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Abstract

Since the two-dimensional (2D) Hubbard model is one of the simplest model having

features of layered cuprates which is widely known as high-?i superconductor, many

researchers pay their attention to this model. One of the purposes of this thesis is to

discuss, on the basis of the fluctuation exchange (FLEX) approximation which satisfies

the conservation law and takes account of the spin fluctuations, how the shape of the

Fermi surface (FS) is modified and how the charge susceptibility behaves in the 2D

t-t'-U Hubbard model near half fllling as strength of the onsite Coulomb interaction 7
is increased. The antiferromagnetic (AF) correlation length is shown to be enhanced as

the Coulomb interaction get closer to the critical value [/" for the critical point to onset

AF order. At the same time, the shape of the renormalized FS is deformed showing the

tendency of nesting and the charge susceptibility shows a pronounced enhancement near

t/.. This result is consistent with experimental observations in under-doped cuprates

LSCO. The enhancement of the charge susceptibility is so large that it cannot be

explained by the van Hove singularity of the density of states (DOS) due to the nesting

of FS. Indeed, the van Hove singularity of DOS is easily cancelled by the RPA type

contribution.

Another purpose of this thesis is to investigate an origin of the divergent charge

susceptibility. It is expected that the effect of the AF spin fluctuations is the main

origin for this divergence of the charge susceptibility from the fact that the anomaly

is observed near the antiferromagnetic insulating (AFI) phase. In order to verify this

physical picture, we calculate the Aslamasov-Larkin (AL) type contribution to the

charge susceptibility, and compare its value with that calculated by the FLEX approx-

imation. The result is that the Al-type contribution nearly exhaust the value of the

enhanced charge susceptibility where the charge susceptibility is enhanced enough as



the interaction [/ approaches U". Namely, it is shown that the origin of the divergent

charge susceptibility is not the van Hove singularity but the AF spin fluctuations.
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Chapter 1

fntroduction

Layered cuprates have attracted much attention over the past fifteen years because

they exhibit anomalous behaviors also in the normal state apart from the fact that
they have recorded high super conducting transition temperature (f.) [t]. Many re-

searchers commonly approve that such anomalies must be understood for clarifying

the mechanism of the superconductivity (SC). Some of these anomalies have features

expressed by keywords: spin-charge separation aspect, spin-gap behavior, and so on

t2]-t6] They cannot be explained by the conventional Fermi liquid theory in its simple

form. This chapter is devoted to a survey of the previous works about this problem

from both aspects of experiments and theories.

1.1 Experiments

Layered cuprates have a CuO2 plane and their interplane interaction is so weak

that they are considered as a two dimensional system (see Fig. 1.3a [9]). The crystal

structure and the phase diagram for La2-,Sr"CuOa which is one of the typical materials

classifled into layered cuprates are shown in Fig. L.I [2). It is remarked that the SC

phase appears near the antiferromagnetic insulator (AFI) phase in the phase diagram.

This fact implicates that the effects of antiferromagnetic (AF) spin fluctuations is very

important to understand anomalous properties in the metallic phase and high-?i SC.

Now, we survey their experimental data.
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Figure 1.1: Crystal structure of La2Cuoa (left figure) and phase diagram for

La2-,Sr,CuOa (right figure).

1.1.1 Hall Coefficient

Since the Hall coefficient .Rg for the normal metals which have one sort of carrier

can be expressed as
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where n and e stand for the electron number and elementary charge, respectively. The

Hall coefficient Rs given by (1.1) does not essentially depend on temperature. But,

for the layered cuprates it complicatedly depends on temperature shown as Fig. 1.2a

[7]. In addition, the value for the normal metals whose carrier is electron is in inverse

proportion to the number of electron and the sign is negative (see eq. (1.1)), whereas



the value for the layered cuprates is in inverse proportion to the doping number and

the sign is positive near half filling (see Fig. 1.2b [8]) . While there are such results that

seem like to show that the carrier of the layered cuprates is hole, the spin degree of

freedom shows a response reflecting the existence of large Fermi surface (FS) consistent

with Luttinger sum rule.
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Figure 1.2: (a) Temperature dependence of the Hall coefficient for La2-,Sr,CuOa with

0.05 < r < 0.15. (b) Sr content r dependence of the Hail coefficient for Laz-"Sr"CuOa

at 80 K and 300 K. The sign of Rs is positive for r < 0.15 and negative for r > 0.15,

respectively.
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L.L.z Electrical Resistance

The electrical resistance for the Fermi-liquid is expected to be in proportion to the

square of temperature because the electron-electron interaction leads a damping rate

of the quasiparticle in proportion to the square of temperature. In fact, the heavy

fermions, for example UPt3, exhibit this temperature dependence. For the layered

cuprates, however, the electrical resistance is in proportion to the temperature itself in

rather wide temperature range. (see Fig. 1.3 [9]).
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Figure 1.3: (a) Inplane and interplane resistance for YBa2Cu3O7-r. Numbers in figure

are equal to7 - ". (b) Temperature dependence of the resistance for La2-"SrrCuOa.
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1.1.3 Spin-gap Behavior

The so-called spin-gap (or pseudogap)

magnetic resonance (NMR) experiments.

