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N SOME DOUBLY TRANSITIVE PERMUTATION GROUPS

IN WHICH-SOCLE(G“) IS NONSOLVABLE

Yutaka Hiramine
1. Introduction

Let G be a doublj transitive permutation gréup on'a finite,éetzﬂ;and
<€ (L, In [8] 0’Nan has proved that socle(Go() = Ax N, where A is an
abelian group and N is 1 or a nonabellan simple group. Here socle(Gd) is
the product of all minimal normal subgroups of G“.’

In the previous paper [4] , we have studied doubly transitive

. permutation groups in which N is isomorphic to PSL(2,q), Sz(g) or PSU(3,q) |

with q even. In this paper we shall prove the -folIOWin’g :

Theorem. Let G be a doubly transitive permutation group on a finite
set £l with |1 even and let & € A . If Gx has a normal simple subgroup N%

isomorphic to PSL(2,q), where g is odd, then one of the followingholds.‘_

(i) ‘GQ‘ has a regular normal subgroup. -

(ii) ¢ ~ Ay Oor Sg N% ~ PSL(2,5) and L1

(1i1) o ~e My, o N* ~ PSL(2,11) and 1Lul= 12,
- In the case that G"n‘ has a regular normal ‘subgroup,iby a r"esult"of

Hering [3] we have (IQl,q) = (16,9) , (16,5) or (8,7). |

We introduce ‘some notations :

F(x) : the‘ set of‘ fixed points of a nonemptj subset X of‘ G.

X(A) : the global stabilizer of a subset A A(‘V_Q_ 1) in X

Xy : the pointwise stabilizer of A in X
A ’ |

¥8 . the restriction of X on A

(1)
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min ¢ _anini}eger’ m divides an integer n

XH : the set of H-conjugates of X

" X’Ip : maximal bo*&er of p dividing the order of X
I(X) : the set of involutionsv in X |

Dm : dihedral group of -order m

.In this paper all sets and groups are finite,
2. Preliminaries. . ‘ ’ .

Lemma 2.1. Let G be a transitive permutation group on J1, & eﬂ
and N* a normal subgroup of Gy such that F(N¥) = {«}. Let the subgroup
X £ N¥ be conjugate in G.g to every group Y which lies in N%* and which is

" conjugate to X in G. Then 'NG(X) is transitive on A = { Y& ) ! x<£ NK} .

proof. Let B €A and let g € G such that g% = «. Then, as X< N¥ ,
vg' & & gyh ; |
X* < N = N%, By assumption, (X®) = X for some h € Gy. Hence gh € NG(X) _

(gh)? gt : o - .
and « = o =48 . Obviously NG(X) stabilizes A . Thus Lemma 2.1 ho}lds.

Lemma 2.2. Let G be a doubly transitive permutation  group on L of
~even degree and N¥ a nonabelian simple normal subgroup of G« with R ONI
If C (N%) # 1, then NS = N* o NP for o # BEM and C (N%) is semi-

regular on &~ {o}.
Proof. See Lemma 2.1 of [47.

Lemma 2.3. Let G be a transitive permutation group on f_().,, H a 'stabi—-

lizer of a point of Ll and ¥ a nonempty subset of G. Then

FF(M) | = ING(M).I*IMG(\ H] / THIL

Here MUy H = {g‘img | ge'Mgc H , g €G } .

Proof. See Lemma 2.2 of [4 7.

(2)



Lemma 2.4. Let G be a doubly transitive permutation'group on Al

fénd’N a normal subgroup of Gu‘er1 x € L. Assume that a subgroup X of

ﬂ“‘satlsfles X% 'XNd. Then the follow1ng hold.
¢ (i) IF(X)n gl | ‘IF(X)(\ 6 Ifor 8, xe,ﬁ); {d}
(11) |F(X)| = 1 + [F(X) N 8 lxr, where r is the number of N ~orbits
on {L- ﬁx}

Proof. Let |7 = {A ’ A2 s e A } be the set of Nd-orblts on A —{«}.
Since G is transitive on A -{x} and Gd > N® ,' we have IA = lAjl_
for 1 éli, j < r. By assumption, Gg = N (X)N® and so N, (X) is
G Gu.

(x)

° transitive on V. Hence for each i with 1< i £ r there exists geENG
_ ' : : X

such that (Al)g =-A; . Therefore {F(X) r{Ail = | Fx®) N (Al)g‘ =

JFX) A Ayl Thus (1) nolds and (ii) follows immediately from (i).

Lemma 2.5. (Huppert [5}) Let G be a doubl& transitive permutation
group on L. Suppose that 0,(G) # 1 and G is solvable. Then for any

involution z in G« I F(z) 1% = 1AL

We list now some properties of PSL(2,q) with gq odd which will be

required in the proof of our theorem.

Lemma 2.6. ([21, [6], [10] ) Set N = PSL(2,q) and G = Aut(N¥), where
g = pn and p is an odd prime. Let z be an involution in N; Then the
. following hold;
N
= Z

(i) 1Nl = (g-1)a(a+1)/2, I(N)

and.CN(z)c: Dq_a , where g zee{il}

(mod 4).
(ii) If q # 3, N is a nonabelian simple group and a Sylow r—sub- .

group of M is cyclic when r # 2, p..

(1ii) If X and Y are cyclic subgroups of N and |X| =1Yl # 2, p,
~then X is conjugate to Y in (X, Y> and NN(X)cs Daia .
i Tf X < X d X o~ N.(X) is is i .
(iv) If X £ N and Xz Z,%Z, , JN(f) is isomorphic to A, or Sy o

(v)

£ IN|

bt

5 2 8 , N has two conjugate‘classes of four-groups in N.

(3)
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(vi) There exist a field automorphism f of N of order n and a
diagonal automorphism d of N of order 2 and if we ideﬁtify N with its
.inner automorphism group, <d>N’c=PGL(2,q), (F><d>N = G and G/N o~ ngz .

(vii)TCN(d)zz Dq and C (z) =D

+& <dyN" 2(g-g) °

(viii) Suppése n = mk for some p081t1ve integers m, k. Then Cy (£™ )
~ PSL(2,p ) if k is odd and Cy (£ ) PGL(2,p" ) if k is even.

(ix) Assume n is even and let u be a field automorphism of order 2,
Then I(G) = I(N)V ANU N 1r nois odd, I(G) = ()Y g

(x) If H is a subgroup of N of odd index, then one of the following

® holds :

(1) H is a subgroup of Cg (z) of odd index for some involution
z € M.

(2) H ~ PGL(2,p"), where n = 2mk and k'is odd.

t

(3) H c:PSL(2,pm), where n

i

mk and k is odd.

(4) H o A, and g = 3, 5 (mod 8).

(5) H o 8, and g = 7, 9 (mod 16);

(6) H=AL , @

. . ~ Ag 3, 5 (mod 8) and 5|(g-1)a(qg+1).

il

Lemma 2.7; Let G, N, @ and f be as defined in Lemma 2;6 and H an
¢f,d>invariant subgréup of N isomorphic to DQ“S' Let W be a cyclic
subgroup of <d>H of index 2 ( cf;_(vii) of Lemma 2.6 } and set.- Y

= 02-(w N H). Then CG(Y) = w-c<f>(Y).

Proof. By (viii) of Lemma 2.6, we can take an involution t satisfy-
ing <«d>H = <t>W and [f,t] = 1. Since N (Y¥) = <f, d> NN(Y) = <f, d>H ,

CG(Y) C<f)<d>H(Y) = w'c<f>x<t>(Y)' Suppose ht € C(Y) for some h € <f>,

s . R 2 . ;
_Since t inverts Y, h also inverts Y and so h centralizes Y. Hence some

] nontrivial 2-element g € <h> inverts Y, so that CH(g) contains no

(4)
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element of order 4, contrary to (viii) of Lemma 2.6.

Throughout the fest ‘of the paper, G'a‘ will always d.enote a doubly
®transitive permutation group s'atisfying the hypothesis of our theorem
‘and we assume G has no regular normal subgroup. ,

Notation; c® = ¢ (N°‘), whlch is seml—-regular on ﬂ» {d} by Lemma 2 2,
Let r be the number of N* ~orbits on - (K} .

Since Gy N%, |BN‘~X| = ngN“l for 8, E,Q.—{o(} and so |l =
rx| 8 D(Iﬂ. Hence r is odd and ‘\IB is a subgroup of N of odd index

Therefore ’TB is 1somorphlc to one of the groups 1lsted in (x) of Lemma 2.6,

Accordingly the proof of our theorem will be dlv_lded in six .cases,
Lemma 2.8. Let Z be a cyclic subgroup of N% with |Z1 £ 1, p. Then

(1) I£ 121 = 2, 1F(Z)] = 1 + (=& TPl e/INg].

(ii) If 121 # 2, IF(Z)] =1 + |I\JN“(Z){r/|NN§(Z)I .
Proof. It follows from Lemmas 2.3,2.4 and 2.6(i), (iii).

Lemma 2'.9’ It Ng 4D and Z is a cyclic' subgroup. of Ng with |2zl

F(Z)

a-&
£ 1, p and N (Z) is doubly transitive. Then ¢* = 1 and one of the
, follow:mg holds.
(i) N (Z)F(Z) < AT’L(l,qi) for some‘ql; |
(11) o (Z)F(Z) PSL(z,pl)-, r=1and IFZ) - 1 = [NNO((Z) : NN%((Z)\
= vpl , where pj (2 5) is a prime; ' |

(iii) NG(Z)F(Z) = R(3), the smallest Ree group, [F(Z)! = 8.

