
Title QUASI-CO-PRIME AUTOMORPHISMS AND THE GLAUBERMAN
CORRESPONDENCE OF FINITE GROUPS

Author(s) Matsuyama, Hiroshi

Citation

Issue Date

Text Version ETD

URL http://hdl.handle.net/11094/27758

DOI

rights

Note

Osaka University Knowledge Archive : OUKA

https://ir.library.osaka-u.ac.jp/

Osaka University



QUASI― CO― PRIME AUTOMORPHISMS AND THE GLAUBERMAN CORRESPONDENCE

OF FINITE GROUPS

HIROSHI MATSUYAMA

Introduction and notation

In this paper, G denotes a finite group and o denotes an

automorphism of G of order n. Put H=Ca(o). Let lrr(G) and Irr(H)

be the set of irreducible complex characters of G and H respectively.

If X is a character of L;, Lireit ,..Ie define the character Xo

of G by Xo(go)=x(e) for each element g of G. Set lrro(G)={xl

Xe Irr(G) and Xo=X). Assuming o to be co-prime (ttrat is, n and

lcl are relatively prime), Glauberman ItJ showed the existence

of a natural bijection of Irro(G) onto Irr(H) and extended the

resul-t to finite groups admitting sol-vable operator groups with

relatively prime order. Since then, generalizations and variations

of Glauberman's result lrere obtai-ned by several authors, see for

example H.Nagao [6j. Furthermore, more genera] character corres-

pondences (through 'norm mappi-ngs') were consi-dered by N.Kawanaka

[a], [i], T.shintani [z] and others.

The purpose of this paper is to study quasi-co-prime

automorphisms (see Definition (1.2)) and to extend Glauberman's

character correspondence to a finite group admitting a quasi-co-prime

automorphism. (fndeed we shal-l characterize an automorphism which

yields the Glauberman correspondence. )
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BQfore stating our Theorems, we ■ntroduce the fo1low■ ng

notation:

f=G<o> ; the semi--direct product of G by <o>.

1=lC:Hl.

hr =1 , h, , "", ho i the representatives of the conjugacy

classes of H.

x(trr)=( g-1nigo I eec ), i=1,2,....,e.

X=x(hr ).
Irr(C)=1 Xr=1 rX. r........,X, ) .

Irro(c)=( Xr=1,Xr,....,Xg ] .

Irr(H)=1 Or=1,0r,...',00 ).
Hom(f/G, C*)={ur=1,uzr....rHr.}= the set of linear charact'ers

of f whose kernels contain G.

ni=Xi(1 ), i=1,2;....r.r.

er=nr/lcl 1^xr(c-1)s, i=1,2,....,\
s€G

c[c],c[fj ; the group algebras of G and f respectively

over the field of complex numbers C.

3= I x (ec[r] ) for any subset s of r.
X€ S

class functions on G.

[Al_A2JG= 1/IGI 
語 GA■

(g)π 2(g), Ilere A■  and A2 are
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Remark (t.t). Let X be a character of G and let R be a

representation of G. Then, by linear extension, we may assune

that both 1 and R are defined on C[C]. Slmilar]y, r./e nray assume

that characters and representations of I are defined on C [t] .

∝

Definition (1.2)。   If G=.≧
へ
X(hi), then σ is cal■ ed a

quas■ _co_pr■me automorphism of G.

Remark (1.3). Some (but not all) of properties of co-prine

automorphisms hold for quasi-co-prime automorphi-sms. Especially

'$re can show a=B for a finite group G admitting a quasi-co-prime

automorphism (see (2.41 1.

Definition (1 .lr), Let XE Irro(G) and let X* be an extension

of X to f (see(2.1)). Let ot be a generator of <o>. Then we define

a class function Q(Xx,om1 on H as follows;

0(xo,om)(h)=1x(hom) for each erement h of H.

Note that the definition of U(Xo,ot) depends on the choice

of X* and ot.