written as

behavior typically can be seen in the nuclear

The nuclear magnetic relaxation rate [r is

(1.幼

where F (q) is a factor which depends on the position of the watching atomic nucleus

and the hyper flne coupling, and X(q,u) is the dynamical spin susceptibility. (7rZ)-r is

expected to be independent of the temperature (the Korringa law), reflecting that the

spin susceptibility is constant in temperature (the Pauli susceptibility) in the Fermi-

liquid, while the observed value in the layered cuprates increases with temperature

decreasing like obeying the Curie-Weiss like law and have the local maximum near

above T" (see Fig. 1.a [10]).

oo

100 200
Temperature (K)

Figure 1.4: Planar 63Cu spin-lattice relaxation rate in optimally doped YBazCusOo.ss

(squares) and underdoped YBazCusOo.o+ (circles). The pseudogap causes a suppression

in the relaxation rate well above ?i.
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t.L.4 Charge Susceptibility

The charge susceptibility 1" is one of key quantities to understand anomalous prop

erties of metallic phase near the Mott transition. It has been observed thet the shift of

the chemical potential p is suppressed as the hole concentration d : 1 - n in the CuOz

plane decreases in Laz-,Sr"CuOa (see Fig. 1.5 [tZ]). ft means that the charge suscep

tibility diverges as d -- 0. According to the Fermi-liquid theory, the relation between

the charge susceptibility and the effective mass of the quasiparticle is as follows:

χc/χ:      1
(1.0m'lm 1+tr6'

where ff, is the Landau interaction parameter, X. QD is the charge susceptibility, and

m. (m) is the effective mass, with (without) the Coulomb interaction, respectively.

FYom eq. 1.3, divergence of the charge susceptibility results in due to divergence of the

effective mass. As seen in Fig.1.3, the enhancement of the charge susceptibility is much

larger than that of the effective mass (i.e. the specific heat coefficient 7) [12], so that it
is deduced fli --+ -1 as d --+ 0. So this fact does not necessarily indicate the breakdown

of the Fermi-liquid. In any case, it is very curious at the first sight that X" diverges as

the insulating phase is approached, because 1" is vanishing in the insulating phase.
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L.2 Theoretical Approach

L.2.L Hubbard Model

In the layered cuprates, Cu 3d orbital and O 2p orbital are mixed. We take an area

enclosed with dotted line shown in Fig. 1.6 as a unit cell. One of the model which is

considered to describe the electronic state of the layered cuprates well is called the d-p

model, which can be written as follows [17]:

joij

where [/a and U, are the repulsive interaction of electrons which exist in onsite 3d

orbital and 2p orbital, respectively, and we take fao for the transfer integral between

3d and 2p orbital, foo for that between 2p, and 2p, orbital. Because of the fact that

only one band exists near the Fermi level in doped metal state, one unit cell can be

considered as one site in the single.band Hubbard model, which can be written as

follows [18]:

〃=;dp Σ (磁σ+ん。c.)+tpp Σ (4σ乃′σ+ん C)
<づ」>,σ               <′ ″

′>,σ

十△εΣ喘 +鴫Σηttη乳+偽Σ弓↑弓↓,

∬ =― Σ
<こ″>,σ

tii@l6ci" + h.c.) + UDTLfiTLt! ,

interaction,andす り is the

(1・ →

(1・ つ

transfer bet、 veen twhere {/ stands for the onsite repulsive

site and I site.

L.2.2 Nested Fermi-Liquid

In the previous section 1.1, we have summarized the experimental data briefly,

which show the anomalous behavior in the normal state of the layered cuprates. They

cannot be explained by the conventional Fermi liquid theory in its simple form. It is,

however, expected that the FS of quasiparticles becomes nearly nested near the AFI

phase [20]. Then Miyake-Narikiyo have shown that the charge susceptibility in nearly
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Figure 1.6: Cu 3d and O 2d on CuO2 plane. The four-leaf clove type orbital is Cu

3d,r-0, and the dumbbell type orbital is O 2po. White or black shows the sign of wave

function, arrows show transfer and dotted line shows unit cell.

half-filled 2D metals has pronounced singularity with decreasing temperature at the

wave vector corresponding to two modes of spin fluctuations if the FS is technically

nested, and such anomaly is caused by the Aslamazov-Larkin (Al)-type contribution

shown in Fig. L.7 of 2DAF spin fluctuation [21].

Figure 1.7: Aslamazov-Larkin type diagram. The lines with arrow represent the Green

functions of quasiparticles, and the dotted lines represent the spin-fluctuation propa-

gators.



L.2.3 Previous Works of Deformation of Fermi Surface

Yanase.Yamada calculated the one-particle self-energy on the one loop approxima-

tion using phenomenological form of the spectrum of magnetic excitations expressed

by eq. (1.6) and pointed out that the strong AF spin fluctuations works to deform the

FS as to be nested, with the use of the spin-fluctuation propagator (see Fig. 1.8) [22]

x"(Q+q,ur) :r, Xo
1*{2q2 -iaf,'.t"

(1・0

Figure 1.8: Fermi surface calculated at various {.
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However, it is not microscopic aspect but phenomenological. Deformation of the FS

from the microscopic aspect has also been studied in twodimensional (2D) Hubbard

model on the square lattice by the self-consistent second order perturbation theory

[23], and in 2D Hubbard model on the triangular lattice by a simple second order

perturbation [2a]. These theories, however, cannot treat of spin fluctuations property.

Because of that, only a little tendency of change could be observed. Ogawa et al. have

shown on the perturbational renormalization group approach that the second nearest

neighbor transfer t' in 2D t - t' - 7 Hubbard model at half-filling is renormalized and

decrease as the Coulomb interaction 7 gets larger towards the critical value of the AF

transition. This result means that the renormalized FS is really deformed towards the

nesting [25].