Proof. Set N (z) = L and F(2z) =A. By Lemma 2.6(iii), LAN® ~D

“ax €
and L A N% = <t>Y > Y = Z, where o(t) = 2, Y= Z

. (ax&)/2
qod o o< o s :
If (LAN%) = 1, then LAN" = Ng because L A N is a maximal
subg group of u¥%. Since I N¥ : BI is odd, LAN® = N =D o s contrary to

the assuﬂptlon Hence (LnN“) # 1 and as Ly & Ly NAN% and Ly=Y ,

(5)
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A 3 , | o
(L) has a nontrivial cyclic normal subgroup. By Theorem 3 of [11] ,

" one of the following occurs :

D .

. (a) L7 has a regulaf normal subgroup

g

(p) L™ B PSL(Z,pl), AL = Py + 1, where p,( 2 5) is a prime

>

(o) tf =psu(3,p,), by 23, 181 = (p)° + 1
(@) L& = r(3), 1Al= 28, |

Suppose C°(';4 1; Then there exisfs .a subgroup D of c* of prime order A

such that (Lg)" & D®. Since [Lg , D1 € D-Lp ne* =p@a nc® =D,

D is a normal subgroup of Lo(; By (i) and (iii) of Lemma 2;6, Gg = L‘,(-N‘x

oA

eand so D is a normal subgroup of Gg. By Theorem 3 of [1] , G has a
regular normal subgroup, contrary to the hypothesis; Thus €% = 1.
If (a) occurs, LA is solvable because La/L nN% ’_YLD(ND(/NM < out(w®)

and L AN® ~ D Hence by [51, (i) holds in this case.

qxr€’
If (b) occurs, we have yh 4 1, for otherw1se (LnN“) =1 and so N?g(
- L AN® D_,Dq_'_a , a contradiction. Hence 1 # C (z) 4 1® and so ¢ (Z)
> PSL(Z,pl) and YA _,\,__Zpi . Therefore |A(\B | | =_21‘and r =1 by
o Lemma 2.4(ii). Since | BY| =Py > we have IBLAN | = Pq » 5P that

IL(\N‘X : L(\Nu = p Thus (ii) holds in this case.

1 L]
The case (c) does not occur, for otherw1se, by the structure of

PSU(B,pl), a Sylow pl—subgroup of (Lq) is not cycllc, while (Lo() <

A

LAN oD , a contradiction.

qx €
3; Case (I)

In this section we assume that N?S_ Dq_e , where B#u«x, qd = pn,

(3.1) (1) If N§ k2,%Z, , N ,(NF) = N and [FE)| = ¢ + 1.

. . ot Ay o of - 'y
(ii) If Nj o Z,%2, , Nyx(Wg) o A, and IF(ug)l = 3r + 1.

(6)
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Proof; Put X = NNd(Ng);‘Let_S be a Sylow 2-subgroup of Ng'and.Y a
eyclic subgroup of Ng of index 2;
If'Ng 4:2 xZQ', then |Yl > 2 and so Y is characteristic in N§..

®
Hence X <

(Y) = q—a; From this [ Nx'(s)., SnY_] < sAY and 02(NX(S))

stabilizes a normal series S &2 snY 21, so that OZ(NX(S)) f{CNu(S)

by Theorem 5. 3 2 of E2] By Lemma 2. 6(1), d(S) <S8 and.hence N (S)

= S On the other hand by a Frattlnl argumene, X =N (S)NB and so X

= Ng . By Lemma 2.6(i), (N% Go (Ng) and so ,by Lemmas 2.3 and 2.4(ii),

IFO) ] = 1 + IFONE) A B e = 1+ |N°<|r/m°‘l - r + 1. Thus (i) holds.
If Ng z:ZZXZZ . kwd(N“) A4 by Lemma 2. 6(1v) Similarly as in the

case N g 2,xZ, , we have |F(uE)l = 3r + 1.

’ I R 8 ' '
(3.2) .L\IB /L‘I nN < Z2XZ2 .

Proof; By Lemma 2;2, it suffices to consider the case c*% = 1;
ZXZn

by Lemma 2.6(vi) and hence g < N*A 18, since N§ is dihedral, Ng/ (g

Suppose C% = 1. Then N¥/N%AN® ~ wpNE/NE < Out(n™) ~ 2

| } y .
& Z,%Z, , SO uha’c‘ NS /N¥aNE < 7%,

(3;3) Suppose NZ =~N“{\Ne and let U be a subgroﬁp of Ng isomorphic
B

to Zé#zz . Then |F(U)! = 3r + 1 and NG(U)F(U)'is doubly transitive..

Proof. Set X = N,(N¥), A= F(NF) and let {Al y By e A} ve

the set of N*-orbits on d4b- {o} . If élNgg < Gy » then éiNgg < Nﬁ(ﬂ Ng

¥ (\N% < Ng , where Y = ug. By a Witt’s theorem, XA'is doubly
transitive. | |

If U is a Sylow 2-subgroup of Ngr, by a Witt’s theorem, NG(U)F(U)

is doubly transitive; Moreover'NNd(U) A'A4 and so by Lemmas 2;3 and
2,4(i1), 1F(U)1 = 1 + 1A l=INg ¢ N°<(U)|ur/\l\'s‘;§\— 3r + 1.
if | :«_1"5‘!2 > 4, by Lemma 2.6(iv) and (v), Nya(U) o S, and Ha has two

conjugate classes of four-groups, say = {Kl s Kz} . Set X9 = M. Then

(7)
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M 2 NE and X/M £ Z,.

.= 3 by Lemma 2.3. Hence |F(U)l = 3r + 1. Since NNB(U) o S4 , we may

Clearly F(U) N D, # ¢ for each i and so | F(U) (\Ai‘

assume r > 1. Hence by (3.1)(i) |IAl= r + 1 = 4, so that I'f'IA is doubly
| | AL |
transitive. Since M = NN, (U), N (U)" is also doubly transitive and so

(U) is transitive on JAN {o(} AslAnA A(\A F(U) and
F(U)

i "[

NNO((U) is transitive on F(U)YN Ai’ for each i, NG(U) is doubly

transitive.

(3.4) (i) c¥ = 1. ‘ ' '

DR

(ii) Let U be a subgroup of N%‘ isomorphic to ZZ%ZZ. If N

o - NP

2

then NG(U)F(U) nhas a regular normal 2-subgroup. In particular

[FU)! = 3r + 1 = 2b for some positive integer b.
Proof, Since N (U)F(U) = u(U)F(U) ~ S, or Z., , by (3.3) and
| Gu Nt 3 3
Theorem 3 of [1] , N (U)F(U) has a regular normal subgroup, NG(U)F(U)
& PsU(3,3) or N (U)F(U) - R(3).

Suppose ¢c® £ 1. Let D be a minimal characteristic subgroup of C°<
Clearly Gy & D. If NG(U)F(U) # R(3), D is cyclic. By Theorem 3 of [1]. ,

® G has a regular normal subgroup, contrary to the hypothesis. Hence
F(U))’

r’C(U)F(U) = R(3). Therefore (NG«(U) contéins’ an element of order 9.

since N, (U)/C“N,\Io((U) _f\_j;\rGo{(U)c"‘N"‘/c“I\I“ < out(N%), by (vi) of Lemma 2.6

we have (M (U)) < _C°‘><N (U). From this, C% contains an element of

N™
order 9 and so C%¥ Zg oT I‘:‘iS(S). In both cases, c? contains a caracter—
istic subgroup of order 3. Since Gx P D, by Theorem 3 of [1] G'Q‘ has a
regular ﬁormal subgroup, a contradiction; Thus c® = 1. |
Let R be a Sylow 3-=subgroup of NG“(U).V Since NGO((_U)/NN‘?‘(U) ~
(U)M"‘/T\I"‘ out (M%) = Z,%Z R/R NNy« (U) is cyclic. Clearly RN «(U)

® -~ 7 Therefore N (U)F(U) iDSU(B 3), R(3). Thus (3.4) holds. _

3 .

N o

Since N‘; is dihedral, we set Ng = <ty and Y = WNN (\*IB

, where W

(8)
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is a cyclic subgroup of N(é( of index 2 and t is an involution in Ng which.

inverts W.

(3 5) (i) If IYl =3, N (Y)F(Y) is doubly tran51t1ve.

. : . . . B ,
(ii) I Iyl < 3, NB 2Lk, or N% o~ Dg and N r\_n < Z %7 e

Proof., Suppose IY1 2 . If Yg < Gug » Yg < NX N Gyp = N;{ , where
g, If ¥=o, obviously vé < N°‘ If ¥ # & Ng NNE‘. Therefore, as

A
=z 3, ”;6( has a unique CycllC subcroup of order |YI. Hence v& < NK(\ Y\I

[}

1Y

< 4%, so that Y& £ N, Similarly Y® £ NB. rrus v& € N¥ANP and so Y8 = Y.
By a Witt's theorem, NG(Y-) is doubly transitive on F(Y). |

o Suppose I Yl < 3, Since lNCX(\NB :_Yl < 2, we have N¥A N8 < szzz .

’
On the other hand, as Ng is dihedral, (NZ‘)A is cyclic. Hence (ii) follows

. immediately from (3.2).

