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ON THE EQUIVALENCE PROBLEM FOR A CERTAIN CLASS
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Jg|,Upg!* Let 0 be a generalizerl Siegel clomain in;fl rvith

exponent L/2 *,1 gD ) the Lie algebra consisting of all conplete

holonorphic vector fields on S . In [3], Kaup, ]'ratsrshima and Ochiai studiecl

tlre structure of 
Wg ) ancl appliecl the restrlts to the equivalence problem

for Siegel donain of the second kind. They shorved that every biholomorphic

isonolphisn of a Siegel domain of the second 'liind onto another- one is
biratiolral. lrloreover, using this fact they shcnved also that trvo Siegel donains

of the second kind are holomorphicallv equi"valent only if thev are linearly
equivalent. I{otivated by these results, in [5] we sttrdied the equivalence

problern for a certain class of generalized siegel domains 1

The purpose of this note is to generalize our previous results.in IS].
After some preparations in section 1 , 'r,,'e shorv the follorving theorems in section 2.

,SW,r} [very biholonornhic isomornhism between thlo generalize<l

-Siegel dornains in QX C-,with g3polgn!J,{2. j:
-,i/tr-W$r

birati onal.

By nreans of thj s theorem anC our result in [5] , we obtain

Dヽ

●

191 lD  and  ≦Pr be generalized Siegell_101nalns ■1‐ C登
≒11)
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with e4ronent I/2. Then $ and f)' are holomorphically equivalent only if

11ニム ngほ襲 颯 鳳 μ 鳴 乳

\/
ThrougJrout this note we use the same notaYons as in [4], urless otherwiiet

stated.

The auther rvould like to express his tJranl<s to rrrofesser S. lrfurakami for

his useful advices.
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, 1. Preliminaries
ry*@

According to Kaup, I,'iatstrshima and Ochiai [3], we say that a donain $ in

..]*l {. is a {eneralized Siqsel domain with e)eonent 1/2 if it satisfies theFl-'= -J!\ i.)
following conditions : i-1

(1) I is holonorphically equivalent to a boturded domain in;S*m and

D contains a point of the form (zr0) rvhere r.r* and  O  denotes the

Origin Ofズダ)。
(2)  わ  is invariant by the

following types :

(a)  (Z,W)―      (Z+a,.)

(b)(Z,W)― (Z,e百、

holomoThic trmsおHnatims o嘱
Im Of tte

(C〕   (Z,W)―       ( e'Z, e(1/2)th7 )
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mapping l .: C X d -------> C X C such that

Let,Aut(O) be the gronp of all holonorphic transformations of $. Then it
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is known that Aut(D)iS a real Lie group and its Lie algebra is canmically

identifiedwith the Lie alg6bra 99) COnsisting of all comり lete holomorphic

vector fields on 9.we bow that the follolving holomorphic vector fields

on 9 are contained in cみ 9):

O t おrk=1,2;.… ハ;          r.

O I=直古W&;

O E=著 Zと +÷著W続
,

●

●

rvlrere (zrrz2r..,znw1,..,t*) is the natural coordinate system *"*"r#.

No,,r, we have the following theorens on generalized Siegel donains with e:rponerLt L/2

(Ka",ntsushim and oChiai[3]).些 J2be a generalized

国 =Ⅸ }。

囲 ヘ

呼    (Kodama[4])。 芸
上D山L鯛鰹聖璽些壺受コ暉墜独亜L塾瑶識嚇

Wi血 eXIDOnent 1/2 and ttph_(ア 4/曇ゴ :LJェ ム ニ

.  the identiけ compOnent 9f Aut(」 QL Ъm there e対 sts a non‐ singular linear
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●

は』
`″

is the elementary Siegel dOma[in

5。 =モし,WP…株ふりのCi止″lFi.    l

then

(1. s)

Theorem

is a circular domain in containing the origin o of -C-k.

Let ②3)=瑠
we have

95)
A. Then

Ct={2FFOr,OL+
_担 .|

hlllere

k
F(u,v) = Yucif for u=

- o=,1
(u0), v = (v0) €j).