Definition (1.5), Suppose c=8. A bijection n of trro(G) onto

Irr(H) is called the Glauberman correspondence with respect to o

if the following condition is satisfied;

Let X € lrro(C) . Then for any extension Xt, of X to l,
0(X*,o) is a non-zero scalar muJ-tiple of n(x).

-3-



Remark (t.6). If there exists the Glauberman correspondence

Tr with respeat to o. Then there exists a non-zero complex nunber

I such that 0(Xn,o)=trn(X). Indeed tr is a 2n-th root of unlty if
n is odd and a n-th root of unity if n is even (see (4.t)(ff11.
Furthernore 0(X*rom) fs also & ron-zero scalar nultiple of n(X)

for any generator ot of io> (see (5.t)).

Now our Theorens are the following:

Theorem A. An automorphism o is a quasi.co-prime automorphism

if there exists the Glauberm&n correspondence withif and only

respect to σ .

Theorem B.  Let σ

Let π be the G■ auberman

■et π(xi)=0., i=1'““
'α
・

(i) There exists

Xl(σ
m)=CiOi(1)for any

is odd and c.=l if n is
■

be a quasi-co-pr5.ne autonorphisn of G.

correspondence vith respe.ct to o and

Then the following hold;

a uni-que extension XI of Xr.to f such that

generator ot of <o), where ei€ tt1) if n

even, i=1 ,...., c.

ｅｈ
“
　

　

Ｓ

ｔ
ｖ
　

　

ａ

(In the seque■ , the uniquely determined extension xl iS Ca.■ed

canonica■ extension of xi, i=1, ¨̈ ,α . Furthermore, ■et ci be

is determined above.)

(ii) r is independent of the cho.ice 'of a generator of <o>.

If n is a power of a prime ｐ，
　
　
‘
一

＞

　

欧

０■●■●■ then

i,j≦ α,

symbo■ 。

IH,Oj〕
H= 
δijCi   (mOd p), 1

where 6.. is the Kronecker's
1J
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RI
■

i=1

(iv)  ni dilides toi(1), i=1,2.¨ ¨・o.

(v) Let xi be the canonical extension of xi tO r and ■et

be the representation of 「  which affords the character xl,

,2,0・",α・  Put Ri=RIIG・  Then3

Ri(食 )= citoi(1)/ni RI(σ ), COnsequent■y xi(1)is a

positive rationa■  integer,i=1,2,・・“,α 0

Remark (1.?). Let o be a co-prine automorphism of G. Then

o is a quasi-co-prime automorphism (see (3.3)\. If n is odd,

then the canonical extensions defined in Theorem B (il coincide

with the canonj-cal extensions in the sense of Glauberman [t ]
(see (5.9)). If n is even, then they do not always coincide

with each other ( see Remark ( 5. t O) ) .

Coro■■ary Ce  Let σ

Then xi(X)メ O if and only

a quas■―co― prime automorphism of G.

xi∈ Irrσ (G).

ｅ

　

　

ｆ

ｈ
）
　

ｏ■

The author is much indebted to Prof. H.Nagao for his kind

guidance and helpful suggestions. Also he would like to thank

Prof. N.Kawanaka who acquainted him with the result of [Z].

other notation is standard., see lz),ll) Ena [e].
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2.  Pre■ iminar■ es

(2.1).  Let xic lrrσ (G). Then We haVe the fo■■owinge

(1) There existS an extension xl of xi tO 「・ Furthermore

〔口jX∬ lj=1,"・
0,n}is the Fu■■ set of the extensions of xi.

(主 主 )  二

σ

xl(g)XI(g)=IGI.

(iii.) tet jfl. ana let X; be an extension of X' €Irro(G).

Lm ttσ尊」幕卜∝

proof . see [3] (6.t7 ) , ( a .14) , (t .zz) ,

(2.2). Ihe number of o-invariant conjugacy classes of G

coincides with B.

Proof. See t3l (6-32)

(2.3). Let GxG be the direct prod.uct of G and G.. Definlng

the action of an element (x,V) of GxG on the set G by

,(x,v) = *-1gy for g€c

we can regard the set G as a GxG-set (see [eJ Chap.1,S7).