(3.6) Set A‘:F(N‘é(), L = ¢(A\), K = Gp and suppose Ng¢ Z2xZ'2; Then
' . v _ A :
Lo zm‘g‘ . (L°<)' < NZ‘ , k' < N“(\NB and (L) =7 . Ifr £ 1, LA is

a doubly transitive Frobenius group of degree r + 1.

Proof. By Corollary Bl of (7] and (i) of (3.1), LA is doubly transi.-." :
.tive and 10l = r + 1. Since N*NL & N¥NK = N‘é, by‘ (i) of (3.1), we have
HXAL = WY . Hence Ly & N§ . By (i) of (3.4), L«/Ng o2 LgN%/N% Out(N“)
=~ 7,7 and so (L) < 1°‘ and (Lo __~_zr . If r £ 1, then (Lo() £ 1.
On the other hand (Lo(g) = 1 as (Lo()A is abelian. Hence LA is a Frobenius
group.
_ (3 7) Suppose byl = 3 Then there exists an involution z in NB (\Y
such that Z(H$ ) = <2z>. | |
| Prooz"; Since Ng ez x22 , lNél | 2 22 and Ng is dihedral, we have
. <I(§'Z)> = Z(?\Ig) >~ Z, and NB/(NB) ~ 7 xZ2 . Let' Z(Ng) = ¢z and suppose

. : /0y
that z is not contained in Y. By (3.2), (%Y £ w¥nnfAv = Y and so|(g) |

(9)
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is odd. Hence IN‘;IZ' =4 and g = P = 3 or .5 (mod 8), so that n is odd.
By (3.2) and (i) of (3.4), nZ/w*aN® Ng‘wé/mﬁ ~ 1 or Z, . Ir n% = ¥*ANe,
then W = Y and so z € Y, contrary ’té fhe assumption. Thefefore_we have |
."f-rg‘/%-s“rxms e 7, and HE = <z x(N*N18). Since n is odd and =z e n3NB - N8,
by Lemma 2.6(vi), (vii) and .‘(ix)‘,vN‘gNB ~PGL(2,q) and Cyglz) =D, .
But NM(\ N8 < CNB(Z) and besides it is isomorphié vto a subgroup of Dq_a..

Hence N“(\N"gr,y.zz and N%‘ _/::Z2KZ2 , @ contradiction.
(3.8) Suppose 1Yl 2 3, Then N%":_ N%nué, .

Proof. Suppose Ng £ %N N8 and 1let N, L, K be as defined in (3.6) a-.nd

x €& Ly such that 1its order is odd and (x> is transitive on A- {a}. As 1Y}

> 3, W is characteristic in N% and hence by (3.6}, X stabilizes a normal

/ ' ,
 series Lg = NR. BV = (u%)’ . By Theorem 5.3.2 of [21, [x, 02(Lu/(N°‘)' )1

/

= 1. Since Lo(/(N%‘)/ has a normal Sylow 2-subgroup and (N‘é)’:ﬁ K, we have

[ %, 02(Lo<./K’)] = 1, so that [x, ngl < K’sz\z"‘hNB'_by (3.6). If r # 1, then

g5 48 ana g €N, hence N& = x_lNgx = Ng, where Y= g . Since ¥EN ana

A= Fu8), 718 < wBncey = NG and so N§ = nf. Similarly Ny = nJ. Hence N§

= Ng which implies M% - nBnn’. By the doubly transitivity of G, we

E

have N‘é(» = ?t~§°‘f\NB, contrary to the assumption. Therefore we obtain r = 1.

Let z be as defined in (3.7) and put k = (g-g)/INgl. By Lemma. 2.8(1)

(g-€)/2 + k + 1. similarly

we have |F(z)l =1 + (q-£)(1NF1 /2 + 1)/ING]
I'F(‘Y)l = kK +. 1. As N§ - # N°((\NB., there is an involution t in W% which is
not contained in N#. By Lemma 2.6(1i), ty‘= » for some y € N%. Set K‘.z gY.
Then K'é F(z) and z ¢I\IF. By Lemma 2.6(Vii), (viii) and (ix), CNU(Z)-—"—i :
‘DC!_+6 or ?GL(Z,\[@)..Assume CNK(Z) o Dq+g and let R be a cyclic subgroup
‘of CNx(Z‘-) of index 2. We note that R is semi-regular on LOJ—{O(}. Set X

= CC(Z)' Since 2 £k + 1 £ (q—s)/lq-—g|2 + 1, we have {(q+&)/2 + k + 1

and so lo(X\ >k + 1. By (i) of (3.5) and (3.7), ?\IG(Y) < CG(Z) - X and

(10)



' ’:%4* ur ?ﬁi”””’
KYOIU wé‘;f?? 1Y

Lo
A
L
et

<y S
Grwa
e Ty

&X' 2 F(Y). It follows from Lemma 2.1 that o =fulze N”"}$ ¥ . Hence

CiF(z) L > lo( z IFr()l + ’(q+8)/2' =k 4+ 1+ (q—S)/Z + £ = -AIF(ZH +&.
. Therefore 8': -1 and-;dx = {¥} , so that ¥&€F(Y), a Cont_radiction. Thus

and | <sz\ Gy ¢

oy

'ﬂ(z) PGL(2,4q), &= 1, N§/NXnNP =2z, %=

F(z) - A ' Let SGA and g an element of G

- Set Al = o( and A2

satisfying $% = ¥. Then z € NSNS - \15 and so z% € N%’NU - N7, where y =&,
Since |<z {\G5>' NKI = 2 and z &€ GK - NX . it follows from Lemma 2. 6(1x)
tha’c (zg) = z for some h € Gy . Hence gh € X and bg ‘6 Thus A X

- Let 56A2 . Then =z eN5 and z & 2(N3) by (3. 7) and so X{\N5 __szZ ,

which impliespg(CN“(z))| = (a-1)/4. Hence,(IAll ,IAZK) = ({(g-1)/4 + k + 1,

° : o ,
(a-1)/4 ) or (x + 1, (g-1)/2 ). Let P be a subgroup of CNU'(Z) of order

J_ Then F(P) = {25} and P is s‘em.i-r.‘egular on :.(L—{U} . If_‘“lA2\ = (g=1)/4,

" then Ja ‘ (q-1)/4 - 1 = (g-5)/4 and {q (g=1)/4 + k + 1. From this, q = ‘52,
S n : . ~ Ag" B Ao '
k =3, Al =10 and IA,l= 6. since (Cyy(z))7 a2 8g , X7 =S¢ and so
. R _
IX 1y Z 3%. As X acts on Al and\All = 1 (mod 3), |G}x|32 lXo<|3 > 32 ,
contrary to N% =~ PsSL(2,25). If o, = (a-1)/2, {qlla=1/2~1=(g-3)/2,s0

2 (- . o . ) ‘.‘ .
=3, %=1, Ng f.::_D8 and Al = {o(,B} . Hence CNB(Z) fixes & -and B, s0
® that PGL(2,3) o CNU(Z) _<_“Ng __/\.:N%( &~ Dy, 2 contradiction.

(3.9) Suppose IY| Z 3., Then r =-1.

Proof. By (3.6), r + 1 = 2% for some integer-c‘ z 0. On the'othef'
hand 3r + 1 = 2° by (3.8) and (ii) of (3.4). Hence 2r = 2 (2b ¢ 1)
sand so ¢ =1 as r is O‘dd; Thus r = 1;

(3.10) Put k = (q-a)/m Ir N¥ = N“n N8 and r' = 1, then

a-& + 2k + 2| 2((2k + 2 —E)(k + 1 —8)k + 1)(2k + 2 —8)(k + 1 =&).

Proof”, Sgt.S = {( ¥, u) I = F(u), u € z }', where A is an involu-

in ?Eg . We now count the number of elements- of § in two ways. Since

cf
|..I v
Q
]

(11)
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N?: NN MB, F(z) = {_‘6- \.z < NX};and:h'encev' CG(Z) i»s"transitive on F(z)
by Lemma 2.1. Therefore ISl = lz.QHzG“l = | zG IF(z)l. ,Since ro= 1, ,
Fl= 1 + (% N§ 1 = kg(g+€)/2 + 1 and by Lemma 2.8 lF(z)>l"= (g-€)/2
:— k + 1. Since Gx B N%, ZG“ is contained 1n No(, and so |G (z)\ | |
= % cya(z) | =q(q+£)‘/2. Hence (g-€)/2 + k + 1- (kq(q+£)/2 + 1)q(q+8)/2‘
~On the other hand IF(‘Z)\2 = lCG(.Z).l /IC (z)\ < lal /icC o((z)[z
= ial, /lGgl, = LLl, because |G cGo((zH _ q(q+€)/2 = 1 (mod 2). Hence

it

lg-€ + 2k + 21, < lxa(are) + 21, Since kq(q+g) + 2
(kq + 2k(€- k = 1)) (a-g+ 2k + 2) + 2((2k + 2 ~€)(k + 1 &)k + 1) and

g(g+€) = (q+r28 ~ 2k - 2)(g-€+ 2k + 2) + 2(2k + 2 —€)(k + 1 - E),
] : .
we have (3.10).

(3.11) Suppdse lYl = 3. Then one of the following holds.

i «0( = 0( T\B
(i) Ng = N"nN Qqua .

(i1) N‘; = N¥%n B L#Dq_s and NG(Y)F(Y) has a regular normal

subgroup.