L.2.4 Previous Calculation of Charge Susceptibility

The charge susceptibility was calculated by F\rrukawa and Imada with the use of the

quantum Monte Carlo in 2D Hubbard Model with nearest and next nearest neighbor

transfers in the ground state [13, 14]. A singularity in the charge susceptibility at the

Mott transition point d -- 0 is observed (see Fig 1.9). This method, however, can

study only for small lattice number (10 x 10 is the largest lattice in this calculation).

In addition, it is hard to judge which effect is important for the origin of the divergent

charge susceptibility because every effects are considered all together in this method.

L.2.5 Outline of the thesis

In this thesis, we study how the charge susceptibility behaves in 2D t - t' - U

Hubbard models near the half-filling, and how the shape of the FS is modified at hole

doping d : 0.002 where the charge susceptibility is mostly enhanced as the strength

of U is increased (see $ 1.2.1). By adopting FLEX, we can take into account an effect

of strong AF spin fluctuations, and study at finite temperature (T : 0.0125f) and

for large lattice number (128 x I28 :16384). It is observed that the AF correlation

length is shown to be enhanced as the Coulomb interaction gets closer to the critical

value [/" for the onset AF order. At the same time, the shape of the renormalized FS

is deformed showing the tendency of nesting near [/. and the charge susceptibility is
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Figure 1.9: Doping dependence of the chemical potential for t' : 0 (open symbols)

and f' : 0.2 (filled symbols). Lines in the flgure are the least squares flts to the Monte

Carlo data.

enhanced. Along with above calculations, we discuss that such anomaly in the charge

susceptibility is caused by the ALtype contribution of 2DAF.
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Chapter 2

Formulation and Calculations

2。 l  Formulation of FLEX Approxillllation

The Halniltonian lve discuss is the so― called ι――ι
′一Hubbard model:

∬=Σξk4σ Cぉ 十びΣ4+哺 4′_Q4c町 )    o.⇒
kσ              krq

where 4σ is the crettion operator of an electlon with momentum k and spin σ,び is

the onsite repulsive interaction,and

{v: -2t(cosk, +coskr) I4t'cosk,cos.ko - 1'r,,

is the band dispersion measured from the chemical potential p. Here, t and t' are the

transfer between the nearest neighbors and next nearest ones, respectively.

When the self-energy is deflned as E(k, ze,,), the bare and the renormalized Mat-

subara Green functions are respectively written as

d (k, te^) -1- Q.2)ien - tu'
G(k,ie^) ;;-d:f86, Q.s)

We define the particle-particle and the particle.hole correlation functions as follows,

respectively:

13



χ:P(q,づωm)=一昇澪dlk,jεη)θ°(―k+q,一づεη+づωれ)

=―井平         ,
χ:hlq,づωれ)=―昇澪

♂(k,づεη)θ°(k― q,づεれ―づωm)

=―井平       ,
χpp(q,jωれ)=一昇澪

Glk,tεttG(―k+q,一づεη+jωれ),
χph(q,づωれ)=―弄凛θlk,jεη)θ(k― q,づεれ―づωm)

Ц聯司 =凸
,

O y3昇品
θ←′″″)

p.→

(2.5)

(2.6)

(2.つ

Diagrams for the Luttinger-Ward functional Q/ in the FLEX approximation are

shown in Fig.2.1, which have no external lines and satisfy the conservation laws [26].
With the use of this functional, the thermodynamic potential O is given as follows

[27][28]:

0 : r+I t e*^6 1tn1c1k,i,e,)l- E(k, i,e^)G(k,ie^)\ +o,[c(k, i€*)l , (2.8)N7?,
where X stands for the self-energy which is in the relation with O/ as

0.助

whose diagrams are shown in Fig. 2.2. Now, these diagrams are expressed as follows:

χ:p(k+k/,tεη+tεη′)

(b)

0)
:び昇品αr,壼ガ)11+びχph← _kt壼れ―壼″)

1+びχpp(k+k′ ,づεη+づεη′)'

rr3 t \- nrrJ -.- r ztph\[ - rt , trLn - I'bnr 1- IJ2-G1K,/C2,/fu
χ5h:h(k― k′ ,づεれ―づεれ′)T

Ⅳ
品

~｀~~'‐ツ7`ノ 1+υχph(k― k′ ,づεη―jεれ′)'

1 - UXph(k - V,,ien - i,e,,) |,

0.1の

(2.11)

o.12)

14
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Figure 2.1: Diagrams for the functional O', in the Luttinger-Ward formalism, included

in the FLEX approximation. Solid curves with an arrow denote the renormalized

Matsubara Green function calculated with the FLEX approximation.
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(a)

(C)

(d)

:

:#
Figure 2.2: Diagrams of the self-energy. (a) Particle-particle correlation. (b) Particle-

hole correlation (ladder approximation). (c) Particle'hole correlation (ring approxima-

tion). (d) Hartree.Fock term (it contributes only to constant term).
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where (d) is the Hartree-Fock term which contributes only to constant term. Epp, Epn,

floo and f'pr, are defined as

(2.13)

(2.r4)の

′
＞
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- i€n')

１

一

一 k′ ,づεれ1-υχph(k

１

一
２一1 * I/1pr,(k - k' ,i€n - i€n,)

pr,(k - k',i€n - i,en) - Il, (2.16)

respectively.

