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'|lnANSITIVE PERHUTAT10N GROUP,
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Yutaka Hiramine
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「

■ Ⅲ  ⅢIII十 1‐
■11千r ⅢⅢⅢ裏1111,■111■ |,1111=

|  `fr、‐。 In こ31‐ ; 01Nan hO, pro● ed that ,0816(G農 )= 本文N, ‐Where A is an  l

l‐ abe■ ian gr9up and N iS l or a nonabe:二 五五 もimple gr6uP. 早ere s。 9■
e(,ょ)ユ●

 |

l thと も16と:`t gf l・ 1 linふ五iA`二轟よ1l sttgi6品 ,1壼 G農 :||■ ■
||‐ |‐ ||

I      In the pr6viouζ  bapё r [4], We Aave studied 10ub■ y tlanSitiVe l.|| ‐‐

‐
=、
 p6rmutatigni glot`s in vrhiさ h  ヽ■こ 三|。m6r3五 i` t6 1sL(2:q), ISzて |)6r‐ |,lv(|:こ )

■witA q ιVen。 平‐thlS p,per We Sla■■

`1詩

et■ ゃ1■ |■ng:|||||||■ |

l       Th60rem. Let d be a dё ubly traAsitivё  permutati9n g■ollp 9n a F二 ,■ ,9‐
|

l setiQ witi l」 QI さveA aAd l`t .メ cnt =‐ l G晨 |ムζ a n`r,4・ l 
ζimblさ |‐sub311■

P‐ 単|

is6m8rlhi` to‐ PSL(2,‐q)I where q iS19dd, th9n 6ne 9f thelf911。 WI五g ,9■
,S。

1   (‐ 1,・しIAよs i leLi二よrn。二轟ム.ここbgroul.||   ||||‐ |  |‐||:|||

■  ‐

`|・

).,十 ■ A16「 ‐S:‐ 1薇`|ISL(2:5)贔alユ |=‐ 。1‐ ■ : ||■ ■ |

|  |.(i工 i)O■ ■菫111ヽ1～
psL`211'ふ01ユ |二

|五
: ||||||‐ |||

| | I In thさ ,とase tiat dn has l Fegl■ al■orふa■ lsibgilvPi by 1 1,S11■ 91

Hering E31 We h■ 9(|ユ |,q)=(■6,9),(16:5)OF(e17)。 |■ ■・ |■ |||

I{e introduce some notations :

F(X) : ihe set of fixed poi.nts of a nonempt5r subset X of G

Or. Xn : the pointirise stabilizer of A in X
tr

XA : the rest::iction of X on A

(|■ )



ЭIPAttTl::こ 務1 8『  酎:ATHlMAriCIS             ‐

33占 Iサキ :1ド 3iKU UNiVERSiFY  I

TFNNO」 :′ OSAて A,ヽア543, 」APAN      I

轟
|・ i aA inle尋IF m ,ivid61 an integ9r ,

XH : the set of l{-conjugates of X

|X|^:maximalpowerofpdivldingtheorderofXOP
I(X) : the set of involutions in X

. D- : dihedral group of order m-m

fn this paper all sets and groups are finite'

2. Preliminaries

Lemma 2.■ . Let G be a tranSiti寺b permutation grOup on n,  メ ln

・                                     that F(N∝ )|= 〔メ}: Let the ,こ bLlouband Na a normal Subgroup of Gor Sucり

x≦ Nα be con」 ugate in G.4 tO every group Y ttAic●  li6s in N∝  and Which lis

‐:iC9nJugate to X in G, Then NG(X)iS transiti↓ e on Δ =  毛 子 (ヨ 」Ω‐ lx≦  Nτ 〕 .

Pr00f. Let β〔 △  and ■et g c G such that β
g =メ

。 Then, aS X` Nβ  ,

Xg l≦  Nβ

g tt Nα

o By assu轟3tioA,(xg)h = X fOr ,Olne h C Gス . He,C6 gh C NG(X)

and ギ
ghl~l = 

摯
g~1二

β。 。もvi`ul・子 NG(X)Stobl■ izes Δ. lhus Lemla・ ?.l h9・ dl:

Lemma 2.2. Let G be a doub■ y transitive permutation grOup oi r】  Of
●

even degrё e and N∝ a nonabё ■ian simpie norma■  subgroup oF Ioc w・ th OtC Jゝ .

・
f CG(Nで )≠  1, t,en Nγ  = N∝ ∩ Nβ f6r α ≠ 3 cJ■  and  CG(lSIT)i, ,etti・

regu■ ar oA F】 _ ta〕 .

Proof . See Lemma 2.L of [ 4J .

Lemma 2.g. Let G be a transitive permutation group on ,fL, FI a stabl-

lizen of a point of ,f), and l.'{ a- nonempty subset of G. Then

a

lF(t'{)l = llt,-(u)1*lt{uA I{l / Int-
Here H'∩ H={」 ittL l量‐lHg⊆ H,Lこ G〕 .

Proof . See Lemma- 2.2 of L4 J .

●

(2)
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|‐ |I Lι∴mム L。 4.:き、Gも 6.よ 06ubiy tlgnLitivさ bel轟vtatign二
`IⅢ

 61‐ n ‐

‐
                                    まとJQ. ASζtrnd tiatム ζもも査r6ublx oF III五nd Nγ a norma■  s●bgrOup of Gα with

i        l         :

111 LatiζメニLζ 文,浸 二4N“ _1去 eA‐ tA1 1:i・ 6wing hOia::・ ‐ :|‐ |

1‐ |(・ )|:(')ibゞ |」 ll(1)^|ヽ 111,β :|||… Ⅲ〕11111‐||| |
|●   (1.)i「 (ゎ i=:||ltも

^‐

3111x∴ whlre l io thさ 轟轟bel16FIヽま■■its

■  :                            ′                                                 :        |

16● 阜―擦 )。        |        ‐     1 1‐  ‐  ■ ‐

|‐  1鼻::f:Let r=t△ 1,△2':∴ △メ)もとthe set of Nγ 71rbェ
tl■

'|り

|

i siAce c_.ig tia五
。ェtiv1 6n A二 〔Ⅲ and lま キ

:N∝
,Ive hiYさ 1△ il l l△もr  l

l For i ≦ ij 」|二 |・
 By aSSuttpti91,‐ |ル

ニ Nι∝(挙 ))'‐ 1,d‐

'91NG∝

(干
l iS       ‐ ‐

|‐
tFa,,itl↓ e 61了 . Helce fOr elc, i "it, 1ヒ li 千 1 |`11, 91i,IS IGTし ま

(I.)

l su`A tial(△ 1)g=△1:T,ele■le iF(X)ハ △il二 l,(X')|⌒ ∫△1)テ l=| | `

11 1F`文 )`、
 A.|. T,tS‐  li)h911, a,。  (ii)f° ■■OWこ  immediately from (I)。     ||

」      Lё轟

=a 215。
(IIuppert L5])Let G Oe a doubly tra,sitiv9 permutation

l ‐g19ib on 【ゝ。 S,ppOζe that ,2(G)≠ ■ and d。(is so■vable, The, fё r any

l invo■ution Z in Gα , IF(z)12テ |バ |ゝ.                           ‐

I      We liSt hoW some propertiOs Of psL(2;q).with q odd Whi9hl w手 ■■ lel

, reqlェ red in the pF66f oF our th6ore,.| ‐
  l      i 

‐     ‐      |   :  |

Lernma 2。 6。 ([21,「 6],[■01 )oet N = psL(2:q):a,o G = Aut(■ iJ)| "here
l    l ■                 ‐

q 二 p■ ‐and p iS a, ood prime.: Let z be an involution in ド. Then th9

1 f。■■Owing:ho■ d.   ‐                   ‐                  ‐      .   |    ■

(i) lill = (q-1)q(q+t)/z, I(N) = "}tr u.r,d C*(z)= oq-e , where A =eel*ri
:(mod 4).   ‐        ‐ |               |      ‐ | ‐        ‐   ‐

.      (11)ェ f q ≠ 31 N iS a nOnabelian simp■ ё grOup anl a Sy■ OW rttsub=

l group Of l‐ is ёyC■ ic v7hOn r ≠ 2, p:1          ‐ ■    |‐   1_   . 1

‐      (iil)IF X and Y are Cyё lic suogrotpS 9F N.aAd lxl.二  IYt ≠ 2, P :
●

|IF'9n tt is coAjuga,6t°
Y in〈 X,γ 〉 and NN(挙

)ザ Pq士 ど |       ‐

| |  :  (lV)=f Xl■
‐N ald X`望 Z21Z2 ' NN(X)1も  iS° |°,P● 19‐ |° 今4 

°
1 '4 ・

|      (V).・ f l‐ヽ1金 ≧‐61 , 1‐ h五も 
―
t19 6ohjlLate‐ c■ agsesi。 l FourT.査 |。 vol‐ in 、.

‐ |                       |  |    (3).         ‐    |    ‐    ‐ |    
‐
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l     (VI)Therё  exist a fie■ d‐ automorphismlf Of N of OFder niand a

diagOnal autOmOrphlSm d Of N Of oFdё r 2 and if we identifyiN with itS

`Ihn9r al警

10rphism grouャ  
く
,〉

N― PGL(2,q)` くf>く a)N = G and G/N～ ZりXZn t

(Vil)CN(d)`y Pq十
二 an, Cく ふ>NlZ)`¥D2(q_8)1           : :    :

.     (viil)Supp6Se A = mk lor SOm6 positi↓ さ integerS m, kl ihen cN(ピ m)

営 PSL(2,3m)iF i iP odd and CN(fm)夕 PGL(2:pl)if k iS eve● :   |

|     (ix)ASsume n is even and ■et u be a fie■ d automorphism of order 2,

Then I(G)二 工(N)∪ ♂ Uご d〉

ヽ ェf n is 6dd,I(G)=,I(N)∪ dNe

(x)工 f H iS a subgroup of N of odd index, then one of the fo■ ■oWing

● hOldS :    ‐                               ‐

|  (1)早  iS e Subgr。 .P Of CN(Z)° f odd index f9r SOme invO■ ution

zCN.            :

(2)H全 `P GL(2,pm), where n = 2mk and kliS Odd.

|    (3)H ttPき L(2,pm),Where n=mk and k iS Odd.