Proof; Suppose false. Then, by (3. 5) (3.8) and Lemma 2.9, N (Y)F(Y) ’

°" R{(3) or tnere exists a prime p, = 5 such that C (Y)F(Y) = PSL(2,p1)

and V/Y uzp . where V = NO<(Y) By (i) of (3. 1) and (3. 9), F(N“) ={ot, B},
1 R
On the other hand, (Ng)F’(Y) o NR/Y o 22 Hence N (Y)F(Y) ;é R(3) and

o, (n)F ) =psr(z,p)). |
By (i) of (3 4) and Lemma 2.7, we have C (Y)- = V<f1> , where fl

is a field automorphlsm of N%. Let t be the order‘ of fl , n = tm and

(Y')F(Y) = VF(Y) o Z and

m
let p = {+1} (mod 4). Clearl
et p £, € {= 1 (mo ). Clearly Cou by

Xe (Y)F(‘”\

't , so that (pl—l)/z
Flr%t ‘we assume that t is .even and set t = 21:1 . Then Y < Cnro((fl)

. = PGL(? p y by Lemma 2. 6(v111) As [v/yl = 1 and Py is a pfime-, Y is

: n m
a cyclic subgroup of CJQ((J. ) of order p - 81 and (p -1)/2(p —&1) = Py -

(12)




Put s = > (pgrrll):L . Then (pm + 81)8/2 = py » SO that we have either
i=0 : . '
(1) tl = 1 and p, = (pm+£1)/2 or (ii) tl =2, pm = 3 and p, = S.

In the case (i), 2 S;(pl—l)/2‘= (pm+£142)/4 =-2, Hence (p1 ,a)

2t,
® .4 2 | i » _ i o
= (5,3") or (5,11 ). Let -z be as in (3.7). As mentioned in the proof of

(3.10), IF(z)] = (g=1)/2 + k + 1, )= kq(q+1)/2 + 1 and C (z) is

transitive on F(z). If g = 34', then |F(z)! = 46 and 'Jll— 2- 102 23.

1F(z)| Ic (Z)N°‘/1\I°‘| Ic,rd(z)l

t

Hence |Cy(2)| = |F(2)] Icg (2)]
= 46-2i'80 = 25+i'5'23 with D £1i %< 3 Let P be a Sylow 23 subgroup. of
CG(Z) and Q a Sylow 5-subgroup of CG(z). Tt follows from a Sylow’s theorem
that P is a normal subgroup of'Cé(z) and so [P, Q] = 1. Therefore fF(Q)

> 23, contrary to 5.+|N§l . If g = 112, then |F(z)] = 66 and (L1 =
2-3-6151. Let P be a Sylow 11;subgroup of CG(z). Since 11 ILQJ|,.P is a
busub&roup.of ¥ for some Y€ L) and F(P) =.{5} . Hence § € F(z), so that-‘

z € WK contrary to C U(Z)_, . In the case(ii), we have

120
t1—1 i _ T
(pl—_-l)/2 = ( 37 9h)/2 t = 2t, . From this, 917 - < 4t, , hence t, =1,
i=1 ' =

a contradiction.

Assume t is odd. Then Y < CNa(f ) ~ PSL(2,p") by Lemma 2.6(viii).

m . .
As IV/YI = p1 and p; is a prlne, Y __Z( m _g4)/2 and (Q*S)/(pv-ﬁl) =Py -

t=1

Cemce T2 (e B 2 p and (pm1)/2 = (C L MENTTITH-D 208
i=0 _ ’ i=1 o
In particular 2t .>_.(pm)t"1 - (pm)t“-2 = (p™-1) (p™)t-2 Z 2(p )t~2. From this

t =3, m =1, p1 = 7 and g = 33, so that NB f\-«szZ2 , & cohtradiction.

_(3;12) (i) of (3.11) does not occur,

 pProof. Let GJL be a minimél counterexample to (3.12) and M a minimal.
normal subgroup of G. By the hypothe51s, G has no regular normal subgroup
and hence My # 1. As My 1s a normal subgroup of Gg » by (i) of (3.4),
iy contains n%, By (3.9), r = 1, hence M is doubly transitive on L.

Therefore G = M and G is a nonabelian simple group.

(13)
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Since N§ 22D e 'k = 1 and so g-g+4 2((4—5).(2—£)+1)(4-3)_(2—&)
by (3.10). Hence we have q = 7, 9, 11, 19, 27 or 43'
- Let x be an element of NB LI x> 2, by Lemma 2. 8, |F(x)l =1 }
:TNglxl/lNgl = 2 and if x| = 2, 31mllarly we have |F(x)| (q—a)/2 + 2,

Assume q # 9 and let d be an involution in Gy - N¥ such that <d> N is-

' 1somorphlc to PGL(2,q). Ve may assume d € Gug - Since <d>N% is transitive

on JL {1}, by Lemmas 2.3 and 2. 6(v11) (1X) |F(d)|— 2(q-1)(q+1/2)/2(q+1)

+ 1 = (g+1)/2, while lF(x)] = (g+1)/2 +°2 for x E.I(N“). Hence d is an

odd permutation, contrary to the simplicity of G. Thus Gy = N¥ if q £ 9,27

,2nd lGu/N% | = 1, 3 if q = 27.

1£q=09, ldbl=1+|n%: n%| =1+ 9-10/2 = 2-23 and Gl =

3+1

IPSL(2,9)l 2 ;32-5 with 0 £ 1< 2, Let P be a Sylow 23-subgroup of G.

il

Since Aut(Z23) 2 Zo%Z0 4 s + IN (P)|, for otherwise P centralizes

a nontrivial 3- element x and so F(P) 2 F(x) because IF(X)! = 1, contrary

to | F(P)I| = 0. Similarly 5 + IMG(P)I. Hence |G : NG(P)| = e.3b_5 for

some a with 0 & a S.G; By a Sylow’s theorem, 2a'32-5 = -2% = 1 (mod 23),
- a contradiction;

If q = 27, 1LLl= 1 + 27-26/2 = 2°.11 and 1Gxl = 22.3%+1.7.13 with

L0 i< 1 Let P be a Sylow 11—subgroup of G. Since P cizll and dut(le)

ot Z,*2g ,v31+l , 7, 13 + IIG(P)I by the similar argument as above.

Hence |G : NG(P)I = 22 b-7f13 with 0< a< 7and 3<b< 3+i. By a

a ,.b a b-3 .3 =

Sylow’s theorem, 2 '3 + 713 = 273 3 +7+13 23'3b—3-4 = 1 (mod 11).

Hence a.= 0, b = 4. Therefore N (P) contains a Sylow 2—subgroup's of G.

Let T be a Sylow 2-subgroup of.N and g an element such that Tg £ S Then

78 F\CG(P) £‘1 as Nq(P)/Cg(P)fE Z2. Let u be an involution in o8 N CG(P).
then |F(u)l = (27+1)/2 + 2 = 16, while 11| IF(u)l because [P, ul =1
and |F(P)| = 0, a contradiction.

If q = 7, 11, 19 or 43, then Gg = N% and &= -1. Set [ ={{r. 53 |

(14)
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¥,5€0L, Y#£ 5 }.'we qonsider'the action of G on | . Since GAL is doubly

transitive, ¢ is transitive and Gr,= 1. Let =z be an involutibn of Z(N%).

G and «¥ = 8. since Ggp = N¥

‘Thgfe exists an involution‘tvsﬁch that t'€ z
‘end F(NY) = {cx,g} we ha&e Gﬁx;ﬁ}; <t>Ng . By Lemma 2.3, |F(zl)] =
[Cglz) I xl<t>g N 20 1/2n%1 = IF(z)lxlCGd(z)[*}<t>Ng(\zG|/2lNg =
jIF(z)le<t>ﬁs(\zGl/2. as 1F(zM)1 = IF@I (IF(2) ~ 1)/2 + (1L -1F(=2)1)/2,
]<t>N% f\zG'\= [ F(z)l +|41J/IF(Z)I - 2. in particular |F(z)l ‘ll‘ . | |
Since |F(z)|.= (g+1)/2 + 2 = (q+55/2 and |ALl= 1+ q(a-1)/2 = (qg—q+2)/2,
we have q = 11 and l<t>N§{\zGl % 13. Moreover IJZ|= 56, IGxl = lpsn(2,11)}

5.3.5.7-11.

= 22‘3'5'11 and 1G]l = 2
° | We now argue‘that <t>Ng ﬁ£D24 . Let R be the Sylow 3—subgroup of Ng.

If t centralizes R, R acts on F(t) and so F(R) < F(t) as IF(t)l = 8 and |
JFR)I = o, Hence oF = o, contrary to the choice of t. Thérefore t inverts
"R and <ty is isomorphic to Z,xD,, or Doy - Suépose <t>N§ cﬁszDl-2 .

Then <t>N¥ contains fifteen involutions and so we can take u EEI(<t>Ng)

Q.12

237

satisfying |F(u)l = 0 and <t>¥% = <wpxNj . As |F(u)l =0, |7 (u)l

i
i

_ 28. By Lemma 2.3, 28 = lc (wlxl<wug nu®1/24 and hence [Co(w)]

5.a.7 a3 K _ , . , _ 0.
or_2 3-7. Since <wNg = NG(R), we have {CG(u) : CG(u)()NG(R)\ = 27 or

22-7. By a Sylow’s theorem, ICG(u) : CG(u)r\NG(R)\ = 22

@
-7, so that ICG(u)I

= 25-3-7; Let Q be a Sylow 7-subgroup of CG(u). Then_lCG(u)(\NG(Q)l’z
- 25.3.7 or 2237 by a Sylow’s theorem. Hence 22f8-7‘ ING(Q)|; Since
Aut(z7) Cizzng , S + ING(Q)I and 11 * |NG(Q)| by the similar argument
as in the case q = 9. Therefore |G : NG(Q)I = 2a-5411 for some a with

0 <a <3. Hence |G : N (Q)| # 1 (mod 7), a contradiction. Thus <t>Ng

o~ D .

