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Quantum deformations of ceilain prehomogeneous vector spaces I

Atsushi Kemr,c,. Yoshivuki Monrre and Toshivuki T,c,NrsA.Kr

(neceiveA Novernber 13, lggT)

Arsrucr. We shall construct a quantum analogue of the prehomogeneous vector
space associated to a parabolic subgroup with commutative unipotent radical.

0. Introduction

Let g be a simple Lie algebra over the complex number field lD, and let
p : I @ m+ be a parabolic subalgebra of g, where I is a maximal reductive
subalgebra of p and m+ is the nilpotent part. We denote by m- the nilpotent
subalgebra of g such that I @ m- is a parabolic subalgebra of g opposite to p.

Take an algebraic group Z with Lie algebra I.
In this paper we shall deal with the case where ml is nonzero and

commutative. Then m+ consists of finitely many Z-orbits.
. Our aim is to give a quantum analogue of the prehomogeneous vector
space (.L,m+). More precisely, we shall construct a quantum analogae Ao of
the ring I : A[m+) of polynomial functions on m+ as a noncommutative lD(4)-

algebra endowed with the action of the quantized enveloping algebra Uo(I) of l,
and show that for each Z-orbit C on m+ there exists a two-sided ideal J6,o of
Ao which can be regarded as a quantum analogue of the defining ideal ,Ic, of
the closure e of C. Such an object was intensively studied in the cases g : sln

(see Hashimoto-Hayashi [3], Noumi-Yamada-Mimachi [10]) and 9: soz, (see

Strickland [3]).
Our method is as follows. Since m- is identified with the dual space of

m+ via the Killing form, A is isomorphic to the symmetric algebra S(*-). By
the commutativity of m- the enveloping algebra U(m-) is naturally identified
with the symmetric algebra S(m-). Hence we have an identification A:
U(m-). Then using the Poincar6-Birkhoff-Witt type basis of the quantized
enveloping algebra Uo(g) (Lusztig [9]) we obtain a natural quantuation Ao

of A as a subalgebra of Uo(g). The algebra Ao has a canonical generator
system satisfying quadratic fundamental relations. In particular, it is a graded
algebra. The adjoint action of Uo(g) on Uo(g) is defined using the Hopf

l99l Mathematics Subject Chssification: Primary 17837; Secondary l7Bl0, 20G05.
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algebra structure, and we can show that Ao is preserved under the adjoint
action of Uo(\. As a Uo(l)-module Ao is a direct sum of finite dimensional
irreducible submodules.

Let C be a non-open Z-orbit on m+. It is known that Jg is an l-stable
homogeneous ideal generated by the lowest degree part J$. Since ,4 is a

multiplicity free l-module, there exist unique Uo(l)-submodules ,/6',0 and $,0 of
,40 satisfying Jc,nlo:t: Jc and J\,qlq:l: J3. We can show that Jg,o is a two-
sided ideal of Ao and that Js' is generated by J\,o both as a left ideal and
a right ideal. The proof uses the quantum counterpart of the results on a

generalized Verma module of g whose maximal proper submodule is explicitly
described in terms of ,16: (see Enright-Joseph [2], Tanisaki [l4]).

Explicit descriptions of Ao and Js,, in each individual case will be given in
our subsequent papers.

1. Quantized enveloping algebras

Let g be a simple Lie algebra over the complex number field C with
Cartan subalgebra !. Let / c [1- and W c GL(I) be the root system and the
Weyl group respectively. For each ael we denote the corresponding root
space by gn. We fix an ordering on /, and denote the set of positive roots by
/+ and the set of simple roots by {o,},.rn, where 16 is an index set. We set

il+ : @n.z* 9o, tr : @o.z* S*n'

For i e Islet hieb, @t e[1* and fieW be the simple coroot, the fundamental
weight, the simple reflection corresponding to i respectively. Take ei e gn- and

f;eg-o, satisfying 1",,f,]:h,. Let (, ),g " g -- C be the invariant symmetric
bilinear form such that (a, a):2 for short roots d. Set

di: (ai,a;)f 2 (i e 1s), aii : a1(h;) :'## G,j e Is).

For a subset I of Io we set

Zr=Z∩ ΣZ的, %=← |ため,

For a Lie algebra o we denote by U(o) the enveloping algebra of c.

Let us recall the definition of the quantized enveloping algebra Uo(g)
(Drinfel'd [1], Jimbo [7]). It is an associative algebra over the rational
function field tD(a) generated by the elements {E,,Fi,K,,K,t},.n satisfying the
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following fundamental relations:

馬埒 =埒馬,

馬

`~1=κ
「
1馬 =1,

馬EJ`l=gF'島 ,   .
馬FJ`1=`「

αグ
場,

島場―場島 =δ′̀ ~作
1,

}→
た
[1%士:才
げ場中畔ハ

}刊f171,オ
け場中畔ハ

whcre g,=夕 4,and

鴎 =7訓 =喜 陽
囲 ′
=縦

可
い 期 ・

Forノ ∈fO and″ ∈Z≧ O wc sct

耳→=赤イ,耳→=赤イ・
The algcbra%(9)iS endowed with a Hopf algebra structurc via the following

folll.ula:

∠(馬)=KΘ κ, ∠(島)=島 ΘK「 1+lΘ 島, Z(4)=4Θ l+埒 Θ4,
ε(馬)=1, ε(島)=ε(4)=0,

S(4)=`1, S(島 )=―島氏, S(暑)=―奪
14,

where Z:%(9)→ %(g)Θ %(g)and ε:場 (g)→ C(g)arc the algebra
homomorphiSms giving the comultiplication and the counit rcspectively, and

S:場 (g)→ %(g)iS the algebra anti‐automorphism giving the antipode.
We deine thc attoint action of場 (g)on場 (9)aS f01lows.For χ,
ノ∈1/f(9)w五 te z(χ)=Σた4 Θ tt and Set(ad χ)(ッ)=Σた4ッS(χl).Then

ad:Ч 7(g)―→Endc(`)(0し (g))

is a homomorphisin of algebras.
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Deine subalgebras ι%(■
士
),こ%(b)and ιら(Ir)fOr r Cお by

OX・
+)=(EIIJ∈

お), %(・ )=(島 |ノ ∈島), %(b)=(ζ 片
11た
ら),

場 (II)=(寸
1,場
,Fy l′ ∈ら,Ji C r).

For′ ∈JO deme an algcbra automorphism■ ofし%(g)by

鶏(角)=将

`~α

′
,

取り={動が耳コ場耳4コ ,

写0={墓このた耳0場～
拗
|二 ].

η″=写1:lii:tiol iS kn。颯[1腫lSアIIξ翼吼f彎躍翼黒:ltlily:1:鷺el:l11
For r⊂ r01ct″ r be the longest elelnent of V■ and dcinc a subalgebra

。し(nF)by

%(■F)=場 (■ )∩ 鶴
1%(・

)・

Let ″O be the longest elcmcnt of ″
ア
.  Take a reduced expression ″r″o=

Si~・ Stt Of″′″O and sct

ん〓身1… Si.し■),現 =鶏1…■.C),嘴)=写1…■.(■ ))

{り「
)・
… ア
メ争

)14,一
,あ ∈Z≧ o}iS a battS Of%(llI)・ We nO“ that this basis

dcpcnds on the choice of the reduced expression of″ f″O in general.

Let τ:%(g)→ 場 (g)bc the algebra anti― automorphism givcn by

τ(K)=`~1, τ(島)=島, τ(4)=4(た ro)・

LEMMA l.1.(i)τ r"′ (gF(■ F))=α 夕(・F)・

(ii)Z``ノ ,ノ ∈r bι  s“ 6ヵ ″ヵα′″′(α:)=― %・ コら
`″

″
`力
αυθ

(ad鳥 )(τ
="′
(χ))=τ Z″′((ad EJ)(χ)),(ad身 )(τ

`ら
f(χ))=τ為′((ad FJ)(χ )),

いdκ)OЪ′OD=τL(いd(奪
1))0))

ルrαη χ∈%(9).
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PR00F.lil WC have τη =町 lτ fOr anyた ∈お,and hence τЪ ==ノ lτ fOr
any ″∈Иレア.  Hcncc

τ
=″
′(%(nf))=τ

="r(場
(■

~)∩

=屁

1(%(■
))

==屁1(%(・ ))∩ %(・
~)=場

(■F)・

(il) We havc

τ為′(場)=τ
=″
′らЪ(場)=τЪ′.(―FJ埼)=―τ(4`)=―奪

14.

Hcrc wc have used the fo.1.lula:

ろ(4)=乃 , ろ(4)=駒 レ∈〃,た ,ノ ∈ら,ノ (αた)=α′)
(see Luszdg[9]).HCncc

τ為′((adFD(χ ))=τ
=″
′((場χ―χEJ)埒)=馬 (Z(―奪

14)―
(一

`14)Z)=FIz― (氏Zκ「
1)馬
=(ad4)(Z)

with z=τЪ I(χ).OthCr fomulas are pЮved similarly.□

PROPOSITION l.2.(ad%(lf))(場 (ltr))⊂ 場 (nf).

PR00Fo WC See casily that(ad%(b))(場 (nf))=場 (・F)・
HCnCC it is

suttcient to show that%(・ F)iS StablC ullder ad島 ,adtt fOrノ ∈J.

