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Oll p-RADICAL DESCEIIT OF IIIGHER EXPOIIEi\IT

KiYoshi B-'IBA

$ O. Int,roduction

In the paper

p-radi-cal descent

derivatives. In

of hj.s theory to

exponent rvi.th the

of fi.nite rank.

In the first section some preparatory results are collected.

Let A be a Krull domain of characteristj-c p > O and K be

its quotient field. Let D = (D(f), ..., n(r)) be an r-tuple
ri \

of non-trivj-a1. higher derivaiions !t-"s of rank m, on K

which leave A invariant. For simplicity rire shall abuse the

/u -i \
notation D(r/ to denote the ring homomorphism, of ts'" into

a truncated polynomial ring of orCer mi over Kt i'e',

f[ti:'mr1 := KtTii /rlt* associated to the higher derivation
r/; \ -(i)D(a). f.et Kr be the interseciion of -uhe fields of !'-'-

constanis (1 < j. < r) and l-et Ar:= A n Kr' Let 'f = (Tt,

..., T") be an r-tuple of inCeterminates and 1et ti. be the
ni+1 - . mi+I

residue class of Ti modulo Tj_t in K[Ti] /TL- . ll't'e

shall set tz= (tl, ... t t") and lill= (mI, ..., mr) ' We

*
shall denote /. l_ X[tr: miJ by K[t : m]. Sinilarly vie denoi'e

f 
- 

|r-r

f8l, P. Sanuel has developed the theory of

of exponent one by making use of 1ogarithnj-c

thj.s article ure shall gi.ve a gen-eralization

the case of p-radi cal descent of higher

ai.d of a fj.ni.te set of higher d.erivations

●

●
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r
/-l a[t' : rn1'I by A [t : ml
A=I

polynomial rJ-.ng of order rat

a ri-ng homomorPhism D of

..., o(r) (z) ) (z < K) - Let

elements defined resPectivelY

vihere I [ti: mi1 j-s a

over A. Furthermore

K j.nto K[t:nJ bY

こi b9
by

ズニ五  attd

truncated

v/e shall define
111

o(z) = (Dr-r (z),

-uhe sets of

D(z)/z'< KLt : *11 z e Kx ,

D(u)/u lu 'A*]'

,  ald  e( 秒 ) iS I', 干子mi「iC° tl?千

Then we can definё  the homOmorphiSm
‐
 ■■duced by  j  (91o 181):  Let  yゝ

) lc61sigtittg 9f diviも orsI E'S  Sucl
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Let 11 :

j(多 )=

in  Al,|

pハ A:=

OVer iル・

一
Cl(A)

oゴ  DiV(A:

principal and 1et O cl t A --+ LotLL be the homomorphism

defined by OO1AI = D(x)/x mod.ulo LL, r'ihere E € C and

J(E) = ai.rA(x). Let A: Ker(T) -0/F(t'r-Lo/L; be

-, '\the horuomorphism in6uced. by 0 O vrhere F(At ) denotgs the

by pr■nC

■く jく

ヽ :)lγ

l(0,1)'s`三 ,

and  ■ く s

biサ(Al)_DiV(A) .belthe homOmOrp● ism defined ゃy, ‐

e( 3))`). WheFeぅ   .5L‐ lS a prime idea■
 of leight.OnO I

や 11 the 
“

n.que prim? id?a・  °f he■ght o■ e il  A  with

ittde文 01  
●

3 1 むl(|') | :

be the SubgrOup

that  j(■) i,

■ diViSOrS` Furthermore

and,  ni 〒 mil  .

■ 五i]. ・ 1 1 1F)・

k」r lby.f(D:｀ ;S'

(, r. lVe shall use



う

the notation

result ,in S f
」(D: ∝ ) inStёa4 0f

is the fol■ Owing:

J(D : o<.; I, r) . Our main

Theorem (cf. 1.6) Assume that the follorving tr,vo conditions
O

ho■ d:       ‐

|| .(■ ) [k :l kll

.(2) .For each

existζ   Cス l in  Ar

COnla■ ne。
lin1 0・

Then the homomorPhism

i-sonorphj.sm.

|■∵∵∵111111‐ |‐ |‐ |11

pFim9 :dea■  .|(0‐   : h91ght ?=e in
guch‐ that the 」acobiatt  J(DtCス )

Φ:Ker(1)―■A/41‐ lS al

，
　
　
Ｓ

Ａ

　

・■

thёre

not

●

壼he property (2)二n t19 ab6● e theOrem wi■■ be referred

to as 'ithe height Onё  property'!.  When the height one prOperty

i。 五〇t satisfied,  Φ is nOt necessarily surjeCtiVe.  Even 
■f

O is not surjective, we can det6rmine, in sotte cases, the 
■

cokertte■  6F O  (32).  As a by」 rOduct we get th9 fO■■OWing:

・                                   .e tttatl‐
A  is a uniqu  factgr.zati。 五

Theore血  (cf。  2.7).  Assum(

||l d9mall喜 i“ しあ=A':二 [|(D:A)1腎 とirlォ 101 ind  l ‐

|:l ik‐ :lli」 pnlilill110 1et O F:91 tl aも|五
c+3,|||二

1111‐ ||||

|■ ideai:f lLiよt:le in l贔よ19tざ→(01>二 警il isと 下|||‐ |

||‐ |ぼ?o/め SIA正
111」 l●01● 21キ

`ち
藁d St‐け でa率

|  1  lζ
(・ )(0 '‐

|・
 く・i く ile  T,9n thё f°・■6wings ar9 equivalent t9

l     each other:          :
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(i) O : Ker(T) _-*_> f-/ L; is an isomorphism'

(■i) For each prim9 idea■   0  °f height oie il  Al‐ eith9r

」(D : A)`Fi10  0F  e(0 )= S(0 ) °CCurs.

●                                                                 :    ::
｀
   I       If  A  is a uniqie factor■ Zation doma■ n, it turns out that

ぃ     Ker(1) iS iSOmorphic to  C■ (Al).  TherefOre, in Order tO delermi■ e

C■ (Al), it Suffices t6 know  Kё r(1).  In the fina■  section sotte

l    examp■ es of r■ 五gs are presenteo whOSe d工 v■SOr C■ ass gFoups are

ca■ cu■ated by app■ y■ng Theorem ■。6.

The author ■s Very gratefu■ to Professor Y_ Nakai fOr many

●     va■uab■e suggestiOns and enCOuragement during the preparation    i

of this paper.
｀
          Each ring appOared in thi, paper iS CO“ mutative wit, identity.

 ́    Our termino■Ogy and notation are as fO■■ollls:

‐ I         Let  A  be a Kru■ ■ domain`

P(A) : the Set o, prime idea■ζ of height One in  A.

biv(A) : the fre9 abe■ ian group generated by elements Of

P(A)。   An ё■ement of  PiV(A) ig ca■ ■ed a diViSOr.

,          we sha■ ■ definё  th6 ditisoF  diVA(') (aC I~ [° 1) by

divO(a) = Xre(a) B vrhere the .um is taken over all prine

id.eals 0'" in p(A) and. t& is the normalized valuation

associated to the prim-e ideal P . Let K be the quotient

field of A and x be an element of K*. lVe defi-ne

divo(x):= divo(a) - divo(b) rvhe:'e x - a/b (a, b 4 A, b * o)'

F(A) : the subgroup of Div(A) generated by I aivo(x) | "' n"].

We call an element of F(A) a principal divisor.
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cl(A):= Div(A)/F(A) : the divj-sor class group of r\.

c]( E) : the divj-sor cl-ass of a divisor E'

Supp(E) : the support of a clj-visor E' i.e., bhe set of

all prine ideals B 's in P(A) such that E = Xnf P and

np*O.

$ f. Fund.amental theorem

LetAand.Bbecommutativeringswithcommo n identitY

such thai, A < B. A higher derivation D - f O-,.;LJ o<i3m]
.of rank m of A into B is a collecti-on of addi-tive

o homomorphisms of A into B satisfying the follovring conditions:

(1) DO(a) = & for all a j-n A'

n(2) Do(ab) = L u.-'(a)Dn-.j(b)rrj=ou--u

for O4n(m and arb€A(cf'1r7, [6])'

Let B [t : m] be a truncated polynomial ring of ord'er m

over B, i.e., B[i : m] = g[t],/rm*l. l'e can define the ring

. homomorphisra fiD of A j-nto B[t : m] associated to a higher

derivation P by the follovring manner:
m

ilp@ = h ot (a) ti ror a e a''

For simplicity r,ve shall abuse the notation I to denote the

-]ri-ng homomorphism Q n when there i-s no fear of confusion.

If p(a) = dr. d is catfed a D-constant. trie say that ! is

non-trivial if there exists an element in A which is not a
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D― cёnstant.  For a non― triVia■ higher derivatiOn  D, the slna■ ■est

integer.among thOSe  3  Such that  Dj ≠ O  fOr  ■≦ j く m  iS

denoted by  ルん(D). Let C be a subset of A. Vie say that I

leaves C invariant if Dj(C)こ C fOr ■くj.く me Let ⊇
(i)

Of  A  into  B  fOr  ■く iく r.be a higher derivation of renk ni

Let  T = (Tl, ・・・, Tr) be al r~tup■ 9 of indeterm■nates  T.,

。::, Tr  and ■et  t:= (t■ , ・・・ , tr) Where  ti  iS the residue

ciass :f  Tl  mOou.。   Tlitl 」:  ョEttI]/Tli・
l・

  we sha■■ denOte

r

こ]l B[tl: miョ
by B[t: m] I'rhere mi= (m1, ..., m"). Then

●

Btt : ml is a B-algebra j-n the usual tvay' Let D = (9(1),

O(r) ) be an r-tuple of higher derivations of rank m
. o. t z t -v ---5-- -

- of A into B. A ring homomorphisrn D of A into B[t : a]

is defined by O(a) = (9(f) (t), ..., p(") (a) ) (a € A). The

intersection of D(i)-constanis for I 4 i ( r is cal1ed. the

ring of D-constants. First vre shall prove two lemmas:

a

Letnnal.l.LetA<Bbeintegra}d.omainsofcharacteristic
p 7 0 and let p - [ oi I o . I < m] be a non-trivial hisher

- derivaticn of rank m of A into B. Set f-(:= F(!) and

k-k
dr:= i. Then d.( o(P^) - O if s ( k and ar( ot p 

)
-aLtc

r-r-
ke

=d"-x(x)P if s>k(o<€A, f'tPscm)'

Proof.Theproofiseasy,henceweomitit.Q.E.D.
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Lenma L.2. Let l'i - (aij)t.i, j<r be a non-singular matrix'

Then after a suitable change of colurnns ute can bpi ng 14 into
//l-\

the one such that every I'i\^/ (1 < k 3 r) is a non-singular

matrix r,vhefe

M(k)

I    Proof.  Let   O(ij  Pe tle C° factor 9f  aij・   Then  det y

= a..Ctt.. キ a■2Cく 12 + ・°° + a.r Cく■r'  SinCe  det tt  dOeS

nOI V,nlsh,  Qべ■jt ≠ O  f?r S°me  j::  Intё r9hanging the first

co■umn with thё  j:― th cO■ umn, Ive may assume  oく .. ≠ 9, ユ・e.,

Qet li(2)≠  。。  continu■ng thig process we w■ ■■ arr■ ve at the

Q.EoD。des■red s■ tuation。

‐‐|    
‐
    Le,  p = (⊇ (1): ・0,,‐ ⊇

(r)) be an r― tup■ё of non― trivial

●    high6r derivations of rank m= (m., ..., mr).  We Sha■ l 'et

l‐    μl;= μ(⊇
(・ )) ind  nl:= mitt inと N lmi く μttpn] wleFe  llI

denotes the Set of pOSitiVe integerS.  Furthernlore w9 sh,■ ■ ,et

,     n(D)= i. 十 ... +i nr・   Thёn  D11): iS a d,rivation.  W, dln。
19

i     tle 」,:。bian  det(P'll` 9人 k)'  by  J(D : 改 )  10r  c人 F(は 1' | :

∴。, ∝r)(∫ . Let T=(T.,.… 'Tr)be al r―
tup■e oF

:    indと tさ「ユinates  T., o o。 , Tr・   "e :五 a:. denOtl  (TIl」

j,. 