Analytic continuations of these quantities to the real axis are performed as follows

(see Appendix A and B [29]-[31]). Correlation functions, eqs. (2.6) and (2.7), are given

AS

where

17



Ei,o(r.,') : # D | *r^$fr. +k,,e + e,)

,. 
f* ('"'n #- tanh #) "rru,e') 

-' F:#:!1,
(2.1e)

rft(k,,) :#Elfr^dtr. -k,,e -e,)

" l* ft"tn #* tanh n) *au,s') +, p^#:!],
(2.20)

where

GRlk,→ ≡
ε_&′ _(ΣL+ΣL)・

We calculate eqs. (2.19)-(2.21) iteratively until the self-consistency condition is sat-

isfied for each k and e within the following accuracy:

0.21)

●.2幼≦ 10-3.
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2。 2 Charge Susceptibility in the FI,EX Approxima-
tion

The renormalized FS and the chemical potential are determined from the fixed

number of electron n using the Luttinger sum rule [32, 28].

に与=鋭R¨刈み

χFRPA=丁告努選需れ下
,

o2o

The charge susceptibility is calculated in two ways. One way with the renormalized

random phase approximation (RRPA) is as follows:

p.2o

where χFR｀ おthe charge susceptわ1lity wtth RRPA,and χph(0,0)iS the particlehole
correlation function deined in§ 2.l at the wave vector q=O and the frequency ω=0.

Another way with the FLEX approxilnation is as fo1lows: First,the electron number

η is obtained froln difFerentiation of the therllnodynanlic potential Ω by the chemical

potential μ as

η=―器=T浮夏ど・のは,づεれ),
k,σ

which is also Obtained from eq.;(2.8)using eq。 (2.9).Then we can obtain the charge

susceptibility χFLEX aS

ガ
LⅨ ≡

%=T平 ダ 十
し に 朝 い α に 朝

Ψ }“
η

where we have used the expresslon(2.3).The nrst term and the second term of(2.25)

can be expressed by the diagram shown as Fig.2.3a and 2.3b,respectively Of di針

gralns included in Fig2.3b,those which have two spi‐■uctuation modes χ『
LEX(k,づωれ)

with the same lrave vector are called AL― type contribution,and are expected to give

dominant cOnt五 bu■on to χFLEX beCause the divergence of twkl rmdes at q=Q,

χ″
PA(Q,0),WOrks cooperatively to enhance 

χFLEX.Here,χ ]RPA(k,づωm)お deined as
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(a) ⑭)

Figure 2.3: (a) The first term of eq. (2.25). (b) The second term of eq. (2.25). The

symbol " x" stands for the differentiation by p.

xYtPo(k, i'u^): . 2x,P-n(k',!'T) 
,

1 - I/1or, (k , i,J),n)

There are six Al-type diagrams as shown in Fig. 2.4.

The ALtype contribution rca1. (see Fig. 1.7) is expressed as

κ凡 =♂T冴
平 レ浮 ド

に 転 恥 ―聯 %も
12不

可 に ゎ→・ 図

Sinceしrχph nearly equalto l when the Coulomb interactionし r is near the critical value,

Πγ(k,づωれ)are expressed respectively as

o.2の

nj(4 ro-)

nj(k, zal-) : nl,(k, i,a^) : nl(t, er,.'-)

/ x"n 1'
\1 - 71pnl
n!(k, ra*) : nl(k, i,a*) : n!(u, tw^)

I xon l'-fl( xon _rpr,\f'-!/ xon 1'
ft - (uxpr,)2J - Lz \l - I/1pr, 2 ) ) - 4 \r - uxpn)
nj1t, zuu-) : rll(k, i,a^) : nf 1t, zr:-)

ee)'-fl (. r,! -g)l'=](, ''+ )'1rrr1
f 1- (1pr.)21 - L2 \1- t/xpr, 2 )l - 4 \7-uxpn) '



(e)

(d)

つ
／
１
ヽ

evem

even )"'

Figure 2.4: Aslamasov-Larkin type diagrams contributing to the charge susceptibility

rter in the FLEX approximation. o stands for spin and o' : -6. (odd) and (even)

stand for the parity of the number of the ring included in the diagram.

Therefore, rca1 is written as

tl' fry*"f u,u^)12,wtu 
2" ' 

H? l' ?z_J" 
\t-1 rl,ue n "*^ 

)
(2.2e)

After performing the summations with respect to e, and u)m1we obtain
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口
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κL=6y4浮二轟cah券

×レし十の{/嘉 Fけν+ガ ,″十の一Fいν+が,・一の
十FO+が ,″―ν―づδ)~Fし―が,"―ν―が凋tanh」争}2
-κω―の{/嘉

Fいν―力,"十の―Fいν―が,″ -0

+Fいが,″一ν+の一Fし―が,″―ν+ガ凋tanh券 }],

930)

where

F(づεれ,tεれ一づωm)≡ Σ G2(P,じεれ)C(p― k,づεれ―われ),
p

and

4。 ≡
(  )2.

Separating the self energy into the real part Σ′
(k,ε )and theimaginary part Σ″

(k,ε )

and expanding Σ′
(k,ε )arOund ε=0,we obtain

αu=       o鋤
where

a≡ zkla tt Σ
′
(k,o)1,

and

伸―TLO・
zk is commonly called the renOrmalization factor. Then,the effective mass,η

* of the

quasiparticle is deflned as

時〓ｋ

″亀
Ｔ
　
２

〓
・　
　
　
２

ｋＦ一州
●.32)



where kp is the Fermi wave vector. It is remarked that the mass m* depends on ihe
position on FS.