Letノ ∈f and dettleブ ∈r by%=_″′(α′).By Lemma l.l we have

Cd島)(%(nf))=響 τ lτ為′いd島)(場 (nf))=Llτ
」
●d場)OL%いF))

⊂響τ
~1い
d巧 )(%い 》⊂鶴

1(%ln))・

Let us show(ad島 )(%(■ ))⊂ %(■ ).For anyッ ∈場 (■
~)WC Can w五

te

[島 ,ノ]=(■ (ッ)一つ(ッ)`l lr10),つ (ッ )∈ %(・
~)),

and hencc(ad五り(ッ)=馬no)馬 一r2(ツ )・ On the Other hand by Jantzen[5]we
have

{ノ∈場(・
~)1均
0)=0}=場 (■ )∩ 写1%(■ )・

Hen∝ we have to show%(■ ~)∩耽
1%(・
)⊂ 場(■ )∩ 写

1%(■ ~)・ It iS

sufncient to show for anyッ ∈,ダ andた ∈おsatiSfying■ッ<ノ that Oし (■
~)∩

覧;%(・ )⊂ %(・ )∩ 写
1%(・ ~)・ ThiS follows■ om Lusztig[9].Thereforc

we have(ad島 )(場 (・F))C場 (nf)・ Then we sec iom LcIIIma l.l that

(ad乃 )(場 (■F))⊂ %(・F)。 □
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Let Uf(n-) be the tD[qtl]-subalgebra of Uo(n-) generated by ir,l') lieIs,
neZzs\. We have a natural C-algebra homomorphism g: Ul(n-) -' U(n-)
given by F!") -f,"ln!, and it induces the isomorphism C@c1q',1u1(n-) =
U(n-) where lD[qir] * (D is given by 4'- l. For 1 c Is the restriction of p to
u!("): Ul(n-)nuo$) gives a surjective lD-algebra homomorphism
rpi : ul(nr) - U(n,) inducing C@61otr1ul(n;) = U(n7).

For N eZ;,s set

u o,N (s) : c(q t/N) I arql u q(8),

and let un,n(nt), (Jq,u(b), Uq,u(lr), uo,N(nr) be the tD(q1ld)-subalgebras of
uo,N(il generated by Uo(nt), Uq(b), Uq(Ir), Uq(nr) respectively.

2. Highest weight modules

For a U(!)-module M and p e !* we set

Mr: {me Mlhm: p(h)m (he$}.

It is called a weight space of M with weight p. A U(!)-module M satisfying
M : @oMu and dimM, < oo for any p is called a weight module. We define
its character ch(M) as the formal infinite sum

ch(M): ! aim Mrer.
p

A U(g)-module M is called a highest weight module with highest weight ,t e [1*

if there exists rueM1\{0} satisfying M:U(g)m, n+m:0. Such rn is

determined up to a nonzero constant multiple and is called the highest weight
vector of M. For each 1e[1* there exists a unique (up to an isomorphism)
irreducible highest weight module with highest weight ,1, which we denote by
L().). Since highest weight modules are weight modules, their characters are

defined. For 1 c Is set

bi : @i.rot,ao; c t7* '

For ,2, e bi *" define a U(g)-module M1(1) by

It is a highest weight module with highest weight A and the highest weight
vector mr,^: l, where I denotes the element of M1(1) corresponding to
I e U(g). Moreover it is a rank one free U(n;)-module generated by the

ヽ

、

‐

′

ノ

一■∩ｆけ９υ＋
＋
■ｇｙ十Ｄ

カλ

一
カ

ｇυΣ
同
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highcst weight vcctor ″ムλ, and hence we have

Щ 均 0=

It contains a unique ma対 mal proper submodule rr(λ ), and WC have
L(λ)=″r(λ)/埼 (λ )・
Now we deine the corresponding notions for the quantized enveloping

algebras.  Set

う菱={λ ∈う
*lλ
(力
j)∈ Z(ノ ∈Jo)}=GDJcら Zω′⊂げ・

For aち
,Ⅳ (b)―mOdule y the weight space 14 with Weight μ∈b邊 /Ⅳ iS denned

by

る ={“∈νlK“ =イ lbl)“ (た Io)}.

We call a Uo,u(b)-module M a weight module If M : @,M, and dimMo < a
for any pebLlN. Let M be a Uq,y(g)-module. If there exists me M7
satisfying Uq,N(S)m: M, Erm:0 (i e16), then M is called a highest weight
module with highest weight ). and m is called its highest weight vector. There
exists a unique irreducible highest weight module Lq,u(A) with highest weight
1 Highest weight modules are weight modules. For ,I c Is set

bi,z: @i.ro11Z-i tt1* '

For ,t ebi,z/N we define a highest weight module M1,o,yQ) by

M r.q ru (tr) : ur.u G) I b u q.x G) (Ki - q!ft) )+ t uq.N(s)a + | uo."( g)4)
lr-I \ie1o iels jel /

Its highest weight vector is given by m1,4o,p:7. Since M7,o,1y(,1) is a rank one

free module generated by 
^t,t,q,u, 

we have

ch(M 1,r,y (A)) : ch(M 1 ()")).

We have a unique maximal proper submodule Kr,*x(l) of M1,n,p(A), and hence

Lq,u (1) : M r,q,u(1) I &,q,u(tr).

PnoposlrtoN 2.1. Let I c.In and Aetl|,rlN. Let Y be a subset ol
ul(n;) such that Ymr,Lq,N c. K1,o,yQ.) and U(g)e1(Y)*,,t: Kr()). Then we

haue U*u(g)Ymr,t,q,u: &,q,n(tr) and ch(Lq,u(,l)) : ch(Z(,l)).

Pnoon. Let M be any highest weight Uq,,nr(g)-module with highest weight
),. Take a highest weight vector m e M and set

ao : ulft-)m, Mo : Molo:r : (D6clc, v*1Mo.
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Then we can show as in Lusztig [8] that M0 is stable under the actions of E;,

Fi, (Ki - K, t)l@, - stl) (i e 1e) and that Mo b."o-"s a highest weight U(g)-

module with highest weight ,l via the operators

ei: Ei, f,: F,, O,:EE (, e 1o)'
Qi-4i'

In particular we have

dim M, : dim(il|\ u > dim L(A) r.

Now we set

M : Mr,q,u(l')lUn,nb)Ymr,\q,n, m: rryfiN e M.

By the above argument il10 is a highest weight U(g)-module with highest

weight,l and the highest weight vector m. Moreover, since Ym:0, we have

q1(Y)m:0. Hence we have il|" - L(1). It follows that

dimLq,N(^)u < dimMr: dim(Mo)p: dimL(1)p < dimLq,N(A)o.

Therefore we have M - Lq,N(l) and ch(Io,n(,l)) : ch(Z(,l)). tr

3. Parabolic subalgebras with commutative nilpotent radicals

In the rest of this paper we fix I c Is satisfying nf + {0} and

["i,ni] : {0} (see, for example, [4] for the list of (9,1)'s satisfying the

condition). We have 1 : /o\{io} for some is e Is.

We set I: Ir, mt : ni for simplicity.

PnoposnoN 3.1. The element Yp e Uo(m-) for f e /*\/, does not depend

on the choice of a reduced expression of w1ws.

Pnoor. For i, 7 e 1s set

where mg denotes the order of s;s; e W. Let s1, ' ' 's,; be a reduced expression

of w eW. Then sy,...$, is a reduced expression of w if and only if (.tt,...,i,)
can be obtained from (i1,...,t;) by successively exchanging a subsequence of
the form r(i,7) to r(i,i).

We first show that for any reduced expression Jir ' ' 'rt of w7w6 the

sequence (ir,...,1r) does not contain a subsequence of the form r(i,7) with

mi > 3. Assume that there exists a subsequence r(i,7) with mii :3 in

(ir,...,r,). We have (ip,ip+r,ip+z): (i,7, l) for some p. Set y:r;,"'rrr-r'



Quantum deformations of prehomogeneous vector spac€s 535

Then wc have

ら=ツ (崎 ), ら+1=ハ (%)=ッ (的 +%), ら+2=ノ身ウ(的)=ッ (的 ),

and henceら +ら+2=ら +1・ This contradicts the coIImutad宙 ty of m.Thus
the sequencc(島 ,_・ ,み)dOes nOt contain a subsequencc of thc fom r(′ ,プ)With
″|」 =3.  Similarly we can show that therc docs not exist a subsequence of the
fo.1.1′

(′,プ)With“′=4,6.
Therefore it is sumcient to show that for two reduced expressions

,1-・ Sゲ均キ1…・Sy9, S,1…
。SISyS'Syl…・SJ夕 , (Si■ =SySI)

of均 ″O the resulting ろ 's are the same.This follows from鋳 (FJ)=FJ,

■(島)=属,and ttTJ=TJ鋳 .□

We触 a reduced expК sttonり0=身l… Sl and sctら =身1…ら判(αら)・
Set

グ=Σ Z≧ oal,グ =Σ Z≧山,
,c rO           icr

場(m~)″ =Σ CO)耽1… Lレ ≧0・
′1,一 ,′″=l

LEMMA 3.2. Ne力 αυθ

%(In)=① %(In)″・
“
=0

%lm l“ =ゞ勃αの中に・プ
→=κ♀針蜘つザ

Zιrι %(llt~)γ お湯
`″
θセカ′ψαιι″′滋rιψθε′ゎ滋θα″θ滋′αι′わ

“
グ場(b)θ″

%(m).
PR00F.  Set

F=Σ
2="C°
瑠0…・プ→,マ =κ♀鎌場に`γ・

Byら ∈αち+2声 We haVe z″ ⊂ υXm)″ ⊂
イr・ Since%(m)=① ノ T,We

obt」nィ =場 (m)“ =F and%(m)=①鷹0%(m)″。□
By Lclnma 3.2 we can wHte

●・1) 碗1乳2= Σ イ|`2耽 1耽2・ζlク∈CO))
Sl≦ S2

ら1・F22=ム 1+β∫2

for′ 1>′ 2・
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PnopostuoN 3.3. The A.(q)-algebra Uo(m-) is generated by the elements

{Yp,ll < p < r) satisfying the fundamental relations (3.1) for h } Pz.

Pnoor. It is sufficient to show that any element of the fotm Yp,, "'Ypn
(l < t, < r) can be rewritten as a linear combination of the elementi of the

form Yp",.. Yp", (l <"r
(3.1) for 

'pt 
> pz. For I < k < r let V* be the subalgebra of Uo(m-) generated

by {Yp"ll<p<k}. By Lusztig [9] we have

v*: 6 a(dvtri')...Y@n.