24

Let U.be a Sylow 2-subgroup of Ng and set L = JG(U). It follows from
, : 4
® (3.3) and Lemma 2.6(iv) that L{\Nu:::A4 , LF(U):: A, and Ll = 27-3. Let
T, <x> be Sylow 2- . and 3-subgroup of L, respectively; Obviously L B T

and Cp(x) _ 1. On the other hand T =L A«t>HE oDy and so T/ o2 Z,%Z,

(15)




because CT(X) = 1. By Theorem 5.4.5 of [2]1 , T is dinedral or;semi«dihedrai.
Hence NG(T)/CG(T) ( € Aut(T)) is a 2-group, so that CT(X) = T; a contrédic—

tion;
o _ :
(3.13) (ii) of (3.11) does not occur.

' Proof; Let‘GQ‘ be a doubly transitive permutation group satisfying

(ii) of (3;11). Let x be an involution in N% with x 4EY. Then F(xF(Y))
= F(¢x>Y) = F(N%) = {«,8} by (i) of (3.1) and (3.9). Since |F(Y)l = 1 +
(a-£)/|N%l =1 + k = 4, K jg an involution. By Lemma 2.5, 1 + k = 2°

and so k = 3. By (3.11), q-£&+8

2((8—8)(4—8)*3 ¥'1)<8—8)(44£). Hence

o . 7 I 57.3.7 if €= 1 and q + 9 l 5%4.32.5.17 if £= -1. Since k = 3 | g-€ ,
3 + q—a+8; From this g + 7‘ 27~7 if €= 1 and q + 9l 24'5-17 if & = —1;
,Therefore q = 52, 72, 112, 59 or 71;

Let Py be an odd prime such that p,

lJLland_pl +_IG“| and let P be
a Sylow plhsubgroup of G; Clearly P is,semi—fegular onzﬂaand so any element

in CGx(P) has at least py fixed points; If x is an element ofiNg and its

_order is at least three, |F(x)l = | F(Y)I 4 by Lemma 2.8. Since | u g
o= (a-£€)/3, we have Ifll= 1+ | N¥ N%I = 1 + 3q(g+g)/2.
If q = 52, then |Ll= 2761 and |agl = 2Mi.3.5%:13 (0€ 1S 2). Let

P be a Sylow 61-subgroup of G; Then P Q:ZGl . As mentioned abOVé,

L X b
5, 13 + ICG(P)l and so 52, 13 + LNG(P)l. Hence IG . NG(P)‘ - 23_3 .5C+1_13’

where 0 < a < 10 and O é‘b, c £ 1. But we can easily verify |G : NG(P)i'
# 1 (mod 61), contrary to a Sylow’s theorem. |

| If g = 72, then Ll = 22.919 and Gyl = 2771-3-57-7° (0 < i < 2).
Let P be a Sylow 819-subgroup of G; By the similar argumeht as above, we

b .2 .2 _

2,50, 52.92 = 2%.306 or -2%

3

obtain 5, 7.J[ |NG(P)| and so |G : NC(P)l = 2

o (mod 919), where 0 S a < 8 and 0 £b = 1. Hence |G : H (P)| #1 ,

a contradiction.

(16)
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1f q = 11°, then L= 27173 and logl = 251 3-5. 112-P1 (0 £1i% 2).
»Let P be a Sylow 173-subgroup of G qlmllarly we have 3,5,11 61J[ INé(P_)l
and so |G : N (P)] = 2%-3:5- 112.61 = -5-2% (mod 173), where O < a < 12.
}fence le: n ()] £ 1, a contradiction. | |
22+1

1f q = 59, then |{Ll= 2-17-151 and lG«l = .3:5-29-59 (0 < i < 1).

Let P be a Sylow 17-subgroup of G. Similarly we have 3,5,29,59/* ING(P)I )

' a : b a a ”
and so |G : NG(P)I = 28.3.5.29.59-151° = 10-2° or 12-2° (mod 17), where
0< a<4and 0<b< 1. From this, we have a cor}trad'iction;

If q = 71, then IJLI_ 25 1233 and el = 2°t1.32.5.7.71 (0 <1 < 1).

Let P be a Sylow 233-subgroup of G. Since 3,5,7,71 % lNG(P)l, |G : NG(P)|
° , n v
= 2a'32'5~7-71 = -3-2% (mod 233), where O < 5 < 9. Similarly we get a

contradiction.

We now consider the case IYI< 3 By (ii) of (3.5), I\I?;( re Z %2, Or
o S MO B < '
Ng ~~Dg and N NN" = Z,%xZ, .

(3.14) The case that NE‘ r_v_ZQxZ2 does not occur;

Proof. Set A =vF(N§). Then | Al= 3r + 1 and‘[§= F(NENE) by (ii) of
d3.1) and Corollary Bl of [7]. Since I“I"‘l = 4, we have q = pt =3, 5
(mod 8) and so n is odd. Hence |Ga/N%I, £ 2 and NB/N“ N3'~'NBNB/V31v 1
or Z, by. (3.2). Suppose N°‘/1~I°‘ N B et 7, Then \IBqus a Sylow 2-subgroup
ofGo( . hence N(;(NeNg) is doubly transitive by a_ witt’ s theorem. Since

A . -
N‘;(Nf( _r\_/.D8 and |Al is even, C (Nng() is also doubly transitive. Let g
be an element of C (\T No() such that of = B and 3g = o . Then Ng = g-lNoég

= }\I.Q(_and hence NB = N *A8, a contradiction. Thus N°( = Nun’\IB Z2x’Z .
t
Let .z be an involution in I-IB and T € ZG an 1nvolut10n such that «

=8 . Set [ = {{5,5} | ¥,5€0,, T4 % } Ve oonsider the action of the

element z on F’_. By the similar argument as in the proof of (3;12),,

()l F(2)=1)/2 + (QI=1F()1)/2 = [P )1 = 166 (2) 1250t Gugl/ 1 <0 Cutpl -

(17)
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se N% = n% ANB _ . Gx : ~
Since Ng = NNP, by Lemma 2. 6(i), 2 {\Gm = z and so ICG(Z)l = F(z)l=x
ICG¢(z)l . Hence IG“gl(lw(z)l(lF(z)l - 1) + 4Ll - IF(Z)‘)

|F(z)1 ‘CGu(Z)l | 2% N¢tyGus | , so that IG“BIIJLI = 0 ( mod [F(z)1).

®rce | Gua/NE | = |G 1%/0%1 | 2n, we have |Gygl an. Clearly ldLl= 1+

q(g-€) (g+&)r/8 and by Lemma 2;8(1),'|F(z)|,= 1‘+ 3(q—8)r/4; Henbe
1 + 3(g-&)r/4 |8n(1 + q(q—g)(q+8)r/8) Put n = rs. Then

Ars(8+q(q—8)(q+£)r)3 r = 864 rs + 4s(3qr)(3qr—3£r)(8qr+o£f)

3qr-3&r+4

LHence 3gr-3Er+4

- 864rs -~ 3es(38r-4)(3gr-2); (X))

864r°s + 4s(3£rf4)(38r—4—38r)(3€r—4+35r)

" VWe argue that r =v1; Suppose false, Thén 325(3&r-4)(3&r-2) > 0 and so
3r(q—6) < 804r25. Therefore 288n + £ >>q_= p > 3" énd so 288n >~3n; Hence
(n,r,p,&) = (5,5,3,-1), (3,3,3,-1) or (3,3,5,1), while none of tﬁeée
satisfy (X). Thus r = 1. o

Hence 3g-3£+4 1 64(5+9€)n and [F(z)l = 1 + 3(q—8)/4,|¢ﬂ:|= 1 o+

q(q-S)(q+8)/8 If £€= -1, then 3- 3% < 3g+7 | 256n. Hence n = 1 or (n,p)

(5,3), (3,3). Since 3 3° + 7 % 2565 and 3- 3 + 7 256:3, n = 1 and
3g + 7 256;.From this, g = 19 or 83; If £€ = 1, then 3:57 < 3g + .11 896n

end son = 1 or (n,p) = (3,5); Since 3-53’+ 1 + 896 3, we have n = 1 and

3q + 1 |896. From this, q = 5, 37 or 149. As PSL(2,5) o~ PSL(2,4), q # 5
by [4] . Thus q = 19, 37, 83 or 149, |

Set m = |z n<t>Gug|. As ‘we mentloned above, lGxel(lF(z)l(lF(z)|~1)
s1-1F) = IR Loy (z)lm. since | Ga/N%| = 1 or 2, | ¢ u(z)l/laugJ
= (g-g)/4. Therefore m = (2q + (28+9)q - 98)/(3q—38+4) ‘Tt follows tﬁat ,
(qum) = (18, 27/2), (37, 28), (83, 449/8) or (149, 411/4). Since m is an

integer, we have (q,m) = (37, 28); But m < l<t» Gupl £ 16, a contradiction.

Thus (3.14) holds.

