulator transition as follow-

ing.

1.

Highest occupied Kohn-Sham orbital is extracted from a converged
sample. Using this orbital, coarse grained intensity is estimated. R,
and S, are calculated for given g values. &, and 7, are derived using
R, and S, Egs. (2.51) and (2.52).

The ensemble average of &, and 7, is taken over samples having same

system size and impurity concentration.

Least square fit for the scaling function, Eq. (2.77). To avoid ambiguity
in the definition of the fitting function, Eq. (2.81), I set the coefficient

of all first order terms to unity.
Gq710 = Gq701 = ]. (284)

The best fit model and corresponding physically important quantities,

for example, the critical exponent, are obtained in this step.

The errors of the quantities are estimated from Monte Carlo simulation.
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Chapter 3

Result

3.1 Spinless system

First I show results for a restricted case that the all electrons in a system have
same spin direction. In this spinless case, the number of iteration for self-
consistent calculation is roughly 10 times less than the number of iteration
for a case that the spin degree of freedom is taken into account. In the
spinless case, the impurity band is fully occupied and there is no upper and
lower Hubbard bands. I consider the band merging between the impurity
band and conduction band in the spinless case instead of between the upper
and lower Hubbard bands.

Non-magnetic case leads to unphysical results in low impurity concentra-
tion regime. The spin density is fixed to zero in this case and an electron has
to share its place with an opposite spin electron. This is unphysical situation
and I omitted the analysis for this non-magnetic case.

For the spinless system, ¢ defined in Eq. (2.29) is fixed to unity in whole
space. The exchange-correlation energy density given in Eq. (2.30) in the

spinless system can be expressed as,

1/3
ex(nC=1) = eb=_3 (—6—) n /3 (3.1)
F
C

ec(n,(=1) = ¢



and the exchange-correlation potential in Eq. (2.41) can be expressed as,

6 1/3
W = V{=—<;> n '/ (3.3)
Vo= V= -1+
c = Vog=—cIn +7‘ (3.4)

where cf = 0.0225/2'/3 and r¥ = 21.0 x 21/3.

Since I have in mind silicon as a host medium the effective mass and the
dielectric constant are m} = 0.32 and &, = 12.0, respectively. The effective
Bohr radius is aj = 37.5 Bohr. I used the second order real space finite
difference approximation and the grid spacing a = 18 Bohr (= 0.48 X a}).
The lattice constant a; of the randomly occupied impurity lattice is fixed such
that a;/a = 2. The range of impurity concentration is from 0.42 x 10'¥cm™=3
to 1.3 x 10'8cm3.

3.1.1 Density of states for periodic and disordered sys-

tems

The density of states can not describe the metal-insulator transition in the
disordered system because it does not distinguish whether the eigenstate is
localized or extended. Moreover the critical behavior is not clearly described
from the density of states. However, it is worth to compare with results
obtained from a periodic system. I compared when the impurity band for
different impurity concentrations merges to the conduction band for both the
periodic and disordered systems.

Fig. 3.1 shows the density of states for a system in which impurities are
arranged in the form of simple cubic lattice. There is one impurity in the
simple cubic unit cell. Here the density of states means a number of Kohn-
Sham eigenstates which is found in a range between € and €+ Jde. The density
of states in the periodic system is calculated using kernel polynomial method
with Jackson kernel [49]. The size of unit cell is changed with keeping the
grid spacing fixed. This changes the impurity concentration. The number
of polynomials is tuned such that the ratio between number of grids and

polynomials becomes similar as possible. This is to keep the finite size ef-
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fect of kernel polynomial method among the samples for different impurity
concentrations.

In Fig. 3.1 the band gap seems to disappear at around np = 1.59 X
10'® cm ™3, i.e. the metal-insulator transition occurs around this concentra-
tion. If one calculate Eq. (2.1) for the periodic system, né ay = 0.23. This
value is not precise because the band edge can not be rigorous in kernel poly-
nomial method and one can calculate the samples only for discrete impurity
concentrations.

