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OFON THE  CLASS  NUMBER UNIT  LATTICE  OVER

RING  OF  REAL  QUADRATIC  INTEGERS
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5 t. Introduetj-on. Let K be a totally real algebrai-c number

field. In a positive definlte quadratlc space over K a lattj-ce
En  iS Ca・

・
ed a unit lattice of rank  n  if  E

n
has an orthonormal-

basis {"1,...,"r}. The cl-ass number one problem is to find n

and K for whlch the class number of E. is one. Dzewas (t 1 l) ,

"Nebelung (t3l), Pfeuffer (L61,[7]) and Peters (t5l) have settled
this problern. The present state of this problem is : ff nZ3,
then the class number of E., is one if and only if ItK = Q, n 5 8tt,

ItK - Q(/2), n5 4",'rK = Q U5), n S L,,, rr( = Q Vn), n = 3i,, I'K - K(tr9),

n = 3tr or ttK - K(f ZtA), n = 3,, , where Q is the rational number field
/ rn\ /r lo\and 6\4Yi ("""p. 1\ t4oi; is the unique totally real cublc number

field r^rith discriminant lrg (resp. 1/rB ) . The cl-ass number two

problem has been studied by Pohst (ttOl;, who gets a nearly complete

result for nZ L : If nZ /*, then the class number of E is two
liotonlrr if ttK = K\+7/, n= 4rt or rr K - A06)r rr = 51617 r,, and the class

number of E is two in the first two cases.n

shoi^in that the class number of E' is three for X = A(/5) and n =

6. In the special case that K is a real quadratic field, it
remains to consider the class number of E? over K ( I A(/-2), eV5),
au17) ) .

Pfeuffer ([8])has

All former proofs of the rronly if It assertions and nearly
proofs of the class number one (or two) for special fields
special n use the Siegel Mass Formula. 0n the other hand

another method by which Kneser (f2l) has found the class

of E.^ for A. Using this method Sal-amon (ti1l) has foundno

first result for AU3). In this paper we shall prove the

theorem by using the Kneser method.

a■■

K  and

we have

number
ヽ

the

fo■ ■owing

2
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Theorem. In t.he case of real quadratic f ields with n > 3, the

class number of E- is two if and only if

Q(渡:),n=5,

Q(レ6),n=3,

日(汚「),n=5,

|(/πヌ),n=3,

日(ッg3),n=3,

Q(ν奮1),n=3.

The class number of E., is a monoto.ne increasine function of n

for a fixed field K ([/r], 105:1). In 52 -we discuss some

nrnnert'i cs of ad j acent lattices . In q 3 we f ind some speclalvr v vvr vrvv
a

qrliqnoni. lattices to E_ and prove that the class number of E_-n r---- -n

is.more than two unless K is one of the excepti-onal eight fields
(Cf . Proposition 8 ) . In S /- we treat the above excepti-onal cases

and determine the class number by using Kneser method. The

notation used in this paper will generally be those of t/-1.

・
申 い "ギ G′ ;重 laFΞ

O Td L喝
… ギ /10… ∞ md」

where  Z  is the ring of rational integerse   We define an equivalence

re■ ation～ on A3:(%… anい (、… bn)if and Only if there
is a permutation  {1',2'...,ni} Of  {1,2,..,n} and an integer  c

prime to  p  such that  bi2 三 cait mOd p  fOr all  io   ln each

ёquivalence class we can choose a representative  (al,..,an) satis―

fying              O≦ al ≦a2≦・・° ≦an

and          i1l ai2= i:l bi2 for al■  (bη ,..,bn)in the c■ ass.

●
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(o o.)
" "nt

l{.e define

T(bl,

denote the set of the

and (b1,..,b.) u"

the norm and the type

above representatives.

in the same elass and

of  (bl, , br, ) (or the

Let

(¬
…
:;an)'R3

c■ ass) =

N(bl,..,bn)

:‐ Σ
i=1

=: i:1

c.b. 三
■ ■

２

・・
ａ

n
.,bn)=min{ i11 o mOd p,(cl,..,cn)≠ (0'°

２

・・
Ｃ ,0)}.

∫ t is easy to prove the follow■ ng
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Proposition 1.

specified type T in

The number of the

A: is as fOl10ws :

equi-valence classes of the

●

●

Moreover if the typ" is one or two, then the norm is one.

Let K=QUT) be a real quadratic fiel-d over Q with a square-

free rational integer D and 0 be the ring of integers in K.

By gen L we denote the genus containing a lattice L in a quadratic

snAee \/ over K. A lattice L is said to be even if a(L) C20.
For vectors x1r..,X, in V, Lx1,..,x*l denotes the lattice
generated by {x., ,..,Xm} over ().

●
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Let oL be a non- zero ideal

lattice in V. For x € ffll
L(x) = 0x + {ze L

which is called an dL -adjacent

ing Lemmas 1 - /, are valid.
a

L  bё  a un■ modular

/Q(x)Cθ , we put

},

L(Cf。  123).   The fol■ ow―

of 0 and

such that

; B(x,z) e ()

lattice to

Lemma

ediqaon*

prime to

adj acent

1.   Let

lattice to

2θ  or  L(

lattice to

L  be a un■ modu■ ar

L.   Then  L(x)

x)1 笙 Lゃ  for any

L  be■ ongs to gen

latti ce and t- ( x )

i-s unimodular. If
tdyadicspotF,then

L.

ｂｅ
　

工
　
　
ａｎ

an Ol―

■S

dヒ ー

Lemma 2. Let L be a uni-modular lattice in V, and L(x)
o

and L(^t) i.b'6i two crl-adjacent lattices to L. If B(x,x')€ 0

and x-yx'€ L for some ye0 prime t,o 6L, then t-(x) = L(x').