We shall show by ,tt" itao"riln i, o,n^rany element of the form Yf,,"'Yf,^
(l < ti < k) can be rewritten as a linear combination of the elements of the

form 14, . .Yp,, (l < 
"r(3.1) for k> h> pz. It is trivial for k:1. Assume that k > 2 and the

assertion is proved up to k - 1. We shall show the statement by induction on

n. It is obvious for n : 0. Assume that n > 0 and the statement is already

proved up to n -l. Take7 such that tr:"'-tj:k, tiatIk. We use

induction on 7. Assume that j: g. Then we have t1l k. By using the

inductive hypothesis on n we may assume that t2

then we have /i < k - | for any i, and hence the statement holds by the

inductive hypothesis on k. If tn: k, then we can apply the inductive hy-

pothesis on n to Yf ,,. . .Yf,,_r, and hence the statement also holds. Assume

0 <j <n. Then we have

yf,t... yf,, : ytfoyf,,*r... yf,^

with t1*11k. Applying (3.1) for (pt,pz):(k,t;+r) we obtain

耽 玲ヶ+1=
αζ傷1耽l七・

Sl≦鋭≦た

ん+β,+1議1+βっ

榊i麟戦 ≧漏れ1掛輔言Ψ遊
Sincc llt~is commutative,υ (lll)iS iSOmorphic to thc symmet五 c algebra

S(m~).By identifying ln~with(lll+)*Via the Killing forln of g,S(m~)iS

naturally identined with the algcbra Cillt+1。 f p01ynOmial functions on llt+.

Hence we have an identincadon υ(71t~)=C171t十 ].we denote by CIm+l″

(“ ∈Z≧ o)the Subspace of Cillt+]COnSiSting of homogencous polynomials with

degrec“ .
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Set

りた(r,+)={λ ∈b売 lλ (力′)≧ 0(た r)}.

For λ∈ぅ1(r,+)WC denOte the mte dimensional irreducible υ(I)¨modulC

(reSp.場 (1)‐ mOdule)with highcst weight λ by/(λ)(reSp.ん (λ ))・ We Can
decompose thc nnite dimensional I¨ modulc Cim+]″ intO a direct sllm of sub‐

modulcs isomorphic to/(λ )for SOme λ∈りた(r,+)・ Mor9。 VCr,it is known that

dim HomI(/(λ),CIm+1)≧ 1(λ ∈り売(r,+)),

and hence we have

c卜n十 1″ 笙 (])/(λ )
λcr″

for島dte subsets「 “ ofぅ売(r,十 )SatiSfying r"∩ r“
′
=O fOr“ ≠″′(SCe

Sch面d[11],Takeuchi[12],JohnSOn[6]for the explicit desc五 ptton of r″).on
the other hand,sincc%(m)″ iS a nnite dimcnsional場 (I)―mOdule whosc
character is the same as that of CIm+]″ ,We have

場(m)″ 笙 ① ん(λ )・
λcr″

Lct L be the algebraic group corrcsponding to I.  It is known that the set

of Z‐ orbits on mtt is a nnite totally ordered sct with respect to thc closure

relation.  Hence we can labcl the orbits by

{Z¨OrbitS On m+}={Co,Cl,…・,Cr},{0}=Co⊂ こ1⊂ …・⊂ ご′=m+.

Set

y(6)={/C CIm劇
1/(ら )=0}.

Sinceノ(ら )iS an l_submodule of CIm+l,We haVC

y(C)=①ノ″(a), ノ“(C)=ノ (ら )∩ CIm司“～① /(1)
″                             λcげ

for a subset f7 of r“・ MOrcover the following fact is known(sCe,fOr
cxample,[14]):

PROPOSIT10N 3.4. ιθ′′ =0,… .,′ -1.

は)ノ"(6)=0カr“ ≦′・
(ii)ノ′+1(a)ぉ α″″だ滋θルた1‐″ο励た,た.弓+16ο″sぉぉげαS滋クル

θleH`″′ γ′.

lii⇒ ノ(ら )お θ
“
θκ″グ″ノ′+1(a)齢 α″′αθα′げCim司 .

PROPOSITЮ N 3.5.乃 r′ =0,.… ,′ -1滋θr`θχなおα
“
″″
“
θあ∈り∫“
θカ

″α′埼(ん)=ノ (ら )″′,ぁ・ Mθ″
`ο

υ
`r,″`力
αυθち∈ぁ∴z/2.
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Let〆 be the highest weight vcctOr of thc I¨module yp+1(てみ)(笙 /(b))・
Then wc have

埼(ち)=ノ (ら )“′ん=υ(m)yp・
l(C)″

r,ぁ

=υ (In~)((ad υ(1∩ n~))(υ′))″′,ぁ

=び (llt~)(υ (I∩ ■
~))υ′″r,ぁ =υ (■

~)υ′

“
r,ぁ

and hcnce rズぁ)is a highCst weight module with highest weightら 十り.
We sct

ノみら)=λ%為0⊂ %い )″'ノXら)=①イ(C)⊂ %lm),
ノ和(a)=c(夕

1/Ⅳ
)Pcoノ『 (a)⊂ %,Ⅳ (m― )″ ,

yらⅣ(C)=①ノ称(C)⊂ %,Ⅳ (m― )・

Here we idendfy%(m~)"With(Dλ cr"ん (λ )・

PROPOSIT10N 3.6. 乃 r′ =0,_.,′ -1 ″
`力
αυθ

Ch(Z`,2(ら ))=Ch(Z(わ )), 埼,ら2(ん)=%,2(m~)ノ第
1(a)″

rん ,ら 2・

‐
    PR00F.  We Shall only give a skctch of the proo■   We can prove a

quantllm analoguc of thc detenninant fo....ula for thc contrava五 ant fo....S On

‐
  gencralized Ve■ 11la modules given by Jantzen 14].It impucs that J鮪 ,9,Ⅳ (λ )μ =0
if and only if κr(λ )μ =0・ In particular, we have 埼,1,2(孔″)ん +ル ≠O and

量鰍 ケ露ち,刷)孵
nttFLldυ

“ムれ″O∈ %ズ
mり 挽ammO

rer we have

((ad島 )(υ ))″ r,ぁ,9,2=(鳥υ
~υ島)馬

“
r,ぁ ,9,2

∈c(a1/2ン助υ
“
r,ぁ ,9,2⊂ 埼,9,2(ん )ん +ル十釣={0}・

Hencc(ad島 )(υ)=O fOr any′ ∈r.It f01lows that υ is a highest weight vector

of the%,2(1)~mOdJeれ ,2(り・WC may assllme υ∈暉(m~)and ψf(υ )≠ 0・
By Proposition 2.l we conclude that ch(Z`,2(わ ))=Ch(L(ん ))and Kr,9,2(ら )=
%,2(g)υ〃r,ぁ ,,,2・ Then wc have

埼42(わ )=%,2(g)開 rん42

=%,2(lll)(ち ,2(I)∩ %,2(■ ))%,2(b)%,2(■
+)υ

“
r,ぁ ,9,2

=%,2(llt~)(%,2(1)∩ %,2(■ ))υ
“
r,ら ,9,2

=%,2(llt~)((ad(%,2(1)∩ %,2(■
~))(υ
))“ r,ぁ ,ら 2

=ち ,2(llt)′第
1(a)″

r,ら ,ら 2・            □
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`
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る(C)=%(m― )′7+1(6)=イ
+1(ら)%(m).

PR00F.  By Proposition 3.6 wc have

ch(axm― )ィ
+1(c))=Ch(%,2(m~)y第 1(α

))=Ch(ノ (C)),

零
1'吼(緬

b)品
詣岬 ぞ許量を4瀬h品認 tf驚1配縛 25

0ce Lemma l.lλ it iS Sufncient to show that τ7b′ preservesしγ
+1(こ
移)・

Since●7(m)iS a multiplidty freeこ ん(1)¨ mOdule,we have only to show that
τ
=″
f(ん (λ))iS a場 (I)‐Submodule isomorphic toん (1)fOr any λ∈∪

“「
“・ By

Lcmma l.l we sec casily that τЪ′(ん (λ))iS an irreducible tル (1)―mOdule with
lowest weight吻 (λ).HenCe wc have τ

=″
′(降 (λ))笙 ん(1).□

References

[1] V G D五 nfel'd, HopF algebra and the Yang_Baxter equation, Sο υた′Ma″ Dοた1 32
(1985), 254-258

[2] T J En五 ght,A.Joseph, An int五 nsic analysis of unitattable ighest weight modules,
Mo″ И″″ 288(1990),571-594

[3] M HashmOtO,T Hayash, Quantum multilnear algebra, 雲ο力ο′初 Mα″ 工,44(1992),
471-521.

[4] J. C. Jantzen, KontravaHante Fomlen auf in&ierten Darstellungen halbeinfacher Lic‐
algebren, Mα ″ ∠

" 226(1977),53-65
[5] J C JantZen, Lθε″r`sο″

`“

art″

“
θ′οη
'S, Graduate Studies h Mathematics,`,AmeHcan

Mathematical Socicty, 1995

[6] K Johnsolll, On a五ng oF invaHant polynomials on a herrmtian s_etHc spaces, JИ セ
67(1980), 72-81

[7] M Jhlb。, A`‐dttren∝ analogue of υ(9)and the Yang‐ Baxter equation, 二α′ ル「αЙ
Pり, 10(1985),63-69

[8] G Lusztig, Quantuln defomatiOns of∝ rtaln simplc mOdules over enveloping algebras,
∠あ れ Mα″ 70(1988),237-249

19] G Luszug, Quantum groups at roots of l, G′ο″α″た′Dι″
“
″ 35(1990),89-H4

[10] M NoШ丘,H Yamada,K Mimach, Finlte dunensional rcprcsentaJons of the quantum
grOup cLg(″;C)and the zonal spheHcal functions, Jη α″ エ ル「α″ 19(1993),31-80

[11] W  SC血d, Die Randwerte holomorpher Funktionen auF herlmtesch synllnet五 schcn
Raulllen, ルυ

“
ム」ИαЙ 9(1969),61-80

[12] M Takeuchl, Polynomal representations associated with s_et五 c bounded domabs,
Osakα J Mα″ 10(1973),441-475

[13] E StHckland, Classical invanant theory for the quantuln symplectic group, Иあ Mα″
123 (1996), 78-90



540                            Atsusi ― TA et al

[14] T.Ta」 SaH, Highest weight modules associated to parabouc subgroups、 ith commutative

面 potent radicals, to appear in И″′b″た ク″ο″sα″グル′″′

`′
"ese■
″rあ″s,PrOceedings of

the NATO ASI conferen∝ ,●uwer Acadenllc Publishers,Dordrecht,1998.