Finally, we also calculate the AF correlation length { defined as

xyir"(e * q,0) _ 2xph(Q + q,0) _ 2xph(e,0)/[1 _qxph(e,0)] offi)1-tlXpr,(Q+q,0) - 7+€2q2 

-'; 
\

at q ( r/o. Namely, { is defined as follows:

c2 - rr,,* Xpr,(Q,0) - xon(Q f q,0)€"=ulgffin-' (2'34)
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Chapter 3

Results and Discussions

Since the correlation function and the self energy we calculate have the form that

can apply to the convolution method, our calculations can be made faster by using the

fast Fourier transformation (FFT). We have retained I28x728(: 16384) lattice points

and 512 (= l/) discrete points of energy. Hereinafter, the nearest transfer energy f and

the lattice constant a are taken for a unit unless explicitly stated. Both of the cut-off

value of energy e. and Matsubara frequency i,ei: (2N - I)i,trT are 40 corresponding

to the temperature T :0.0125t. The next nearest neighbor transfer energy l' is flxed

as t' : 0.4t in $ 3.1 and t' : 0.2t in $ 3.2.

3el Case of ι′=0。 4ι

ヽヽb can see that the peak of the static spin susceptibility χph(q,0)iS inCOllnlnensurate

at y=2 but is coFnmenSurate atび =5 in Fig.3.1.A result of deformed FS is shown

in Fig.3.2 for the system withび =5 at halillling.As we can see in Fig.3.2,the

FS is deformed in the direction tO the nesting. Behavio■ of the charge susceptibility

calculated with the FLEX apprclximation χFLEX(=∂η/∂μ,Where η is the electron

number)as the hole doping number δ changes is shown in Fig.3.3.It is observed that

χFLEX haS a maximum value at δ =0.003 whereas χFLEX haS the peak at δ =0.002

for the system with ι
′
=0.2 as we discuss in the next section. The critical interactlon

value of the AF transttbn ttr=1/χ ph(Q,0)equab 5.3 and ξおOnly On the order of a

lattice constant(it is eStimated as l.14),but the FLEX calculatiOn does not converge
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well where [/ is larger than 5 in this case. What causes this obstacle is considered as a

existence of spin-liquid or nonmagnetic insulator phase between the AFI phase and the
paramagnetic metal phase [33]. Our study, in spite of this obstacle, can be proceeded

at the strong coupling regime by switching t/ into 0.2 from 0.4 because an increase of
[/ means decrease of tt 125). In the next section, we discuss the case of tt :0.2t.

`″

″
孝移 :

111,71

1解猜

Figure 3.1: Static spin susceptibility Xpr.(q,0) at (a) IJ :2t and (b) U :5t.
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Figure 3.2: Solid line is the renormalized FS at i/:5f and dotted line is the bare FS.
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Figure 3.3: Cirarge susceptibility is plotted against the hole doping number 6 at IJ : 5t.
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3.2 Case of ι′=0.2ι

Chelnical potential μ is plotted against the hole doping rate δ in Fig.3.4 at〔プ==3.532,

which is near the critical value of AF transition estimated as ttr=3.54・ (see Fig.3.5).

we can see that the chemc」 potenjJ shtお suppr∝sed around δ=0.002.χFLEX

versus δ at the various interaction values: し「==35,3.52,3.53 and 3.532 are shown in

Fig.3.6. It is observed that they have maxiIIlum at δ =0.002 and the value of the

maxillllum is enhanced as υ
rincreases. It is speculated that the smooth variation of 

μ irl

the range-0.002<δ <+0.002 is due to the erect of inite temperature,T=0.0125t,

and it is expected that the discontinuous jump Occurs,as in rel 1131,at δ=O in the

zero temperature linut whOse temperature region cannot be investigated owilllg to the

lilnitation of numerical calculation.

-0.420

-0.425

-0.430

_ Ю.435

ゝ

-0。440

‐0.拓

-0.450

0455
Ю.004

Figure 3.4: Chemical potential 7-r is plotted against d for the pararneters t' : 0.2t,

U :3.532t, N : 128 x 128, and ? : 0.0125t. Solid curve is the smooth interpolation,

and the dashed curve is an expected behavior, proportional to 52, at T :0.

Ю.002     0.000     0.002     0.004

δ
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Figure 3.5: Lr vs 1 - UXpr,(Q,O). The critical value of AF transiton is estimated as

U", : 3.54 because we can see that t - UXpr,(Q,0) : 0 near U : 3.54.

The further analyses are performed at d: 0.002 around which the charge suscepti-

bility has the maximum value. A result of the renormalized FS at U : 3.532 is shown

in Fig.3.7 together with the result at U :0. Deformation of the FS, calculated by the

self-consistent second order perturbation theory in 2D Hubbard model near half-fllling,

cannot be seen clearly even for rather lalge value of interactionU : 41231. This is also

the case in ref. [2a]. On the other hand, the modification of the FS we calculated is not

so large as that of Yanarse.Yamada who claimed that much larger modification is ob-

tained even for smaJler value of { : 6a (see Fig.1.8 [22]). Indeed, the correlation length

{ defined by eq. (2.34) is estimated as { : 13.7a with the use of the relation between

1.0 2.5 4.03.53.0
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―
卜 3.532t

00
■001 0.000 0.001 0.002      0.003 0,004

Figure 3.6i Charge susceptibility calculated with the FLEX apprOximation 
χFLEX=

∂η/∂μ iS p10tted against δ fOr various y.