(Z.tr). Let O(g)=(g,go) for each element ge1. Then 0 is a

monomorphlsm of G into GxG. Through the homomorphism 0; we cs.n

regard the GxG-set G ds a G-set.
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(2.5).  Regard C[G」  as a (right)GXO― modu■ e (thrOugh the

action deFined in (2。 3))。  Then c[G〕 ei is an irreducib■ e

GXG― submodu■ e which affords the character‐ xoX xl, i=1,2,¨ “,γ .

Proof,  Since C〔 G〕 el is a minima■  two‐ sided idea■  oF C〔 G〕 ,

C[G]ei is an irreducib■ e GXG‐ submodu■ eo Thus C〔G〕 ei aFfords the

character xm× Xs, 1≦ m,s≦ γ・ Let Gl=((1,g)lgcG}and ■et G2=

((g,1)lg(:G〕 . Regarding C[G〕 ei as a Gl― ■oduleち : C[G〕 eilaFfordl the

character tti(1)xtt of Glo Hence we have xs=xi. On the other hand,

regarding C[G〕 ei as a (right)G2‐■Odu■ e, C[G〕 ei affOrds the

character xi(1)Xi of G2●  HenCe we have xm〓 xi. ThiS proves (2.5).

(2.6).  Regard C[Gl as a (right)G― modu■e (through the action

defined in (2。 4)). Then c〔 G]ei is a G― submodu■ e which aFfords the

character■ X「 Of G,i=1,… ,Yo

Proof. By (2.5), C[C]e, affords the

GxG. Hence (2.6) is immediate.

characteF xiX xi Of

(2.7). Rr(X)=0 for i>8, where Ri is a representation of G

which affords the character Xi.

Proof.  It suffices to show that Xei=0。  Suppose Xei≠ 0。

:ili:ilil liaia:::llali[lifilimi:ixlilll:li:ixlili≠ Oinii::S a

contradicts the choice of xio Thus (2e7)is proved.
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(2.8). The nunber of orblts of the G-set G colncLdes wlth B.

Proof. Let X be the cheracter afforded

-v4
By;:(2.6), x=F. *r*i. Hence we have [x,rJc=8.i=1**

[X'tJO coincid.es with the nunber of orbits of

[l] (5.1i)). Thls proved (2.8).

‐
1‐蠍 1‐limb:llili:l::: :::iζ ;::li:l: lel:l:blilillil:・ i::i 160t

lfiギII:
(2。 9).  Let λ be an a■ gebraic integeF in Eo Suppose λλ=1。

Thentthe fo■■owing ho■ de
r 
、  (.)  λ2m=1, if m is odd。

‐
|1警聾111ド 11:l iS Telo l_‐‐.‐ 1111‐

11舞竜;:・■||||・■l

by G―■odu■ e C[G〕 。

On the other hand,

the G‐ set G (see

翻 あ1
:,1111

]:■■ i

澪A¬・

.,' :t,+ 
.. .:i.,: ! .ri!';! ' i : . '' '''

tet' .l,r';i:..;i'.1u: 5e a3-gebra.f diilntegers ln: 8., isuppos'e.,
'.' -r, .' ' : '..

Then there exLsts sone j such that 1.tr*=1 and I*=0JJ ].

a■■ i distinct from ].

Proofo  See [7〕 , 405-406。

(2.11)e  Let rl be a ratiOna■  integer re■ atiVe■y prime to

I」iぎ111管警|:・:IhilI:l::i::i・ ri:ii tii:: ili8鳳∬liiti:::"li:wi

場:I姜霧

roof 1s omlttud.l),,



3. On quasl-co-prlne autonorphlons

(3.1). Let ot=o roz,....rot be the conjugates of o ln I.
Then the following condltions are equlvalent:

(1) o ls a quaei-eo-prine autonorphlsn of 0.

t
(il) Gσ =U CG(σ■)σ i。

(■■1) CG(σ
l)σi 18

Proof. ((r)*(il) ) Take

for sorne h, and. sone elenent x

xnl1 (*-1 ) 
o"o : *hi1o*-1 , which

converse incluslon is obvLous,

((■■)→ (■ il)) Since lcof=lc; and

is forced to.Qe,,q.dloJoint sun; .Henc,e

(〈 111)[=(111)).=1311,19:。 SSumption,

a disjolnt sun.