Let (zl,。 。,ZN)be a c00rdinate system

a holomorpllic mapping二 =(ムだ。ム)

Jacobi natrix  `Q』
1/Э

Zj)  Of a二_at a

be the deconrposition of as ■n

● f,= (c0) ."t]

ｒ

　

　

ｅ

ＦＯ
　

訥

l\Iin C' and D.qt

ilt: D _)C..
t*f '

noint p e D.
^I

a domain

we denote

in cN.
綱

by“島り

●

Theorem C. I€t D be a donain in^ C. which is
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I\l
to a bourded. domain iniil and f a holonorphic nappine, of D into itselF.

Stppose that there, exist_s a point pe Q__:u@ ald Jr(p) =.1*,.

-'+.*-|tlflThen f is the id""4ty tt*rfo*.€gl of D.

Proof. This is inrnediate from Th6oGme VII, Chap.II in tll. q.e.d.,t

Let D and D' be trvo circular donains in.C].with'centers o

Proof. By using Theorem C we can Drove this tJreoren in the sanre way as

in Thdordre VI, Che.II in [1]. q.e.d.

2. Proof of Theorens

●

To prove Ttreorem 1lve need ferv prcparations. I*t D and (zrwlr..rrr)
,^

be a generalized siegel domain i";[/.$ rvith e4ponent r/2, aiy{flt/z = zk

and a coordinate systern t"^[.**# as in Theorem B. ]Ve consicler a rnapping

^J r I m.z t o) x^* 
-).fl.l 

<lefined by0 : tr r,& 
I r,,..- _J ../x{ 

\^,,,

(2.1) tl = (z -'/a1(z + .ffi1-l , ,i = Z*j-I(z * J-T)-l

for j = 2,3r.,rr1. Then, as is shorrn in the proof of Theorem 2 in t4l ,j-d.fines

the or■ g■n ofび
薄い.lVe st]翌ose that at_least one of these doma■ ns■ s holmorpliCally

uivalent to a bourded donain in .C. kt f : D --* Dr be a biholomomhic

基型聖魁壼理型型L辿上 IK_0       
…
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●° FYy,t.XP

a biholomorphic isomorphism of S onto the inage dornain

Llnder tJrese notations rve have the following

″

お = 量6) in畔 10

d m+1

J€{DilA/ The domain 8 is 3 cilc_ylar doJgilin_nC*,'--with center-o yh_ich.

is holomorphically equivglglt to a b_oturclecl domain iti#!

PЮoi Sin∝ (何 ,の (σ md器(戸 ,の =o,it iS Clear

put

U(k+1,■ ) = {g c eL(k+2蠣

and

SU(k+1,1) =  U(k+1,1) n SL(k+20.      
ύ

Ъen from Renta」 (3 of sectiOn 4,[4],we knOW Jnt Aut。 (3)

K c阜〕卜, Where._≦予=r iS the identitv component of the isot
Ca可 ,md m。

“
。℃r ttt。 (各 )

こ
"は

+1,D mdェF」転 こ

_                              orphic transformation

＋ｋ

ｏ
　

　

　

　

Щ
　

∬

|

1,1)

00+ω

GL(m―k島 ,

出

　

ヽ

　

ミ

①
◎
②

bっ

C

=
進

　

　

ｌ
ｚ，

ｅ

　
　

， ｙ

価

　

帥

●

ｓｅｔ
　

　

鳥

℃　
　
　
　
　
眸

ｆ
　
　
　
　
　
　
Ｌ

Ｉ

　

　

　

　

　

　

Ｓ

，

　

　

　

ｃ

t,

6ヾ
電堕  0

0   ・。
eR/_70

00′ ,o

:

l

:

|

:

|

1

卜
‐
ド
‐

now, for



●

and

Ｇ

　

　

　

　

ｃｅ

　

　

ｙ

Ｃ
　
　
　
・ｍ
　
　
ｂ

く
）
　
　
　
　
　

，

評
０
細
¨

ｒ
ｉ
ｌ
ｌ
に
、
ハ
　
ｏ

１＋

吻
物

２

　

　

　

　

２

＋
　
　
　
　
　
＋

ｋ

　

　

ｋ

√

Ｊ

０

０

ｒ

ｌ

く

ｌ

ｔ

島
一

ｋ

　

　

　

ｒ

ｒ
ｔ
　

　

　

ｅ

鉗
　
　
ｎｔ

Ｃ
　
　
∝

亀
　面

ｎ
　
　
ｋ

畿
　　・ｍ．げ輌

is a circular donain

see tjrat

,r島

subgroup or Auto(d ). This irgrlies *^t fi is a circul-ar

o. Since fi is holomorphically equival-ent to a bounded

is 3 . q.e.d.

of botnrded Feinhardt donains [6J [7J , we can shot' the follortring

ｎ
　
　
．

０
■
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兆0,X0

is a one-paraneter

donain with center
. ^IIF1donalnlnu ,so

/vas'

As in the case

lemna.