Lemma 3. Let L be a unimodular lattice in V and L(x)

and L(x') be two oL-adjacent lattices to L. If xt = ox for

some o in O(r-), then L(x) = L(x').

o Lemma /'. Let L be a unimodular l-attice i-n V and L ( x )

an ol-adjacent lattice to L. If there is a vector ur in L

such that 2/q(x-r,,) and (q(*)-Q(r))/a(x-u,) are in 61 , then L(

- L.

be

X)

Lemma 5. Let p be an odd

prime ideal dividing p. Then a

isometric to some E,r(x ) with x

R: u {(0,..,0)}.
P

dividing  D  and 
ト

■attice to  E   is
n

and (al,..,an)く

nni mo nrrmhon

F -adjacent
n/nvu c

=- , A o
ne11

●
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Proofo   Note that  pθ =12 and  θ/1 笙 Z/pZ・    Take an e■ e IIle n t  z=

i:l 
αiei eど,~lEn  With  Q(z)c Oo   We can find  aic z  such that

/5 α
i三  :ai mOd ゛

●l  inCe  
ノτ
,ie 
θ  and : is prime t。   ゙.   Put  X=(P i:l  iei・   Then

n
x( 卜
~lEn  and  z―

x(En°    We have  i]l a12三  O mOd p  since  Q(z)G

θ.   Hence  Q(x)Gθ   and  (al,。 。,an)cAl  if  x ` En°   Since

-2B(x,z)=Q(z― x)― Q(x)― Q(z)( θ  and  B(x,2) G 卜
~2, we have

B(x,z)∈  θo  By Lemma 2 we have  En(Z)=En(X)°    Considering the

Stru,ture of OにnL we may have(¬… an)GRン は嘔 謝 by
Lemmas 2 and 3.

●

$ 3. Special adjacent lattices to En.

Proposition 2.   Let  bl,..,bn   e pos■ tive rati9nal integers
n

satisfying  i]l bi2=Do   Assume  n≧ 3.   Consider the ■attice  百 =

En(Z)=Lzコ ■A  with  z=ン
百 i:l biei.   Then

.1)西 ∈ gen En'   1

2)A  is even if  n tt bl 三 ・ 。・  ≡ bn 三 l mOd2,

3)A 〔 gen En-l  un・ ess  n tt bl 三 ・・・ 三 bn ≡ l mod 2,                (.

4)A = E2  if  n=3, D 三 l mOd 4  and  bi=bj  fOr some  i く j,

5) 1 ¢ Q(A) un■ ess n=3, D 三 l mOd 4  and  biFbj  for '° me  i < j・

Proof。   (1)SuppOse that  D  is odd.   By Lemma l we have  百 ∈ gen En°

Let  l be a dyadic spot on  Ko   We can assume that  bl  is odd.

Put  vi=bl ei― biel  for  i=2,3,..,n.   Then  Aか =[v2'・ ・'Vn l,With

. B(vi,vj)。
 Z  and  det(B(vi,vj))=b12(1「 2)D 三 l mOd 2.   The assertion

(2)is c■ earo   we shal■  shOw (3)。 Consider a lattice  M=[v2'・
・ 'On]



over  Zo   Then  M2 ～ く1>‐上・ 0・ _Lく 1>上 <D>  or  m2 笙 <1>_L・・・ .上 <1>ム

<D> I <D> I <D> . slnce lvl is not even and thez Hasse symbol of n) takes

the V,・ ue +1, where  M2  iS the 
子_ノ
ーcOmp■ etion of  Mo   So AP α  En-1'

since  θゎ ⊃ Z2  and  /D G K.   By Lemma l we have the assertion (3).

● (ii)Suppose that  D  is eveno   We can assume that  bl  and  b2  are

odd.   Let  o be dyadic.   Then  AI=L blz― /D el, v3'・ °
'Vnヨむ With

det(B(vi,vj))=b12(n_3)(D― b6)三 l mod 4.  Thus  Aゃ 笙 [v3'・ ・ 'Vn 33上

くD― bら >。    By a simi■ ar argument as in (1)we have   Aぉ 営 En-1卜・  By

Lemma l we have  A c gen En-1' and S°   A( geh E五
 .

(iii)SuppOse that  n=3, D 三 l mOd 4  and  bl =b2・    Thus  b3 三 1

mod 2。   Take  f  and  g  in  z  such that  2b2f~b3g=1.   Put

●      Ψl― (b3f+b2g)z+fめ e3+告 (1+g/D)el+き (-1+g/5)e2
and  U2=Ul ~el +e2°    Then  Á=EUlコ 上 E u21 ～「 2・

(iv)We sha■ l show the assertion (5)。    Any non― zero vector  uG A
n                            n

be written as  u=― az+i11(Ci+di/D)ei  with  a=i1l bidiC 
子'

bici=0, lal ≦きD, ci c きZ, di c ttZ  and  ci― dic Z  fOr a■ l  i. Thus

n          n               n

Q(u)=i]l ci2+D i1l d12_a2+2/D i1l cidi

n                                 n

=i]l c12+ ilj(bidj ―bjdi)2+2/Di]1 ご
idi・

If the number of the pairs(i,j)such that bidj― bjdi≠ O and  iく j

is less than n-1,  then bidj bjdi  O  for all  i  and  j.   Hence

d1/bl = ・・・ =dn/bn=c  for some  c e Qo   Since the goc.d. of  bils

is one, we have  ceき Z or ccZ  according as  D ≡ l mod 4  0r nOt.
n            n

Thus  a=i]l  idi  C i1l  i =CD.  This implies

・・・ =dn=0°    Hence  cic z   for all  i  and so

shows  Q(∪ )≠ 1.   SuppOSe that the number of the

that bioj bjdi≠ O  and  i < 」 ■s not ■ess than

ｎ
　
　
　
　
　
　
ｌ

ａ

　

　

ｎ

マ
ι

〓

Ｃ
　
　
　
　
　
　
・■

●

●

c=O  and  a=dl =

n

i]1  12≧
 2.   This

pairs (i,j)such

n-1.   If al■   d.Is
■

7
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.; - -7 +L.dl'e 1r1 L, Lnen

assume that D 
=

n
Then 1..,' 2+

a- I

nr c'2+Is-1
r- |

and the equality

occurs only when

= Q. But this is

ilj(bidj「
bj di):≧ n_1

l mOd 4  and  di:年  Z

since  blb2° °°。n≠
0。

a2, so Q(u)
/

for some ir .

Hence

I l. Thus we may

Thus ci, + Z.