・・・, ilり

pJ
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by Tppl青here lt=(μ■'◆・・'μ r)(7r・

Proposi-tion L.3. Let L a F be fields of characteristic

p >o and ret D = (D(1), o.., o(r)) be an r-tuple of higher

f rank m = (m1, "', *") of L into F' Letderivations o lt "', rtt*t

Lt be the fietd of D-constants. Suppose that there exists

afl element o( - ( o(f r " ', (") in Lr such that the Jacobian

_ rr - 7r-l -.*n(D)
J(D :o() does not vanish. Then we have ftr : Lt] 2p ' -.

Furthermore if the equality hold.s, then L = Lt Ldl, ...r o("1 '

o Proof . (I) First ure shall prove the

- case n:= IrI = ... = Ir". Let tj be a sub

tz と二 ID(Z)= (1, ..。 l z) m.Od Tp3μ
¨
]

le have  Lo p L. =)。 .. フLn  Where Ve

ｎ
　
　
Ｌ

Ｏ●■ｔ

　

ｆ

・■
　
　

０

Ｓ０

　

ｄ

ｐ

　

■

Ｏ

　

　

ｅ

ｒ
　
　
・■

Ｐ

　

ｆ

for ■ く

pu t L。 :=L

Ljl≧ pr

in the

defined

j tt nt

and

for ■くj`n.

by

Then

|五 := Ll◆
  It SuffiCes t, Sh°

W that  [Lj_. :

l:r :im。 lic:t, ie sha.i get  ali):= Diみ
lpj・

of  Lj_., the restrictiOn of  dlll  10  i:―
・

  iS a d9riVati°
n ‐

of  Lj_.  f?r  ・ ■ ik re  let  Lj_.be the intersection Of the
～

kerne16 of these derivatiOns.  Then We have  LJ_.⊃  lj―■ :ン Lj.

By lemtta ■.・ We kn?W  i(61Lj_. : Cttpj~l)三  j(D : Qス )pJ~・ 1 0 1

ani  ぱ

jl・

を多 Li_..  HeiCe these d9r■ vatiC)ns are ■inear■ y

independent OVer  Fo  ThiS imp■ ies that  ttL:_. :可 _.1 )=pr,

Fron the definitiOn

●
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hence Lti-, , Ljl z p". Frcm our ar'gumenL rve get the follorving i

sequence:
-i/ - r, ..,i -f .,,i-l- itj-r)Lj:= LjL$(i '..-' o(; J>"j

: for 1< j K. 11. To prove the latter half, assume that [], : I,:]

= 13or. Then vle have l-r' - : T' -1 r 
"!:lt $ ri< i< r)IJ ' Lui-t : 1'3J = P-' sl-nce

are linearly i-nd.epend.ent over F, L4' tjJ > pt' Therefore

4
tye see that Lj-I = fi for 1< i 3 n, hence L = Ltfo{1, oo?) X"]'

(II) Next we shall prove the general case. rillithout loss

of generality vle may assume that *I ( nZ { . o o 3 trr. i4oreOver i

by Lemna I.2 we may assume that J(D : o( ; k, r) * O for 
i

1 < k < f. This impties that for every k there exists an

integer kt suchthat O3o)(vn,) t O and k<k'<r. Let

: 
= {fir; oro, fry} and let t^ ,= +[i lni = fi1, I < :. < "i for

t<,1.<f o Then',ve knor.'r

O fl* TZ*... + rf= ft

tlfil * ,zfiz*.'o + ,gfrf - tl- * nz* "o {' Rr'

For convenience sake vle put "Oi= 
O, [O:= O and E1 t= rO * ... * 11..

- Let K^ be the subfield' of L defined' by

l, <t ;r(h)crl = z mod riln*t .(1< h<5a),
L l-

o(D e) = z mod ,Y (,,,t, -- I*lnil^, E.r. < I < ") ]
for 134<f -I (note that nl- fra*l> il.^). Then we have
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K。 := L) K. p ... ) l.if -l ) Kr:= Lr '

i;ie shalt clairn the follovring inequality for I <. A < f :

[Ka_r: Kfl>pe^
a 1 - r.. c /'* \ 

re the restri<- rrnere c^i= (r - ol-l-) (fra - fr^-')' Let Att' be the restriction

of D(i) to Kl-t. Then for 1<A<f , A(t) is a higher

derivat,ion of Kt-t into F of rank' m, for $A-i t t < $A

and of rank wi- I for EA< i (r respectively. For x =9,

d(i) . is a higher deri-vation of Ka-t into F of rank mi

for 5y-1 < i < r. The follorving five assertions are easily

he fi el d of A(i)-"orrstants).(1) KA = I " \ -, (the field of
i= 5^_t+J

/.\ fr(z) pttA(i)l = Fip^'A-l t6a-t<i(r)'
3) For I<A<f ,

frl-l-+sr - (6"_1 (u<6a).(t
I rininls€[{lm..

FoF■ く入く∫

rt・n tSこ N

,

μvp五
天

く 卜vp熟

―■
キ

:〕  
」 。人

~ 五
人三.  ( ,入

く Vk F)

｀     where N  de,otes the set of positiVe integers. :      |

・         (4) は1 こK入―■  Where  q:=:pnハ
_■

  (sス _.く i■ r'・

|   (ラ )j(ム :咲q; 8■
.‐ ■,r)=」 (D:杖 ; 5λ _.+■ ,r)91

≠ O  there ム  ニ (ム
(■ ), ◆,0, A(r)).  Therbfore we get  EK入 二1 = Kl



■■

= n(D).  HenCe≧ p 今.  Furlhermor: ム  
ελ= nl + ・・

i : lr

the ■atter ha■ f,ve iave  EL : L:] ≧L pn(P).  In order to prove

Lowing:  K入―■ 
二
″
K tt whereto proVe the fO■ :■t suffices

since  EL = L:1「 τ←=ゝ卜呈;島..く i`rl fOr■ (入 4f.

= pn(D), we have Lo^-, : K1I = peA. Apprying the step (r)

tO  Kλ  and さ
(1)1写し、 (‐ ,スニ之 i (r), it iS Seen・ that

[γ入 ・
 長

人]三 お
こ入。  si五こ: ‐K入_.:)Iλ フ k人 , We l,Ve  、ハ

_■ ' K入・

I          Q.EcD.

Remark l.{. The converse of the }atter half of the

Proposition I.] does not hold. Let k be a fj-eld of characteristic

p 7 O. Let x, y be indeterminates over k and let L:= k(x, y)'

Let D(i) (i = l, il be hi-gher derivations on L over k

of rank p _ I and p2 _ 1 defined respecti_vely by

D(1) (*) = x(r + t1), p(1) cv) = v + ty

g(2) 1x; = x + tz, p(t) tv) = y(l + t2).

?hen nl = Ir nz = ? and J(D : (xr y)) = xY - L * o' By

22
a simple calcuration vre see that Lt = k(*P-, yp )- Therefore

,. trl*trz
L = Lt[x, y], rvhile tL : Ltl = P+ > P '

doma■n of character■ stic  p ン 0
(■ .5) Let  A  be a Kru■ ■

with the quotient fie■ d  K.  Let  D = (⊇
(・ ), 

・・・, ⊇
(r))  ちe



■2

an 」“tup■ e of non― trivia■  highё r deriVatiO■ S Of rank m = (m.,

1.., mr)  °n  K  which ■eave  A  invariよnto  Let  K!  be the

Fie■ d of D― constants and  A::= Aハ Klo  Then  Al  is a■ S9 a

。  1 子rull d6Taino  Sll,e aly e■
elent °f  K is Of the form  a/b

‐

  with a C A,も そ Al, K' iS the q■ otient fiこ■d Of A'. F6r  l

l    any prime idea■  」L  in  P(A・ ), there exiStS On■ y one prime

‐
  idea■  ξ

》  itt  P(A) STh that  O ハ A' 〒 多 .  Frcin this 
■ 9t  ‐

we define the h6■ OmOrphism  j : Div(A')― Div(A)  by  j( 多″)

.   
二 e( p )(p  wher?  e( g)) Stands for the ram■ ficatiOn indeX

1 0f  

わ   OVer  5≧
 。  Silこ e  A   s integra■ OVer  A', llre Can define

the canonica■  hOmOrnorphism  l : C■ (Al)― C■ (4) induce` by

l  lthe homOmorphish  j (Cf.[81).

Let LA anA "Li be sets of elements defined respectively

by

Lo,= [ ,t z)/z e KLt : m] lz € Kx, D(z)/z e A[t t 'n]]'

Li,= [ ot")/u 1,, = o* ]
ittere  tt  denOtes the set Of invertib■ e elementSe  Since we haVe

(P(Z■ )/Z■ )ID(22)/Z2) = D(Z■ Z2)/Z■ Z2              1

and

(D(2)′ Z)-1 = D(Z~1)/ζ
~・

  (Z ≠ 0),

〔́l  iS an abё
■iatt gFoul and  ょLl  is itS SubgrOup:

Let  tt  be the subgroup oF  DiV(Al) conSiSting of

ditisors  E's  Such that  j(E) is prinOipa■ .  Then we g?t

姜Lr(1)= ノb/F(Al).  書ё ,hal■ dlFi16 th9 homO■ 6rphis=  C}6

of  ゴD  into  LA/JLi  by the fo■ ■OW■ng manner:  Let  E  be
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a divi sor of C and x be an elernent of K* satisfying

ti(E) = ,O.ivO(x) . Then vie set O O(B) := D(x)/x modulo L ,[,

It is easily seen that 0 O i s vre1l-defined.. It4oreover if

a x, is in Kt , @OtAirrO, (xt ) ) = D(xr )/xf = !- r,rrhere lL = (lt

..., l) € Ar, hence the homomorphism 0 of fer.(]) into

こA/JLl  induce, by the h°
momOrphisn  d}。   is ,■ SO We■■―defineα .