(4)H 生`A4 and iq 〒 3, 5 (mod 8).   |
(5)責 生S4額dq=7,9(ⅢOd 16).|        |

.       | (6)早  ～A5 ' q 三 3, 5 (mod 8)and 51(,‐ 1)q(,1■ ):

Lemma 2.7. Let G, N, O and f be as defined in Lemma ?。 6 and H an

くf,d>―invariant Supgroup of N iSomorphic t? pq― ε・ Let v be a CyC・
ic

subgroup of‐くd>H Of inde文  2 ( cF`(Vii)。 f Lemma 216 )and s,t  Y

= 01(lr′へ H). Then CG(Y)= v,Cく f>(Y).       :               ‐

Pr6of. By (Viil)Of Lemma 2.6: we can take att invo■ ,tion t satisfy―

ing くd>H = くt>W and [f,t]= 10 SinCe NG`γ )= くf, d>NN(Y).= くfl d〉 F ,

‐CG(Y)= Cく
f〉 くd〉 H(Y)= W・ Cく

f〉 x tt〉
(Y)e SuppOSe ht ∈ C(Y)for s6me h Cく f>`

since t inverts Y, h alS9 ■nvertS Y and so h2 8entra■ izes Y. Hence sOme

o nontrlvial 2-element g € <h> inverts Y, so that cr-r(e) contalns no

(4)
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ё■emeit ёf orde1 4, contrary t。  (vェ ii)Of Le“平a 2。 6。

Throughout the rest:ofi毛 五6 3aper, GrL wiil aiwayS denote a doub■ y

Otransitive permutatiOn group satisfying the hyp9thesis of Our theOrem

and Wё  assume G【
L has no regu■ ar nOrma■  subgroup.

1。 ,atioAi c嵌  = cG`Nα ), WhiCh iS ,ё mi―regu■ ar on fと _ち(l by temtta 21.29 ‐

lLet r be the number of D〔
α
=orbits on fL― 擦}.

Sinと と G:=N∝ ,l β
Nγ

l二 |:N∝ l fol β:γ ∈ κL― 榛 l and sol【 】1=■ +

‐rxlβNll: Hence r iS odd and i' iS a sibgrotp 6f・ N∝ of Odd index。

Therefore Ntt iS iSOmorphic to one of the grOups ■isted in (x)of Lemma 2.6。

・ AccordinL■ y tAe pr00f of our theorem w■■■ be diV■ded in S■ X Cases.

Lemma 2。 8: Let Z be a cye■ ic Subttroup of 責
咎

With iZl ≠ ■, p` Then

(■ )If lZI = 2, IF(Z)| ■ ■ + (q―ε)II(N8)lr/IN腎 |.

は )If lZl払 |ズ Z刈 =1キ I NNま

“

)trA NN:“ )L

Proof. It fO■ ■ows frott Lemmas 2。 3,2。 4 and 2.6(1), (■ ■■).

Lemtta 2:9: If 
下冒 李 Pq二 L and Z iS a c'c■

ic subttroup of Nぢ with lZI

. ≠ 1, p anO NG(Z)F(Z)is doub■ チ モlanSitiVel Then c警
 = ■ and one Of thё

fo■ lowing ho■ dS。

(三 )NG(Z)F(Z)≦  A「L(■ ,ql)fOr sOme q..

(・ i'lё
G(子

)'(子
)≧ Pζ

l`‐
奎,p■ )'r=十 五nd lF(Z)l l■ =lll卜

I∝
(Z):NNぢ (Z)|

= pl , wh?re pl ( 215)is a prime.                       . :

(iil)NG(子 )F(Z)= 早(3), the Sma■ ■est Ree group, IF(z)l = 28。      |

Prooft ,et NG(Z)= L and F(Z)=A・  By lさ mma 2:6(iii), L∩ N∝ ′ヽ′
Pqttε

and L∩ l「
α

=く t〉Y堕 Y≧ Z,Wher9 o(t)=2,γ 生
子(qtt ε)/2・

if (L′、Nγメ
ゝ
 = 

・
, ti9n L′、N∝ = N: beciause L:AN∝  iS a maxi平

,■  1

, subgroし p oF‐ Nα i Sinc9 1Nα  : N:l iS Odd, Lrヽ
Y:1:二

 N督 全二D。_ε  , 90ntF,ry to

the よssumptioni Hence (L′、N∝ メ
生
 ≠ 生 and as 二∝E≧ L∝ AN∝  and L∝

|≧
Y :

(5)
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‐|(L農 ).Δ  has a hontrivi11 9,`・ ic 11。 rmei ζubgrl七pI Ptt TA9orlm 916F t,],

one of the fo■ ■oWing occurs t               ‐

|.    (9)L'AaS a メegし・ai nlrma. subgFOIP

(b)LA≧ PSi(2,pl),1今 |=p.+1,Where p.(25)iS a,rime

tc)l△ 饉Psu(3,0.),pi≧ 0,|△ ||(pl)'キ ,1       ■ ‐
|   (d)L今 =R(3), |△ |=28:                      ‐■

subp6se c∝ ≠ 1. Then there ex■ stS a SubgrOup 6 of C∝ 。f pr.me ord6r

Such that(Lメ ヂ ■ D今 :,ince EL… Dl≦
′
D・ LA nC∝ =D(L△ ∩ C警)=D,

‐D iS a norma■  subgroup of Lα . By (■ )ana (iii)Of 二とrrlrna 216, G。 (二  L∝ 。
N∝

.and so D iS a norma■  subgroup of Gメ . 五y Thι Orem 3 of  [11 , G【
L has a

l rさ gu■ ar‐ n6rm a■ subgroup, contrary to th6.hyp6thesisi Thus cメ  ニ i`

If (a)OCCurs, =Δ  is so■ vab■ e because L`′ LAN∝ 会
`二

αNⅨ /Nば ≦ Oul(Nα )

and L∩ NⅨ 全̀
D qtt ε° Hence by [51,(■ )::iiitilil::: i]]il。

っΔ 」 . and :。 1冒.f (も )8ccurs, we havg Y△ ≠ 1,

= Lrヽ Nα 全ィDq二
8 ' a conlradiCti6ni HeAce l 

≠ CG(Z'へ 1■ L△  五,d S° CG(Zデ
ゝ

.j:,illlili::lin:ilit全

`ζ

lll'lTlelifiメ iさ

llilをβ
Iムニ,「鳥11[llir,=:: tIょ

|‐

ILrヽ N∝  : LA]T腎  |= p. O Thus (ii)ho■
dS in this Case.

The case (c)does not ёCCur, for OtherWiSe, Oy the StruCture of

PSU(3ipl), l sy10w p・―Subgroup of (L3)′  is n6t 6yさ ■ic, whittι  (ld)1≦

LAN∝ ～Pql ε'a9。
ntradiCt10ne        

‐   ‐       ‐

3. CaSe (I)

In thiS Section we asSume

(311)(■ )ェ f NE ttZ2メ Z2 ,

(ii)I「  N」 全̀
Z21Z`

that N'1■ D qtt ε : W'ere 3ユ ∝'  q = pn.

NN∝ (Nす )〒 NF and IF(N″
)| = r キ 

・
・

9 NN∝ (N拶 )～ A4ano lF(Nメ )| =3r‐ ■.

(6)



DニシスRI二 I::1 0F MATH:薇 ATiCS

10SAIA KY01KU UHlVinSITY

Tc)t、 c, CS^く A′ ▽543. 」APAN

I  Proof,IPut X =

‐CyCliC Subgroup of

.     f 
ド
:づ

2Z2XZ2

H6hce x≦  NN∝:(Y)二

stabi■izes a normal

Nヽば
(I鷲 )., Let S pe a

、お Of indё x 2.

, then lYl > 2 and So Y

Dq_ε・  FrOm lhiS [Nx(1),

serieS S 21 Srヽ Y 211, SO

sy10w 2-subttroup 61責 曽and Y a

is bharactgristi6 in Nな 。_

SAY]≦  も∩
' and 9子

(、x(s))

that 。2(】
I文 (S))≦116長∝(S,

・

・
　
ば
Ｄ

Ｓ

　

Ｎ

by a Frattini argument,

(N冒 )Gα = (1ひ )Nl and so

IF(Nさ )| = 1 キ IF(Nさ )rヽ 3Nメ lxr = 1 + 1責 咎lr/IN毯 | = r+ ■0 1hus (■ )ho■dS.

by Theorem 5。 3。 2 of E2]. By Lcmma 2.6(1), C卜 T∝
(S)≦  S and h9,Ce Nx(,)

on the other hand

: By Lemma 2.6(■ ),

.f Ng 全二 z2XZ2 ' NNd(N腎 )― A4by Lemma 2.6(iv)◆  Simi■ ar■y as in the

caζ o Nγ ■ZttZ2'We navさ IFいγ)|=3r+■ .|  |

(3:2)N: /Na,N8≦  z2Xζ 2 ・

Proof. By Lemma 2.2, it Suffices to ConSiaer the caSe cr l ・
1   ‐

suppOse C∝ =1:Then Nγ /Nα A N8__NIN3/1Jβ ≦ Ovt(ギ )笙 Z2XZn

by Lemmム  21o(Vi)and i9nce (N冒 )′ ≦ N∝ rヽ 責
βi Since Nざ iS dihedra■ , Ng/(N咎 )`

α  Z21Z2 ' S°  thal N腎 /NInN:≦  ζ2XZ2 °

(3:3)SuppOSe N腎  = Nα ∩ N? and ■et t もe a subgrotp of NF iSOmorphiC

t°  Z五挙子2 ・ Then iF(U)| = 3r + ■
 ,nd NG(U)F'U)iS doub■

y transitiv8。

Pi60fi sё t挙 =NG(N穆 ), △ =F(N暫 )and■ e, 1△1,△ 21… 1 'Δ r}。 e

the set of N∝―orbits on n_{メ }: 工f ご・Nttg `G∝

` , then g~・

Nざ L手  、I I NI

= N跡 ∩ 責l ≧ i・I督 , Where Y二 Ⅸ
g。

 3y a Witt'S t,eorem, x△ ユS dOub y

trans■ tiVe,

IF u is a sy■ ow 2-subgroup of N腎  , by a lJtttt'S theι rё平, Nc,(U)F(U)

ig doub■ y transitive. Moreover NN∝ (U)笙 A4 and s? by lemm,s 2。 3 ard

2:4`ユ 1), IF(|)| = ・
 + 'A41メ 1ド咎 : NN首 (U)|‐ r/1N咎 |二 3r + ■。

工flド 署 12 ).47 by Lernma 2.6(iv)'and (↓ ), N長∝(も )と  も, and‐
l・T' AiS tWO

conjugate c■ asses of fo,r― grOlps, Say 7「 = [Kl l K2〕 : Set ttTr= l・T, Then

支 IN文 (S)ヽぢ andi SO  X    I

lb' Lemmag 2。 3 and 2。 4(ii),

(7)
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ll ≧ Nな
 ,19 X/M tt Z2・

 ′C・ ear■ y F`UI● ハ i ≠ φ f°r eeCA l and s? IF(U)0△ i

■ 3 by Lemma 2。 3: IIenCe l F(U)| = 3r 十 ■。 Si'9e NNβ (U)γ S4 ' V9 ma)「

as sume r '■ 。Hence by(3.1)(i)|ハ l=r+ 1≧ 43 こo that H△  is dOub■

'°
tranζitiV:i sllce‐ 11〒  N:、轟

`|)' NM(v)△

  is ai,6 douも■y trangitive and l=o

ド
H∝

(U)iS traヽ itive On△ _{ば).AFI Δ∩△三|=1,今 0△i⊆ F(v)a,d

NN∝ (U)iS t,anSitiVe On F(U)rヽ lLi  fOl each l,  lG(U)=(U)1, 191bly

trans■ tive。

(3。 4)(1)C∝ ■ 1・                      :

(1■ )Let U be a subgroup of Ntt iglⅢ OrphiC 10 Z2

= Na n、
8 , then NG(U)F(U),aS a Fegu■ ar norma■  2-subgrOup.