(18)
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(3.15) The case that Ng ~ Dy and N*an? < Z,*Z, does not occur.

Proof. Let A, I, and K be as defined in (3.6). By (3.6), there exists
an element x vi‘n L& such that its order is odd and '<xA>is_ regular on
0 - {x} . Since (Lo()/ < Ng by (3;6) and Ng a2 Dg 5 X stabilizes a normal

¥ B

series 1372‘ = NB B 1. Hence x centralizes NgNg by Theorem 5;3;2 of [2]
f-fgx = No(v. Put ¥ = 5X . If r £ 1, then B £ ¥ , so that Ng = N . »

From this, NJ = N§. By the doubly transitivity of G, N% = N5, hence

ug = %0

. ' e ‘ Ca(z)
set <z> = 2(N%), A, = « &7’ and let {D, . A, - }be the set

8, a con-tradiction'.‘Therefore’ r =1 and A= {o( B}.

of C,(z)-orbits on F(z). Since L EN*n1® and by (3.2), M*nnNd £ 1, z is

contained in I‘-IO(/\N‘B.

Hence, by Lemma 2;1, BéAl and k is at least two .
By Lemma 2.8, |F(z)l = 1 + (q-£)5/|Ngl= 1 + 5(g-g)/8. Clearly lcw(z) : Ngl

(q-—S)/8 and so IA | 2 1 + (g-€)/8. If ¥ € F(z)-A , then C.x(z) o~ Z X2,

Ng
, for ochafw'lse <zZ> = Z(N‘X) < %N N and by Lemma 2.1 ‘66[313, a contra-
diction; Hence one of the following holds.

(1) k=8 and |B, 1 = 1+ (a-8)/8, [A,] = [Nl = (a-8)/4.

(i1) k = 2 and 16 1= 1+ (a-8)/8, [, = (a-8)/2.

(iii) k = 2 and | Ayl = 1+ 3(a-8)/8, LA, = (a-€)/4.
or PGL(2, J3)
gre Al and

so q = 7 and (iii) occurs. But (q+8)/2 = 3 lA -1 = 1, a contradiction.

| G+E
, then (q+g)/2

Let § € F(z)~ Al.‘ Then, z e Gy - N and so CNK(Z) ~ D

by Lemma 2;6(vii_) (viii),(ix). If Cyy(z) = D

If C ,\IK(Z) ~ PcL(2,Jd), then (i) does not occur because {_ »{’q-—a. Hence
Ja iAll and {q \ IAZl—l. From this, q = 25 and (iii) occurs. In this case,
 we have 'Al‘ = 10, so that an element of CNK(Z) of order 3 is contained

in Ng for some SEAI , contrary to Ng __n_/_Ng( ~Dg.




4, Case (II)

In this section. we assume that NB __.PGL(Z,p ), wher'e n = 2mk and
@ k is odd. Since n is even, q = pt = 1 (mod 4). Ve set p™ = €€ {1} (mod 4)

In section 7 we shall consider the case that N‘é( I_V,S4 . Therefore we

assume (p,m) # (3,1) in this section.

(4.1) The following hold.

(1) NY/MXANB ~ 1 or 2z, and N¥ANE = (W) ~ PSL(2,p™).

2
(ii) If (p,m) # (5,1), there exists a cyclic subgroup Y of (N?;‘),

F(Y)

such that NNO((Y) o~ Dq—g and NG(Y) is doubly transitive.

Proof. As N¥ B N¥ANE, either NZ/NXnnb sfz2 or NXANE = 1.
1 N%ANP = 1, by Lemmas 2.2 and 2.6(vi);-N§ Q:Ng/N“r\NB:::NgNB/NB
. o szzn y 2 con’.cr'ad‘iction. Therefore P‘Ig/l\l“r\{\r_s_ry_ 1 or Z, and N®n N8
> (N%) ~ PsL(2,0™).
Now we assume that (p,m) # (5,1) énd let z be an involution in (Ng)’.
Z(pm_s) by Lemma 2.6(vii). Suppo'se CNo,(z) is not a
2-subgroup and put Y = O(‘CN%‘(Z))‘ Theri, ir Y& < Gdg for some g€G, we

Then C x(z) ~ D
- N%

have Y® < Ng and Y& £ Né , where Y= « and § = Bg . By (i) Yg < N°</\NB

" and so v8& = Yh for some h & Nur\\IB. Thus N (Y)F(Y)

is doubly transitive.
Assume that C'Ng(z) ~is a 2-subgroup and set Clu(z) ={u,v | u'= u , vi= 12,
We may assume that v € (g ) vand <u‘2, v> is a Sylow 2—subgroup of (’\I"‘)
Since pm‘# 3,5 , the order of u2 is at leas‘t four. On the other hand
there is no element of order |u2 1 in <u,v> - <u2, v>. Hence any element
of order lu2l which is contained in Ng is necessarily an element of

F(Y)

N“{\NB ;_By the similar argument as above, NG(Y) is doubly transitive.

(4.2) Let notations be as in (4.1). Suppose (p,m) # (3,1), (5,1)
'and'se't D= F(Y) and X = z‘»..jC(Y). Tthen |Al= rs(p"+&)/2 + 1, where

Z D l_ s CG(NO() =1 and one of ‘the following holds.
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(1) xP

< Al’L(1,2C) for some integ.er c. _ »

(ii) VXA c:_-PSL(Z,pl) or PGL(Z,pl), r =1, k=1 and épl_ - p_m_+ £.
Proof. By Lemma 2 8(11), |[§I 1+ |N%¥AXI r/qu{\X\ =1  + .
.(p2mk 1)r/2(n —8) = rs(p+£)/2 + 1 By (4 1) and Lemma 2.9, we have (i),
(ii) or xB = r(3). | |

Assume that 'XA = R(S); Then rs(pm+€)/2 + 1 = 28, hence k =1 and
r('pm+8)/2 = 27. Since r is odd and r .2m = n, we have r = m ==- 1 and
q = 532. But a Sylow 3-subgroup of Xx is cyclic because N¥Nnx qu_a

and Xa/X % o XGN¥/N* L Z,xZ, , a contradiction. Thus (1) or (ii) holds.
(4.3) (i) of v(4-.2) does not occur.
' | . . ’ A < Cy
Proof. Let notations be as in (4.2). Suppose X < AlL(1,27) and put
YW= C,\T (Y). Then Y=< W2 ?Z pl_g * Since C\w\(Y) is cyclic, W is a character—

istic subg*‘oup of CN‘*(Y) and so W is a normal subgroup of Xo(. Hence

v £ Xp and (X NNE ) ~ 1 or Z. . By Lemmas 2..4 and 2.6, F(XNNG )
A 8 2 8

=1+ |xANg| INE : AN xr/INEL = 1 + r. Since 1 + r < IO, (}>((\I'-J‘f’§)A
=72, and hence (1+I")2 = rs(>pm+8)/2 + 1 by Lemma 2.5. From this ,
r = s(p+€)/2 - 2 ‘mk and so p2m(k"1) +mk £ 2. Hencem =k =r =1

and g = 7 .

Let R be a Sylow 3—subgroup of N5~ Since PIB o~ PGL(2, 7), we have

R ~Z. . By Lemmas 2.4 and 2.6, |F(R)| = 1 + (7 2.1)|ng : NNO((RH/IN“I

3
F(R)

= 4. Hence NG(R) ~ A, or S . But R is a Sylow 3-subgroup of NGO((R)

4 4
because l\IdNPSL(2,72), contrary to N (R)F(R) A3 or S3 .

(21)




(4.4) (ii) of (4.2) does not occur.

Proof. Let notations be as in (4 2). Suppose XA D-P%L(2,p1). By the
similar arcument as in (4 3), CI“(Y) AA and so C““(Y) Zp o ,and
1

‘ ﬁmd(Y) ~D . Hence I (X ) l\ 2p,” 2n, Since XA PSL(Z,pl) .

2p1
pl(pl—l)/Z‘l(Xd) |, hence pl—l ‘8n. As k = 1 and 2p1 = pm + 8, we have
pM+e~2 | 32m. From this, (p,m,p;) = (11,1,5), (3,2,5) or (3,3,13). '

. K ; '
R 3 ! ) A~ .
Let R be a cyclic subgroup of Ng such that R "Z(pm+g)/2

By Lemma 2.6, NG(R)F(R) is doubly transitive and by Lemma 2.8(ii) ,
IF(R)D = 1+ | (R T/ P (R) L = 1+ (p°™-1)/2(p™+e) = (p™-€)/2 + 1.
i Mg : .

1¢ (p,m,p,) = (11,1,5), IF(R)| = 7 and so by [9] g, (R)F(R)I = 42

A F(R) . : F(R)
and (q) ~ Zs . Since |Wya(R) : NN%(R)\ = 6, NVM(R)
F(R) '
=, (R . . /X =~ 27, { o= (Nl .
| 'G«f‘) Hence qu(R)/& 26 , where K (HN“(R))F(R) | But
7o((ti)/(ﬂno((R)) T %2, , a contradiction. _ .

If (p,m,pl) = (3,2;5),~LF(R)I = 5 and so by [91 , lNG(R)F(R)l = 20
and N (D)F(R)'v yA Since |w (R) : Noo(R)| = 4 N (R)A ~Z contrary
7 Gy =%4 - 7 T OUNgY » TN =%4 > Y

to Ny (RY/ (Mg (R))" o Z%Z,
F(R) is not.