On the othert hand, the relation D(x)/x = D(u),/u (x € K*, u < A*)

implies D(xu -1;7*s-1 = L, i. e. , Xtr -1 € Kt and' E = divO, (xu{) '

?hj-s irnplies that A is injective (cf . [BJ, p.B6). Set

Wr= ( F,, ..., F") and n(D):- nl + "' + tr vrhere

F-i,= 1,tco(i)1 and ni!= minIn€0{l"ra l^an"} (r< i(r)'

Theorem 1.6. Let Ar Kr Kt, D and n(D) have the same

meaning as in L.5. Assume the fOllOVrinS tl"'o conditions hold:

(t) tK : K'J - nn(D)

(") For ea.ch prirne id.eal p in P(A), there exists
o 

an elenent o( in Ar such that the Jacobian J(D : e\ )

is noi contained in P'
Then the homornorphisrn O : Ker(l)----> Lt L; is an

- isomorphsm.

Proof. Since 0 is injecti-ve, it suffices to prove

the foilorving: If D(x),/x is in LA (x € K*), then there

exists a divisor E in O such that Ji(E) = divO(x). Set

1
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? because 4P the surjectivitY

of O is seen by shor,ving that if Ul(x)/x is in LA (x € K*),

then "( P ) aivides vp(x) for every prirae ideal p in

ofKp(A) where vg(x) d.enotes the normalized valuation

n:- max It,-,
P(At) ,there

contracts to

associated to the

may assume that

naximal ideal p

Proposition L.7.

rvith the maxiraal ideal

the sarne meaning as in

conditions hold:

... , ""] . Iiote that for each

exists a unique Pririoe id'eal in

II

pr■me ■dea■ .in

P(■ ) WhiCh

is the nornalized valuation

severa■  steps:

the case  lni = ■

sha■i set  D(i)=

prime ideal P . Hencb by localizing, vte

A i-s a discre-ue valuation ring I'lith the

. Thus lve have onry i'o sholoi the following:

Let A be a discrete valuatlon ri-ng

b and let K' Kt, D and n(D) have
'0

L.r, Assume that the folloiving two

●

(■ )  EK : K'1 = pn(D).

(2'  Therё  3xists anieleient  t、  in  Ar  such that thl

」acobian  J(D : CK) iS not contained in  ρ .          ‐  |

If D(x)/y. is in LA (x € K*), then e divides v(x)

where we put  e:= e( o ) and  γ

Of  K  associated tO  A.

Proof. Our

(I) First
proof conslsts of

we shall consi der ｅＣ
　
　
　
　

，

ｎ

　
　

　

ｄ

ｅ

　
　

　

・■

仙

　

ｆ
■ D(i)] .

Fi=ni= ■)fOr ■ く i`re We
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Then l D(・
)'S  are

derivati6n  A(i)

i'ie shall define the higher

of rank I on K in the１

ゝ

ｌ

Ｊ

Ｓ
　
　
ヽ
ノ

ｎ
　
　
・■

■。

△
＜

ｔａ
　
　
　
　

，

Ｖ
　
　
　
ｄ

・■
　
　
　
・■

ｅｒ

ｔ

ｄ

圭

●

ヽ

fo■■owing way:
■

ll)(ヽ
.),∴ 0,P(・ )`|

〔r)(ヽ■),:・二D`r)(

fOr  zく:K  (■ く、i∠tr) where  」:= J(D : 0ヽ ).  Then we haVe

△
(・ )(くXk)= IS‐ ik  where  S ik  den6tes lhe Kron69ker's le■

ta

(■ ∠ヽ 1, k Ktr).  SinCe  」 is 10t in  θ ,  J  is e unit OF

A,hence △(・ )(A)と A FOr ■くi kre Set ム:L(4(・ ):

―
|    .:.,(全

(r))e  sittce  △(i) is an A―■ineaF cOmbinatiOn 9f

‐     D(卜)'S  ind  D(k) iS a.so an Att■ inear tombination oF A(k)'こ ,

we have the fO■■OW■ng three aSSertions:

(1)K' is the Fie■ d of△ ―COnStants.

(2)」 (/A:欲 )=■・

:  
‐
        `う

) △

'X)/X 

こんA・

‐  Hence it sufficeS tO pr9ve the PropOs■ tion w■ th r9,peCt.0

△  instead Of  D.  We sha■ ■ prOVe thit  e  divide,  V(半 )

l     by inductiO1 0n  r・   As ‐ s We■■ known  e  takes no Other

Hence ■n the Case  r = ■i it^ l    va■ ue than ,One pOWer of  p.

suffites to biove the foi■OWing:  工f  p  dOes nol diVide  v(X),

then  e = ■・

Let  ,こ  be a uniformisant Of the diSCrete va■
uation ring

A.  Then we can Write  X = u`【
y(X)  for sOme  u C Atte  Since
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・

■6

△
(1)(u)ノ u tt v(X)△ (・ )(欠

)/7こ = △
(■ )(x)/xぐ A      ‐

and since  p  d06S not divide  v(X), ve have _ A(・
)で

,■ )/ЯヒくこA.

ThiS iぬ p■ies that we can define the derivation  △
(・ ) of         ・

γρ induce,by △
(1)。 S,t 象‐ダ。 ■12.:=A'/許

Where l二 := p A Al.  tinc:  △(・ )(:叉
1)三 ■  1轟3■ies  △

l・

)   .   ・

≠0,We h`Ve E農 : 良
31を ■。 Therefore from the・ inequa■ ity

e[乱 : 縫']k EK:kt二 =p,it fo■■ows that e=■ .

‐    SuppOse  r > ■  and the a,sertion hO■ds for  r ― ■.

tet  iて := the fie■ d Of  A(・ )iconstints ind  五::三 A⌒ K:  Since

:K : k'I = 3r  and  J(∠ 1ゝ云
: : 。く; 2, r)= ■, PrOposition ■.う

imp■ies that  EK : :Kl = i  and  E云: : K'1‐ = jrT・ .  Furtheirttore

we have KI=7EⅨ.l and て豊Kl[×2' …・' いrl・
 Tlel th?

restiiction Of  △
(・ ) tO  て  is a derivation on  7 suc,

that  ム
(1)(責

)(■  五i  fOF  2=く i く r.  Let  e. i be the ramificatio,

indeX 3f  
や   OVeF  や ↑

πO  Since  EK = て 1三13  and  へ
(・ )(Qく

■
)

= 1,  el  divides  v(X)  fr6m the argiment i五  、hё caSe  r = ■.

丼

Therefore we can wr■ te  x = uy  for sOme  u  ■n  A   and  y

in  KI:  It f。 ■■ows frOm  ム(X)/X = (Z生 (u)/u)(2L(y)/y) that
iム

(j)ノyC(1人 7)it:五I==町 :ml。 .Fultherttore」 (ム |て 3 1

Ⅸ ;2,r)=■ e=チ and ∝2'° ∴;γ rこ A, let le2 be t,9

ramifiCation ind9X Ofア :=ρ ∩A.:over♀'1=や ハギ and

v  be the norma■ itted Va■ uation Of  K  associated to the pr■ me

iOeal.  ア・  Apply the l,duCti° n assuttption t6  ノ生1承
:, tien we

sbe that  e2  diVides  ▼(y).  On th8 0ther hand  V(X)= v(y)

●
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e  divides  v(x)。二 ё
iマ (') and  ? 〒19■

e2:  Hence

(II) SuppOSe that  nt. n. = 。・ : 二 ni: IWe S,a■■ pFOV?

n.  F6r the caSe  n ■ ■, 
‐■etthe Propositio, by induction on

γ 〒 〔
Zこ |IP(多 )三 (Z,。 |,Z)mod心

世 l〕 。 lhen 
千 マ

γ lKI:

and Pr9pOSitiOn ■.う ittp■ies t,at  EK : Kl:≧ pre  Since  EK : `'ュ

干 jF, We gel  K = Kt  and. e  diVides  v(x) by t≒
ё preViOus

and the PropoSition is proved .:arЁ
uぬ6nto  supposё  that  n > l

c l-
for n - 1. Let Ll = t, €i( | D(z) = (2, "" z) mod' tnFt ]

and Al:= A n Ll. It is easilY seen that

(|)  
卜

(⊇
(・ )lli)= |

(4) .min ts l響 1 ・1

(ぅ.' f`DIL.:改
p)

キ
十「‐1:| 五iT ・ tt n

改):イ

`し

.:三
pO

二 ■ (■ 4 ilく ir).

Aic l

ド牲P'

`μ

ip

=」 (D

●

(4' 杖PI,I。     1       1     
・  ■ ‐

HeAce Pr6pOsi、■6n ■.う ittplieS t'at  EK : Lll:二  jr: and  ELi l Kl]

二 p(1・
■),  be,ムuも6 ‐E下  : Kl]= P're  we shal■  prOve thal the

restlicliln lf  ‐lD  t6  1i liさ an rrtup■ e ofln6五
=trivia■

 higれ eF

dёFivations 10f rank Fr1 01  L.  wh:ci ■eave 14i  ユ五サarianl.  W,

|16喜  |.‐ 二 K:Eヽ呈,∴ :::ヽ 】]Py Prop° SitiOn■ .う 。 F9F any   .

| さiemさ nt‐  2 
‐
in‐ Li,  1子  lS 6f the form    l l                

‐ ‐

2二  乙 |

‐ i■ ,:・・,irtt ζ
=

W五 9re  Zキ   denOtes

we get           ‐

1尋 :111■卜■111・ :||ll

the get of hon二五egative integё rs` ITleF9fOre
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‐
| ‐3(|)I XIFil.:・ ilⅨ ど

'll∴

。|11'11,  ・
From 

‐
 Lettmよ 二̀1,and tle defittition Of  L., itlf°・・

°w, t,at

D(、く1)(lL.Et : lm]:  ThiS imp■
ieS that  p(L.)■ Ll[t : ml.