IF(U)| = Li + 1 = 2b for s3me pOsェ tive integer be

proof. Since Ilc_,(U)F(U'* **o(u)F(U),- Sa or Zg , by (s.g) and
Lro( 

, /tr\r'(u)n/t1) has a regular normal subgroup, NG(u)Theorem 3 of [ 1] , IV*(U)' ''
rr / rr \> PSU(3,3) or bl*(u)''t"/ = R(3).

suppose c4 t 1. Let D be a minimal characteristic subgroup of Cd.

ct-ear1y Gx F D. rf i.lc(u)F(U) I *(3), D is cyclic, By Theorem 3 of [t1 ,

G0 ha= a regular normal subgroup, contrary to the hypothesis' I{ence

I..tC(U)F(U) = n(3). Therefore (i't*n(u)r(U)/ contains an element of order 9'

Si.nce **n(U)/Cql.t*ro((U) ^r xlco((U)Cdt.ld/CdNo( < Out(No(), by (vi) of Lemma 2'6

vre have (U* (U))r t gdxNOl*(U). F*om this, Cd contains an element of

order 9 and so Cd O Zg or l,tr(3). In both cases, Cd contains a caracter-

istic subgroup of order 3. Since G64 F D, by Theorem 3 of L1l G'0 has a

regular normal subgroup, d contradiction. Thus Cd = 1.

Let R be a Sylorv 3-subgroup of t,fco((U). Since l'IGo((U)/X.-"r(U) = :

it,- .(U)iqd/l'ld { Out(tld) r:z ZZ*Z,, P./R ni'l*x(U) is cyctic' Ctear'ly RnlJ.Oa(U)

J"rr. rherefore ]{c(u)F(;l I rsu(3,3) , R(3). rhus (2.4) irotas'

is dihedra■ , We set N笞  = くt〉 tr and Y

Z`2: 工f N冒

In particu■ ar

NぢSince

(8)

- tjlnNd^id9, where ld
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is a cyC■ iё  S■bgroup of Nぢ Of inde不  2 and t i, an

inverts W.

`=
IYI

く

By

invo■utlo, ■n N, whi9h

● ‐ `::5) (■

' 

■| IYI ≧ |: N:(Y'F(Y)is dlYb■
y,trans■ tiVe.

(1■ )ェ f lYI 
千 3, N曽  ′

ψ Z21Ztt gr Ntt F二 D: ano N・4。
ド::≦

Z21Z2・    |

Pr00Fi stpp6se lY l =3: If Y亭 I Gotβ  : マ
g tt NI`、

 G∝β
` 

、ま , wheFe    l

Ⅸ
g: 

ェf `=∝ , obViOus■y Yg≦  Nメ. 工f F≠ 〆  , N農 な望Nγ : Theref。11, as

≧ 3, Ntt haL a unique cyliユ C subgrgul of grder iYI. HenCe Yg tt NI∩  N°
C‐

N∝ , SO that Yg≦ N∝ . Simi■ ar■ y Yg≦ N´ : をhus Yg`Nメ ∩ Nβ and so Yg=立 .

a l,Iitt's theorem, i'{G(Y.) is doubly transitive on F(y).

Suppose lYl < 3. Since lt'ldnt'1B : Yl { 2, r've have rgdnruQ ≦ Z2XZ2 ・

(ii)FO■ ■OWS
on the other hand, ,S N″  ■, dihedral,(N署 メ

' iS 
とyClico Hence

timmediatel' from (3.2)。

(316)Set rゝ 豊 F(Nが), ニ ニ G(A), K tt G△  and sVppose N'`I Z2XZ2・  Then

L∝ !≧ N計 ,(二 ∝)′ :■  N, , K′ ≦  耳
∝
ハ Nθ  aid  (L“ )今 ′ν zr i 

・
fr ≠ ■, L△   iS

a doubl, tranSitive FrobenivS group of degree r + 1.

ProoF. By CorO■ lary ,1 0f [7]and (■ )6fl(3.■ ), L△  i, dgvb.i tiansi‐

tive and lz｀ | = r + 1. Since N∝ r｀ L≧ NttnK = Nさ  , Oy (■ )Of (3。 ■), We have

l〔
∝

√ヽ L 二 士ぢ : H9nce L∝ 箋:N野  . By (1)Of (3.4), L∝ /NF全 二L∝N∝ /N∝ ≦L Out(Nメ )

」 :::Z:til.lilllI:iβ )今
‖:]|::(lll)FlZi 

° 工f i ≠ ・ , th:n l三∝)A  ≠  .| |

■s abe■ ian. Hence L△  is a Froben■ us

group e

(3:7)SuppOSe lYI ≧:3.

such that Z(Hg)= くz〉 .

I      Proofi Sキ nce lNI野‐1浄
Z2XZを

 ' IN咎 12 2L奎
2 ano 

ドZl iS dihedrail tte have

lく 工(I)>=Z(I蟹 )笙 Z2and Nが /(ヽど

'イ

～
Z2XZ2・ 二et Z(NZ)=く 4),nl,uP'OSe l

that z iS t~Ot COntained in Yo By (3.2),(轟 gr il N∝ ANβ nW = Y ana ζol(N簿/

●

Then there eX■ StS an inv。■utilA z ■n NgnY

(9)
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TEヽ 1,lr.   tsAく A′ ▽643 ,ガ 、PA'ヽ

is gado Hlncと  IN野 12 = 4 an, q = pl = 3 or 5 (mod 8); ,O that l iS 9dO・

■y(急 。2)ano(■ )9f(biム ):N:/N∝ AN3を X NgNβ /、 lα・ 91Z2`±
・

｀な I Nd∩ lJ:,

then w = Y and so z C Y, 90ntrary to the aSSumpt■ On. Therefore we hav9

'11督
/N Orハ 、

β 全4 22 and llβ  = くZ>X(Nα ONβ )。  Since A i, odd ムna zぐ  NttNβ
‐― Nβ ,

by ■emm左  2.6(vi)' (lil)基 準d (ix), 11'lJ β 全ゴP GL(1,q)and c、 β(2).こ菫 Dq+ε
 
・   :

But ),∩ }Iβ :二 cN。 (Z)a,0 0e,ides it i, ig° m6rpぃic t° a ,ubgr9vp ?f DqTε
:

Tlence NⅨ A N ρ 公
`z2 and Nな

全
`Z2XZ 2 ' a cOntradiё

tiOn。

(3。 3)SuppOS。 IYl≧ 3.Then ttγ  tt N∝ ∩ Nβ . ,          |    
‐

Proof。  もupposと N8 ≠ N∝′n)Tβ  aAl ■et A' L: k be aS defin9d in (3.6)and

x e Lα Suこh that itS Order is odd andく x〉 iS transitiVe on J｀ |〔
メ〕e As IYI

≧13, W iS Chよ rac、こristic il N, and hence by (3.6), I Stabi■ izes , nOrma■

selies Lょ ≧ N咎と W≧ (Hさ )′ O By TheOrem 5。 3120f[21,Ex,0基 (L∝ /(Nさ )`)]

= 1. Since Lま /(Nぢ )′  haS a norrna. sy■
?W 2-subgiOup and (N咎

)′ 11■  K′ , lVe have

[文 '° 2(L∝
/k′ )]=1, SO that EX,責 虔]≦ K′ ≦ N∝ ∩ Nβ by(3.6)。 If r≠ ■, ,hen

β
X 

≠ β and ♂ こ ム , hence Nよ  〒 支
「lN′ x = Nま , Where Y= ♂ 。 Since rC△  and

△ゝ= F(ve), lla tt Nお r｀ GY= N9and SO Na l N'。  Simi・ arly NI= N″ . HёnCel Y,

= N普  , whicl・  lmp■ ie, N9 = Nβ /ヽ 前
τ. By the dOub■ y transitivity Of G, We

have Nγ = 下α′ヽNβ , contrary‐ tO th? assumoti°n. TAerefore we obtain r = 1,

Let Z be aS defined in (3。 7)and `ut k 二 (q-8)ノ IN曽 |. Btt lemma  2◆ 8(■ )

we have lF(z)| ■ ■ + (q―ε)(IN警 1/2 す 1)/IN曽 | = (lq― ε)/2 + k + |, Sitti■ lr■
y

l子 (,)| = 卜 + ■・ As Nγ ≠ ｀
∝∩ Nβ , lhere is an invO■ ttiOn t ih ttF whi9h iS

ty = Z fOr sふ轟e y∈ Nα ` S8t V= 3y.not Contained in Nβ ◆ By Lさ mma 2.6(1),

TheA τ ∈ F(z)and Z ¢ N下・ By Lemtta 2。 6(vii),(Vili).a,d (lX), CNO(Z)～

0

ｕｐ

　

Ｘ
　
　
　

一　
ｄ

ｒ。

ｔ

．

ａｎ

Ｓｕｂｇ

ｅ
Ｓｏ

い

〓 Ｘ

ｌ

ｌ

ｉＣ
　
檄
　
２
　

ｚ＞

一̈
口
「

ｅ
　

　

ｒ

　

．
ｅ
　
　
Ｙ

ｂ

　

・ａ
　

　

Ⅳ

　

Ｉ

げ

Ｒ

　

　

ｇｕ

　

ｈ

　

Ｎ

ｅｔ

　
　
　

ｒｅ
　
　
　
ｗｅ
　
　

ヽ
ノ，

■

　

・・一
　

　

，
　

　

・
７

ｄ

　
　
ｍ

　

ｌ

　

３

ａｎ
　
　
　
Ｓｅ
　
　
　
十

ｄ

一一　。・Ｓ　　一Ｗ
　ａｎ

Ｄ
　
Ｒ
　
彎
　
↓

α
　

ａｔ
　
Ａ
　
３
◆

ｚ＞
　
ｔｈ
　
θ
　
＜

′い
　
ｅ
　

申
　

∝^

Ｎ
　
ｔ

　