.,,. t :

J '-:'":
an element g of G. Then g-1=xo'nr*tt

o.r' G. It follows that go=
t

inpries. go€ 
P.,to,ot)or. 

since the

we get (it).

ｔ

Ｕ

ｉ 〓‐

(3.21. Let o be a quasi-co-prlme

proof of (3.1 1 .

automorphism of G.
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Then ,we have the following.
(r) G= 0 x(h{) is a disjoint sum.

i=1

(ii) For any generator ot of (o), where n is an lnteger

relatlvely pri.ne to n, oD ls also a quasi-co-prlne autonorphlsn

of G.

(fif) n controls fuslon in H with respect to G (ttrat is
for any two elements x and y of H, they are conjugate in G if and

only if they are conJugate in H).

(fv; Let" x be in the center of H. Then ox ls also a

quasl-co-prine automorphisn of G. (where the autonorphism ox is
the restrictj-on of the inner automorphisn of f by ox to G).

proof . (i) tet Ki={g€ Gl*-tnrro=hi}, i=1 ,....1o. Then K, is
a subgroup of G which contains c'(hi). Hence lritllcr(trr) l, ana it
rorlows lx(hi) l5tlH:cr(hi) l. But then lclsf lxtt'r) l5ti f 

t,cH(hi) |

i=1

=IGI. TliS imp■ ies lX(hi)|=tlH:CH(hi)l and th?:Sin
α
Ｕ
ｉ〓

i=1

X(hi)iS

diS0 0int。                                 ‐  : ■■            1

(ii)  Since m is re■ative■ y prime to n, there exists an integer

r su9h that rm=1  (■ od n). The.iby (2。 11)、, there exists an integer

S rell1lγ91半 pri翠 ||?1亭 |.Such thaし ヽ
三r(■ Od i).Define al 

Ⅲ
pPiigl:‐

f of GO口
.intO G6‐

b, f(X)=XS fbr each e■ ement x of Gσ
me Let hσ ■

be  an e■ ement of Hσm. Then f(hσ m)=h'σ
ms=hSσ o Hence we conc■ ude

that f maps Hσ m onto Hσ e Simi■ ar■y we have f(CG(σ i)σl)=CG(σ i)σ i,i=1'¨ 't

Therefore CG(σ l)σ T, CG(σ 2)。 T,・・̈ ,cG(σ t)σl are mutua.■
y disjoint。

Thus (ii)fo■ ■ows from (3.1).

-10-
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I職 :

(rri) gy (2.2) and (z.a), the nunber of o-lnvarlant conjugacy

crasses of G ls o. Hence it suffices to show that KnHlO for any

o-invariant conjugacy class K of G. Let K be a o-invariant conjugaay

cLass of G. Then there exists &n element g of K with cr(e)g tro

for soue h€'H. Hence ho=h8q8. But then, si.nce oo=,0-c*(or)o, is
a disJolnt sun, we conclude h=h8 and o=o8. Therefl"l rgr. Hence

we have Kn HlO. Thus (f i:.) is verified.
(fv) Let x be ln the center of H. Put o,=ox. Let ol=o jo2r..,.

,oa be the conJugates of o in f and let oi=o, ro'zr....roi be the

conJugates of o' ln r. Rearranging the sublndices if necessary,

we may assume that oioil is contained in the center of cg(or),
i=l ,f ,....,t. Then it is easily checked that CO(oi)oi=CO(or)o, ,i=1 ,2,

:.:.,a. 
Hence we conctude that ro,=.o=r0.,c*(ortor=r{rco(oi)oi.

,Thus (f*r) is obtained fron (3.t ). This conpletes the proof of (3.2).