,tSince Ai = A A L' OlLf becornes an r-tuple of non-trivial

higher derivations of rank m on Ll r';ith the desired property'

Let el be the ramification j-ndex of P over 3y Let

T a. a subfield of K defined by I z4K IOtr) = (2r...' z)

|ld‐litt1 1  ,le16  
・

 二 (・ , :.。 , 1):. Then lve れ,Ve lト フ K E〉 L.

and Pr9posit10n i■ 」う i嵐plies lEK l171二pFi Sinc9 1EKI:Liユ ニ pr,

we ときt l「千二 Ll  ,no  e■   01Vides  v(x) lby the algu滋
entlェ五 (I),

童e五 とe:we ca五 十rito  x tt uy  fOr もOme  u  in  AI landil'I i五

T'erё fOFe  。(y)/y (1今■「t : ぬ
1・
  L?t  e2  be t,e ramュ fic,11°

1

Li。

- (A n [t and vt be the normalized valuation^ -a!indexof Ff over VJ\A arrLr v r

9fl lL. las19ClateO tO t'9 'ri■
e ttde'1 ‐ 5Li.  つγ11■ 1,CI工 91 

‐
‐

五ypOtheLiき , w6 1【 now t,at  e2‐  diVides  v'(y) and thorefOre  e   ,

divides  ,(X)。                                    |    .     1     ‐

.    (=主
主) 16 1ha■■‐protl the leneral casee  WithOut loss Of  :

きさnёrality We may agsu16 the fo■■OWing: |    ||      1         1  1

(■ )l ni1 12く ■・ くni・  |  ||‐ ■   ■ |

(2)」(D:味 ;k:r)≠ や- 10F‐ ■【kkr◆    |  ‐

tet‐ 1軍., |。・|:五 |́ ,ld  Kλ  h,V? 'le ga二 e mёa■ing aも  in thel,tep

(II) Of the pr00f 9f propositiOn ■.ぅ o  We Sha■ ■ uSё  th9‐ ilductiOn
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On ′・  The case ∫ = ■ iS treated i五 (II)。  SuppOse that

∫  ン  1  9nd the PrOpoSitiOn is proved for ∫ 丁  ・ ・  Propo,it■On

■0う and itS proof ShOwS  Ek入 ―■

.  ‐  二 。n(P), we ,ave  EK : K.] ≡ p‐
    Let  A..= AA k.  and  e.  be the ramificatiOn index of  や     |
ll l ov9i FL.:= `)ハ  A..  Then th? Step (エ エ)inlp■ ies that  e.

divides  十(x).  Hence we can wiite  x = uy  fOr some  u  in

Al  and  y  in  Ki.  Then  D(y)/y(3 A.Et : m].  =Or  r.` iく  r,

we have the fol■ ow■ngs:

(1)μ (⊇
(・ )IKi)= 

μipl・,         :          :

(z) rnin [s € N l*, . lrrnnt*" ] - ni- ilr.

こ Ai

O) .ltUlr<t : ctQ ; "1 
* I' r) = J(D: o( ; "t * l' 

")Q

whe'e q:= ntt.
(-l 1-(t(4) # l,"i- frr | "r . i < r J' I

Let u2 be the ramification index of 3 t over p n /it

and. v' be the norrnalizecl valuation of Kl associateci t,o the

prime ideal P1. Then induction hypo-uhesj-s i-mplies that ez

divides v'(y), hence e divides tr(") ' Q'E'D'
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S2。 cokernel of Φ

we tha■■ retain the

S■ ,(■ 1ぅ ).

same notaじ ■onS anO assulnptions u● ed

■ n

●

」

PrёpositiOn 2。 ■,  Lё t  S  be a mu■ tip■icatiVe■ y c■osed

subsbt of  A'  COnsisling Of prime e■ ements in  A.  Let  H   :

be the subgrOip of  Div(Al) generatさ d b,  多こ P(Al) Such

that sL A s ≠ φ, ald  L  be lhe subgrOup Of  まLA  getterated

bi the set  iD(a)/al<:↓ A la lArヽ AttL.  Let  L vJ二i  denote

the・subgroup of  よLi  generated by  L  and  よLio  Let  f  be

the restiliction of  `2  t6  (H i F(A:)/F(Al))∩  Ker(3)。  . ■et

the hOm6morphiSms  ls : C■ (Aさ )― C■ てAs),  Φ L : Ker`3s).

~」 LAs Jしis   9 defined in a simi■
ar way as  J  and   Φ

respective■ y・  Then we haVe the fO■■owing commutative diagram

of exact rows and cO■ umns:

0                  0             0
‐  ↑   ↑́:ヽ _↑ ′11:  lf)―

COk.r(`憂 )一―二→ンCOker( Os)
0-―ニーーーーーーー>COker(

下::・   ↑:  ↑

■ず I十11す
→
締市場粋・

o―‐>(早 + 1119)イ

il今

:||↑

 ler(ll~「

｀Kii11)‐
IT~~~→

アKi「 (111…丁
二
丁
ず

｀

l
0            00  .

●

'Iihere L/lrr-fou/flir, is the homomorphism induced bv
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■s we■■―defined

the ■nc■ us10五  JL A~」LA:  子nd  ler(1)T丁
~→卜rer(3s) iS I与 e

naturar' hotnomorphism Cl(A' )----? Cl-(A;) '

Proofo  The hOmomorphism  Ker(1)→ Ker(Is)

since we have a commutativO diagran:

C■ (A) 

―
Cl`As)

L↑
cI( R' ) ---- cr- ( Al )

D(x)/x € J-s. t't Li,

for sone a/s

A a isin^s, 4

rciddle roi,v i-s

as fol-Iovrs:

o O ____> ii

The mj-cidle sequence

D(X)/x = D(a/s)/(a/s)= D(a)/a

cA意   (a CLAI s(LS)°
  SinCe  a/s  iS a unit Of

Aも .  He19e  D(a)/子   iS il  LVよLl  and the

exact.  The exactness of the third roW ■S Seen

forns eviden*,Iy a complex. f'or any element

(x € K*), t,'e can rvrj-te

●

い

I↑

ＡＦ／
は
今
―

Ｆ十 _Ci(All「丁「T)'i(111…丁TttTオ
°

下      

「
ir.(lS)
0

0

is cornmutatiVe where  e =(H tt F(A')/F(Ar))A Ker(1).  Since

s  is gёnerated by primさ  e■ ements Of  AI we‐ havё  C■(A)= Cl(As)

(E41, COre 7.う , [7])・   TherefOre  Ker(3)― keF(3二 ) iS

strjective.  Furthermore  lrrt(f)こ  L v ヱ4/J年1・
  The rest is

Ｇ

本
―
１

０

”ＪＫｅｒ
＾
■
１

０
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iramedraie from the snake l-emma (L21, cnap- r, 5 t- Pro^o 

;lr.o.

propositiOn 2.2.  Let  ⊇ = l Di 10 く j く m 〕  be a hisheF
p   lerititlon of rank m on  '  and let  O  be a prin,ipa■  pFine

ioea■ ln  P(A), say, 9= CA,  Let

s6i= min [s € ['i (⊇ (C)/C)S (= A[1 : ml ll・

and

ヽ
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ｆ ｎｏ

　

ｍ・

Ｄ

・

ｓｓ

ｆ

　

ｏ

・
・

１
ｌ
ｌ
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Proof , (I) l'/rj-te sO = stpq, ptst' Then it suffices to

prove that  sI = ■・  In the re■ atiOn

(D(c)/C)S°  = (■  ■ ・ 。・  + (DI。 (む )/C)IXtroP、  キ :.。 )St,

the cOefficient of  tr。
ゴl  is of thё

 forrl  st(bi:(C)/:)p《  + 
子

(aこ A).IF lop｀ ン 平''hen(D(c)ノ
c)ゴ

ミ

争 A Et:ml,i・ e.,

sl = ■  because Of the minima■ ity Of  S6:  耳eAce if  s'j> ■:

we must have  rop嵌
=く
 m.  Then the cOefficient ol  t 

°
pり

｀

is
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・

i五  五  ald  lr:(c)p｀   iF in  CilA.  ThiF implieF th't  Dr。 (C)

is in  cA = 0, whiCh COltra,iCtS tO the definition O「   r。

(■ote that r6 k nl)・      |

(2) Set  O(. := min t Cく こ
て十 l rOp嶽 2 m 十 1].  Then w9    ‐

hive  (D'こ )/c)p｀

1(L AEt i ml, lence by the minima■
ity Of  S。

welhave  s。 二:pく・・  8, the other hand  rop∝
°

:≧ 準+ ・  beceus,

。tierwise  (⊇ (C)/6)」
1°

 ィニ五二t : mュ .  Henc6  峡
。 ■  Qく '・  COmbining

these,  α
。 l οご :                          |

(ぅ ) =t suffices to prove the '10n■ y if‖ parte  Write

h tt soqキ hl,0`h:く SoO SuppOse that(D(c)ノ c)hこ A[t:ml.

silce l(D(c)クι)SOく多 A[t : ml  and  (D(ι )ノし

'S°

  is よ unit ol

iEt : 五ユ, we see that  (D(C)/C)~S°

q 
こ A Et : 早ie  Henc6  (⊇ てし)/c)ht

こ  AL : mュ   and  h: = O  by the minirna■ ity 9f  SO・        QOE.D.

・ |    ‐    coro■■ary 2.う 。  工n しhe above notationS,  ,O  diVideS  e

where O:=e(o),

PrOOf.  NOtice thal  e  iS よ POwer or  p.  ecausと   3)3n

C (pA At  lor s6摯 e  l,  Hence ■t Fema■ns On■y to prove that

(D(c)/c)e c AII : lm]・   For every pri19 ideal  l←   in  P`IA),

we can writも  ice = ux f6r s?me lu s Aヵ 二 ,ld  X‐ ←K'.  TIln

ve know that  (D(c)/C)e T ⊇(u)/1 il'7‐ Lt : 準]・ Sil::  ' F 
↑

A午,
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we iよve (D(6)/C)ecA[:m]. Q.E.D.

Lercma 2.4. Let A be a Krull domain and let aL' "ot aP

. ( D -- Z) be elemenis of A such that Supp(divO(ar.)) A Supp(divO(aX))

=6 for 1(lc,l<D,kf l' Let fk(x) (r<k<D)
rrst\rll^yr--lIt

be polynomials in one variable x over the quotieni field of

A defined bY

/l-\

fk(x) = 1+ tvfk)x * "' + *lu)xn)/au

rrrith o(5.o) , ..., *[o) < A. If the prod'uct fl(i) " 'fp( t)

is in A[t : un], then all fk(t)'s are in A[t : m] (1 < k< t )'

Proofl  We sha■■ use the ■nductiOn o五   I)。   Let  Yi  be

the sma■■est integOr amOng thoLし i j  such that  C<lk)/akく 各A

(lf‐  lヽ,)/ak GA  19r a■
■  ■̀

 j =く
 ■, We Out  Y′ k = m 十 ■).

In the case り = 2, we ttay assume that  Y. く  Y2・   工f  Y■

= m + ■, then  Y′ 2 = m + 
■  and  f.(t), 12(t) are a■ ready

in  AEt : ml, hehce the Lemma is provede  Suppose that  Y.

∠ m:  The 6oefficieit OF  tY■   。f  fl`t)F五 (t'  iS     I

.(も
く
,I)イ
ム・)十  (ミ×緒2.ィa.)ltX12)/al)= ・00 1 (ぐス,1)/ム|)・

Heit9  (cス
|:)ノ

a.)十  `(x,1)/a2) iP l1  1・   T'lS m9anS I'it

a2'メ
il)l alミ

ス
|:)i1 1‐  aia2A' henCe ‐子2CX'1) iS in  a.|.