This case

n

L oi c;
!I

r- |

I. (urai-bidi)'aL +{(n-1) = i(n+1) z 1

i<i J -

n
holds only when n = 3 and . I- "i' = +.

'l=t

n=3 and bi=bj for some i<j since

excluded.

●

ｄｄ

万
一ｐ

Ｏ
　
　
　
〓

●

(1)

(2)

(3)1≠

Ｃ

　

　

々
一

８

　

Ｂ

3
1≠ Q(B:)if D=p= Σ

i=1

and

T(al'a2'a3)≧ 2 and unless

Proof.   By Lemma l we have  B c

≧2  and  Q(u)=l  for sOme  uc

di/D)ei where  aCZ, cie z, di C

。  Suppose that  T(a13a2'a3)

can write  u=ay+ i]1(Ci+

aici =O mod p and  lal <き p・

つ
ノ
　
　
ｅ

　

　

　

　

　

“―

Ｅ

　

Ｗ
　
３

，
１

一

ｎ
　
　
　
　
　
　
　
　
　
．．

ｅｇ

　

Ｂ
．
　

　

Ｚ
，

The follow■ ng Lemma can beerOved eas■ ■y.

Lemma 6。    Let  D  be a square― free pos■ tive ■nteger.   In order

that  D=bl +bi:+bji+bf  fOr some positive integers  bl,b2′ b3  and

b4' it iS nec9sSary and sufficient that  D≠ 1,2,3,5,6;11,14,17,29,41.

Proposition 3.   Let  D ≠ l mod 4.   Let p be an

dividing Do  Consider the lattice  B=E3(y) with  y

轟 d喝 pa29a3)cR:.Then      t

gen E3'

El上 B'

Q(B) if

pr■ me
3

i1l iei

aF Or if T(al,a2'a3)・ 1'

3
D=p=i11 12.

●

¨
　

一



Then
3

l=Qい )=i1l cF十 ::i:1(aai+pdiVttfi:l ci(aai+pdi L
3

Hence we have iln Ci=°  and D=p=i:1(aai+pdi' 2 sinCe lT(al,a2'a3)≧ 2.

3

。 Thus the assertion (3)hOlds.  Now ■et D=p= :l a〔。   Then  B=[y]上
■

B:  and  Q(B:)亭
' l  by (5)Of the PrOposition 2.  If  T(al,a2'a3)=1'

then al=0, D≠ l and B=lell上 B:。   Similarly we hav6 1 `FQ(BI)。

Proposition 4.   Let  D = l mod 4  and p be a prime dividing  D.

Consider l卜 e lattice  B=En(y) ri th  y=(P i[l ai ei  and (al,。 .,an)

C Rn.   Assume that  n≧ 3.   Put  T=T(al,..'■ n) and  N=N(al,・ ・ ,an)。p

● Then

(1)B(gen En'

(2)B tt El上 B' with lぐ Q(Bl)if n=3,D≠ p and T=1,

(3)1( Q(B) and  2 G Q(B) if  D≠ p  and  T=2,

(4)1 ≠IQ(B) and  2 ■ Q(B) if  D≠ p  Ond  T≧ 3,

(5)B tt E3  if  n=3,  D=p  and  T≦ 2,

(6)8営 Eη ⊥ B: with l¢ Q(B:)if D=p,N= l  and  T≧ 3,

。 (7)1 チ Q(8) if  D=p, N=2  and  T≧ 3,

(8)1 ≠ Q(8) if  D=p, N≧ 3  and  T≧ 2,              ヽ

(9)2 ■ Q(B) if  n=3, D=p, N≧ 3  and  T≧ 3,

(10)2 ( Q(B)if  D=p  with  N=2  or  if  T=2.

Proof. By Lemma 1 we have _(1 ). (tO) holds trivially. Take a

non-zero vector u in B and write
n

u = ay + 
. f_ (", + drlD) e,
1= | 

n
with a6Z, lul .fp, cieLZ, di€52, "i-die Z and 2.0f.,.i"i = 0

l- |

a mod p. Then
n

Q(r) =x+ Yr2(D i ",(aa.+pd.),y i_1 * l-' 1'



where  X=

d. =O  for
■

and  Y≠ 0,

Y≠ 0, then

holdo  Now

and  n=3.

Or  X=5/4
n、

i11(2di)2

D=p  and

al=0

Q(B!)

X+Y≧ 】+:】
suppose that

Y=0, then a=

>T. If X=0

「
If  X≠ O  and

the ha■ f of (4)

D=p,T≧ :3,N≧ :3

with  Y=5/4
n

三

 i11(2ci)2_

X=Y=1, then

i:i c12  and  Y=::i:1(aaittpdi)2.   If

a■ ■  i, so  cic Z  f° r all  i.

then  ci  O  for all  i  and  Y≧ DN/p.

Thus  X

X≧ 3/4

D≠ p

andThus

with

= O mod
n

i11  12

ThuS (3),(7),(8)and

and  T≧ 3  0r that

Y≧ 3/4.   If  X=3/4

we have  2 三 4X-4YY=3/4, then

4, which is a contradj-ction. If

-1. Thus D=p and nZ/n, whi-ch is a contradiction.

Hence (9)and the rest of (4)hOld. IIf n≡ 3,D≠

●
and B=[elコ 上 B: With B:=[e2'e31(y)。

by a direct calcu■ atione  So the assertion

p  and  T=1, then

Hence  ■e have  l≠

(2)hOlds.

Assume that  n=3, D=p  and  T≦ 2.  Then  N=1.  If  T=1, then

B=こ elコ ュ[y]こ こy:] 笙 E3  wit,  y' =/3(a3e2~a2e3)・    If  T=2, then

B ～ E3  by Lお

` Proposition 2,(4).  Thus (5)hOlds.  Fina■
ly (6)

fol■ ows from 鯰五8 PrOpOSition 2,(5).

Propos■ tion 5.

E3(X)=[e3コ 上 C: With

(1)C e gen E3 '

(2)1倍 Q(C')if D>

(3)El  is ev6n if and

Consi-der the lattice

Then

C=

Let ♪ be dyadiC.

<さ (D+1)>上 <さ (D+1)ゝ

■s even and  C7 笙

K[.ThuS(1)and(3う

(2)directly・

Let  D 三

x=き (el

3,

only if

3 1110d 4.