The average density of states for disordered system is shown in Fig. 3.2.
This is a histogram of Kohn-Sham eigenvalues, but not calculated by kernel
polynomial method. The band gap does not exist for whole calculated range
of impurity concentration in the disordered system. The energy origin among
random samples is fixed and an eigenvalue of the highest occupied state for
each sample can fluctuate. This corresponds to that the bottom of conduction
band in the host medium is fixed as the energy origin among taking the
ensemble average.

Fig. 3.3 shows a comparison of the density of states between in the pe-
riodic system and disordered system. The band broadening is significant in
the disordered system. In this case the randomness gives the competitive
effects that it enhances the band gap closing and that the electronic states
are localized.

Below the transition concentration of the periodic systems, in disordered
systems the band gap has already closed. Actually, the critical concentration
in the disordered systems can be estimated as n, ~ 1.1 x 10¥8c¢m=3, which
is explained in Sec. 3.1.2. However, clear singular behavior can not be ob-
served in Fig. 3.2. Thus, some quantitative evaluation of the metal-insulator

transition in the disordered system is necessary.
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Figure 3.1: The density of states of periodic systems for different impurity con-
centrations. The number of k-points is 8. The size of unit cell is 76.2, 85.7, and

104.8 A. The number of polynomials is 788, 1122, and 2048, respectively.
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Figure 3.2: The density of states of the disordered system.
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Figure 3.3: The averaged density of states in the disordered system and the density
of states in the periodic system. The impurity concentration is about 0.87 x
10%% em—,

3.1.2 Results for multi-fractal exponents and finite size

scaling

Using the method described in Sec. 2.3, I investigated the critical behavior of
the metal-insulator transition in the spinless case. The critical concentration
and critical exponent should not depends on g values and the multi-fractal ex-
ponents are calculated for some g values to check the consistency. The orbital
¢ in Eq. (2.48) is extracted from self-consistent calculation for Eqgs. (2.45)
and (2.46). I chose A = 1/6 which is defined in Eq. (2.53). The multi-fractal
exponents for highest occupied Kohn-Sham orbital as a function of the im-
purity concentration for different system sizes are shown in Figs. 3.4, 3.5,
3.6, 3.7, 3.8, 3.13, and 3.14. The curves are the best-fit-model obtained by
finite size scaling fit. The fitting parameters of scaling function Eq. (2.81)
and scaling variables Eqgs. (2.79) and (2.80) are determined using, m, = 2,
my, = 1, mx = 3, my = 1. I chose these maximum order of the expansion

to avoid unnatural fitting. If one expands the scaling function with higher
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Figure 3.4: &g for different system sizes as a function of impurity concentration.
The number of samples for each data point is between about 1500 to 3000. The

critical concentration is indicated by a red arrow.

order, the fitted curves bend unnaturally. On the other hand, the lower
order expansion gave the critical concentration out of the calculated range.
The number of data points is 67 and the number of fitting parameters is
3+ my+ (my+1)+ (mx+1)- (my +1) —2=13. As described in Sec. 2.3,
Eq. (2.77) implies that the distribution of the multi-fractal exponent is scale
invariant at the transition provided A is held fixed. The distribution of &g
shifts to smaller (larger) values in the metallic (localized) phases as the sys-
tem size increases. For low concentration, typical behavior of localized states
is seen, i.e. one can see shifts to larger values as the system size increases.
For high concentration the system size dependence is less pronounced but
there is a shift to smaller values with increasing system size. (Note there is
a lower bound of &g > 3 set by normalization of orbital.)

From the finite size scaling analysis, the critical parameters are obtained.
Those obtained for some g values are shown in Table 3.1. The confidence
intervals for the critical impurity concentration and critical exponent are

determined from the histogram obtained by Monte Carlo simulation. The
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confidence intervals shown in Table 3.1 are corresponding to 95%. x? values
(Eq. (2.82)) and its @) values are also shown in Table 3.1. ) is a probability
that an observed x? value accidentally exceeds a given value [47].