2ラ

・
   sinこ 9  Supp(diVA(ai))A Supp(dユ

Vl(a2))T φ
' l cく

'1) iS ina.A.  This  s ,bPtlrdo  suppose tlat  り > 2  ana  the assertiOn

hO■ds f6r  リ ー ■。  NOtice that  Supp、 divA(ai))ハ Supp(divA(a2・・・ab))

'    = 

φO  By our argュニent in the caSe  ' = 2,  f.(1)  iS ・ n        ‐

_t AEt:二]a■d f2(t)・ ?・ f,(t)iS in AEt:ml. Frott the     l

inductiOn hypothesiS, it fO■ |■ OWζ that  f2`t)' °・・, f,(t) iSI    ‐

in  AEt i mI.                                              Q・ E.D。

Proposition 2.ラ .  Let  D  be a higher d6rivation Of rank

i:t  ょ = lci・ 。。。c:'  (1千 A・ ,  i., :..; j,こ  z

c) ar6 distinCt primさ  ?■
ёmentξ Of  A).  Lel

sk:= minl tsくこN I(⊇ (Ck)/Ck)S(■ AEt i ll] .

e AL : ml  if and on■y if  Sk  diVides  jk

り .

proof . The t'lf'r part of the Proposition is obvious.

iYe shall p:iove the ttonly if" part. Assunte that O(a)/a

j- 
'JuThen ue have (9(ct)/c) "t"'(P(crv)/cp)

Since cI, ...r clJ are distinct prirne

the assuruptions of Leroma 2.Lv ate satisfied'

Jr-
Hence by Lemma 2.1y, (p(cO)/ck)"o is in A[t : rn] for 1< k< U '

Therefore Proposition 2.2, 3) implies that sk divides j6

●

mon A and

and c], ... t

Then D(a)/a

f6r ■くk4

is in  AEt : mII・

is in  AEt : 五1。

e■ ements oF  A,
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●

・

for ■く kく
'.

Q.五:.D.

:   Lき t  iD = (⊇ (・ ), 0。・, ⊇(r)) be an rtttup■ 9 01 nOn_trivial

higher derivations of r,nk無  三 (“., 。。。, lr) °n  A.  Lё t  c

be a pr■ me e■ ement Of  A.  Set

s(1):= mi五
 〔

S ,N I(⊇ (i)(C)イ C)'f= 五「 tii mi] ] :(・ =( | く F)    .

and      ‐

SO:= max ls(・ )| 
・

 く i く F]・

Then ‐,。  is a pOWer Of  p  by Pr9positiOn 212, (■ ) and  s。

divides the ranifiCatiOn index of  cA  over  cA∩  A'  by

Coro■lary 2:う 。

Let 」(D:A):=〔 J(D:∝ )IⅨ =(メ .,0… ,ば r)← Ar].  ‐
If  」(D : A)≠  {Ol,  1 6)( P(A)lj(D : A)( 6)l iS a Finite

set bё cause  A  is a Kru■ ■ doma■n.

Thc6rem 2:6。   Lё t  A, A', K, K;, lD  and  n(D) be a,

bё fOre. Assume that 」(D:A)≠ (0]and■ et p.,.… , P`  :

b6 ai1 0f  ,'s  in  P(4) Such that  」([): A)C P.  Furth9rm9r9

as:urne that  [K : Kll = pn(P) and  Pk:,  (・ く k=く )3) aF9

princ■ pa■ 。  let  ()k =:?kA,

sli):〒  lin tSこ
N I(⊇ (1)(ck)ィ cil「 こ

 ,Eti3 ■.1〕  (・ 千111く
 F)

and,

sl:= max:Isli)l ik i` r}・           :
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:   Let  ek  be ithe ram■
fiCatiOn indeX Of  や k  OVer  `bk∩

 A'

li    for  ■ls k=く り・  Then we・ get the fo■■OWing exact sequence:

,

1 6→ Kё訳⊃ム 単 1_圧 婆ey,pζ 一,∝

Pi00f「 ■et n:=matt in.,… ,nrl and l bざ th9

・
     muitttp■ icative■ y c■osed subset Of  A:  generated .iy  Cin,

|   ..., tin‐   T,e, we gёt an isom9rphisu  C's i Ker(ls)―

ILAL/憲LAs   rom Theole臀  ・・6.  Therefore Propotion 2.■  imp■ies

that  C6ker(11)g cOker(0).  Hence it suFfiCes to prove

,

C°k?r(1)=7戸 〃(ek/sk)″。sot,k:≡ pk⌒ Al(■ ■kム リ)・

Tlen tt., 0:。 , 多
"are a■

■prime idea■ s itt P(Al)With

3k∩ S≠ ¢・ For each k(■ くkく
'),"e have J(=k)

二 ek lρk = dlvA(91k) by the definitiono  Hencё

二 (D(cl)/ck'「 l  ind   
‐
 |

rn(i) = ( croc"u)/ro)uk I 1 < x < D I v {otLi-
Next r,rte shal]- prove the fol-lolvin6:

L v L/fi = (tntco)/c6)"o I ,. n < D) vg 'o/LL'

Sup3ose that  D(a)/a く:L  (五 C‐ A′ヽ A急 ), then it iS seen that

Supp(diVA(a))C tp., le・ e,  `Э

`1:

ience‐ wo can vrr■ t6  1 l uci・・・。cl:  fOr ζome  u c A子   よnd

f(c■ (5卜k))

●
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・
    jl, ・・・, jり  こ Z.  Notice that  ⊇

(i)(a)/ム
 ぐ AEti: mil fOr

■ く i ` ro  Then PropositiO■  2.ラ  imp■ iき S that  ζli)  diViふ es

lk  fOF  ■
` 1く

 F   alld  ・
≦
:kく

りO  There fore  sk  diVides  ,k    ・

:    fof  .tt kく っ.  cottvers9■ y,lit ig eisi.y geさ n thよ t.(3で :1)ィ91)'k

‐
is in  L  (■ < k∠ りヽ )・  SO Weihave the requirё d resu■ t.‐ 1    1 1

Conseqently we know                    ‐          ・

coker(f) ; ((D(:1)/,1)Dkl 
■

:圭 k≦
ニリ〉 v JLA‐ .

(toc"oll"oluk I t < kt" > V {-i

lieshalldefinethehomomor'phism0bythefol}ot.ving
manner:

))

e , n %/ (ey' sy)zt -------) coker( r) '

0 (*e residue class of ( j1, ' ' ' , i u) )

‐      r■nhen ■t iS eas■■y se9n that  `)  iS Wel■ Tdefined and suFj?CtiVe.
●                                 .

we sha■■ shoW that  6)  iS in3ectiveo  SuppO,e that

θ (the residu6 C■ ass Of  (ji, ・・・ , jり ))三  ■.         |

I    Th8n there ettiS' 9■ em9nts  11; ・・・, i,こ  ζ  ム
'd ltK (11‐

 Su,I

that

l. (故よ)/ふ 二iおて15/c》
Sk'卜

=こ19(|′
Cか

'「|・  |

|     lit  X:= 
テ十

‐

 Ⅸ citt wlere  di:= もkjk一
le卜

il:  Fhen  P(X)イ X

ｋ

●
Ｊ

ｋＳ

ｋＣ／
ｋ

ＣＤっπ月ｋ〓．
ｆＯＳＳａ■Ｃｅｕｄｏ

「

一
Ｓｅｒｅｈｔ

〓
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=lLandx€i(t.Letvi.bet:renoriualizedval-uationof

ncipal prirrie id.eal in P(A) and

I( associated tc the pi'itne j-d,eal- .9 O and q be the locallzation l

of At ivith respect to PX. Let uk be a uniformisant of

t A.r for 1< k<0. Since x js in Kt, there exisi elements
K ft.

. c(k<Ai* and fkl,Z suchtha-u x- Yktktt for 1<k<D'
ff.

Then yre have dk = vo(x) = vu(c{k";k) = "otuiK) ='fk€k' Hence

"k divid.es s6ji., i.e' , eO/sO d'j-vid'es j6 for I < k <D '

Thi.s i-rnplies that e i-s inieci'rve e'E'D'

L9t  p = こA  be a‐ pri

.et  s(i)((p):=‐ min t s ■ド

and  s(0):= 轟a平 〔o(・
)(0)

Theorem 2。 7.  Assurne that  A  iS a unique Factor■ ZatiOn

i:五aitt ini .gt  D = (⊇
(1), 。。。, o(r)) te an r_tup■ e of no五二triviai

higher derivations On  A  satisfying the 90nditiOns  」(D : A)

≠ 16] ムnd  EK : K:ユ  = rn(?)`  Tlen the f°・10WingS are equiva■ ent

to each other:

(i) A : 1(er(3) L/L; is an lsomorphism'

(11) For 18ach prile idea■   `)  in  P(A), either  
」(D : A)

¢ や  6r  e(.(2)= S((p) OCCul患 IV′
here  e(ρ ) Stands for the

ram■ fic,tion ■ndeX Of  `5  0Ver  p∩  A'.

Proof . Jnr'recliate fron Theo:'eiir ?'6 ' Q.E.D.
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０

・

S -r. Calculus of divisor class groups

fn th.is seciion we shall determine divisor class Sroups

of cer:tain rings as appli-cations of the preceding results.

As before k lvitl be a field of characteristic p > O unless

othervrise specified.

Proposition J.1. Let A = k[x, y] be a two-dimensional

polynomial ring over k with the quotient field K. Let

a(, p be integers such that O

the higher derivation of rank pn - I on K over k defined

by

p(x) = x(l + t)o, !(v) = y(l + t)P

and let Kt be the field of, D-constants. Let pf be the

maxlmal p-th polver which divides GCD( ct ' p ). Set c'( - c{tpf,

and p = Ftnt. 'Ihen we ha.ve the following assertions:

(r) tK : K'l = pt-f.
/ a\ .A r P I n, t-Tl-Yv\z) d*Nt 4*g = 6/P ilo

3) Assume that p does not d.ivide either o( or p .

Then cl(A') = zilpnT vrhere A':= A n Kr, and At is the

- , ',',[ otr --pn-d' .. "('-]normalization of kfxv , Yr r x* ( J .1'

Proof. (I) V/e may assume that p does not divide Q(t.

*S -S -jqt ott .