+/D e2)°

Proof. We have Cr = t x,

三 3 mOd 8,

S■nce  3(

D 三 7 mod 8。

2e^7 =

is not

- d
tt - r

- E.r since -i €)\
Tt is easv to show

”
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Proposition 6.

=E3(x)=E e33上 G:

(1)G(gen E3  and

(2)1 ¢ Q(G') and

Let  D 三 5 mOd 12.   Consider the lattice

with  x=;(el +D/D92)°   Then

G:〔 gen E2'

2首 Q(Gl)if D≧ 29.

f./
Proof. (f) follows from Lemma 1. We have Gr = Lx,3 er).
easy to show (2) by a direct cal-culation.

Proposition 7.   Let  D  be a prime  p = l mod 12.

number of the classes ■n  A:  whose type ■s s■ x 
・
S One

according as  p 三 l mOd 24  0r  p 三 13 mOd 24.   Let

eR:with T=Ц 鮨
・
2a3)≧ 3 and Щ¬ pa2pa3)=2

ジ言
(a101 +a2e2+a3ご3).   If there are two vectors  ul
B=E3(x) such that  Q(uη )=Q(u2)=2B(ul,u2)=2,  thё n

T=6.

It is

Proof. Let (bi,b2,b.) e A3 whose type is six. Thus we may assumet<)I

that b, = 2b, * b2. Hence O = i^ O: = Z(ba+bz)2r 3 b1, mod p. So) | I i=t r
, -6,(f)=1, i.e., p = 1 mod 2/+. If p = 1 mod 2lr, then there is an

':integer c such that c2 = -6 mod p. Hence tc(U,,+Ur) =- 3b., mod p.

Thus (U,,,Ua,Ur) tu (c,3-c,3+c), i.e., there is one and only one

class whose type is sj-x. we shall- show T = 3 or T = 6. Suppose

that Tl3 and Tl6. Thus T=5 or TZl. Take a vector u

in  8  with  Q(U)=2  and ttrite
3

u =ax+i]1(ci+di/p)ei

with  aGz, lal くきp, ci` きz, di Cき Z, ci― die z, 2

Then  Q(a)=X+Y+≦生
 i:l Ci(a ai+p di), where  x=

lt

１

　

　

３

Σ

〓

り^

で

１

三

一　

　

　

　

　

　

。■

●■

Then the

or zeTo

t\
\ a. , a^ , a. Jt/1 t

Put .x =

and ua in/
T=3 or

aici = O mod p.

l c12 and  Y〒



:::1(「
ai+p di)2 Hencg we have one of the following:

●

(i)X=O  and  Y=2,   (ii)X=5/4  and  Y=3/4.,

(iii)X=3/2  and  Y=1/2。

In the case (ii)we have  l = Σ (2ci)2 三
 i11(2di)2 

≡
 i]1(2aai+2pdi)2i=1

=3p = 3 mOd 4.   This is a contradiction.   In the こase (iii)we

have (al,a2'a3)～  (C' 3-c, 3+c)  fOr an integer  9  With  C2+、 6 = 0

mod p  by the argument l,sed above since  X=6/4。    Since  T  must

be five we have  c = tl, ±2, ±3, ■6 or ±9 mod p, which is a contra―

diction to the fact that  p  divides  c2+6.   In the case (i)we

have  ci=O  and dic z  for all  i.   Hence wё  can write  ul =

aX+石
1ldi覧
=升
ilミ
[I~扁
I厖
=♂ X+Fi:1亀 夏

~嘉

亜11:覧

with  a,at,di,dl,fi,fi C ZI・    Thus  fi tt aai mod p and fl 三 a: ,i

mod P,   Hence  fifi _fj fl = O m。
l p・
   Since  3 p2=(2p)2_pζ  =~

1:l fi211l f12_(i:l fi fi)i =ilj(fi fi 
―fj fl)2, wё  have  fi fi ―fj f生

=hij p=± p  whenever  i/j.   Since  O=fl(f2fう ~f3f生 )+f2(f3fl~

fl fう )+f3(fl f生 -12fi)' We have  O=flh23+f2h31+f3h12' i・ e., alh23+

a2h31ta3h12 = O mod p.   This implies that  T≦ 3.   This iS a

contradiction.

. Propos■ tion 8。    Let  n≧ 3.   Then the class

more than two unless  D  is one of the follow■ ng:

29, 33, 41.

. proof. It is enough to find two lattices

:suchthat LlE3,nlrl and Ll 1Y|.

number of En iS

2,3,5,13,17,

●

12・

and M  in gen E3



(i) Let D = 2 mod lr. For .-L . we take the lattice .A in the

-?roposition 2 if D = 10. If D 110, then there is an odd prime q.

( I S ) dividing D. By the Proposition 1 there is an element

(a., ,a.,., ) e R] whose type is more than one, f or which we consider. t-z- ) q

e the lattice B in &+G Proposition 3. Then put ! =g if Dl 10.

Next take an odd prime p dividlng D. If p = 1 mod lr, then there

is an element (^j,^2,.r) enl whose typ" is one, for which we consider

the lattice B in bl{A Proposition 3. If p = 3 mod lr, then we can

consider the lattice  A in レぶl PropOsition 2.   Then put  M=B or

岡=A  accoFding as  p = l mod 4  0r  p 三 3 mod 4.   Note that  l≠

Q(L)and M tt El上 凹: with l_≠ Q(MI).

. Ci■ )Let  D 三 3 mOd 8。    For  L we take a lattice  百 営 El_LA  with

an even lattice A  in the Propos■ tion 2.   For M  we take the lattice

C = ElL E:  With an odd lattice ci  and  l ≠  Q(C') in しれ■  PropOsition

′
,.