″

"V2籠d pt虹
彿 た 生 壼 滋 ヽ 工 鳳

X直 ,0))二     X璽 ユ

L     。

Proof. First rve renark that if k = m,

o So we'assume in the following that k < m. By ｅ

¨̈
　

　

ｔ

＞
　
“

ｎ
ｖ
　

　

ｃ

己
　
嘲

Ｘ
　
ｈｅ

５

諄

Ｉ́
い

　

。・ｎ

賦
　　“

6 by Theoren B.

eqrression



●

ot tJr
there exists a point ooi.r,. . ,ru;) . 6v= such that

, Auto ffi),lt r{) = nuto($ X.I{,0,..,0,wfl*1,..,rfi).

σ

・ｙ

　

ａｔ

ｍ
　
　
ぬ

●

〃
９of

I

if tWk+1,。 .'哺

(0,..

（）
０

●

●

On tlle other hand,Ive know from Ъeorem B that a poht(F,0,… ,0,L+1'。・サ1中

does not.belong to the orbit nuto(6 ).(J=,0)

,0) . Thr:s, to prove Lenuna 2 it is enough to show

din ( auto(6 ).(.1T,0) ) . din ( Auto(6 Xrl=,O,. . ,0,wk+1,. . ,wm) )

'f,or any Q*fr..r*J I (0r..r0). For tJris, let Qbe tJre one-parameter strbgrorp

rllr\t
tJf,fUlUeftf of Auto(S ) defined by the identity element 1 of SU(k+1,1)

and L,. e K"r.- as in the proof of lerrna 1. For a given point (z,w) C d we--9- 1-r

denote bI -\r,*) the isotropy sr.rbgrou,n of nuto(fr ) at (z,w). Now, take a

point (f:I,0,..,0,r{k*l,..,\) . fi rvith (w111,..,w*) I (0,..,0). Then it is

easy to check by usiag Theorem 2 in [ ] that Jq,/q,g) > ft,,q,0,. . ,0,wk+1,. . ,wn)

andぬe one―parallleter s山grow q is cmtained in豊
戸 ,o)but not in

.\r6T,0r..,0,\+1,..r**)' since (tot*r""wrn) I 
.(0" "0)' This inplies that

din工
(百,0)>dim数F,o,。 。,0,wk+1'° °

'WP'and hence we hatt restllt th鑢as

″

dim(Aut。 (3)。(声 ,o))= dim(Aut。 (Э〕/豊F,o))

aim nuto(6 ) dttl(1T,o)
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by知t。(5'x戸 ,の ,md so it fonOws in particular that k=kL In“ ed,

aim Auto(6 ) dim J.,61,0, . .,o rw1+1, . . rrJ

dim ( Auto(61 t&+=r,0,..,0,w1+1,..,wJ )

dim(Aut。 (5)・(F,0,… ,0,wk+1'° °
'端

))・  q・ eed.′

W : Let fl {resn. ni ) be a generalized siegel

domain in′
9″
X gl with exPonent 1/2 and dim● ノ2 ・ 2k (resp.  dimR(Z21/2

=2k').幹 tュ :0-→ぬ「 be a giでn bih01omorphic isomorphism.From

..Theorem B there exists a non-singular linear napping 
-9a 

t"g[*----.EX.#v
(reSp.夕 ':ズ驀鰐守 鰐)Such that Э=9(0)(resp・ 5'=y'(Э・)).