Set F",= X(xP , yP , x-P'y*') for O ( s 4 n. Then we have

●
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●

）

K=iro ) Fl
s-I

Hence IGCD( s<t, ps) = 1 imptiu. that Fs-l = F"(xP- ) and-

s-I
xpo €Fs-l -Fu. Therefore Fu-f :F.1 =p for 1<s3n',

Set so,= min [" l*n" < Kt, I ( 
" 

< rr]. ilie shal-l shor'; that 
,

so = ,, - f,. From p1*l*-5 = *nt-V, it foltovis that *n*-t'
n-V-t -n-f-r

< K' and so ( r - Y. on the other hand. !(xp-- ) f xp

because p does not divide o(t. This impll-es that sg

= n - d. Since F(pl = py', vle lincvr that tf< : K'l > pt-f

by Proposition L.3. Then lve get Kr = U.O because t"Ot Kr

, --so *"-r. Hence Lr< : K']:pto<- K -- -r-o and [Fo t t"o] = P = P--

= pt-r.
(Z) Since A* = k*, we ha-ve J-i = {f }. i,lje shall shor'v

bhat [r = [,t .- t)d" € klt : n] l..U ] where d:= GCD(s(,

β) and m:〒 pn― ■o NOtice that

o f_o= tnOil/f €K[i : m] lr €Artol , D(t)/t <ALt ''rlJ

because  ⊇(f■/f2)/(fi/f五 )〒  ⊇(f■ l‐番)/flf墨   (f., f2(≠  °)く :』L),

For ev6ry po■ ynonia■   f く:A――{Ol, tie tOta■  d9蒼Fee Of lle

coeflicignt 6f  tj  in  ⊇(f) iS nOt m6re than that of  f

for  O く j K m  by the defiliti° n Of  ⊇.  耳9nCe   ⊇(1)/:

こ A Et:ml inO■ i9,that ⊇(f)/fそ kL:mI Set
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f:=  Σ二 ,ijtt・ y」   (aij こ 1'半 ) and  ⊇(f)/f = h(t) llrhere  h(T)

e k[T]. Then t'te see

Xailttly'(・
 + t)iツ

く+jf' =  2五 aijXiγ
j'(t)・

o' since x, y and T are al-gebraically independent over kt

vre get (t + t)io *if = h(t). Hence i o( + i p is constant

mod.ulo pn for any j-, j rvi-th .ij * O. 0n the other hand

i-c( +ip i.sarnultipleof d=GCD(Y, P)' Therefore

vre knory !(f)/r = (t + t)d"' vrhere sr = (i a( *i F )/d.

This neans thar j|o is contained in Itr* t)d=<k[t : m]lt*u]'

Since GCD( o( , 6 ) - d, there exist integers a, b such
lx

that a o( + b ,6 = d. Then vre have p(xavb)/**yb = (1 + t)d'

This imO■ ies that  (■  + t)d  iS ユn  ILA・  He,ce  夏二五

= [tr * t)d" € klt : m-] l" . 7/:. Let 0 , %/pn-t% ----->\

. be the hornomorphisrn defined. by QtA" residue class of s)

= (I + t)d". Then lye see easily that 0 is r,vell-defined'

and su.rjective. lole shall prove the injeciiv1ty of e '

Assume that Q{*. residue class of s) = 1. Then (1 * t)d"

= 1 in a truncaied polynomial ring hlt : m]. YJrite d = d''pt'

and s=srpt(pfdr and n-f-st). since (t + t)dt = (1 + t'nf,* 
Erd'"'

(+t
and p +d's', the coefficient of 1P does not vanish'
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Hence irf*SZpn a_nd 5>n-V. Thisinplies

e pn-{ 4 and 0 is in jecti ve. Final Iy rve have

= f - = il!/an-{'&.d-JA - lPt t'

that

０

・

亀/止Å

3) Since p does not divide either o( or p t lYe 
l

see that the height one property for ! is satisfied' It

follvrs from (1) ihat tr< : Krf - pn (note that f = o) '

Therefore Theorem 1.6 implies that fer(T) = LotLL' Since

A is. a uni-que factorization domainr lre have Ct(At) = Ker(l)'

hence ct(g' ) :'Z/pt'A'The rest is obvious fron the fact At

-n -*, *pn-Ptr{] (noteis norrna.l and integral over ltfxv ' Y'"

that K'

Byr:nakinguseofPropositionj'livegetthefollor'ving:

●

ProPosition 3.2. The divisor
n

S z ZP- = XY i s ;r cYclic 81'oup of

cl-ass Sroup of a surface

-ncrcier p -

Pr00f:  Lё t  X, y  be indejenα ent var■ ab■ eS OVer  k.

Then the coOrdinate rin3 0f the SurfaCe  s l iSliSOmOrphi19

to   l:= iEXpl, yPn, xylo  Setl 
‐ぐ丈:= ・  and  β:■ pl‐

~ l

in PropoSiti6n ぅ。■, then ‐we haV9  Cl(Al)⊆
 Z/pn″  where  Al

= 五 ∩ K'  iS a Kra■■ dom‐ i五  1五 prOpOsition 3.■ .  Ie sha■■ ShOW

that  Al = A.。   le see that  Al  is norma. because the surface
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.    s  has on■ y iso■ ated Singu■ ar pOint (cf:[43, Th・  4・■)・  Since

A:  is the norma■ iZation of  kIXp , ypl, xyl by PropOs■ ti9n

ぅ。■,(う ):We gbt Ai=Al.         Q・ E.D。

O !---- :r^^'l -i* Dlnr\ oonora
Remark 3.3, Let * be a prime ideal in P(At ) generated

ti  xpl  and  ttje  Sinc9  j(5L)= diVA(X) and  Sincさ   こ

'(C■

(∫L))

=⊇ (文 )/文 , こ■(P)genera,es C■ (Al)営 Z//Onz.   ‐

I■ Order to gener■■iζ e PrOpo● itiO,:う :2, we sha■■ pFove

r

.91(R. i露
 :・

・
 塁

iF)g 11l C・ (早i) ll a ceFlail r「:IFiCtel Case

as aniapp■ icatiё n Of TheOrem ■.6。                   .    :

Proposi-tion J.4. Let Ai be a polynomial ri.ng in a finite

set of variables over k and set Ki := q(Ai) (1 < i ( r) '

Let !(i) be a non-trivial higher derivation of rank n, on

Ki ovei' k leaving fi* invarianb' Let Ki be the f-j.eld

ol  Di(i)― c。 .stよnts ana set  ,生 := Ai′η Kl  (■ lC i く r)。   ASSume

that the height One property hOilζ  for  ⊇(・) and  EKl l Kll

= pnl  where  Ail= n(Jlil)  fOr‐
 . く i tt re  ,「

|:  A:= 
‐A.呈

。.. I骨
 Ar  an,  Al:= Al l .。

. 
塁 Al  wit,  L:= Q(A)  and 

‐

r

Ll::=‐ Q(A:).  Then lve have  9■ (A:)g TT c■ (All.

●
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. Pr"oof . we liave only to prove the Proposltion in the case

r - 2,because lve can 8ei the genei'al case by i-nductiOn on f'

Set A1 = 6fxt, .,., *df ancL Az = k[y1t ..', Ys1 v'ihere

-o *1, ..., xd and yl, ..., ye are independent variables over

Then 4=k[x1r .-.1 X4, ylr ..', Ye]' li{e shall extend

g(1) to L by the follor,ving rivay:

/1 \ ,(-Ll (ye) = Ye.Pt" (Yr) = Yr, " ', !
:tend D(2) to L. Then D:= (D(r), !(2))Sim:llarly vte shall ex 'o J" 'rrlerl

a Z-tuple of non-trivial higher derivatj-ons of rank rni= (mt,

*e) on L over 'lt leaving A inr"ariant'

1lje sha1l shoui that At - A A Lt, Sj-nce Ki (i = L, 2)

are regular extensions of k, Ki (i = l' ") 
are also regular

extensions of k. Besides, Al (i = Ir il are integrally

c■ osed integr■ ■ dOlna■ns.  Thereェ ore . A: = ,1 
貿 Al  is an

inteご ral■y こ■osed integra■  donain ([2], Chap. ラ, §■, Cor. Of

PrOp.:■ 9)・   Furt,ermore  A∩  Ll  iS an integra■  oxtension of

A'  with the same quotient Fie■ d  L: = Q(A′η l')= Q(A・ ).

Hence we have  A' = A′η L::

Next wё  sha■■ prove that  Ll  is the fie■ d Of:D― constants.

工t is easi■y Seel t'at  Ai tt A2 ~ A土 [y., 000, シ81  i' the ring

of  b(・ )"constants in  Ae  Sirrli■ ar■y  A. 
貿 Al  is the ring O「
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D(2)-ccnstants in A. iYe know ti:at

(t2], Chapter 1, 52, ProPosition ?) '

Ai:塁
 A左

 = (Al 貫 ,2)

ThgreF6rё   A: = Ai

ハ (A. tt Al)

貿 Al

●

ヽ

is the ring of D-constants in A. It is clear that Lr = O"(At)

is coniained in the fi-el-d of D-cons'bants. since A is the

integral closure of Af in L, any element of L is of the

forn a/b (a € A, b € Ar ). Suppose that D(a/b) = a/b (a €' A,

b 4 A'). Then we have D(a) = D( (a/b)b) = Et(a/b)D(b) = (a'/b)b

= a, hence a is in At. This implies that a/b is in Lt.

Finally Lt is the fielct of D-constants'

ir/e shall show tbat the height one property holds for D'

lince  A  is Ai_f■ at, We knott that  ht((P∩  Al)く  ■ (■ 〒 ■, 2)

f9r a■■  ξll(P(A)(E41, Pr?p°
Sitlo1 6。 1:).

Then th6re exists an ё■ement  ai  in  Ai

J(D(i) : o.i) is not ccntained in Pi because the height cne

propert.y holcis fcr D(1). on the other hand vre have 'T(10 : ( c(1,

｀ 2))二
 」(D(■

) i CK.)J(⊇

`2) : cく

2)・
  SuppOSe that 」(D:(咲 .,X2))

e P , then either J(D(]) : o(1) or 'ltg(e) : c{2)

^ 11) : o(r) € p, This means tkrat J(!(l)p r saYr J(Pt-' : o(t) € F'' Tnrs meant

4 F ^ 
or = F' which con'uradicts, to the height one

liie shall show that. [L : Lt] = nn(D). set Ll =

,lt  pi.= ρ∩Al。

●

such that the 」acObian

is in

: 。く.) |

pr9perty

at ai Ｏ

ｋ
42)'
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thett wc hatte  L 7 1.iン  LI.  =∬ e know thit  EL : L.] >:pn(lD)

becaus6 of ProloSitiOnユ :う・  Since ElJ‐ :L.1=[Lil.l lL.:L'ユ ;

it sufFices to prOVe that  [L : L.]く p ・   and  :L. : Llユ  く p 21  _

■e sha■i prove thit  [L : Li]≦  jn卜・  It‐ ls e,slly Veri119,  li     l

l五
よ| IL 〒 ,(|. 貿

K2)' L. 〒 Q(K土 貿 K2) and  `土 塁
K2 = L■ /ヽ (K.塁

|12)・

Therefore any e■ ettent OF  L  is Of the form  欲/β   Wilh  ∝ |

ぐ  Kl tt K2  
子
nd 

ρ
CKi‐

7K子
.  L9t  al' :・ ., a, (3:= pn・ )      ,

be  tti二もasiS °f  K.。   Then  K.堂 K2  iS gen9rated by  a.O ■,

..。 , ape1  0γ ?r  Ki里 :K2・   linCe any e■ ettent OF  L  is Of

the f?rm  α/ρ   ( 
改こ:K1 9K2'  ρ

ζ‐`12K2),  L  is g91ё
rat?d

Oy  ょ1 0 ・ , ..., a,O ■  OVer  L., hence  EL : L.i ■ が =‐ pl・ :

Sini■ aIヽ■y We have  [L. . L:ユ  4 pn2。

Lё t

０■
Ｚ

ノ

／
●■

Ｚ

０■
Ｄ

”

・
ｔ

=[D(子 )ィ
Z

２
，
　
　
　
、ヽ
ｒ
‐
Ｊ

■

　

　

一■

一一　
　
　
　
ｍ

≪

　

性

　

ｚ＞

こ
　

　

こ
　

　

Ｄ

] ror

z 4 Al_t

ｅＷｅＣ

ヽ
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rema■ ns on■y tO prove that  JL. 文 まし2を °(´
`  Let

θ   bё the

hOttOmoriOhism Of  よL■ Xもこ2  1nto  JL  defined by

(D(・
)(a.)/a., P(2)(a2)/a2)= D(a.,2)/aia2' (ai tt Kl).          .