′ｔ

Ｃ
　
ｎ。
　
く
一　
⇒

ｅ
　
　
　
　
　
　
　
　
　
ｒ
、

ｓｕｍ
Ｗｅ
＝
町

Ｓ

　

　

　

・

Ａ

　

２
　
　
ｋ

　

　

。
１

・
　

　

Ｘ

　

　

く
一

ａ

ｎｄｅ

２

い

２
，
　

．．

　

ｃｅ

　

＞

＜

　
　
ｆ
一　
　
ｎ
　
　
‐

吼

ｚ＞ 。

一

ぼ

♂
怖

Ｇ＜ｚ
ｓ。

＋
　

　

　

　

Ｃ

　

ｄ

Ｏ

　̈
´
上
　
　
　
　
　
　
ｎ

Ｄ

　
　
　
ｏ
　
　
　
一一　
　

．
ａ

一
●

(■ 0)



:巻‐き
'At'11～

11む「髯All三 懸Al総苺   ‐
 ■ |‐ |||:||||||■

|‐
|:|‐

|‐
|‐ ||■

|■|■ sA`虫 Y書翼じ
―
馨織 RttIV I     I _.:|11● 1111 1 :

|:,」 :L:::I√::Iヒ1111二::11‐

 ‐‐‐‐・ ■|■ ■|■ ■■
IAll γ干|{,111,、

た)|.I ・|||19 1
‐‐11(z,|,1まメ11三 IF(Y)||■ でよё)ィ|11+二 iと二t)/LIと l tiであl11こ :|||

|:Tttι rさ iole t:二 :ふ|七
X11:}‐

,こo tA,t icF`γ ):||。|■■,|■
On11,■ ‐

やN`(4'■ Pこそ21Ⅲ :,|・ ::■/N反 ∩
lβ l141‐ On五 |IZ:A■ ン |■ ITl■ |■ |‐ 11 1

1 ‐ヽet ol l♂ ■dt=FI)|△1:=9,Sこ △2■11'ni‐ 9ゃ|?'tず

'||■ζatiもへたn量 5亭 〒:◆ Then zこ NINε ―■|1ld SIイ と葺
:Nl lヽ lⅢ Ⅲ II‐ ,||ず |

lsincl lく る
G^9`≧

:‐ IヽI:二 2■o子 C'`… NI;it:■6■ 16wl fr9摯 lёⅢⅢ  219(lx)‐

lthit tzg)||=1 2 1。 二 きo轟と Aと こ: :‐ ■藁と gi c x aid.ら
gい

 〒 τ: TAもξ△1 1-ザ・

L9t  ,G△ 」 . Thl, ' C下
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 子(NJ)も, (b.7),nd ,ё 不ハ` す^′ Z2長るL:'| .

、ね ich i13■ ies l∫
CN,lZ))| 

二
 ,こ

1・ )′ 4。 IIe189 (1111 111今
all l= (∫
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1)(1 1 卜|す
 1'

'(q_■

)ノ4 ) oFI(1 = ■:(a.1,ノ 2 '。 IL811 P, bell sYも 119ド
p 91 9責び

‐
(2)?F 91,9・

|√.lh■ F(|)={吝 )ana P is s,mi=re31■ar,n♀ギT}‐ ●・llヽLi T`q11ソ1,|

|.thel A「
q~ |(a二

1)イ
ス
 |11 1 (q二

5)ィ
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‐k〒 0:I Δlll=10 1nd l△ 21T01 SilCe l
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ふ
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Ь
念■ 9‐ 今1=[■

`〕

:|■ 16鶴 o(2)li支?S秋
‐
T,'|''|

hand

and So

:(3。 10)Put・

q■ ε + 21K +

:PFOOfo Set

tion in lg o ve

(319)Sulpose lY I ≡ 3.

pr。。F. By l(3。 6), r + 1

c = l as

N∝ A食
' and r 

二 1,

-8)k ■ 1)(2k + 2

1こ ζ
'}●

Ⅲe■eζ

e■ement3 0f S in

:th愛

'C‐

L(2,3)～ 9Nび (Z)三 NI～
)ぢ

～

P8'la c?■ 11dキ|ヤト

)五Aと |て 五)16f(」。4'1責さnι 6 1f tt iC(塵 01?
3r + ■ =‐ 2b b予 |(3■ 8

r is oddo ThuS r = 1.

k=(← 0/1平ぎ|・ 工fドぎ|

||1表‐t21tllL)警 ■
S={(`,t)I FCF(|),

noltJ COunt the numb9r oF

Then r = 1.

= 2c for some integer c Z O. On the other

- 1)

then

二ε)(k+ ■ ■8).

is an invo■ u―

two w/ay s. Since

(■ 1)
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責咎■N°
l∩

‐by Lemma

l11■ |=1+

ti+i:

βヽ, F(2)= tY lizc N了 }よAI:Aen9e 98(′
)111‐ lranSIキ:YP ,A F`Z)

五。1。 lhと rさ fore l息 |= lrlllzGγ l二 |三911F(2)|:s三Ⅲ91=二 」

|ド
α:ヽ野|=ka(。キ8)/2+■ andも y二 6平早a2:念 ||,C´ )||■ lq―ジイー2

ξュAёё Gま 2:責
伏
, 2'∝ is contained in N,aldi S9‐ 1911 1'こま

= li.ld, corq(z) | = q( q+8) /2. Hence (q-t) /z + u + t 
I 

(t<q(q+s) /2 +

other hand lr(z)[z = lce(z)12 /lc*o<(illz3lG12 /lccn(")lz

(z)|・  | |

‐1)0(q+ε )/2,

' rn| - ,)l =o{o+F,)/Z= L(mod2).I{encet^ | lln I= f \, 12 / rLr'( 12 = lALl, because lc.( : C*o(z)l = q(q+t)/z

lq-S + 2k + rl, 9lr.q(q+t) + 
'1" 

since kq(q+e) + 2 =

(kq + z!:le- k - 1))(q-t+ 2k + 2) + 2((2k + 2 -t)(x + 1 -t)k + L) and

q(q+e) = (q+2g- 2k- 2)(q-e+ 2k+ 2) -F 2(2k+ 2-E)(k + 1-g)'

r...re have (g.rO).

on the

By (i) of (3.4) and Lemma 2.7, r're have cco(Y) = v<f1>

is a field automorphism of Nd. Let t be the order of f, '
vF(Y)二 乞

:(0.■
■)SuppOSe lY I ≧  3. Then19ne of the fol■ 6Wing holdS.           ||‐

●嗜轟 ザゞ屁‐
縄ん||二 1鳳1:|=|||‐

‐   |  (ii)Nぢ  = Nα r、 下F lμ Dqttε and

sub group`                         |                                   ‐

■二。6fi su`p6sё falこ-9:lieAi ty(3お ):10お )|ll lё mlょ ■:ドがγ)F甲 |

二 R(3)|:i ther: きxitt: よ 311轟 : `1‐ 11 5 st:l tiltl`ι
(')1lγ

'i≦

:「oLでち,Pl,|‐   |

:11till:11[lllilliili:;|「γ:|:[11:|;il.11:11:1::|:ll[;∫ |::‐ i:11111il111111i::

CG(γ )'(マ l与 P,二|,Pl)|    | ‐  ‐ ‐ |1111・‐ ‐  | ‐| ||‐
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' Wh9Fe ll
n = tm and

and
pl‐ ‐  |  .

,Then v ( c,oor(fr)

isaPrimerYis

-1,) / 2(p"'- tr) = p1

assume that t is even and set t = 2t''First vie I
,rz pGl(2,pm) by Lemma. 2;6(viii). As lv/Y I = p1 ttu o:

m . r--il
a cvclic subgroup of C,ra(fr) of order p"'- tt ano (p

(12)
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)S/?二 pi,so that w。 |'ve 91thOF I

I・l the ёaζ 9 (■ ); 2 手tpl― |)/2 = (pm+:il::,『|::i :12]i:i:: i::F,::  
‐‐| |

亀:(5,34)。 r (5,1■
2): Let z bと

 ,s in (3.7).:As hentioned in the pr00f of

(3.16), IF(z)| 二 (q二 ■)/2 二
「
卜 軍 ■, lrLI= k,(q+■ )/2 4 1 ald cι

`4)|も

      |

tranζitite on,(z)l ir q二 。1,then lFし )|二 な́aAd lメト|二
?‐■

2.´
|.‐

‐
|

ienC,ICG(Z)|=|,(z)|ICι
〆

Z)|=IF`子 )l lCι
メ 子

)N:/NII ICNメ (Z)|

= 46・ 2i。 86 = 五5+i。 5・ 23 書ith O ≦ i ≦ o. Let P beta syloW 2o― subgroup of

CG(Z)and 9 a sy■ °l・7 5-subgroup 9f CG(Z)・  
・

t fO■■OWS from a Sylow'S theoreFn

that P iS‐ a norma. subttroup of cG(Z)and SO EP, Q]= ■. iherefOro lF(Q)|

1 21 23, clll‐
ral, t0 511長さ| | 1l q = i:「

::::[l,lil::ic[ ::|]:llllif:l:[:| |
2・ 3・ 6■ 51. Let P bё a Sy■ow ■■―Subgrol

・
‐
ζub」roup 16f Ntt FOr some v(3/L and F(P)=〔 υ} .「 enCё  Vこ F(z), so that

ェh the ёase(ii), l・le nave

Fr9m l去 is, 911-■ 1≦ 4t. , lenCe t. = 1,

a contradiction.

Assune t ls odd. Then Y 3 C*or(fr) = PSL( 2,Pm) ny Lenrma 2.6(viii) '

= `pm-1)(pm)t~2 ≧12(pm)t~2. Froi thi:こ

t ■ 3, m F ■, p1   7 and q  ‐ |。
, SO thet iI″ 塗=Z2XZ2 ' a contradicl19五

.

(3.12) (■ )of (3.■ 1)do9S nOt OCCur。

Pi00Fi Let Gn te a minima■ C9unterexamp■ et。 (3.12)額 d H a minima■

nOrma■  こubgroup of G。  3y thё hypothe,lS, G has no regu■ ar nOr,a■  subgrOup

and henle ll∝  ≠ ■0 ネも HⅨ iS a nOrma■ Subgr6up of G∝  , by (1)OF (304),

1lα 86ntains iγ : By (o:9), r = ■, hen9e l1l iS agし biシ
ー
traAsi・tive OA rl. .

Therefore G = H and G iS a nonabe■ ian simple grOup.

(13)
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l  i Since :`^′
Dq=8 ' klT l and S?lq~ε l′ 12(141ε

)'2■ ,キ
キ■)(411,12「 こ)

by (3。 10). Hence We ,ave q = 17, 9, 11, 19, 27 br 43.