D"αr″
`″

′げ Mα滋
`“
α′訥

乃θ
"り
げ SC・渤θθ

〃′rο働″っαし物ノυθだノク
ニ″θα訪みrirο誘滋ら な9-∂52ら J″ακ



Quantum Deformations of certain
Prehomogeneous Vector Spaces. II

\bshivuki \Iorita



Quantum deformations of certain

prehomogeneous vector spaces. Il
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Introduction
Let G be a reductive algebraic group over the complex number field C and let g
be its Lie algebra. The quantized coordinate algebra AoG) of G is constructed
as a certain dual Hopf algebra of the quantized enveloping algebra Uok) of g.
The Hopf algebras %(S) u.red Ar(G) over C(q) tend to the ordiaary enveloping
algebra U(g) and the coordinate algebra,4(G) respectively when the parameter
g tends to 1 in a certain sense (Drinfeld li], Jimbo [3]).

Let us consider what object we should regard as a qua.ntum deformation of
an afrne variety X with G-action.

An afine variety X is endowed with an action of G if and only if its coordi-
n6te algebra A(X) is equipped with a right A(G)-comodule structure

r: A(X) -+ A(X) s,{(c)
which is simultaneously an algebra homomorphism. By the duality between
U(g) and A(G) we obtain a locally finite left t/(g)-module structure

1 :U(il I A(x) -+ A(X) (*)

given by

r(n): I", O/, + t@8n): I(u,,f;)n;, (**)

where (, ) , U(S) x A(q-+ C is the dual pairing. Sh." " is an algebra homo-
morphism, we have

u e U(g), m,ft € A(X), A(u) : Dun * rn + u(mn): )--(u;rn)(u;n),
' | 

(xxx)



where A :0 (g) -+ tt(S) O U (g) is the coproduct. Then the action of G on X is
uniquely determined by the infinitesimal action 7. Moreover, for a locally finite
left t/(g)-module structure (x) on A(X) satisfying (***) and a certain condition
on irreducible t/(g)-modules appearing as submodules of A(X), there exists a
unique action of G on X whose infinitesimal action is given by 7.

Now we define the notion of a quantum deformation of an affine lariety X
with G-action as follows. A (not necessarily commutative) C(q)-algebrt. Ao(X)
endowed with a locally finite left tro(g)-module structure

h: Uc(il e Aq(X) -+ Aq(X)

is called a quantum deformation of X if Ao6) and % tend to ,4(X) and 7 :

tI(S) m A(X) -+.4(X) respectively when g teods to 1 and if it satisfies

u e Uo@). ffi,ft e Aq(X). A(z) : Lun & ro + u(mn) :\(u;rn)(o;n).
7t

It seems to be an interesting problem to determine in which case X admits
a quantum deforrnation- In this paper we consider the problem when X is a
prehomogeneous vector space, that is, when X is a vector space with a linear G-
action containing arr open G-orbit. Such a quantum deformation was intensively
studied in the case where G: GL*(C) x GL.(C) and X : M*"(C) (see Taft-
Towber [10], Hashimoto-Hayashi [2] and Noumi-Yamada-Mimachi [7]), and also
in the case where G : GL.(C) and X is the set of skew symmetric matrices of
degree n (see Strickland [8]).

In our previous paper [4] we gave a general method to constmct quant rrn
deformations of prehomogeneous vector spaces of parabolic type. Moreover,
for each non-open G-orbit C on X, we have shown that the defining ideal of
the closure d and its canonical generators admit quantum deformations inside
Ao(X). It includes the existence of the quantum deformation of the irreducible
relative invariant when X is a regular prehomogeneous vector space. Indeed, the
canonical generator ofthe defining ideal ofthe closure ofthe one-codimensional
orbit is nothing but the irreducible relative invariant.

Quantum deformations of prehomogeneous vector spaces of comrnutative
parabolic t;rpe associated to classical simple Lie algebras are intensively studied
in Kamita [5]. In this paper we shail deal with the remaining two cases

(I) G: C," x Spin(10,C), X: C16, the scaiar multipiication and the haif-
spin representation,

(II) G : C" x Ea, X = C27 , the scalar multiplication and the 27-dimensional
irreducible representatioo of -86,



which naturally arise from the exceptional simple Lie algebras of type Eo und
.87 respectively using the method in our previous paper f4]. In Introduction we
shall only state the results in case (II).

Let gB, be a simple Lie algebra of type E7 over C and let f; be its Cartan
subalgebra. We shall use the labelling of the vertices of the Dynkin diagram 1.

Dynkin diagram l.

set r。 =(1,2,_。 ,7},I=foヽ (1}.Let△ ⊂ゲ be the roOt system of type
E7・ ｀`b denote the set of simple rOots by{α j}J(ぉ alrld the set of positit7e r00ts
け △十.Let(,):り

*×
り
*→ C be a standard symmet五 c bittnear fOrm.Set

D=△ +ヽ Σ j∈ J Zα J.Then we have‖ D=27.Set A=(1,2,… .,27),and徹 a

を二:れたソ1寸釘.電』寵:1塩鼻録:亀
`設

薄
=α

弄縄蹴
η∈A there exist exactly ttve pairs(グ ,プ )∈ A2suCh that βj十島 =δ 一βπ,げ <」・

紺lPI静冨批等寧悪饂 [
isOmOrphic to the tellsor product of C(9)IX,X~ll and the quandzed entloping

」gebra Of type島 ,where x=κ :考対珂罵κ:髯 .

TheOrem O。■4 9παれれπごィb―αιjοηげιんe27-απθれsjοれαれrrcれεjら
`ε

′re―
んοπ

"θ

ttcοπS υ
`ε

ιοr ψα
“
Xげ G=CX× 島 お ′づυθη by ιんθル JJOυ

jη
.

(a)■9(X)づS αη αSSOC'α tjυ `C(9)―
αむθろraごげれθごιy ιんθル rJου

jη
′クθηeraιο

“αηごル ηごαπθηια′reιαιづοnsr

θθ2cratο
“
rXυづ焼が=1,_。 ,27_

■ιπピαπθπια′
“
ratづ。πs「 Л9rj<ブ

9乃К
ゲβJ+島 ごοes ηοιんαυθ αれοιんcr dε

`ο
προS'ιづοη β+β

′
,β ,β
′∈D′

ろ4+9埼L-9~144
ゲιんere ccづ stん ∈r,α,b∈ A szεんιんαι βα=βj+αた,βら=βブーαゎ
ろИ οオんerυ jsc.

ｒ

ｌ

ｌ

り

ヽ

ｌ

ｉ

ｔ

〓乃４

(b) The action ls , Uq(e) e Aq(X) -+ Aq(X) is giuen by the following.



For21k17,71m17

jce* 8y) : { :t '!,!u:::.,::*'s 
j such that Bi : g; * a1,,

I u otnerwrse,

1c(Er yYr) : { Yt if there exists j such that gi : g; - o*'- I 0 otherwise.

1q(K^ gY) : I-G^'B;)Y'-

(c) The quantum deforrnation of the irred,ucible relatiae inuariant of X is
giuen by

o: !t-a1to"t-tY,r1,,,
n€lt

w!.ere lBl: I;ero ^; (0 : Drc4m;a;), ri), : Y;gYii - qYtYif * AzYgYig -
asY*Y* * oal-,^yr^.1 .2 J2 ! .1 J\

The author expresses gratitude to Professor Noriaki Kawana.ka and Professor
Toshiy-uki Tanisaki.

1 Preliminaries
Let g be a simple Lie algebra of tlpe E6 or E7 over the complex mrmber field
C, and let ! be a Cartan subalgebra of g. Let A C [1* be the root system,
and let W C GL(D be the Weyl group. We denote the set of positive roots
by A+ and the set of simple roots by {o;};ero, where.Ie is an index set. For
i e Io we denote the simple reflection corresponding to o; by s; € W. Let
(, ) r g x g -+ C be the invariant symmetric bilinear for:rr such that (a, a) : 2
for any o € A. Set o;i : (ot,ci). The matrix (ooj);,jero is called the Cartan
matrix of type Ea or Et. For o € A we denote the corresponding root space by
go. Set n+ = Ooea+go, tr- : Oa€a+g-o. For a subset I C Is we define

△I=△∩ΣZαら時=←:|た⇒・
J∈ J

We set

Ir:bG(0,6119o), : Oo€a+\ar 9a' nl

4

nナ : Oaea+\ar 9-o



Let θ bc a connected algebraic group with Lie algebra g. 1ヽ石e denote"
五I the subgrOup of G cOrresponding to rJ.Then zr aCtS On■ ナ宙a the attOint

actiOII_

The quantized enve10ping algebraび 9(g)(Drinfel'd[1],JimbO 131)is an ass。 _

ciatit algebra over the rational function ield C(9)generatedけ the elements

EJ,屁,XJ,X「
1('C ro)SatiStting the following fundatrnental relatiOns:

KjζJ=`ブ Kを, 氏κ「
1=κ
「
1氏
=1,

Xj島 =9αり島 氏 , 鶏 FJ=9~α りFJXj,

鶏 一島鳥 =偽子}三弓讐手
≒

屁島 =島島          (j≠ ブ,
E『コプー(9+9~1)Eノ乃Ejtt EJE′ =0(j≠ブ,
民島=FJ島           (げ ≠ブ,
呼 FJ― (g+9~1)鳥 Fン弓十 FJイ =0(j≠ 」,

a;j :0),
a;j : -l),
o;j :0),
a;j : -1)-

A Hopfalgebra structure on υL(g)iS defhed as follolvs.The comultiplicatiOn
△:場 (g)→ 場(3)● %(g)iS the algebra homomorphism satistting

△(氏)=氏 ●κ:, △(Eを )=Eぅ ●41+1● 島, △(民)=民 ●1+κづΘ鳥 .