It is easi■ y se.en that  `)  iS injective.  We sha■ ■ show that

θ  is surjective. Suppose that  D(f)/f C― よL  (f(:A ― {Ol)・     :

Then there exist pO■ ynomia■ s  li(Ti) in  AETi] (i = ■, 2)      ,

such that  D(f)/f = (3.(t.),| ご2(t2))・   C°mparing the t9ta■

degreO‐ with res‐peCt 10  y., ..., ye  °f  D(・
)(f) With that

of  fg.(t.), w9 see that  g.(t.) iS i,  A.[t.: rn.].  Write

f=Σ arbr(ar C I■ 'Pr e 12響
d l

r                               

もfl iS ■inear■ ytindёpendent

over ik), then ve haVe

Σl(⊇
(・ )(ar)~ g.(t.)ar)br = 00

γ

甲his inp■ ies that  ⊇
(・ )(ar)= g.(t■ )ar  fOr a■ ■ 了・  Therefore

D(・
)(a)/a = gi(し

.) f°r some  a く=Al.  Sini・ ar■y  ⊇
(2)(b)/b

= g2(t2)  f° r sOmo b (A2・   Hence  θ (⊇
(‐

・
)(a)ノム: ⊇

(2)(b)/b)

= D(f)/F.  FurthermOre We linow that  よ: = lD(1)1/f lf(A 
「

101,|

D(f)/f こA Et : ニユ]O  TherefOre  6)  is surjective and We get

the des■ red resu■ t Q.E.D.

Rernark 3.5. By the similar method as the proof of

Proposii,ion 3.4, vre can 8et the followj-ng fact using units

theoren ( FO], 3orollary t.B). But the proof is inore corriplicated'
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so $Ie Oqi]-f l-f,:

.    factoriZatiOn dOmainS With  (A.)。  = k  anO let  Ki  belitP

quotient field. Assurne that Ki (f < i 4 r) are regular

extensions of k, Let D(i) be a non-trivial higher d.erivation

of rank rn, on lt over k leaving Ai invariant for I < i

< r. T,et Ki be the field of !(t)-constants and set '

Al:= Ai rl Ki (1 < i < r). Assume that the height one property

/i\ I}; fi].
holds for D(i) and [Ki : i<i1 = p I rvhere ilii= n(!*-') for

|:Lel  li:= s(lPzキ  (Ai)s (1 

く i≦ r) lbe gradeO unique

■ ‐く i く re  ,et  A,三  A. 
ョ ... 露 Ar  an,  Al:= Ai 買 .1.1冤 ti

with L:= Q(A) and Lr:= Q(at;. F\rrthermoi'e assume that

A. 
賓 

。,. 
露 Ai (■

 く i く、1) are unique factOrization dOmains.
r

"a--'f nrlrnt\ 
ll

Then rnia have Cf (Ar ) = I I wt\ni/ 'i=1

The follov;ing Pr:oposition is inmediate from Proposition 3'4'

P:,oposition 3.6. The divisor cfass Sroup of an affine

zr qi
variety ivl A5r defined. by the equati'ons Zr- = xiYi (1 < i

r

Renrark3.?.ThecoordinaterJ-ngofthisvarietyis
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‐
・
   iso19ilhic tO Al:= k[メ l・ , y.lli X.y・ , ・・・

' 
支ir, yir; 要Fyrli

And ifile denote by  S´ i  a prユ
me idea■ li,  P(A')  gen9Fa,ed

by  ttli, xivi  fOr  ■ くヽ ill r, thett  Cl(1聾 i) (■
生 i4r)

●    蒼enerate  c■ (A3).

As another generaliza.tion of Proposition J.2 vre have the

fol1or,;ing:

pr.oposition 3.8. The divisOr class group of a hypersurface

n
s : zP = Xtxz...X, (r > 2) is isornorphic to &/pn%)*-l'

The coc:.dinate ring of this hypersurface s i-s isomorphrc

to At := rn[*f", *!tr . '., *lt, XlXz" 'xrL v"'here x' x?'

independ'entvariablesoverk.Ifwedenoteby..., Xf aTe 
n

Ft a prirne ].deal ].n P(At) generated by "l 
and xLxl"'x"

for l-<i<r-1,then cl(&i)(f <i(r-1) generate

cI(A'1.

Proof. ':',je see easily tha.t, At is the coordinate r:-ng

of the irypersurface S. riJe shall set A = k[x1 ' x2' "" xr]

and I(:= Q(A). Let D(i) be the higher derivation of rank

pn- I on K over k satisfYing

D(i) (*:-) = xr(l + ti) 
'
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こrニー
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i)`

・ 
‐
   |⊇

(i)(支
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for  ■
=く
 iく r 二 ■I  T'9n W9 haVe              l             ‐

| 」(D3Ⅲ■:‐ |・・:,へ ,… ◆
1下r)'三 (T■ )FT長1111亀∴・4111

F:riく :よ二1薔lere b二 (が・),。 ‐ メr~り )贔d the ljlも Oi l

八 ‐ove_r a ■etter means that the ■ettёl is missing:  Let  Kl

be the fie■ d of D‐ёOnも tantS.  Then PrOpositiOn ■.う ユ単p■ ieS thet
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■
・

Ｘ

ｎ
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２
Ｘ
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Ｋ

Ⅲd‐lr1 1(111,|∴ ,|ゞ ,11∴ :姜r).“ hι五for lく iく rTl a

[x , K'] = p*(r'-l). V'/e shafl set

η

KI= K.,  1111 K二 十三(干1+.) lal。  挙呈Ii C li:i  fOr  .く
 i」く i 一 ll

BeSiles, K5KIう 卜r・
 T:liS ilpliLζ tiat EK:K'121n(lT・ キ;‐ |

heAc`  度 : Kli = in(r_.).  tilce the hyperSurface  S  has nO   
‐

もingular■ ty 01 90dl■ lenSiOn‐ One, we see that  A:  ユsinOrmal.   
‐ ‐

T19,weど6t Al二 AハーKl.I Tlerё FOre薔:ll↓:||・ Cダ )室 こyよLl l・

も,T五さふ16m i:な : ieti θ le thё hOl:1。 rihi`五 :=(z/11″ )'|・ 1111

int6 4i dgFiled by ll   ‐  ‐ | .1 1  1‐ |‐  . 1‐ ‐
|‐

‐ θ(the rももiou6 cl,SS 9f(ji■ :・・l jitti)). |       |

| =D(a)/a   ‐        `      、

■ ‐ 二てこ|■31:|二 :|こ ||■二p与
~→

||‐

lh`rg‐  al. 1111,01lE二・
‐。  姜五|| 

‐ζ,  iζ Wel■―dl「lhel land bijective
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by the sj-milar d-evlce io ihe proof

rrlnt\ = f /Pt = P = 1"'' B-'rr-1
vr\n 

-R, 
LA = LA = \{'/ P 4')

cl(Ar ).

For future reference TIe shall recoll-ect the knOlttn restllts

concernl-ng Galois descent a.nd semi8roup rings. Let G be a

fj-nite group of autornorphisras of a Krull donain A and let

Ar be the invariant subring of A r,'iith respect to G' Since

A is integral over At, we can define the homomorphism

I : cl(;i')--*c}(A) by T(cr( f-)) = cr( L etp ) B)

the suin is taken OVer a■ ■ prime idea■   `,  in  '(A)  s19h

that  `｀  ハ A' = 5を ,  If ,Very prinle idё
a■   `'  in  P(A) iS

unranttfiel over  p∩ A:,  A is Ca■■ed div■ soria■ ■y unran■ fied

Over  A'.

Lemrlta う09・   If  A  iS diViも Orial■y unramified oV9r  A',

there is an iSOrr161「五isI  `er(1)=H・ (G: Aす ) (cf. E41, Th60rom

16.■ )`                 :

Of propositiOn う。■・  Consequently

Sin9e  D(Xl)/X■ |(l=生  i

く iく r一 ■) generate

Q.E`D.

nhere

(■

●

・

●

Ａ
一　
　
・■

ｏｆ

　

ム
ｙ

Lemma う。■00

0ver  A・ .

n  P(A) iS

Let  O (A/Al) be`the Dedekind diff9rent

Then ve have the fO■ ■OWing; a prime ■lea■

unr,■11led °Ver  lβ A`l  if and on■γ if



4う

:: 0(γ A:)ザ午

`'(Eι

卜1,PrOposition 16.ぅ ).

Let  f(X) be the minilrta■  po■ynomia■  ・f6r a primitiV9

element  ∝   of  Q(A) OVer ‐Q(Al).  Let  f.(X) denOte the

O   deriVative of  f(X) With re,pect t9  X,  Thett we have  f:(ヽ )

|    こ £XA/A3).  Hё nc6 each prime idea■   G,  ln  P(A) ,slch that

i    l'(tX'デ
ー
 `b  iS uttramified 6ver  p A A'  by temmlぅ

。・°・
|    I    Furthermore we neё d the fO■ ■0甘ユng faCt COncёrning

seralsroup rings.

Lerrrma 3.!L. Let l(itf l be a senigroup ring over a fiel-d

generated by a senrigroup f < 74 (i = 1, 2). Assume

that I{f tf] (i = 1, 2) are Krull domains. Then vie have

c1(K1tr])=c1(KeL[:p(cf.tr],Fropositton?.3).

By making use of Proposition J.8 and Galoi-s descent we

get the follolving:

Proposition 3.L2. Let k be a field of arbitrary

charactez,istic. ,fhen ihe clivisor. class group of a hypersu-rface
A _..x (r,> 2) over k is o et/dU)T_L.S : 'Ld = XtXZ...f, (r > 2) over k j.s isomorphic t

procf. It is easily seen that the coordi-nate ring of

the hypersurFace  S  iS iSomOrphic t9  A':= kEXl, ご・・ , |]I X.1・ ・ Xrl

青h9re  x., 。.・

' Xr  are lndep9nd6nt variablё
s over  k.  SinCe

At  is‐ generated by monOmial,, We may assume that  k  iS

algebrOica■■y c■oSed by IJeLma う.■■e  Let  p  den9te the

Ki

●
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ヘ

characteristic of  k.  In thO C■ ●e  p 〒 9, We catt cOnc■ ude

the resi■ t simply thrOugh Ga■ OiS dё SCente  SO we omit the

tr00fe  Asζ umき  tliat  j ン O  and iritё   d = apn, 多キae  We sha■ ■

set B=kEXin,… ・ ,不Fn,X.0… 111'the,we havё  Bフ Al. Let

ω  be a pr■ m■ tiVe a― th root Of unity lnd  σi  be the   l

autorr19rphiSm of  B  defin9d by the fo■■Owing man,er:   ‐

|.(Xin)= xll (・ 1く  j二 l r i,  j 十 
二
),

and,「 i(X■・・・ 文r)= X■・ 0,Xr

|■(xttn)二 1民)干翌l;

C (Xpn)〒
 aD~・

Xヨl

for l-<j.4r
the subgroup of

e.