(ili)Let  D 三 7 mod 8.   For L we take a lattice A with  l 多ゞQ(A)

in じhc PropOsition 2  and for tt  we take the lattice  C tt El上 Ci

t■Ji th  15み  Q(El) in もIも PrOposition 5。

(iv)Let  D 手 l mod 4  and not a primeo   lf no prime divisor of  D
●

is congruent to 7 mod 8, then by じなO PropOsition l we have two

elements  (al,a2'a3)GR:  どnd  (al,aを ,ab)cR:  for sOme
prime divisors  p and q  of D (possib■ y p=q)such that  T(al,a2'a3)

=l  and  T(al,aを ,aぅ )≧ 2  or such that  T(al,a2'a3)=r  and

T(al,aた ,a))≧ 3.   For L and M ie take the ■attice B  for (al,a2'a3)     ・

and th9 1attiCe B  for (al,a生 ,aう )主n 発蔵イ8 PropOsitiOn 4.   If  D

has a pr■ me div■ sor  p 三 7 mod 8, then there ■s an element

(al'a2'a3)( R:  whose type is more than two, for which we can

iC On,ider the lattice B  with  Q(B)iが  l  in thC Proposition 4.  Put

●

13



`  L=B.  There are positive integers  bl, b2 and b3 Such that  bi2+

bJ2+bメ =D ‐since  D = l mod 4  and  p = 3 mod 4・  ‐ W, ,aVe  bi≠ bj    _
W,ettever  i≠ j since  (1=)=~1・    Hence we can consider a ■attice
百 三 Elユ A with l(Q(A). Put M〒

「
。

● (v)Let D be a prime  p 三 l mOd 12.   Since  p=3a2+b2 for SOme

pos■ tive ■ntegers a and b, we can cons■ der the lattice A fOr

l(a,a,a,b)in the Proposition 2.   Put L=A.   Then  lご Q(L) and
ithere are two vectors ul and u2 

ユn L such that  Q(ul)=Q(u2)=

2B(ul,u2)=?°   FiFst siuppose  p 三 l mod 24.   Then there are at

least two elements  (al,a2'ab) and  (al,aた ,aう )in  R:  whose types

are more than three by Propositュ on l・    Hence we can assume that  T(an'

・  a2'a3)≠ 6  by PrOpOsition 7.   We put  M=白  fOr  (al,a2'a3) in Prttp―

osition 4。   Hence  M≠ E3.   And  M≠ L  if  N(al,a2'a3)≠ 2.   If  M～ L

and  N(al,a2'a3)=2, then (noting the existenと e of the pair {ul,u2})

we have T(al,a2,a3)=3 °r 6  by PrOp6sition 7.  This is a contradiction.

Secondly suppose that  p = 13 mOd 24.   There is  an  element

(al'12'a3)G R:  whose type is more than three by LttC PrOposition l.

For M  we take the lattice B_for (al,a2'a3)in じ打d PrOposition 4.

0 ■f  N(al,a2'a3)=1' then  B=El」 _B'  With  l ¢ Q(Bl).   If

N(al,a2'a3)≡ P' then l■ Q(3) and 2≠ Q(B).  If N(al,a2'a3)= 2,

then  l FQ(B) and  B / L  by "打 で  PrOpOsition 7.

(vi)Let D be a prime  p 三 5 mOd 12.   For L we take the ■attice

A  with  lご Q(A)  in屁五■ PropOsition 2.  For M we take the lattice

C=El■ G: With l¢ Q(G:)in t“ PrOposition 6.   ‐

14
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S /r. Special val-ues of D. For the explicit value of the class

number of E- we use the Kneser Method. Following [4.] we staten

the method. By J we denote the group of ideles of the field K.

For a finite spot P  on K we put

JF={t=(ir) eJ ; i%i" a unit in 0*for all finite spot TIP}.
Put v=KE- and P=O(on(v)), where 0 is the spi-nor norm and o*(v)n

is the proper orthogonal group of V. Consider P as thq irnage of

P under the natural i-somorphism Kx- + J. Recall bl6 Theorem 10/,,29

in [ /-] :

Lemma 7, Let nZ3, Vd. be isotropic and J = PJ&. Then for
any L g gen E. there is a lattice tvl isometric to L such that
M = F fnn s'l I fin.ite snot ol,_l b.,,ob- .n% rvr qfr rrrrrue DHUU -ll-r l'.

By the Proposition 101:8 in t4l we have

●

Lemma 8.

Assume that

the norm of

Let na3

the norm of

a generator

and the ideal class

the fundamental unit
of F is negative.

number of K

in K is -1

Then J=PJf

ｅ
　
　
　
ｒ

ｂ

　
　
　
ｏ

one。

that

●

Lemma 9.

with M%= En%

and D=2 if

in Een E withn

Let  n≧ 3,  o  be a SpOt dividing  D  and  M `gen E

for al■  fin■ te spot %卜 ≠ ″・   Assume that  n  ■s Odd

わ iS dyadic.   Then there is a chain of ■attices

En=LO, Ll,...' Lt=M

Li+1 ″―adjacent to Li.

●

Proofe   Fol■ ow■ ng

this assertion.   It is

LF)… Llの =MP in

= En● °  Put  LO=En°

the proOf Of  106:4 in [4], we can prOve

enough tO find a chain of lattices  E五 =゙L`0)

Vo  with  Ll:|  ル_adjacent tO  Ll[) and  Llξ )

Then  M・
 =σ与OF  fOr s° me  σ(0(v。 )。   By

・　一一̈
・ヽ
ヽヽ
．一一一



expressing o as a product of symmetries on V6 we see that it is :

enough if we assume that o is a symmetry. Then o = T, wi-th u a

maximal anj-sotropic vector in LOB. Then there is either a 1: or

2-dimensional unimodular sublattice K of LOe which contains u.