[xon(Q,0) - xpi'(Q + q,0)] and q2 as shown in Fig.3.8. They used the spin-fluctuation
propagator x"(Q + q,0), see eq. (1.6), in rvhich the numerator is givel by 1q, rvhile
those rve used, xf;FA, see eq. (2.33), ha^s a numerator xpr,(e + q,0) which decreases

rapidly as q is increasing. That may be one of the reason why the moclification of the
FS we calculated is not so large as that of the FS Yanase-Yamada calculated.
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0.0
0.0

Figure 3.7: Solid line is the renormalized FS at I/ :3.532t and dotted line is the bare

FS where d is 0.002. Two symbols "x" and "+" show the position of the "hot spot"

and "cold spot", respectively.

The renormalization factors are calculated for the system with I/ :1,2, 3, 3.5,3.52,

3.53 and 3.532 at the so-called "hot point" and "cold point". These results are shown

in table 3.1 and Fig. 3.9. It can be seen that zlot (at the hot point) and z["rd (at the

cold point) show rather rapid decrease as [/ increases, but does not appear to vanish

3.02.52.01.51.00.5

k
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Figure g.8: [xpr,(Q,0) - xpr,(Q + q,0)] vs q2. Nice q2-dependence exists in the region

0<s<0.81a.

a^s U approaches LI"". This seems due to the effect of finite tenperature T : 0,0125,

as in thc casc of Fig. 3.4.

The renormalized dispersion {i (= zr.[€r * t'(k,0)]) along ,b, - k, - 7-77 and

ka: k* through the hot point and cold point where the interaction is U :3.532t xe

shown together rvith the non-interacting dispersion in Fig. 3.11. It is observed that

the gradient of renormalized dispersion is about a half as large as that of the non-

interacting <lispersion. It means that the effective ma^ss defined bt' eq. (2.32) is about

twicc as largc as thc barc mass.
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Figure 3.9: Average of the renormalization factor at cold spot zfidd and hot spot zf;ot

as a function of the interaction Lr.

In Fig. 3.12, we show the results for the single paticle density of states (DOS) of

non-interacting, p0 (u) (= -2DrImGo(k. e)lNn), and the interacting state, p (u) =
-2DuImGR(k, e)lNr, calcuiated in the FLEX approximation at tl :3.532t It is

remarked that the van Hove singularity in p0 (e) at a = -0.3t shifts to the Fermi level

e x 0 in p (e) at U x U., :3.532t, and is smeared considerably. This is consistent

with thc fact that thc AF corrclation has an cffcct to dcformc thc Fcrmi surfacc to thc

nesting as U is increased to U", as shown in Fig. 3.7.
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Figure 3.10: Enhancement of correlation length ( (triangle) is cornpared rvith that of

3.530

charge susceptお nity χFLEX(square)and χFttA(drCle)in the unit 1/ι .

The AF correl就lon length ξ is cOmpared with the fo1lowing two sets of physical
quanttbs h tablc 3.2 0nc sct is thc ratio of χFLEX and χ]RPA to thc Юn―intcrЖting

charge susceptibility χ:which equals to the density of state(DOS)at the chemical
potenti」 without interaction ρO(0)(=― Σklm♂ (k,0)/Ⅳπ)estimated as O.838/t as
seen ill Fig.3.12.Another set is the ratio of the ettctive mass to tlle bげ e mass at

the hot point肌乱t/mhot and the cold poillt鶴 :dd/mcdd.ヽ bヽ can see tlle pronounced

enhancement ofχ FLEX tt ξ iSenhancedwherett mid and mLd ShOWlittle enhancement

at y～ 銑r.This implies that the specittc heat dOes nOt exhibit the divergence as

the AF c五tical point is apprOached, although the efective llllttS iS enllallced there

by about t覇 ″ice compared to the bare lllllESS. This IIlay be partly due to the efFect Of
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ころ/ι 雄
d

Zi°
ld

0.500

1.000

2.000

3.000

3.500

3.520

3530
3.532

0.991

0.959

0.784

0.498

0.385

0.383

0.380

0.380

0.992

0.963

0.808

0.553

0.438

0434
0.431

0.431

Table 3.1: Renormalization factors.

inite temperature T=0.0125ι .Howe“ r,it should be noted that mid/mhd～ 2 34 is

smaller than(4° t)lπ 2.63 and m:dd/mcdd N 2.13 is smaller than(zrld)1～ 2.32

This implies that the secalled LInass,which is deined by the same expression as eq.

(2.32)but withOut the renormalization factor 4,is suppressed near the critical point,

and consitent with the result of Maebashi and Ⅳliyake who shonted that the nested

luctuations near the meta卜 insulator tranttion gi(s the simnar aspects pttp司 .

The behavior ofthe correlation length ξ,deined by(2.34),お compared with that of

the charge susceptibility χFLEX,(2.24),and χF鳳 ,(2.25),as a fuction Ofび in Fig.3.10.