(3.3). Suppose n and lttl are relatively prine. Then o is
a quggl-c-o-prine automorphism of G. Consequently, a co-prine

autonqrphlsn ls a quasi-co-prine automorphtsm.

|:19° f・
  Let σl,o2,"・・,σt be the conjug,teS Of σ in 「。 SuppOse

CG(11:11106d(σ
j)σ j メ φoliake an e■ ement ig oF CG(σ l)σinCG(σ j)σ j.

Thel・
'ど

二五σ
iニ
メしj for some h(lCG(σ i)and some h'C CG(σ j)・  By the

assumption, n and the order of h are re■ ative■ y pr■me,  the same

holdS for n and the order of h'。  Since such a decomposition of g
t

is unique, we cOncludo σ
i=σ j「  Hence,  tノ CG(σ k)σk is a diSj° int sum。

il喜:1
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Therefore (l.l) follows from (l.l).

3.lr). Let a be a quasi-co-prime automorphism of G. Suppose

o is an inner automorphlsn of G. Then o=1. Consequentlyr & non-trlvlal
quasi-co-prime autonorphisn is an outer automorphism.

Proof . Let Ki={g € G l*-tnr*o=hi} , i=1 , 2,"",ct. Then by the

argunent in the proof of (3.2) (i), Kr=Crr(hi), i.=1 , 2,.... se,. Suppose

o coincides with the inner automorphism by an element x of G.

Since x is contai-ned in the center of H, *=hj for some i. Then

-1' o -1' ,-1g* = x for each element g of G. Hence we haveg njg =g ^jt
X(hj )={x}. Therefore O=*j=Cr(x). Thus (3.1r) is proved.

Remark (3.5). (li) of (l.Z) is not valid for all integers.

Let 01 be a co-prine autonorphism of G. Suppose G has a trivial

center and Ca(or) is nilpotent (indeed there exists such an exanple)

Liet x be an elenent of the center of C*(or) distinct fron the

identity. Se{ o=orx. Then by (3.2) (iv) and (3.3'), o is a quasi-

co-pri-me automorphism of G. Take an integer m such that ot=*.

By(g.t),o*isnotaquasi-co-primeautomorphismofG

-12-



lr. Proof of Theorem A

(/r.1). Suppose o is a quasi-co-prime autonorphism of G.

Then we have the following.
(l) There exists the Glauberman correspondence n wlth

respect to o.

(ii) Let X* be an extension of X€Irro(G) to f . Set

,l(X",o)=trn(X). Then I is a 2n-th root of unity if n is odd and a

n-th root of unity if n is even.

Proof . (i) f,et X61 Irro(G) and let Xx be an extension of X

to I. Set X*l f
Hxco> =, 

t'r""(H)t"na' 
where Aa is a character of <o>

for each o€Irr(H). Then 0(Xo,o) - f .Aa(o)0. By (Z.t)(ii)
O € Irr(H) v

and (3.1) r w€ have [,u(xo,o),s(x*,o)Jn=1 . Hence I
o€rrr(H) 

nr(o) Ar(o)=1 '

Since na(o) is an al.gebraic integer in a(q) for eabh OCfrr(H),
where E is a primitive n-th root of unityr we conclude fron (Z.tO)

-
that na(o)Ar(o)=1 for sone uniquely determined O€Irr(H) and

Ar,(o)=0 for any O'€lrr(tt) distinct from O. Take another extension

ujXo of, X. Then U(urX*,o)=uj(o)Ao(o)o. Thus o is determtned

independently i'ofl". the choice of an extens j-on of X to f . Theref ore

we can define a napping n of trro(G) into Irr(H) by n(X)=0. Now

we shall show that T, is the Glauberman correspondence with respect

to o. By the above argument, it suffices to prove that 7r is a

bijection. Let Xilxj, 1Si,i:o. Set n(Xi)=Oi and ?r(Xj )=d' .

i.1 
"

- 13_



辮 |■ ■締| |:騨難■癬難:尋諄4111=

Let. X{ and X; be extenslons of Xl and X, respectlvely. Then there

exist non-zero scalars Ii and 
^j 

guch that rt,(Xi,o)=lt0f and

,r,(xi,o)=^ir..l. By (z.t)(iri), 1_xi(e)fr.)=0, rt fotlows that
g €co *

'[rrg'rre])H=rrlj lor,€ii ]n=0. Hence ve have oLt{a. slnce g=.8,

we conclude n ls a bijectlon of Irro(G) onto Irr(H), whlch '.

proves (r).
(ff ) Set t9(X*,o)=l0. Then by the above argunent, I is an

algebraJ.c integer in Q(f ) with lI'=1. Hence by (2.g), (ff ) is
Lnned,Late. Thls completes the proof of (tr.1).