If (p,m,pl) = (3;3,13), |F(R)| = 15. By [9], Mg (R)

solvable, a contradiction.
(4.5) p" # 5.
Proof. Assume that p® = 5. Then n = 2k with k odd and N¥ ~PCL(2,5)

& Sg
by Lemma 2.2, and N§/N*nN®~2, by (4.1). since N Eng /g ae nE/M*AWE 2 2

~ S_ . First we argue that Ng = ¥ nuk. Suppose false. Then C (N“)r= 1

2

and the outer automorphism group of S is trivial,’we have Z(NQN“)_Q$Z2 .

Let Wy be the involution of Z(NBN ) and let w 6 I(Nx) I(N“) Sincé

CN“(Wl) z Wy , by Lemma 2.6(viii) and (ix), w acts on N¥ as a field

automorphisn of order 2 and CN“(W):zzPGL(2,5k);
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By Lemma 2.8 |F(w)l = 1 + r(g-e) TN/ INF1 = 1 + 5r(5°°-1)/24. Let P

be a Sylow 5—subgroup of CN“(W); Then | Pl = 5k and IXP}-= 5k—1_or 5k

k-1

for §edh-{d}. Since P acts on F(w)- {a} , we have 5 5r(52k-1)/24,

F(w)

® ' :
so that k¥ = 1 and |F(w)| = 6 as r\ k. Hence CNQ(W) Q:SS and so

F(w : ~ : :
CG(W) ( )cx Sg - But clearly w e nN*n né by Lemma 2.1, a contradiction

Thus N% = N% A N8,
| B

Let V be a cyclic subgroup of Ng of order 4. Since Nﬁ_: N%n Qgss',
v ' ' '
NG(V)F(') is doubly transitive and by Lemma 2.8 , IF(V)l = 1 +
. e 2k - ’ k=1
Iﬂud(v)lr/]ﬂﬁu(v)l =1+ (5°°=1)r/8 = 3rs + 1, where s = 52325
} - B i=0

2y Lemma 2.9, CG(N“) = 1 and (a) HG(V)F(V):E APL(l,ZC) or (b) NG(V)F(V)

R(3). _
Put P = N. (V). Then P~ D, , IF(P)I|.
l‘-]g -8

o . If (b)‘occurs, X = 1 and r = ¢, hence |F(P)I|

10, a contradiction. Therefore (a) holds.

]

i

NX . h oy
1+ |J”°<(P)||1o< : ng(P)lr/lNBI

r + 1 and P

H

By Lemma 2;5, (r-+1)2 = 3rs + 1 and so r =3s - 2 k. Hence k = r = 1

il

and Gg/H% = Z 52 e Let 7z be an 1nvolutlon in N%. Then IF(Z)I 1+

24-25/120 = 6 by Lemma 2.8 and l.Ll= 1 + | N¥% : NBI = 66 as r = 1. By the

similar argument as in the proof of (3. 12); IF(z)I(IF(z)l—l)/Q +

(|JLLIF(z)l)/2 = lC (z)Ilz N<t>Cupl/l ¢t>Gual , where t is an 1nvolut10n

such thac ut = B. Hence lz N<t>Gug | = 15!Gu5l/|C (z)l Set H = <t>CGuB

and let R be a Sylow 3-subgroup of N§. By Lemma'2.8, IF(R) |
=1 + 24-10/120v= 3. Set F(R) = {d, B,X}. On the other hand, as’N% Q!SS
and Out(S.) = 1, we have H = zZ(H)xN% and 122G = 2, 4 or H = CH(Ng)xN“
and CH("B) oz Dg TIn the latter case Ggp = Z(Gag)xﬂg and Z(Gaa) QQZZXZ2 .
contrary to Lemma 2;6(ix);71n the former case,.we'have lz(H)| = 2 be
 otherwise,Z(H):S.G5 and Z(H)(\ZG £ ¢ and so'letting u EEZ(H)(\ZG ,

we have izt = 3 | IF(u)l-1 = 5, a contradiction. Therefore Z(H) Q:Zé and
so 128nul < 25 + 25 = 50, while | z°Nul = 15]Gusl/ co (7) = 15-120/24

= 75, a contradiction.
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5. case (III)

In this section we assume that N;‘ .v:!.PSL(Z,pm), where-n = mk and

ok is odd. Set p™ = € €{x1} (mod 4) . Then g = & (mod 4) as k is odd. In

" section 5 we shall consider the case that NG e~ A, , so we assume (p,m)

4 (3,1) in this section. From this Ng is a nonabelian simpl.e.gro'up and"i
so W% = n¥ANE or N¥ANP = 1. If N¥ANB = 1, then CG(N“) = 1 by Lemma 2.2
and N% o n¥/N*ANE ~ NgNB/NE ~ Z xZ , a contradiction. Hence Ng = N“r1N8

Let 7z be an involution of Y\IB.. Suppose 28 € Gug for some g € G and '
set ¥ = of , Z=v g% . Then 78 emg NGxg < Ng (}Ni £ N nNB and so zfe& zNB.
o Hence CC_(z)F(Z) is doubly transitive ‘anld by Lemma 2;8(3'.), IE(Z)_I-
_(Q~5)r'/(pm—8) + 1, In particular |F(z)! > 3r + 1 as (pP-£)/(p™-€)
L Z p2m+apm+i > 3. |
By Lemma 2;9., CG(N“) = 1 and one of the following Holds.
(2) co(2)F(®) < arLa,2%).

(b) CG(Z)F('Z) =4 PSL(2,p1) (p1 = 5), r =- 1 and I_CN,,((Z) : CN‘;‘(Z) l

i

P, .
() co(z)"(®) < r(a).

Let Y be a cyclic subgroup of Cxu(z) ~ D of index 2. Since CGo((z)?_;Y,

A pi-¢g
z € Y and C (z)F(Z) is doubly transitive, we have F(Y) = F(z). By the

similar argument as in (3..1), f\N(CNx(z)) = CNo((z) or N"( ‘I(CN(,((Z))

o~ A, . Hence by Lemmas.2.3 and 2.4 IF(CN%(Z))l =1 +
- leM(Z)' g Ciu(z)lr/lNg‘l or 1+ 14, | Ing No((z)lrllN‘*I Therefore
‘ IF(C,\IO((Z))\ =r + 1 or 3r + 1. From this C“Id(z)F(Z) o zg.;
In the case (a), (r+1)° = 1 + (" —E)r/(p M_¢) by Lemma 2.5 and hence

 (ph-g)/(p"-€) - 2 |mk. Since (p"-€)/(p"-8) = ((E™X + 1)/(p™+1)
11...1 . ,
e = (- o )' and k Z 3, we have pm(k—l)(p2m

-p"+1) £ mk, hence (Ipmi)k-s/k'
1=O —
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m/(me_pm+i) < 1. Thus k¥ = 3, m = 1 and p = 3, cotrary to (p,m) #

(3,1).

s and

In the case (b), r = 1, =5 =.(pn48)/(pm?8)é pl(pi—l)/Zl
(Z)F(Z)

.s; 4mkp1 , where s is the order of C . ience p1~1. 8mk. Since
p,-1 = (E"-8)/(o"-8) - 1 = (p"+1)/(p ") - - 2™’ Lo B (pmy,
“we have pm(k"2)/2k < 4m/(pm—1) < 1 because p # g. Hence k = 3 and
pm = 5, so that pl—l = 30 + 8mk = 24, a contradiction.v

In the case (¢), r + 1 = 4 and 1 + (pn—E)r/(pm—8) = 28 and so r = 3

andi(pn—ﬁ)/(pm-a) = 9, Hence 9 2.(pmk+1)/(pm+1)‘2 p2m~pm+l, so that

p" = 3, a contradiction.

6. Case (IV)

In this section we assume that Ng AJA4.and q = 3,5 (mod 8).
1f N¥AN® = 1, by Lemma 2.2, CG(N"‘) - 1 and so NZ/N¥n N8 ~ nENE/NE =

Z xzn . Henée N%/N“(\Negz 1 or 2., , so that sz\Gdg = zG!\Ng = zNB for-

2 3
F(z)

an involution 2z é.Ng. Therefore'CG(z) is doubly transitive.

- By Lemma 2.9,_CG(Nd) 1 and one of the following holds.