The counit c:ag(g)→ c(9)iS the algebra homOmorphism satisサ ing

C(氏 )=1, C(EJ)=C(4)=0.

The antipode S:鴫 (g)→ tl‐ 7(g)お the dgebra antiautomorphsm sai釣 ing

S(Xl)=年 1, S(El)=―ユXj, S(民 )=―奪
1民
・

Using the Hopf dgebra stFuCture,we dehe the a荀 Oht action Of%(g)On

%(g)aS f01lows.For″ ,y∈ %(g)Write△ (“)=Σ〆l● Ci and set ad(″ )ν =
ΣたCiyS(αl).Then ad:%(g)→ Endc(0(鴫 (3))｀ all dgebra honaomorphsm.
For c,y,z∈ 時(g)37c haVe ad(c)(ν Z)=Σ l(ad(″ 1)y)(ad(al)Z),Whe祀 △(c)=
ΣたCi Θ
“
l・

Ⅵそdenne sub」 gebras鴫 (■
~)and%(け

)fOr f⊂ ro by

場 (■
~)=(屁

lj∈ Io), L(し )=(El,民 ,為 ,ζ
「

11j∈
f,プ ∈ J。 )・



For i € Is we define an aigebra automorphism T; of AoG) by

畷り={蒙♂り|:#==21〉
Щり={嘉

L場 |:#:″二2⇒
(see Lusztig[61).For T∈ ″ chOosc a reduced expression υ =s,1… Sir and
set rぃ =写 1.… 鴫ァ. It iS knOwη  that rぃ does not depend on the choice of a
reduced expresslon.

lヽb shan use the fonowing later(see Lusztig[6]).

Lemma l.lf/υ (αJ)=αブルrυ ∈″ αηJが ,プ ∈fo,ιんθη υθんαυθ
`ら
(民)=弓・

FOr r⊂ fo let υf be the longest elenlent ofフラ争a■ld let υo be the 10ngest
element of Tグ .Choose a reduced expressiOn ωlυ。=s,1・ …Sjr Of υrυO and set

島 =S,lSら …・St_1(αら), ろ =】争」=写1-・写J_1(民ジ)

fOr l≦ J≦ r.Then it is knく刈η that{島 11≦」≦r)=△+ヽ△I.Set

L(■F)=Σ 90イ 1…・イ・
ごJ≧ 0

Then{イ 1・・・イア|ら ∈Z≧。,1≦ J≦ r}iS a basis of場 (■F)譴dL(■F)iS a
subalgebra of鴫 (■

~)・
n‐C have

時(■F)=L(■
~)∩
宅
1%(n―

)

and Uo(n!) does not depend on the choice of a reduced expression of u'7u.'e (see

Lusztig 16l).
If nl I {0},[ni,nf] : i0]. thenYB for B € A+ \Ar does not depend on

the choice of a reduced expression of wlws (see [a]). In this case we denote the
C(q)-algebra Uo$r ) by Ao. We can regard it as a quaatum deformation of the
coordinate algebra n: Cln!) of nf as explained in [4].



2 Case of type E6

Let g be a simple Lie algebra of type .E6. We shall use the labelling of the
vertices of the Dynkin diagram 2.

騰l瀑猶み諸詈鵞f'lttif聰鳳鳥締1'P6fゐお富導
is a 16-dilnensiOnal iITeducible prehomogeneous vector space.[rhere are three

鷺七盤磐Ll'多胤1謂奮驚,盤見tЪュ風tよ軋楓ξa望撃町
鸞肌籠i精鍛蹴二ふ濯鯖誂 l黒lL町1毛

お
ヽヽ石e■x a reduced expression

υlυO==SlS2636465S3S2SlS6S5S3S264S365S6

of υ」ηo and ddttle the elements X(j∈ A=(1,2,… .,16})as in Section l.

議詐よ槻1も乳競量ZF出 }Ttti二謝鳳翫」為耽l農靭鳳:
乳11北宙Til守::1:露鶏ぷ為顧ぶ

螂押n」υ「υ摯
Let島 =Σ J(ぉ 弓αj and set m′ =(ml,_,m:)fOrブ ∈A.Then w‐ e ha、 re

ml=(1,0,0,0,0,0), m2=(1,1,0,0,0,0), m3=(1,1,1,0,0,0),
m4=(1,1,1,1,0,0), m5=(1,1,1,0,1,0), m6=(1,1,1,1,1,0),
m7=(1,1,2,1,1,0), m8=(1,2,2,1,1,0), m9=(1,1,1,0,1,1),
ml° =(1,1,1,1,1,1),mll=(1,1,2,1,1,1),m12=(1,2,2,1,1,1),
m13=(1,1,2,1,2,1),m14=(1,2,2,1,2,1),m15=(1,2,3,1,2,1),
m16=(1,2,3,2,2,1).

If(島 ,α・)=-l fOr」 ∈
A andん ∈r,then st(島 )=島 +αた∈△+・ Since

た≠ l and mf=1,鷲 hat島 +αた¢△I・ Therefore there exists ι∈A
satisサing島 +αた=0.COnversely if島 十αた=β′(プ ,ι ∈A,た cr),then we
haVe(島 ,α l)=-1,Sた (島 )=島・



There exist 20 tripiets (k,j,l) € .I x A x A satisfying 0i * a* : 81. The
triplets are the following: (2,1.2), (3.2,3), (4,3,4), (5, 3,5), (5,4,6), (4,5,6).
(3,6,7), (2,7,9), (6,5,9), (4,9,10), (3,10,11), (2,71,t2), (5,11,13), (5,12,74),
(2,L3,14), (3, 14, 15), (4, 15, 16). (6, 6, 10), (6,7,71), (6,9,12).

Forke I, jeA,wehave 0i-2ap,0i*2ax #A+\Ar.
Lemma 2.L Let 0,0' e A+ \ Ar satisfying 0 * ar: P' (lc € I). Then ue can
choose a reduced ecpression w-Jteo: sitsiz- -. s;ru and, p € l\ satisfging

0: s;rsi"..- sio-t(1nr), B.' : sirsi: -.'s;o-rs;o(a;rar), (a;r,a;r*r): -1,
ak : silsi2. . - sir_t\aipat ).

Proof. Among the 20 triplets (k, j,I) satisfying h * a* : fu (k < I, j,/c e A),
the 12 tripiets satisfy l: j -tI, (ati,ai5a,) - -1. Therefore it is sufficient
to deai with the remaining 8 cases. In the cases (4,j,/) : (5.3,5), (5,4,6),
(5,11,13), (5,12,14), the reduced expression

'lD JU g : s 1 52.93 55 54.93.92 S1 S6s5 s3 54.52 33.95 A6

of w rws with p : 3,5,11. 13 respectively satisfies the required properties. In the
cases (k,j, /) : (6,5,9), (6,6, 10), (6,7, 11), (6,8, 12), the reduced expression

'u J'tDo : sI s2s3s4sss6s3s5s2s3sts254s3s5s6

of wlws with p : 5,7,9, 11 respectively satisfies the required properties. tr
It is known that t,o(nf)t : Ou.o*tarC(S)YB is an irreducible t,'o(17)-

module. (r* [a])

Lemma 2.2 For k e I, j e L, we haue

ad(fi,)Yi :

ad(ElY1 =

Ｉ

Ｉ

Y if there edsts I € lt such that fu: 0; * a*,
0 otherutise,

Y if there exists I € t\ such that fu : Ai - a*,
0 otherwise.

Proof. Since @r.n C(dYi is a [/o(t7)-module, we have ad(F1)Yj :0 if 9i +
ou f A* \ A7, and we have ad.(Ep)Y1: 0 if 0i - o* # A+ \ Ai.

We shall show ad(F1.)Yg : Yg for B,Bt € A+ \A; and k e I satisfying
9' : 0 * a6. By Lemma 2.1 we can choose a reduced expression of wlws:
sirsiz"'s;ru satisfuin:g B:.eir$iz.'.sip-t(o;r)r 0': si1siz...s;o_rs;o(o;o*r),



(αら,α JP+1)=-1・ Then we can write玲 =写 lZ2~・ ■,-1(民2),1争′=写1写2…・
鶴 P_1■ P← 鳥 P+1)・ SinCe(α

jP,α jP+1)=-1,W℃ have■
2(民 P+1)=屁 P+ェ 島 P―

9民 ′鳥 ′+1.Mo―
tr,since α た =6jl Sj2… ・ S'P_1(α JP+1),We haに ■ 1写 2…

・
写 P-1(民 P+1)=

Jtt by LcIIIIIIla l.1,and hence

玲′ = 写1電2…・写2-1写P(鳥,+1)=写 lη2…・写2-1(島2+1民p~9民Pttp+1)
=島 玲 -9玲F=

Since(β ,αた)= -1, We have ado■ 》争 = 島】争-9】争F卜  HenCe we have
ad(4)玲 =玲′_
Let us show ad(E.)17=】 多′fOr β,β

′∈△+ヽ △f andん C I satistting
β
′
=β―αた.By the ab∝ c argullnent we have玲 =ad(4)玲′=島玲′-9玲′尋・
Since β
′―αた=β -2αた¢△+ヽ △r,we ha、「c ad(Eん )17′ =0,and hence

Eが争′=玲′E・・ Sincc(β′,αた)=-1,“ have為玲′=9】孵ス■‐Hence■7e
have

ad(E・ )玲 =(Eた論 ―玲Eた )馬
=(Eた (島玲′-9玲′島 )― (鳥玲′-9玲′島 )島 )為

=(tt早玲′-9り号弓撃)κた=(玲′年
1海 =玲・□

Next l″ e shall consider quadratic fundamental relatiOns among the elements

ll.Since we have

s<ι

α零4路 (α零∈C(9))

Σ]C(9)Кろ=(DC(9)4X,
J,プ (A

К巧 =

we caII wTlte

`く
:

βl+ら =β 3+β
`

forが >プ (see F]).Hence if βj十 島 dOes nOt haκ another decOmposition
β tt β
′
(β ,β
′∈△+ヽ △f,βj+島 =β +β)then We have xろ =α j,ブろ4

for sOme Q,′ cC(9)・ We dcllote the set Of、κights Of the ten― dimensiond

簿1跡堪TTT異
『

プ為;徹鳴謄驚ctti話 Fttdb誡
if we have― (β tt β′)∈「

.lVe 6凄 a biiectiOn{1,2,… .,10}∋ 2吟 一δ.∈ F
such that r δm_δη∈ΣLcぉ Z≧ oα j,then η≦m.For each η there exist



exactly follr pairs(′ ,プ )∈ A2suCh thatグ <ブ,βj十 島 =島 .恥b denote them
by(jr,ブF),(げ ,′′),(イ ,プ『 ),(jf,F)∈ A2whereゲ F<j『 <j,<j『・Set A(2)=
(づr,づ『 ,,,,づ『 ,′ r,ノ′,ブF,プr)∈ A8(1≦ η≦10).Then we have

A(1)=(1,2,3,4,5,6,7,8),  A(2)=(1,2,3,4,9,10,11,12),
A(3)=(1,2,5,6,9,10,13,14), A(4)=(1,3,5,7,9,11,13,15),
A(5)=(2,3,5,8,9,12,14,15), A(6)=(1,4,6,7,10,H,13,16),
A(7)=(2,4,6,8,10,12,14,16),A(8)=(3,4,7,8,11,12,15,16),
A(9)=(5,6,7,8,13,14,15,16), A(10)=(9,10,11,12,13,14,15,16).

ヽヽ石e denote the set{ヴ f,げ『,j,,jF,ブr,″ ,ブ『 ,″ }by lA(η )l fOr l≦ η≦10.For
avが ,ブ ∈A there e対 sts η satisttingげ ,ブ ∈IA(れ )|.
Set

ス={(た ,η ,η
′
)∈ f× A× Alδ"+αた=δπ

′}.

Thenス ={(6,1,2),(5,2,3),(3,3,4),(2,4,5),(4,4,6),(2,6,7),(4,5,7),(3,7,8),
(5,8,9),(6,9,10)}.For tt η∈{2,3,...,10}We Can take a sequence((た 1,21,η l),
…・,(ん。,η ,,η :))Ofス Satisfy7ing鯰 1=1,2:=η ,2;=2,+1(1≦ プ≦S-1)・
For(ん ,ηρ

′
)∈ スand m∈ {1,2,3,4},we haVe dther

(β:L,α■)=0,j霧 =づ乳,(島 .,α・ )=-1,ら メ =島鳥十
αヵ  (Pち )

Or

(βj乳 ,αた)=-1,β :ダ =β j乳 十αた,(βゴ■,α■)=0,プ房=プみ・  (P■ )

PrOposition 2.3乃 r αηダ,,プ ∈A saιづs/yづη′j<」 ,υθんαυθ

(Q6)КyJ=

ろX ゲιんθ
“
CCおおη szcん tんαι j=づ F,プ =ブF,

yJ,X,+(9-9~1)Xfろ
F

2/焼 CrC Casぉ n szεんιんαιづ=j,,ブ =ガ ,

ろみX乳 +9乃鳥_lX■ _1-9~lχ L_1ろ■_1
ゲιんe“

`α
おιれ,π ∈{3,4)szめ 流αιづ=づ乳,」 =Jl,

9y」К οιんθrυjsc.

Proof. Since there exists some n satisfying i,j elA(n)l for any f,7 € A, it is
sufficient to show that for any 1 ( n 1 L0 the elements Y*.,Yin Q < m < 4)
satisfu the following relations.

ｒ

ｉ

‥

―

り

ヽ

１

１

‥

、

ｒ

ｉ

ｌ

く

ｌ

ｉ

ｔ

ηＲ

КIろ『 =玲rttf                        (Rη ,1)
L亀乃λ=ろ■L残 +9ろ■_141_1-9~lXλ _l yJ乳 _1(2≦ m≦ 4)(Rη ,2)
y11巧2=9y12Xl
(′1,ι2C IA(η )|,71<′ 2,(ι l,′2)≠ (j乳 ,ふ )(1≦ m≦ 4))

10
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ヽヽLen 2=1,the elements X(1≦ づ≦8)satiStt the Same relations as those fOr
type D5,henCe the relations(Rl)hold・

For att m>l there e対 sts a sequence((た 1,η l,21),…・ ,(た 3,η 3,η :))Ofス
sttis■ng 21=1,2:=π ,弓 =ηブ+1(1≦ ブ≦S-1),atrld hence itお stttcient
to skv the relations(R2′ )for(た ,η ,が)∈ ス aSSllming the relations(Rη ).
Let(た ,2,が )∈ ス・Asstune that the relations(R2)hold.

lVe跳t shon‐ that the relatlon(Rη ′,1)hddS・ I the collation(Pl)iS S乱―
is■ed,then t have Lf′ =巧 F,ユXF=乙 f曇 ,ろ F′ =ad(4)聴『 =鳥 乃『 ―
9玲f島・ Since X『 玲『 =ろrКF,鷲 have

К
f′ ろ r′
 = КF ad(長 )yJF=Xl(島 乃F-9乃『 几 )=(島ろf-9聴『 曇 )К I
= ろF′ 4『′・

Ifthe condition(Pr)iS satisied,then we can prove the fomula(Rη ′,1)Similarly.
Nexい℃ prove the formula(Rη ′,2).Asstlme the cOndition(P丸 )iS SatiS■ ed,
then we have

4メろメ = К乳(鳥巧鳥-9ろ鳥4)
= 聾埼乳埓乳-9玲乳」みL乳

.         +9(島 玲1_lX■ _1-9ろ 1_lК l_1み )

-9~10■К■_l yJ島 _1~9КL_1鴫鳥_14)・

Ifthe condtbn(Pお _1)お satお ned,then we haК

島 yJ風_lК■_1-9ろ■_lИ乳_14=ろ 乳_1(曇И乳_1-9X■ _lF■ )=ろ点 14メ_1,
島 X■_.乃■_.-9X■ _.ろ■_.聾 =(FIx乳 _.-9X肛 1鳥 )ろ■_1=Кダ_ゝ鶏メ_.,

and if the condition(P二 _1)iS Satis■ed,thell wc have

島yJl_lК l_1-9玲 1_lК l_1長 =(4yJ■ _1-9ろ鳥_1長 )Кみ_1=ろメ_14メ_1,
4К乳_1ろ乳_1-94乳_1ろ■_.島 =К私_1(鳥玲風_1-9乃■_1長 )=Кダ_1ろメ_1・

Hence tt haκ 乙だろメ=ろメ4ダ +9ろ車14=_.-9~lX=_1ろ車1・ The for―
mula(Rη′,2)is prOVedo When the condition(P鳥 )iS Satis象 3d,Ⅵ輸 can pr"e it
si■ilarly



券W[秘鏃帯等
′
]鷲妻幾鮮Υ霧

(Jl,72)≠ (げλ,プ乳)fOr l≦ η≦4,we htte巧 1巧2=9巧 2巧1.1ヽ石e hⅣe the
景J■)町ing possibittties:

(1)′ i=ιl,J`=J2,(/力 1,α■)=(β12,α・)=0,
(2)′ i=′ 1,(β rl,αλ)=0,β rち =ら2+&た

'(β
′2'αた)=-1,

(3)β′1=β11+αた,(β11,αた)=-1,J,=ι 2,(β r2,αた)=0,
(4)βιl=01+αた,03=a2+αた'(β′1,α■)=(02,αた)=-1.
In the cぉ e(1)the fOrmda(Rη′,3)is ob宙 Ous.
h the casc(2)we haVe F■ xl=yJ.鳥 ,巧ち=ad(島 )巧2=み 巧2~9巧2長・
Hence we ha■ /e

Xl巧ち=巧1(島y12~9yJ24)=9(鳥И2-9巧2■ )巧1=9巧ち巧1・

In the ca∝ (3)we can prove it sin遇 larly to the case(2).

In the case(4)we haVe巧 :=」 躍
yIP― gyIメ%fOr p=1,2.Since al十

α■ =島 P+2α た¢ △
+ヽ △r and(β :ち ,α l)=1,We htte ad(島 )巧夕

≡ 凡 孔
―

9~lИЪ」肇 =O for p=1,2.Hence we hⅣ e』LEた
yJP― (9+9~1)」鴫XP曇 +

Иp島鳥 =0,尋巧P曇 =(9+9~1)~lC■島巧P+yIPttFDぉrp=1,2.By these
fonnulas we have

巧i巧ち = 0%巧1-9巧ュED(F■巧2~9巧24)
=聾 巧.F.巧2~94巧■И24~9y114几И2+92И l曇路24

=詳叫 り静 卿 L
-91%y1ly124~9巧 1鳥島巧2

+み卿 り静…
島

=詳叫 L“
“
浄 …
‐

Silnilarly we have

孔 孔 =浄 叫

… …

鳥 +浄 呻 L

｀
T彙ふ百:慧:∴瓶努育常編1驚Litthg      

□
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Theorem 2.4 The formulas (QG) giae fundamental relations for the generator
system {Y;}rct of the algebra Aq : tlq(nr).

We shall constmct a quantum deformation of the lowest degree part 4.
of the defi-ning ideil J6o and we shall give canonical generators of a quantum
analogue of Jso.

Set

tbn : Y;7Yi7 - qyryyii + qzy:yit - a3y7yrr,

for 1 ( n ( 10. Recall that A(n) : (it,it,it,iT,ji,jt,ji,jt). Using the
formulas (Rn,l), (Rn,2), we can wite tltn : YiiYi - S-tYitYt * O-2YigYq -q-tYiiYi.

Lemma 2.5 We haue

ad(F1,)$- : { !" if 
.lhere 

exists n' such that 6n * a7' : 6n"

L 0 otherwise,

ad(E1,)t!, : { 
t^* o!,!7:::,::*ts n' such that 6, - a1s : 6^"

L U otnerwzse

for k € I, and,

ad(K p){;, - n-G''ax).P,

for k e Is.