Let X be an e■ ement ofド ざ . If lXI > 2: by =ettma 2.o, l=(x)|  〒 ■  +
●

|｀ビ IX■ /IN秒 |=2 an,if lXI=2'Simi■ r■

'we have lF(X)|=(q‐

ε)/2+2.

Attsume q ≠ 91 and ■et d be‐ an inv。■utiOn iA しま二 Nγ  such thatl lふ  ́責γ is

isOmOrphiC to PGL(2,q)。  We may aSSume d C G“ 0 . SinCI くd>Nぼ キ
も 、

ransitiV6

。n rゝ_1詠 }, ‐by Lemmas 2.3 1nd 2.9(vii),(iX)|IF(d)|= 2(q―
■)(q+■ /2)/2(q+■ )

キ 1 = (q+■ )/2, ■ねi■ё lF(x)| = (q+1)/2 +′ 2 for xこ  I(Nα )。 耳enCe d iS an

Odd permutation, contrary to the simp■ icity gf Go Thus Goc=N∝  iF q ≠ 9,27

.and lga/rridl= L,3 if q = 27.

Nぢ |二 1■ 9'10/2ニー2・ 23 and lG∝ IF 2・

i ≦ 2。  Lё t P be a Sy■ oW 23-Subgroup of 9,

NG(P)|' lor Olher、「isё  P ёentF,・ iZes

F(P)⊇ を F(X)b6cause lF(X)| = ■ , COntrary

G(P)| ・ Hende l, : NG(P)| = 27・
31・ 5 f11

ow's theorem, 2'・ 32.5 = -2a 三 1 (平。。 23),

・  ェft=27,lhl=・ +27:16/2=15。 .ia五五IG農 |三 22:33+i.ゥ 113 with

O≦ i≦ ■。 Let P be a Sy■ ow■ 1二 Subgrbup Of G.Since Pた 二 Zll and Aut(Zll)

～ Z21Z: ' 0・‐i , 7: lb llド G(P'| 
もγ the もimilar argumelt aS a,Ove。   |

Hence ld iヽ (P'|〒 2a。 3b・ウ■,Vith°
≦a≦ 7 and 3≦ b≦ 3+i。 13y a

W10W'S theofen,2a13b。 7113〒 2a。 3b~3.33,7'13■ 2a.3b‐
3.4奎 ■(mOd■ ■).

Hence a = 0, b = 4.  TherefOre NG(P)° °ntainS a Sy10青  2_subgrOup S of G.

Let T be a Sy■ oW 2-subgroup of Ntt and g an e■ ement Such that Tg:i S. Then

Tg∩ Cd(P)≠
・ ,S Ns(P)/Cs(P)≦ 子2・

Lё t u bё an invOlutiOn in Tg∩ CG(P)°
l

Then lr(u)l = (21+L)/2 + I = 16, rvhile 11- lF(u)l because [P, u] = I

and lF(P)| = 0, a cOntradictiOn.

ェf q = 7, 11, 19 0r 43, then Gば = Ntt and e= …■。 S6t「 '二
{{Y′ 5〕  |
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( t ,tut(T)) is a 2-group, so that c*(x) - T' a contradic-

(3.L1) does not occur.

be a doubly transitive permutatlon group satisfying

:li, 。f (::li)。  Lと t x bι an i,iv61iti8n iA N` With 文 準IY. Thと, F(xF(γ ))

二 F(く XンY)= F(、 お)=[涙 ,61 by (■ )of (3:1)and (3.9)。  Since lF(Y)| 二 ■

(q― ε)/IN%|二 1+124,xF(Y)is m involり tio1lI By・ Lemma 2.5, ■ + ト

and so k = 3. By (s.tt), Q-t+B I zf tg-t)(4-t)x3 + 1)(s-t) (4-E) ' Hence

|1lil'llil‐if:〔iF:lilil:li: :f〒 〔i」 :::

-Therefore q = 52, 72, !!2, 59 or 7L' 
I I

,,llnlo.*i p, t l"nl ancl let P beLet n, be an odd Prime such that Pr, , 
I

a Sylol・r pl‐ Subgroup of Ge C■ early P iS Sと ni… legu■ar ふn【L and sO any e■ ement

in Cき
く
(P)haS ,t ■

,'S' p. fiXed poiltSi ・

f X is an e■ 6ment 6i N呂 l and itS

もrdgr is at ieast thiee, IF(支 )l = IF(ヤ )| = 4 by t6mma l。 8i Sl車 C9‐ IN笞 |

●F(q― C)/3,We havё lム |=1+IN∝ :N腎 |=・ +3q(q+8)/2。

rf q = 52, then lJIl= z4'o1 and lcorl= '4+i'3'52'13 
(o ≦ ■‐≦ 2),Let

above,

= 2a.3b・ 5'+・・13,

l' : NG(P)|  .:

a contradiction.
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.If q=■
12,

Let P be a Sylow

and so lG : 1単 G(P)

contradiction。

we now ConSider

N腎 生 D81n,N∝ ∩ Nβ ≦

(3.14)The caSe

PrOOFi set△ =

then lご |ゝ= 27..73 and lG&| ■ 23十
二

.

173-Subgroup Of G. Simi■ ar■y w9 いa

l = 2a。 3・ 5。 112.61 ニ ー5。 2a (m6d lウ 3

ｏ
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≦ i二 2).

|ヽ び
P)|

く  ■2.

`i≦
■)。

INさ (1)|

where

IPence l G I単 こ(P)|千 1,,90'tradicti6n:   |     ■

: If q=59,theA I A I=2・ 17・ ■51ふAd lG∝ |二 22+i。 3。 5。 2915

Let P bё a Sy■ ow 17-Subgroup of G. Sirni■ ar■y we Aave 3,5,29,

ana so lG:下 G(P)|二
2a。 3・ 5・ 五9,59・ 151'二 10.五

a or 12・ 2a(m6d

o≦ a ≦ 4 and O ≦ b≦ 1: FrOnl thiS, We have a C01tradictiOn.

If q=71,tAen lΩ I=25:23bふ Ad‐ lG∝ |=23+:.32.5。 7・ 7■

iet P bё a syiOvI 基38二 Sもしgiov3 。l G: :il:e 3,:17,7■
 | IN:tl)|

12a,32.5。 7・ 71=‐ 3■2'(mod 233),紘 ele 6≦ a≦ 9i slmi■ ar■y

“
―
才
―
”

９

　

■

９

　

　

５

(o<-isl-)"
, lc: w*(P)l

vre get a

the caSe lYI< 3。  By (■ 1)。f (3。 5), Nぢ ^′
Z2XZ2 Qr

Z2XZ2 ・

that ド警 全̀Z2XZ2 d°
es not oCCur.

'(Nさ
)O Th9■ |△ l〒 3r+ ■ and △= F(Nご Nξ )by (ili)ol

131■ )and cor6■ ■ary B■ 6f [7]。  Since lN∝ 12 = 4, we have q = pn 三 3, 7  .

(mod 8)|ムnd so A is 。。di Henこと IGよ /Nギ 12 ≦: 2 and)カ
イド

α
llN「 f≠

N簿
Tβ

′
り11,,1

01 Zi by (312)i SulP9Se Nγ /NOl r｀ N3粂
`Z2.: IAen NINaiS a sy・

Ow 2-slogrOup

1111:1」
.:lelli l:lllI:ltielil.::Ii:Iょ

::[l::ili::i10il・
j:[ilA[itil:I:i::::「

be an elehent 6f cG(1'Na)Such that &1     ´

= Nξ  and he,ce Nぶ  〒 ド
∝

∩ ]Iβ , o ContraolctiOni T,vs N警 |二 ヽ
α

9下1牟`Z2XZり  '

Let Z be an inv6■ution ih Ntt and t∈  z  ttn involitiOA suCh tA,t ttt

二 β i Set F= ({し ,S}I Y,5 C FL, τ≠ S I. Ve c。.'ider thё action or thё

eiement z On「 . By the Litti■ aF argumさ nt aS ii the prOOf Of (3.12),

IF(2)1(IF(4)卜 1)/2年 (IΩ に |,(z)|)/2=IF(zr)|=icG(2)‖ 2GAtttン Gα31/1く t〉 G∝ 31

1tt )
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T三  ` こ 二S｀ くA′ 7513 ■P｀ ｀

(3,15)The cOse tlat :ヽ`望 Dё  and 
∝ヽ∩ヽ β

 l Z2・
Z2

Pr。81: let△ , L an, 卜le ,S defined in (3。 6). B' (3:6), there exiStS

an e■ e轟ёnt x in L∝  Stch that its order iS odd and くxハ 〉is regu■ OF On

△― tよ 〕 : もince (Lば )′  ≦  長,‐ by:(3:6)and N'― D8 ' X Stabi■ ittes ,A° r撃,1

seri6s II晨〕I冒 陸:N咎 ≧1■ 。 H9Ace x centrali'6s Nよ N' by Th90rem 5。 ,。
2 of 12コ

and so 支lNaX . N食 : Put と , 3X : if r ≠ 1, then β ≠ F , So that NI = 単ξ l

From thi,, N普  = N'3 'y the d?ub■
y transitiVity of G, Nγ  l ●:), hence    l

]丁 咎 = N∝ハ Ie, a contradictiOne Thereforё  r = ■ and 詮ゝ 二
 l∝ ,3}.          :

s:t くz〉 = z(Nγ ), △生 = ふP91Z)and let {△ . , △2 
°°°

 ハk)b9 the もさt

o of cG(z)-orbits on F(z)' Since L Et'Idni"I6 and by(3:2),N,A Nβ ≠1,Z iS

c6Ataiheallin NdANr.軍 eAc9,b,Lemふ a2。 ■, β(△.and k is at. east,wol

By Lemtta `:s, IFて z)| = 1 1 (4-L)5/INgl= 1 + 5(q-8)/81 61ё ariァ  10N“ (2) 3 NEI

二 (q_ε )/8 a,d SO Iム ■
1 2 1 + (q― ε)/8。  工f と ,F(z)― △. , thё

n cN讐 (Z)γ  Z2X子 2

, for otie3ハ「.se くz> = Z(N7)≦  NCX r、 Nr and by Lemma ?01  1C」 ゝ1 , a c°n1la_

diction. HeiCelone of the fo■ ■oWing ho■ ds.

|`i)X=色 ?nd l△■|=1+(qtt ε)/8,|ム 21=|ム 31 =(q-1)/4。

(ii)k〒 2 andlム 11〒 ■1(q-8)/8,|ム 21 =(q「 ご)/2。

does nOt OCCur.
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4。 ‐CaSe (II)                                                     |

In thiS もection we asSume tha, Nb 全
`PCi(|,pm): Whё

re A I= 2轟k and  l  l

`k is 6dd. SiAce n iこ

 ёven, q 〒 pn 〒 1 (轟°d.4). llre Set om = εC(・ 1}(mod 4).