(a) CG(z)F(Z) < AFL(1, 2€) for some integer ¢ = 1. _
() co(2)7 %) = psn(2,p,) (py25), r = 1 and lch(z) : Cy(2) | =py -
(c) Cylz yF(2) _ r(a). |

Let T be a %ylow 2—subgroup of NB. Lhen z €T and by Lemmas 2.3 and 2.4,
IF(T)I =1 + IP-Il\Id(T)lr/II\I%‘ - r + 1. By Lemma 2,8(i), |F(=z)] =
(q-£)r/4 + 1. Hence pF(2) o Z, if q # 5. If q = 5, as PSL(2,5) ~~

PSL(2,4), (ii) of our theorem holds by. [4]. Therefore we may assume

o is. _ : . .

| In thevcase (a), (r+l)2 - 1+ (g-&)r/4 by Lemma 2.5. Hence r =

(q-g~8)/4 and r | n, so that q = 11 or 13 and r = 1. Let R be a Sylow

(25)



3—subgroup of Gga. Then R o~ Z, and R £ iI§ because Gup /1% o2 GugH*/H™

3
~ 1 or Z, and REA ~ f, . By Lemma 2.8(ii), IF(R)! = 1 + 12/3 = 5 and
y (W)F( 1) is doubly transitive. Since h (R) 12 or D,y and |F(R)! =5,

we'haveALHG(R)IS = 5, Let S be a Sylow 5—subgrouo of N (R). Then [S, R]

= 1 as N (R)/C4(R) £ Z, . Since 5 + | Geal, |F(S)] = 0 or 1. If |F(S)] =1,
F(s) € F(R) and so 5 | IF(R)| -1 = 4, é cbntradicﬁibn;vTherefore S is |
SemiQregulaf on . But lLl= 1 « jur® t'Ngl = 56 ory92.'This is a contra-
diction. | |

s and s 2n(q-8)/2 = 4d where s is

; 1 2
. Hence p1~1 ‘Sn. Since P, = (g~-€)/4, pnfs—4 32n

In the case (b)), p (pl—l)/2
( HF (2)

the order of C
and so we have q = 11,13,19,27 or 37. If q # 27, by Lemma 2.6, cG“(z)

- ' F(z) . ' _ .
"Dq-g-o* 2(q-g) and so C z) ~:Z2 . Hence (p1 1)/2 = 2. From
this g = 12. Let R be a SJIOW o—subgroup of Gyg . By the similar argument

as in the case (a), N (R)F(R) is doubly transitive.and PRI = 1 + 18/3
_ 7. Hence 7 |1Gl. On the other hand |G| = |JLHG¢1 = (1+ % NED el
_ (1 + 18-19-20/2-12) -2 -18-19-20/2 = 2%*1-3%.5-11-13-19 with o<i<1,
a contradiction. If q = 27, then‘lc_(z)i2 - |F(z)|2*[CGd(z)l2 = 8x|Guly »
while |Ll=1 + |N% : H%I = 1 + 26-27-28/2-12 = 820 = 22.5-41 and so
IGI2 = 4|G“]2 Therefore IC (z)1 + ; a contradicfion.

n theICase (c), r+1=4and 1+ (g-&)r/4 =,28.-Hehce r = 3 and

q = 37, contrary to r n.

7. Case (V)

1l

In this section we assume that N% ~S, and q 7,9 (mod 16}. Ve note

that 4 % n.
First we argue that H% = N¥nNE. suppose NE # u*anP. Then ¢ (H%)
= 1 by Lemma 2.2. Since Ng ﬁ“rxmsﬁx NENB/NB s_Z2xZ , we have N“(\HB ~e

A, and /%A 8 e Z

5 so. that Nﬁﬂ%/ﬂ“z«»ﬂd/N f\J A»Z2 . llence as

(26)
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out (s,) = 1, Z(NFNE) ~ 2, ;‘Set'<t1> = Z(N¥NE) and 1et t € I(Nﬁ)—I(N“);

' since CN“(fl) pd N?:::S4 and <«t>N% = NEN¥, by Lemma 2.6, we have
CN“(t) o~ PGL(2,Jq) and |F(t)| =1 + 3(q—€)r/8 by Lemma 2;8.

Let P be a Sylow p- subgroup of CNm(t) Then-lPl ? J—' If‘p £ 3 ;
P acts semi-regularly on F(t)-{d} and so Ja 3(q—8)r/8 Therefore
Ja | r and so 57 < n? as p > 5 and r | n. But obv1ously 570 > nz,for
any positive integer n; This is a contradiction; If p =3 , |p : Pyl

= Ja/3 or G for each ¥€d) - {4} . Hence Jﬁ/sv\ 3(g-&)r/8 and so

a ‘81r2; In particular, 3" = a \ 81n2; From this, n $.7; Since g = 3

n
_ , 2 6 2 o «
= 7 or 9 (mod 16), we have ¢q = 3“ or 3, If g = 37, |JL}=1 + | N® : NG|

=1+ 8:9:10/2-24 = 16, a contradiction by [9].

Il

If q = 3 , IF(6) =1 + 273r and |F(t)-{a}] 2 IC «(t) : Nu(t)|
IPGL(2 3%)1 /8 = 2457, contrary to r \ 3. Thus N§ = N“(\Ne

Let V be a cyclic subgroup of ”B of order 4 and let U be a Sylov_

2— subgroup of N§ containing V. Then U = NNg(V), IF(V)!‘: 1 + (q—S)r/s
vby Lemma 2.8 and IF(U)l =1 + 8-3f/24 =1 + 1 by Lemmas 2.3 and 2.4.
If qa £ 7,9 , then |F(U) < |F(V)| and hence.UF(V) Z, - Suppose q = 7
or 9. Then r =1as r|n. Hence |{Ll=1 + | N% . dﬁ = 8 or 16. By [10] ..
we have a oontrodiction; Therefore UF(V) c;22.
Suppose V& < Ggg for.some g €C and set ¥ = g._Then vE £_éiﬂgg(\Gd5
< w¥ncgp S WEANE £ ¥ nub - u%. ns wd ~s, , V& = v for some h € WE.
“ence N (V)F(V) is doubly transiti&e;‘By Lemma 2.9,‘CG(H“) = 1 and one

of the following holds.
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_<a>3%5v>F“U < APL(1,2%).

(b) NG(V)F(V) > PSL(2,0,), P, = (a-€)/8 2 5.

() n,nF Y < rea).
g In the case (a),'_(-r+1)2 =1+ (g-&r/8 by Lemma 2.5 ahd SO r =
(q-£-16)/8 and r1 n. From this q = 23 or 25 and r = 1. Siﬁce_llhl:i 1+
Im“ : Nél - 2-127 or 2-163, We.havé IGl, = 2|G¢l2 R while lNG(V)|2

- IF(V)[2 INGd(V)l2 = 4|G«|2 , contrary to ING(V)I !lGI.

In the case (b), pl(pl—l)/z s and s

F(V)

en(q-£)/4 = 4np, , where

8n. From this, pn—8—8 64n

s is the order of N, (V)

Cx . Hence pi—l

and so g = 23,41, 71 or 73. Since p, is a primé_and p; = (g-£)/8 2 5,

a £ 23,71,73. Therefore g = 41 and Pl = 1+ [N . Nl = 1 +
_40-41-42/2-24'= 22.359, so that 1G1, = 4lGgl, . Since ng = N*nné,

- CG(z)F(Z) is transitive by Lemma 2.1. On the other hand | F(z)l=1 + 40-9/24
= 16 by Lgmma 2.8(i) and so ICG(Z)|2 = 16|CG°((Z)|2 = 16|G°(|2 ; contrary
%o ch(z)l’ iGl. | |

In the case (¢), r' + 1 = 4 and 1 + (q—é)r/8 = 28. Hence r = 3 and

q = 71 or 73, contrary to r |n.

8. Case (VI)
In this section we assume that N% C=A$ and q = 3,5 (mod 8). In

B d)

particular, n is odd. If N§ # N*ANE, then N®AN® = 1, CG(N = 1 and so

0% s n3A/NE £ out(wB) ~7,x7 , a contradiction. Hence N% = N¥n N8, Let
z be an involution in Ng and T a Sylow 2-subgroup of Ng containing =z.

1 + {(g—-€) 15r/60 - 1 + (g-€)r/4 and by

i

Then, by Lemma 2.8 |F(z)l

remmas 2.3 and 2.4 |F(T) = 1 + 12-5r/60 = 1 + r. Since H§ = N*and

z" NGug = Z r\N% = zTB and'so'CG(z)F(z) is doubly transitive. By Lemma 2.9,

CG(Nu) = 1 and one of the following holds.
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< APL(1,2%).

(=) CG(Z)F(ZX_ .
(v) CG(Z)F(Z) > psL(2,p,), P, = (a-€)/4 Z 5.
(0) cu(m)F®) = r(a).
. © 'In the case (a),.by Lemma 2;5, (g-€)/4 = 1 or>(r+1)2,= 1+ (g-8&)r/4.

Hence q = 5 or r = (g-€-8)/4 |n. IT g = 5, then Dg

3

= N%, a contradiction.

Therefore pn-£—8 4n and son =1and q = 11 or 13. If g = 13, we have
lGdl, a contradiction. Hence q = 11 and lfLl= 1 + IN“ : NEl =1 "+

10-11-12/2-60 = 12. By [91 , GAL5=M11 , 1{Ll = 12 and so (iii) of our

L)

theorem holds.

In the case (b), we have pl(pi—l)/2
F
( ) (z)

s and s | 2n(qg-8)/2 = 4np,

where s is the order of C . Hence p -1 lSn and so pn—8—4 32n.

19 andlKLl

i

From this q = 19,27 or 37 Since 5 ‘IGdl q £ 27, 37. Hence q

=1 4+ |u¥: ufl=1+ 18-19°20/2°60 = 2- 29, Since G ~PSL(2,19) or

PEL(2,19), 161 = 10l [Gul = ».29-2%.18-10-20/2 = 2%*1.3%-5.19-29 witn

0 <i<1, Let P be a Sylow 29- subgroup of G. Then P 1s semi-regular on
- f and 3,5,19 + {N,(P)| because NG(P)/CG(P) z4xz7 . Hence |G : N (P)l
_ 23.32.5.19 with 0 € j € 4, while 29-3°:5-19 # 1 (mod 29) for_any 5
e with 0 £ j £ .4, contrary to a Sylow’s theorem; |

f CG(z)F(Z)'= R(3), r +1=4and 1 + (q—s)r/4-= 28 and hence r =. 3,

g = 37, contrary to r| n.
Osaka Kyoiku University
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