We can see that χFLEX is enhanced together、vith ξ Whereas,`]RPA is not enhanced. It

is caused that the RRPA does not take into account the AL― type contribution whose

diagran■ is sho恥アn in Fig l.7 or 2.4 but the FLEX approxilnation does. The origin

of the divergent charge susceptibility,therefore,is considered to be not the enhanced

efFective mass alone but crucially due to the eGect of stro五 g AF spin luctuations. In

other words,the Fermi liquid correction tt is impOrtant to the divergence of χc.As

shown in Fig.3.12, the van Hove singularity is shifted toward the chemical potential

(Fermi ttvel),but the singb particb spectrd weight at the chemical potenI」 ρ(0)fOr

ιr=,3.532t and δ二=0.002,is slightly supressed froln the value without the interactlon.

Therefore,the van HOve singularity little contributes to the enhancement of the charge

susceptibility.

The Landau parameter fT is estimated as 8.62× 10~3 at the hOt spot and-8.19×

10 2 at the cold spot from the relation:(χ c/χ:)/(π
*/m)=1/(1+珂

)When the
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Figure 3.11: Renormalized dispersions along (a) ka : k,-1..77 and (b) ky : k, through

the hot point and cold point. Solid lines are the renormalized dispersions and dotted

lines are the non-interacting ones.

interaction is [/ : 3.532t. In ref [12], it is insisted that the fact of the existence of

the divergent charge susceptibility is considered as an index of the breakdown of the

Fermiliquid. However, foo gets smaller and its sign turns to negative as [/ increases,

3.02.82.22.0
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Figure 3.12:Single particle DOS ρO(ε)≡ -2 Σklm G・
°
(k,ε )/z●

7π for y=0(square)

and ρ(ε)≡ -2 Σklm θR(k,ε
)/Ⅳπ fOr y=3.532t(trianglC)at δ=0・ 002 Thcy ac

shown only aro■ lnd the ctlsp because the low eneray regiOn are of interest.

so that this fact does not necessarily indicate the breakdown of the Ferll■ i―liquid tt we

ha■ye discussed in§ 1.1.4.The tendency of vaFiation of χル
EX/χ

:alld mⅢ /肌 器fllnctions

of υ suggests that the Landau paranleter Jr approaches-l as the true criticご l point
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U : U. at T :0 is approached. The point is that the Fermi liquid effect given by 4i
does not suppress 1" in marked contrast to a naive expectation.

y/ι  びχph ξ/a χFLEX/χ: χド
A/χ

: mid/m m:dd/m nll-lx2
3.500  0.994  7.74

3.520  0.995  9.65

3.530  0.998  13.27

3.532  0.998  13.70

0.56      0.0762

0.69     0.0761

1.09      0.0758

1.16      0.0758

232     2.09
2.34     2.11

2.34     2.13

2.34     2.13

00464
0.153

0.97

1.15

Table 3.2: Enhancement of { as

susceptibility, the charge mass and

[/ increases is compared with that of the charge

the Al-type contribution.
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Figure 3.13: Va.rious quantities in table 3.2 are shown in this figure.

― 筵噂 た

一 満

十 轍

°

― 砂

1.2

1.0

0.8

0.6

札
嘔
ざ
´
主
Ｊ
Ｆ
´
ヽ
が
。

Q4

S

0.2

0.0
3.500

38



Figure 3.14: MT-type contribution to the charge susceptibility in the FLEX approxi-

mation.
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Now, we consider the relation between the FLEX approximation and the Al-type

contribution. As we have seen in $ 2.1, diagrams of the free energy iD shown in Fig.2.1

are considered in the FLEX approximation. Six Al-type diagrams shown in Fig.2.4

appear as parts of diagram obtained from the second differentiation of the free energy

iD by p, while the deagrams corresponding to the repetition of the AL process can

be obtained at the same time. The so-called Maki-Thompson (MT) type diagram

for the charge susceptibility is also included in the FLEX approximation as shown in

Fig. 3.14. However, its contribution is expected to be much smaller than the Al-type

contribution, because explicit spin-fluctuation propagator appears once in MT-type

diagrams so that its effect is easily averaged out while Al-type diagram includes the two

fluctuation mode with the same wave number giving rise to stronger singularity. Seeing

our result shown in table 3.2,the Al-type contribution takes over only a little part of

the charge susceptibility when the interaction [/ is far from the critical value LI. and the

correlation length { is not so long, but exhibits a large part of it where [/ approaches

near the critical value [/" and { becomes long enough. Thus, we can conclude that

the AF spin fluctuation is the main origin of the divergent charge susceptibility in the

t - t' - [/ Hubbard model at the half-filling near the AF critical point.

び χFLEX/χ :

0.500

1.000

2.000

3.000

3.500

3.520

3.530

3.532

0.83

0.61

0.60

0.47

0.56

0.69

1.09

1.16

Table 3.3 Charge suscepibility calculated by the FLEX approximation χFLEX.

The charge susceptibility calculated by the FLEX approximation χFLEX is shown

in Fig.3.15 and table 3 3. Its value decreases initially asし r increases,but it increases

rapidlyし戸>3す。()n the perturbation theoryn the charge susceptibility is expressed as

χc=2χ。-2びχ:+0(び
2),

0.1)
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so our calculation is consistent with this theory where [/ is small.
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Chapter 4

Summary

We have shown a pronounced enhancement of the charge susceptibility in an anomoulous

metallic phase near an antiferromagnetic (AF) insulating phase on the basis of the
FLEX approximation which satisfies the conservation laws and can take account of the
effect of AF spin fluctuations.