Fig. 3.11 shows the histogram for the critical concentrations calculated by
Monte Carlo simulation. The critical concentrations agree well between &,
and 7, for same g value. However, the critical concentrations of &, and 7, for
different ¢ values does not agree with each other. This discrepancy could be
caused by irrelevant finite size effect. ¢ value can control weight of ensemble
average. For small ¢, for example, a tail of orbital mainly contributes the
mean value. The critical concentration has a tendency of increasing as q is
increased. This implies that each contribution of the orbital has different
irrelevant finite size effect. Despite of the discrepancy for the critical con-
centrations, the critical exponents are consistently obtained, v ~ 1.3, for &,
and 7, with some ¢ values.

Note that &g 5 has severe property for fitting (Fig. 3.13). The multi-fractal
exponents in non-interacting systems follow the symmetry relation [50, 14,
15].

ag+on_q=2d (3.5)

G5 in the metallic phase and critical point are both equal to the spatial
dimension. Its function of the concentration saturates in the metallic phase
and this fact makes the fitting procedure difficult.

The calculation for ¢ = 1.25 leads to large confidence intervals for the
critical exponents. The large confidence interval can be also seen in Ref. [17].
In addition, the data sets in the present case do not cover vicinity of the
crossing point (Fig. 3.14) and the fitting procedure does not work properly.

The order of critical concentration in the present calculation, n, = 1.1 X
10¥8cm™3, agrees with the experimental result, n, = 3.52 x 10'® cm™3 [24].
Some of the discrepancy can be explained by the replacement of the semicon-
ductor crystal with an effective medium, i.e. from the universal relationship
Eq. (2.1) the predicted critical concentration is 2.25x 10! cm™3. The remain-
der of the discrepancy may result from the following: (i) In the true system
spin is not completely polarized. In the system that spin degree of freedom
is taken into account, the kinetic energy will be less than the spinless case.
Orbital for the spinless case tends to be extended and the hopping integral
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can be larger. Thus, the band gap in the spinless system closes earlier than
the system that spin is taken into account. (ii) It is known in first principles
calculation that the local density approximation underestimates the band
gap (see, for example, Ref. [51]). In fact, 1s hydrogen level in the effective
medium can be estimated as —0.030 eV, but the peak for low concentration
in Fig. 3.1 shows roughly —0.015 eV (even though it is not the isolated atom,
one can expect it is close to —0.030 eV for enough large systems).

The critical exponent in the present calculation seems to agrees with one
of the experimental value, v(= p) = 1.2 £ 0.2 [23].

Note that the experimental results for v (v = p in 3-dimensional sys-
tems [20]) are discussed between ~ 0.5 (wide region of the concentration) [18,
21] and = 1.0 (narrow region of the concentration) [19, 22] for uncompensated
samples. Ref. [23] suggested that v = 1.0 might be attributed by unavoidable
compensation in experiment because the critical parameters for compensated
samples seem to be similar to the data for uncompensated samples with the
narrow range of concentration. However, the scaling analysis basically works
more properly as the range of scaling variable becomes narrower. If there ex-
ists such narrow region, the analysis within wider region can not be justified.
Thus, this agreement can be possible.

The present calculation is for uncompensated spinless systems and these
experimental results are for uncompensated systems but the spin direction
is not restricted. This difference of the spin degree of freedom can affect the
critical parameters.

The non-interacting disordered systems using Anderson model lead to
v = 1.590(4+0.012, —0.011) [17] and it is different from the obtained value in
the present work, v =~ 1.3. If the electron-electron interaction is neglected in
this work, it can be equivalent to the topologically disordered systems. The
critical exponent calculated in the topologically disordered systems, in which
the electron-electron interaction is not taken into account, agrees with the
results of the Anderson model, v = 1.61(4+0.07, —0.06) [25]. The difference
from these non-interacting disordered models can be caused by the electron-
electron interaction. Because I assumed the electronic correlation is not so
strong and it is taken into account on<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>