Proof. Let (k,n,n') e A. lVe shall show ad(Ft)1b, : lbn,. If the condi-
tion (Pf ) is satisfied, then we have ad(F6)Y?^:0, Y;* :Yh, ad(Ke)Y;" :
Ya ad(Fp)Yin : Yi*. Hence

ad.( F p) (Y;aY1. ) : ( ad(Fr )Ya\v t 
^ 

+ (ad(/f; ) 
yr ) (ad,( Fp)Y1 ) : \gY,g .

If the conditioa (P;) is satisfied, then we have ad(F7,)Yg : Y;g, ad,(Fk)Yjh :
0. IIence ad(Fp)(Y;aY1z) : Y;*Yr-, similarly. Therefore we have ad(F6){:" :
?bn'.

IVext we prove ad(E1)rbn, : th.. We have ad(Ep)Y;?l :0, ad(Ep)Yiil :Yin
if the condition (Pfi) is satisfied. and we have ad(E;)Yn?i : Y7, ad,(K;t)Yi* :

YiX, il : ji, ad'(E*)Y:irl : 0 if the condition (P;) is satisfied. Hence we
nave

a&(Ek)(Yi*vil) : (ad(81,)Y,g)(ad{,K* I 
)Yry) + Y;g(ad(E*)Y,g) : Y4Y1a

13



for 1 ( m 14. Therefore w'e have ad(Ep)tbn, : tb,.
In other 50 cases, r'here 6,*ar # {&lt < / < 10}, we can check ad(F6)r/., :

0 by a case-by-case consideration as follows.
In the 10 cases where there exists n' satisfying ad(Fp)zl.,r, : thn, ((k,n) :

(6,2), (5,3), (3,4), (2,5), (4.6), (2,7), (4,7), (3,8), (5,9), (6,10)), we have
ad(Fp)Y;a : ad(F*)Yi*: 0 for I 1 m ( 4, and hence the assertion is obvious.

In the 8 cases (k,n) : (5, 1), (6,3), (6, 4), (6,5), (6,6), (6, 7), (6,8), (5, 10),
we have ad(Fp)Y;A : ad(F*)Yin: 0 for m : 3,4, ad(Fp)Y;2 : Yji,ad,(F6)Yi- :
0, ad(F;){1 : Yii,ad(Fp)Y6 : 0, and hence ad(Fp)(Y:iYrtl : Yi7Y6,
ad(Fp)(Y;iY17) : YigYiT. Thus we have ad,(Fe)tp" : q'(YiiYi; - tYi2Yif ) : 0
by Proposition2.S.

In the remaining 32 cases there exists m' e {2.3.4} such that ad(F1)Y;" :
0 (* * m'), ad,(Fp)Yi*:0 (m # *'-I), ad,(Fp)Y6i, :Yih,_,. ad(Fx)Yi7,_,:
Yii,, ad(K *)Yi, _, : Q-lYi, _,. Then we have ad(Fp)(Y;i,YiX,) : Ynn , _,Yjh, ,

?d( 
F ) (YZ, _,Yj l, _,) : q- t Yh, _,Yi i,, ad( F *) 4,, : qa - *' (I - ss- 

t 
)Y;h, _,Y) i, =

0.

The weight 0;A * 0;g does not depend on m- Hence we have ad(Ke)r!,:
n-G''o*)r1tn where d, : g;7 * gi" -

- Finaliy we show ad(Ep)t!.'": 0 if 6, - ar f {&lt < / < 10}. We can check
ad(E1,)tb1: 0 for any k : 2,3,. .. ,6 directly. It follows that flo=, C(q)$, :
Uo(r)rbt and hence Dl,o:rC;k)r[, is an ad[/o(17)-stable subspace with weights
h {-dr l1<, < 10}. Thereforewe have ad(Ep)z!":0if 6o-o* ( {djl1 < / <
10].

Proposition 2.6 t;o= ,C(dr[, is an ineilucible highest weight tJo(11)-rnodule
with highest weight uector tfs1.

Proof. By Lemma 2.5 D],1:rC(ilrtr, is a finite dimensional L,o(t7)-submodule
generated by a highest weight vector r/r with highest weight -61 . Thus it is
irreducible.

By [ ] and Proposition 2.6 we obtain the following:

Theorem 2.7 A quantum analogue of the defining ideal Jco of the closure of
the non-triaial non-open orbit Cs is giaen by the two-sided, id,eal of Ao generated
by{$"|1<r<10}.

14



3 Case oftype E7

Let g be a simple Lie algebra of type E7・  1｀b Shall use the labelling of the

■・ertices of the Dyl量in diagram l.Hence we have f。 ={1,2,3,4,5,6,7}.Set
r={2,3,4,5,6,7}.In thiS Case wc ha、 Ze nナ ≠{0},[nf・ ,■ナ]={0}.Then rf is
Lolnorphic to C o gE6'描 ere g民 aヽLお algebra of type F6 0Ver C,and nナ

Zr―orЫts{0},θ l,0,O On nす satヽ3/ing{0}C研 ⊂砺 ⊂σ.Letお1⊂ C卜力
be the dehhg ided ofthe closure of θl,and let場 l denote the subspace Of
Jοl consisting of the polynomials in Jσ l with homogeneous degree 2. Then

毛 おa2ZとIrlendonal L=edudЫ eけ―nloduL,and tt generates the dedぉ 1.
Let Jσ2⊂ Cトナ]be the defning de」 ofthe closuК of o,and bt■ 2 dCII°te
the subspace of Jc2 consisting of the polynOmials in Jc2 with hOmogeneous

degree 3.Then■
2 iS a One―

dimendond iredudbleし ‐module generated by the
irreducible relative inva□ ant,arld it gerlerates the ideal Jσ

2・

lVe 6x a reduced expression

υrTO=S162S3S465S6S4S3S2SlS7S6S4S3S5S4S6S7S2S3S4S6S5S4S3S2SI

of υrυ o a■ ld dctt■e the dements X(」 ∈A=(1,2,… .,27})as in Section l.
Set島 ={1,2,3,4,5,6},f′ ={2,3,4,5,6),A′ ={1,2,… .,10}.Then{αづ}tc島
is a set Of silnple roots of type,6・  Let g′ be the silnple subalgebra of g corre―

SPOnding to島 .ヽ 石ヽe ChOOse a reduced expression ηr′υも =SlS2S3S4S5S6S4S3S2Sl
Of υr′υも・The elemelts L(j∈ A′ )can be comput9d inside L(g′ )・

Let島 =Σ j∈ぉ包:αづand set mブ =(ml,…・,弓 )fOrプ ∈A.Then驚〕ha、′e

ml=(1,0,0,0,0,0,0),m2=(1,1,0,0,0,0,0),m3=(1,1,1,0,0,0,0),
m4=(1,1,1,1,0,0,0),m5=(1,1,1,1,1,0,0),m6=(1,1,1,1,0,1,0),
m7=(1,1,1,1,1,1,0),m8=(1,1,1,2,1,1,0),m9=(1,1,2,2,1,1,0),
ml° =(1,2,2,2,1,1,0),mll=(1,1,1,1,0,1,1),m12=(1,1,1,1,1,1,1),
m13=(1,1,1,2,1,1,1),m14=(1,1,2,2,1,1,1),m15=(1,1,1,2,1,2,1),
m16=(1,1,2,2,1,2,1),m17=(1,1,2,3,1,2,1),m18=(1,1,2,3,2,2,1),
m19=(1,2,2,2,1,1,1),m20=(1,2,2,2,1,2,1),m21=(1,2,2,3,1,2,1),
m22=(1,2,2,3,2,2,1),m23=(1,2,3,3,1,2,1),m24=(1,2,3,3,2,2,1),
m25=(1,2,3,4,2,2,1),m26=(1,2,3,4,2,3,1),m27=(1,2,3,4,2,3,2).

If(βブ,αた)=-l fOrブ ∈ A andん ∈ r,then sI(島 )=島 十α■∈ △
+ヽ △ r and there

exists J∈ A satistting島 +α た =β J・ COnVersely if島 ,β′∈ △
十
、△ I satiSf57ing

島 一 島 =α た (た Cr),then We have(ら ,α・ )=-1,St(島 )=β
I・

Forた ∈f,J∈ A,v7e ha｀℃島 -2αた,島 +2α■¢△
+ヽ △I.



Set

B : {(k,j,l) e 1 x A x A | 0i * a* : 9}.
We have
B = {(2,I,2). (3,2,3), (4,3,4), (5,4.5), (6,4,6), (6,5,7), (5,6,7), (4,7,8),
(3,8,9), (2,9,10), (7,6,11), (7,7,r2), (7,8,13), (7,9,14), (7,10,19), (5,11,12),
(4,72,t3), (3,13,14), (6,13,15), (6,14,16), (3,15,16), (4,16,17), (5,17,18),
(2,14,19), (2,16,20), (2,17,2r), (2,18.22), (6,19,20), (4,20,2r), (5,2r,22).
(3, 2r, 23), (3, 22, 24), (5, 23, 24), (4, 24, 25), (6, 25, 26), (7, 26, 27)j .

In particular, we have 16l :36.

Lemma 3.1 Let 0,0' e A+ \ Ar satisfying 0 + o*: 0' (k e I). Then we can
choose a red,uced expression u)JLro:.ejrsiz' ..s;", and p € A, satisfying

9: s;rs;"...sip-t(o;o), 0' : s;tsi2"'s,r-rsir(oto*r), (airro;o,.r) : -1,
ak : sits;2' " 9ip_t\A;o+, ).