´
¨
¨
一
い尋

■
ヽ
，
ヽ

(tr.z). suppose

'Tr wlth respect to a

there exists
-1. Then o is

the Glauberuan correspondence

a quasi-co-prine autonorphisn.

Proof.  By the assumption, it Fo■ ■ows that α=β . Then by (2.8),

ユt suFFices to show that X(hl),X(h2),° °°0",X(|こ )are mut,al■y diStinct

,ubSet8 0f G◆  Suppose t9 the contrary thatiX(11)=X(hi)lor S° me

distinOt i and j・  Then we can choose some e Cttrr(H)such_that _

g(hf )le(n-) Let lq rrro(c) be such that nr(X)=o. Let ;1* 6" an

extensLon of X and let R* be a representatlon of I whlch affords

X*. S,"1 U(1*,o-1)=^t, where l, 1e a non-zero:ecalar. Put lX(trr) l=
.a

lx(rrn:) ls". consLd.erlng R*(g-lhrgoo-1 )=R*(g-1hro-,1g), ve get
'.\{n-z\

X.(f(;;)o-1 )=sx*(hro t 
) ="ro(hi) . sinlt":rr, *.{,;j )o:1 )="ro(hj ) .

since o(hi)lo{trr), we obtal-n xo(i(li)o-=1)l x"(fd:)o-1). This

contradLcts the choice of X(hr) and X(hJ). Hence we proved (tr.Z).

策定嘱春 `Ⅲヽ ¬́贈鶯誨麒軒
"¬
中い
"・
irr,ド、



一
Ｉ
一̈島一響
、
一凛
一

一・ふ
、一
¨

■
一、一
．ヽ

■
い
Ｌ
Ｌ

(tr.3). Suppose there exlsts the Glaubernan correspondence

with respect to o. Then o ls a quasi-co-prlme autonorphl-sn.

Proof.

by (3.27(li)
ｙ
一
　

σ

Ｂ (tr.Z), o-1 1s a quasl-co-prlne eutonorphlsn. Then

ls a quasl-co-prine autonorphlgnr whlch. provos (tr.j).

By (4.t) and (tr.3), the proof of Theoren A ls complet'ed,.

5. Proof of Theoren B

In this section o is a quasl-co-prine automorphlsm of G and

Tr is the Glaubernan correspondence with respect to 6. Arranglng
.the subind,ices, we nay assune n(Xi)=Oi, i=1 ,....eo,o

(5.1). There exLsts a unique extensio" XI of X, to f such

that Xi(ol=erOr(1), uhere er€(t1) if n is odd and.1=1 if n is
even, i=1 ,2 r.... je .

Proof. J,et X* be an extenslon of Xi. Then by. (4.1)(tf1,

il(Xo,o)=l,oi, where l, ls a 2n-th root of unlty if n is odd, and, a

n-th root of unlty if n ls even. Assume n ls odd,, then there.exj.sts

sone u;€Hon(f/c, C*) wtth ur(o)1E{t1}. Set X{=pJXo. Then Xf(o)
=eror(1), where ei=uJ(o)f €(11). Assune n ls evenr,..then there

exists sone up € Hon(f /C,c') with un(o) l,=1 . set Xl=pkX*. Then

Xi(ol=or(1). Thus there exlsts an extenslo" Xi o1'Xl whlch setisfies
the condltion of (5.t ), 1=1 ,f ,....,o.. Since urXI(o)=us(o)Xi(o)=
u"(o)erOt(1), tt can be easlly checked that the above Xi is

.lr.'}tt'i :|:!qrilfliE:'liltf$'.!!EFF:r:{'l'f"'.ni.ir. .i't4.nrr}y:,tltr$mtF,1^.!"1.rFtt|hl.ri!Ftt{t-.1-r;.ilttlEi|l|tlllltf.if
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uniquely determined. This proves ( 5.1 ) .