Then rve get B-

prove i-hat B

set

k」 1嵐 Xl,■ ,Xl,電l・
iO… 支ヨ・ ,|.…p

for  ■ く i くr ― ■。  Then ・Fs(T)= Ta_ 文書  iS th` minirna■
n

pOly五 0..al fOr , primitiVe element  X:   Of  Ks_.. OVer  tts

and  lき (x:n)= a(x:n)a_.  fOr  ■く Sく r  where  K。 := Q(B)

and  K二 1= Q(Al).  TheFefore eVery pr工 49 ユaea■   ξ〉  in  P(B)

eicelt  `5s L で長
:n, X.・ ::Xr)(14 S=生

 r) iS unrattified 9Ver

l 
∩

 lt・
  By a diFe,t 9a■ Culation the‐ ram■ fユ Cat■ On index Of

ξ
)s  OVer  psノ η Al  iS 01e・   Hence  B  iS diViSOria■ ■y

unramified 6ver  Al。   ,y Galois de.cent We get the fO■
■OWing

eXact Sequence:         ‐

― ■.  Tle,  ci  iS WI■ ■…d6fineO.  Let  iG  be

Aut B generated b, σi(■ `iく
r一 ■).

:三  A:。  IIn order tO use eo■ Ois descent, we must

is diVigoria..y unramified over lA':  W9 ,ha■ l
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SinCe  C  acts trivia■ ■

' On  l丼

 = k丼 , "e know‐ tllat  H■ (G, B・ )

γ Horlnz,G" k・ )0  ・urthermOre it iS eaSi■y verified that

Homz(G, k・ )営  (Z/aZ)r一
■ ‐

b6Cause  aD  is‐ in  k.  On the other

nand, PropOsition うo8 shOWS that  C■ (B)= (乙 /pnZ)r´
■
・   Let

多i  be a prime idea■
 in  P(Al) generated by  挙呈  and  tt■・・・Xr

f6r ■く工くr‐ ■・ 壼hen w9 have‐ θiハ 本.=:3. ,nd ,(宇■p

二 Oi  ltF,ereil j : Div(Al)―
Div(B).  Besidesi  cl((Pi)  (■ |千 i

く r 一■) genlrate  c■ tB)2r(z/pnZ)r―
■・  F工五五1■y ve g6tlthe

fo■■ow■ng exact sequence:

6す一→ (〃az)r~・・すす→ c■(Al)―   (〃♂ア)r_・ ―一一→。.

sinc8  a  and  pF  are re■ atiVe■y prime,  Ext)|(Z/3nz)r_■ ,

(Zノaz)|=1) ,aniSi.es and the labOVe sequenCe Sp■ itS ([31, p・  290,

Theorem l.■ )・  ThiS i“ p■ iさ S that  C■ (Al)= (Z/dZ/)r~・ :     Q.E.D:

Renlark う。■う。  In

う。■2,  pnc.(多 i) (■
く

j(pnF‐ i)= d,VB(挙 翌
1)

the noiations of the proof of Proposiiion

i ( r - 1) generate fer(f) because

s 
--tand xer(l) = iloinu(Gr lc") = (z/a7/)' i-

う。■4・   Let  k  ゃ9 a fiё■d Ofrarbユキrttry  :

Then the diviSOr c■ ass grOup of the‐ 10rr10geneous

gf a veronesと  tFa,S10rm  vょ (11) Of a projectiVe

k (d 22) iS a 9yこ ■i, gr9up Of Order  d.

Further■ ore it fO■ ■OWS frOn 3DrOpOsitiOr・  う。8 that c■ (多 i) (■ =く
 i

く r 1 1) どenerate  c■ (A:)1 ■Odu■ o  Kёr(3),  Hende  c■ (5Li)

で.く i ar 一■)  とenerat9  01(Al).

PropositiOn

character■ stiCe

coordinate ring

ζpace ‐Pr  ov6r
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Oe ■ndependent var■ ab■ esPr9of.  Lct  XO, Xl' ・・ ?' Xr

over kι  We sha■l Set A3=ト トb,文■,ち …;X」・ Let A' be

the subring Of  A  generatё d by monomia■ s with dOgree  d.

Then  At  is ■somorphiC tO the homOgeneous coOro■ nate r■ ng

of  vd(Pr)。   we may assume that  k  iS a■ gebraicl■■y C■ OSed

by Lemma う|■■e  Let  p  de,Ote the icharaCteristiC Of  k・

In the caSe  p = 0, We haVe  C■ (Al)= Zノ dZ by  E01, 3. 85,

(■ )。  Assum6 that  pン  O  and  o  iS a pO"er Of  p, say,     .

d tt pn。  16t  ⊇  be the higher deriVation on  Q(A) OVer  k

oF rank  d r .  defined by  ⊇(Xl)〒  Xl(・  キ |) (°
く iζ r).

Thёn tte see easi■ y that  Al  iS the ring of ⊇―cOnstants and

EK:K:]l d Wher9 K■ Q(A)and Kl==′ Q(A3).sinCe」 (⊇ :不i)

= xi (0く  ilく ―r,, the height One pFOperty is Satisfユ ed.  Hence

b, Ttteorem ■16, c■ (Al)= Ker(3)= yLAイ よLi奎 こ
A・
  Let  6)  Pe

the 10inOmOrphis■  Of  Z//dZ  intO  まLA  Satiζ fying  θ

`the residu9
c■ass 6f  j)= (⊇ (XO)/10)0.  It is easi■ y seen that  θ  iS

we■■―defi五 9d and bijectiVe,  Hence we haVe  C■ (A3)雪 z/dク・

If  d  iC not a pOWer Of  p, wF■ te  d = ain, pla  and ■et

B  もe the suも ling of  A  generatё diby 五9noLia■ s witll dёgr9e     ‐

pno  Let  ω  be a prittitiVe a― th r00t Of unity and ■et

o「  be the automorphism 9f  B  defined by  C~(M)=ω
M ‐‐fOr

every ■Ono“ia■  H Wit, degree  p .  Let  G  be the Suogroup

of  Aut B  gerlerated by C「 ・  Then we haVe  A: = 五
9.  since

=翌

n  iS a plimitive 
さ■elen, Of  Q(II) °ver  Q(Al)  fOr  O

∠ i∠ r, ■t i‐S eaSi■ y. een that  B  iS diViSOria■ ■y unramif工 ed

Over  A'.  By the similar ,eViCe tO the proof Of PropositiOn
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3 .r2, get cl(Al)管 η
′dZ:

All- rings appeared in t'he

mono:niaIs. The coordine-te

noi SenerateC bY nnonomial s:

Q.Ir.D.

above Propositicns are generated

ri-ng of the follot'iin6 surface

ｅ

　

　

・

ｙ

　
　
ｓ

ｈ
）
　

。■

０

＾

Proposition 3.L5. Let n be a pcsitive int'eger a.nd s

be a non-negative integer lvith O 3 s 3, n. Then the divisor
-n^snclass group of a surface S : ZP- = XP yP '! is isomorphic

to 7tr/pn- "% .

Proof. Let )lr y be indepenaent vari-ables over k.

Then it is easily seen that the affine coord'inai'e ring of
n 

^n t1s trfl
the surface S is given by At:= k[xP , x'P , xP yP y].

set A:= kfx, yl and let ! be the higher derivation of

rank nL:= pn - I on q(A) over k defined. by 9(x) = x + tt

!(v) = y + ,;on|Ps. Then it. is easily checked. that the assumpti-ons

in Thecrem 1.6 are satisfied. Defi.ne the hornomosphisrn

of 7l/pn-"7 into {.0 by Q(tne residue class of i)

= (9(V )/y)L. Tiien 0 is lrell-cl-efined and' injecii'ie' '..''je

shall shovi that 0 is suljective, Suppose that 2G)/t
e. A[b : n] (f< A -[C]), then there exists an elenent

g(T) of AtTf such that 2(i)/t -.8(t). Since the degree

rviih r.espect 'uo x of the coef ficient of ti in !( f ) is

not more than that of f for A < i 4 m, we ha';e g(t)

€ ktY I [t : rn] - liriie
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f tt a。 (y)+ a.(y)X t ... 十 ,11(y)Xh,

a,(y)こ kEy](0■
"く

h)and ah(y)+90

●

・

From !(f) = fg(b)' we eet

!(*o(v)) * !(ar(v))(x+ t)

= ao(v)e(t) + at(v)s(t)x *

Companrg the coefficients of

!(a1(v)) = 4h(Y)s(t) because

ind.ependent over k. BY Lemma

i such that s(t) = (9(r')/ili

and cl- ( A' ) = zt:/ pn- svt -

L

+ ... + P(tn(v))(x + t)"

. o. + an(v)g(t)xh-

*t on both sides,.we have

xr y ancl T are algebraicallY

1.L7, there exists an integer

. Hence 0 j-s surjective

Q.E.D.

Relnalk う。■6。  二et  5L  ‐be the prime idea■  in  P(A')

』olerated :y  ypn  ind  xpSipl tt yO  Then  C■ (1卜 )  g91erates

C■ (A:).  T五 6  q―th symb.O■ iC pOWё r  許
(q) 。f  5L  ig a principal

.lea■  』enerat:d by  ypユ
~S  where  O:= pn~S・

Lelrrma 3.L?. Let { = kty] be a one-d.imensiona-1 polyncmial

ring o"r'er k. Let n be a positive integer and s be a

non-nesative integer lrith O ( s (' i1' Let P be the higher

derivation of z'ank m:= pn -- 1 on gt(A) over k defined by

p(y) =;t'+yPttpt. ff !(i)/t (f <A_.[oJ) isin A[t:m],

there exists an integer i such that 9(t)/t = (9(y)/V)i'

n-s
Pl'oof . .Set Ar:= kfJrp f, then vie have At = A n Kt
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v「here  l(l  iS the fie■ d Of ⊇
一COnStallSo  NOtiCe that  `' := y4

is the on■y prine idさ a■ i,  P(A)  such‐ that  Dq(A)C `ン

(q:= pS).  Then we ,ave  e(`))= pn‐
S  'nd  S((P)=|■・  Hence

we get the fo■■OW■,g exact ,equence oy Theorem 2.6`

0-→ ker(1)―早 上ム ィ1・
―Sζ ‐一→00

l,otice that t(tfre residue class of (!(V)/V)i) =. the residue

class of i. Ftgbhermore fer(i); Cl(A') - O and' {i = [f]'

So we have the desired resultr Q'E'D'

Kiyoshi Baba

De-cartment of i'{athentaiics

Osaka Universj-tY

Toyonaka, Osaka ,60

Japan
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