Proof. The 21 tripiets (k,j,l) in 6 satisfy I : j * L, (a;i,diia,) - -1.
Therefore it is sufficient to deal with the remaining 15 cases. In the cases

(k,j,l): (6,4,6), (6,5,7), (6,13,15), (6,14,16), (3,2L,23), (3,22,24), we can
ta.ke

ID I UO : S1 5253.94S655545352s1 s7s6s4s5s3s4s6s75253545556545352s1

with p : 4,6,13, 15,2I,23, and in the cases (k,i,l) - (7,6,II), (7,7,L2),
(7,8, 13), (7,9,14), (7,10,19), we can take

'tr1?Dg:5152s3s4s5s6.97s4s6s3545253.91.92.5554$6,97s3.94.9645s4s3s2s1

with p : 6, 8, 10,12,14, and ia the cases (k, i,l) - (2, L4,79), (2,16,2A), (2,17,2I),
(2,18,22), we can take

tJJ 1 w g : s 1 s2 sg s4ss s6.94s3 s2 s1.97s654 s5s3s2 s4s356.s4.97s6 s5a4 s3s2 51

with p : 15, 17, 19,2I. D
We can show the following similarly to the case Eo. We omit the details.

Lemma 3.2 For k e I, j e L, we haoe

ad,(Fp)Y1 :

ad,(Ep)Y1 :

Y1 if there exists (k, j,l) e B,
0 otherwise,

Yt if there ecists (k,1, j) e B,
0 otherwise.
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The tJo(1)-module Oi.n C1q)f, is an irreducible highest weight module
with highest n'eight vectoi Yr and lorvest t'eight vector Y27. Hence, for any

I1m ( 26, thereexistsasequence ((h,n\,nr),... ,(k",n'",n"))of B satisfuing
nt : 27, ft'" : rrt, n', : ni+t(l < i S s - 1).

Next we shall consider reiations arnong the elements Y. We can write

Кろ = α:14K (α :lCC(9))
3く
=

βl+β」=β 3+β t

for j>」 (see 141).HenCe r β:+島 doeS not have arlother decomposition
β+β
′
(β ,β
′∈△+ヽ △f,βj+島 =β +β′)then We have xろ =α :,ブろК fOr

some aj,ブ cC(9).Set δ=2ωl=3α l+4α2+5α3+6α4+3α5+4α6+2α 7,
、vhere ωl is the fundamental、 /eight corresponding to αl. We denote a set of

wdghts of the 27-dimelrldonal ineducible highest n7eightけ ―nlodule場l With
highest weight―βl― βloヽ′

「
・ Set γ2=δ ―βη(η CA),and WC have

r={_γ, lη ∈A}.For β,β′∈△+ヽ △ra3‐eight β+β′haS anOther de―
composition if and ody if we have― (β +β

′
)∈「
・For each η∈A there exi就

exactly£℃ pairs(jぅプ)∈ A2suCh thatづ <Jっβj+島 =γ 2・ Ⅵb denote them
け ('f,ブ r),(j夕 ,」′),(j『 ,ブr),(jF,寃 D,(jξ ,プr)∈ A2where j『 <づfく

j『 <',<
jF,ブ
F<プ ′ <″ <」 F<Jξ ,and jF,プ F Satistt the fOnOn‐ ing Condtioll(Pす )Or

(Pr)i Set B(電 )=(げ『 ,jF,j『 ,j夕 ,づ 1,ブF,プダ,ブ『 ,」r,Jr)∈
Al° (2∈ A).Then We

have

Ё(1)=(10,19,20,21,23,22,24,25,26,27),B(2)=(9,14,16,17,23,18,24,25,26,27),
B(3)=(8,13,15,17,21,18,22,25,26,27),B(4)=(7,12,15,16,20,18,22,2,26,27),
B(5)=(6,11,15,16,20,17,21,23,26,27),B(6)=(5,12,13,14,19,18,22,24,25,27),
B(7)=(4,H,13,14,19,17,21,23,25,27),B(8)=(3,11,12,14,19,16,20,23,24,27),
B(9)=(2,11,12,13,19,15,20,21,22,27),B(10)=(1,11,12,13,14,15,16,17,18,27),
B(11)=(5,7,8,9,10,18,22,24,25,26), B(12)=(4,6,8,9,10,17,21,23,25,26),
B(13)=(3,6,7,9,10,16,20,23,24,26), B(14)=(2,6,7,8,10,15,20,21,22,26),
B(15)=(3,4,5,9,10,14,19,23,24,あ ), B(16)=(2,4,5,8,10,13,19,21,22,25),
B(17)=(2,3,5,7,10,12,19,20,22,24), B(18)=(2,3,4,6,10,11,19,20,21,23),
B(19)=(1,6,7,8,9,15,16,17,18,26),  B(20)=(1,4,5,8,9,13,14,17,18,25),
B(21)=(1,3,5,7,9,12,14,16,18,24),  B(22)=(1,3,4,6,9,11,14,16,17,23),
B(23)=(1,2,5,7,8,12,13,15,18,22),  B(24)=(1,2,4,6,8,11,13,15,17,21),
B(25)=(1,2,3,6,7,11,12,15,16,20),  B(26)=(1,2,3,4,5,11,12,13,14,19),
B(27)=(1,2,3,4,5,6,7,8,9,10).

FOr η∈A tt denote the set{で ,jF,グ∫,j',jF,プ F,ブ′,」r,グr,ブξ}by lB(れ )|・
FOr any j,プ c A there e対 sts η∈A satisttingづ ,プ ∈IB(η )|・

″
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For(た ,η
′
,2)∈ β and m∈ (1,2,3,4,5},we haVe either

(β
`乳

,αた)=0,j霧 =jλ ,(島鳥,α■)=-1,島メ=島乱+αた (P丸 )

Or

(βJ%,αた)=-1,β :ダ =β j駐 +αた,(島鳥,α・)=0,′/=」■. (P■ )
Proposition 3.3 乃r α2yづ ,プ ∈A sαιjリワjれ′げ<ブ ,υθんαυθ

≡A sπιんιんαι{j,ブ }={jF,ブF},

ιεん焼αι j=j′ ,」 =″ ,

9~1埓■_1乃鳥_1
∈{3,4,5)szιん焼αι j=jl,プ =ブ勇,

Prooi Since there exists n c A satis島だng j,J∈ IB(η )l fOr aFyが ,ブ ∈A,it is
suttcient tO shOw

可:淵i二1為五粛L∬
~盟

for η∈A and l≦ π≦5.
When η=27,the elements К (1≦ j≦ 10)SatiStt tlle same relations as
those for type D6,allld hence relations(R27)hold.

Since there exists a sequence((た 1,21,21),・ … ,(た。,2:,23))Of β Satisfying

21=27,η:=m,弓 =2ブ+1(1≦ プ≦S-1)fOr a町 1≦ η≦26,it is sumcient
to show(Rη′)for(ん ,η

′
,2)∈ β assulning(Rη ).ThiS iS proved sinularly to

Proposition 2.3.Details are oコ 乱ted.                       □

By 14]a■ld PropOsition 3.3 we obtain the follon‐ ing:

Theorem 3.47んθルrmZJas(Q7)′づυθルηごαπCnια′rθ施ォjοηsル rιんθ′θη
`ratOr

systθπ{乙 }jcAげ ιんθαむθιm 49=場 (■F)・
恥 sha■ construct a qumtm defomttbn of the lo■ 7est degree pat場

1

of the dehing ideal」 ci and we shall give canonical generators of a quanturxl
defom■atiOn of々 1.
Set

ψη=乙:乃ξ-9χ:乃
=+924:ろ

ξ_93乙,yJ,+94xIろ F,

18



fOr η∈A,where B(2)=(グ『 ,げf,ば ,j′ ,jf,ブ F,プダ,プ『 ,プr,プF).Using the for―
mdas(Rη ,1),(Rη ,2),we can write ψ2=埒ξX:-9~1玲 f巧:+9~2玲『И:_
9-3乃,x,+9~4ろ r埓 1・
Silnilarly to Lenllna 2.5 and Proposition 2.6ヽ ″e can show the folloM″ing:

Lenlm 3.5 ″:θ んαυθ

Ц助仇二
{F″ 雛鶴″
翡に→∈a

バムン2={:″ 麓惹儀F轟麟→Ca

/Orん ∈r,αれご

ad(K・ )ψ2=9~(γ
2'αた)ψ″

ルrん ∈r。 .

Proposition 3.6 ΣηcAC(g)ψπづS aη
`rrcJ%ε

jら
Jθ んなんesι υ

`な
んι場(rr)―ποごπJε

υづ焼んなんesι υcなんt υCειοr ψ27・

By[4]and PrOpOSition 3.6 we Obtain the following:

Theorem 3.7■ 9παれιππご̈ rmαιグοれげιんθごげれ
'η

Jご Cα J JσlげιんCC′οsπre

げ焼θ ηοれ―
"θ

η οrみグια づs′づυεηろyιんθ ιυο―sづdedづ dθα′げ■9′
`れ
eratcご by

{ψ。lη ∈A}.

Set

9=Σ (-Op21-lLψη,
2cA

where lβ l=Σ Jcぉ mj(β =Σ icぉ mjα
')・

PrOpOsitiOn 3.8C(9ル おα οηθ―ごJπθnsづοηαι%(け )‐ποれJθ .

PЮd By PЮ position 3.3 we ca■ l check that the co』 cient αl,10,27 0f yl yl。 ち7
hl互
融
=″
たず亀電l駆″il商戦

r:ぶ

鶴萌≦ザ
・激lF■ )L′ =

0, ad(EI)ψπ′ =ψπ, ad(F■ )ψπ=0,(βπ′,αた)=1・  Halce ad(」■)(ンЪψ2-
94′ψη′)=L′ψπ-99~lL′ψ。=0.Therefore w have ad(島 )9=O fOr aw
ん∈f,and similarly we have ad(El)9=O fOr avん ∈f.Since γn+β2=δ fOr

19



arly n € A, we have ad.(Kp)g - n-@'ax), for any k e Io. In particular, we have
ad,(Kp)g - 9 for any A € .I. and ad(K1)p : q-2?. X

The element g is a quant 'm deformation of the irreducible relative inariaat
on the prehomogeneous vector space.

Theorem 3.9 A quantum defornation of the defining i,deal Jc" of the closure
of the non-open orbitC2'is giuenby the two-si,ded, ideal of Ao generated by 9.
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