The first things that we clarified in this thesis are how the shape of the FS is modifled

and how the charge susceptibility behaves in the two-dimensional f - tt - 7 Hubbard

model near half fllling as the strength of the onsite Coulomb interaction 7 is increased.

The AF correlation length was shown to be enhanced as the Coulomb interaction get

closer to the critical value 7" for the critical point to the onset of AF order. At the
same time, the shape of the renormalized FS is deformed showing the tendency of
nesting and the charge susceptibility shows a pronounced enhancement near [/.. This
result is consistent with experimented observations in under-doped cuprates LSCO.

The enhancement of the charge susceptibility is so large that it cannot be exptained by
the van Hove singularity of the DOS due to the nesting of FS. Indeed, the van Hove

singularity of DOS is easily cancelled by the RPA type contribution.
We also clarifled an origin of the divergent charge susceptibility. It was expected

that the effect of the AF spin fluctuations is the main origin for this divergence of the

charge susceptibility from the fact that the anomaly is observed near AF insulating
phase. In order to verify this physical picture, we calculated the Al-type contribution
to the charge susceptibility, and compared its value with that calculated on the FLEX
approximation. The result was that the ALtype contribution nearly exhausts the value
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of the charge susceptibility when the charge susceptibility is enhanced enough as '"he

interaction [/ approaches U.. Namely, the origin of the divergent charge susceptibility

is not the van Hove singularity but the AF spin fluctuations.

In conclusion, we clarified a physical origin of the divergent behavior of the charge

susceptibility near the phase boundary between the antiferromagnetic insulator and

the paramagnetic metal. Namely, we first verifled by microscopic calculations based on

the FLEX approximation of the 2D Hubbard model, that the divergence of the charge

susceptibility is caused by the antiferromagnetic fluctuations themselves.
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Appendix A

Derivation of eqs. (z.LT) and (2.18)

the Matsubara Green function G and one particle spectral weight p are deflned as

ρは,→ =―
IImびは,0,

α聯→=ル紙 ,

where cR is the retarded Green function.■ Om eq.(2.7),

χphに ,づωπ)=井平/あ1/山 2ρ∈~q,″
1)ρは,aTtttεれ_tωη―

"1・
tεれ―

"2

=井平/あ1/山 2ρ←~q,″
1)ρ (k,″→場争≧粛奪|,  (A.o

and this analytic continuations to the real axis is as fOl10ws:

χph(q,ω +をδ
)

=井
平 /山 1/働 2ρ←

~q,κ
→ρは ,″分(―のJ∞

洸 ♂022+● 1+のι
{ηFIZl)~ηFO分 }

=ギ
I∞
訪♂い)平

1/α
″lρ(k― q,″1》Fい )Cカザ山2ズ k,″→Cり

―
/α
πlバk― q,″1)CtCザ山2ρは,″2》FOCり

]

=巧
J∞
訪♂い)井

二平c→←―°‐Cttk助

(A.1)

(A.2)



(A.4)

呼Ｗｅｍａ

ｔ
　
　
　
　
ｅ
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Appendix B

Derivation of eqs. (2.19) and (2.2O)

The Matsubara Green functions G and FR are given as follows:

G(k,ie,) -+ t arr\9-"kt'), (8.1)
7T J Xen.- tr

Fpr,(k, z) -+ tarl-lft(k' ')7Tr ,€n-tr (B'2)

where GR and f'R are the retarded Green functions. FYom eqs. (2.10)-(2.16), Eo5 can

be calculated as follows:

xor,(k, ze") # p ! +r1r. - kt ,,i€n - i,e,,)G(k' ,,ien)

1rr
;r. J dr J dn'tm$tt -k',r')rmG*(k',r)

_r 1 1v, \

? ie" - i€n, - *' 'ien, - r
7 1, / )ImGR(k',r): ;r- J dr J dn'tm4Ct -k',n', i.€, _ tr _ tr,

x("otn{+tu'h'\. (B.3)
\ 2" 2r/

and this analpic continuations to the real axis is

^1rtfh(k, ,): m I* Idz'ImFS,(k -k',r')@-84\* ("otn fi+ann#)
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(B 4)

Now, ImGR (k' , r) le - fr - trt * id is separated into the real part and the imaginary part

as

ImθR(k′
,″ )

)|€-:x-r'Ii,6

Then, we can get

L(k,ε)=

―″―ノ 十をδ

1

€-r-rt-i6
1

／
１
ヽ
ヽ
　

Ｒ

Ｒ
　

　

θ

レ

ｅ

ｌ

Ｉ
ｍ

　

．」
一

２

１

一
２

　

一

ε

／
ｆ
ｌ
、€-n-rl+i6 €-r-r'-i,6 )|

~472A「

平/働
/1m4は一ktの

×
{Im1/め

て
'∈

′
,の C==Fttt三百万十

×
 (COthf争

+tanh弁
)|

€-tr-r'-i,6

現Re1/α″♂に→(F巧■西雨―
×
 (COthf:+tanh券 )|}・

(B.5)

€-n-x'-i,6 )

(B.6)

In the case:″ =ε ―″′十づδ,εれ=づ (2η +1)7rT;η ≧0,We obtain

ΣL← ,→ =-272Ⅳ
 Σ/山

′Im唱←_r,の

イ■Ц←加の←赫券■tanh副

イ貿Ц←ノ‐の←赫券・tanh釧}囲
Findlェ we can фrive eq.(2.20)and eq。 (2.19)can be obtttned m the same way.
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