In section 7 We sha■ ■ COnsider the CaSe that Nざ 全
`S4 

° Therefore we

assume (p,m)≠  (3,1)in thiS SeCtiOn.                                    :

(4。 1)The fO■ loWing ho■ d.

|(■ )Nな /〕Iメ A N8～ 1。r Z2 and Nα ∩ Nβ ≧ (Nが α  PSL(2,pm)。

,(主主)■ f (p,m)≠  (5,■ ), there exiStS a :yc.lc とubgi6up.Y of でN警 )′

such tiat 
1ヽ‐

(Y)_― Ьq_ε 
よ
rd Netγ

)F(Y)is doubly trangitive,  I

PrOofe As N咎 !≧ 責∝∩Nβ , either NJ/Nメ ハ責, I Z2 °r N∝ Aヽ F= 10

lI Nよ ∩ 18 二 1, by Lettm桑  2。 ‐2 aAd 2.6(vi), 、γ 今`NF/N・
CA Nβ

_― NぶNβ /Nβ

～  421Zn i a C° ntradlctiOn. Therefore N8/N∝ rヽ ヽ
β 2y1 0r z2  ana N∝ ∩ Nβ

≧(N咎 )`二 PSL(2:pm)。

Now we assume that (p,m)≠  (o,■ )attd ■et z be an invo■ution in (Nぢ /.

Th91 9鳥
毯
(2)企

`P2(p■―ε)bγ l?mma 2。
6(vii). Stp16号 9 CNは (Z)I]not a     

‐

2-subgroup and put Y = 0(ON笞 (子 ))° TheA,|三 i Yg‐ ≦  G“3 fOr S9me  gCG: we

have Yg≦  Ntt and Yg≦  N: , Wh6re Y= 。tg and あ= Bg o By (■ ) Yg ≦ N°
CANl

and s6 Y阜  = Yh fbr sOme h c Nd′ Nヽβ . ThuS N:(Y)F(Y)is dふ ubiy tr,.sitiVei

l:Sili.:::il:)ilil viこ ]ド ::「

uliliII「

]「::「][ :N:l[:iF:::iI』 :it` gF'(1::|:l:

since p  ≠ L,5 , thё  order of u2 is at ■east fOur. On th9 1ther hand

there iS A6 e■ ement Of Order lu21 in くu iV>二  くu2, v〉 . He,さ0 ムny e■ ement

Of order lu2 1 which iS COntained in Ng is necessarily an‐ e■emert °f

Ntt n tl 
β : By the similar arLument as abOVe, NG(マ 1)F(Y)ls a9tl.チ  transitivel

l(412)Let notatiOns be as in (4.■ )。  SuppoSe (p:m)≠  (3,■ ),(5,1)

and get ふ= す(Y)ana X 二 責ι(Y)。  Then ia、 l= rζ (pml ε)/2 + 1, lVhere

s 二 = p2ml , cG(N‐ )=・ 11and 6,o of~the 101・ 9Wing hO・
,Si     ‐

(20)
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:       | (■
)X'≦ AFL(1,2C)f6r some integё r Ce               i

.   (11)支Δ
′
ギPsL(3:pl)6r PGL(2,31),|11,|〒 1■11211 1 pT=,1

Proё f.By Lemma 2。 8(■■),|△ |=1キ IN∝AXi r/1N8AXl三 ニ キ

,(p2mk_1,r'2(pm_ε)= iS(pm+ε ,/2 + it By (4。 1)and:Lemma 2:9, l・ Fe haVe (1),

(li)o「 X今 =R(3):    
・

IAsstme that xΔ tt R(3)◆  Thenl rs(p ttε)/2 ■ 1 = 28, h9nce ト ニ i and

r(pmキ ε)/2 二 27:・ Since r is odd and ユ 12m ■ n,‐ Wl have r = m 〒 ■ and

q = 532. But a Sy■ ow 3-Subgroup of X∝ ■S Cyc■ i9‐ because N∝ ′ヽ X― Dq-8

and Xα/X∩ ]I`塗
`X`Nα

/N∝ ≦ Z2XZ2 ' a CoAtradict=one Thus (i)Or (i■ )ho■ dS.

I r a\ (i) of (4,2) does not occur.
O \-'ul

A

in (4.2)..suppose xa SAfL(!r2c) and put

Since Cnroa(Y) is cyclic, tr'I is a character-

is a normal subgrouP of X4. llence

V` X△ and (X∩ N誉 )△ 企4■ Or z2 : By lemmas 214 and 2:6,  F(Xrヽ 責お)

= 1 キ IXr、 Ngl lN咎  : Xrヽ N81メ r/IN麟 | = ■ 十 ri ζince l + rく |IAl : ,xr、 N:)今

r二」「::il::);:|: 1llili:]11::plifllll: :IIIを
「

:I]::i:: il[l::[1‐
i l ・

and q = 7':

Let R be a Sy■ ow 3-Subgroup of Nざ 。 SiAce ヽさ
'全

′PGL(?,7), We haVe

Rを二Z3:I By Lemmag 2。 4 and 2。 6,IF(R)|二 ■ +(ラ 21.)IN':N長
:`R)1/1ザ

|

= 4. Hence IIG(R)F(R) - OO o" S+ . But R is a Sylow 3-subgroup of t't*',(R)

because r'td ^ PSL( 2,72), contrary to N*o(R)F(R) o,As or sa

prOOfo Let notatiOns be as

W=CN色 (γ ).Then Y≦ W～ Zlm―
ε

・

istiё  subgrOup Of CN惧 (γ )'hd S° Ｗ

　

Ｂ

3

●

(zt)
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(

(4.4) (ii) of (4:2) does not occur.

●

proof . Let notations be as in (4,2). Suppose XA >'pSi-(2,pr). By the

. As l = ■ an1 2Pll= PT +1' Wei lav,

(■ ■,1,5):(3,2,5)or (3,3,■ 3).   |

Lと t i bё a cyC■ ic Subgr63p of Ytt such that i 企̀z(pmttL)/2  ・

Bチ  Lemma 基.6, NG(R)F(1)iS 10up■ y trangitive and by Lemma 2.8(ii) ,

l ltl)i = 1 キ |,i}Jょ(11)1/11N:`R)| = i + (p2m_1)/2(pm+8)= (pmtt ε)/2 + ■●

If(p,日 ,pl)=(11,1,5),IF(1)l=7額 d,O by:11い
G(R)「

(R)|=142

'■
Gメ→守

)γ
宅・ 鑓

…
いぜ鰊):｀鍵■ |=6:ド :ば,fT I‐

二 士GilR)F(1). H9ncき
 NNよ (五 )/K⌒′Z6.: Where K = (NNd`・ R))F(R) ぎ  But   i

:III∝
(R)/(v11・

`R))′

`営

Z2142 1 a 6ontr,,iC:工

:l::: :|‐ [9] ? IN:(R)Fllll J:1。If(p,■ ,pl)=(3,2:5):|'(R)|=

''d NG∝

(R)F(1)～  子五 〇 SinCё  l卜 N°l(n): iTNF(1)| = 4: NN,(R)△ 全
千子4 ' C?11']ry

t? ‐NN∝ (負 )イ (ヽ
N∝

(1))′  
～
 22X22 ° . 1     1:. :| [91, 1:ま

(RIFll' is nOt‐

‐ 
‐

 |

工f (p,m,pl)〒  `,,3,■ 3), IF(1)| 〒

solvab■ e, a COntradiction・                 |

:    (4◆ 5)pm ≠ 5.

Proof: Assume that pm = 5。  Then n = 2k with k 6da and N腎  公ι PGL(2,5)

～ S5 : rirLt l.79 ,rgue 
ヤ
hit T暦 = Hrr)Nβ o stlpOSe fl■ SO, Th9i Cι (N∝ )二  

・

by Lemma 2.2, and N警 /Ntt rヽ 「` ィ=z2 by (4。 1)。  Since Nよ N1/N,基
`ヽξ/N∝n iβ

`ヱ
 z2

and the outer autOmorphisn group of S5 iさ
lt「 IYia■ , l・76:have z(γ ttllf)F半 12 1

L?t Wl bι  th9 inV011ti° n ?f Z(NINよ )and iet w c I(Na)~I(Nよ )i since

CNは (Wi)≧ iJ咎 ' ly Lemma 2.6(viii)and (ix), W aCtS On N∝ as a fiё ■d

1,

automorphism of order 2 and C*u(lr) - PGL(2r5*).

(22)
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By Lem,a 2。 8 1F(w)| = ■ + r(q-3)1工 (Nぢ )l

be a Sylow 5-subttroup °F C、∝(W)・  Then l

f6r τCIL二 ld〕 。 SinCe p acts on F(w)― {伏〕:

1 + sr(s2k-t)/zq. Let

and I trP I = bk-1 o" 5k

uk-1- ls"(s2k-r)/24,

/IN野 |=

Pl = 5k

we have

〆
３
一　
　
〓

Ｎ

Or

■

　

■

キ I NT.I〆 (P)|

and r = 9,

k. Hence

F(z)| =

k=r=■

■  +

■。 By the

十

invo■ ution

= くt>G“β

.tto that k.= 1 and lr(w)l = 6 ." " lr.. Hence C*ot(wrr(w)

CG(W)F(w)′ ν も6 : :ut c・ ear.yweN∝ A Nβ by LOmtta 21■ ,

Thus Ng=Nヽ ∩、8:

”一　
　
ａ

Let V be a Cyc■ ic Subgroup Of Ntt of order 4。  Since

lIG(V)F(Il is 。6uP‐y trans■ t:ve and by Lemma 2.8 , IF(V)

|・
::γ

(ly)lr/IVi腎 (V)| = 
・

 + (5'1'二 1)「 /ё  二 3rs + 1, 卜Jhere s

B' Lemma 
ぞ
。9i Cc(]I∝ )= l and (1)H:(↓ )F(V)手  Arl(■ 12C)

=R(3).

Put , = N18(V)・  Then P～ P8 ' lF(P)| =

r 1 1 lnd FF(v).二 Z2 ・ 工fl(も )oCと,ls, 1 =

■o, a c6ntradiё tion. There fore (a)ho■ dS.