In the rest of this section ■et xi be the canonical extensi9五

〇f Xi tO 「  (See TheOrem B (i))and set xl(σ )=CiOi(1), i=1,2,“ ,̈α 。

(5。 2).  Let m be a rationa■  integer relatively prime to ne

Then xI(σ m)=XI(σ ),i=1,2r¨
"α

.

Proofo  Let こ be a pr■ m■ tive n― th root of un■ ty and ■et

E=Q(こ ). Then there exists some TC Ga■ (E/Q)with ζ
τ
=こ
mo HenCe

XI(σ )τ =xI(σ
m). But then, since xl(σ

)〔 Q, we have xl(σ
ln)=xl(σ

)τ =

Xl(σ )O Thus (5.2)is proved.

Remark (5。 3).  Let m be a rationa■  integer re■ ative■y prime

.to ne By (3。 2)(ii), σm is a quasi― co― prime automorphism of G.

Hence by Theorem A, there ex■ sts the G■ auberman correspondence

T' with respect to σm. By (5。 2), the canOnica■  extensions and

― ザ
十 田 ‐ 長 甲 轟 bも一 曲 the=choi∝ of― generator_ofくσンに_ _ _

Furthermore, T' coinCides with π (see the fo■■oWing assertion).

(5 . t , . Let T' be as above. Then Tr'=n.

Proof. Let s=nlHl. Let 6r be a primitive s-th root of unity

and let Cz be a primitive n-th root of unity. Set E=Q((r) and

F=Q( ez) . Let rz € Gal(f/q) ue such that Czr'=erm. Then there exists

tr € GaI (E/q) whose restriction to F coincides with rz. Set qrrt=(rr.

Then r and s are relatively prime and rrm (mod n).

-16_



Since ci(Oi(h))て 1=(ciOi(h))Tl=(xI(hσ ))Tl=xI(hrOr)=xI(hrσ
m)

=C i7T'(xi)(hr)=ci(7「 '(xi)(h))て 1, we have Oi(h)=7T'(xl)(h)for each

e■ ement h of H. It fol■ ows that Oi=π '(xl), i=1,2,・・…,α ● Hence

we obtain π'=π , which proves (5◆ 4).

Note that (i)and (ii)of TheOrem B are proved by (5。 1),

(5.2)and (5。 4).

0
Proof. Let XIIU*.', = E 

Untn'n , where nUU is a character

of <o>. Assume jli. since nr.(om)=0 for any ot€.ot-<op>r w€

J

(5。 5)◆  Suppose n is a

[xilH ,Oj〕 Httδ ijci

power of a prime p. Then

(mod p), 1si,jso.

from Prob■ em 2。 16 0f [3〕 e ConSidering

fo■■ows that lxIIH ,0:〕 H=0  (mod p)for

get AO。 (1)=0  (mOd p)
]
α

XIIH=fI:l AOk(1)Ok , it

any j distinct from io Therefore, to prove (5。 5), it suffices to

show that販 IIH,Oi〕 H=Ci(mod p),i=1,2r… ,α .By(5。 2),AOo takes
■

the constant va■ ue ci on <σ >「~くσp>. Thus AO。 一 cil<σ > Vanishes
■

on くσ>――<σp>. Hence again from Prob■ em 2。 16 of [3〕 , we have

AOi(1)一‐ci三 0  (mOd p), which imp■ ies AO。 (1)三 ci  (mOd p)・  This
■

proved (5。 5)。

(ttre present form of the proof of (5.5) is due to H.Nagao,

which is simplier than the original versj-on.)
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(5。 6).  The degree ni diVides tOi(1), i=1,2,・ ・",α 0

Proofo  Since l「 :9F(σ )IXI(σ )/ni iS an algebraic int9ger

and XI(σ )=CiOi(1), i=1,2,・・“,α ' We conc■
ude (5.6)。

(5。 7).  Let RI be a representati6n of 「  which affords the

character xl, i=1,2,¨ ,̈α e Set RIIG=Ri. Then Ri(文 )=citoi(1)/ni RI(σ ).