If the rank of K is one, then L0 p = ru LO6=. tYl6 , so tv| 6 1s d'-ad jacent
+^ | Tarto tOp. It'the rank of K is two, then we take the splitting LOO=

K..LK'. Then Kr = t Kr C tvlp and so we have a splittirlg flF,= K"IKI.
U

.. ,r .f,Write K = F' " + 06 y and K'r = 0O 
^ 

+ F^ y with a non-negative integer
r. Hence we may put L5&') = L.F,l{F) = (Ft-1 * +6"v)rKr = LjF)1nt-1*),

L∫ξ)=M静 =K‖ 上 K:=(θとx+〆 y)上 Kl=11[|(x),where P=π  θl.We¬ ust

that  LIP)笙 ヒ
n卜・
   It iS trivial when i=O or i=r.  Assume that

≦r-1・   If ″ iS nOn_dyadic, then F~ix+ pi y 笙 <1>_L<-1> ～ K, so

笙 K」LK: 笙 Eno・    If  P iS dyadiC, then  n  is odd, hence  Kl =[21

With  Q(Z)=C a unit in θ″.   It iS enough to show that

+θ卜y)_LO● z ～ (『F~・ x+0・ y)」_θ Z゙  fOr  l ≦i≦ r-1。    We can assunle

PrB(X,y)=%。  Since yeK⊂ LO[笙 En卜
 and 

″ =/2%,we haVe

show

l<i

L∫『)
■

上 K":

(ど
rX

that

a(v) = 0 or l mod 2. Similarly Q(x) = 0 or '1 mod 2 and e = l mod 2.

If a(v) = O mod 2, then (ft* + Tpv)l-062 = (? l) f .rr - (f"-i" +&rv)

o L0gz. If a(v) = l mod 2 and n2"Q(") = 0 mod 8, then (ii"t+Lpv)L
0&. : <Q(v)ta <-Q(y)>I <e> = <e>L <-e> | 4s> = (? l).,-.., = (Ft-i* +f iv)

L 0&r. If Q(x) = Q(v) = 1 mod 2, r=2 and i='1 , then (f '* + 1pv) L
0h. = <Q(v)tr<3Q(v)>Icet = ie>I <3e>I<e> = (? l)a.rt = (6x +f v)-L
oFt'

Propos■ tion 9.

one ■f  n■ 4, twO ■f

Let D = 2. Then the class number of

n = 5 and more than two if n U 6.

●

lS

■ S



Proof.   There are three lattices  E6' E6(ラ
|≡
(el+・・十o4)) and

E6(フ
万(el+・
・+e6)) in gen E6' any two Of which are not isometric.

[[IE:l.  511itiali=1夕 :lデ
lilll a fil]di]:in10i[:liC[。ni::ll all

permutations of  {el,。 。
'e5}・
   And note that  Q(x)三  〇 〇r l mod 2

since  E5(x)( gen E5°    By Lemmas 2 and 3 we have on■ y to consider

the fo■ lowing three cases:(i)α
l =α 2=α3=α 4=α 5=0・

   Then  E5(X)

= E5°  (ii) αl =α 2=l  and  α3=α 4=α 5=0・    Then  E5(x)笙  E5。

(iii) αl =α 2=α3=α 4=l  and  α5=01   Then  E5(X)=El_LE e51' Wlere

E:=E4(U) With  ∪=フ
ラ
(el+・・十e4)・   Hence a ど_adjacent lattice t9

E5  in gen E5  iS 
・
S° metr■ c to  E5 °r E;=El■ l e 53.   Next take a

P― adjacent lattice  E;(y) tO  E;  in gen F5  and Write  /2y=u+

α B5 With  α(°  and  ucF:。    SinCe  Q(y)∈ θ  and  El  is even, we

have  α(0.  By Lemma 2 we have  E;(y)=E;(ラ
をラ
U)=E:(ラ

:ラ
U)」ヒEe5コ 。

4
Hence we may write  /2y=au+ Σ αiei  where  αic θ, aC{0'1) and

i=1

ill ,i三
O mOd Jttr.   Note that  Q(y) 三 〇 〇r l mod 2  since  E;(y)〔

gen E5.   If  a=0' then we have the follow■ ng four cases by Lemmas

2 and 3:(i)α l=α 2=α 3=α 4=0・ Then E;(y)=E;。 (ii)α l=ρ
and  α2=α 3=α 4=0・

  Then  E;(y)=E5。   (iii)α l =α 2=l  and  α3=

α
4=° l Then E;(y)=E:(y)上 [e5]=E2(ジ

讐
(el+e2))上 E2(ジ

讐
(eち +e4))上 こe5]

笙 E5°   (iV)α l =α 2‐ 1' α3=/2  and  
α
4=0・
  Then  E;(y)= E;。   NPxt

Since Tel・ °(E;),we have/2 yTel=｀consider the case of a = 1.

u+(―  α
l―
ノτ:)el +α 2e2+ ・

°・・  HenCe we may assume that  αi 三 O mOd 2

or  αi 
三 l mOd 2.  Thus we have only to consider the following cases

by Lemmas 2 and 3:  (v)α
l =α 2=α 3=α 4=0 °r αl =α 2=α 3=α 4=1・

Then E;(y)営 E5° (Vi)α l-1,α 2=l and α3=α 4=0° App■ y^i

Lemma 4 tO this case taking  u=u_/2 el.   Then  E;(y)=El ■ [e5]

17



笙 E3.   ThuS a ♂ _adjacent lattice to  E;  is is° metric to  E5 °r

E;.   HenCe  (E; , E5}is a s,t of al・  representatives of c■ asses in

gen E5 by Lemmas 7,8 and 9.  By L襲 得 TheOrem 105:l in E41 thiS implies

that the class number ■s one ■f  n≦ 4.

From [11] we have
●

■ SPronosi ti on 1 0.

one if n :2, two if

Pronnsi ti 6n 1 1 .

one if n : /r, two if

Let D = 3. Then the class number of

n = 3 and more than two if n Z 1r.

Let D = 5. Then the class number of

n = 5 and more than two if n > 6.

■ S

●

and  xl =

;=E5(x)=
three lattices

iOn 4,(8)We

e than two.

E5(y)tO E5°

…
a5)〔 R:.

「 5(x)=E;  and
aking  u =

)  to  E;.

e  a=O or l,

then we have
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or t\(z) =



= O mod 5,

(iii)al =1, a2=~4' a3=2, a4=~2, a5=bl =° °C =b4=O  and  b5 o

〔0,1}.   If  b5=0' then  zQ E;, so  E;(z)=E;.   If  b5=1' then we

have E;(z)=['o,Zl,。
l,Z4]笙

 E5' Where  zO=z+ζ e3+ζ e4~75'  Zl=

z+x+こ el+こ e3~e5,  z2=Z+2x+こ el― /5e3_ζ e5,  Z3=Z~2x+ζ e2+

/5e4~こ e5  a,d  z4=Z~X+ζ e2+ζ e4~e5, where  ζ=き (1+/5).