Iherefore, in order to prove Thoorem l it is sufficient to show that the

biholomoっ hiC iSOmoIPhiSm上 :=ダ .ュ・F~l onof isbirational.。fa)

thato First we.suE)pose that k < m. h'e clain now 飲Aut。 (5)(F:o))=

I」ema 2■ e orbit上 (施 t。 (g)。(F,0))iS of loWest dinlension,it■ ltLSt

coinside with tlle orbit Aut。 (D~').び耳,0)。 ■us we can choose an elenlent

上C Allt。 (5)in suぬ awγ ttat O」・G√=r,0)=直,0).Put下 =Ъ・g。  ・3

m∝ it is shm ttat二 :5→ 5'is biratimal,our proof ca be cttle“ d,

since■ :S→ S is biratiOnal by Theorem 2 in[41。 To shOW this we consider

again the biholomotthiC iSOmotthiSm tt σ-8“ fined in(2.1)。 Let士「

PI電flylttlelCTI「TiliFIISlillin'ボ Ist:鮮Fw=ain



the origin o of′ぽ・
l as their centers.卜 breover,putting二 :=b・■

「

,we
●

Noting thatt and t' are birational fron (2.1), we conclude that6-is atso

birational. It remains the case u'here k = m. But, in this case the domain O
( and so 0' ) is necessarily a Siegel domain of the second kind by Coroltary 1

in [a]. Thtrs our theorem follows from [3]. q.u.a.

o

The proof of Theoren 2 is norrt an inmediate consequence of Theoren I anct

our previ.ous result [5], but we give a proof here for corpleteness.

ACRIこ天:バ3∫t,tリモジR3賢しζ〆:
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Sin∝ it is trivid mat a and o'

are l1010morphiCally eqlliValent if they are linearly equiValent, 1::li夕

iinly (2)1ド"S,釧
由e conve“ bt 90)=Σσ榛印Ooo)=|

.     lidi:]童 :°I:°

Siti°r1 0f @ (`
ЧP, MatSushi■ la

as ■n heorom Ao P λル=衆 '0

SЧ

"OSe that there e対
sts a bih010morphic isOmorphismュ :の _0'・

Then, by Ъeorem l  Φ is a birational ho10nloIPhic mapping, and moreOver

k = k'  as we showed in the proOf Of Tlleorem l. In the following, fOr the dOmain

`[)'IVe emp10y the notatiOnA fOr denoting the object cO.ェ

じSpOnding to an

objectA fOr■ e donlainつ。bt J:勝【鰐=>CX♂ be a nm― sinttlar lineal'
mapping as in Theoren B such that d = E@;. VIe claim :

(*) there exists a non-singular linear napping f , 
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●

such that ′そう(5〕 =

(r6sP.(m―k)X(m― k)〕

.1-)',r'here q€-B,and A(resp.-B_) isa kxk6..i

matrix.

で

“

″
Ｓ

血
炒

９

fined byュ =y、3~l

ネ 1

●

Z'

Wi

Cl

c2

ＩＪ

対野
ヽ
メ

+

●

げ
1

and

Al l

一 一

|

0

卓1

礁1

卓l

A: Z'

ヽ
　
。
・
。

ｗｍ

A:

げ
1・

，
■
■

Ｗ

, Al

`測レ
・　
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・
　

デ
ｍ

Ｃ

Ｏ

field  E = z誇

=書
吼 ぼ9ヽ"●

１

ｓｈａ
５

If (*) is valid, we obtain our proof by putting L= t'*1,2,y. r"
1 shcnv

onto

■s birational, it can be shom ■n the same

同ぬat“ may assm■em"hgs上 :う

both affine transformations of the fonls

～
(2。 3)ュ :

～(2.4)上 :

(鵞) iS really tnleo Let口£Lbe a biholomorphic isornrphism of
ヽ  ‐

。 Put  Ψ=  Φ 
ム
. Since 5)′

～(and also ') ) has the graded stnrcture as in Theorem A nce Φ

1l in

are

・　
・　
・　
ｒ
ｍ

0 1づ+1

１
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・
　

・

,氏 c鳥

W
m

lr'e consider nol^/ the vector
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cory)utations we seedirect
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１車

●

●

tlnl.,. +

and hence .l,t|.,

グ♭+÷暮W税～
島 E  =

蹴
け

Ｄ
１

１

λ＋
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０ｍ）４λ〓．

＋Э
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０
「μ

Ｗ
１＋

ｌ

一

ロ

Ａ

ー

ー
０

ｍ
Σ

直

／

ｒ

ビ

ー

一
２

＋

●

( 01Alz.:,T + |卜

:子吾E「亀. 
°鮮lAttlwiま¬【)