Consequent■ y, xi(金 )iS a pOSitive rational integer, i=1,2,・・̈ ,α●

Proof.  Let G=Hg: + Hg2+ 1・
:° 1・

+ Hgt・  SinCe ttσ
-1 = 

言電l g『

ig『

 
σ
~1

= )圭L g『
l σ~l gj, 文σ~l is contained in the center of Cr「 〕. HenCe

there exist comp■ ex numbers νi, i=1'2,・・・・,α , Such that RI(文 σ
~1)

=viRI(1)。  But then txI(σ
~1)=り
ini・
 It f°■■ows that νi=citOi(1)/ni.

Therefore we have Ri(文 )=ν iRI(σ )=CitOi(1)/ni RI(σ ), i=1,2,"¨ ,α .

M81と。vLI~:‐ 支1(金 )Lご itOi(1)/ni xl~Fし
'二

t(o」で1・下下五フ五it , 1lich iζ  ぎ ぎ
gξ iti↓こ

rationa■  integer by (5。 6). Thus (5.7)is verified。

By (5.5),(5。 6)and (5。 7), (iii),(iv)and (v) of TheOrem B

are provedo Thus the proof of Theorem B is comp■ eted.
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as

Remark (f .s1. Q(oi)=Q(1r), i=1,....,o, can be proved similarly

in Theorem 5 (c) of [t].

(5。 9).  SuppOSe one of the fol■ owing conditions holds3

(i) n is re■ atively prime to lHI.

(ii) n is a prime.

Then <σ 2> is contained in the kernel of det

Consequent■ y: if n is odd, then det xl(σ )=1, i=1

xl, i=1,"",0.

,....re,.

Proof.  First assume (1). Then it is eaSy to show that

det ttI(σ )=± l by Remark (5。 8), which implies (5.9)。  Next assume (ii).

Let ζ be a prinitive n― th root of unityo Set xIIく :> =mlλ l+“ +̈mnλn'

where λi is an irreducib■e character with λi(σ )=こ
1~1 , i=1:¨

",n,

and mi's are non― negative rationa■  integers. py (5.2), xIIく σ> iS

rational valued. Hence we have m2=・ ・̈=mne Then det xI(σ )=(こ こ2....ζ
n~1)m2

=± 1 (-l occurs on■ y in the case n=2 and m2 iS Odd), which imp■ ies

(5。 9). Furthermore, if n is odd, then くσ2>=く σ>. ThiS proved (5.9)e

Remark (5.10). Let V be a two di-mensional vector space over

Gf(5) and Nco> be a subgroup of GL(2,5) isomorphic to Ia (the

symmetric grciup on three letters), where N is a cyclic group of

order 3 and o2--1. Set G=VN be a semi-direct product of V by N with

respect to the natural action. Then <o> acts on G in the natural

manner. Let X€ Irro(G) be such that X(1)=3 and l-et X* be the

canonical extension of X. Since X* ( o) =1 , Xol .o, = 2u r +u 2 ,

-19-



where Uz(o)=-1. Hence we have det X*(o)=-1. In this case, the

canonical extension X*x- of X in the sense of Glauberman [t]
satisfies Xxx(o) =-1 .

Finally we shall prove Coro1lary C. If i)s, then by (2.7),
AA

Xi(X)=0. If i5o, then by (5.1) , Xi(X)10. Hence Corollary C is obtaj-ned

Appendix. After finishing this work, the author was acquainted

with T.Shintani's paper Ll) by Prof. N.Kawanaka. Ind.eed the same

argument as in the proof of (a.r) can be found in ll),+05-tro6.
Also the simj-1ar result to (Z.g) was verified in the proof of

Lemma 2-7 of t?1.
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