By Lさmm1 215,(rキ■)2 二 3rs 十 ■ and So r = 3S - 2

and G∝ /1∝ 」≦ Z2XZ 2・  tet z Pe an inV°
・

utlon in N咎 . Theh

24:25/120 = 6 by Lenlma 2.8 0nd l」 QI= 1 キ INγ : Nさ | 二 66 as r 〒

Sinilar argument ag in th9 proOf Of (3e■ 2)', IF(z)|(IF(z)l― ■)/2

(口触卜 IFで 1)|)/2=ICG(Z)HZ:∩ くt'G反 81/1く t〉 G〆81,Whёre t iS an

suιh tiat ttt = β. Hence 12G nく t>G∝ 81= ■51こ
警
61/lcG∝ (Z)|: S,t H

and ■et R be a Sy■ ow 3-subgroup of N督 . By Lemma 2.8, IF(R)l i

二 ■ + 24・ ■10/120 = 3i Set l(R)=〔 〆:13,Y)・  On the otい さr hand, as 卜I毯  ^′ iSと

and Out(S5)= 
・ ' Vc have H‐ I Z(H)XH'and lz(11)| = 2, 4 6r H = CH(llγ

)xNだ

and Cll(I13)`望 D8 ・  
・

n the ■attlr ?a,C Gよ 3 = Z(G〆 8)X下 す a,d ζ〈C〆 3)全」Z2XZ2 7

contrary to Lemma 2.6(ix), In the fo`mer casё , we have lZ(H)| = 2. For

Otherwise Z(H)≦  Gi ind Z(H)A zG ≠ φ  and こ6 ■etti五二 uc z(H)A zG ,

.J,iave ll〒 3卜「 tu'|二 1‐ 5'ac?ntradictェ 。n,Therefore Z(∵ )α  Zl 'nd

so lzGハ HI≦ 25+25=50,whi■ e lzGoHI=151G∝
,1/CG∝

(Z) =■ 5・ 119/24

= 75, a contradiction.

S5 and so

contradiction

:_ N∝
ハlF g～ s5 '

■ +

讐 25i.

l[' IIG(V'1lVl

IN咎 :HHざ (P)lr/1N医 |

hence lF(P)l

(zs)
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‐      5。  CaSe (III)                                                      ,

In this Section we aSSume that N腎 奮ムPSL(2,pm), Where n tt mk an,

●
k iS °ddi Set im 〒 ,C{去

■l i(mod 4). Then O = ε (mod 4)aS k iS OdO・  In

section 6 We sha■ l consider the caSe thot N督 ― A4 ' S°  We aSSume (P,碑 )

≠ (3,■ )in thiS ,eCtiOno FFom thiS Na iS a nOAabe■ ian simp■ e lgrOup and

S6 N: 千 ,Nα ′` Nら Or N∝ ∩ Nβ = 1・  if Nぼ n Nβ 〒 1, th?, cG`N∝ )| = by Lemma 2.2

and Nぢ  
～・

γ/Ntt rヽ Nβ 全lN:N a1/、 β ら
`Z2XZn ' a contradiCtioA: Hence N咎

 = N°
Crヽ

ギ

β
・

Let z De an ■nvo■utiOn of Nぢ . SupJOSe zg G:G∝ β fOr some g c G and

set Y= 供
g , ,= 

♂  . Thei zg c NIrヽ G∝ 3≦ ｀ま r、 N: ≦ Nγ ′、Na a,d So zg(lz 
な

.

● Hence 6c,で子)F(´ )iS dOup■ y tr,ngitiVe attd by Lemma 2。 8(■ ),「
=(2)|

(q_し )r′ (bl‐ 8)+ ■. In particu■ ar lF(z)l 夕 b` + i as (pn_ε)/(3m-8)

p m+とp +1 ン3。

Bγ temma 219, Cこ (N∝ )= l anl °ne Of thё  f6■■6wing ho■ dS.

ta) 9ι(Z)F(z):≦  AFL(1,2:):

(b) Cι (Z)F(iz).= PsL(2,pl) (pl l三  5), 1 = ■ and lc}I〆 (z) : CNさ (Z)l

F町

°
高cρЦガ:象あ:

Let Y Pe a cyC■ iC Subgroド p of 9N懸 (Z)全
`Dp■ ―ε

2 C Y and Cι (2)F(z)is doubiy tralstttiVё , Ve

一一　
　
ン
一

i=0

。f index 2e Sin9ё CG∝(Z).=Y,

have F(Y)= F(z).  By the

rok: since (pt-e)/(pt-e) z ((p*)k * t)/(p**t)

hre have om(1u-') (o'*-om+1) 4 mk, hence (p*)k-3/i.

simi■ ar argument aS in (31■ ), Nα r｀ N(CN野

`Z))T CN曽
`子

)° r ｀
11)N`CNさ (´ ))

全二 Att l iき ,Cと 。y LemPas':'an9 2.41F(CN:`Z))|‐ 〒 1す   | |

ICNざ (2)|IH::Cig(Z)lr/1ド ど|161 1キ I A411N,3‐ CN督 (Z)IF/IN鷲 |.Ther9f?re

lF(C】Tぢ
(Z))| 〒 r 十 ■ Or 3r キ ■. Fr° m thiS CNぎ (Z)Flz)基 を

五.:

In the Case (a), (r年 ■)2 = 1 + (pn_ε )r/(pm― ε)by Lemma 2.5 and henCe

r = (01-こ)/(pm=ε )- 2

= ち量littpp)二  and k ≧ё

(24)
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m/(pem_pl+1)<‐ 1. Ⅲhvs

(3,1).

In the case (b),

k=3rm=1and p - 3, cotrarY to (p,m)≠

S

p.

VFe

mp

4mkprrwheresis
-1 ■ (pn_ε )/(pm_ε )―

have pm`k-2)/2k `

= 5, SO t,at Pi-1 =

In thさ c ase (c),

and (pt-e)/(pm-e) = 9.

r =

the

1

4m/

30

r +

He

=(|

Of

l)/(

イ( 1

= 2

and

≧ (p

ε)/

(z)

1)

cau

a c

キ (

1)/

.(p

Ce

)/2

1 1

s and
■
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8mko Since

≧。
m(k-2)(pl-1),

e k = 3 and

2Aandsor=3

*1, so that

燎
ｍけ
ｂｅ
４，
．
ｍｋ

微

ｍ
＋
　
ｂｅ
　
　

，
　
１
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キ

(―p

:H

ion

m_ε

2mp

●

pffi = 3, a contradi-ction.

6。 CaSe (IV)                 |                                 ‐

In this SeCtion we asstme that N警 全
`A4 and q = 3,5 (16d 8).

If NⅨ rヽ ｀今 = 1, by Lemma ::2, CG(N∝ )= l ana sざ  NF/N∝ rヽ N3-下 ざNβ /Y3 手

Z`XZn ・ Hen8e N8/N∝ ∩Nβ
`y■

 6r z3 ' S°  that Z9AG茨 : = ZGA N曽  = zN曽 」。r

an inVO■ ution z C下 な。 Therefore iCG(Z)F`z)is doib・ y transitiVet      l

ty iemma 2.9, CG(N°l)‐ l and one of the Fo■ ■owinlg hO■ dS。            |

(a)c cI(z)F(z)≦  A「 L(1,2C)fgr some intege, c12≧ |・

(:) ёι(1)F(子
)."P,L(2,pl) (bi≧ 5), r 1 l and 191.J∝ (z)1 9ゝT,(そ )||l pl

'C' CG(Z)F(z)= R(b):                             |Let T be a Sy■ oW 2-subgroup Of N」 . Then Z(lT and by temmaS 2.3 and 2.4,

li(T)|=■ +INN∝ (‐ )lr/INFI=F+1.By Lema 2.8(‐ I),IF(z)l=

(q―ε)r/4 + il Hence TF(z)F二 z2 if q ≠ 5. 工f q = 5, as PSL(2,5)^∠   :

PSL(2,4), (■ i)Of Our thё Orem ho■ ds by [41‐. Therefore we may assume

q≠ 5.

in the case (a),(r+1)2 = 1 + (q― ε)r/4 by L9mma 2。 5。  革ence r 〒

.(q…
8F患 )':4 and rlA,‐  SO tiat q = .1 6r 13 and r = 1. Let R be a Sy■ ow

(25)
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年 ・ 9r Z2 and Nが 全́A

'G(R)F(R)iS d8tbiy t
We laVe lwG(R)15,〒  5。

〒l aS Iこ (.3)/CG(3)手

F(S)⊆ F(1)and S0 5

semi― regu■ ar On f】 :I Bu

diction.

う

，
　

ヽ
１

ヽ
一
ツ

ハ

．，

　

　

一
一

，
　
　
　
　
　
　
　
　
　
■
ュ

５

　

　

　

　

　

　

　

　

　

　

　

　

，

　

一

ｌ
Ｊ
　
　
一一　
　
　
　
　
　
ａ

一一　
　
Ｒ

　

　

　

　

　

　

　

ｒ

ｉ
ｌ
　
　
　
　
　
　
・τ

“

ｎｄ

メ

』

鋤

ｓ

ｏｎ

『
５ａ
申

ｎＥ
口
ｓｉ
ａｃ

ｅ
　
　
ｌ
・
　
　
　
１
一
　

ｏ
＾
　

―
卜

　
　
・■

　

　

０

１

　

４

２
　
　
ｍ
　
　
つ
彙
　
　
Ｈ

　

・■

　

う
″　
　
一

C

鳴
．
レ

腱

ソ

ｓｉｒ

Ｆ＜‐

卜‐‐

．

＜ｚ
‐
・５

」

‐ｅｎ‐

句

ａ

ｍｍ

⇒

ｓ

ｌＦ

キ

９

‐
＜

は

，
２
．ｉ

ｎ。

随

一‐
　

α
　
　
一　
　
ｅ
　
　
　
　
■
　

１
　

‐℃
　
２
　
　
・０

″

　

一一
　

ｂｙ
　
Ｃ

　

ｙ

ε
　
　
ｌ

　

，
　

α

一　

　

　

一ｐ

　

　

７

・
　

　

ｎ

　

　

　

・
　

　

・■

　

　

（じ

　

　

．
　

　

　

ｚ

　

　

　

　

　

　

ｒ

　

　

４

２
　
　
ｅｉ
　
　
３

・
ｔ

　

Ｈ

　

５

　

く́

　
　
一一　
　
二ｔ
　
　

，
ノ
‘

Ｈ

　

　

●

　

・■

』

Ｉ

劇

，
２
．

ＩＦ

２
ふ

抽

‥
―

　

　

，
一
　

　

０

　

　

，ヽ
‥ノ

ｎ

　

　

８^

　

　

　

ｏ
　
　

　

　
　

　

ｏ

　

　

■̈

　

　

１
１

ａ‐

―
ト
１
　
７
　
ゝ
′
　

　

ｒ

　

ｂ
　
　
　
　
　
一一
　

て
ド
　
‐７

　

１

　

■

３

　

Ｚ
　

　

一
ｇ

Ｓ

　

　

，■

ｆ

〓

ソ

ｓｕ

ｄ

ｍ

げ

１

２６

卜

ａｎ

く

わ

ｂ

鍾

ル

ｌｃ

針
，

二

（２
　
　
　
一ｐ
　
　
　
　
　
　
Ｚ
　
　
　
一　
　
　
Ｓ
　
　
　
　
　
　
２
　
　
　
ｎ
　
　
　
　
　
　
、
ノ

０２

　
　
　
ｎ

ん

‐

７

↑

３

ｉ

ｒ

・

ｅ

＋

ｚ

４
．

●

9n R ～ Z3

4 : ly Le

ransitive

Let Sibe

ii:iR:i::

ａｎｄ

ｍａ

Ｓｉ

ａ Ｓ

５

ｍ

　

　

　

ｅ
　

　

　

　

　

　

ｅ

= 4

t lfLI=1+

=n the Cas9 (b), 0.(。
1-1)

the ord?二  6f 6Gl(Z)F(z): H:Ac6

and so ■Je have q = ■1,13,19,2

,IDq―と r゙ D2(q―ε)a'd S°  ,G∝ :

thiS q = ■9. Let R bё a Sy■ 6w

]iヶ inH:l[::]‐
:「

|:]|::IG:i:F‐ :ilё

= (■ + ■8,16。 20/金 ,■ 2)・ 2・・18。 ■9

a contradiction。  工f q = 27, th

whi■さ |′nュ |='1 キ IH∝ : Hぢ |= 1

1,ち =41,γ 12・ There f?r91Cぎ

In tlle casさ  (c), r + ■ =

q - 37, contrary to r l n.