+ イ

〔言1:F( OIAl+1  + |卜著
0群 lA=1)wi静 +|1業

+  (  OIDl  +  |11】
言F°れlDα

+1):】
T

血ei l彙 :9ぅ)司 6り iS theこ fぉ“ntial of Ъo sin∝｀
い
:)(錢

)=(囃)(A)=鴻計1,“ have

rlnl = l

業 卓い「h競 =著W蹴

|こ
=「

Θ
:+lA:ll

÷暮
0れ

lAttl

=  0

÷
OIAl+1.

m

(Σ
α=1

As a result we get
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+  ( olDl  +  J卜
薔

°
:+lDα

+1 ):t,・

Put

'    X  =  ( OIDl  +  上

高 計 :.lDα

+1 ):フ
l     and

Y  =  (11古
FOIAl+1lvi):,F +  11::「

(l:::10111Dα
+1):面

10

鈍n∝ LF md P=が静 +与
古

w蹴 詭lmgわ
oOい

+÷ Y

he concrete expression of hololnorphic 3

e [3],(3.1)and (3。 2)), we have

X C(,とi  and Y (2,2・  Recall that

・  囲 0埼2=(2戸F『 ,o静 +きθ崎 C=(Cα)C点
}

Y with (2.5)we seewhere rr" = ("i, . . rl{i) . By conparing the components of

that
\l+1^a+1(l'o) F"^*.,, = 0 for k+I <tr<m

0=1 *'

11(2.7) OiAi*r = 0 for k+l SuSm

=   2√=T吾 o諄
lg話

l     fOr  l≦ 口≦kO″
 kて

'

On the other hand, since !.!-tr the identity nuapping, it follorus fron (2.3)

13
●

●

(2.8) rlni.,

●
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●

and(2.4)that

(2.9)

Then, from (2.6) and (2.9)

al+1

Thus we have shorvn that t

Z'  =  01Z  +

Σ o:llDβ
+1

Wな  =  ][二:011卜
λ

Cλ
+1

=  0

lve get

=  O       for

■s of the form

for  l く λ く m。

k+1SISm.

●

ヽ
Φ

一
嘔 =

右

Ol+lWλ  +  Cl

ｍ吾 OlllWλ   +  Cα
+1

●
Since the group Aut( $') contains

i"t (zt rwtrw")1-.9'
and I

l.・here w'=帥
1,… ,哄 )

trcnnsfonnatiOn_亀曖ご■

for  l < α く

for k+1≦ β≦ m.

the affine transformations

(Z'+a,Wi,W・ ')(aC〃

Ｓ

ａ

　

　

　

。■

●

０

０

為
andが

　

　

喝

ｒ

ｌ

ｊ

ヽ

ｌ

ｔ

ヽ
Φ
一

pc z (z' rwr,w") 1---.-.5 (z'+ 2uE[F(rl",C)+ tfrp(C,C),wt+Crw")

and l√ '=叫◆1,・
・,鴫),dlanging■ by

～■f necessary, we mav assume that  Φ

= OIZ + 1liFOl+lWλ + Cl,  01(

各
°
lilttλ

(C(↓ )

su旺 table affine

of the fo.111

for  l < α く m。

Cl e吼
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さ)

●

Nm,おr F=Fttw&れ ,“ hⅣe

lor' = !r=i'*, g.lli^l.r)*# + frtr*rq

.re * nlo|.r*^fu + 1Ef, #*h;,
because  A101+1 + EΣ ::A:+10111  =  O  fOr  λ ≧ 1・ Since _ΨRIt  and  I = 

哺

wd

ヽdmgto o5L"“
“

Zト ー戸
吾

引 +lW島 ・ 鴨 ha“ 慟 en

FZ
see Z -- 0. Thi s shows that

(2.10) O1*., = Q for 1<tr<m,
n'r

o

since nl # 0. It renains to show that Cl = 0, but this canbe provedwith

the same argtaents as in the proof of Theorem ll in [3]. Finally we have shourn
tu

that 0 is a linear mapping. l,{oreov-er, as is shown in the proof of Theorem 1

we have

量飢)=蚤知t。(6x戸 ,ω )=施t。〔発)(F,ω =03・

Obvior:s1y these facts jnply that (*) is valid. lVe have thts conpleted the

proof of lheoren 2. q.e.d.

=[I,Z](o3)。 By Ho Cartan's princiPle for botnded domains,we

●

Akita Lhiversity
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