If  a=1, then we have on■ y to consider the fo■ ■owing six cases

by Lemma 2 (note that  o(E;) contains a■ l permutations of  〔el,..,
|

e5}):

(iv)α
l =・
。・ =α 4=O  and  α5=2/5.   Thus  E;(z)=[2z-5e5, 2z―

el ―

4e5, 2z~e2  4e5' 2z― e3  4e5, 2z― ?4  4e5:〕
塵 E5.

(v)α l =α 2=α 3=0' α4=2  and  α5=3+3/5.   Thus  E;(z)三 [Z+2x―

ζe4~(3+5)e5,z-2x― こ(eィ 十e2+e3)~(3+ζ )e5,z― el~ζ e4~(3+ζ )e5'

Z~e2~ζ e4~(3+ζ )e5' Z~e3~ζ 84~(3+ζ )e5コ α E5・

(vi)α l =α 2=α3=0' α4=l  and  α5=4+ノτ.   Thus we have  E;(z)=

E2z+2x―  ζ(el+e2+e3+e4)~(3+2/5)e5, 2z-2x― こ(el+e2+e3)~e4+

(3ζ -4)e5, 2z― (el+o2)~ζ e4~(3ζ +1)e5' 2z― (e2+e3)~ζ e4~(3こ +1)e5,

2z― (el+e3)~ζ 84~(3ζ +1)e5]笙  E5・

(vii)α l =α 2=1' α3=α 4=~l  and  α5=0・    Thus we have  E;(z)=

[z+x+こ el _ こe2' Z+X+ζ e2~ ζel, Z―  X+こ e3-こ e4' Z~ X+こ e4~ こe3,z]

～ E5.

(viii)α l =α2=2, α3=α 4=~2  ,nd  α5=~5・    By Lemma 4 We have

E;(z)～  E;  by taking  U=3x― /5(e3+e4+e5)・

(ix)α l =2, α2‐ 1' α3=~1' α4=~2  and  α5=2/5.   Then we have
E;(z)=[2z+x― /591_こ e2~こ e4~4e5' 2z-2x― こel+/5e3+/5e4+

(llこ -5)e5,2z+2x― 巧el― fe2~こ e4~(ζ +4)e5'2Z~X― こel― こe3+`e4~

4e5' 2z-5el― ζe2~こ e3+/5e4~4e5]笙  E5.              .
a ^ (-,' Hence genEq contains just two classes by Lemmas 7,8 and 9. {L<,

,;) is a ""a of all representatives of classes in gen E5.

(ii)al =・・・ =a5=1・  Thus  子=x+

so  zGE;。    HqnCe  E;(z)=E;.

５

Σ

〓・■

b. e,  with
■  ■ ●■

ｂ

５

Σ

〓０■

●
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Pnnnnci*i1n 12. Let D = 13. Then the class number oft-. ugV

one if n !2, two if n = 3 and more than two if n >_ /+.

Proof . Let n = 4. Then there are three rattices E,*, z 

^(v 
I and

e ,(v) itt een Er. wj-th 173v1 = e1 +2er+3"r+5"^ and /73v2= e,r3er*
/ne3. ByhJr(Proposition /, q(Ea(va))# j, q(El(v))f l and

,,r(rr)=E1,(v)t[t/r]. Thus the class number of ,r, is more than 2.

Let n=3 and F=(,nr. Take a fr-"ajacent lattice ,)=Er(x) to
E3. By Lemma 5 and txQ Proposi.tion /r(5) we may^con_sider /B* = 

".1 
r

12 0 1\3"2+1"3. rhus q(ri)# I and ,i=[x,y,z) =t9 Afr?\, yhere

v = e1+ez-"3 and z = 6x - /T3(er+zer). Next 
"or,'l 

,!:? J'p adjacent
lattice t\ = t)(u) to E) with /73, = oxr Qy+yz e E) -&E). rf B€ 0,

then we may assume that B = 0 and o, = 1 by Lemma Z.' Thus we may

assume that \=2 or y--5 since Q(r)e O by Lemma /u. If .y=2,

then ,5 =[ :, r , fi32 ]= Lu- y, /+urTy- ,tTz, 3uf 2v-/732J = E3. If y -
-5, then a5 =[ L)t yt /7321 =f u+2y, 3u+y+,/732, 4uiZy+/T3zf = t3. Let
B €F. Then by Lemna 2 we may assume that o, and B < z such that
lα l ≦6  and  lγ l ≦6  and that

h - RS=2 mod/13. Since r,ra--nxiv | )y_ )z
rZ*+,fr7y-32, -" € 0(Ei), we may assume that '/T3u = xf (!2+2/73)y-62.

Hence E] = Lu, t(5u-9v)+ x+(tzlT]-Z)2,/,.u!2x-/oy-(tz-/13).) = El. By

Lemmas 7,8 and 9 we have the assertion.

■ s

●

Proposition 13. Let D.=17.

one if n S 3 and more than two if

Then the'class number of

n a /o.

IS

Proof . Let n = /r. Then there are three lattices , ro, , r_(r,) and

A in genE4, where /17v1 =e1 +3eZ+4e37Je/+, /T7yZ=.arr(ur+"3r"/n+e5)
and ,5(r) =Lyzl .ln. By te Proposi-tion /- Q(Ea(v1)) *1,2. By

the Proposition 2 Q(A) # 1 and Q(n) >2. Hence the ctass number

of E,. is more than two. Let n = 3. Then by, Lemma 5 and the

Proposition /+ a Vn) -ad j acent latti_ce to ,3 is isometric to E 3.

≧0



D = 33. Then the class number

3 and more than two if n Z 4.

xl) and  E4

921203+4e4)°

1そ Q(E4(X2)

■s more th

d =゙(π )。

E3  °r  E3(x

el二 e2' Xl~el

Putting  x

/τ死3)e2+e3,x

to  E3(Xl)

Let  Eぅ =

that  y=|「「

gen E3'

Then

E3(y:)

(X2) in g?n E4

Then E4(Xl)

) by th●  Pr07

an twoo   Put

Then a 
ど
―

1) by PrOpOsi―

-2e2+e3, 5xl+

=7(el+e2+e3L

-2(el+e2)+4e3]

we have on■ y

Eぅ (y) with

z   with  z

Proposition 1 /+. Le t
more than tr,ro if n U 3 .