7. Case (v)

d s

n.

工f

Z

12

Sin

q

2 ・

Of

ran

=|

(q

L

e tp.

Bv th

ve and

∝ |=(

1■・ 13・

)12XIC

n

C

≠

■ 820 =

, ■・rhere s iS

, pnT,~二 13ち,

2,9, C Goc(Z)

= 2。 From

i■ ar argument

)l = ■ ■ ■8/3

∝:Nな |)IC―・cl

th O≦ i≦ ■ ,

IL=8メ l,及 12'

4■ and so

‐

ｑ
′
ヽ

　

　

ｅ

年  ZL

bgroup

oubly t

nd lGI

2 = 23+

9G(Z)12
・27・ 28/

才IGI:

キ (

■ 。3

2‐

a

q_

C adicti

ε = 28. er=3and
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ａ
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ー
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ｄ

assume that 全ピS4 and q =

コ曽 = N∝ ∩Nβ o Suppose N腎  ≠

H警/N∝ rヽ NBイ～
Iぶ wβ /Hf ≦:Z2XZA

ζ6 that Nf〕 iな /}Iな Λ́iP/Nメ∩113

7,9 (mod ■6)。 V9 ■Ote

リメ∩N'. Thei Cと (Hス )

, ve have N°
CAげ r～

2Z2・ 1len,e as

∝
β

that

=lb

人
∠ an

(26)
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6ut (sl)i二  1, Z(責び持1)′～ Zl : Sel くti〉  = Z(NttN長 )and ■さt t cI(Nl)― I(N'):

linCe CN∝ (tl)≧  N警 ― S4 and くt>Nγ  =‐ Nよ ``, by Lemma 2:6, we lave   
‐

C計メ(t)～ PGL(21 JT)land lF(t)| = 1 + 3(q-3)r/8 by Lemma 2.8.        :

Let P be a sy■ ow p_subgroup Of CN∝ (t): Then lPI = J可 0 工f p ≠ 3 ,

P acts seml-regularly on F(t)-{"t} and. so 
^[A I 

e(o-t)r/8. Therefore

清 l r aムo S6 51 ≦
in 2 

ょs 。≧ 5 ano r l ni BIモ  。bviouζ■y 5n> 五2 f:メ

●  0,y pOSitive integer n. This is a contradiction。  工f p = 3 , IP : Pbl

ii l「

::メ :l‐ 1[::it:[:::il「 ::・」i〕lilienCe 

〈軍/, 1 3で ,二 811/8 ,nd so   :  |

3■n i From this,n≦ 7。 Since q=3n

l=7 or 9(ふ od 16),we hⅣe q=32。 r36:ェ f・ =32,IAI=二 十 I Nα :N`|

= ■ + 8'9,10/2・ 24 = 16, a cё ntradictiOn by [9]:

圭Fq=36,IF(t)|‐ 1+273r and lF(t)―
ぃ }|≧ I CNI(t):CN腎 (t)|

≧ P蝋 み 33月 ん =245L coAtrムry to r l l Thus N鷲
‐・

Nα
,)卜  :|■

l   Let V be a Cyc■ ic Subgroup of Ntt of order 4 and ■et U be a Sy■ow
●

2■ subgrё up oF Ntt COntaining Vo Th91 U = NNぶ (V)' IF(v)| = 1 + (q― c)r/8

by Lemma 2.8 and lF(U)| = ■ + 8。 3r/24 = r + ■ by Lemmas 2。 3 and 2.4_

IF q ≠ 7,9 , thさ n lF(U)| と  1子 (V)l ind heAc` uF(V)全 `72 ・ 'upp°
S9 q = 7

6r9:Tlё i r=l as‐ rl Ⅲ Hencel【
Ll=1キ |,I∝ :H督 |=8 or 16.By[■0],

vo have a ё9ntradictiono TherefOre UF(γ
)企

`Z2°

SuppoSe Vg `G及 3 fOr SOInё g C G and get F= ∝
g. Then vg ` g~・

I“g nGヾβ

< lJYn Gメ β ≦ Nよ ∩ 〕IX≦  11∝ ρ、1l 
β = 11腎 . As N咎 全二S4 ' V争 = Vh igr sorn6 h ∈ H懸 .

:lence llρ (V)F(V)iζ doub■y transiti寺 e: 二y Lemma 2('9' こG(・1)= ・  and 。lle

of the fo■ lowing ho]_dSI

(27)
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l[)、 、[  二S^く A.■′
5●

= '｀
P′ ＼`

A「L(1,2C).

P,L(2,pl): Pi = (qT')/。  1 5.

(C)NG(V)F(V)=Rで 3).

In the daSe (a), (メ +1)2 . 1 +.(q― 〔〕r/8 by Lemma 2.5 anqlso r =

(q―Ё―■:)'こ  and rl A・  Fr6m t,lS a = 23 or 25 and r 二 ■。 Sincel l rLI=  .

い
〆 :N笞 |=L。 ■27o「 2・ 16o,■ e have 1012=21G`12'IWhile lド G(V)12

( a) rt.(vrr (v)

(b) Nc(v)r(v)

IGI.

く
一
　

＞
一

●

= IF(V)12 1'IGば (V)12 二 41G∝ 12 ' C° ntFary t(

In the case (o), p.`pl「 1)/2 1s  a,d i = 4np. , vJhere

lG∝ (V;‐ 1寺 |. Hё
nte pll_.le‐ l ∫roT thiS' pr,こ_8 164n

s is the Order of

and so q = 23,4■ , 71 or 73. Since p. i, a prime an, p■  = (q―
ε)/8 ≧ 5,

q≠ 23,71,73.Therefore q=41 and lAI=■ +IN∝ :Nな |=■ +

40・ 4■・42/2・ 24=22.3591 SO that 10i2二 410∝ 12・ Since Nぢ =N∝ ∩`β
,  1

CG(2)Flz)is tra,siti↓ e by ttemma ,`1: on the other hahd lF(z)|=■ +40・ 9/24

= ■6 もy L6mma 2.8(:)and S9 1CG`Z)12 ・
 161Cし

ま
(Z)12 三 161G%IL i COn111rF

to lCc(2)|

In the case (c ) '
q = 7L ot 73, contrary

‐   8。  Casc (VI)

In thiS Section we asSume

partiCular●  n is odd. 工f lNぢ ≠

]11」 生責:]:β /1ヾ
β
 ≦91t(〕〔β)´‐Z2XZ五

z be an involutiOn in Nな  and T

Then, by Lemma 2.8 1F(Z)「  = ■

Lemmas 2:3 and 2。 4 1F(T)| = ■

= 4 and 1 + (q-e)r/g = 28- Flence r = 3 and

tlat Nγ c=45 and q 1 0,5 (m?d 8). 
■
1

Nメ バヽ β
, then iα r、 Nβ = ■, CG(ド

°()= 
・

 aha 19

, a contraふ ictione ience なヽ= Ntt rヽ NB: Lё t

a sy■Ow 2-subgrOup of NE Containing 子,

| (q― c)15r/69 = 1 + (q"0)r/4 and by

+ 12・ 二1/60 = ■ + re Since wぢ = N仄 ハN' ,

n.

１
一
　
　
ｒ

十

　

　

０ｔ

ｒ

●

zlC n G∝ β 二 去
Grヽ

N管 = ZNさ

―

and so cG(Z)F(z)is doub■ y tranもitive: Dy Lemma 2。 %

CG(Nα )= l and O,9 ?f thё  f° 1■ o12Jing ho■
,SO       I          

‐

(28)
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)F(7)≦ Ar7L(1,2C):

)" t '/ > pst,( e,pr) , p1 = (q-e) /q z 5.

)F(z)= i(3):

(a), by L6mma 2:5:(q_ε )/4 = l or tr+1)2 二 11i でq二 8)メン4◆

= (a―ё-8''41n. 工f 五 〒 5, th9n iぽ  = N∝ , a coitrad19ti9五 :

14n an, P°
 五 1 l ahd q = 1■  。■ ■3。  If 7 ■ 131 v9 h,V?

radttctionl ttё ncさ 41二 1■ and lAI=11キ IN∝ :N掻 |■ ■ 年

■

`.By E91,G`b ttM..31」

卜
1.12額 d SO(iii)Of Our

(b), we have p.(pili)/五  |: anと  , 1基|(q― ε)ノ」= 4npl ll

l 181 ,nd ,° Pl~871 1'21.
27:37: Hence q = ■9 andl」Ъl

二 ■ + ■8'■ 9° 20/2・ 60 = 2・ 29, Sittё e Gメ
～
PSL(2,19)or

lA‖ Gil二 :L・ 29。 2i118:19・ ?9'2・ =23+i.32.5:■ 9。 29 with

be a Sy■ ow 29.subg■ oup Of G. Then P iS Sem■ ―regu■ ar on

l・G(P)l b99ause NG(7)/9G(P)=Z4XZ7 ・ Hence lG : NG(F)|

h‐6:≦ 」≦ 4, 、「hile 21・ 02・ 5・ 19 ≠ 1 (■°d 29)for any j     l

cOntrary to a sy■ 6w's theOFe響 。              ‐

:)|= R(3), r + ■ ■ 4 and'1 + (q=ε )r/4 = 2o ,■d henc9 r = 3,

t: `l ni

Osaka KSroiku UniversltY
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