Proof.

whe re

L3\Y )

- l-.. r-Lv ,

Proposition 1 5.

one if n :2, two if

Let

n=

D = 29. Then the class number of ■ S
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x(Eぅ   and  B(X,y)=
Eぅ。   For a vector  t」 くこE3

B(U,7T(x+y))― B(u,π y)C・ θ.

ueEぅ。   And hence  B(u,y)

HenCe  E3(x+y)cEぅ 。   SinCe

０
・、



y=2ω (x+y)=(2ω x+Ty) with  2ω x+Ty c E3  and  B(y,2ω支+7「γ)Cθ ' We have

yc E3(x+y).   For a vector  面c E3  such that  B(u,x)GO  and  B(u,y)

Cθ ,We have B(u,x+y)c θo  Thus Eぅ C巨
3(x tt y)。   早

enCe E3〒 E3(u)

Wilh  :=X+'=フ
:ち11lel+1.e2+1le3+3Z)「  フ百ラ

巨
ぅ
。  C■ ?ar■ 1  /33u《

:小 E3U

ωEっ 。   WFil?  r/33U FiII αi71  Wlth  αiC 
θ・   By Lemma 2 and cOnsider―

ingithe structure 01  0(F3)' We have On■y to consider the fol■ owing

three cases:

(■ )α l・ 12〒 4 ald α3=1・ 疇en Eb=[u,4u十き(1-ノτ13)el■き(1+湧 )e2'

4u―き(1+砺 )el+きい湧 )e2卜 E3。      |
(■■)α l 〒α2=2  a五,  αぅ='・    H9nCё   Eぅ =「u, 7u十き(1=ノτ巧

「)el―告(1+/33)e2;

「湧 P3,7u―き(1+α )el+き (1-屑)82~湧
e3卜 E3.

(lii)α l =1' α2=4  and  α3=7.  ThuS  E;=L口 , 4U‐ /33o3' 91+582~3e3]

髯 Eぅ。]

Hence ■e have the assertion by Lemmas 7,8 and 9◆

Prnnnai t-i 111 16. Let D = L1. Then the class number of E-^ i-snPr v4\

one if n = 1, two if n = 2,3 and more than two if n Z /',.

Proof . By tLfQ Proposition 6 there is a lattice G t in genL, such

that 1 * a.(C'). Hence there are three lattices ,rn, G'! E2 and

Gf t-Gt in gen Er. Thus the class nunber of ,r, more than two.

Let n =3 and & = (/n) . A & -"djacent lattice to ,3 is isometric

to  E3  or  E3(挙 ) with  x=フ号卜|(7ηす282+6e3) by 声と4 PropOsitin。 l and
4 and Lemma 3.   Thu,  Eぅ =E3(x)=[x, y, z]笙  <1>上

(ぅジ分T2`『
1 ) wit五

y=261-e2  a■ d  z〒 /41(elす e3)「 7X・    Take a や‐aOj acent ■atti9e  Eぅ =

「3(U) tO  Eぅ   ,u9, キhat  u ≠ Eぅ。   Write  /41u=α xttβ y+γ z  with  α,
β,γ Cθ o   lf  αeP,‐  then we may assume that  α=O  and  γ=20  by
) Lemma 2。

   Sinこ e  O(u)oθ , we may assume that  β=± 5-8/万T  by Lem■ a 2.

22



T,,s Eぅ =こ x]上こ■U,110Uす (2ィ万T± oO)yT(oキ 5何 )子 ユIE;` :ギ :βモ ,

then we may assume that  α=71 β=0  ,nd  γ=1。    Hence  u=elす e3  and

l  E3=E3.   If  γ∈む' We may ass,me that  α=6, β=l  and  γ=0.   Thus

Eぅ =lu〕 ‐LL14占 ‐2/πTx― 之]上 17t― /万T文 _/万Ty+2z]= 13・    If  α

'γ

 ¢

`), thenl  we may assu■ e that  γ=l  and  βGZ  by Lemma 2.  I Note th,t  O(Eb)

cOnteins the isometries  l'x'± x, y'2/41y-5z, z'33y-2/41z l', i:x,± x,

y'き (17-/41)シ 十き(31-イ41)z, z,き (7/πT-13)y― き(17-/7T)z "  and  ll x'±ズ,

y'き (17+/41)シ =告 (3+ンZ耳
‐
)z, y'巻 (13+7/41)y―き(17+/41)z ‖。   Hence by

L9mmas 2 and 3 we have On■ y tO consider the fo■ lowing two cases:

(i)/万Tu=_(-2± 3ノQFT)x ±3y tt z  and (ii)/41u F(10± 6ィP「T)又平30y+z.  In

the caoe o「  (i)We haVe  Eb=EU,/41x, ,± 13x]=[v]」 LLYl'V21 ～ Eぅ ,

where        ‐

2v=(-19=/41)● ―(9± 3/41)/Zlx+(5土 /41)(ソ ±13x),

2vl=("± /つ「T)u十 (1513ンηFT)ィ7FTX― (7士 /7FT)(yヨ 3^)

and   V2=2(土 ?+/41)Ψ +(■ 19古 2/万T)/TTx― (± 6+/万T)(y± 13x)。      |

Thё n  Q(V)=1。    工n thё  case of (il)we ,aVe  Eぅ =tu,/万TX, y± 15xl=

[V'1 上IYl, Vを ]笙  Eぅ , where
2vi=(-9±/τ )u― (-101± 11シ術 )滑Fx― (-33± 77τ )(y± 15x);:

Yl=(別 ±″ )u_(276J l「)何ヽ十(相 5層 )(yJ 5x)
)and 2v生 二(25J7/7「 T)リ ー(273J91/7FT)/7FTx+(5山 1/つFT)(yヨ 5渋 ).

Then  Q(V:)=1l   Hence the c■ ass number of  E3  iP tW°
' and that ёf

E2  iS a■ so two, by le■ mOS 7,8 and 9。
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